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SPARSE COMPRESSION OF EXPECTED SOLUTION OPERATORS
MICHAEL FEISCHL AND DANIEL PETERSEIM

ABSTRACT. We show that the expected solution operator of prototypical linear el-
liptic partial differential operators with random coefficients is well approximated by
a computable sparse matrix. This result is based on a random localized orthogo-
nal multiresolution decomposition of the solution space that allows both the sparse
approximate inversion of the random operator represented in this basis as well as
its stochastic averaging. The approximate expected solution operator can be inter-
preted in terms of classical Haar wavelets. When combined with a suitable sampling
approach for the expectation, this construction leads to an efficient method for com-
puting a sparse representation of the expected solution operator.

1. INTRODUCTION

For a random (or parameterized) family of prototypical linear elliptic partial differ-
ential operators A(w) = — div(A(w)Ve) and a given deterministic right-hand side f,
we consider the family of solutions

u(w) = Aw) " f

with events w € () in some probability space 2. We define the harmonically averaged
operator

-1
A= (E[.A(w)‘l]) .
The idea behind this definition is that E(u) satisfies
Elu) = A7'f.

In this sense, A may be understood as a stochastically homogenized operator and A~!
is the effective solution operator. Note that this definition does not rely on probabilistic
structures of the random diffusion coefficient A such as stationarity, ergodicity or any
characteristic length of correlation. However, we shall emphasize that A does not
coincide with the partial differential operator that would result from the standard
theory of stochastic homogenization (under stationarity and ergodicity) [25, 29] B8]
(see e.g. 3], [15, [7, 16], [1] for quantitative results). Recent works on discrete random
problems on Z? with ii.d. edge conductivies indicate that A is rather a non-local
integral operator |2, 22]. The goal of the present work is to show that, even in the
more general PDE setup of this paper without any assumptions on the distribution
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of the random coefficient, the expected solution operator A~! can be represented
accurately by a sparse matrices R’ in the sense that

A~ — R6||L2(D)—>L2(D) <9

for any 6 > 0 while the number of non-zero entries of R’ scales like 6=¢ up to
logarithmic-in-§ terms (see Theorem [10)).

The sparse matrix representation of A4~! is based on multiresolution decomposi-
tions of the energy space in the spirit of numerical homogenization by localized or-
thogonal decomposition (LOD) [26] 19, B0, 12 23], 13| and, in particular, its multi-
scale generalization that is popularized under the name gamblets [27]. The latter
decomposition of [27] is slightly modified by linking it to classical Haar wavelets via
L?-orthogonal projections and conversely by corrections involving the solution opera-
tor (see Section . The resulting problem-dependent multiresolution decompositions
block-diagonalize the random operator A for any event in the probability space (see
Section . The block-diagonal representations (with sparse blocks) are well condi-
tioned and, hence, easily inverted to high accuracy using a few steps of standard linear
iterative solvers. The sparsity of the inverted blocks is preserved to the degree that it
deteriorates only logarithmically with the accuracy.

While the sparsity pattern of the inverted block-diagonal operator is independent
of the stochastic parameter and, hence, not affected when taking the expectation (or
any sample mean) the resulting object cannot be interpreted in a known basis. This
issue is circumvented by reinterpreting the approximate inverse stiffness matrices in
terms of the deterministic Haar basis before stochastic averaging. This leads to an ac-
curate representation of A~! in terms of piecewise constant functions. Sparsity is not
directly preserved by this transformation but can be retained by some appropriate hy-
perbolic cross truncation which is justified by scaling properties of the multiresolution
decomposition (see Section [f)).

Apart from the mathematical question of sparse approximability of the expected
operator, the above construction leads to a computationally efficient method for ap-
proximating A~! when combined with any sampling approach for the approximation
of the expectation (see Section @ This new sparse compression algorithm for the
direct discretization of A~! may be beneficial if we want to compute E[u] for mul-
tiple right-hand sides f. This, for example, is the case if we have an independent
probability space ¢ € = influencing f = f(£) as well as the corresponding solu-
tion U(w, &) := A(w)"'f(£). Then, we might be interested in the average behavior
Eqx=[U] which is the solution of

Eox=|U] = Ez[A™' f] = A7'Ez|[f]. (1.1)

As a practical example for this might serve the Darcy flow as a model of ground water
flow. Here, A is a random diffusion process modeling the unknown diffusion coefficient
of the ground material. The right-hand side f would be the random (unknown)
injection of pollutants into the ground water. Ultimately, the user would be interested
in the average distribution of pollutants in the ground. Obviously, computing the
right-hand side of requires the user to sample 2 and = successively, whereas
computing the left-hand side of forces the user to sample the much larger product
space €} x =. Therefore, an accurate discretization of A can help saving significant
computational cost.
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2. MODEL PROBLEM

We consider some prototypical linear second order elliptic partial differential equa-
tion with random diffusion coefficient. Let (£2, F,P) be a probability space with set
of events 2, o-algebra F C 29 and probability measure P. The expectation operator
is denoted by E. Let D C R? for d € {1,2,3} be a bounded Lipschitz polytope with
diameter of order 1. The set of admissible coefficients reads

{A € L®(D; R st Yminlé]” < (A(2)€) - € < vmaxlflz}

MD7 min; Jmax) —
(D, min, Vo) for ae. 2 € D and all & € R?

for given uniform spectral bounds 0 < Ypin < Ymax < 00. Here, ngxncf denotes the set
of symmetric d x d matrices. Let A be an M (D, Ymin, Ymax)-valued random field with
Ymax > Ymin > 0. Note that we do not make any structural assumptions regarding the
distribution of A. Moreover, realizations in M (D, Ymin, Ymax) are fairly free to vary
within the bounds 7,1, and Y. without any conditions on frequencies of variation or
smoothness.

Denote the energy space by V := Hj(D) and let f € V* = H'(D) be deterministic.
The prototypical second order elliptic variational problem seeks a V-valued random
field w such that, for almost all w € 2,

a,(u(w),v) == /D(A(w)(x)Vu(w)(m)) -Vou(z)dr = f(v) forallveV. (2.1)

The bilinear from a,, depends continuously on the coefficient A(w) € M(D, Ymin, Ymax)
and, particularly, is measurable as a function of w. Hence, the reformulation of this
problem in the Hilbert space L?(Q;V) of V-valued random fields with finite second
moments shows well-posedness in the sense that there exists a unique solution u €
L*(Q; V) with

IVl 2 vy = (/Q/DIV(U(w))(fL’)IQdl"dIP’(w))l/2 < VaninlIf]

To connect the model problem to the operator setting of the introduction, we shall
introduce the random operator A: Q — L(V,V*) by

V.

(A(w)u, v)y=y = ay(u,v)
for functions u,v € V and w € Q. Then the model problem ({2.1)) can be rephrased as
A(w)u(w) = f for almost all w € Q.

3. COEFFICIENT-ADAPTED HIERARCHICAL BASES

Let Ty, £ =0, ..., L denote a sequence of uniform refinements with mesh-size h, of
some initial mesh 7y of D. We allow fairly general meshes in the sense that we only
require a reference element T together with a family of uniformly bi-Lipschitz maps
Ur: T — T for all elements T € T, £ = 0,..., L. Straightforward examples are
simplicial meshes generated from an initial triangulation by red refinement (or newest
vertex bisection) or quadrilateral meshes generated by subdividing the elements into
2¢ new elements. Particularly, hanging nodes do not pose problems as long as the
other properties are observed.

The number of levels (or scales) L will typically be chosen proportional to the
modulus of some logarithm of the desired accuracy 1 2 § > 0. We assume hyq < hy/2.
Note that any other fixed factor of mesh width reduction strictly smaller than one
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would do the job. Define the set of descendants of an element 1" € 7T, by ref(T") :=
{T e Ty 2 TN C T}. For each T € UéLz_Ol Te, we pick piecewise constant functions
11, 0125 - - O ety € PP(vef(T)) such that they are pairwise L?*(T')-orthogonal
and fT ¢pjdr = 0 for all j = 1,... #ref(T). With the indicator functions x(., we
then define H, := {XT T e 76} and for £ > 1

Moo= |J {¢éry =1, #ref(T)}. (3.1)

TeTp—1

We define a Haar basis via
L
7‘[ = U Hg.
£=0

Lemma 1. The basis H is L?-orthogonal and local in the sense that ¢ € H, satisfies
supp(w) =T for some T € To—y orT € Ty for £ = 0.

Proof. If k = ( then the interiors of the supports of any ¢; # ¢o € H, are disjoint
which implies L?(D) orthogonality. If k& < ¢, we have that ¢, is constant on supp(¢y).
Since | p ®¢dx = 0 by definition, this concludes the proof of L?-orthogonality. Locality
follows readily from the construction. OJ

Remark 2. For uniform Cartesian meshes, H is the Haar basis. The choice of the
24 — 1 generating functions follows the standard procedure for Haar wavelets (see e.g.
[35]). The construction is applicable to general meshes that are not based on tensor-
product structures.

Due to the lack of V-conformity, the basis H is not suited for approximating the
solution of model problem in a Galerkin approach. It will, however, serve as
a companion of certain regularized hierarchical bases B(w) = Ué::o Bi(w) C V to be
defined below. The new bases are connected to H (and to each other) via L*-orthogonal
projections IT,: V — PY(7;) onto T;-piecewise constant functions by

[ B(w) = He (3.2)

for all £ = 0,1,...,L and w € Q. Among the infinitely many possible choices, we
define the elements of B,(w) by minimizing the energies a,,(e, ) in the closed affine
space of preimages of II, restricted to V, i.e., given ¢ € H, and w € €2, we define

by(w) € By(w) by

by(w) := argmin
veV

sa,(v,v) subject to I = ¢. (3.3)
This construction is strongly inspired by numerical homogenization where this sort
of orthogonalization of scales in the energy space paved the way to a scheme that
works with arbitrary rough coefficients beyond periodicity or scale separation [26],
19, 30, 23]. While most results in the context of this socalled localized orthogonal
decomposition (LOD) were based on a conforming companion (the Faber basis), early
works also addressed the possibility of using discontinuous companions [8, ©]. The
dG version is very useful when taking the step from two levels or scales in numerical
homogenization to actual multilevel decomposition. This was first shown in [27] where
so-called gamblets are introduced; see also [34, 20, 21, 28]. In particular, piecewise
constants induce a natural hierarchical structure with nested kernels of local projection
operators (here the IT;) that is not easily achieved with H!'-conforming functions. The
construction of the present paper coincides with the gamblet decomposition of [27]
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in the sense that the approximation spaces on all levels coincide in some idealized
deterministic setting. However, our particular choice of basis is connected to the Haar-
wavelets which simplifies the derivation and decouples the computation of the basis
across levels so that error amplification through nested iterations is avoided. More
importantly, our particular choice of basis is crucial in the context of the random
problem at hand because it is exactly the link to the deterministic Haar basis that
allows a meaningful interpretation of the averaged object.

We shall express the mapping of bases encoded in (3.2))—(3.3)) in terms of two concate-
nated linear operators. This will be useful for both analysis and actual computations.
First, let II, : L?(D) — V be such that

[, 0ll, =id on spanH, (3.4)

In particular, this means that II, maps any ¢ € H, to some function that is admissible
in the sense of the minimization problem ([3.3)). The operators II, are easily constructed
using nonnegative bubble functions yr supported on a element T' € T, with [I,x7 = .
Then

v = (M) |7 ¥

TET,
There is even locality in the sense of
supp Il C supp ¢ (3.5)
for all ¢ € spanH,. The bubbles can be chosen such that, for some C' > 0,
Tl rrm oy < CR™™[[@l] 20y (3.6)

holds for m € {0,1}.

The second step involves a,,-orthogonal projections Cy(w) onto the closed subspaces
Wg = kernel(HAv) = kernel(f[dv) (37)

of V. Given any u € V, define C;(w)u € W as the unique solution of the variational
problem

a,(Co(w)u,v) = a,(u,v) forall v e W, (3.8)
With the two operators II, and C; we rewrite (3.3) as
by = (id — )¢

for all ¢ € Hy and £ = 0,1,..., L. Actually, for any w € Q, (id — Cy(w))II, defines a
bijection from H to B(w) with left inverse II,.

While the L?-orthogonality of the Haar basis is not preserved under these mappings,
we have achieved a-orthogonality between the levels of the hierarchies.

Lemma 3 (a-orthogonality and scaling of B). Any two functions by € By(w) and
by € By(w) with k # € satisfy
a, (b, by) = 0.
Moreover,
C Ikl z2epy < C7 M Ibwllz2y < Tllbwlll < Cllllzzo)

with some generic constant C' > 0 independent of by, the mesh sizes and the event.
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Proof. Since
I (id — Co(w)IIH, = T, (id — Cp(w)) I H, = I H, = {0} (3.9)
whenever k < ¢, we have that
Bz(w) C Wk
This and the orthogonality
a,(Br(w), Wi) =0
from proves the orthogonality. The scaling follows from II;_1Bj = {0} (which is

a special instance of (3.9))), the Poincaré inequality, (3.6)), and the construction. More
precisely,

1Pkl 220y = Tkbr | 20y < Wbkl 220y = (1 = Hp1)Orl 20y S PonllBrl

= hill(1 = C() kil < il Terll S 1]l 2oy
This concludes the proof. O

(3.10)

We shall emphasize that, in general, the basis elements b,(w) have global support
in D. However, their moduli decay exponentially away from supp ¢ in scales of hy,

1Bo (@) 211\ Br(suppen) < Ce™ " [by(w)ll (o) (3.11)

with some generic constants ¢, C' > 0 that solely depend on the contrast Ymax/Ymin and
the shape regularity of the mesh 7, but not on the mesh size. This is a well established
result of numerical homogenization since [26] and valid in many different settings (see
[30] and references therein). Here, we will provide some elements of a more recent
constructive proof of the decay that provides local approximations by the theory of
preconditioned iterative [23| which in turn is based on [24].

We start with introducing an overlapping decomposition of D that we will later use
to define the local preconditioner. Let the level £ € {0,1,..., L} and the event w € ()
be arbitrary but fixed. For any vertex of the mesh (including boundary vertices),
define the patch

D.:=([{TeTi|zeT}
and a corresponding local subspace
V..i={veV|v=0inD\D,} CV.
Note that V, is equal to H&(DZ)~ up to extension by zero outside of D,. Under the
complementary projection (id — II;) these subspaces are turned into subspaces
W, = (id -V, ={ve W, |v=0in D\ D,}

of Wy. For each z € N(T,;) we define the corresponding a,-orthogonal projection
P.(w): V=W, C W, CV by the variational problem

a,(P.(w)u,w) = a,(u,w) for all w e W,.

The sum of these local Ritz projections

Pow) =2 o P (3.12)

defines a bounded linear operator from V' to W, that can be seen as a preconditioned
version of the correction operator Cy(w). The operator P,(w) is quasi-local with respect
to the mesh 7; since information can only propagate over distances of order h, each
time Py(w) is applied.

The remaining part of this section aims to show that the preconditioned operators
Pi(w) serve well within iterative solvers for linear equations. Following the abstract
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theory for subspace correction or additive Schwarz methods for operator equations
[24] (see also [36] B7] for the matrix case) we need to verify that the energy norm of
a function v € V can be bounded in terms of the sum of local contributions from Vi
and, for one specific decomposition, we need a reverse estimate.

Lemma 4. For every decomposition u = ZzeN(n) u, of u € Wy with u, € W, we have

IVullfzp) < Ko Z

with constant Ky > 0 depending only on the shape reqularity of T,. With the hat-
function X, associated with the node z in T;, the one decomposition ZzeN(n) Uy, = U

with u, = (1 —II,)(\u) € W, for z € N(T;) satisfies

iy IV ely < K 9l

with constant K; > 0 that only depends on the shape regularity of T, and the contrast
’Ymax/’ymin-

2
LEN(TH) HvquL2(D)

Proof. With Kj5 the maximum number of elements of 7, covered by one patch D, for
z € N(T;), we can estimate on a single element,

IVl 72y = | Z V|72 < Ky Z IV |22 7).
2eN(To) zeN(Te)

Due to shape regularity of 7y, K3 is independent of hy. A summation over all T" yields
the first inequality. The second one follows from the H'-stability of II, on W, the
product rule, , and the Poincaré inequality. For further details, we refer to [23]
Lemma 3.1] where these results are proved in detail in a very similar setting. 0J

Lemma [4] implies that
1/Kia,(v,v) < ay,(Pi(w)v,v) < Keay,(v,v) (3.13)

holds for functions v in the kernel W, of TIy|; and any w € Q (cf. [23, Eq. (3.11)]). Fol-
lowing the construction of [24, 23] there exists a localized linear approximation C3(w)
based on O(log(1/9)) steps of some linear iterative solver applied to the preconditioned
corrector problems |23, Eqns. (3.8) or (3.18)] such that

IV(Celw)u — Ci(w)u) |l z2(py < 8] VEC(w)ull 2(p); (3.14)

see [23, Lemma 3.2|. With the approximate correctors, we can define modified (local-

ized) bases
L

B(w) =B (w) = J{b}(w) : ¢ € M},
=0 {=0
where

by (w) = (id — Cp(w))ILed

for ¢ € Hy. The previous discussion shows that there exist constants C7, Cy > 0 that
only depend on the shape regularity of the meshes 7, and the contrast vYmax/Ymin Of
the coefficients such that

166 (w) = b()l < C16]1bs ()l

while
supp b‘;(w) C {z € D : dist(z,supp ¢) < Ca|log(6)|h.}. (3.15)
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4. SPARSE STIFFNESS MATRICES AND BASIS TRANSFORMATIONS

With the localized bases of the previous section, we can now study the sparsity of
corresponding stiffness matrices and their inverses. We define the level function lev(-)
according to the Haar basis by lev(b) = lev(b’) = lev(¢) = £ for b = by € By(w),
v = bg, € BY(w) and ¢ € H,. We order the basis functions in B, B, and H such that
lev is monotonically increasing in the index running from 1 to N = #B = #B° =
#H. With this convention, we may also write lev(i) := lev(b;) = lev(b?) = lev(¢;).
Moreover, we define a (semi-)metric d(-,-) on {1,..., N} by

gy o 0010, mi0(5,)
J) hmin{lev(i),lev(j)}

)

where mid(w) defines the barycenter of supp(w).
Define the stiffness matrices S(w) € RV*Y associated with the bases B(w) by

b; b;
S(w)i'::aw( g ) = >
! 165l 11Dz ]

The orthogonality of the bases B motivates the approximation of the stiffness matrices
by block-diagonal ones even after localization. Given ¢ > 0, define the block-diagonal
stiffness matrices 8°(w) € RV*N by

b5 b5 N )
S (w)ij = @ (s oips) - for lev(i) = lev(j),
0 else.

Lemma 5. There exists a constant C' > 0 that depends only on D and the shape
reqularity of To such that, for any w € €,

1S(w) = §°(w)ll2 < C4.
Moreover, there exists a constant ¢ > 0 which depends only on D such that
d(i,7) > (([log(8)| + 1) or lev(i) #lev(j) = S?j(w) =0, (4.1)

in particular, the number of nonzero entries nnz(S°(w)) < N(1 4+ |logd)?* is bounded
uniformly in w.

Proof. The sparsity of the diagonal blocks follows from ((3.15). For the proof of the
error bound, define

b; b N .
5 (W) == (o o) for lev(d) = lev(j),
0 else.
Since [S;; — | = 0 whenever lev(i) # lev(j) it suffices to bound the errors related

to the diagonal blocks indexed by ¢ =1,2,..., L. We have for any vectors z,y € R#B¢

that
x.(Sg(w)—gj(w))y:aw< Z H|bb|||w , (€ — ¢, Z 9 )

2 TnL"
With (3.14) and because C, is H'-bounded by construction, this implies

o (81t) = Sl 56 fe > W Y

" 2 TnilLY

H(D) HY(D)
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The construction of II, reveals that, for any v € spanH,, Hﬁgva(D) < bl aemy
Since [|bi|lw = h; ||| z2(py (by Lemma [3)), there holds

&+ (S)(w) — 80wyl S 6 Z _#

Wi 1illz) ™

== 5l|zlle, [yl

b
Z ||¢J||L

lev(j)

L*(D) L*(D)

~5
The same arguments show |z - (8%(w) — S, (w))y| < 8|lle||ylle, and the triangle
inequality readily proves the assertion. O

Lemma 6. The normalized set B = B(w) or B = B’(w) for some w € Q is a Riesz
bases in the sense that

c- Z ap < <C Z oF
beB H(D) beB

holds with some constant C' > 0 which depends only on D and the fact that *°L < 1.

2

2o “Toll |||w

beB

Proof. Since || - || g1(py and || - ||| are equivalent uniformly in w and the B(w) is ay (-, -)-
orthogonal across the levels, it suffices to consider one level k € {1,..., L}. For this
on level, the results follows from the L?(D)-orthogonality of the Haar basis,
(which remains valid when replacing by, by any linear combination of Bj(w) functions
and ¢y, by the corresponding linear combination of H;, functions), and proper rescaling
by normalization. To see the result for B = B’(w), note that Lemma [5| imlies

S et
115°]].

b B (w)

for 6 < 1. As in the proof of Lemma [5 we see

a( X o "l f‘mw 2 6 v mbﬂuw)

2

~ Sp(w)a - a = Sw)a - a £ d|all, = (1+0)||allZ,
H'(D)

boeB(w) b eBy (w
~ ¢
-e((€—Cotc 3 iy (€ ot 2 wh)
b5 €BY(w) blEB) (w “
< OllalellB e
Altogether, this shows
b2 L
Y s ~ Y (1£0)|algll7, +6° Z vl ss Iz ] gs [l
5 6% Mo 1l 2y 47 et
b eBd (w) by
~ (1+£8§+6°L)|al,
and concludes the proof. |

In the remaining part of this section we analyze the properties of a certain matrix
representation of the L?(D)-orthogonal projections IT,. Given w € €, define the matrix

T(w) € RV*N by
(b, ¢) r2(p)
16511l 6112

Tij(w) =
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Given some v = va | O — |||b ||| with I v = ZZ | Bir— T rey. M . Then, by definition

L2D

) 1_ILU 9252
b= (oo Z% 0=

i.e., B =T(w)a. Given § > 0, a truncated approximation T°(w) of T'(w) is defined by

GRS
T! (1) 1= { WlaToila if lev(j) < lev(i),

0 otherwise,

for any i,j € {1,..., N}. T°(w) is a sparse lower block-triangular matrix and the next
lemma shows that the error of truncation is at most proportional to §. To explore the
block-structure of matrices we shall introduce the following notation. For any matrix
K € RN we define sub-blocks Ky ) € R#¥#*#4r according to the level structure
by

Kwy = K’{(m):lev(i):ﬁ, leV(j):’f}'
Thus, we may write
K(Q()) K(O,l) K(QL)
L
Ko Kwyy - K

Lemma 7. For any 6 > 0,
|IT(w) = T°(w)lls < CLS
and, for0 </ < k<L
||T6(W)(k7g)||2 < Chy,. (4.2)
Moreover, T? is lower block-triangular with sparse blocks, more precisely,

(lev(j) > lev(i) and i # j) or d(i,j) > ((1+|log(d)]) = Tfj =0,
where ¢ > 0 is the bandwidth from Lemma[d. The number of nonzero entries per block
is bounded by nnz(T° (w)ke) S #Hi(1 + |log d])?.

Proof. We see immediately T';;(w) = 0 for all lev(j) > lev(i) and ¢ # j since
(bj, 9i) 20y = (Tiev(py) by, @i) 20y = (&5, ¢i)r2(py = 0.

Since supp(b?) Nsupp(¢;) = 0 as soon as d(i, 7) = |log(8)|, there is some ¢ > 0 which
depends only on D such that T'(w);; = 0 for all d(@ J) > C(1+ |log(d)]).

For any vectors = € R#52 and Yy € R#5 , we have

o \ 0,
xT- (T(k,é) — T((sk,f))y = ( Z ||¢ZHL mz, (C(g — cZ)HZ Z b‘] y_] LQ(D).

lev(z) lev(j)=¢ ||| J|||w

Since T # 0 implies k > ¢, there holds for all 7,_;-piecewise constants c,_;

| (T () — Tr))yl
®i

— (€ — €I,
5 Tl Foeat 2

lev(j)=

Y

— Cp—1
i Jle

L*(D) L*(D) '
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Choosing c,_; appropriately, we obtain

~ gb
(GRS W%‘
i 1w

lev(j)=¢

o (Tikay = Tyl < llles

HY(D)

As in the proof of Lemma |5, we see | T(w)r) — T°(w)epllz < 0. Summing up over
the levels proves ||T(w) — T°(w)|2 < L6.
To see (4.2), note that w:=}_,  «;¢; and b:= ijeB[ @»bj satisfy

OéTTé(w)ﬂ = (w,b)Lz(D) = ((1 — Hk)w,b>L2(D) = (w, (1 — Hk)b)L2(D)
S hullwllzo)lblle < Pwllelle [ Blle,

by Lemma [6] This concludes the proof. O

5. INVERSE STIFFNESS MATRICES AND AVERAGING

This section proves that the inverse of the stiffness matrix S°(w) (w.r.t. the co-
efficient adapted bases B’(w)) defined in the previous section can be efficiently ap-
proximated by a sparse matrix. One possibility to compute an approximate inverse of
the matrix S°(w) is to apply the conjugate gradient method (CG) to the matrix with
unit vectors e; € RY as right-hand sides. The sparsity structure from Lemma [5|shows
that one matrix-vector product with S%; increases the number of non-zero entries to
#{1 < j <N :d(i,j) S 1+ |log(d)|}. Thus, after k € N iterations of the CG
method, the resulting vector has about #{1 < j < N : d(i,j) < k(14 |log(6)])} non-
zero entries. Since the condition number x(S?) is uniformly bounded, the number of
iterations grows only logarithmically in the desired accuracy. Thus, the cost of k € N
iterations of the CG method can be bounded roughly by (1 + |log(d)]))?.

Lemma 8. Given § > 0, there exists a matriz R®(w) such that || S(w) ' =R (w)||2 < 6.
Moreover, R’(w) satisfies

d(i, j) > Cun((|log(0)* +1) or lev(i) #lev(j) =  Rj(w) =0, (5.1)

for some uniform constant Ciy > 0 and ¢ from Lemma [ The number of non zero
entries is bounded by nnz(R°) < N(1 + |log(8)])<.

Proof. Due to Lemma 5| and the fact that B(w) is a Riesz basis (Lemmal6]), we observe
that all eigenvalues of S°(w) are of order O(1) as long as 6 < 1. Therefore, we can

obtain R’(w) by application of CG steps to §°(w) (we chose 6 > 0 later, see, e.g., [33,
Chapter 6]). The convergence properties of CG show

18°@)" = Rl < 0
if we perform k = O(|log(d)| + 1) CG-steps. This follows since

||lresk||e, >~ \/S’S(u})reslc - Tesy
for the residual res; of the CG method. From Lemma , we see that R°(w) satisfies
d(i, j) > ¢(|log(é)| + 1) or lev(i) #lev(j) =  Rij(w) =0,

since each CG-step increases the bandwidth by the original bandwidth. With Lemma, Bl
we conclude the proof by choosing k ~ 1 + | log(d)| and § ~ §. O
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Lemma 9. We define a discrete approximation to A=t by

R:=E[(T T(w)Sw)T ' (w))'] = E[T(w)S(w)"'T(w)T].
We define a perturbed and truncated version of R by R® € RNV*N

(E [T(S(w)R‘S(w)T‘S(w)TD(M) (+k < |log(d)],

0 else.

(R)ew = (5.2)

which satisfies |R — R°||o < CL%5. The number of non-zero entries in R’ is bounded
by nnz(R°) < L/64.
Proof. We define the auxiliary operator

R = E[T(w) R (w)T°(w)"].

Following the proofs of Lemma 5] Lemma[7], and Lemma |§| we show

||<R R(S :'UHZQ Z < 62L4ZZ ||ZE ||€2 = (52L4||ZL‘||€2

=1 k=1
and hence |R — R%||y < 6L2. The estimate (£.2) implies for £ + k > |log(0)]

2

Z ()T w) .

k=

L
IR = R lla < D IT (@) 2B (@) iy (T8 (@) )2
=0

L

SO ho(1+ 6)hy

j=0
< [k,

2

This implies for z € RY

L
I Ryl < 71 - B)epalolE, < Y el Z L

1,7=0 7=0 i=|log(d

< Lolzlz,-
The number of non-zero entries in R can be bounded by

0<i+j<|log(6)] 0<i+5<|log(9)]

This concludes the proof. O

To formulate the following main theorem, we identify the matrix R® with an op-
erator R°: L?(D) — L%*(D) via the natural embedding ¢: RY — span(H), t(a) =
SV i € L*(D). There holds R? := tRY1*.

Theorem 10. Given an accuracy 6 > 0, there exists a finite dimensional operator
R?: L*(D) — L*(D) which depends only on § such that

||./4_1 — R5||£(L2(D),L2(D)) < 0.

The corresponding operator matriz R® has at most O(]1og(8)[*4+154) non-zero entries.



SPARSE COMPRESSION OF EXPECTED SOLUTION OPERATORS 13

Constructive proof. We use the operator matrix R® € RV*N from Theorem @ Given
f € L*(D), define F(w) € RY by Fi(w) := (f,b;/||bi]|). By definition, there
holds S(w)a(w) = F(w) with ur(w) = Zi\;l a;(w)b;/||b:]|l. € span(B(w)) being
the Galerkin approximation to u(w) € H}(Q2). Hence, we have
lu(w) = Hpup(w)|lz2p) < (1= )u(w)|r2p) + [[u(w) — wr (W) r2p).-
Since I (u(w) — ur(w)) = 0, we have that
llw(w) = ur(W)llo S AU =TL) fllr2p) < hellfllzzm)-

Therefore, we obtain

Ju(w) — Mpur(W)llrzmy S hellfllzew)-
With the transfer matrices T'(w) from Lemma [7} we obtain

Fi=0f=T"T(w)F(w)

and hence 8 € RN with T-7(w)S(w)T ! (w)B(w) = F satisfies T(w)a(w) = B(w).
Together with Lemma , this shows that Il ur(w) = Zfilﬁi(w)@/”@HL?(D)- The
approximate solution R° f = vazl Yi®i /|| @3] 2(py with v := R°F satisfies

[y = E[BIl < L*3] fllz2(p).
by use of Theorem |§| and since Ey[3] = RF. Since H is an orthogonal basis, we obtain
immediately |R°f — Rfl|r2p) S L2\ f |l z2(py, where
R°f = Elug].
Combining the above error bounds, we conclude
Efw] = R fllr2my S (L7 + hi) | fllz2o)-

With L ~ |log 6] and hy, ~ 6 there holds ||E[u] =R’ f||r2(py S (1+]10g(8)[*)d] fl| r2(p)-
Replacing § with §/L?, we conclude the proof. OJ

6. SPARSE OPERATOR COMPRESSION

Theorem [0 shows that the expected operator can indeed be compressed to a sparse
matrix. The constructive proof motivates a compression algorithm by simply replacing
the expectation by a suitable sample mean. For this purpose, let 2, C €2 be a finite
set of sampling points with [y, = M € N and define the sample mean E,/[X] :=
M1 > weq,, X(w) for a random field X. It is readily seen that Lemma@remams valid
when E is replaced by E;;. More precisely, define

Ry o= By [(TT(w)S()T (@) '] = En[T(w)S(w) ' T(w)"]
and a perturbed and truncated version of Ry, by Rj, € RV*V

EuL@R@TW) - Crb<log@) o

(RY) ey =
else.

Then
Ry — Ryl < CL% (6.2)

and the number of non-zero entries in RJ, is bounded by O(L/§%).
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Remark 11. The truncation condition ¢ + k < |log(d)| in can be relazed to
(+k < C|log(d)| for some C ~ 1 without any harm. In practice, when L ~ |logd| is
chosen, a natural choice would be {+k < L. In the numerical experiment of Section |7
we will see that sometimes it can be advantageous to include also few more blocks of

the lower right part of the matriz (see Eq. (7.1))).
The analog of Theorem in this discrete stochastic setting then reads.

Corollary 12. Given an accuracy 0 > 0 and a set of M samples Qpy C Q, M € N,
there exists a finite dimensional operator RS, : L*(D) — L?*(D) which depends only on
the sample coefficients A(w), w € Qur, §, and D, such that

™ = Ryl ez (py.20)) < 8+ I(E = Ear) [A™l|czm) 220y
The corresponding operator matriz RS, has O(|log(d)[>*16~9) non-zero entries.

When using a plain Monte Carlo sampling the mean squared sampling error scales
like M~! meaning that M ~ §~2 samples suffice to ensure that the sampling error
is not dominating the error bound. This is optimal in the present setting with no
assumptions on the distribution of the random diffusion coefficient. More advanced
sampling techniques such as quasi Monte Carlo methods are certainly possible under
additional assumptions such as a rapid decay of eigenvalues of a given Karhunen-Loéve
expansion of the random parameter (see [6] for a discussion in terms of PDEs with
random parameters). Even more promising is in the intertwining of the hierarchi-
cal decomposition and the sampling procedure in the spirit of multilevel /multi-index
Monte Carlo (see, e.g., [14, [I7] for the seminal works as well as [5]). At least in the
regime where stochastic homogenization applies, the computation of basis functions
is likely to be essentially independent of the parameter w for levels that are much
coarser than the characteristic length scale of random oscillation (or correlation) [13].
The increasing variance for the levels approaching the scale of correlation, stationarity
could be exploited to improve the overall complexity.

Another interesting case is the use of log-normal coefficients A(w) = exp(Z(w)) for
a normal random field Z. As shown in [I0], such random fields can be efficiently gen-
erated for general covariance functions and non-uniform grids. The present analysis,
however, breaks down since the assumption of bounded contrast in ([2)) is violated. The
authors are confident, however, that the arguments can be modified in the sense that
the extreme contrast samples will only appear with very low probability (the tails of
the Gaussian density). Thus, a polynomial dependence on the contrast (as is observed
for the present construction) will not perturb the final result.

We shall finally mention that so far the construction relies on the exact solution of
the (infinite-dimensional) corrector problems and their preconditioned variant,
respectively. The elegant way to transfer all results to a fully discrete setting is to
consider space-discrete problem from the very beginning. It is readily seen that all
constructions and results remain valid if we replace the space V' = H}(D) by a suitable
finite dimensional subspace V}, C V' throughout the paper. We have in mind some
standard V-conforming finite element space V}, that is based on some regular mesh of
width A which turns the preconditioned corrector problems into finite element problems
on the mesh h restricted to local subdomains of diameter hy|log d|. The only restriction
that comes with this discretization step is that the mesh size h limits the number of
possible levels L in the hierarchical decomposition and, hence, the possible accuracy
0 < h when the sparse approximation is compared with the reference solution E[up|
where uy, solves (2.1)) with V replaced with V},. Clearly, the overall accuracy of the
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fully discrete method depends on the error |[E[u — wp]||z2(py which is a standard
finite element error that depends on the spatial regularity of A and also its possible
frequencies of oscillations. All this is well understood and implies the usual conditions
on the smallness of h so that A is properly resolved (see e.g. [32]).

7. NUMERICAL EXPERIMENT

This section presents some simple numerical experiments to illustrate the perfor-
mance of the method. We consider the domain D = [0,1]¢ for d = 1,2 and the
coefficient A is scalar i.i.d. and, on each cell of the uniform Cartesian mesh 7;, it is
uniformly distributed in the interval [Vmin, Ymax] = [0.5, 10]. The mesh width (scale of
oscillation /correlation length) e =278 (d =1) and e = 27° (d = 2).

The approximations of the solution operator are based on sequences of uniform
Cartesian meshes 7, (¢ = 0,1,2,..., L) of mesh width hy, = 27 that do not necessarily
resolve €. We compute approximations R* = R‘JSWL of the expected solution operator
depending on the maximal level L which means that we expect errors of order § ~ 2%,
The truncation of blocks is performed based on the criterion k4 ¢ < L as indicated in
Remark [II] For the solution of the corrector problems and the reference solution uy,
we use d-linear finite elements on the mesh 7, where h = 271* (d = 1) and h = 27°
(d = 2). To achieve accuracy of order § (w.r.t. to the reference solution) we perform
[L/2] CG-iterations for both computing the correctors C°(w) and inverting the block-
diagonal stiffness matrices Sé(w). For the approximation of the expected values we
use a quasi-Monte Carlo method (particularly a Sobol sequence) with appropriate
numbers of sampling points M, := h~! for the reference solutions and M; := 2% for
the approximations. While we did not show that the problem is smooth enough to
justify the use of quasi-Monte Carlo sampling, we still observe the expected higher
convergence rate compared to plain Monte Carlo sampling and thus save significant
compute time.

Since the computation of a reference expected operator is hardly feasible we only
compute the error for one non-smooth deterministic right-hand side f = x[51jx[01¢-1 €
L?*(D)\ H'(D). Figures (152 (left plots) depict the errors |Eay, [us] — R f|| 12(p) versus

the number of nonzero entries of nnz(R”) for L = 1,2,.... The results are very well in
agreement (up to a, possibly pessimistic, logarithmic factor) with the prediction that
| log(nnz(RE))>+1/d

o L < —1
HEMh [uh] R f||L2(D) ~ ML + nnz(RL)l/d
for d = 1,2. This is the optimal rate of convergence (up to a logarithmic factor) given
a piecewise constant approximation.

In this setting where the expected solution E[u] is even H?(D) regular it would be
desirable to recover gradient information from the piecewise constant approximation
by suitable postprocessing e.g. in the hierarchical basis associated with a constant
coefficient. Figures (left plots) indicate that this is not automatically achieved for
non-smooth right-hand sides with the present choice of parameters. However, when
the truncation in is slightly relaxed in the following form

d 1 0 T
(]EM [T (w) R (w) T° (w) ])(M) (+k < L+ max(1, [log, LT), (7.1)
0 else,

(R™) o) =
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FIGURE 1. Numerical results in 1d: L?(D)-errors ||[En, [un] —R” f || 12(p)
and H'(D)-errors ||V(Ep, [us] — up)| r2(py of post-processed approxi-
mation for L = 1,2,...,10. Left: Errors versus nnz(R%) using original
approach . Right: Errors versus nnz(RL) using modified approach
(7.1).

accurate reconstruction of gradients seems possible. From this slightly more accurate
but slightly more dense approximation R we can reconstruct the coefficients of a
smooth approximation u} € span B(wa) (with wa € Q such that A(wa) = 1) in the
hierarchical basis that corresponds to the Laplacian by simply applying T°(wa)™! to
R f. The errors of this smooth postprocessing ||V (Eyy, [ws] — up )|l r2(py are plotted in
Figure (right plots) against the number of non-zero entries nnz(R*). The observed
rate of convergence for the H'-error is nnz(R%)~'/% (up to a logarithmic factor) which
is nearly optimal. See also the plots on the

These first numerical results support the theoretical findings and indicate the po-
tential of the approach. Since the techniques that were used in the construction of the
method and its analysis, in particular the localized orthogonal decomposition, gener-
alize in a straight-forward way to other classes of operators such as linear elasticity
[18] or Helmholtz problems [31), 1T} [4], we believe that the sparse compression algo-
rithm for the approximation of expected solution operators is applicable beyond the
prototypical model problem of this paper.
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