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A SECOND ORDER FINITE ELEMENT METHOD WITH MASS
LUMPING FOR MAXWELL’S EQUATIONS ON TETRAHEDRA
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ABSTRACT. We consider the numerical approximation of Maxwell’s equations in
time domain by a second order H (curl) conforming finite element approximation.
In order to enable the efficient application of explicit time stepping schemes, we
utilize a mass-lumping strategy resulting from numerical integration in conjunction
with the finite element spaces introduced in [10]. We prove that this method is
second order accurate if the true solution is divergence free, but the order of
accuracy reduces to one in the general case. We then propose a modification of
the finite element space, which yields second order accuracy in the general case.
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1. INTRODUCTION

We consider the efficient numerical solution of electromagnetic wave propagation
modeled by time-dependent Maxwell’s equations in second order form

g0y E + curl (u 'curl B) = —0,j.

Here F is the electric field, € and p are the symmetric and positive definite permit-
tivity and permeability tensors, and j is the current density. Conduction currents
can be included by setting j = js + 0 F, where j, are the impressed source currents
and o is the electric conductivity.

Today’s industry standard for solving Maxwell’s equations in time-domain are the
finite difference time domain method and the finite integration technique [20, 21]
which provide second order approximations on rectangular grids and for smooth and
isotropic coefficients . Due to the underlying explicit time-stepping schemes, they
lead to very efficient and accurate numerical approximations. Non-trivial modific-
ations are, however, required to guarantee stability of the schemes in the case of
non-rectangular grids and discontinuous or anisotropic coefficients [19], which in
general also leads to reduced convergence orders.

A flexible alternative is provided by Galerkin approximations based on H (curl)
conforming finite elements, for which a rigorous stability and convergence analysis
is possible under rather general assumptions. The standard finite element approx-
imation with Nédélec elements N,_; of order k, leads to error estimates of the form

10:(E(t) — En(t))|lz2) + lleurl(B(t) — By (t))ll120) < C(E)R,
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which are optimal in view of the approximation properties of these spaces; see [15,
16, 17] for details. A major drawback of standard finite element approximations for
wave propagation problems, however, is that due to the required H(curl) conformity
of the basis functions, the linear systems

Mé(t) + Ke(t) = g(t)

arising from discretization in space have a mass matrix M which is sparse, but does
not have a sparse inverse. This prohibits an efficient time integration by explicit
time stepping schemes.

In order to overcome this source of inefficiency, mass-lumping strategies can be
applied, which aim at replacing the mass matrix M by a (block) diagonal approx-

imation M, in such a way that the overall accuracy of the approximation is not
reduced. A systematic analysis of such schemes is possible, if mass-lumping can be
interpreted as inexact numerical integration. In this spirit, mass-lumping for finite
element methods for Maxwell’s equations on quadrilateral and hexahedral grids has
been investigated in [5]. In fact, a close relation exists between finite difference
schemes [20, 21] and low order finite element approximations with mass-lumping;
we refer to [4, 13] for details.

In order to obtain the full geometric flexibility of finite element approximations, we
here consider mass-lumping for Maxwell’s equations on tetrahedral meshes, for which
only few results are available. Lowest order Nédélec elements of type one and two
has been proposed in [9] and first order convergence has been established. Related
methods have been proposed in [3] in the context of the finite integration technique,
but no convergence analysis is given there. A mass-lumping strategy based on an
extension of the lowest order elements has been proposed by Elmkies and Joly [10]
and first order convergence has been illustrated by a numerical dispersion analysis.
Second order convergence has been observed by the authors for an appropriate
extension of the second order Nédélec element N;, which we call £7; element in
the following; we refer to [4, 10] for details.

As a first result of this paper, we will prove that

e the &7 element with mass-lumping yields in fact second order convergence,
if div(eE') = 0, but in general, only first order convergence can be obtained.

Since div(eE) = 0 is satisfied when divj = 0, our analysis also explains the good
convergence behavior observed in the numerical tests in [4, 10]. Our proof of second
order convergence when div(¢E) = 0 is based on a detailed analysis of quadrature
errors, which also provides insight into the cause for the convergence order reduction
in the general case. This allows us to

e propose a modification £7;* of the £7; element which, together with appro-
priate mass-lumping, leads to second order convergence in the general case.

In fact, only one of the basis functions of the £7; element has to be slightly changed.
In summary, we obtain a second order inexact Galerkin approximation of Maxwell’s
equations with block diagonal mass matrix with the same accuracy and flexibility
of standard finite element approximations.
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The focus of this manuscript lies on the second order approximations for Maxwell’s
equations, but the basic arguments can in principle also be used for the construc-
tion and analysis of mass-lumping schemes for other equations and approximations
of higher order. Some ideas in these directions will be discussed at the end of the
manuscript. Let us note that some additional degrees of freedom are required for
mass-lumping, whose number increases with higher order of approximation. We
therefore expect that discontinuous Galerkin methods [12], which also have (block)
diagonal mass matrices, become more efficient for higher polynomial degree. A thor-
ough comparison of finite elements with mass-lumping and discontinuous Galerkin
schemes is given in [11] in the context of elastodynamics.

The remainder of the manuscript is organized as follows: In Section 2, we briefly
summarize some results about the discretization of electromagnetic wave propaga-
tion problems by inexact Galerkin methods in space and explicit time integration
scheme. A convergence analysis is given under some simple abstract conditions,
which can easily be verified for particular approximations. As an example, in Sec-
tion 2.3, we apply the results to the standard N; element. In Section 3.1, we then
analyze the effect of inexact numerical integration for the £7; element. Sections 3.2
and 3.3 then contain our main results: We first show that the £7; element leads to
second order convergence, if div(¢E) = 0, and then propose and analyze the new
EJ; element, which leads to second order convergence in the general case. Some
numerical tests are presented in Section 5 for illustration of our theoretical res-
ults. In Section 6, we briefly review the main ingredients that are required to obtain
higher order approximations or discretizations for other types of equations. Detailed
proofs for some technical lemmas and a list of basis functions for the £7; element
are provided in the appendix.

2. INEXACT GALERKIN APPROXIMATIONS
We consider Maxwell’s equations
0y E(t) + curl(pcurl B(t)) = f(t) on €, t>0 (1)

on some bounded Lipschitz domain Q C R3. For ease of presentation, we comple-
ment (1) by homogeneous boundary and initial conditions

nx Elt)=0 ondQ, t>0, (2)

E(0) =0, oE(0)=0 on ). (3)

More general boundary and initial conditions and also lower order terms in (1) can
be considered with minor modifications. To avoid technicalities, we assume that

€, u are symmetric positive definite matrices, and that (4)

f is a smooth function of time with values in L*(Q2). (5)

Piecewise smooth coefficient functions and more general right hand sides can again
be considered with minor modifications. Under assumptions (4)—(5), the existence
of a unique solution to (1)—(3) can be proven by semi-group theory [14, 18], and
solutions of (1) are characterized by the variational principle

(€04 E(t),v) + (u tcurl E(t), curlv) = (f(t),v), (6)
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for all v € Hy(curl; Q) and ¢ > 0; see [16] for details. Here and below, (-,-) denotes
the scalar product of L?(2).

2.1. Space discretization. Let 7, denote a shape-regular tetrahedral mesh of the
domain . We denote by H*(T;) the spaces of piecewise smooth functions over the
mesh 7, and write

Ni(Tn) ={v:v|k € Ni(K) for all K € T} (7)

for the space of piecewise polynomial functions whose restrictions to any element 7'
belong to the Nédélec space Ny (K) = Py(K)? @ [z x PPMK)3]; see [1]. We look for
approximations for F(t) in a finite element space V}, satisfying

(A0) Ni(Tn) N Hy(curl, Q) C V,, € Hy(curl, Q).
There exist locally defined projection operators I} : H'(T,)* — Ny (T) such that
T30 — vl 2y < eh®[[v]| s ), 1<s<k+1, (8)
[eurl(ITfv — v)|| r2xy < ch®||curlv|| (i), 1<s<k+1. (9)

Due to shape-regularity of the mesh 7, the constant ¢ can be chosen independent
of the element K. We further denote by 7" : L*(2) — P,,(7,) the L?-projection
operator to piecewise polynomials of order m and note that

HT('ZLU—'UHLQ(K) < Chs||VSUHL2(K) OS sSm—I—l
The definition of the L?-projection naturally extends to vector valued functions.

For the numerical approximation of problem (1)—(3), we then consider inexact
Galerkin finite element methods of the following form.

Problem 2.1. Find Ej, : [0,T] — V}, such that E,(0) = 0,E,(0) =0 and
(€0 En(t), vp)n + (;flcurl En(t), curlvg,) = (f(t),vn), (10)

for allvy, € V3, and t > 0. Here (+,-), denotes a suitable approzimation for the scalar
product (-,+) on L*(2), which is part of the definition of the method.
In order to ensure the well-posedness of the semi-discrete problem, we require that
(A1) the bilinear form (e-,-), defines a scalar product on V}, and
c1(evp,vp) < (evp, vp)n < ca(evn, vp) Yo, € Vi,
for some positive constants ¢y, ¢s.
As a consequence of this assumption and the positivity of €, we can estimate
(E’Uh, wh)h < CHUhHLQ(Q)HwhHLQ(Q) for all Vp, Wp, € Vh. (11)
By choosing any basis for the finite dimensional space V}j,, we can transform the
discrete variational equation (10) into a linear system
Mé(t) + Ke(t) = g(t), >0, (12)
describing the evolution of the coordinate vector e(t) representing the finite element

function Ej(t). Due to condition (A1), the mass matrix M in (12) is symmetric
positive definite, and existence of a unique solution for given initial values e(0) =
é(0) = 0 follows from the Picard-Lindel6f theorem. This also implies the well-
posedness of Problem 2.1. As a second ingredient, we assume that
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(A2) the inexact scalar product (-,-), is sufficiently accurate, i.e. there exists a
constant ¢, > 0 such that

lon(mh By vn)| < coh™ | B acrs leurl vg || 220,

where oy, (up, vp) 1= (eup, vy) — (Eup, vy, represents the quadrature error and
7« HY(Tn)® — P,(Th)? is a suitable projection operator satisfying

IThE — Ellz2s0) < ch™ | Bl grasi iy, VK € Tp.
Based on these general assumptions, we can prove the following convergence result.

Theorem 2.2. Let (A0)-(A2) hold and let E denote a sufficiently smooth solution
of (1)=(3). Then the inexact Galerkin approximation Ej, of Problem 2.1 satisfies

Hat(E — Eh)HLOO(O,T,Lz(Q)) + HCHYI(E — Eh)HLOO(O,T,LQ(Q)) S C(E)hr, (13)
with rate r = min{k + 1,q + 1} and constant

C(B) = € (10E o + 100 Ellxo -7
+ ||Cll1"1 EHLOO(O,T,HT(T;L)) + ||CU.I'1 0tE||L1(O,T,HT(Th))
+ o |Ou E|| Loo (0,1, 171 (73)) + CoHatttE\|L1(o,T,Hr—1(n))>-

and constant C' only depending on the domain, the shape-regularity of the mesh, and
the bounds for the coefficients.

The result follows from standard energy arguments and assumptions (A0)—(A2).
For convenience of the reader, a complete derivation is given in the appendix.

2.2. Time discretization. Let us also consider the time-discretization by a typical
explicit scheme, which will be used in our numerical tests.

Problem 2.3 (Fully discrete scheme). Set Ef) = E} = 0, and then determine E}
form > 1 by the variational equations

(edr B} vp)n + (u”teurl B curlwy) = (f("), vn) Yoy, € V. (14)

Here E} is the approximation for the semi-discrete solution Ej(t") at time t" = nr
resulting from time discretization, and 7 > 0 is the time step size. Furthermore,

1
(Ep —2Er + EP7Y) (15)

nel 1
4B, = (B~ Ep) and d,Ej =
-

B
are the usual central difference quotients of first and second order. Moreover, let
1 _~n 1 1
PR = ST ) and B = (B B, (16)
In order to ensure the stability of the fully discrete scheme, we require that

(A3) the time step 7 is chosen such that
1
(p teurl vy, curlvy,) < —Q(svh,vh)h Yo, € Vi,
T

which can be interpreted as an abstract CFL condition; see [13] for details. The
following error estimates can then be proven via energy arguments.
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Theorem 2.4. Let (A0)-(A3) hold and let E denote a sufficiently smooth solution
of (1)=(3). Then the discrete approximations E}', n > 0 of Problem 2.3 satisfy

1 n+i n+l ~nti
max (H@ng(t"Jri) — dTEh+2 HLQ(Q) + HCUI‘I(E(t +2) — Eh+2))”L2(Q)>

0<n<N

< C(E)h" + C'(E)7?,
for all 0 < t" < T with rate r and constant C(E) from Theorem 2.2 and
C'(E) = 10" Ell o rm 7).
A detailed proof of this result will again be given in the appendix.
2.3. Standard Nédélec elements. To illustrate the applicability of the conver-

gence results above, let us briefly discuss the approximation of (1)—(3) using second
order Nédélec elements and inexact numerical integration. We set

Vi, = {Uh € Ho(Curl; Q) : Uh‘K € Nl(K)} C PQ(E)B (17)

As inexact scalar product for Problem 2.1, we choose

(ev, w);, = ZK(EU, W) s (18)
with (ev, w)p,  evaluated by appropriate numerical quadrature.

Lemma 2.5. Assume that (-, )nx is exact for polynomials of degree p > 3 and
chosen such that (A1) is valid. Then assumption (A2) holds with ¢ = 1 and ¢, = 0.
As a consequence, the estimates of Theorems 2.2 and 2.4 hold with rate r = 2, i.e.,
the method is second order accurate.

Proof. Tt suffices to verify assumption (A2) with ¢ = 1 and ¢, = 0. Let 7} = 7}
denote the L?-projection onto P (7). Since ¢ is constant, vy,|x € P»(K)?, and the
local quadrature rule is exact for polynomials of degree p > 3, we have

on(mhE, vp) = ZK@W}LE vn)ni — (emy B, vp) ik = 0.
This already concludes the proof of the lemma. 0J

Remark 2.6. If the quadrature formula (-, ), i is exact for polynomials of degree
p > 4, then the quadrature error is zero and the method of Problem 2.1 coincides
with the standard finite element approximation of second order [16], which is also
included in our analysis. The previous lemma shows that some amount of inexact
numerical integration is allowed without degrading the second order convergence.

3. SECOND ORDER FINITE ELEMENTS WITH MASS-LUMPING

As observed in [4, 10], mass-lumping via numerical quadrature relies on the fol-
lowing key ingredients to be satisfied on every element K:

(1) three degrees of freedom are required for every quadrature point;
(71) sufficiently many quadrature have to be located at the boundary in order to
allow for appropriate continuity of the associated basis functions.
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We refer to Section 4 for details. An appropriate quadrature rule is given by [10]

| stz ~ K] (Z 59+ %gq@,m) , (19)

=1 =1

where v; i are the vertices and f; i are the face midpoints of the tetrahedron K; see
Figure 1 for a graphical illustration. By elementary computations, one can verify

Lemma 3.1. The quadrature rule (19) is exact for polynomials of degree p < 3.

From Lemma 2.5, we infer that the Nédélec elements of second order with (19)
as quadrature rule yield second order convergence. To satisfy condition (7), Elmkies
and Joly proposed an extension of the N; space by four additional basis functions.
In the following two sections, we analyze the approach of [10] and show that the
method is second order convergent only in particular cases. We then propose a
modification that yields second order convergence in general.

3.1. First order convergence of the £7, element. We start by defining the
extension of the Nédélec finite element space proposed in [10], which we call the &7
element in the sequel. Let \; x, 7 = 1,...,4 denote the barycentric coordinates of
the tetrahedron K, and consider the four functions

We, gk = Ni kKN K kK VA i € P3(K)37 (20)

with {4, j,k, ¢} in circular permutation. Each of these functions can be associated
to the face fyx opposite to the vertex v, x; see Figure 1 for an illustration. Note
that wy x and has zero tangential trace on 0K and, therefore, its extension by zero
lies in H (curl, Q). Following [4, 10], we define

ET(K) = Mi(K) @span{wp g : £ =1,...,4} C P3(K)>.
and we introduce the corresponding global approximation space
Vi, ={v € Hy(curl; Q) : v|x € E(K)}. (21)
By elementary arguments, we can verify the following properties.

Lemma 3.2. Let (-, )5k be defined by the quadrature rule (19). Then assumptions
(A0)-(A2) hold with k =1, ¢ =0, and ¢, = 0. As a consequence, the estimates of
Theorems 2.2 and 2.4 hold with r =1, i.e., the method is first order accurate.

Proof. Assumptions (A0) and (A1) hold by construction. To verify (A2) with ¢ =0
and ¢, = 0, we choose 7; = 7y and use that £7;(K) C P3(K)? and Lemma 3.1.
This yields oy (7} E, v,) = 0. O

Let us note that the additional basis functions (20) are cubic polynomials, which
forced us to use m; = 7V in the estimate of the quadrature error. As we will
indicate by numerical tests, the assertions of Lemma 3.2 are sharp, i.e., in general,
the method only provides first order convergence. In the following section, we will
prove, however, that second order convergence can be obtained in special situations.
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3.2. Second order convergence for the £7; element. Let us start by summar-
izing some additional properties of the finite element space.

Lemma 3.3. dim(EJ(K)) =20+ 4 and dim(curl(EJ;(K))) = 8 + 3.

This means that the four additional basis functions w, g, ¢ = 1,...,4 are inde-
pendent but one specific linear combination leads to a curl-free function. Since

Ze weg = Vg, b = )\I,K)\Q,K)\B,K)VLK’

the sum of the basis functions is the problematic linear combination, since it is
the gradient of the bubble function by € P,(K). Based on this observation and
Lemma 3.3, we can split any function vx € £71(K) into

VK = Ug) + vg) + vg)
with vg) e Mi(K), vg) € span{wy ., ¢ =1,...,3} and v}?) € span{Vbg }. Moreover,
this splitting is unique and direct, which allows to prove the following assertions.
Lemma 3.4. Let vg € ET1(K) be split into v = vg) + vg) + vg) as above. Then
1021 2y < Cllvkllzaey  and  [leurl o] 2 < Clleurlvg |2
with a constant C' depending only on the shape of the element K. For the second
component, we further have

HVUE?)HLQ(K) S CHCUI‘I Ug)HLZ(K)

Proof. The first two estimates follow from linear independence of the basis func-
tions and a mapping argument. The last is based on the fact that the curls of the
three basis functions spanning these components are linearly independent. As a con-

sequence, ||curl vg) | z2(x) defines a norm on the space span{wyx : £ =1,...,3}, and

one can see that ||curl vg)HLQ(K) < c||Vv§?)||L2(K), hence also ||va)||L2(K) defines a
norm on this three dimensional subspace. The fact that ¢ and C' can be chosen de-
pending only on the shape of the element follows from the usual mapping argument
and the uniform shape regularity of the mesh. 0

Remark 3.5. The above splitting generalizes directly to the whole space, i.e., any
function v, € V}, defined in (21) can be split uniquely into

vy = v,(Ll) + v,(?) + v,(f’)
with components given by
vt e VY = {v € Hy(curl, Q) : v|x € M(K)},
v}(f) € Vh@) = {v € Hy(curl, Q) : v|x € span{w;x : £ =1,...,3}},
v}f”) € Vh(3) = {v € Hy(curl, Q) : v|x € span{b}}.

Since we assumed uniform shape regularity of the mesh, we can take the same
constant C' in Lemma 3.4 and thus obtain global estimates

|’U§Li)||L2(Q) S C”UhHL2(Q); chrlvg)H[g(Q) S CHCUI‘]U;LHLQ(Q), 1 = 1, ey 3

and [ Vol 2@ < Cllewrlvf? |2,
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which follow by summation of the local estimates of the previous lemma.

In the sequel, we utilize an additional divergence preserving projection operator.
Let 78PM . HY(K)? — BDM,(K) be the canonical projection operator for the
space BDM,(K) = Pi(K)3, see [1, Sec 2.5] or [2], and recall that

div(78PMy) = 7% div v for all v € H'(K)?.
Moreover, the following approximation error estimates hold
7Moo — vl 20y < CB® 0] s, 1<s<2
| div(m5PMy — V)| L2y < Ch||div v|| g sy
By (7BPMy)|c = 78PMu| e we define the corresponding global projection operator
for piecewise smooth functions v € H*(7,)3. With the help of this projection op-

erator and the splitting of the test space V}, we can now establish the following
improved estimates for the quadrature error.

Lemma 3.6. Let div(eE) = 0. Then assumptions (A0)-(A2) hold with k = 1,
q =1, and some ¢, > 0 depending only on the shape regularity of the mesh. As a
consequence, the estimates of Theorems 2.2 and 2.4 hold with rate r = 2, i.e., the
method is second order accurate if the exact solution is divergence free.

Proof. We choose 7 = m8PM and let v), = U}(Ll) —i—v,(f) +U,§3) be the splitting of vy, € V},
defined above. Then

on(mrE o) = op(m E, v,(ll)) + op(m E, v,(f)) + op(mh E, v,(lg)) = (i) + (1) + (i43).

Due to the exactness of the quadrature rule stated in Lemma 3.1, we have (i) = 0.
For the second term, we get

(i1) = on(m B, v

= op(m E — 7T2E, v,(f) = ng,(f)) + ah(ﬂgE, v,(f) — ng,(f)) + op(mp B, W?Lv,(f)).

By Lemma 3.1, the last two terms vanish identically, and we obtain
. 2 2
(i1) < CH| Bl V03 2y < O Ell sy llewrl o | o).

where we used the approximation properties of m5PM and the third estimate of
Remark 3.5 in the last step. This is the required estimate for the second component.
From the assumption div(eE) = 0 and the divergence-preserving property of the

projection operator m; = mEPM we infer that

B e H(K) and div(nyE)=0 VK €T,
A close inspection of the quadrature rule (19) shows that

O'K(IUK,Ug)) =0 for all wg € P(K) with divwg =0
and vg) € span{Vbg} as defined above, i.e. the quadrature rule also integrates
one additional forth order polynomial exactly. As a consequence, (iii) = 0, and the
proof is concluded by summing up the estimates for the terms (i)—(7). O
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Remark 3.7. The £7; element with mass-lumping thus yields second order conver-
gence provided that the exact solution is divergence free. From (1), we see that

div(e0y E(t)) = —div(curl(p 'curl E(t))) — div(9,j(t)) = —div(d:j(t)).

Hence the assumption div(eE(t)) = 0 holds, if div(eFE(0)) = div(¢0,F(0)) = 0
and divj(t) = 0 for all ¢ > 0. In this case, Lemma 3.6 guarantees second order
convergence, which explains the good numerical results obtained in [4, 10].

3.3. A modification of the &7, element. From the error analysis presented in
the previous section, one can see that the problematic component in the estimate
for the quadrature error is that related with the test function v,(lg) € Vh(?’) ={v e
Ho(curl; Q) : v|g € span{Vbg}} which cannot be controlled via its curl nor is
integrated with sufficient accuracy in the general case. We therefore replace the
basis functions wy g in the £7; element by

Wy g = Wk + A kA2 kA3 K (Ao — A ) VAuk, (22)
and define the modified £7; element by

ETV(K) = Ni(K) @ span{wy i, Wa i, W3, i, W) g }-
By elementary computations, one can again verify the following properties.

Lemma 3.8. dim(EJ(K)) = 2044 and dim(curl(EF(K))) = 8 + 4, i.e., the four
additional functions have linear independent curls. Moreover, wy i s integrated
exactly by the quadrature rule (19), i.e., ok (P, w} i) = 0 for all ph € Py(K)>.

As approximation space for Problems 2.1 and 2.3, we now consider
Vi, = {v € Hy(curl; Q) : v|x € EF(K)}.
Based on the previous results, we can prove the following assertion.

Lemma 3.9. Assumptions (A0)-(A2) hold with k = 1, ¢ = 1, and ¢, > 0 only
depending on the shape-reqularity of the mesh. Hence the assertions of Theorems 2.2
and 2.4 hold with rate r = 2, i.e., the method is second order accurate.

Proof. Conditions (A0) and (A1) follow by construction. For the proof of property

(A2), we note that v, can now be split into v, = U,(ll) + v}(f) with components

v}(Ll) € Vh(l) = {v € Hy(curl, Q) : v|x € N1(K)} and
v,(f) € Vh@) = {v € Hy(curl, Q) : v|x € span{wy, wq, w3, w}}.

We can then continue as in the proof of Lemma 3.6 without taking the third com-
ponent in the decomposition of the quadrature error into consideration. U

In the next section, we define a local basis for the space £7;", which together with

the quadrature rule (19) leads to a block-diagonal mass matrix M. We thus obtain
an efficient method of second order accuracy.
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4. DEFINITION OF THE BASIS FUNCTIONS

We start by defining basis functions for the standard Nédélec space N;(K). We
only consider a single element K and omit the corresponding subscript in the fol-
lowing. Let \;, ¢ = 1,...,4 denote the barycentric coordinates of the element K
associated to the vertices v;, which are ordered with respect to their global index in
the mesh. Furthermore, let f;, 7 =1,...,4 denote the midpoint of the face opposite
to the vertex v;, see Figure 1. For each edge spanned by vertices v; and v; with ¢ # j
we define two basis functions of the form A\;V\; leading to

O, =\ Vg, Dy = AoV A, O3 = A\ Vs, by = A3V,
D5 = AV Ay, Dg = A\ VA, D7 = AV s, Dg = A3V g,
Dy = AV )y, b1 = MV, b1 = A3V, by = MV ;.
Any basis function associated to an edge has non-zero tangential trace only on the

respective edge and vanishes in all but one vertex. For a face with vertices v;, v;, vg,
i < j,k, j # k, we define two basis functions of the form \;(A\; VA, — A V\;), viz.

D13 = A3(MaV AL — AV g), D1y = M(AaVIA3 — A3V ),
D15 = MM VAL — A VA, D15 = M(AM VA — AV A),
D17 = (M VAL — A VA, Dig = MM VA — AV,
D19 = Aa(AM VA3 — A3V A1), Doy = A3(A1 VA3 — XAV ).

These functions vanish identically at all vertices v, and on one of the faces. The
functions {®; : 1 < i < 20} form a basis for the Nédélec space N7 (K). Note that
three basis functions can be associated to each vertex while only two functions are
associated to every face midpoint; see Figure 1 for an illustration.

U3

V2

(%
1 Uy

FIGURE 1. Quadrature points and degrees of freedom of the standard
Nédélec element N; (red) and the £7; element (red and blue).

As observed in [10], we require three basis functions for each quadrature point
in order to allow for mass-lumping. We therefore define an additional third basis
function for every face, see Section 3.3 and Figure 1.

Do = MAsA VAL, Dgy = M Ashg Vs,
Dy3 = AMA2 AV g, Dyy = AMA2A3 (1 + A2 — M)V A
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Any of these functions vanishes identically on three of the faces and has zero tan-
gential component on the remaining face. Therefore, any function &Si, 21 <1 <24 s
non-zero in only one of the quadrature points of the quadrature rule (19). In order
to achieve mass-lumping, we now modify the other basis functions ®;, 1 <7 < 20 in
order to obtain a similar property. We first modify the face basis functions by

4
ij =&, + Zai,j &)20%7 13 <5 <20,

i=1

with coefficient matrix defined by

0 0 3 3 3 3 3 3
o — 3 3 0 0 o -3 0 -3
10 -3 0 -3 0 0 -3 0

Any of these functions is non-zero in only one of the quadrature points of (19). In
a second step, we modify the edge basis functions by

12
ZI;j = (I)j + Zbi,j ZI\)12-~-ia 1 S ] S 12’

i=1

with the following coefficient matrix

o 0 0 0 0 0 1 1 -2 1 -2 1
o 0 0 0 0 0 -2 1 1 1 1 =2
o 0 1 1 -2 1 0 0 0 0 -2 1
o 0 -2 1 1 1 0 0 0 0 1 =2
1 1 0 0 -2 1 0 0 -2 1 0 0
|2t 0 0 1 1 0 0 1 -2 0 0
1 1 -2 1 0 0 -2 1 0 0 0 0
-2 1 1 1 0 0 1 -2 0 0 0 0
o -9 0 -9 0 -9 3 3 3 3 3 3
-9 0 3 3 3 3 0 -9 0 -9 3 3
3 3 -9 0 3 3 -9 0 3 3 0 -9
3 3 3 3 -9 0 3 3 -9 0 -9 0

By construction, any of the basis functions @, 1 < j < 12 now vanishes in all
integration points of the quadrature rule (19) except one.

Remark 4.1. The basis functions </13j, 1 < j <24 form a basis of £77(K) and at
any quadrature point of (19), exactly three basis functions are non-zero. The local
mass matrix M% with entries (]/\4\ Ky = (<T>,, @)h, K, obtained by inexact numerical
integration, is regular and block—gi\agonal with 3 x 3 blocks, one for each quadrature
point. The global mass matrix M obtained by assembling of the local matrices is
also block-diagonal, with one block for each vertex and each face midpoint of the
mesh. The size of the vertex blocks is determined by the number of edges adjacent
to a vertex, while any of the face blocks has size 4; see Figure 2 for an example.
The proposed inexact numerical integration, together with the above choice of basis
functions can therefore be interpreted as a mass-lumping strategy.
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50 -

100
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200

. \ \ \ . \
0 50 100 150 200 250 300
nz = 1498

FIGURE 2. Structure of the £7;" lumped mass matrix on a mesh 7,
with 24 elements.

5. NUMERICAL TESTS

In this section, we conduct two numerical experiments. First, we design a test case
where the solution E(t) is divergence-free for all ¢. In this case, both £7; and our
modified element £} are expected to exhibit second order convergence, as stated
in Lemma 3.6 and Lemma 3.9. As a second test case, we choose a solution which
1s not divergence free. In this case, we will see that the £J; element only yields
first order convergence, i.e. the result of Lemma 3.2 is sharp, while our modified
element £J still retains second order convergence. We also briefly investigate the
CFL-conditions in assumption (A3).

In all numerical tests, we set Q = (0,1)% and let 0 < ¢t < T = 2 denote the
time interval, and we set ¢ = = 1. We specify different exact solutions E for the
different test cases and define the corresponding right hand sides by

(f(t"), o) = (OuE(t"),vs) + (curl E(t"), curl vy,). (23)

The fully discrete solution is computed by Problem 2.3 with initial values E}) =
I, E(t°) and E}! =11, E(t') defined by the elliptic projection

(I, E(t"),vp) + (curl I, E(t"), curlvy) = (E(t"), vy) + (curl E(t"), curlvy),  (24)

for n = 0,1. This guarantees that the initial approximations are second order
accurate in the H (curl) norm, so they do not impact the overall convergence. For this
choice of initial values, we will actually observe some super-convergence phenomena.
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5.1. Divergence-free solution. For the first test case, we choose

— sin(mwz) cos(my)
E(z,y,z2,t) = cos(t) Cos(wx)osin(ﬂy)

as the exact solution, which satisfies div £/ = 0. We denote by £}, and Ej} the discrete
solution generated by the discretization via the element £7; and £J, respectively.
For the convergence study, we will consider a sequence {7} of quasi-uniform but
non-nested meshes 7, with decreasing mesh size h ~ 27% =: h(k), k > 1. For all
computations, we choose 7 = 0.02h(k) as the time step size, and we use

— n
llell = jmax fle(")llz2@)

to measure the error. In Table 1 and Table 2, we display the discrete errors obtained
by Problem 2.3 with respect to the elliptic projection (24) and the estimated orders
of convergence (eoc). As predicted by theory, both methods have second order

h(k) | #dof || |T4E — Ep]l | eoc | Jlewl (T, E — Ep)]|| | eoc

271 1400 0.018107 — 0.094814 —
272 5698 0.006319 1.51 0.036393 1.38
273 | 44094 0.001635 1.95 0.008899 2.03
274 | 344408 0.000417 1.97 0.002244 1.99
275 | 2802226 0.000105 1.99 0.000547 2.04

TABLE 1. Discrete errors for the £7; element resulting from Problem 2.3.

h(k) | #dof | JOuE — E;] | eoc | Jlew! (I, E — E})|l | eoc

21 1400 0.008811 — 0.095367 —
272 5698 0.001204 2.87 0.036455 1.39
273 | 44094 0.000104 3.52 0.008924 2.03
274 | 344408 0.000012 3.01 0.002249 1.99
275 | 2802226 0.000001 3.02 0.000548 2.04

TABLE 2. Discrete errors for the £7;" element resulting from Problem 2.3.

convergence in the energy norm. Let us note that the discrete error of the modified
EJ element exhibits super-convergence in the L2-norm.

5.2. Non divergence-free solution. For the second convergence test, let

— sin(mz) cos(my)
E(z,y,z,t) = cos(t) cos(ﬁx)ocos(wy)

be the exact solution. Note that div £ # 0 in this case. In Tables 3 and 4, we depict
the discrete errors and estimated orders of convergence obtained for Problem 2.3.
From the results of Table 3, we infer that the estimate of Lemma 3.2 is indeed
sharp, i.e., the £&7; element only exhibits first order convergence. Note, however,
that the error for the curl is still second order convergent. As predicted, the modified
element £J;" yields second order convergence and again shows super-convergence in
the L2-norm, just as in our first test case.
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h(k) | #dof | |T4E — Ex | eoc | Jlewl (I, E — Ey)|| | eoc
2-T [ 1400 0.073937 0.073391

272 | 5698 0.041814 | 0.82 0.025524 1.52
23 44094 0.020204 1.05 0.006218 2.04
24 | 344408 || 0.009990 | 1.02 0.001578 1.98
275 2802226 || 0.004945 | 1.01 0.000381 2.05

TABLE 3. Discrete errors for the £7; element resulting from Problem 2.3.

h(k) | #dof || |0LE — Ef|| | eoc | Jlew! (TT,E — Ep)|| | eoc

271 1400 0.009595 0.073786

272 5698 0.002358 | 2.02 0.025548 1.53
273 | 44094 0.000290 | 3.02 0.006520 1.97
274 | 344408 0.000035 3.02 0.001701 1.94
275 | 2802226 0.000004 | 3.05 0.000416 2.03

TABLE 4. Discrete errors for the £J;" element resulting from Problem 2.3.

5.3. CFL-condition. To further evaluate the fully discrete method of Problem 2.3,
we now investigate the CFL-condition resulting from assumption (A3). We are thus
looking for a constant ¢ > 0 such that

7 < Tonax = - h(K). (25)

Let M and K denote the mass and stiffness matrices resulting from space discretiz-
ation in Problems 2.1 and 2.3; see (12). From the proof of Theorem 2.4, we see that
a sufficient condition for discrete stability is
72 1
max M—lK ———
Do | A =
By plugging this in (25), we obtain
1
c= . (26)
h(k)\/ Amax (M, ' K)

In Table 5, we compare the resulting constants for the space discretizations based on
the standard A element without and the £7; and the modified £J; element with
mass lumping.

h M \ EN \ ET;
21 0.045386 0.040525 0.040454
22 0.051658 0.046686 0.046559
23 0.048364 0.042656 0.042551
24 0.048310 0.042687 0.042583
25 0.048443 0.043052 0.042963

TABLE 5. Values of the CFL-constant ¢ in (26) for the standard A}
discretization without mass-lumping, and the £7; and &7 elements
with mass-lumping; larger is better.
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Let us note that all discretizations yield very similar CFL-constants.

6. DISCUSSION

In this paper, we considered inexact Galerkin finite element approximations for
Maxwell’s equations. We established second order convergence for the discretizations
proposed by Elmkies and Joly in [10] for divergence free solutions, and illustrated
that, in general, the method is only first order accurate. A slight modification
of the finite element space allowed us to obtain a method which is second order
accurate in the general case. For the modified element £7}", super-convergence was
observed for the difference of the numerical solution and the elliptic projection of the
true solution. In addition, we also observed super-convergence for the error in the
curl for the original £7; element. A theoretical explanation for these observations
is still open. Let us mention that similar arguments as used in the analysis of
Sections 2 and 3 can also be applied to wave propagation problems in H(div) and
H'; see [7, 8, 11]. In principle, also the extension of our arguments to higher
order is possible. Finding appropriate quadrature rules of higher order, however,
is not trivial. Moreover, the additional number of degrees of freedom needed to
enable mass-lumping increases strongly with the approximation order. In that case,
discontinuous Galerkin methods seem advantageous. Some comparison of mass-
lumped finite elements and discontinuous Galerkin methods has been conducted in
[11] for problems in H'.

ACKNOWLEDGEMENTS

The authors are grateful for financial support by the “Excellence Initiative” of the
German Federal and State Governments via the Graduate School of Computational En-
gineering GSC 233 at Technische Universitit Darmstadt and by the German Research
Foundation (DFQG) via grants IRTG 1529, TRR 146 project C3, and TRR 154 project C4.

REFERENCES

[1] D. Boffi, F. Brezzi, and M. Fortin. Mized finite element methods and applications, volume 44
of Springer Series in Computational Mathematics. Springer, Heidelberg, 2013.

[2] F. Brezzi, J. Douglas, and L. D. Marini. Two families of mixed elements for second order
elliptic problems. Numer. Math., 88:217-235, 1985.

[3] L. Codecasa and M. Politi. Explicit, consistent, and conditionally stable extension of FD-TD
to tetrahedral grids by FIT. IEEE Trans. Magn., 44:1258-1261, 2008.

[4] G. Cohen. Higher-Order Numerical Methods for Transient Wave Equations. Springer, Heidel-
berg, 2002.

[5] G. Cohen and P. Monk. Gauss point mass lumping schemes for Maxwell’s equations. Numer.
Meth. Part. Diff. Equat., 14:63-88, 1998.

[6] T. Dupont. L? estimates for Galerkin methods for second-order hyperbolic equations. STAM
J. Numer. Anal., 10:880-889, 1973.

[7] H. Egger and B. Radu. Super-convergence and post-processing for mixed finite element ap-
proximations of the wave equation. Technical report.

[8] H. Egger and B. Radu. A mass-lumped mixed finite element method for acoustic wave propaga-
tion. 2018. arXive:1803.04238.

[9] H. Egger and B. Radu. A mass-lumped mixed finite element method for Maxwell’s equations.
arXiw:1810.06243, 2018. to appear in Proceedings of SCEE 2018.

[10] A. Elmkies and P. Joly. éléments finis d’aréte et condensation de masse pour les équations de

Maxwell: le cas de dimension 3. C. R. Acad. Sci. Paris Sér. I Math., 325:1217-1222, 1997.


http://arxiv.org/abs/1810.06243

SECOND ORDER MASS-LUMPING FOR MAXWELL’S EQUATIONS 17

[11] S. Geevers, W. Mulder, and J. van der Vegt. New higher-order mass-lumped tetrahedral
elements for wave propagation modelling. SIAM Journal on Scientific Computing, 40:A2830—
A2857, 2018.

[12] J. S. Hesthaven and T. Warburton. Nodal discontinuous Galerkin methods, volume 54 of Texts
in Applied Mathematics. Springer, New York, 2008.

[13] P. Joly. Variational methods for time-dependent wave propagation problems. In Topics in
Computational Wave Propagation, volume 31 of LNCSE, pages 201-264. Springer.

[14] R. Leis. Initial Boundary Value Problems in Mathematical Physics. Springer Fachmedien,
Wiesbaden, 1985.

[15] C. G. Makridakis and P. Monk. Time-discrete finite element schemes for Maxwell’s equations.
RAIRO Model. Math. Anal. Numer., 29:171-197, 1995.

[16] P. Monk. Analysis of a finite element methods for Maxwell’s equations. STAM J. Numer.
Anal., 29:714-729, 1992.

[17] P. Monk. An analysis of Nédélec’s method for the spatial discretization of Maxwell’s equations.
J. Comput. Appl. Math., 47:101-121, 1993.

[18] A. Pazy. Semigroups of linear operators and applications to partial differential equations,
volume 44 of Applied Mathematical Sciences. Springer-Verlag, New York, 1983.

[19] R. Schuhmann and T. Weiland. A stable interpolation technique for FDTD on non-orthogoanl
grids. 11:299-306, 1998.

[20] T. Weiland. A discretization model for the solution of Maxwell’s equations for six-component
fields. Archiv Elektronik und Uebertragungstechnik, 31:116-120, 1977.

[21] K. Yee. Numerical solution of initial boundary value problems involving Maxwell’s equations
in isotropic media. IEEE Trans. Antennas and Propagation, AP-16:302-307, 1966.

APPENDIX A. PROOF OF THEOREM 2.2

In principle, the result of Theorem 2.2 follows by standard arguments; see e.g. [6, 13].
For convenience of the reader, we provide a detailed proof. We denote by II; the canonical
projection operator for N (7;) defined by (ITyu)|x = 1% u|x; see assumption (A0).

Lemma A.1. Let ¢, € WH°([0,t], V},) with ¢,(0) = 0 and let (A0)-(A2) hold. Then

K 27 2r 1 2 1 2

; on(InE(s), dn(s)) ds < C(E)I™ + Cll0hllzeo 0,0, r20) + glleurl Gnllzoeo,12(0))
with C(E) = C (collEllpmr—1(1)) + 1Bl 0487 7)) + o OB L1 0,60m1(72)) and

r =min{k + 1,q + 1} with constant C' depending only on the shape regularity of Tp.

Proof. The left hand side can be split into

t
+ / on(mh E, Ovdn)
0

t
/
0

t t
/Uh(HhE,3t¢h)—/ on(IIE — n, E, 0rép)
0 0
t
) on(TE, ) — / on(TLOE, )
0

SE

t
—/ O'h(HhE—’R';;E,at¢h
0

= (i) + (ii) + (id4).
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Here, 7} is the projection introduced in assumption (A2). For the first term, we use the
approximation properties resulting from assumptions (A0) and (A2) to estimate

t
(i) < /0 IMILE — 3 B oy |0l 2
t
< /0 (IE — 71 Ell 2@ + |1E — ThE| 2(e) [ 0nll 2

t
< [ eWIB N 1oron o)
< 20" Bl F10 5 (7)) + 81060mllT 0 04,200
For the second term, we use ¢,(0) = 0 and assumption (A2), and obtain

(ii) = on(mi E(t), dn(t)) < B ol | B[l o llcurl én ()] 120
< AW E() 1 Fa 7y + 1o llcurl dn ()72
< AP Bl oo 0. 110(73y) + 16 /lCur] ¢h”%°°(0,t,L2(Q))‘

For the third term, using the same arguments as for (i7), we write

t
(it) = | W e LG8t eur 15) 20 s
< 4cgh2q+2”atEuil(O,t;Hq(’Th)) + %GHCUH ¢h(t)H%oo(o,t,L2(Q))'
Summing all the terms yields the result. O

Proof of Theorem 2.2. We split the error into discrete and projection error
E—Ep = —(ILE — E) + (ILE — Ey) = —n+ ¥p.
The projection error 1 can be bounded using the bounds (8)—(9) by

Hat??HLoo(o,T,m(Q)) + HCUTIUHLoo(o,T,B(Q))
< COFTY|OE | oo (0.1, mr41 (7)) + €T E || oo 0.1 m141 (75 )))-

We now turn to the discrete error ¢,. Due to the choice of initial values, we have 1,(0) =0
and 9y (0) = 0 and consequently, also curly,(0) = 0. Using (6) and (10), we obtain

(Outon, dn)n + (curl ey, curl ¢p) = (9un, ¢n) + (curln, curl ép) + op (U0 E, ¢p).
Choosing ¢p, = Oy (t) as test function and integrating from 0 to t further yields

1
5 (10 ()12 + lleurl 1 (8)

= /Ot(attn(s%atlﬁh(s)) +/t

(eurtnfs), cunt e (s)) + [ on(Th0B(s) O ()
0 0

The first term can be estimated via Cauchy-Schwarz and Young’s inequality by
t
. 1
(1) < /O 18| L2 10ctbnll L2 < 10unllTr(os, 220 + Zuatwh”%oo(o,t,L%ﬂ))

1
< Ch2k+2HattEH%l(w;HkH(ﬁl)) + ZHatwhH%OO(O,t,LQ(Q))'
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For the second term, we apply integration by parts and obtain

(13) = /Ot %(curln, curl ¢p) — /Ot(curl O, curlyy,) = (iig) + (iip).
For (iig), since curl ¢y (0) = 0, we have
(itq) = (curln(t), curl Py (t)) < 2chrln(t)|]%2(9) + é”curl zph(t)”%z(m
< 20K ourd B o pns i) + 5 1001903012000

The term (iip) is estimated again in a standard way by

.. 1
(ii4) < 20K leurl QB3 gy ziss () + gllewrlvnlFoe o 120

Using Corollary A.1, we can estimate the third term by

o1 1
(112) < C(attE)2h2 + g”atwhH%oo(o,t,m(Q)) + g”curl ¢h\|%oo(o,t,L2(Q)),
with
C(ouE)=C (CoHattEH%oo(o,t;Hr—lm)) + 106 Ell71.0 1:v (75 + CaHatttEHQLl(o,t;Hr—l(Th))) :
Summing all the terms and using assumption (A1), we obtain
10een (D72 + lleurlyn ()] 72(q)
~ o1 1
< C(E)*n* + §||at7/}h”%°°(0,t,L2(Q)) + 5 lleurl Ul Zos (04,220 (27)
with
2 2 2 2
C(E)” = C(OuE)"+ C(HCurIEHLO@(O,t;H’“(Th)) + [Jcurl 8tE”L1(O,t;HT(Th)))'

Taking the maximum over all ¢ in (27) and subsequently absorbing the last two terms
by the left hand side yields the L*°-estimate. The main result follows by adding the two
results for the interpolation and discrete error component. ]

APPENDIX B. PROOF OF THEOREM 2.4
We now continue with the error estimate for the fully discrete method. Let

"H'l -3 n+1 n—1
2
T dra;, *+d; ah a4
h 2 2

We then get the following estimate for the discrete energy.

Lemma B.1. Let {a}}, {7} C V}, be given sequences with ai = a? =0 such that
(drrap, vp)n + (curlay, curloy) = (fy, o) Vup € Vi, (28)
Furthermore, assume that (A1) and (A3) hold. Then for all0 <n < N — 1, we have

n
+3 _n+3
ldray, " * 1220y + leurl@, 2 (72 Z (fi, d-af). (29)
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Proof. We follow the arguments of [13]. Testing (28) with v, = d/Ta\Z leads to
(., drafl) = (derdlf, dral) + (curlall, curl dyalt) = (i) + (id). (30)

For the first term, we obtain

. 1 n+z n—=
)= 5= (14 10 = ey 1)

and the second term can be expanded as

n

(i6) = — (llewrlay " 32 — lleurld, |2

2 1 2 1
T n+3 T n—y
— Z||CllI‘ldT(Zh 2 H%Q(Q) + ZHCUI‘I dTCLh 2 H%Q(Q))

We now define the discrete energy as

nti 1 n+2 n+i 7 nt3
&% = Slldray 27 o + llewrl@, ? Faq) — - lowrldray ? 7).

Plugging this definition back into (30) yields

1 1
n+3; 5

& =& 2+ (R draf). (31)

1 1 )
A recursive application of this inequality finally leads to 5,? Tz o EZ+ > T(f},dra)).

1
From (A3), we have that SZJFQ is positive and

D=

n+ n+3 n+i n+i
&, * <ldray, * ||%L7Q + [[eurl@, 2 ||%2(Q) <26, . (32)

Moreover, € 3 = 0 since aj = af) = 0. The assertion of the Lemma now follows by using
the norm equivalence estimate in assumption (Al). O

Proof of Theorem 2.4/. We proceed as in the proof of Theorem 2.2. We again split the
error in discrete and projection error components

E(t") — Ep = —(II,E(t") — E(t") + (I, E(t") — E}) = —b} + aj.

For our choice of initial values, see definition in Problem 2.3, we have a,l1 = a?1 = 0. The
projection error can be estimated as in the proof of Theorem 2.2. For the discrete error,
we now use Lemma B.1 and estimate the right hand side of (29) to obtain

Z T(f}iw dTa}Z;) =T Z(dTTHhE(ti) - 8ttHhE(ti)a dTa/},i)h +7 Z(attbza dTa]i)
i=1 i=1 i=1
+7 Z(Curl bl curl d/Ta\fl) -7 Z on (O, E(tY), Za\é)
i=1 i=1
= (i) + (49) + (i4i) + (iv).
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The first term can be estimated by Taylor expansions, assumption (Al), and Cauchy-
Schwarz inequalities, yielding

n
()] < 7Y Cr2|0unTIn Bl g1 -1 i1 2 ldraf | 12
=1

< ZC’T |8ttttE||L1 ti—1 i+l Hl(Th)) . max ||d CLhHLQ
=1
< 2074|012 - dya 2|2
= T H tttt HL1(07tn+1;H1(7’h)) + 3 Olg%)% I TQp, ”LZ(Q)'
In a similar fashion, we get for the second term

1
|(i7)| < 20h2k+2||attEHL2 0,671 HE+1(T3)) ‘1' fuax ||d7-ah ||L2(Q)

For the third term, we use summation by parts and curl ah = 0 to obtain

n
bZ—Hv curl CLZ) (curl bn, curl an—‘rl + T Z(Curl dTbl}'L, curl a}L)
=2

(7i1) = (curl
= (i1)q + (419)p + (919)e.
For first two terms can be estimated by
1 .
|(édd)a| + [(ii0)s| < 20N +2|ycurlEH%OO(O,t"Jrl;HkJrI(Th)) + ] 021%3% [[curl ‘ZZH%?(Q)
For the third term, we obtain

1 it3
|(#i1)| < 2Ch2*+2||curl atEH%jl(mtn«rl;Hl('Th)) + g dhax |curla, * HQLQ(Q).

Using a discrete variant of Lemma A.1, we get

. 1 1

‘(Z’U)| S C(E)2h2T + gHdTaZlH%oo(O’thrl’lg(Q)) + g”curl QZ|’%00(0¢7L+1’L2(Q))7

with
C(E) = C (col Bllpoum+r;mr—1(7y) + 1Bl nroan+rsmr (1)) + CollOeB | 10, m1,mm-1(73)) -
Summing all the terms and using assumption (A1), we obtain

nti n+i

ldray, * ||%2(Q) + [Jeurla, * ”%2(9

~ ~ i+ 1
< C(EPW*2 4 C(EP" + § max (|ldra, oy + lewldy F ) (33)

with C(E)? = C(04F)? + C(HCUTIEH%oo(o,th;Hr(ﬁl)) + chrl8tE||2L1(o,tn+1;Hr(n))) and

C(E) = CllOwet Bl 110,071,171 (75,))- Taking the maximum over all ¢ in (33) and absorbing
the last two terms by the left hand side yields the estimate. The assertion of the theorem
now follows by adding the two estimates for the projection and discrete error. O
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