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Abstract

Cryo-electron microscopy is a state-of-the-art method for determining high-
resolution three-dimensional models of molecules, from their two-dimensional
projection images taken by an electron microscope. A crucial step in this
method is to determine a low-resolution model of the molecule using only the
given projection images, without using any three-dimensional information,
such as an assumed reference model. For molecules without symmetry, this is
often done by exploiting common lines between pairs of images. Common lines
algorithms have been recently devised for molecules with cyclic symmetry, but
no such algorithms exist for molecules with dihedral symmetry.

In this work, we present a common lines algorithm for determining the
structure of molecules with Dy symmetry. The algorithm exploits the common
lines between all pairs of images simultaneously, as well as common lines
within each image. We demonstrate the applicability of our algorithm using
experimental cryo-electron microscopy data.

Introduction

Cryo-electron microscopy (cryo-EM) is a technique for acquiring two-dimensional
projection images of biological macromolecules [5]. In this technique, a large num-
ber of copies of the same molecule is rapidly frozen in a thin layer of ice, fixing
each molecule in some random unknown orientation. The frozen specimen is then
imaged by an electron microscope, producing a set of two-dimensional projection im-
ages (defined below). Once the imaging orientations of the frozen molecules which
produced the images are obtained, the three-dimensional structure of the molecule
can be recovered from the projection images by standard tomographic procedures.

Formally, choosing some arbitrary fixed coordinate system of R3, the orientations
of the imaged molecules at the moment of freezing can be described by a set of
rotation matrices
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where we denote by [N] the set {1,..., N}, and SO(3) is the group of 3 x 3 rotation
matrices. We denote the density function of the molecule by ¢(r) : R> — R, where
r = (z,y,2)T, and by Pg, the image generated by the microscope when imaging a
copy of ¢ rotated by R;. The image Pg, is then given by the line integrals of ¢(r)
along the lines parallel to RZ(?’), namely

Pr.(z,y) = / O(Rir)dz = / xRV + yR® + 2R dz. (1.2)
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The orthogonal unit vectors Rgl) and R;”, which span the plane perpendicular to

RE?’), form the (x,y) coordinate system for the image Pg, from the point of view of
an observer looking from the direction of the electron beam. We refer to RZ@ and
its perpendicular plane as the beaming direction and the projection plane of Pg,,
respectively.

We can now state the “orientation assignment problem” as the task of finding a
set of N matrices {Ry,..., Ry} € SO(3) such that (L2]) is satisfied for all i € [NV],
given only the images Pg,,..., Pg, (in particular, ¢ in (L2) is unknown). In this
work, we address the task of determining the orientations of a set of projection
images obtained from a molecule with Dy symmetry.

In plain language, a Ds-symmetric molecule has three mutually perpendicular
symmetry axes, where after we rotate the molecule by 180° about any of these axes,
the molecule looks exactly the same. Formally, let
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denote the three rotation matrices by 180° about the z,y and z axes, respectively.
For notational convenience we also denote the 3 x 3 identity matrix by g;. Choosing
a coordinate system in which the rotational symmetry axes of the molecule coincide
with the z,y and z axes, the Dy symmetry property implies that

o(r) = o(gir) = d(gar) = (gsr) = ¢(gar) (1.4)
for any r € R3. Considering any projection image Pr,(z,y), by (L4) we have

Pry(a,y) = / " B(Rur)dz = / " G(gnRir)dz = Pyop(zy)  (L5)

form = 2,3,4. Equation (LI) shows that a Dy-symmetric molecule induces an ambi-
guity in which all orientation assignments of the form {g,,, Ri}¥1, gm. € {91, 92,93, g4}
are consistent with the same set of images {Pg, } ;.

An additional ambiguity inherent to cryo-EM arises from the well known fact that
the handedness (chirality) of a molecule cannot be established from its projection
images. Denoting by J = diag(1,1, —1) the reflection matrix through the xy-plane,
we define by ¥(r) = ¢(Jr) the mirror image of the molecule ¢(r). Since J* = I, we
also have that ¢(r) = ¢(Jr), and thus, by (L2) we have

Pr,(z,y) = /_00 d(Rir)dz = /_OO Y(JR;r)dz = /_00 Y(JR;JJIr)dz,
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where r = (x,y, 2)T. Noting that Jr = (z,y, —2)T, and changing the variable z to
2 = —z we have

| eranands = [ oumg (v s = Prates). 06

Z/

which shows that any projection image Pg, of the molecule ¢(r) is identical to
the projection ﬁJRi s of its mirror image molecule ¥ (r). Thus, both orientation
assignments { Ry}, and {JRyJ}\_, are consistent with the same set of projection
images {Pg,, ..., Pry}-

The “orientation assignment problem” for a Ds-symmetric molecule can now
be stated as the task of finding one of the sets of matrices {R;}Y, or {JR;J}Y,
satisfying (L2)), where each matrix R; can be independently replaced by a matrlx

R; € {gmRi}% s

2 Common lines and their Dy induced geometry

One of the principal approaches to solving the orientation assignment problem,
which we also employ in this work, relies on the well know Fourier slice theorem [7],
which states that the two-dimensional Fourier transform of a projection image Ppg,
is a central planar slice of the three-dimensional Fourier transform of the molecule
¢(r). Formally, denoting by ¢ the three-dimensional Fourier transform of ¢(r), and
by PRZ. the two-dimensional Fourier transform of the image Pg,, we have that

f’Ri (wgy wy) = g?)(wJCRZ(l) + wyRZ(Q)) o (W, wy) € R2. (2.1)

Note that the central slice of ¢ in (1)) is spanned by the vectors REI) and RZ@) (the
first two columns of the rotation matrix R; of (LI])). Since any two non-coinciding
central planes intersect at a single line through the origin, it follows that any pair
of transformed projection images Pp, and PR for which |< 3))| # 1 share a
unique pair of identical central lines. Formally, consider the unlt Vector

RY x RY

(
= hE R(s ||

2.2
T (2.2)

By the definition of the cross product, ¢;; is perpendicular to the normal vectors
of both projection planes of 1531, and pRj, and thus it gives the direction of their
common line (see [I1] for a detailed discussion). We can express ¢;; using its local
coordinates on both projection planes by

¢ij = COS aUR( ) 1 sin a”R( = cos oz],R(.l) + sin ajiR§2), (2.3)

where «;; and oj; are the angles between ¢;; and the local z-axes of the planes.
Using this notation, the common line property implies that

PRi(g cos aj, Esin ayj) = PRj (Ecosay;, Esinay;), € €R. (2.4)
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Now, let Pg, and Pg, be a pair of images of a D;-symmetric molecule. By (L),
the image Pg; (also denoted P, g;) is identical to the three images Py,r;, Py,r, and
Py,r;- However, each of these four images corresponds to a plane, and by (L2) the
four planes are different from each other since their rotation matrices are different.
Each of these planes has a unique common line with the projection plane of Pg,,
and thus, we conclude that there are four different pairs of identical central lines
between the images pRi and pRj. The directions of all four common lines are given
by the unit vectors

R x g, R
IR % g RO

m=1,234, (2.5)

mo__
4;; =

where for convenience we denote q}j = @;j, since g; is the identity matrix. We write

the local coordinates of the common lines of the pairs of images PRZ. and Pgm R;» ON
the respective projection plane of each image (see (2.3])), as

C(R;, gmR;) = (cos agp,sinag?) - <<R§1)7qgl>, <R§2)’qu>) ’

i (n) (2) (2:6)
C(gmR;, R;) = (cos ajy,sinafy) = (<9ij 2 457) s (gm R ,qi”jl>> :

for m = 1,2,3,4. Thus, the common line property for Dy-symmetric molecules
implies that

P (€ cos oy, Esinag)) = PR]. (§cosajy,Esinaf;), §€R, (2.7)
for m = 1,2,3,4. Throughout the following sections, we refer to all four common
lines as the common lines of the images Pr, and Pp;.

An additional feature of symmetric molecules, and in particular of Dy-symmetric
molecules, is self common lines. For any i € [N], the images Pr,, Py,r;, Pyyr, and
P, r, of a Dy-symmetric molecule, are identical. However, each image corresponds
to a different projection plane, and thus, the projection plane of P, has a unique
common line with each of the planes of Pg,, Py,r, and FPy,g,. The directions of
these common lines are given by

RY x g,,R
IR® x g, R

m=2,3,4. (2.8)

Qi =

Thus, there are three different pairs of central lines in pRi, corresponding to the

common lines between the pairs {Pr,, Py,r, }, {Pr;, Pgsr, } and {Pr,, Py,r, }, which
satisfy ) )

Pr,(€cos ;™ Esina)™) = Pg,(Ecosalt, Esinallt), € € R, (2.9)

for m = 2, 3,4, where

(3

Clgnbi, i) = (cos oz sinaz!) = ((gn B, a7 (gn B, a1 )

C(R;, gmR;) = (cosajf",sinaj") = <<R§1),q{?>, <R(2),q{?>> ;
(2.10)

for m = 2,3,4. We refer to all three common lines in (2.9)) as the self common lines
of the image Ppg,.



3 Related work

Many of the current common line methods for orientation assignment are based
on the method of angular reconstitution by Van Heel [13]. The core idea of the
angular reconstitution method is rooted at the observation that the intersection
of any three non-coinciding central planes establishes the orientations of all three,
relative to each other. In particular, Van Heel shows how given a triplet of projec-
tion images {Pg,, Pr;, Rr, }, one can obtain either of the sets of relative rotation
matrices { R} R;, R R, R] Ry} or {JR] R;.J, JR] Ri.J, JR] R;:J}, by using the com-
mon lines between Pr,, Pr, and Pg,. Both choices of relative rotation matrices are
equally consistent with the images Pg,, Pr; and Pg,, and are just the manifesta-
tion of the handedness ambiguity discussed in the previous section. The angular
reconstitution method then makes the assumption that (without loss of generality)
R, = I, which immediately establishes R; and Rj from RiTRj and RiTRk. The
orientations of the rest of the images Ppg, for | # i, j, k are obtained by fixing the
pair of images Pg, and Pg;, and applying the same method sequentially to each
triplet of images { Pkg,, Pg,, Pr,} to retrieve RT R, which immediately establishes R
by R; = RT'R;. Note that since all relative rotations and subsequently the rotations
themselves were obtained by combining each of the images R; with the same pair
of images {Pr,, Pr,}, the angular reconstitution method ensures that we obtain a
hand-consistent assignment, i.e. we either obtain {R;}Y, or {JR;J}Y,. Thus, we
can recover either the original molecule or its mirror image.

The most commonly used procedure for estimating the common line of a pair of
images Pg, and Pg, is to calculate their Fourier transforms and then find a maxi-
mally correlated pair of central lines between the transformed images, see e.g. [12].
As the images obtained by cryo-EM are contaminated with high levels of noise,
in practice the probability of correctly detecting their common lines, and subse-
quently their rotations using the angular reconstitution method, is low. In [I1],
Shkolnisky and Singer describe an algorithm for estimating the rotations which
achieves robustness to noise by employing an approach known as 'synchronization’.
In this approach, the rotations { R;}Y, are estimated using all the relative rotations
{RTR;}icjen) together at once. The authors use the set {R] R;}i<jeqn to construct
a 3N x 3N block matrix M known as a ’synchronization matrix’, whose (4, 7)™ block
M;; of size 3 x 3 is given by R R;, that is

Mi; = R{R;, i,j¢€[N]. (3.1)
Defining the matrix U = (R, ..., Ry), we see that
M =U"TU, (3.2)

and thus we can obtain U = (Ry, ..., Ry) by factoring M using SVD.

A method for estimating the set of relative rotations {RZTR]‘}KJ'E[N] in a non-
sequential manner is given in [12], and takes advantage of the following observation:
the relative rotation of Pg,, Pg;, can be estimated from the common lines between
these images and any of the N — 2 images Pg,, where k # i, j. The authors of [12]
show how to obtain a robust estimate of the relative rotation of each pair Pg, and
Ppg;, by taking a majority vote over all these N — 2 estimates. Note that in order
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to construct the synchronization matrix M, one has to obtain a hand-consistent set
of relative rotations, i.e. either the set {RY R;};cjen) or the set {JRY R;J}icjeln-
However, if the estimates R! R; or JR!I' R;J are obtained independently for each
pair of images, this cannot be guaranteed. A solution to this issue is given in [§].

A direct application of any of the common lines based methods described above
to a symmetric molecule encounters substantial difficulties stemming from the am-
biguity described by (2.1)). Suppose that given a pair of images Pg, and Pg,; of a
Dy-symmetric molecule, we wish to estimate the relative rotation R! R; by applying
the angular reconstitution method. By (21), we can detect four different common
lines between the images, corresponding to four different pairs of projection planes,
and we have no way of knowing which common line corresponds to which pair of
planes. Thus, combining the common line of Pg,, Pg; together with common lines
with Pg,, gives rise to 4® different possible combinations of common line triplets,
many of which do not submit an intersection of three planes. For instance, we can er-
roneously consider a combination of the common lines between the pairs { Pg,, P, },
{Pg,, Pg,}, and a third pair {Pg;, Py,r, }, from which we cannot establish the rela-
tive rotations of Pg,, Pr, and Pg,, since we are not considering the correct common
lines triplet between the projection planes of these images.

In [12], the authors derive a simple condition by which one can determine whether
a triplet of common lines can be realized as the intersection of three central planes.
Still, even common line triplets which do satisfy this condition can generate any
of the rotations {R! R;, RT g2R;, Rl g3R;, R} g4R;}, between which we cannot dis-
tinguish. Thus, to construct the synchronization matrix M in (B.2), one would
have to devise a way to obtain a set of estimates {ﬁ;ﬁj}iqem, in which for each

i € [N] all the relative rotations EZTEJ for j # i collectively ’agree’ on the identity
of El € {RZ, QQRZ" ggRZ’, g4Rz}

A further difficulty stems from the fact that pairs of central lines which are
adjacent to each common line between a pair of images are also highly correlated.
Thus, attempting to estimate 4 common lines between a pair of noisy images PRZ.
and pRj by simply trying to detect the 4 best correlated central lines is most likely
to fail (see [9] for a detailed discussion).

In Section Ml we present a different approach for estimating all four common lines
and respective relative rotations of a pair of projection images of a Dy-symmetric
molecule, inspired by maximum likelihood methods. In Section [ we outline an
algorithm for extracting the rotations R; of (L2) from the relative rotations esti-
mated by the procedure described in Section dl This approach encounters 3 major
obstacles which are resolved in Sections [@] [l and 8l In Section [0 we demonstrate the
applicability of our method to experimental cryo-EM data. Finally, in Section [10]
we summarize and discuss future work.

4 Relative rotations estimation

In this section we present a method for estimating the set of relative rotations
{RTg,,R;}} _, for a pair of images Pg, and Pp; of a Dy-symmetric molecule. Sim-
ilarly to the maximal correlations approach described in the previous section, we



begin by computing the 2D Fourier transform of each image Pg,. By (1), in the
noiseless case, each pair of transformed images PR and PR has exactly four pairs
of perfectly correlated central lines. Thus, in principle, we can detect these common
lines by computing correlations between pairs of central lines in PRZ. and PRJ., and
choosing the four maximally correlated pairs. However, as was explained in the
previous section, this approach encounters several substantial difficulties. We now
describe a different approach inspired by maximum likelihood methods.
Consider the set

D, = {Q Q)41 | Q1,Q, € 50(3), |< Q¥,Q¥ > #1}, (41

of quadruplets of relative rotations generated from all pairs of rotations @, Q, €
SO(3) with non—coinciding beaming directions, and let us denote the members of
D. by Qi = {QF9.Q,}1,_,. Given a pair of images Pg, and Pp;, we now show
how one can use the common lines of the images to assign a score m;;(Q;, Q) to
each element ). € D,., which indicates how well it approximates the quadruplet
{RTg,,R;}}_,. Since {RFgR;}* _, € D,, it can be detected by searching over D,
for a candidate @, with the best score 7;;(Q;, @;). We henceforth refer to D, as
the relative rotations search space.
First, to relate each candidate Q. € D, to the common lines of P, and Pg;, let
us compute the vectors
QP x g,,QY

Ir —

”Ql ngr H

analogously to ZH). If Q. = {RI' g, R;}: _,, then the set {g"}4 _, corresponds to
the dlrectlon vectors of the common lines of Pg, and Pg,. We subsequently refer to
{q"}5,—1 as the set of common lines directions of the quadruplet Q1 (correspondmg
to the pair @, Q, € SO(3)). Next, for each candidate Q;,., we use the set {g"}?
to compute the coordinate vectors

m € {1,2,3,4}, (4.2)

m=1

C(Qr, gm@Qyr) = (Cos apr, sin &l’"ﬁ) ;o Clgm@Qr, Q) = (Cos am, sin &:f;) , (4.3)

for m = 1,2,3,4, analogously to Z0). If Q, = {R!gnR;}},_;, the coordinates
in ([.3) correspond to the local coordinates of the common lines of Pr, and Pg, on
the respective projection planes of the images. Denote by

Vnﬁ(g) - ﬁRn(g COs 07€Sin 9)7 5 S (07 00)7

the half line (known as a Fourier ray) in the direction which forms an angle 6 with
the x-axis of the transformed image Pgr,. We then compute the normalized cross
correlations

amamy Jo~ Wi am (€)) vj.am (£)dE

pis (@7, &7 m=1234, (4.4)
7 G [viam ()| Lallvj.am ()] 2,

of each pair of rays given by the direction vectors in (£3]). We use rays instead of
lines, since the correlation p;;(f, ¢) between each pair of rays v;4(§) and v; () is
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identical to the correlation value p;;(6 + 7, ¢ + ) of their anti-podal rays. We then
assign to each quadruplet (). the score

ﬂ-’lj Ql) QT‘ H pl] alr) rl (45)

By &71), if Qi = {RI'gmR;}1_; for some Q;,Q, € SO(3), then 7;;(Q;, Q) = 1
Thus, the quadruplet Q. with 7;;(Q;, Q,) = 1 is declared as { R} ¢, R; i1

We remark that since in practice we use a discretization of D, to estimate the
relative rotations of pairs of noisy images (see Section for details), m;; is never
exactly 1, and so we simply choose a candidate ();, which maximizes 7;;(Q;, @;) as
an approximation for { R g,,R;}2 _,

However, we can obtain more robust estimates to {R! g, R;}+_, by also com-
bining self common lines into the score (AH]). As was explained in Section [2] each
image Ppg, of a Dy-symmetric molecule has three self common lines, given by (2.9,
which are the intersections of the projection plane of Pg, with the projection planes
of Py,r,, Pyr, and Py p,. We now show how to adjust the score m;;(Q;, Q) of each
candidate Q). € D, to account for the self common lines of each image in the pair

PR¢ and PRj-
For each candidate ;. € D., we first compute the vectors
(3) (3) (3) (3)
X m ~ T X m T
= X In ™ — ) m=234,  (46)

3 3’ 3 3)’
1@ % gm @1 1@ % gm@”|
analogously to [238). If Qi = {R! g, R;}2_,, then the sets {gI'}2 _, and {g"

correspond to the directions of the self common lines of the 1mages Pp, and PR ,
respectively (see (Z8)). Next, we use {¢'}1,_, and {Gm}2 _, of (&) to compute

the coordinates
C(Q1, gm@Q:) = (cosay™,sindy™), Clgm@Qi, Qi) = (cosaj’ sinaj'),
C(Qr, gm@yr) = (Cos a}:,”,sm ozlm) C(gmQr, Q) = (Cos a,’?},l,sm o/”l)

for m = 2, 3,4, analogously to (ZI0). If Q. = {R! gmR;}},_1, then the coordinates
in (47) correspond to the local coordinates of the self common lines of Pg, and
Pp;, on their respective projection planes (see (2.I0)). We then compute the set of
normalized autocorrelations

it amy _ Jo i () g (e
piilay”, Ay ZGITA ml;HLz
Im Gmiy _ Jo Wit (€))"v; g (€)dE

«
,03]( T T H alm( )HLQH aml”LQ

for m € {2,3,4}, and if Q) = {RTng} , for some @, Q, € SO(3), then
by (2.9) we have Hm o i (g™ &ty pyji(atm &ml) = 1. We therefore redefine the

rr 9 rr
score 7;;(Qr, @) in (ET) to be

(4.7)

(4.8)

)

mij (Q1, Q H pij(ag, & H pis(Gal™, &g pyi (g, arnt). (4.9)



For each ¢ < j € [N], we then set

QY = argmax i (Q1, Qr). (4.10)

ereDc

to be { R} g R }i-

We remark, that as was explained in Section [l and Section B (see (L)), the
images PRn and P 1R, are identical. Thus, the self common lines of each image PRn
are identical to the self common lines of P R, J, and the common lines between each
pair of images PRZ. and ﬁRj are identical to the common lines between pJRZ. J and
pJRjJ. Hence, for each i < j € [N], the set {Qf¢,,Q,}2 _, € D, which maximizes
the score m;; has the same score as {JQ g,Q,J}2_, € D.. Thus, in ({I0), for each
i < j € [N], we either estimate {R! g,,R;}#,_, or {JR! g, R;J}} _,, independently
from other pairs of ¢ and j.

The procedure for estimating of the sets of relative rotations for each i < j € [V]
is summarized in Algorithm [Il

Algorithm 1 D, relative rotations estimation

Input: A set of images pRl, .. .,PRN, and a discretization of SO(3) @Q1,...,Q €

SO(3)
1: for I <re[L] do > Compute common lines induced by D,
2 if | < QP QP > | +£1 then
3: for m=1to4do
! Qi = Q(Z)ngT(S)
5 T = o o > See [A2)
6 (cosar,sina)") = (< Ql(l),(j}}? >, < Ql@),(j}}? >) > See (A3)
T (cosagy, sinayy) = (< ng£1)7 qy >, < ngs’Q)v qr >)
8 end for
9 end if
10: end for

11: for I =1to L do
12: for m =2 t((3> 4 do

) (3)
14: (cosalm sinal™) = (< QM. qr >, < QY. g >) > See (E7)
15: (cosai! sinat) = (< ngl(l), qar >, < ngl(z), ar >)
16: end for
17: end for
18: for i < j € [N] do
19: QY = argmaxkrem"<Q§3)7Q$3)>|¢1 i (Q1, Q) > See (4.9)
20: end for

Output: Q¥ for all i < j € [N].




5 Estimating the rotation matrices

In the previous section, we have shown how to estimate for each i < j € [N]
either {R! g, R;}1,_1 or {JRI g, R;J}e_,. In Section [B] below, we will show how to
resolve the handedness ambiguity. Thus, in this section we will assume w.l.o.g that
we have the sets {R! g, R;}#,_; for all i < j € [N], and outline how to recover the
rotations R; in (L2) from these sets.

To recover the matrices R; row by row, we use the following observation. For
each m € {1,2,3}, denote by I, the 3 x3 diagonal matrix

(I)ij = {1 == (5.1)

0 otherwise,

and note that

1
5(91 +a) =11, =234, (5.2)

where g, were defined in (L3). Thus, for any pair of matrices R, and R; we have
that

1 1
§(Rz‘TRj + RiTgmHRj) = Rz‘T§<91 + 9m+1)Rj = R;‘F[ij = (Uim)TUjma (5-3)

for m = 1,2,3, where v/ and v]" are the m™ rows of the matrices R; and R;,

respectively. We can also compute the matrices (v)Tv™ for m € {1,2,3} and

i € [N], by noting that since vj" are rows of orthogonal matrices we have

(v") 0" = (o) o (o) o, € [N\ {i}.
Since in practice the matrices (v;”)Tv;“ are estimated from noisy images, we get a

more robust estimate for (v7*)Tv™ by using all j, that is, by setting

T
i)

(o) o = e (v o (o) o
Z N -1 ’

for m € {1,2,3} and i € [N].
Next, for each m € {1,2,3}, we construct the 3N x 3N matrix H,, whose (i, j)
3 x 3 block is given by the rank 1 matrix (v;*)"v}", and note that

Hy =vlv,, vp=0". .08, m=123. (5.4)

That is, H,,, m = 1,2, 3, are rank 1 matrices. We can now factorize each matrix H,,
using SVD, to obtain either the vector v, or —uv,,, hence retrieving either the set of
rows {v"}Y, or {—v}Y,, for each m € {1,2,3}. Then, we can use these sets of
rows to assemble the matrices {OR;}Y | row by row, where O € O(3) is a diagonal
matrix with +1 on its diagonal. If det O = —1, we simply multiply all OR; by —1,
and thus, we can assume w.l.o.g that O is a rotation. The matrix O is an inherent
degree of freedom, since we can always “rotate the world” by any orthogonal matrix.
Unfortunately, the approach just described is not directly applicable, as we now
explain. Recall from Section[3] that though we can recover the set of relative rotation
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matrices {R] g R;},—; from the common lines of Pg, and Pg,, we have no way of
knowing for each m € {1,2,3,4} which of the recovered matrices in the latter set is
RTg,,R;. This implies, that for each i < j € [N], we can only obtain a permutation
(RY gr,;m)Rj)my of the 4-tuple (R} g, R;)s_, where 7;; € S; is some unknown
permutation of (1,2,3,4). In (B.3), we computed the 3-tuples ((v]")"v}")3,_; by
summing the first element of the 4-tuple (R! g, R;)},_; with the rest of its elements.
Suppose for example, that we have the 4-tuple (R} g2R;, R g3R;, R} g1 R;j, R} g4R;)
for a given a pair of images P, and Pg;. One can easily verify by direct calculation

that
5(97711 + gmg) - _Im3—17 (m17m25m3) - 0(2a 374)a (S S?n (55)

where S3 is the group of all permutations of a 3-tuple. Now, observe that by (5.2))
and (5.5]) we have

1 1 1
(Q(R'T92R' + R} g3R;), —(R'T92R' + Rl g1 R)), —(ngsz + R} g4R;))

(RT (92 + 93)R;. R] (92+91)RWR (gz+g4)R)
= (—RiTlgRj, RIILR;, —RzT[2Rj) = (—(U?’)TU:-)’ (i) i, — (7)),

i) Vi J j
This implies that the summation in (5.3]) of a permutation of the 4-tuple (R} g, R;)2

m=1
results in a permutation of the respective 3-tuple ((v®)Tv™)3 _, of rank 1 matrices,

J
where some of the matrices have a spurious —1 factor. The following proposition, the
proof of which is given Appendix [A.1] summarizes the effect of the aforementioned
summation on a general permutation (RY g-m)R;)r—; of a 4-tuple (R} gmR;);

m=1>
that is, on the order and signs of the respective 3-tuple ((v")"vj")3 _,.
Proposition 5.1. Let (R} g.qmR;j)h_, for some 7 € Sy be a permutation of the
4-tuple (RY g R;)L _,.
1. If 7(1) = 1, then the corresponding 3-tuple of rank 1 matrices is given by
((vim’")TvT’")f:l, where (my,my,m3) = (7(2) — 1,7(3) — 1,7(4) — 1).

2. If T(m) = 1 for m > 1, then the corresponding 3-tuple of rank 1 matrices is

given by
7(1)—1 7(1 7(4)—1 7(4)—1 7' 3 7(3)—1
((Uz() T]() ’_(vi() )ij() — T(3)— )v() m =2,
( (UT(4 ) 7(4)—-1 (UT(1)71>TUT(1)71 . T(2) UT(Q) 1 m—3
i ] » \Yg ) v, )
(— (UzT(B ) 7(3)—1’ —(UZ(2)71)TUJT(2)71, (Uz(l)*l) U]T(l) 1) m — 4

Proposition 5.1l implies that we can only obtain the ordered triplets

(27NN e Sy, i< j e [N, (5.6)

7 J m=1

where the permutations o;; € S3 are unknown, and each of the matrices (v; v;
is multiplied by £1, which is also unknown and depends on 7;;. Thus, we cannot
construct the matrices H,, in (5.4)) using the triplets in (5.6) directly. We will show

how to construct H,, using the triplets (5.6]) in Sections [1 and [l

ij (m))T Oij (m)
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The following three sections are organized as follows. In Section [6 we show

a method for handedness synchronization for Ds-symmetric molecules, which is

adapted from a method proposed in [8] for non-symmetric molecules. In Sec-

tion [, we show how to partition the 3-tuples in (5.6]) into three sets of the form

{577 (v") 0" Yicjern for m = 1,2, 3 and some unknown signs s;; € {—1,1}. Then, in

Sectlon ]l we show how to correct the signs 77 so that we can construct the 3N x 3N
matrices _

Hyo= () 0, O = (8T, ... s0N) , m=1,2,3, (5.7)

where s* € {—1,1} for i € [N] and m € {1,2,3}. We can then factor the matrices

H,, using SVD to obtain the vectors v, (of length 3N), which give us the sets of
rows {s"v"} Y, for m € {1,2, 3}, and assemble the matrices

=50, —
Ry = | —s%?— | = D;R;, D; =diag(s;,s?,s’), ic][N].
3,3

19949 94
—S;

Since for each i € [N] either D; or —D; is in {g,,}* _,, that is, R, = +¢,, R; for some
m € {1,2,3,4}, we can compute the matrices

~ | R det(R;) = .
Ri_{—Ri e (R) 3 i € [N],

by replacing all matrices R; which have det(R) — —1 with —R;. The resulting
set of matrices {R;}Y, satisfies R, € {gmRi}%_, for all i € [N], and are therefore
a solution for the orientation assignment problem which was stated at the end of
Section [1

6 Handedness synchronization

Following the discussion in the previous section, we now assume we have obtained
a set of 4-tuples

{(T Ry grym) By T s Vi), 7ij € S, J = diag(1,1,-1), (6.1)

for some unknown 6;; € {0,1}, by applying Algorithm [[I We now explain how to
extract one of the hand-consistent sets

{(R] gr;m) B )mer Yicjein] OF {(JRY Grm)Rj T ) s Yicjeln] (6.2)

from the set in ([6.1]).
For all i < j € [N], we denote by

RZ] € {(R gm(m)R )m 1 (JRTQTU R J)m 1} Tij € S4> (6-3)

a 4-tuple of relative rotations consistent with a pair of images Pg, and Pg; of a

Dsy-symmetric molecule. We also denote by R}, the m! relative rotation in the

12



4-tuple R;; for m =1,2,3,4, and by JR;;J the set {JR?}J}f‘n:l. We now show how
the set in (6.1]) can be partitioned into two disjoint sets

Co = {Rij|Rij = (R} gri;0m) B )1 }- (6.4)

Cr = {Ryj|Rij = (TR gryym By T ) s }- '
Once we have the partition in (6.4]), we can compute the set of 4-tuples C, =
{(JREJ )4._1|Ri; € C1}. Then, one of the hand-consistent sets in (6.2) is given by
Co U .

The partition in ([6.4]) is derived by the following procedure. First, we construct
a graph X with vertices corresponding to the estimates R;; in (6.3]), and with edges
that encode which pairs of estimates R;; and Ry, are in the same set in (6.4), and
which aren’t (as will be explained shortly). Then, we derive the partition in (.4
from the eigenvector of the leading eigenvalue of the adjacency matrix of . The
procedure we present is an adaptation of an algorithm that was derived in [§] for
non-symmetric molecules.

We next state a proposition, the proof of which is given in Appendix [A.2] which
allows us to determine which estimates R;;, i < j € [N], belong to the same set
in ([6.4]). Following the approach in [8], we look at triplets of estimates of the form
Rij, Rjk, Ry; for all triplets i < j < k € [N], and determine which members of each
such triplet are in the same set of (6.4]) and which aren’t.

Proposition 6.1. For any i < j < k € [N] consider the triplet of estimates

Rij = (R} gr;m)Rj): Rji = (R} grpoyRi)ie1s  Rii = (Rf grurRi)r—y, (6.5)

m=1>
that is, Ri;, Rjr and Ry; are all in the same set of ([6.4). Then, exactly 16 of the 43
matriz products in the set
{RZlR;kRgm | (ma la T) € {1a 27 3a 4}3} (66)
satisfy
RIRL Ry =1 (6.7)

Now, consider a triplet of estimates

Rij S {(Rz‘Tgnj(m)Rj);ln:b (JR'LTgTi]’(m)RjJ)i’L:1}7
Rjy. € {(R] gr Br)iz1s (JR] gryy R )iz (6.8)
Ryi € {(Ry gr(r) Ri)r—1 (TR Gy Rid o1}
and note that since each estimate is either in the set Cy or in the set Cy of (6.4]), it
must be that either all estimates are in the same set, or two estimates are in one set

and the third estimate is in the other. We define the “set configuration” of a triplet
(Rij, Rjk, Ryi) by the row vector

R;j, Rji, Ri; are in the same set of (6.4]),
R;; is in a different set from Rj;;, and Ry,

6.9
Rjj is in a different set from R;; and Ry, (6:9)

Ry is in a different set from R;; and Ry,

13



and denote
C= {C(] = (0,0,0),01 = (1,0,0),03 = (0, 1,0),04 = (0,0, 1)} (610)

Note that if, for example, R;; is in one set of (G.4) and R;;, and Ry, are in another,
then we have that JR;;J, Rj; and Ry, are all in the same set. We remark that
we have found experimentally that whenever three estimates R;;,R;; and Ry, are
not in the same set of ([6.4]), then all the products in (6.7) are far from / in norm.
Thus, Proposition suggests that we can find the set configuration of a triplet of
estimates by the following procedure. First, we compute the four sets of 43 norms

Z]k = {HRle 7" - IHF : (mv l,T) € {17 27374}3}7
wk—{HJRmJRl Riy = 1Illr = (m,1r) € {1,2,3,4}°},

l , (6.11)
Z]k - {HRm‘]R k‘]RZl_IHF : (m,l,r) € {1727374} }7
Z]k - {HRZ?ng‘]RZz‘]_IHF : (m,l,r) € {1727374}3}7
where ||-||  is the Frobenius norm. Next, we sort the norms in each set N ik é ks 23 A

and N? kI (611) in ascending order, and denote the resulting ascending sequences

SU py St ik S? o and S? x> Tespectively. Finally, we compute the scores

16

e =D _(Shias p=0,1,2,3. (6.12)

n=1

By Proposition [6.1] there are exactly 16 norms with value 0 in the set N, of (6.11)
which corresponds to the correct set configuration d;;;, of a triplet (Rij, Rjk, Ri;)
(see ([6.9)). Thus, we set d;;r, = ¢, for p € {0,1,2,3} such that Spk is the minimal

score in (6.12).

Once we have computed d;j, for all i < j < k € [N], we construct a graph X
whose vertices correspond to the estimates R;; in (6.3), and whose edges are defined
by the (]; ) X (]; ) adjacency matrix (which we also denote by X))

p

1 if [{7,7} N{k,l}| =1 and R;;
and Ry are in the same set of (6.4),
Supnmn =3 =1 if [{i, 7} N {k,1}] =1 and Ry (6.13)
and Ry, are in different sets of (6.4)),
0 N {R D £

Finally, we compute the eigenvector u, which corresponds to the leading eigen-
value of the matrix X. In [§], it is shown that the leading eigenvalue of 3 is simple,

and that uy is of the form {—1, 1}(1;) (up to normalization), where the sign of each
entry encodes the set membership in (6.4) of each estimate R;;. The procedure
for handedness synchronization for Dy-symmetric molecules is summarized in Algo-
rithm

14



Algorithm 2 D, handedness synchronization

Input: A set of (N) 4-tuples R;; defined in (6.3))
1: Initialize: (];[) X
2: fori<j<kelN

r) €

( ) matrix Y, with all entries set to zero

N
]2
{1,2,3,4}3 do > See (G.ITI).

3: for (m, 1,
4: N (m l )—||Rle I||F
5: N (m,1r) = | TRy T Rl Rl — ||
6: N2y (m, 1, 7) = HRmJR]leR};i e
7 Nip(m, L) = ||Rp Ry TRy, J — 1| ¢
8: end for
9: end for
10: for p=1to 4 do
11: SZ P = sort( o) > Sort in ascending order
12: ‘SZk =i (Shpn
13: end for
14: for i < j <k €[N] do
15: m = argmin Sf;

pe{0,1,2,3}

16: dijk = Cnp > See ([6:9]), (m
170 X )6k = (— e
18 Sk, = (—1)mex{in)(diie)s)
19:  B(ra), (i) = (—1)max{ige)>.(dije)s)

20: end for

21: L=%+ X7

22: uy = argmax v’ v > u, is the leading eigenvector of X
l[ol=1

23: for i < j € [N] do
24: if (us)ij < 0 then

25: Rij = JRUJ
26: end if
27: end for

Output: Rij, for all i < j € [N].
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7 Rotations’ rows synchronization

At this point, in light of Sections BHland [0, we assume that we have obtained one of
the hand-consistent sets of 4-tuples in (€.2]). Let us assume without loss of generality
that we have the set {(R] g, (m)R;j)me1 ticjeln]- As was explained in Section [, for
each i < j € [N], we now form a 3-tuple of matrices by summing the first element
of (R} go,;m)R;j)m—1 With each of the rest of its elements. By Proposition 5.1} this
results in a set of triplets

+ o (MINT, 035 (m)\3 o B S
{(£(; ) Y, )m:l}z<je[N}a Oij € O3,
which was defined in (5.6]), where 0;; are unknown and the £1 signs are also un-
known. In this section, we will show how to partition this set of triplets into three

disjoint sets
C,, = {SZ(UT)TUT}KJ-G[N], m € {1,2,3}, (7.1)

where 577 are the (unknown) signs of (vj*)"v7". That is, for each m € {1,2, 3}, the
set C,, contains all outer products between the m** rows of the rotation matrices
R; and R; for i < j € [N], up to sign. This partition will be obtained by casting it
as a graph partitioning problem.

In Section [T we show how to encode the partition in (] as a graph in which
each vertex corresponds to one of the matrices in (5.6]). In Section [T.2] we construct
the adjacency matrix of the graph, and in Section [[.3] we show how to extract the
partition in (.J]) from the leading eigenvectors of the graphs’ adjacency matrix.

7.1 Graph partitioning formulation

In what follows, we denote the 3 x 3 matrices in (ZI]) by

vy = sy () ", m e {1,2,3}. (7.2)

We now construct a weighted graph 2 = (V, E) from which the partition in (7.1]) can

be inferred. Each vertex in V' corresponds to one of the matrices in (Z.2) (henceforth,

we shall refer to both the matrix SZL(U?)TU;” and its corresponding vertex in V' using

the notation vj}). Thus, we have that (see (Z.2]))
V=U_Cn, Cpn=A{v]}icjeyy, m=123. (7.3)

We define the set of weighted edges E of the graph ) by its 3(]2V ) X 3(]2V ) adjacency
matrix, which we also denote by (2, as follows

1 i, jpn{k,l}|=1and m =,
Q(v{?,v;l) =< =1 Wi, jrn{k, 1} =1and m #r, (7.4)

0 otherwise.

That is, we only connect by an edge vertices which have exactly one index in com-
mon. We give this edge a weight +1 if its incident vertices are in the same set C,,
of (T3), and weight —1 otherwise (see Fig. [).
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(a) (b)

Figure 1: (@) Edges in Q. The vertices v} and v}; are in the same set of (Z3) and

have the index 7 in common. The vertices v};,v}; which have both indices i and j
in common are disconnected. Vertices from different sets of (Z.3)) with one index in
common are connected by edges with weight —1. (b)) A triangle formed by vertices

in the same set of ((Z.3)).

Note that the weights on the edges E of €2 induce a partition of the vertex set
V into the sets of (Z.3), by grouping together vertices which are connected by edges
with a weight of +1. Recovering the partition in (73] corresponds to coloring the
vertices V of €} with 3 colors, say, red, green, and blue, where the vertices of C; are
colored red, of (5 green and of (3 blue.

In what follows, we show that the partition of V' to the sets C, in (Z.3) can be
derived from eigenvectors of the matrix €.

Definition 7.1. Let the eigenvalues of an n x n matrix A be \; > Ay > ... > A\,

with their respective multiplicities given by ni,...,n,. We denote the spectrum of
A by A(A), and write
) — ()\1 Ny e )\r)'
ny Ng -+ Ny
Theorem 7.2. The spectrum of the matrix §2 is given by
4N —2) 2(N —4) 2 —4 —(N —4) —2(N -2) (7.5)
2 2q(N-1) -~ 2(()-N) N-1 1 T

The proof of Theorem is given in Appendix [A.3l

Definition 7.3. Define a = (2 (g))’%, g =(6 (g))’%, and define the pair of vectors
Uq, Ug € R3(3) by

a m=1, 8 m=1,
Ua(vjj) = 0 m=2, ug(viy) = 4 =28 m =2,
—a m =3, B m=3,

N
where for any w € R3(2) we denote by w(vj}) the entry of w with the same index
as the row of € which corresponds to the vertex v;’.

Throughout Section [7, for any column vector w € R?’(g), we denote
oij(1 oij(2 oi;(3 . .
(W) = (o ™), wof ™) wiF )T, i <je [N (7.6)
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That is, (w);; € R? is the column vector that corresponds to the entries of the triplet
(Uffz’j(l) 9ij(2)  0i5(3)

Y U7 ) inw.

Proposition 7.4. The vectors u, and ug in Definition[7.3 are orthogonal eigenvec-
tors of S0, corresponding to the eigenvalue p. = 4(N — 2).

We prove Proposition [7.4lin Appendix [A.4l The immediate consequence of The-
orem and Proposition [7.4] is the following corollary.

Corollary 7.5. The eigenspace of pi. is spanned by u, and ug.

Note that u, is a unit vector which exactly encodes the partition in (7.3)), where
the entries +«,0 and —a encode the color of each vertex v;;. The unit vector ug is
‘color blind’ in the sense that it can only distinguish between 2 colors. Obviously,
in any 3-coloring of a graph we can always permute the colors, e.g., switch the color
of all red vertices to green, green vertices to blue, and blue vertices to red. This is
manifested in the following proposition.

Proposition 7.6. Define the '3-color’ and ’2-color’ vectors by
U3e = (Oé, 07 _(X)T and Ue = (ﬁu _267 ﬁ)T7 (77)

respectively. For any o € S3, we define the vectors ug, ug € R3(3) by

use(o(1)) m =1, use(o(1l)) m=1,
ug (v) = Quse(0(2)) m=2, uj(vyj) = us(c(2)) m=2, (7.8)
us.(c(3)) m =3, use(0(3)) m =3,

where ug(viy) and uf(vf}) are the entries of ug, and ug with the same index as the
row of € which corresponds to the vertex v;. Then, ug and ug are orthogonal

eigenvectors of Q0 of ((L4) in the eigenspace of p. = 4(N — 2).

Proof. Observe that uZ is obtained from wu, of Definition by replacing all +a
entries with ug.(o (1)), all 0 entries with us.(c(2)), and all —« entries with ug.(c(3)).
The vector uj is obtained from ug in a similar manner. The proposition then follows
by repeating the method of proof applied in Proposition [L.4 with ug, and ug.

O

Following Corollary [Z.5 we recover u, (up to a color permutation, i.e, one of
the vectors uZ of (7.8)) in the following manner. We begin by constructing the
matrix 2. Then, we compute a pair of orthogonal eigenvectors v, and v, spanning the
eigenspace of p. (the leading eigenvalue of §2). In general, each of these eigenvectors
is an orthogonal linear combination of u, and ug, and thus, we cannot read the
partition in (Z3)) directly from any one of them. In Section [7.3] we show how to
‘unmix’ v, and v, and retrieve u,. In practice, due to noise, we can only compute
an approximation of u,, and thus, we never get the exact values o, 0 and —a. We
explain how to deal with this issue in Section In the following section, we show
how to construct € of (7.4)) using the set of matrices in (5.6)).
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7.2 Constructing (2

We now derive a procedure for constructing the matrix €2 of (Z4)). For any two
pairs of indices i < j € [N] and k < [ € [N], we denote by

o5 (1 o (1 o1(2 g4 (1 or1(3
Q" ot Q™) Qo)
Oij o (1 o ori(2 Oij ori(3
Qi) k1) = Q(vijj(s)avklkl( )) Qv U](s))vklkl( )) Q(Uz’jj(:s)avkzkl( )) (7.9)
Oij o (1 o ori(2 Oij or(3
Q('Uijj ’vklkl( )) Q(vij] 7'Uklkl( )) Q('Uijj 7'Uklkl( ))
the 3 x 3 matrix given by the rows of {2 corresponding to the vertices v; ”(1), vfj” @
and va”( , and columns of  corresponding to the vertices vy ; (1) U,Zl’”@ and UU’”(?’).

By (Iﬂ) and (C9), we have
Qeigymn = Osxs, {5 0 {k I} # 1, (7.10)

where 0343 is the 3 X 3 zero matrix. We will now show how to construct €2 block by
block, by computing the blocks € ;) ) for which |{7, 7} N {k,l}| = 1.

The following lemma, the proof of which is given in Appendix [A.5] characterizes
the indices of the non-zero entries in Q of (T.4)).

Lemma 7.7. Define

A=A{(t,5)(k, )| {i, i} 0 {k,}| =1, i <j€[N], k<le][N]}, (7.11)
and fori < j € [N] define
Ay =@ 9) (R, g) [ k< ok #4}, AL ={(0,5)(5, k) | k> 5}, (712)
AG ={G, ) (ki) [ k <}, Ay =A{G5) (0 k) [ k> i,k # 5} '
Moreover, fori < j <k € [N], define
wk_{oa)( 7). (k)@ g) 5 (k) (5, k) )
Then, we have that
= |J Ajuaiualual= | Apudl, (7.14)

1<jE[N] 1<j<k€[N]

By (I0) and the second equality in (Z.I4]) of Lemma [C7 to construct €2, we
only need to determine the blocks

QipGmy Qe Qomar: Qunen, Uinen Liner, @<J<ke[N]
(7.15)
which we now show how to do.
For each triplet of indices i@ < j < k € [N], we consider the vertices of
corresponding to the pairs of indices (,j), (j,k), and (i, k), written in the rows of
the table

vf;j 1) vf;j (2) vfj” 3)
,U;T]gk(l) ,U;T]gk@) v%k@) (7.16)
v;zk(l) vgkik@) vgkik 3)




For each pair of vertices from different rows in (.I6]), we need to determine whether
this pair belongs to the same set C,, of (Z3]) or to different sets. This corresponds
to choosing between an edge with a weight of +1 or —1 for each of these pairs
in 2. We therefore show how to determine all edge weights between the vertices
in (7.16) simultaneously. This procedure is then repeated for each triplet of indices
i<j<kelN].

First, observe that for any pair of matrices vj} and v}, given by (Z2), we have

v;?v;fk = i(vm)Tvm(vj )Tv,’;

i J
TS (vm)Tvr o {:l:<vz‘m>TUIT m=r, (717)

=+ <o 4 =
i’ ‘ k 0 m#r,

J

since the row vectors v}* and v are rows of the orthogonal matrix R;. This suggests

j j
that for each pair of vertices v;; 23k and v;f,ij ") with unknown 0ij, 0k € S3, we can

determine whether they belong to the same set of (3], by simply computing the
norm of the product of the matrices which they represent.

Since in practice we work with noisy data, we next show how to get more ro-
bust estimates for the edge weights of €2, by leveraging the graph structure of €2 in
conjunction with (ZI7)). Denote by
ot = (", m=1,2,3, i<jeN], (7.18)

v]

the transposed matrices of (Z.2)). By (ZI7) and (I8)), for each triplet of matrices
v, vj, and ob, = (vh)T, 1 < j < k € [N], we have

+(mTvm m=r=p
v = v ’ 7.19
i "3k ki {0 otherwise, ( )
and by (ZI8)), we also have that
m, m __ mN\T, m/ m\T m __ m\T, . m _
vy = (") ol () "t = (o), m=1,2,3. (7.20)

Note that a non-zero product of matrices in (Z.19) corresponds to a triplet of vertices
in  in the same set of (T3) (see Fig. [b). We now infer which vertices in (Z.10])
belong to the same set of (Z.3]), by constructing a function that vanishes for all vertex
triplets for which (7I9) and (7.20) hold, namely, for all vertex triplets that belong
to the same set of (Z.3]). Specifically, for each triplet of indices ¢ < j < k € [N], we
minimize the function (which will be explained shortly) fi;x : S3 x S5 — R given by

fir(.8 va””(m GO O] gy Zulm - (7.21)

over all v = (y1,72,73) and 6 = (d1, d2, 93) in S5, and all choices of sign +1 between
the 2 terms in each norm (since by (ZI9), the sign of the right term in each norm
is unknown), independently between the norms.

The rationale of minimizing (Z.21]) can be demonstrated in the following manner.
Writing down the vertices as in (7.16]), we seek to rearrange the vertices in the second
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2
v | v | v v | vy | v
3 1 2 2 3
2 1 3 2 3 1
Uik | Yik | Vig Uik | Yik | Yik
(a) (b)

Figure 2: (@) Example of unsynchronized rows, where o;; = (2,3,1), 0jx = (3,1,2),
and oy, = (2,1,3). (D) The triplets in (@) after rearrangement of rows 2 and 3
in (T.22), with v* = (3,1,2) and §* = (1, 3,2).

and third rows so that after rearrangement, the vertices in each column are in the
same set of (Z3)) (see example in Fig.2). Whenever we choose a pair of permutations
~v*,0* € S3 such that the vertices in each column in

ai;(1) i3 (2) i3 (3)

v, v, v,
U%m:a» U%m: @) U%mr &) (7.22)
RO O TN NI

are in the same set of (.3)), by (.19) and (Z.20)), we have that all the terms in the
sum (Z.21) equal zero. Otherwise, if there exists a column in (7.22) in which there is
a pair of vertices in different sets of (7.3]), then we have that (7.21]) is strictly > 0. For
example, if in each column of ([22]), there is a pair vertices in different classes, then
by (I9), the left term inside each norm in (T.2]) equals zero, while the right term in
each norm equals (v;, 71 (m ))Tv;”(m) and we get that fi;, = > o, [I(v]; 71 (M, U”(m)H

Once we compute for each i < j < k € [N] a pair of permutatlons ~v* and 5* min-
imizing f;;, in (C21)), the matrix € is set block by block by computing all the blocks
of (ZIH) in the following manner. We first set the first three blocks of (Z.13]), that
is, Q6. Gk Qi) ik and Qe k- Consider (L22), which consists of all the vertices
that are incident to the edges that constitute the aforementioned blocks (see (7.9)).
The triplet of vertices vf 5(m) vo,i’“(v ™) and vaﬂ“(é (m)), which are all in the same
column of (Z.22), are in the same set Cy,,(n) of (E{I), m = 1,2,3. Thus, we assign a
weight +1 to the edges of € (k) Q(i,j)(i7k), and €2; x)@,k), Which correspond to the
pairs of vertices (vfj”(m), v?gk(w*(m))), (vfj”(m), vfgk(é*(m))) and (v J,;’“(V (m)),vfék(é*(m))),
for m = 1,2,3. All the edges of Q0 jyk), L)k, and Q¢ r)@k Which correspond
to pairs of the form (,U;jij(m)’ v;}gk(’y*(r)))’ (’U;Tjij(m), v?]gk(5*(r))) and ( ]Uﬂc(V (m))’ v;};k(é*(r)))
where m # r, are assigned a weight —1 since they are in a different sets of (Z.3)).
As for the last three blocks of (ZI3), that is, Qi k) Q) and Qe wik, by

(C4) we have that Q(vjf,vy,) = Qv vi}) for all i < j € [N], k <1 € [N], and
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m,r € {1,2,3}. Thus, by ([L9) we have

QoY o) QY ) Q@ o)
Qg = | Qg ,Z”(l)) Qo @, 077y Qi@ 07
Q(vakz %(1)) Q(,U‘Tkl(?” %‘(2)) Q(vgfl(g), ZZ] 3))
Q(v”““, o) Q@ oY) @, o)

= Qe @) ang® L) g ) | = )"
QY ) QM) Qi )

(7.23)

Thus, for every i < j < k € [N] it holds that
Qimig) = Qapom) s Qi = Qipar) s Qiner = Qurar)’ (7.24)

and thus, Q¢ r)65), ik and Qi ke can be set according to (Z24) after we
compute £2;5)¢k), 4w and Qi ir)-

The procedure for constructing €2 of (7.4]) is summarized in Algorithm [l In the
next section, we turn to the task of unmixing the eigenvectors corresponding to the
maximal eigenvalue of €2, in order to extract u, of Definition [(.3l

Algorithm 3 Constructing (2

Input: The set of (}) 3-tuples {(v;; 7ii(m) _ :i:(vf”(m))Tv;”(m))‘:’nzl}iqew]
1: Initialize: 3(];[) X 3(2) matrix Q, with all entries set to zero
2: for i < j <k €[N] do

3 (v, 0") = ar%n;in figr(7,0) > See ([Z.21))
v, €53
4 form=1to3do > Set Qi )5,k gy iky A0 Qi k)
5. Q(U?ij( m) U]Z;k('y (m)) ) =
: 1] ) J
6: Qo7 7@y =
7. Q(U?]ik(“/ ( ))’ ;;k( ( )) 1
8: end for
9: for m #r € {1,2,3} do
10: Q(Uzij(m),ngk(fy (T))) — 1
Oii o m))
11: Q(v;; i), J,;k ) =—1
12: Qo™ @y =
13: Q77 fk“f O"m)y = _1
14: Qo gk Ty = g
15: Q(v;,’,;’“” )o@ ™)y — g
16: end for
17 Qe = Qeiem) > See (724)
18 Quweg = igjk)
190 Qurir = (Qerak)
20: end for
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7.3 Unmixing the eigenvectors of p.

By Corollary [Z5], the eigenspace of Q2 of (.4]) corresponding the eigenvalue p,. =
4(N — 2) is spanned by u, and ug of Definition [[.3l However, any orthogonal linear
combination of u, and ug is also an eigenvector, and so we can only compute two
orthogonal eigenvectors which are linear combinations of u, and ug. In this section,
we show how to 'unmix’ these linear combinations to retrieve wu,.

Suppose that we have computed a pair of orthogonal unit eigenvectors

Vg = A1y + agug, Uy = biug + baug, (7.25)

spanning the eigenspace of .. Since v, and v, are unit vectors, by Proposition [(.4]
we have

1 = ||lva®> =< a1 + azug, arug + agug >= a3 + as, (7.26)
that is, (a1,a2)? is also a unit vector. Similarly, we have that ||(by,be)7]] = 1.
Furthermore, again by Proposition [7.4] we have

0 =< g, 0p >=< a1Uqy + agug, b1ty + boug >

7.27
= a1by + ashy =< (ay, a2)T7 (by, 52)T >, ( )

i.e., the coefficients vectors (ay,az)? and (b1, by)T are unit orthogonal vectors. De-
noting

R(@):(COS@ _Sme), Rref(0)=<_cose Sme)’ 0clo,2m), (7.28)

sinf cos@ —sinf cosd

by (C20) and (.27)) there exists an angle ¢ € [0,27) such that either

() =reoror (3 3) = merte (7.29)

as by as by

and by (Z.25)) and (.29), we have that
(va ) = (ua ug)R(p) or (va v) = (ua us)R™ (). (7.30)

However, it can be easily verified that

(ta us) R (¢) = (—ua ug)R(), (7.31)
and thus, (Z.30) can be written as
(Vo vp) = (ua up)R(p) or (va vp) = (—ua up)R(p). (7.32)

Equation (732]) suggests that we can if we can recover ¢, we can unmix v, and

v, and recover either u, or —u,. By Definition [Z.3, —u, is obtained from u, by

switching places between all +a and —a values in u,, and so both u, and —u,

encode the same partition in ([Z.3]) of the vertices of 2. We now show how to find .
For any angle 0 € [0, 27), we write

(00 10) = (va v R(D). (7.33)
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In addition, using the notation introduced in (.0), for any vector w € R3(2) and
for all 1 < j € [N], we define

M;j(w) = max{(w);;}, mi;(w) = min{(w)}, (7.34)

and we define by d;;(w) the value of (w);; whose magnitude is between M,; and m;.
Then, we define the function f, : [0,27) — R by

Fo0) = 37 1My (00) + iy (v0))* + dig (00)2)+
i<jE[N]
[(mi;(vy) + 2M;5(v)))? + (mi;(v)) + 2di;(vy))?
+ (M (v)) — dij(v7))?]. (7.35)

The following proposition, the proof of which is given in Appendix [A.6], states
that the minimum of (Z.35) over # € [0,27) is obtained at 6 for which v? = 4,
and v! = ug (up to a permutation of the vectors u, and ug as in (Z.8)).

Proposition 7.8. Out of all orthogonal pairs of unit vectors in the eigenspace of
fe, the 12 pairs of vectors {(Fuf,u) | o € Sz} are the unique minimizers of f.
in ((C35)), up to normalization.

Thus, if we denote by (v/*,vY*) a minimizer of (Z35), then we declare u, to be
v?". The partition in (Z3) is then read from u,. In practice, due to noise in the

input data, v/ never exactly equals u,, and so after we compute v?" | we threshold
its entries according to

M"Y =a, d(0?) =0, my!)=—a, i<je[N] (7.36)

a a a

The estimation of u, is summarized in Algorithm [l

Algorithm 4 Estimation of the eigenvector u, of €2
Input: The matrix  of (4]

1: v, = argmax v’ Qu > v, and vy, are orthogonal eigenvectors
[[v]l=1
2: v, = argmax v? Qv > of the largest eigenvalue of €2
[|v]|=1,vLu

3. (v¥ vg*) = argminge(g on fe(0) > See ([Z.35)
4: for i < j € [N] do

5 (Mi(vf), dig(vg), mys(vg)) = (o, 0, —av) > see (Z.30)
6: end for

Output: v

8 Signs synchronization

Assuming we have obtained the partition in (7.1]) (see also (Z.3])), our final task
is to adjust the signs s} in each set C,, of (ZI]), so that we can construct the rank 1

24



matrices H,, of (5.7). As was explained in Section 5, the matrices H,, can then be
decomposed to retrieve all the rows of the matrices R; in (L)), which can then be
assembled from their constituent rows. Since all assertions we derive in this section
apply identically and independently to each set C,, in ((.I]), throughout this section
we refer to a single set of rank 1 matrices

{sijvf v;}ticieny, sy € {—1,1}, (8.1)

by dropping the superscript m that indicates the set C,, in (1) to which the
matrices belong. Our goal is therefore to estimate vy,...,uy up to an arbitrary
sign. To that end, we will adjust the signs s;; in (81]) so that the matrix H of size
3N x 3N whose (i, j)™ block of size 3 x 3 is given by (8J) has rank 1. The leading
eigenvector of H will then give the vectors vy, ..., vy as required. We next describe
the “signs adjustment” procedure and the construction of H.

The task of adjusting the signs s;; in (8] consists of three steps. The first step
of the signs adjustment procedure is computing the matrices v} v; for all i € [N] by
observing that

(si07 v) (sigv] vi)T = (si07 v;)(si50] vi) = vl vi,  j € [N]\{i}, (8.2)

since s;; € {—1,1} and so s?j = 1. For notational convenience, for all i € [N]| we
write siiviT v; instead viT v;, since the ‘sign’ s; of viT v; equals 1. In principle, (8.2])
allows to compute s;v] v; for each i € [N] by using a single matrix s;;v] v; for some
arbitrarily chosen j € [N]\{i}. However, since in practice the input data is noisy,

we obtain more robust estimates for v} v; by computing the averages

r o e (S v) (sivi vy)"
SigU; Vi = N1 ,

i € [N], (8.3)

followed by computing the best rank 1 approximation of (83]) using SVD.

While s;; in (81]) are defined only for ¢ < j, for notational convenience we define
si; = sj; whenever ¢ > j, and as explained above s;; = 1. Thus, s;; are defined for all
i,7 € [N]. We next outline steps 2 and 3 of the signs adjustment procedure, before
giving a detailed description of these steps. In step 2 of the procedure, we construct
N rank 1 matrices Hy, ..., H;, which admit the decompositions

H: = (v3)Tvs, 8= (smv1,...,8anv0n), 7€ [N], (8.4)
for unknown s,; € {—1,1}, j € [N]. For each n € [N], the matrix H in ([84) is
constructed block by block from the matrices in (81)) and (83), in such a way that
each H? is a rank 1 matrix which admits the decomposition (8.4]). This construction
relies on Proposition 8] stated below. Each of the matrices H? in (8.4]) can then be
decomposed to recover all the rows vy,...,vx up to signs s,;. Thus, in theory, we
could construct only one of these matrices, say Hy, and recover {sj1v1,...,S1nvUN},
which is our goal in this section. However, in practice, the estimates s;;v] v; of (8]
contain errors since they were estimated from noisy images. Moreover, for each
particular n € [N], the set of estimates {s,;v;v;}jen)\{n} used to construct the
matrix H; critically depends on the common lines of the single noisy image Ppg,
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in (L2) with each of the images Py, for j € [N]\{n}, which due to the noise in the

input images, may be highly inaccurate, leading to large errors in (sy1v1, ..., SiyUN)
of (B.4).
Thus, to use all available data in estimating vy, ..., vy of (84]), we first decom-

pose all matrices H; in (84), which results in N independent estimates {s,;v,} 7
for each row v,. We then execute the third step of our signs adjustment proce-
dure in which we use all estimates v? together (see (8.4])) to obtain a set of signs
si; € {—1,1}, which allows us to adjust the signs s;; of (8.1]) by multiplying each
matrix s;;vl v; by $;;, such that the matrix H of size 3N x 3N whose (i, )" 3 x 3
block is (8;;8;;)vi v; has rank 1. This latter procedure exploits all available data at
once, improving the robustness of the estimation of the matrices R; of (IL2]) to noisy
input data. This matrix H admits the decomposition

H = (v)Tv%, v = (s1v1,...,5,0,) (8.5)

for some unknown signs s, € {—1,+1}. Recalling that we dropped the index m €
{1,2,3} from H,, of (5.7), and constructed H from the set in (BI), we see that in
fact we can construct H,, of (5.7) using {s7v] v;}icjein for each m € {1,2,3}, as
required. We can then decompose each f[m, and recover the rotation matrices R;
of (L2), as was explained in Section 5, which is our task in this paper. We now
complete the details of the signs adjustment procedure described above, i.e., the
construction of the matrices of (8.4]) and (8.5]).

The following proposition, the proof of which is given in Appendix [A7] is the
basis for the construction of the matrices of (8.4).

Proposition 8.1. Let H be a 3N x 3N matriz whose (i, )" block of size 3 x 3 is
given by s;;vlv; of BI) if i < j, by its transpose if i > j, and by vl v; of B2) if
i =j. Then, H is rank 1 iff for each n € [N]

SinSnj = Sij, (86)

where as noted above, for i > j we define s;; = s;;. Furthermore, whenever (8.0])
holds, we have

H= ()T, v = (sp1v1,...,5.nv0n), n € [N]. (8.7)

n n n

Now, suppose we wish to construct H{ of (84]). Proposition Bl and in par-
ticular (8.0), suggest that we can construct Hf using the set in (81), by applying
the following sign correction procedure. Recall that v; are rows of 3 x 3 orthogonal
matrices, and thus v;u] = 1 for all i € [N]. For each pair 1 < i < j € [N], we
compute the norm

I(sivvi v1) (51501 v5) = si5vi ville = /sy — sigl - llvf vl (8.8)
and replace the matrix s;v]v; with —s;;vlv; if ([BF) is greater than zero. Let

{80F v;}icjen) be the resulting set of rank 1 matrices after this signs correction
procedure. By construction, it holds that

éij = 851515 » l<i<yje [N] (89)
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Now, let H{ be the 3N x 3N matrix whose (4, )" block of size 3 x 3 is given by
;07 v;. By (BH) and Proposition B, Hi admits the decomposition

s s\T,,s s
H{ = (v]) v], v{=(s11v1,...,81NVN).
The matrices Hj, ..., Hy are obtained in a similar manner. In practice, (88 is
never exactly zero due to errors stemming from noise, and thus we also compute

| (sirvf v1)(s1v1 vi) + si;v1 v;]| F, and replace s;;vfv; with —sijvavj, if

[(si10] v1) (51,01 v7) = si0] Vil e > [|(sav] v1) (101 ;) + siv] Vsl P

At this point, we can factor each of the matrices { H:}Y_; (e.g., using SVD), and
obtain the set of vectors
0% = 5,(Sn101, - - ., Sanvun)’,  n € [N], (8.10)
of (84), where s,, € {—1,+1} are unknown. For each ¢ € [N] we have
(05)i = SpSnivi, n € [N], (8.11)

n

that is, we have N estimates {snsmvi}nem for the row v;, where each estimate has
an unknown sign s,S,;. This concludes step 2 of the signs adjustment procedure
outlined above.

For the third and final step of the signs adjustment procedure, we define

Sij = sisjsij,  1,J € [N]. (8.12)

Since vy, ..., vy are unit row vectors, by (8.1I) and (8.12), we have

gijgjk = 8i55SijSjSkSjk = SiSkSijSjk = SiSij’lJJ‘(SkSijj)T = (f}ls)]@}]i)f, (813)

for all i # j # k € [N]. Thus, we can obtain all the products s;;5;, in (8I3) by
taking dot products of the vectors in (8.1T]).

Now, suppose we computed the set {5;;};<je;n) from the values 5,5, in (8.13)
(as will be explained shortly). Since §;; = s;5;5;j, we have that

E}jsij = 8;5j, 1< j € [N] (814)

Thus, we can multiply each matrix s;;(v;)7v; in (8J) by 5;;, and obtain the set of
matrices {s;s;0] v; }icjern], and together with (83), we can construct the 3N x 3N
matrix H, whose (i, 7)™ block of size 3 x 3 is given by

(ﬁ)w = sisjviij, i,j € [N]. (8.15)

Then, H admits the decomposition in (8H]), as required. Thus, it only remains to
show how to extract the set {S;;}i<jev) from the values {5555 }izjrney) in (813).
Let us define the () x () matrix

2 2
sgsw {7} 0 (k1Y =1,
. _ ’ 8.16
(S) iy {() otherwise, ( |

where i < j € [N], k <[ € [N], and the products {s;;5;}ijzeec(n) are computed
using (8.I3]). The following proposition, the proof of which is given in Appendix [A.§]
shows that the signs s;; can be extracted from S in (8.16]).
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Proposition 8.2. The leading eigenvalue of S in (810) is 2(N —2) and it is simple.
Moreover, define us = (5;5)i<jen) to be the vector of length (g) with entries s;;.
Then, us is an eigenvector of S corresponding to the eigenvalue 2(N — 2).

By Proposition 82} the eigenvector u, of S in (8I0) gives the set {s;;}icjcin)-
The procedure for the signs adjustment (and the construction of H of (83H), is
summarized in Algorithm

9 Numerical experiments

We implemented Algorithms [[HAlin Matlab and tested them on a dataset of raw
projection images of the beta-galactosidase enzyme [4], which has a Dy symmetry.
All tests were executed on a dual Intel Xeon E5-2683 CPU (32 cores in total),
with 768GB of RAM running Linux, and four nVidia GTX TITAN XP GPU'’s.
Section provides some of the implementation details for Algorithms [IH5] and
Section presents the results on the experimental dataset.

9.1 Implementation details

To execute Algorithm [I, we need to discretize the space of rotations SO(3). To
that end, we generated a pseudo-uniform spherical grid of K=1200 points z, on S2,
using the Saaf-Kuijlaars algorithm [I0]. Then, for each z, = (ay, by, cx)’ € S? on
the spherical grid, we computed the set of rotations

Qr = | cos(0))uy + sin(0))wy,  —sin(0;)ug, + cos(0)wr 2 | , (9.1)

where 0, = 2rl/L for { =0,1,..., L — 1, and the vectors u; and wy, are given by

(—bk, ayg, O)T Uk X 2k
, W
1(=br, ax, 0)7["

It is easily verified that the vectors wy, ug and z; form an orthonormal set, and that
Qi € SO(3). The third column zj of each rotation Qg is the beaming direction
corresponding to the rotation )y, and the vectors

(9.2)

Up = =" 7
‘ [k X ug|

cos(2ml/L)uy, + sin(2wl/L)wy, —sin(2wl/L)uy + cos(2wl/L)wy, (9.3)

are the coordinate systems for the plane perpendicular to z;. Thus, each set of
matrices {Qn}/, where k € {1,..., K} is a discretization of the set of rotations in
SO(3) with beaming direction z,. We found experimentally that choosing L = 72
(together with K = 1200) is sufficient to obtain accurate results.

As for runtime, for a set of 500 projection images, it took 1512 seconds to com-
pute all sets of relative rotations { R} g,,R;}%_, (Algorithm [), 720 second to syn-
chronize handedness (Algorithm [2]), 5784 seconds to compute the partition in (7.1))
(AlgorithmsBland M), and 1378 seconds to adjust the signs s;; of (1)) (Algorithm ).
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Algorithm 5 Signs adjustment procedure

Input: A set of (];[) rank 1 matrices {v;; = sijviij}Kje[N]

1: Initialize: (z2v ) X (];f ) matrix S, with all entries set to zero, and N + 1 matrices

2: {H:,... H3) and H of size 3N x 3N, with all entries set to zero

3: Estimate syvlv;, i =1,...,N > See (83)

4: for n=1to N do

5: fori < j€[N]do

6: if vavnj — Uij”F > vavnj + UUHF then

£ (Hy)ij = —vij

8: else > (HE);; denotes the (i,5)™ 3 x 3 block of H

9 (H)ij = vij

10: end if

11: end for

12 H:=H:+ (H:)T

13: for:=1to N do

14: (HTSL)” = Sii’l}iT’Ui

15: end for

16:  0F = argmaxv’ Hv > See (8.10)
v||=1

17: end for "

18: forn=1to N do
19: for i =1to N do

20: (08); = 05(3i — 2,31 — 1, 30) > See (B.IT))
21: end for
22: end for
23: for (i,j)(k,l) € Ado > See (T.11))
24: S(ig) (k1) = SijSki > Using 02, see (8I3]) and (810
25: end for
26: u, = argmax v’ Sv

llv]|=1
27: for 1 < j € [N] do
28: Sij = us(vij) > See Proposition

29: (H)U = gij * Vg5 > See m and (m
30: end for

31: H=H+ HT

32: for i = 1to N do

33: (H)” = Siﬂ)iTUi

34: end for

35: v* = argmax v? Hv > See (8.3)
llvll=1
Output: v*
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Figure 3: A sample of 129 x 129 class averages of the EMPIAR-10061 dataset [1].

9.2 Beta-galactosidase experimental results

We applied Algorithms [IH5 to the EMPIAR-10061 dataset [I] from the EMPIAR
archive [6]. The dataset consists of 41,123 raw particles images, each of size 768 x 768
pixels, with pixel size of 0.3185 A. To generate class averages from this dataset, we
used the ASPIRE software package [2] as follows. First, all images were phase-
flipped (in order to remove the phase-reversals in the CTF), down-sampled to size
129 x 129 pixels (hence with pixel size of 1.9 A), and normalized so that the noise
in each image has zero mean and unit variance. We then split the images into
two independent sets, each consisting of 20,560 particle images, and all subsequent
processing was applied to each set independently.

We next used the class-averaging procedure in ASPIRE [2] to generate 2000
class averages from each of the two sets of particle images (using the EM-based
class averaging algorithm in ASPIRE). A sample of these class averages is shown
in Fig. Bl The input to our algorithm was 500 out of the 2000 class averages (by
selecting every 4th image).

Next, we used the algorithms described in this paper to estimate the rotation
matrices that correspond to the 500 class averages, and reconstructed the three-
dimensional density map using the class averages and their estimated rotation ma-
trices. The resolution of the reconstructed volume, assessed by comparing the re-
constructions from the two independent sets of class averages is 8.23 A, using the
Fourier shell correlation (FSC) 0.143-criterion [14] (Fig. dal). When comparing our
reconstructions to a high resolution reconstruction of the molecule (EMD-7770 [3]),
the resolution estimated using the 0.5-criterion of the FSC is 9.88 A (Fig. Eh)).

10 Summary and future work

In this paper, we presented a procedure for estimating the orientations corre-
sponding to a given set of projection images of a Dy-symmetric molecule. We have
shown that the set of relative rotations between all pairs of images admits a special
graph structure, and demonstrated that this structure can be exploited to recover
the rotations. We then demonstrated our method by reconstructing an ab-initio
model from an experimental set of cryo-EM images.

An obvious future work is to extend the proposed method to D, for n > 3.
Preliminary theoretical analysis suggests that this can be achieved by combining
the method of the current paper with the algorithms derived in [9].
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Figure 4: Fourier shell correlation curves.
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A Appendix

A.1 Proof of Proposition [5.1]
Let (R} gr(m)R;)p—1 be a permutation of the 4-tuple (R} g, R;)%

m=1"

1. This follows immediately from (5.2) and (5.3]), by noting that the tuple (7(2), 7(3), 7(4))
is a permutation of (2,3,4) .

2. Suppose that 7(2) = 1. Then, (7(1),7(3),7(4)) is a permutation of (2, 3,4).

By (B3) and (53), we have

1 1
§(R¢TQT(1)Rj + Rl g, R)) = 3?5(97(1) + 9-3))R;
= _R?IT(ZL)—le = —(UZ(4)_1)TU;(4)_1,
1 1
§(R¢Tgr(1)Rj + R! g;R;) = 3?5(97(1) + g-(a)) R;

= —R/ LR = _(05(3)—1)%;(3)_1.

By (B2) and (53), we have

1 1
§(R§F9T(1)Rj + Rl g, R;) = R¢T§(QT(1) + 9r(2)) R;
1
= R?§<9’r(1) + g91)R;

= RI' L)1 Ry = (] V71 T0T W
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as required. The proof for the cases m = 3,4 is similar.

A.2 Proof of Proposition [6.1]

First, we note that the set {g1, g, g3, g4} of (L3]) forms a multiplicative group of
matrices, known in literature as the Klein four-group. In particular, g; = I is the
identity element of the group, and we have

g =g, m=17234 (A1)
Now, since R;, R; and Ry, are in SO(3), we have

RZIRékRZz = (R?gTij(m)Rj)(ngTjk(l)Rk)(Rzgﬂm’(r)Ri) =1 <~

RT R =1 < =7 (4.2)
i 9rij(m) 9 (1) Iryei (r) 44 = 9rij(m) Grj () Yrpi(r) = 4+

By (A, each member of the group {g,}2_, is its own inverse, and so for any
triplet (m,[,r) € {1,2, 3,4} we have that Gri;(m) G () Irs(r) = 1 if and only if

Griy(m) ) = G () (A.3)

Now observe, that since 7;;, Tjx, Toi € Sa are permutations, we have

{g’rij(m) ;IYLZI = {gTjk(m)}fnzl = {ngi(m)}fnzl = {gm}fnzlv (A-4)

from which it follows that there are 16 possible products g, (m)g-;,@) on the left-
hand side of ([A.3]), corresponding to the 16 products RZ‘LRé'k for m,l € {1,2,3,4}.
Thus, there are at most 16 triplets (m, [, r) € {1,2, 3,4} for which (A.3) is satisfied.
On the other hand, combining the closure property of groups with (A4l gives us
that there always exists an element gy, ) of {gr,,(m) }r—1 such that (A3) is satisfied.
We conclude that are exactly 16 triplets (m,l,r) € {1,2,3,4}% such that (A3 is
satisfied, from which by ([A.2]), the proof is concluded.

U

A.3 Proof of Theorem

We assume without loss of generality, that the first (]; ) rows of {2 correspond to
the vertices {vilj}Kje[ 1, the following (];[ ) rows correspond to the vertices {U%}KJG[N],
and the last (g) rows correspond to {'U?j}i<j€[N]~ Let X be the (g) X (g) matrix
given by
a0 kDY = 1,

0 otherwise.

EN)gymn = { (A.5)

In [8], it was shown that the spectrum of X is given by

2(N—-2) N—4 =2
( 1 ON-1 @)—N)' (4.6)
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We now show how to relate the spectrum of Q to that of X7.

Let B,, for r,p = 1,2,3, be an (g) X (g) matrix which consists of rows ((r —

1)(];[) +1),... ,T(];[) and columns ((p — 1)(];) +1),... ,p(g) of the matrix 2. That
is, we partition €2 into 9 block matrices of equal dimensions. By assumption, for any
r € {1,2,3}, both the rows and columns of the matrix B,.. correspond to vertices of

the same set C, in (.3)). Thus, by (Z.4) we have that for r € {1, 2, 3},

1 {i, g n{k, 1} =1, (A.7)

0 otherwise,

(Brr) 6,5)(kesl) = {

which by (A.5]) gives that B,.. = X% for all » € {1,2,3}. Now, consider any matrix
B,, for r # p € {1,2,3}, and note that its rows correspond to the vertices of
the set C, = {v];}icje|n), Whereas its columns correspond the vertices of the set

Cp = {v}; }icjein)- Again, by (Z4), we have that for r # p € {1,2, 3},

-1 iy nik i} =1,

0 otherwise.

(Brp) i) k) = { (A.8)

Thus, by (A.D), we have that B,, = —X7 for all  # p € {1, 2,3}, and we conclude
that
Y+ oyt Y+
Q=|-xXt Xt —-Xt]. (A.9)
Y+ oyt oy
Now, let u € R() be any eigenvector of X1 corresponding to an eigenvalue .
N
2

Denote z = (0,...,0)T € R( ), and consider the column vectors of length 3(];)

u u u
w=ul|, w=|z2z|, uy=|-2u]. (A.10)
u —u u
By (A.9), we have
Ytu—YTu—Ytu —\u U
Qui = | Xtu+Xtu—Xtu | = ] =-X|u] =-Iu,
Yty —Ytu+ Xy —\u U
Yru— Ytz 4+ Yt 2\u
Quo = | —STu+XTz+XTu | = 2 z | =2\ | 2z | = 2)\u,, (A.11)
IR TIED Ja 2D DAY —2\u —u
Ytu 42X u — Ytu 2\u U
Qus = | —Xtu—2XTu—Xtu | = | -4 u | =2\ [ —2u | = 2)\us.
—Ytu 4+ 25T+ Xt 2\u

This shows that if A is an eigenvalue of ¥, then —\ and 2\ are eigenvalues of ().
Furthermore, if u is an eigenvector of ¥ with eigenvalue A, then u; in (A0) is an
eigenvector of ) corresponding to the eigenvalue —\ of 2, and uy and uz in (AI0)
are eigenvectors of {2 corresponding to the eigenvalue 2\ of €2. Now, note that

(ug, us) = (u,uy — 2(z,u) — (u,u) =0,
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and thus us and wuz in (A.I0) are independent for any u € R(2). Furthermore,
since all eigenvalues of T are non-zero (see (A.6)), we have that 2\ # —\ # 0,
and so u; is in a different eigenspace of €2 than us and wus. Thus, all three vec-
tors in (A.I0) are independent eigenvectors of Q. Let us denote the multiplicity
of an eigenvalue A of the matrix X by my+()), and the multiplicity of an eigen-
value p of Q, by mq(pn). We also denote the three eigenvalues of L1 by Aj, Ao
and A\3. It is simple to verify, that if a pair of vectors v and v are independent,
then so are the pairs of vectors {(u,u,u)”, (v,v,v)T}, {(u, 2z, —u)T, (v, z, —v)T}, and
{(u, —2u, )T, (v, —2v,v)T}. Thus, by (AII), if A is an eigenvalue of X, then the
eigenvalues 2\ and —\ of ) satisfy

ma(—=A) > ms+(N), mq(2X) > 2ms+(N), (A.12)

which gives us that

img (= i) +ma(2\)) >3Zmz+ :3(N). (A.13)

=1

On the other hand, since 2 has dimensions 3(]2V) X 3(];[), we have

3

S ma(—A) + ma(2\,) < 3(N), (A14)

, 2
=1
by which we have that
mao(2X;) = 2ms+ (N), ma(=X) =ms+(N;), 1=1,2,3, (A.15)

for otherwise, by (A.12) we would have a strong inequality in (A.13]), which is a
contradiction to (A.14]).

We conclude that the set of eigenvalues of © is given by {2);, —\;}?_,. Finally,
the multiplicities of the eigenvalues of 2 in (T3] are computed by combining ([A.G])
with (A15).

O

A.4 Proof of Proposition [7.4]

We begin by introducing some notation and definitions which we use in the
current and subsequent proofs. Let P, denote the 3 x 3 permutation matrix of
o € S, ie., P, satisfies P,v = (v(0(1)),v(0(2)),v(c(3))T for any v € R3. Thus,
using the notation introduced in (.6]) we can write

(ua)ij = Pgiju;gc, (UB)Z] = Pgijlbgc, (A16)

where u, and ug are given in Definition [[.3] and wug. and ug. are defined in (7.7)).

Now, using the notation of ([Z9), consider the block € ;);r of € for some
i < j <k e[N]. If it were the case that o;; and o are the identity permutations,
then by (Z.9) and (7.4]), we would have that

1 -1 -1
Qijgw = (-1 1 -1/, (A.17)
-1 -1 1
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However, in general, € ;) is the 3 x 3 block of €2 which we get by taking the

entries of (2 in the rows corresponding to the triplet of vertices (v;;’ . vy @ i (3)),
and columns corresponding to the triplet of vertices (v;,ik (1), U;Ték (2), vl (3)). In other
words, §(; )(j.k) is obtained from the matrix in (AI7) by permuting its rows by oy;

and its columns by o, that is

1 -1 —1
T
Qi) = Paij _i 1 _1 Pajk'

By the same argument applied to €2 jy&,) whenever |{7,7} N {k,l}| = 1, we have
that

1 -1 -1
Qujoeny =Poy | -1 1 —1| P} (A.18)
-1 -1 1

The reason that P,,, in (A.I8)) is transposed, is that in order to permute the columns

Okl
of a matrix by oy, one has to multiply it on the right by P . We now prove

Okl”
Proposition [7.4]

Proof of Proposition[7.4 Let us compute the Rayleigh quotient for u,. By the
second equality in (T.I4]), we have

ul Qo = > () 5560 (ta) i + (1a) 112509 .5) ()i
1<j<ke€[N] (A 19)
+ (1a) 12, (10 (Ua)ik + (Ua) Q00 0.5) (Ua)is '

+ (ta) QG0 (Wa)ik + (Ua) ik 20 () (Ua) 1) -
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By (A.16) and (A.18), and since permutation matrices are orthogonal, we have

1 -1 -1
ugQuo = Y (Poyuse) Poy | =1 1 =1 | PL P, us
i<j<k€[N] -1 -1 1
1 -1 -1
+ (ngku;gc)TPOjk —1 1 _:1[ Pg;jpaiju?)c
1 -1 -1
+ (Pawu?)c)TPa,J _:1[ 1 _}_ ng;cpaiku?)c
1 -1 -1
+ (Pglku&;)TPU k _]- ]- _1 Po—j:J PUZ']'UBC (A20>
-1 -1 1
1 -1 -
+ (Po]ku?;c)TPa k _} } _1 ngpaiku?’c
1 -1 -1
"‘(Polku?;c)TPak _i 1 —1 ngpo'jku?)c
1 -1 -1
= Z 6 - (u3C)T —1 1 -1 U3e
i<j<k€[N] -1 -1 1

It is straightforward to check that each term in the sum ([A20) equals exactly 24a?.
By Definition [(.3, o = (2 (g))_%, and since there are (g) triplets i < j < k € [N],
the sum in ([A.20) amounts to

N
ul Qu,, = @7) aa? = 245)

2(3)

By Theorem[T.2] y. = 4(N —2) is the leading eigenvalue of €2, and thus, u, maximizes
the Rayleigh quotient of 2, by which we have that u, is in the eigenspace of p..
A similar calculation for ug shows that it is also in the same eigenspace. Finally,
observe that since F,,; are orthogonal for all i < j € [N], we have

— 4(N - 2).

< Uqg, Ug > = Z < (ua)ij, (Uﬁ)w >= Z < PUZ.].U3C, PUZ']'U‘QC >

i<j€E[N] i<j€E[N]
= Z < Uge, Uge >= Z a6+0(_26)+a(_6):0
1<j€E[N] 1<j€E[N]
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A.5 Proof of Lemma [7.7

We begin by showing the first equality in (ZI4). Fix some i < j € [N], and
observe that for any k < [ € [N] such that |{3,j} N {k,}| = 1, we have that

(1,7)(k,j) j=land (k<i<jori<k<yj),
l =kandi<j<l
()1 = { PN = hand < < (A21)
(1,7)(k,i) i=land k <i < j,
(1,7)(4,0) di=kandi<l<jori<j<l,

where in the first case of ([A2]) it cannot be that i = k since then we would have
that [{7,7} N {k,{}| > 1 (and similarly for the other cases). From (A.21]) and (T12)
we get that

Al.lj j=land (k<i<jori<k<j),
ke A I kmdici<t

AY i=land k <i <},
A?j t=kandi<l<jori<jy<l.

This shows that for fixed ¢ < j it holds that

{6, 0) kD) | k<1, [{i, 53N {k I} =1} C A;; UAZ UA} U A

’L]’
and so by taking a union over all i < j € [N], we get from (.IT]) that
A= U AGHED k<l [f5530{k 3] =1}
i<j€[N]
c |J A udluAlual

1<j€E[N]

(A.22)

Conversely, suppose that (i,7)(k, j) € A}; for some i < j € [N] and k < j, k # i.
Then, we have that (4,7)(k,7) = (4,7)(k,1) for I = j, [{i,7} N {k,I}| = 1 and
k < I. Thus, by (CI1]), for any k& € [N] such that k£ < j and k # i we have that
(i,7)(k,j) € A, from which we have that Ailj C A. Applying a similar argument to
Af], A3 and A4 we get that Af], Af], A4 C Afor alli < j € [N], from which we get
that

ALUALUAL UAL C A i<je[N].

Taking a union over all i < j € [N] we have

AD U Al UAY U A U AL

Z_]’

(A.23)

1<j€E[N]

which together with ([A.22) proves the first equality in ([Z.14]).
Let us now show the second equality in (Z.I4]). Suppose that i < j < k € [N].
Then, from (Z.12) we have that

(i,7)(5. k) € A, (L)) (k)€ AYy, (G, K)(i, k) € Ay,

. . (A.24)
(. k) ) € Ay (LK), )€ AL, (i, k)(, k) € Al
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By (A24) and the definition of Ay, and AL, in (ZI3), we have

Aijw CALUAL U AL, AL

3 1
ijk C A]k U A U Azk

Thus, taking the union over all i < j < k € [N] gives us that
U 4mual,c A2 UALUAL U AR UAY U AL (A.25)
1<j<k€[N] i<j<ke[N
Now, for each i < j < k € [N] we have

A% UAS CALUAT UAS UAL,
A}kuA CAlkqukuA?’kuAjk,

Af UAL CAL UAZ UAS UAS,
by which we have that (renaming the indices to those given in (7.12))
AL UALUAL UAY S U Ajualualual
1<jE[N]

Taking a union over all i < j < k € [N] we get

U Auajuaj,ualuaiualc () AjuAlUAfUAYL

R
i<j<ke[N] i<j€[N]

thus, by (A.23)), we have
U Apual,c | Ajuaiualualca,
1<j<k€[N] 1<jE[N]

where the last inequality follows from (A.23).

Conversely, take (i,7)(k,l) € A. By the first part of the proof, (i, j)(k,[) belongs
to one of the sets in (ZI2). If (¢,5)(k, j) € Aj;, then we have that either k <i < j
or i < k < j, and thus

o kDG L Rk Gk} k<<
) € {{(k‘,j)(z’,k‘) GRS Gk i<k <]

that is, (4, j)(k, j) € Agijor (4,7)(k,J) € Af This shows that (renaming the indices
to the order given in (Z.13))

(Zuj)<k7j) S U Aijk‘UAzfjm

i<j<ke[N]

for either k <i < j € [N] ori < k < j € [N], by which we conclude that

1 f
A, | Ageual,

i<j<ke[N]
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In the same manner one can show that

A;‘lj - U Ay U Alfjk7

1<j<k€[N]

A2 A3

50 £ g0

for all i < j € [N]. Thus, we have that
1 2 3 4 f
AjuAyuAluaLc | Apual,
1<j<k€[N]

for all i < j € [N]. Taking a union over all i < j € [N] and using the first equality
in (C.14) gives
_ 1 2 3 4 f
1<j€E[N] 1<j<k€[N]

which concludes the proof of the second equality in ([T.14).

]
A.6 Proof of Proposition [7.8
Define the sets
Fgc = {P0U3c | PU € S3}, F2c = {PJUQC | Po € S3}, (A26>

where ug. and ug. were defined in ([C7), and P, is the permutation matrix of o € S3.
That is, I's. is the set of all permutations of us. and I's. is the set of all permutations
of use.

Lemma A.l. Let u,v € R?® be such that u = P,us, and v = P,us. for some
P, € S3. Suppose, that v',v" € R® are such that (u' v') = (u v)R(0) for some
0 €[0,2m), u' € I's. and v' € 'y, where R(0) was defined in ((28)). Then, there
exists P, € S5 such that

| .
uw v|RO) =P |+u v]. (A.27)

Proof. First, since P, is orthogonal, then
< u,v >=< Pyus., Pyug. >=< Use, Us. >= 0. (A.28)

Define W = {(x,vy, 2)T| x+y+2z = 0}, and note that W is a linear subspace of R? that
contains I's. and I'y.. Since (v’ v') = (u v)R(f) and R(0) is an orthogonal matrix,
by (A28) we have that u’ and v are also orthogonal vectors, and by assumption v’
and v’ are in I's, and 'y, respectively, and so they are in W. Now, since v,v" € 'y,
there exists P, € S3 such that v = P,v. Since P, is an orthogonal matrix, we have

< +Plu, v >=< tu,v >=0.

Finally, since W is of dimension 2, there are exactly two vectors perpendicular to v’
in W. Thus, it must be that ' = +£P/u, from which we get (A.27). O
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We now prove Proposition [.8

Proof of Proposition[7.8. The function f.(#), given in (Z.35]), satisfies f.(6) > 0 for
all 6 € [0,27). Suppose that 6 is such that f.(f) = 0. Such a 6 necessarily exists,
since if we choose § in ([Z.33)) such that (v, v)) = (Fua, ug) (which can be done due
to ((C32)), then (Z3H) equals zero. In the notation of (.6]), we now show that there
exists o € S3 such that either

()i = ()i, (09)i; = (ug)ij, i <je[N] (A.29)

or that
(0)ij = (—ud)ijs  (v5)ij = (ug)ij, i <j€[N], (A.30)
from which it follows that (v),v}) € {£(ug,u3) | o € Ss}.
First, we show that

(Uz)ij c F307 (Ug)ij c Fgc, 7 <] c [N] (A?)l)

Indeed, for each pair ¢ < j € [N], looking at the first square brackets in (Z.35]), we
have that

(Mij(0?) + mis (1)) + dig (of)? = 0 {

This shows that (v%);; must be a permutation of us. in (Z.7), that is, (v9);; € Ta..
Similarly, looking at the second square brackets in (Z.3H), we have that

[(maj (vh) 4+ 2M;5(vp))? + (mij(vy) + 2di;(v))? + (M (v)) — dij(vy))?*] = 0

mi;(vh) = —2M;;(vp),
— mg;(v)) = d i (v])
diz(vy) = Mij(vy),

which is possible only if (vf);; is a permutation of the vector g, in (T7), i.e

(v¥);; € Dy, which shows (A31).
Now, by ([Z.32) and (Z.33)), the vectors v/ and v are either given by

(va v}) = (va v)R(0) = (ua us) R(9)R(0) = (uq ug)R(p +0), (A.32)
or by
() of) = (va W)R(O) = (—u0 ug) RGR(O) = (—ua ug)R(p +0),  (A33)

for some ¢ € [0,27), where v, and v, is the pair of orthogonal eigenvectors of
defined in (7.25)). Let us assume first the case (A.32)). In the notation of (7.6), we
define | | | |

AZB: (ua)12 (u5)12 ) A;BZ (—a)12 <U6)12

Also, denoting by
Al = (u30 UQC)a Ac_ = (_u?)c u2c)7 (A34)



the 2 x 3 matrices with columns +ug, and ug. (defined in (7)), we get that by
Definition [.3] and (Z.6]), for each pair i < j € [N] we have

| |
<u0f>ij <U6>ij = PUijAj—' (A35)

In particular, for : = 1 and j = 2 we have

| |
Ay = | (wa)rz (up) | = P, AL (A.36)

| |
Thus, by (A.33) and ([A.36) it follows that for all i < j € [N] we have

| |
(ua)ij (Uﬁ)m =P .PT A+ (A37)

Oij~ 012 aﬁ'

Now, by (A.32) and (Z.6) we have that

| | | |
(Wi ()2 | = | (Wa)rz (up)ia | R(O+ @) = ATZR(0 + ). (A.38)
| | | |
By (A36) we have that (uy)i12 = Pj,use and (ug)ia = Pyy,usge, and by (A31), we
have that (v9);2 € I's. and (vf)12 € T'y.. Thus, using (A38), by Lemma [AT] there
exists a permutation matrix P, such that either

ALR(O + ) = PLAY, or AN RO+ ¢) = P AL, (A.39)

First, assume that the case on the left of ([A.39) holds. It then follows from (Z.6]),
(A.32), (A.37) and (A.36) that

| | | |
(U%)ij (U%)z‘j = (UT)ij (uﬁ|)ij R(0 + ¢) = Py Py, AL R(0 + ¢)
= b, P} P, AL, =P, (P} P.P,,)A}.

Jij* 012 012

Writing P, = PL P.P,,,, we get by (A34) that for all i < j € [N]

012

| | uze(0(1))  uge(o(1))
(va)ii (0h)ij | = Po, PoAl = P, | use(0(2)) UZC(U%; : (A.40)

a

| | uze(0(3))  uze(o(
By (C.8) and (Z.6]), we have that

use(o(1)) uze(o(1)) ug (vi;)  ug(vy;)
Pry | use(0(2)) uze(0(2)) | = Poy | ud(v) ug(vf)
usze(0(3)) u2e(o(3)) ug (vy;)  ug(v)
o, i (1) 0,051
ua(vijljv@)) uﬁ(vijj@) | |
= | ug(v;"") ug(v”™) (ug)i  (uF)ij
ue (v%’ (3) ) (v%’ (3) ) | |
a\"ij B\"ij



for all i < j € [N]. The last two equations show that (A.29) holds, which proves
the proposition for the case (A.32), when the identity on the left of ([A.39) holds.

If (A:32) holds as well as the case on the right of (A.39), where AT, R(0 4 o) =
PrA_g, then by repeating the latter calculation with A;‘B and A} replaced by Ass
and A_, we get that

| |
(Uj)ij (U%)ij :PUZ.].PUAQ
—uze(0 (1)) uge(o(1)) |
= Pr, | —use(0(2) une(0(2)) | = | (~ud)iy (ug)y; |,
—U3C(O'<3)> u2c(0<3>) |

for all i < j € [N], i.e., that (A.30) holds, which proves the proposition for the case
(A.32) when the identity on the right of ([A.39]) holds. This concludes the proof for
the case (A.32).

In the case where ([A.33]) holds, we get by the same method of proof that either
(A.30) or (A29) hold, which proves the proposition for this case.

To conclude, we have shown that given # which minimizes (7.35]), the vectors v’
and v} defined in (Z:33), must satisfy either (v),v) = (ug, u3) or (vf,vf) = (—ug, u3)
for some o € Ss.

0

A.7 Proof of Proposition 8.1]

Suppose that (86) holds, and fix an arbitrary n € [N]. Then, the (i, )" 3 x 3
block of H is given by s;jvlv; = ;8,507 v;. Thus, since s,; = s;, for all j € [N],
we have

H= ()" v = (sp1v1,--.,5.8UN), (A.43)

n n?

which gives (87) and shows that H indeed has rank 1.

Now suppose that (8.6]) does not hold, and assume without loss of generality
that si2893 = —s13. Denote the m™ entry of a row v; by v;(m), i € [N]. The rank
1 matrix vlvy is non-zero, thus, there exist r,1 € {1,2,3} such that vy (r), vs(l) # 0,
that is, the r* and {** entries of the vectors vy and v, respectively, are non-zero.
By (82), we have that s;; = 1, and thus, the first three rows of H are given by the
3 X 3N matrix

(v] vy, 51907 Vg, 51307 Vs . . ., s1NvVT UN) = VT (U1, S1202, S13V3 . . ., SINUN).
Similarly, the next three rows of H are given by the 3 x 3N matrix

(8211);1)1, U;UQ, 823’1)3’1)3, ey SQNvng) = U;(Sglvl, Vg, S§23V3 . . ., SQNUN).
Thus, since each vector v; is of length 3, rows number r and 3 + [ of H are given by

01 (1) (1, S1202, S1303; - - -, SINUN), (A.44)

UQ(Z)(SQlUl, Vg, S23U3, ..., SQN’UN). (A45)
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Multiplying (A.44)) by v (r

(v1, S120V9, 81303, - - -, SINUN),
(v1, S12V9, —813V3, . . ., S1282NUN ).
Since vz # 0, the latter two vectors are linearly dependent only if s;3 = —s13, which

is impossible. Therefore, rows number r and 3 + [ of H given in (A.44]) and (A.45))
are linearly independent, which implies that rank(H) > 2.
]

A.8 Proof of Proposition

Fix a pair of indices i < j € [N]. We begin by deriving an expression for (Sus);;,
which is the entry of Su, corresponding to the (i, )" row of S. By (RI6) and the
first equality in (ZI4]) of Lemma [7.7, we have

(Sugy= > Gyd)i+ Y. Gy

k<j€[N],k#i J<k€[N]

k<i€[N] i<k€[N],k#j

= Z SU—F Z SZ]—F Z SZ] Z g@'j

k<j€[N],k#i j<ke[N] k<i€[N] i<k€[N],k#j

Izgij—i-zsij:?'zsij,

ki, j ki, ki,

(A.46)

where the 4 sums to the right of the first equality in (A.46) correspond to the 4 sets
A7 of Lemma [T7) Since there are exactly N — 2 indices k € [N] for which k # i, j,
we conclude from (A.46)) that (Sus)u ;) = 2(N — 2)s;; for all ¢ < j € [N]. Thus,
us is an eigenvector of S corresponding to the eigenvalue 2(N — 2). Next, we show
that 2(IN — 2) is simple. Define a partition of the set {5;j;}i<jein of (8IZ) into two
disjoint sets

S™={5;135;=-1}, St={5;|35,=1}, (A.47)

and note that a pair 5;; and sy, are in the same set of (A.47) iff S;;5m = 1. Thus,
by (BI6) and ([A.47), the matrix S is given by

(

1 |{i,j} n{k,l}| =1and s;; and

5w are in the same set of (A47)),
(S)(i,j)(k,l) = —1 |{’L,j} N {k’, l}| =1 and gij and (A48)
Sp are in different sets of ([A.47]),

0 otherwise.

\

In [§], it was shown that the leading eigenvalue of S is simple and is given by 2(N —2),

which concludes the proof.
O
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