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GREEN’S FUNCTION FOR NONDIVERGENCE ELLIPTIC OPERATORS IN
TWO DIMENSIONS

HONGJIE DONG AND SEICK KIM

AsstrACT. We construct the Green function for second-order elliptic equations in
non-divergence form when the mean oscillations of the coefficients satisfy the Dini
condition. We show that the Green’s function is BMO in the domain and establish
logarithmic pointwise bounds. We also obtain pointwise bounds for first and
second derivatives of the Green’s function.

1. INTRODUCTION AND MAIN RESULTS

We consider a second-order elliptic operator in a bounded, connected, and open
set Q in R%. Let L be an elliptic operator in non-divergence form given by
2
Lu= Z a(x)Djju. 1.1)
ij=1
Here, we assume (without loss of generality) that the coefficients a'/ are symmetric
and defined on the entire space R?. We require that the matrix A = (a”/) satisfy the
uniform ellipticity condition, i.e., there exists a constant v € (0, 1] such that

2
vIER < ) algg; < vl (12)

ij=1
We shall say that A = (4”/) are of Dini mean oscillation in Q if the mean oscillation
function wa : Ry — R defined by

wa(r) := sup |A(y) — Agwnldy, (1.3)
xeQ YOk
where
- 1
Ao, :=J[ A= —— A and Q(x,7)=B(x,r)NQ,
) Qx,r) 1Q(x, 7)| Qx,r)
satisfies the Dini condition, i.e.,
1
t
f wAt( ) dt < +oo. (1.4)
0

In this article, we shall show that if ( is a bounded domain with regular bound-
ary and the coefficients A = (4”) are of Dini mean oscillation in Q, then the Green’s
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function G(x, y) exists and has logarithmic pointwise bounds. In fact, we show
that G(-, y) is BMO in Q and G-, -) is continuous on (Q x Q) \ {(x,x) : x € Q}}). We
shall also derive pointwise bounds for G(x, y) as well as its derivatives D,G(x, y)
and D2G(x, ).

It is well known that the elliptic operators in divergence form admit Green'’s
functions that are comparable to those of the Laplace operator, even when the
coefficients are just measurable; see [29] 20| 25 [6]. There are also many papers
in the literature dealing with the existence and estimates of Green’s functions or
fundamental solutions of non-divergence form elliptic operators with measurable
or continuous coefficients; see e.g., [3, 4}, [14}[16,26]. In the case when the coefficient
matrix A is uniformly Holder (or Dini) continuous, it is well known that a Green’s
function is continuous and satisfies the pointwise bound comparable to that of
Laplace operator; see e.g., [31, 135, [1]. For parabolic operators, we refer the reader
to [17] for the construction of fundamental solutions by the parametrix method,
and also [13] [8]. However, unlike the Green’s function for elliptic operators in
divergence form, in general, Green’s function for non-divergence form elliptic
operators do not necessarily have pointwise bounds, even if the domain is smooth
and the coefficients are uniformly continuous; see [2].

In a recent paper [22], it is shown that in three dimensions or higher, the Green’s
functions for non-divergence form elliptic operators have the pointwise bound
clx—y|*~" if the coefficients of the operator have Dini mean oscillations. See also [30]
for a related result with coefficients satisfying “square” Dini condition. However,
the proof in [22] does not work in the two dimension, which is mostly due to
the failure of Sobolev embedding W'? «— L[?/("=2 when n = 2. It is worthwhile
to mention that even for the Laplace case, the behavior of Green’s functions is
different in two dimensions. As a matter of fact, there are quite a few papers
devoted to the study of two dimensional Green'’s functions; see e.g. [12} 33, 36].

The adjoint operator L* is given by

2
L'u= Z Dij(aij(x)u),

ij=1

where the coefficient matrix A = (a'/) is the same as that of L and thus, it is of Dini
mean oscillation in Q. It is known that if f € LP(Q) with p € (1, o), then the unique
L? solution (see, e.g., [15) Lemma 2]) of the problem

Lu=fin Q, u=0on Q, (1.5)

is uniformly continuous in €; see Theorem 1.8 in [11]]. The definitions of BMO((2),
[Ill., H atom in Q, etc. are given in the next section.

Now, we state our main results. In our first theorem, we shall assume, in place
of (I.3), that the L?> mean oscillation

1

2

wA(r) := sup (JC IA(y) = Aagnl dy) (L.6)
€0 Q(x,r)

satisfies the Dini condition (L.4). In light of Holder’s inequality, this assumption is

stronger than our hypothesis that A is of Dini mean oscillation. We will return to

the original definition (I.3) in our second theorem.
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Theorem 1.1. Let Q be a bounded C''' domain in R?. Assume the coefficient A = (a'l)
of the operator L in ([L1) satisfies the uniform ellipticity condition (L2) and that the L2
mean oscillation (1.6) of A satisfies the Dini condition (L4). Then, there exists a Green’s
function G(x, y) (for any x,y € Q, x # y) and it is unique in the following sense: if u is
the unique adjoint solution of the problem [L5), where f € LP(Q) with p > 1, then u is
represented by

un = [ G (1.7)

Also, G*(x, y) = G(y, x) becomes the Green’s function for the adjoint operator L*, which is
characterized as follows: for g > 1and f € L1(Q), if v € W>1(Q) N Wé’q(Q) is the strong
solution of

Lv=fin Q, ©v=0 on JQ, (1.8)
then, we have the representation formula
o0 = [ Gnfmd= [ 6 mfedr (19)
The Green function G(x, y) satisfies the following estimates:
G(,y) e BMO(Q)) with |IGC,yl.<C, yeQ, (1.10)
IG(x, y)| < c(1 +log C};ai“y?), x#yeq, 1.11)

C
D.G(x, y)| < ——,
ID:G(x, y)l =]

C
IDIG(x, y)l < K=y yeQ, xeB(y,4,/2) \ {y}, (1.13)

where d,, = dist(y, dQ) and C depends on v, Q, and the L2 mean oscillation w as in (L.6).

x#ye, (1.12)

In our second theorem, we drop the extra assumption that A is of L? Dini mean
oscillation but we shall instead assume that Q is a C>* domain for some a > 0.

Theorem 1.2. Let Q be a bounded C** domain in R?. Assume the coefficient A = (') of
the operator L in (1)) satisfies the uniform ellipticity condition (1.2) and is of Dini mean
oscillation in Q. Then, all conclusions of Theorem[L1lare valid. Moreover, we have

ID3G(x,y)| < Clx—yl?, x#yeQ, (1.14)
where C depends on v, Q, and the mean oscillation wa as in [L3).

Our last theorem is the key to the proof of Theorems[L.Tand [[.2] the statement
of which has its own interest.

Theorem 1.3. Let Q C IR? and the coefficient A satisfy the conditions of Theorem [L1]

(resp. Theorem[L2) with wa given by the formula [L.6) (resp. (L3)). Then, there exists a

constant Ny = No(v, Q, wa) such that if u is the adjoint solution of the problem
L'u=ain Q u=0 on 9JQ,

where a is an H' atom in Q, then |u| < Np.

The proof of the theorem heavily relies on the assumption that QO ¢ R? and
cannot be applied to higher dimension. As a matter of fact, Theorem [1.3 is not
true in higher dimensions since otherwise it would imply that the Green’s function
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G(:, y) belongs to BMO(Q), which is not true in higher dimensions. For example,
consider the Green’s function G(:, y) for Laplace operator in Q) = B(0,1) C R" with
n 2 3. It does not belong to L7 (Q2) for p > -5 and hence cannot belong to BMO((2).

We conclude the introduction with a few remarks. First of all, the Green’s
function G(x, y) is continuous on {(x,y) € Q x Q : x # y}. Indeed, the proof of
Theorem LT will show that L*G(x, -) = 0 in Q\ B(x, r) for any r > 0 and thus by [11}
Theorem 1.8], we see that G(x, -) is continuous away from x. On the other hand, it
is clear from (L.12) that G(-, y) is continuous away from y.

Next, it should be mentioned that Bauman [4] proved an estimate for the nor-

malized Green’s function G(x, y) = G(x, y)/G(xo, y):

1
~ r
G(x, y) =~ f| y By, dr, (1.15)

wherex, y € B, [x -yl € (0,3), x0 € B\ B/, B’ € B are open balls,

w(E) = j; G(xo, y)dy,

and G is the Green’s function in B. Such result was obtained under the condition
that the coefficients are bounded and measurable in two dimensions, and uniformly
continuous in higher dimensions. Her proof uses the maximum principle. When
the coefficients are of Dini mean oscillation, by using the Harnack type inequality
[11, Lemma 4.2], we see that G(xo, y) = 1 for any y away from xy and the boundary
dB, which together with (L.I5) implies that

G(x, y) :log—l , X#Yy€B, |x-yl<1/2.
e =yl

In view of the comparison principle, this result also holds for any bounded smooth

domain. Compared to [4], we prove a stronger result G(-, y) € BMO(Q), which gives

more information of the Green’s function and also implies (L1I). We also note that

our proof also works for elliptic systems satisfying the strong ellipticity condition

or the Legendre-Hadamard condition. More precisely, consider an elliptic system

N N 2
i p j i
Y Ll =) Y AFDyw —Awl, i=1,..,N.
j=1 =1 a,p=1
Suppose the coefficients A = (Af;ﬁ ) are bounded, satisfies the Legendre-Hadamard
condition
2 N -

Y. ) Afeagun'n) = vigPini.

af=1i,=1
Assume that A is large enough to guarantee the solvability of Dirichlet problem

Li]-uj = fi in Q =0 on 0Q.

See, for instance, [9, Theorem 8]. Then, under hypothesis of Theorem [L.1] (resp.
Theorem[1.2), there exists an N x N Green’s matrix G(x, y) = (G;;(x, y)) that satisfy
the conclusions of Theorem [L1] (resp. Theorem [[.2). The proof requires only
routine adjustment and is omitted.

Finally, we remark that in Theorems[I.Tland[1.2] the dependence of the constant
C on Q is through the constant Ny in Theorem [1.3] the constant that is hidden
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in H(Q) and BMO(Q) duality relation (Z.2), and the constant that appears in
the W2# estimates, which in turn may depend on the C! characteristics of the
boundary flattening mappings and the diameter of Q. The constant C in (1.14) of
Theorem [[.2 depends additionally on the C>* bounds on the boundary flattening
mappings. As the proof of Theorem [L.3] reveals, the constant Ny depends on Q
through the W?? estimates, the diameter of ), and the C>* characteristics of dQ.
However, the C>® regularity of the domain Q is used only for the weak type-(1, 1)
estimate (£.25), which can be dispensed with if we assume the L?> mean oscillation
of A satisfies the Dini condition. In fact, in Theorem [[.1] where L? Dini mean
oscillation condition is imposed on A, the C'"! regularity condition on Q can be
relaxed further. This condition is essentially used only for the W??-solvability of
(L8) and the LP-solvability of (L5). The LP-solvability of (L5) follows from the W2#-
solvability of (I8) by using the duality argument in [14]. For the W2?-solvability
of (L8) in a bounded domain Q ¢ R", we only require Q to be in C**, where
a > 1-1/max{n,p}. Thus, in our case by taking p = 2, it suffices to assume () to
be in C, where a > 1/2. We cannot find an explicit reference for this result, so
we sketch a proof in Appendix. It should be mentioned that this argument uses
Alexandrov maximum principle and is not applicable to elliptic systems, that is,
C'! regularity requirement on Q in Theorem[L.Tlcannot be lifted for elliptic systems.
It is also worth noting that in the two dimensional case, the W??-solvability of (L8)
is also available when p is close to 2 and Q) is a bounded convex domain; see, for
instance, [5]]. Thus, Theorem[I.T]also hold when Q) is bounded and convex.

2. NoraTioN
For xp € R" and r > 0, we denote by B(xo, r) the Euclidean ball with radius r
centered at xp, and denote
Q(xo,7) := QN B(xo, r).
We define BMO(Q) as the set of functions u such that

[[u]l. := sup {JC [u— iy, /| - X0 € Q, r> 0}
Qxo, )

is finite, where we set

0 if r > dist(xg, 0Q)
Ty p 1= (2.1)

fo 1 if 7 < dist(xo, 9Q).

We shall say that a bounded measurable function a is an atom for Q if a is supported
in Q(xo, 7) for some xp € Q and r > 0 and satisfies
1

allix) £ —— and 4ay,=0.
llallL~ ) Q0] ot

Notice that the latter condition requires JE) won® = 0 only if r < dist(xg,9Q). A

function f is in the atomic Hardy space H!(Q) if there is a sequence of atoms {ai}2,
and a sequence of real numbers {A;} € ¢! so that f = }.7°; Aa;. We define the norm

on this space by
Iflln ) = inf{Z Al f = Zﬁiﬂi}-
i=1 i=1



6 H. DONG AND S. KIM

We note that the expression

sup {f audy : a is an atom for Q} (2.2)
0

gives an equivalent norm on BMO(Q) and that BMO(Q2) may be identified with the
dual of the atomic Hardy space H!(Q). It may seem that our definition of BMO(Q)
differs from those in other literatures [7, 23] 32} [36] but since we assume that Q) is
at least a C or a bounded convex domain, it is the same. In particular, BMO(Q)
can be identified with the subspace {f € BMO(R?) : supp f ¢ Q}, with equivalent
norms.

We say that Qisa C'* (resp. C>*) domain if each point on dQ has a neighborhood
in which dQ is the graph of a C** (resp. C**) function for some a € (0, 1].

3. Proor or THEOREMS [[.T]AND

In dimension three and higher, the strategy of [21] was used in [22] to construct
Green’s function but it does not work in two dimensions. Here we follow a duality
argument in [36].

Fory € Qand € > 0, let v = Ge(-,y) € W*2(Q) N W}*(Q) be a unique strong
solution of the problem

1
Ly = —— o in Q, ©v=0 on 0Q. 3.1
Oy, 0 0 G
Since A is uniformly continuous in Q with its modulus of continuity controlled by
w4 (see [22, Appendix]), the unique solvability of the problem (3.1)) is a consequence

of standard L” theory. Next, for an H' atom a in Q, consider the adjoint problem
Lu=ain Q, u=0 on JQ.

By [15, Lemma 2], there exists a unique adjoint solution u in L%(Q2), and we have

J{: uzfaGe(-,y).
Qy,€) Q

Then, by Theorem[1.3] we have

| et ax
Q

Therefore, by the H' and BMO duality, we find that the BMO norm of G(-, ) is
uniformly bounded, i.e.,

< Np.

1Ge(, Il < Co (3.2)
for some constant Cy depending only onv, (3, and wa . The Banach-Alaoglu theorem
gives that for each y, there is a sequence {e;} with lim; . €; = 0 and a function
G(,y) € BMO(Q) so that G(-, y) converges to G(-,y) in the weak-+ topology of
BMO(Q). Let us fix a f € LP(Q) with p > 1 and let u be the unique adjoint solution
of (L5). Then we have

JC u(x)dx = f Ge(x, y) f(x) dx. (3.3)
Q(y,€) Q

Since u is continuous in Q by [11}, Theorem 1.8], the left- hand side of (3.3) converges
to u(y). Since LP(Q) ¢ H'(Q) for all p > 1, we obtain the representation (L7). This
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gives us that G(-, y) is the Green’s function with pole at y. Therefore, by using (3.2),
we obtain (L.10).

If we choose any sequence {ex} with limy_,. €x = 0, the above argument gives
a subsequence of G, (-, y) which converges to a Green’s function. As the Green’s
function is unique, the limit must be the function G(-, y). This implies that the entire
family {Gc(-, y)}e converges to G(-, y) in the weak-* topology of BMO(Q). By the W2#
estimate for non-divergence form elliptic equations with continuous coefficients,
we see from (B.0) that G¢(-, y) satisfies
IGe(, Wlwee v, < C(), 1> 2e.

This estimate will also hold for the limit and we see that G(-, y) € W22(Q \ B(y, 1))
and LG(,y) = 0in Q \ B(y, r) for any r > 0. Moreover, we have G(-, y) = 0 on Q.
Next, we show the pointwise bound ([L.I1). For x; # y € Q, we set

ri=1lxo -yl
In the case when r > dist(xy, dQ), we can find a point £y € JQ such that
Q(xo, r) € Q(Xo, 2r) € Q\ {y}.

Since LG(-, y) = 0in Q(%y, 2r) and G(-, y) vanishes on dQ N B(%y, 2r), by the local W2#
estimate, the Sobolev embedding theorem, and a standard iteration argument, we
see that the local L* estimate is available for G(:, y), i.e.,

IG(xo 1)l < f IG(x, y)ld. (3.4)
Q0,27)
Then by (L.I0), we have
Glxo, 1)l < f GG, )ldx < 1GC, )k < 1,
Q0,27)

which clearly yields the bound (L.I1). In the case when r < dist(x, dQ2), consider a
chain of domains Q; = Q(xo, 2Jr) for j=0,...,N so that 2Ny > diam Q. Notice that
N can be chosen so that

(3.5)
Since G(:, y) is in BMO(Q), we have

‘JC G(x,y)dx — JC G(x, y)dx
Q; Qj

and by the choice of N, we have

IG(x, y)ldx = f GG, y)ldx < 1GC, )l < 1.
Qn Q

Since L(G(-, y) — ¢) = LG(-, y) = 0in Qg = B(xo, ) C Q for any ¢ € R, similar to (3.4),
we have the local L* estimate

IGGxo, y) —l 5 f G, y) —cldx, VYceR. (3.6)
ﬁ)o

SIGE w1

Then by taking ¢ = JEJO G(x, y) dx and using (L.10), we have

SIGE Il < 1

G(xo, y) — J{;; G(x, y)dx
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Therefore, by telescoping and using (3.5), we obtain the bound (L.1T).
Now, we turn to the gradient estimate (L12). In the case when r > dist(xo, 9Q),
similar to (3.4), we have the local gradient bound

1
DG s 1 f (Gl

Q(%0,2r)

and in the case when r < dist(xy, dQ), similar to (3.6) we have

DGl I < f GG, ) —cldx, VceR.

QO(xo,7)
In both cases, we get (1.12).

Finally, we prove the second derivative estimate (LI4). In the case when r <
dist(xo, dQ), we use the interior C? estimate (see [10, Theorem 1.6]), W>* estimate for
elliptic equations with continuous coefficients, and a standard iteration argument
to get

ID2G(x0, y)| < 12 f IG(x, y) —cldx, YceR.
" Jawn
In the case when r > dist(xp, 9Q2) and Q is a C*>* domain, we apply the C? estimate
near the boundary in [11] (see Lemma 2.18 there), the boundary W2? estimate for
elliptic equations with continuous coefficients, and a standard iteration argument
to get

1
DG, 11 % f GG, y)l dx.

Qfo,2r)
Therefore, we get (LI3) and (L.I4).
Finally, we prove that G*(x, y) := G(y, x) becomes the Green’s function for the
adjoint operator L*. For xg # y € Q and p > 0, let u = G, (-, x0) € L*(Q) be a unique
solution of the adjoint problem

1
[, p) o T BT

f G, (x, x0) dx = f Ge(x, y) dx.
Q(y,e) Qfxo,p)

By [11), Theorem 1.8], we know that G;(', Xp) is continuous in Q. Since Ge(,y) —
G(:, y) in weak-+ topology of BMO(Q), by taking the limit € — 0, we have

G,(y,x0) = J{: G(x, y)dx.
Qfxo,p)

L*'u

Notice that we have

Therefore, we find

})igg G,(y, x0) = G(xo, y)- (3.7)
We note that argument around (3.4) — (3.6) shows that
1G5 (y, x0) = f G(x, y) dx| < c(1 +log dlamQ), Vp>0.  (3.8)
Qxo.p) o =yl

For f € L1(Q) with g € (1, ), let v € W21(Q) N Wé’q(Q) be the strong solution of
Lv=fin Q, v=0 on JQ.
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Then, we have

fQ(x(],p) v(x)dx = L G;(x, x0) f(x) dx,

and thus, by taking the limit, we also get

o) = limy [ Gyt 30/

Therefore, by (3.7), (3.8), and Lebesgue dominated convergence theorem, we obtain

the representation formula (1.9), which means G*(x,y) = G(y, x) is the Green’s

function for L*. ™
4. ProOF oF THEOREM

We first consider the case when the L?> mean oscillation (I.6) of A satisfies the
Dini condition and the domain is C"!, which is assumed in Theorem[L.1] The other
case will be treated at the end of the proof.

Suppose that a is supported in Q(yo, R) so that |lall., < 1/R?. For xy € Q and
r > 0, we define

0 if r > 2 dist(xg, Q)
uxo,r = . .
JE)(XM) u if r < 2dist(xg, 0Q)

and set

P(xo,7) == f [t — 1y, 4. (4.1)
Q(xo,r)

Note that uy,, in the above is slightly different from i, defined in 2.I). Let us
define the adjoint operator L with constant coefficients

2
Lyu := Z Di]-(ﬁifu), where @/ = f all,
ij=1 Q(x,1)
and split u = v + w® + @", where w = w® is the weak solution of
Lyw=ain Q(xo,7), w=0 on 9dQ(xo,7),
and @ = @ is the L? adjoint solution of
2
Lyw = Z Dj; (({i” - a’f)u)(g(xo,)) in Q, @w=0 on JQ.
ij=1

By the L2 theory for adjoint equations, we havd]

" 12 172
(o= < (0]
o) Q Qo)

By Holder’s inequality, we then have
1/2
J{: D] < (J{: |A - Alz) 1l ro, ) S @A () ]z Qxo,r)- (4.2)
Q(xo,7) Q(xo,7)

1 As remarked in the introduction, here we can relax the assumption that Q is a C"! domain to an
assumption that Q is a C** domain for some & > % or that Q is a bounded convex domain.
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Now we turn to the decay estimate of ¢(xo, r). Let x € (0, %) be fixed. Note that
v=0" =y —w" — D" satisfies
Lyv=0 in Q(xo,7), v=u=0in dQN B(xy,7).

By an interior and boundary estimate for elliptic equations with constant coeffi-
cients, we have (recall vy, , = 0 if B(xp, r/2) intersects dQ2)

JC |U = Vo irl £ 257DV oy r/3)) < Cok f [ = Vxy 1l (4.3)
Q(xg, k7 Q(xo,r)

Here, Cy is a constant depending only on v and Q. By using the decomposition
u =v+w+ ®and (€3), we obtain

f = 113, ] < f [0 = O] +2 f 0] +2 f @)
Q(xo,xr) Q(xo,xr) Q(xo,xr) Q(xo,xr)

< Coxf |t = iy | + C(xc7> + 1)JC (lwl + [@]) .
Q(xo,7) Q(xo,r)

Here, we used the obvious facts that

Uxg,r = Uxpr T Wyy,r + wx(],r/ wag,r| < JC IwI/ |7/T}xo,r| < JC |7/T}|
Q(xo,r) O(xo,7)

Therefore, by (£.2), we have

P(xo, kr) < Corp(xo, ) + C(k 2 + Dwa(r) l[ullr=p ) + Ck™> + 1) |zw].
Q(xo,7)

Now we fix a x = x(v,Q) € (0, %) sufficiently small so that Cox < 1/2. Then, we
obtain

1
P(xo, k1) < Eﬂb(xo, 1) + Cawa (r) [ullL=@eo,r) + C JC ). (4.4)
Q(xo,r)

By iterating, for j =1,2,..., we get

j
P(xo, k1) < 271 (x0, 7) + CllullL=xo,) Z 27w (K1) + Cj(xo, 1), (4.5)

i=1

j . —
Yi(xo, ) = Z 27 JC ™) (4.6)
i=1

Q(xo,x/7'r)

where we set

Note that

iZ lcuA(K] 'r) ZZ ZCUA(K]V)

j=i

[\’]8

i
Z 27 wa (ki) =

i=1 i

£M8
1

j

=} oatein < f ‘”At(t) dt. 4.7)
j=0 0
Lemma 4.1. We have
Z Vi) s1, YxeQ, 0<VYr<diamQ. (4.8)

=1
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Take the lemma for granted now. Then from (4.5) and {.7) we find that

" wal(t)

Y 000, 1) 5 30,1 + oy [ 41, 49)
j=0 0

Since we have
|ux0,1<r - uxo,rl < |u(x) - uxg,rl + |u(x) - uxo,Kr|/
by taking average over x € ((xo, kr), we obtain
[t ir = U il < P(x0, K7) + P(x0, 7).

Then, by iterating, we get
i
sy = gl <2 ) (30,17, (4.10)
j=0
By Theorem 1.8 in [11]], we find that u is continuous in Q, and thus we see that
Lim uy i = u(x0). (4.11)
1—00

Therefore, by taking i — oo in (£.10) and using (£.9), we get

" wal(t
) = ) 3630, + iy [ <A 41, @12)
0
which implies that
- " wa(t)
[u(xo)l s 7 2||u||L1(Q(x0,r))+“u”L‘”(Q(xo,r))f At dt+1. (4.13)
0

Now, taking the supremum for xy € Q(x, r), where x € Q, we have

T
- wa(h)
Il @y < C(V 2ullir 2 + Ml @2n) f p dt + 1).
0

We fix rg < § such that for any 0 < r <7,
s
cf oAl gy 1
.t 3

Then, we have for any x € Q and 0 < r < rg that

il @eer) < 3 2ullie@e2n) + Cr 2l e 2n) + C-

Fork=1,2,... denote r; = 3 — 217*. Note that 7.y — v = 2 ¥ fork > 1 and r; = 2.
Without loss of generality, let us assume that 0 € Q. For x € Q, = ((0,7) and
r < 27%2, we have B(x,2r) C B,,,. We take ko > 1 sufficiently large such that
272 <y, Tt then follows that for any k > ko,

llull=(,,) < 3 ullis () + C2%(lullr s + C.

Tk+1

By multiplying the above by 372 and then summing over k = ko, ko + 1,..., we
reach

Z 37 lulli@,) < Z 372l ) + Cllully ) + C.
k=Ko k=ko
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Since we assume that u € L*(Q), the summations on both sides are convergent.
Therefore, we have

3_2k°||u||L°°(Q,k0) < Cllullpay) + G
which in turn implies (recall 2 < ry,)
el ) < lullrr ) + 1. (4.14)

Lemma 4.2. We have

lullp ) < 1.

Proof. For any f € L*(Q), let v € W*%(Q) N W,*(Q) be the unique solution of the
problem

Lv=fin Q, v=0 on JQ.

See, for instance, §11.3 in [27]. By the Sobolev embedding and the W?? theory, we
have v € C(Q) and

ol < Cllvllwez) < ClIfll2) < Cllfllze ).

where C = C(v, wa, Q)H Since
f ufdx = favdx,
Q Q

'Lufdx

which implies that [[ul[;1q) < C. [ |

and |jallp1q) < 1, we find

< Cllflle=),

By Lemma[4.2land (£.14), we have (recalling that 0 € Q is an arbitrary choice)
i~ <1

as desired. The proof of the theorem is complete once we prove Lemma 4.1l

Proof of Lemma Let G,(x, y) denote the Green’s function for the constant coeffi-
cient operator L = ¥, Djja’ = ¥, @ Djj in Q(x, r). Then we have

W@ = [ Gy, e O
Q(xo,)

We shall use the following estimates for Green’s function G.(x, y):

G, (x, ) < C (1 +log = yl)’ (4.15)
o ly=y
|G@W—GMJNSCa_;. (4.16)

2Here, we only need that Q is a bounded C! domain. In the scalar case, by using Alexandrov
estimate, one can bypass the W22 estimate and directly get |[vllz~(q) < CIIf 2 < ClI fllz=(q), and thus
only boundedness of Q is needed.
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Since Ly is a constant coefficients operator, the above estimates are widely known.
We remark that @I6) may not be sharp if [y — y’| > 1|x — y| but it is still a legit-
imate estimate, which can be seen by telescoping: choose a sequence of points
Yo, Y1,--.,yn in Q such thafl

N
4 1 ’
Yo=Y, yn=Y, lYi-yial < gle=yl -yl <lx-yi, M@-EZWFVFH:W_yL

i=1
Then, we have

N N
lyi- Syl
IG(x, v) — G(x, )| E IG(x, yi-1) Gmwﬂsi M y i_;
i=1 i=1 !

which establishes (£.16).

To estimate w"), we consider two cases: |xo — yo| < 2R and |xo — yo| > 2R.

Case 1. Let us first consider the case when |xg — 10| < 2R. If ¥ < 3R, we use the
size condition of a and (£.I5) to estimate w")(x) for x € Q(xo, r) as follows:

1 2r
() < f G (e )l a(y)ldy < — f (1+lo —)d
Qo1 PRI S 7o Q(x0,)NQYo,R) glx—yl Y

2

1 2r r~
< = 1+1lo dy < 4.17
R? L(X,Zr)( Bl |) y= (417)

Therefore, we have

2
JC [w®| < % when r < 3R. (4.18)
(xo,7)

If » > 3R, we have Q(xg,7) D Q(yo, R). In the case when R < dist(yo, dQ2), we use
the cancellation property of a to find that

W) = f Go(x, pa(y) dy = f (G, 1) = G (x, yo)) a(y) d.
Q(xo,7) Q(yo,R)

Then by the estimate (4.16) and using the symmetry, we have

()] < f IGr(x, y) = Gr(x, yo)l la(y)| dy
Q(yo.R)

" R by =yl —wol) Y

In the case when |x — yy| < R, we estimate

1 1 1
@) < ~ f dy < 1 f i
R B(yo,R) e =yl ! R Jpxar) |x vl y=

In the case when |x — yo| > R, we estimate

[ ()| < 1[ ! dy < R
R B(yo,R) Ix = yol Ix = yol

Note that for x € Q(x, 7), we have

Ix = ol < |x — xol + [x0 — Yol < 7+ 2R < 2r.

3This is always available when Q) is, for example, a bounded Lipschitz domain.
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Combining these together, we have

1
f [ (x)| dx < 1 ( f [w® (x)| dx + f |w<r>(x)|dx)
Q(xo,7) = \IB(yo.R) B(y0,2r)\B(y/o,R)

1 R R2 R
< - dx + dx < — +=<
" \IB(yo.R) B(yo,2) 1X = Yol 2y

In the case when R > dist(y, dQ), we can find iy’ € dQ(xo, r) such that [y’ — yo| < R.
Therefore, we have

meif Go(x, pa(y) dy = (Gox, y) = G (x, y'))aly) dy.
(xo,7) Q(yo,R)

Notice that Q(yo, R) € Q(y’,2R). Then, by repeating the above argument with ’
in place of yo, we get the same conclusion. Therefore, we have

S =

!

f [w"(x)|dx < — when r> 3R. (4.19)
Q(xo,r)

<

Now, let us look into ;(xo, ), which is defined in (@.6). Let ¢ be the largest
integer satisfying x’r > 3R. In the case when ¢ < 0, we have r < 3R, and thus by

j N2 >
K]y LT .
, - 2 —i il <o
I!}](:}COI T) - i=1 2 ( R ) <2 R2 <27,
In the case when 0 < ¢ < j, we have by and (£.19) that

j=t=1 iy j
Pileo =Y 2 ( )IZ i

i=1 -t

¢

K°r R ; ;

< 207 4 ( )2‘7‘1 < 2,
( R ) Klr

where we used «’r ~ R, which follows from the choice of ¢. Finally, in the case
when ¢ > j, we have by (4.19) that

7

j
. R R R , . -
d;j(xo,r):RZZ’—, ~ S —=— 1l < .
= 7 wlr KU

Therefore, we have

Z%mw

MS

(2‘f[€ <0]+27[0 < £ < jl+x[E 2 f])

i i i<1. (4.20)
={

j=0

A
P@

(=}

]:
This completes the proof of (4.8) in the case when |xo — yo| < 2R.
Case 2. Next, we turn to the proof of (£.8) in the case when [xo — yo| > 2R. We
first consider the case when Q(yo, R) ¢ Q(xo, 7). Instead of @.17), we estimate

1
Wi [ G laidrs 5 [ Gix,ldy.  (4.21)
Q(xo,7) Q(x0,1)NUyo,R)
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If Q(xo,7) N Q(yo, R) = 0, then the above integral is zero. Therefore, we have
f lw®(x)|dx =0 when Q(xo,7) N Q(yo, R) = 0. (4.22)
QO(xq,7)
If Q(xo, ) N (yo, R) # O, then for y € Q(xo, ) N Q(yo, R), we can find i’ € I(xo, 1)
such that |y — y’| < 2R (recall Q(yo, R) ¢ Q(xo,7)). Then, by the Green’s function
estimate (£.16), we have
R
|Gl’xl |:|er/ _Gl’xr ,|S—
(x, v) (Y - Gx,y) =]
Hence by (£.21), we obtain

1 1
w5 g [ Loy
QxoNNQyoR) X =Yl

In the case when |x — yo| > 2R, we have |x — y| > R, and thus

1
[ (x)| < —f dy < 1.
R Jp(yor)

In the case when |x — yo| < 2R, we have B(yo, R) C B(x,3R), and thus

1 1
kwmm—f dy < 1.
R Jpsr) X — Yl Y

In both cases, we have

f [ (x) dx < 1
Q(xo,1)
when Q(yo, R) ¢ Q(xo,r) and Q(xo,7) N Q(yo, R) # 0. (4.23)

In the case when Q(yo, R) C Q(xo, ), we have r > 3R (recall |xo — yo| > 2R) and
similar to (£.19), we have

=~

JC [ (x)| dx < —. (4.24)
Q(xo,7) r

Since we assume |xp — yo| > 2R, there exists the smallest integer ¢ satisfying
Q(xo, k) N Q(yo, R) = 0.
Then, by the choice of £,
Q(xo, k7'r) N Q(yo, R) # 0,
and thus x“~'r > [xg — yo| = R > R. Also, since k < {, we note that
O(yo, R) € Q(x0,2R + «1r) € Q(xg, k72r).
In the case when ¢ < 1, then by (£.22) and (4.23), we have

Yi(xo, ) =27 JC [ < 27/,
Q(x,1)
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In the case when 1 < ¢ < j, then by (£.22), (4.23), and (£.24), we have

j
swj(xo,r):z—(f-‘“)f W+ Y 2 f )

Q(xo,x1r) i=j—C+2 Q(xg,x/77r)

j
R
Zz ]1~25]+ 2ff<2ff
i=j—(+1 KT

In the case when ¢ > j, then by (4.23) we have

j
i R R R 1 i
Yi(xo, 1) [w™ ™| < 27— g — = — I g
) —i -1
— 7 ®lr kT

i1 Q(xo,x/7ir)

Therefore, similar to (4.20), we obtain

Y i s ) (2T <1142 < < 4 le > 1) 51

j=0 j=0

as desired.

Now, we consider the other case when and A is of Dini mean oscillation and
Q is a C** domain. We note that L? mean oscillation ([.6) is used to obtain the
estimate (£.2), which seems no longer available with L' mean oscillation (L3). We
shall derive an estimate which substitutes (4.2) as follows. Since Lj has constant

coefficients and 9Q is of C>*, we have weak type-(1,1) estimatd] (see e.g., [11}

Lemma 2.4])

v e Qo) > Hl < fQ (A = Ao | < %( f

Q(xo,r)

|A - A|) [l (xo,1))

(4.25)

which implies that for any p € (0,1) we have
f @ = f +f pt' 1t lix € Q(xo, 1) @ [W(x)| > t}] dt
Q(xo,7) 0 T
SIQxo, ) | ptPhdt + 1Qxo, 1) a(r) lull, ) f pt'=2dt
0 T

= 10000, DI + 72 100, a0 el ey ™

By taking 7 = wa(r) llullr~@,,») in the above, we obtain

1/p
(JC |ﬁ)|’”) < wa (1) [ullL= @),
Q(xo,7)

which substitutes (4.2). For the sake of definiteness, we shall take p = % in the

above and get

2
(J{: |ZTJ|%) S waA () [ullL=@(xo,r)- (4.26)
Q(xo,7)

“Here, we use the assumption that Q is a bounded C>* domain for some a > 0.
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Also, instead of (#.3), we have the following: First note that for any « € (0, }), we
always have

2
1
( f o — Uxo,m|2) < 27Dl i) < 2KHIDN Lo, 1/3))
Q(xo,xr)

for if B(xy, kr/2) intersects dQ) and we have v — vy, = v —0 = v — v(¥) for some
X € dQ N B(xp, xr/2).
Next, in the case when r < 2 dist(xo, dQ), the interior estimates for equations

with constant coefficients yield

1 21 2
1 1
1Dy, r/3)) S = (JC v — C|2) < - (J{: v — C|2) , VceR,
"' \Jaw,/2) "' \Jaw.n

for v — ¢ satisfies L(v — ¢) = 0 in Q(xo,7/2) = B(xo,7/2) and D(v — ¢) = Do. In the
case when r > 2 dist(xo, dQ), by the boundary estimate we have

2
1 1

1Dty r/3)) S = (JC |U|2) .
" \Jag,r

Combining these together, we conclude that

2 2
(JC v — vxo,Kl’l%) < Cox (J(: v — C|%) ’ (4.27)
Q(xq,xr) Q(xo,)

where ¢ = 0 when r > 2 dist(xp, Q) and ¢ € R is arbitrary otherwise.
We recall the facts that for alla,b > 0, we have

(@+b): <a?+bi, (@a+b)? <2+,
and

If + &l < 2(1f Ml + 11gllLie) -

By using the decomposition u = v+ w + @, the above facts, and .27), we obtain

2 2 2
1 1 1
(JC lu — Uxo,Krli) <2 (JC v — Uxo,Krli) +2 (J(: lw + ZZJ|E)
Q(xo,xr) Q(xo,xr) Q(xo,xr)
2 2
1
szcox(f |v—c|z) +2K_4(JC [w + @| )
Q(xo,r) Q(xo,7)
2 2
1 1
s4c01<(f |u—c|5) +(4c01<+2;<—4)(f |w+zb|5)
Q(xo,1) Q(x,1)

2
1 _
< 4Cox (JC [u — C|2) +(Co + 267 wa () lIullL= @y )
Q(xo,1)

[T

+(Co+2x7%) [wl,
Q(xo,xr)

where we used ([.26) and Holder's inequality in the last step.
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Therefore, in place of @.T), if we set

2
inf ( f u— c|%) if r < 2 dist(xo, 9Q)
Q(xo,7)

ceR
2
(JC Iuli) if r > 2 dist(xg, 0Q),
Q(xo,r)

then we still obtain (4.4) and (4.9). Moreover, if we set gy, , € R to be a number

such that ,
1
P(xo,7) = (f |u—qx0,y|z) ,
Q(x,1)

then instead of @.10), @.11), and @.12), we have

Pxo, 1) =

i
|qxo,1<’r - qxo,rl <4 Z (P(xO' K]I’),
j=0

lim xo,xir = u(xo),
1—00

" wal(t)
t

11(x0) = Gau] < D0, ) + ltllem@mury f d+1,
0

respectively. Also, by averaging the inequality

1 1 1
G0, < [1(X) = Gy |7 + [u(x)]2

over x € ((xo, ), taking the square, and using Holder’s inequality, we get

2

1
|qx0,,|32¢(xo,r)+2(f |u|z) < f .
Q(xo,7) Q(xo,7)

By combining these inequalities, we have (4.13). The rest of proof is the same.

5. APPENDIX

We sketch the proof of the W*P-solvability of (L8) in a bounded C** domain
Q c R" with @ > 1 — 1/ max{n, p}, which enable us to relax the C! condition of Q
in Theorems [T to C**, where & > 1/2. Recall the regularized distance function
Y on Q introduced in [28] is such that 1(x) is comparable to dist (x, Q) near the

boundary and ¢ € C1*(Q) N C*(Q). Without loss of generality, we assume 0 € 9Q
and the x,,-direction is the normal direction at 0. Taking a small constant » > 0, we
flatten the boundary dQ near 0 by making the change of variables
x€Q:=Q0,n—-yeR}, yx)=x,i=1...,n-1, y,(x)=¢x).
In the y-variables, the equation becomes
@Dy + Dy u = f in P(Q) c R}

with the Dirichlet boundary condition # = 0 on {y, = 0}, where

g = ijDx, ykDx; y1, b= ijDxx .
Since ¢ € CY*(Q), ay is uniformly continuous in 1(€2,). It follows from [34, Lemma
2.4] that |b(y)| < CyL@. In particular, b € L™@"P1+¢(y(Q,)) for some € > 0 provided
thata > 1-1/ max{n, p}. By using the boundary W2P-estimate for elliptic equation,
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Gerhardt’s inequalities (cf. [18] or [24) Lemma 1 (ii)]), and a standard iteration
argument, we conclude that for any W2P-solution u,

lullwer, ) < Clifllr @) + Cllullq,)-

It then follows from a partition of unity argument and the corresponding interior
estimate that

leellwer ) < Clifllr ) + Cllully -
Now by the proof of [19, Lemma 9.17], using a compactness argument and the
Alexandrov maximum principle, we have

leellwer iy < Clifllr @),

which also gives the uniqueness of solutions. Finally, the existence of solutions
follows from an approximation and bootstrap argument. See the proof of [19]
Theorem 9.15].
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