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Abstract

Effective computation of resultants is a central problem in elimination theory and polynomial
system solving. Commonly, we compute the resultant as a quotient of determinants of matrices
and we say that there exists a determinantal formula when we can express it as a determinant of
a matrix whose elements are the coeflicients of the input polynomials. We study the resultant in
the context of mized multilinear polynomial systems, that is multilinear systems with polynomials
having different supports, on which determinantal formulas were not known. We construct deter-
minantal formulas for two kind of multilinear systems related to the Multiparameter Eigenvalue
Problem (MEP): first, when the polynomials agree in all but one block of variables; second, when
the polynomials are bilinear with different supports, related to a bipartite graph. We use the
Weyman complex to construct Koszul-type determinantal formulas that generalize Sylvester-type
formulas. We can use the matrices associated to these formulas to solve square systems with-
out computing the resultant. The combination of the resultant matrices with the eigenvalue and
eigenvector criterion for polynomial systems leads to a new approach for solving MEP.
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1 Introduction

One of the main questions in (computational) algebraic geometry is to decide efficiently when an overdetermined
polynomial system has a solution over a projective variety. The resultant answers this question. The resultant
is a multihomogeneous polynomial in the coefficients of the polynomials of the system that vanishes if and
only if the system has a solution. We can also use it to solve square systems. When we restrict the supports
of the input polynomials to make them sparse, we have an analogous concept called the sparse resultant [28].
The sparse resultant is one of the few tools we can use to solve systems taking into account the sparsity of
the support of the polynomials. Hence, its efficient computation is fundamental in computational algebraic
geometry.

We are interested in the computation of the multiprojective resultant, as it is defined in [I7] 20, [43], of
sparse systems given by a particular kind of multilinear polynomials. To define the multiprojective resultant
as a single polynomial, we restrict ourselves to systems where the number of equations is one greater than
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the dimension of the ambient multiprojective space. In what follows, we refer to this specific situation as an
overdetermined systenEl. In general, we compute the resultant of a polynomial system (fo, ..., fn) as a quotient
of determinants of two matrices whose elements are polynomials in the coefficients of the input polynomials
[11, [12], 151 16l [33] B6L [37]; thus the best we can hope for are linear polynomials. A classical example of such a
matrix is the Macaulay matrix, which represents a map (go, ..., gn) — >, gi fi, where each g; is a polynomial
in a finite dimensional vector space. In this case, we say that we have a Sylvester-type formula. Other classical
formulas include Bézout- and Dizon-type; nevertheless, the elements of the corresponding matrices are not
linear anymore. We refer to [25] and references therein for details.

When we can compute the resultant as the determinant of a matrix we say that we have a determinantal
formula. Besides general constructions that express any multivariate polynomial as a determinant of a matrix,
see for example [35] [49], we are interested in formulas such that the row/column dimension of the corresponding
matrix depends linearly on the degree of the resultant. The existence of such formulas is not known in general.
When we consider unmized multihomogeneous systems, that is when every polynomial has the same support,
these formulas are well studied, e.g., [11], 18] 47, [54]. However, when the supports are not the same, that is
in the case of mized multihomogeneous systems, there are very few results. We know determinantal formulas
for scaled multihomogeneous systems [22], in which case the supports are scaled copies of one of them, for
bivariate tensor-product polynomial systems [9], and for bilinear systems with two different supports [5]. One
tool to obtain such formulas is using the Weyman complex [52]. For an introduction to this complex we refer
to [53] Sec. 9.2] and [28] Sec. 2.5.C, Sec. 3.4.E].

Resultant computations are also useful in solving O-dimensional square polynomial systems, say (f1,..., fv),
taking into account the sparsity; here ”square” refers to systems having N polynomials in N variables. For
example we can use the u-resultant or hide a variable; we refer to [14, Ch. 3] for a general introduction.
Whenever a Sylvester-type formula is available, through the resultant matrix, we obtain a matrix representing
the multiplication map by a polynomial fo in K[x]/(f1,..., f~). Then, we solve the system (f1,...,fn) by
computing the eigenvalues and eigenvectors of this matrix, e.g., [4, 2I]. The eigenvalues correspond to the
evaluations of fo at the solutions of the system. From the eigenvectors, at least when there are no multiplici-
ties, we can recover the coordinates of the solutions. For a generalization of this approach to a broader class
of resultant matrices, that encapsulates Sylvester-type matrices as a special case, we refer to [5].

1.1 Multilinear polynomial systems

We focus on computing determinantal formulas for mixed multilinear polynomial systems. Besides their math-
ematical importance, as they are the first non-trivial case of polynomial systems beyond the linear ones,
multilinear systems are also ubiquitous in applications, e.g., cryptography [26], 34] and game theory [39].

For A,B € Nlet X1,...,Xa,Y1,...,Y B be blocks of variables. We present various Koszul-type deter-
minantal formulas (related to the maps in the Koszul complex, see Def. 214 for the following two kinds of
mized multilinear polynomials systems (fo, f1i ... fn):

o star multilinear systems: these are polynomial systems (f1,..., fn), where for each fi, there is a j, € [B]
such that

e €K[X11 ® - @ K[X a1 @ K[Y . ]1,
o bipartite bilinear systems: these are polynomial systems (f1,..., fn), where for each fi, there are iy, € [A]
and ji € [B] such that
fr € K[X3, [ @ K[Y, h.
To make the system overdetermined and so, to consider its resultant, we complement it with several types of

multilinear polynomials fo (see the beginning of sections Bl and [J).
Our first main contribution is the theorem below which is an extract of Thm. [3.7] and 4.4

Theorem 1.1. Let f := (f1,...,fn) be a star multilinear system (Def. [31]) or a bipartite bilinear system
(Def.[f1). Then, for certain choices of multilinear polynomials fo (we present them at the beginning of Sec. [3
and[{]), there is a square matriz M such that,

e The resultant of f agrees with the determinant of the matriz, res(f) = £ det(M).

e The number of columns/rows of M is degree(res(f)) and its elements are coefficients of f, possibly with
a sign change.

1For general overdetermined systems, there exists the concept of resultant system, see [51} Sec. 16,5].



The matriz M corresponds to a Koszul-type determinantal formula (Def. for f.

The size of the resultant matrix and the degree of the resultant depend on the multidegree of fo. We relate
the (expected) number of solutions of (f1,...,fn) to the degree of the resultant of (fo, f1,...,fn). For star
multilinear systems, we present closed formulas for the expected number of solutions of the system (fi,..., f~)
and the size of the matrices; we also express the size of the matrix in terms of the number of solutions. Our
techniques to obtain determinantal formulas exploit the properties and the parametrization, through a carefully
chosen degree vector, of the Weyman complex and are of independent interest. These results generalize the
ones in [5] that correspond to the case (A =1, B = 2).

1.2 Multiparameter Eigenvalue Problem

A motivating application for the systems and the determinantal formulas that we study comes from the
multiparameter eigenvalue problem (MEP). We can model MEP using star multilinear systems or bipartite
bilinear systems. The resultant matrices that we construct together with the eigenvalue and eigenvector
criterion for polynomial systems, e.g., [13], lead to a new approach for solving MEP.

MEP generalizes the classical eigenvalue problem. It arises in mathematical physics as a way of solving
ordinary and partial differential equations when we can use separation of variables (Fourier method) to solve
boundary eigenvalue problems. Its applications, among others, include the Spectral and the Sturm-Liouville
theory [2] [3 29 [32, [50]. MEP allows us to solve different eigenvalue problems, e.g., the polynomial and the
quadratic two-parameter eigenvalue problems [30}, 40]. It is an old problem; its origins date from the 1920’ in
the works of R. D. Carmichael [10] and A. J. Pell [42].

The precise definition of the problem is as follows. Assume a € N, f1,..., 8« € N, and consider matrices
(MDY icq € KEADXEAD " where 0 < i < . The MEP consists in finding A = (Ao, ..., Aa) € P*(K) and
v1 € PL(K),...,va € PP*(K) such that

(Z;O A M“’j)) v =0, ... (Z;O \j M(""j)) Ve = 0, (1)

where K is an algebraically closed field and P"(K) is the (corresponding) projective space of dimension n € N.
We refer to A as an eigenvalue, (v1,...,va) as an eigenvector, and to (A,v1,...,Va) as an eigenpair. For
a =1, MEP is the generalized eigenvalue problem.

To exploit our tools we need to write MEP as a mixed square bilinear system. For this we introduce the
variables X1 = (zo,...,Za) to represent the multiparameter eigenvalues and, for each 1 < i < «, the vectors
Y: = (¥i0,-.-,Yip;) to represent the eigenvectors. This way, we obtain a bilinear system F = (f1,0,..., fa,84);
where for each 1 <t < a,

Bt «
tj
Yt DD M wi s fuo
. yt’l i=0 j=0
t’ . k) . N
<Z z; M( J)) . : — : = : (2)
=0 . Bt «
t,J
Yt Bt Z Mi(’/gz) LjYt,i ft.pe
i=0 j=0

and, foreach 1 <t < «, fr0,..., ft,5. € K[X1]1 ® K[Y¢]1. In this formulation, the system in (2)) is a particular
case of a star multilinear system (Def. [B1) with A = 1 and B = «, or a particular case of bipartite bilinear
system (Def. [4])) with A =1 and B = «. There is a one to one correspondence between the eigenpairs of MEP
and solutions of F', that is

(A, v1,...,vq) is an e Av1,va) € PYK) X PA1(K) x --- x PP (K)
eigenpair of {M )}, and F(A,v1,...,v4) =0.

The standard method to solve MEP is Atkinson’s Delta method [3| Ch. 6, 8]. For each 0 < k < «, it
considers the overdetermined system F'j, resulting from F' () by setting x; = 0. Then, it constructs a matrix
Ay which is nonsingular if and only if F';, has no solutions [3] Eq. 6.4.4]. Subsequently, it applies linear algebra
operations to these matrices to solve the MEP F' [3, Thm. 6.8.1] . It turns out that the matrices Ay are
determinantal formulas for the resultants of the corresponding overdetermined systems F'y. The elements of
the matrices of the determinantal formulas Ay are polynomials of degree « in the elements of the matrices



M) [3, Thm. 8.2.1]. The Delta method can only solve nonsingular MEPs; these are MEPs where there exists
a finite number of eigenvalues [3| Ch. 8]. The main computational disadvantage of Atkinson’s Delta method is
the cost of computing the matrices Ax. To compute these matrices one needs to consider multiple Kronecker
products corresponding to the Laplace expansion of a determinant of size o X a. The interested reader can
find more details in [3] Sec. 6.2].

Besides Atkinson’s Delta method, there are recent algorithms such as the diagonal coefficient homotopy
method [19] and the fiber product homotopy method [44] which exploit homotopy continuation methods. These
methods seems to be slower than the Delta method, but they can tackle MEPs of bigger size as they avoid
the construction of the matrices Ax. The Delta method and the homotopy approaches can only compute the
reqular eigenpairs of the MEP, that is, those where the eigenpair is an isolated solution of (). In contrast to
the Delta method, experimentally and in some cases, the fiber product homotopy method can also solve singular
MEPs, see [44], Sec. 10]. We can also use general purpose polynomial system solving algorithms, that exploit
sparsity, to tackle MEP. We refer reader to [27], see also [40], for an algorithm to solve unmixed multilinear
systems using Grobner bases, and to [23] [24] using resultants. We also refer to [6] [7] for an algorithm based
on Grobner bases to solve square mixed multihomogeneous systems and to [8, [48] for a numerical algorithm
to solve these systems using eigenvalue computations. However, these generic approaches do not fully exploit
the structure of the problem.

Our second main contribution is a new approach to solve MEP based on the determinantal formulas that
we develop (Alg.[I)). We present a novel way to compute the A matrices by avoiding the expansion to minors.
Moreover, the resultant matrix from which this construction emanates has elements that are linear in the
elements of M) is highly structured, and with few non-zero elements (Rem.[52). As the Delta method and
the homotopy algorithms, it can only solve nonsingular MEPs and recover the regular eigenvalues. Contrary
to the general purpose approaches, it fully exploits the structure of the system and its complexity relates to
the number of eigenpairs. Our approach involves the computation of (standard) eigenvalues and eigenvectors
to recover the solutions of the MEP, as the classical symbolic-numeric methods, e.g., [I3]. In particular, our
method works with exact coefficients as well as with approximations. The code for solving MEP using these
resultant matrices is freely available at https://mbender.github.io/multLinDetForm/sylvesterMEP.m.

Organization of the paper In Sec. 21 we define the multihomogeneous systems and introduce some
notation. Later, in Sec.[2.2] we introduce the multihomogeneous resultant. In Sec. [Z3] we introduce Weyman
complexes and then, in Sec.[24] we explain the Koszul-type formulas. In Sec. [3] we define the star multilinear
systems and we construct Koszul-type determinantal formulas for multihomogeneous systems involving them,
and in Sec. we study the number of solutions of the systems and we compare them with the sizes of the
determinant. We also present an example in Sec. B3l In Sec.[d] we define the bipartite bilinear systems and
construct Koszul-type determinantal formulas for multihomogeneous systems involving them. Finally, in Sec.[]
we present an algorithm and an example for solving MEP using our determinantal formulas.

2 Preliminaries

For a number N € N we use the abbreviation [N] = {1,...,N}.

2.1 Multihomogeneous systems

Let K be an algebraically closed field, K™ a vector space, and (K™)* its dual space, where m € N. Let ¢ € N
and consider ¢ positive natural numbers, n1,...,ny € N. For each i € [¢], we consider the following sets of
n; + 1 variables

xi = {Ti0,...,Tin, } and dx; = {0xi0,...,0Tin,}
We identify the polynomial algebra K[x;] with the symmetric algebra of the vector space K™ ! and the algebra
K[Bz;] with the symmetric algebra of (K™*1)*. That is

Kla:] = S (K" =@ Si(d)  and K[z = S (K**)") = €D Si (—d).

deZ dez

Therefore, for each 4, Si(d) corresponds to the K-vector space of polynomials in K[z;] of degree d and S; (—d)
to the K-vector space of polynomials in K[@x;] of degree d. Note that if d < 0, then S;(d) = S;(—d) = 0.
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We identify the monomials in K[z;] and K[8;] with vectors in Z"it!. For each a = (o, . .., n;) € Z™
we set ;% 1= H;ZO :tcf‘;7 and Ox;* := H?io 81:?; We consider the Z?-graded polynomial algebra

K@ =Klz1]® - ®Klzg) = P Si(di) @ - @ Sy(dy).

(d1,...,dg) €LY

Notice that for each d = (du,...,dq) € Z9, K[Z]q is the K-vector space of the multihomogeneous polynomials
of multidegree d, that is polynomials in K[Z] having degree d; with respect to the set of variables x;, for each
i € [q]. We say that a polynomial f € K[Z] is multihomogeneous of multidegree d € Z7, if f € K[Z]|q =
Si(d) ® -+ @ Sy(dy).

Ezample 2.1. Consider the two blocks of variables @1 = {x1,0,%1,1} and @2 = {z2,0,%2,1, 72,2} and the poly-
nomial 1:%0 T1,1 ® 2,0 2,1 + T1,0 :cil ® :cg’z [S K[wh wz]. It is multihomogeneous of multidegree (3,2) and we
write it simply as ﬁ,o T1,1 2,0 T2,1 + T1,0 SC%J 13%,2«

Following standard notation, we write the monomials of K[Z] as [[{_, ;™% instead of @{_, ®:;**. We
identify these monomials with vectors in Z™ ™% x ... x Z"e™!, For each o = (a1, ..., qq) € Z" 1 x ... x Z"a ™!
we set & := [[L | x;*. For each multidegree d € Z?, we denote by A(d) the set of exponents of the monomials
of multidegree d, that is A(d) = {a € Z™T x ... x Z"™ . 2> ¢ K[Z]q}. The cardinality of A(d) is
#Ad) = [T, (417).

We fix N =ni+---+nq. Let P :=P" x--.xP" be a multiprojective space over K, where P" := P"(K).
A system of multihomogeneous polynomials is a set of multihomogeneous polynomials in K[Z]. We say that a
system of multihomogeneous polynomials {fi1,..., fr} has a solution in P, if there is v € P such that f;(y) =0,
for every 1 < i < r. We call a system of multihomogeneous polynomials square if r = N, and overdetermined
if r = N 4 1. Generically, square multihomogeneous systems have a finite number of solutions over P, while
the overdetermined ones do not have solutions. The following proposition bounds the number of solutions of
square multihomogeneous polynomial systems.

Proposition 2.2 (Multihomogeneous Bézout bound, [45 Example 4.9]). Consider a square multihomogeneous
system f:={f1,..., fn} of multidegrees di,...,dy € N? with d; = (ds1,...,diq), for each 1 <i < N. If f
has a finite number of solutions over P, then their number, counted with multiplicities, see [1]], Sec. 4.2], is
the coefficient of the monomial T[], Z" in the polynomial vav:l ( 1 de Zi) . We refer to this coefficient as
the multihomogeneous Bézout bound and we will write it as MHB(d1, ...,dn).

The multihomogeneous Bézout bound is generically tight, see [I7, Thm. 1.11].

2.2 Multihomogeneous resultant

We fix N 41 multidegrees do,d1,...,d~n € N%. To characterize the overdetermined multihomogeneous systems
of such multidegrees having solutions over P, we parameterize them and we introduce the resultant. The latter
is a polynomial in the coefficients of the polynomials of the system that vanishes if and only if the system has
a solution over P. Our presentation follows [I4] Ch. 3.2] adapted to the multihomogeneous case.

Definition 2.3 (Generic multihomogeneous system). Consider the set of variables u := {uk,o : 0 < k <
N and o € A(dg)} and the ring Z[u]. The generic multihomogeneous polynomial system is the system

F :={Fy,...,Fn} C Z[u][Z], where
Fr = ZaeA(dk) Uk,ad . (3)

The generic multihomogeneous system F' parameterizes every overdetermined multihomogeneous system with
polynomials of multidegrees do,ds,...,dn, respectively. For each ¢ = (ck,a)o<k<N,acA(d,) € pH#Ado) 1
cee X P#A(d’v)717 the specialization of F' at ¢, that is F'(c), is a multihomogeneous polynomial system in K[Z],
say (fo,..., fn), where

fr == Fr(c) = Z kol (4)

Let Q be its incidence variety, that is the algebraic variety containing the overdetermined multihomogeneous
systems that have solutions over P and their solutions,

C
acA(dy)

Q= {(p,c) € P x (PPA) " s x PFAUNY) vk € [N]) Fi(e) (p) = 0} -



Let 7 be the projection of  to P#A(d)=1 5.5 p#AEN)—L that is 7(p,c) = ¢. We can think of (1)
as the set of overdetermined multihomogeneous polynomial systems with solutions over P. This set is an
irreducible hypersurface [28, Prop. 3.3.1]. Its defining ideal in Z[u] is principal and it is generated by an
irreducible polynomial elim € Z[u] |28, Prop. 8.1.1]. In particular, it holds

The system F'(c) has a solution over P <= ¢ € n(Q2) <= elim(c) = 0.

Following [43] 17, [20], we call elim € Z[u] the eliminant. We warn the reader that the polynomial
elim € Z[u] is called the resultant in [28]. In this work we reserve the word resultant for a power of elim.
More precisely, the resultant res is a polynomial in Z[u] such that res = +elim?, where D is the degree of
the restriction of 7 to the incidence variety Q, see [20] Def. 3.1]. Consequently, we have

The system F'(c) has a solution over P <= res(c) = 0. (5)

Proposition 2.4 ([43] Prop. 3.4]). Let uy be the blocks of variables in u related to the polynomial Fy, that is
U = {Uk,atacad;)- The resultant res € Z[u] is a multihomogeneous polynomial with respect to the blocks of
variables wo, . .., un. The degree of res with respect to the variables wy is the multihomogeneous Bézout bound
(Prop. [22) of a square system with multidegrees do ... dk—1,dky1 ... dn,

degree(res, ur) = MHB(do, . .., dr—1,di+1,...,dN).
The total degree of the resultant is degree(res) = Zszo MHB(do,...,dr—1,dk+1,-..,dN).

Usually we compute the resultant as the quotient of the determinants of two matrices, see [28, Thm. 3.4.2].
When we can compute it as the (exact) determinant of a matrix, then we say that we have a determinantal
formula.

2.3 Weyman complex

A complex K, is a sequence of free modules { K, },ez together with morphisms d, : K, — Ky—_1, such that the
image of J, belongs to the kernel of §,_1, that is (Vv € Z) Im(d,) C Ker(d,—1) or, equivalently, d,—1 0 §, = 0.
We write K, as

8 F) Oy—
Ke:- N Ky 2% Kypoq 225 oo,

The complex is exact if for all v € Z it holds Im(d,) = Ker(d,—1). A complex is bounded when there are two
constants a and b such that, for every v such that v < a or b < v, it holds K, = 0. If we fix a basis for each
K, then we can represent the maps §, using matrices. For a particular class of bounded complexes, called
generically exact (see for example [28] Ap. A]), we can extend the definition of the determinant of matrices
to complexes. The non-vanishing of the determinant is related to the exactness of the complex. When there
are only two non-zero free modules in the complex (that is all the other modules are zero) we can define the
determinant of the complex if and only if both the non-zero free modules have the same rank. In this case, the
determinant of the complex reduces to the determinant of the (matrix of the) map between the two non-zero
vector spaces. We refer the reader to [I] for an accessible introduction to the determinant of a complex and to
[28] Ap. A] for a complete formalization.

The Weyman complex [52} 54 [53] of an overdetermined multihomogeneous system f = (fo, ..., fnv) in K[Z]
is a bounded complex that is exact if and only if the system f has no solutions over P. More precisely, the
determinant of the Weyman complex of the multihomogeneous generic system F' (see Def. [23)) is well-defined
and it is equal to the multihomogeneous resultant [53, Prop. 9.1.3]. If the Weyman complex involves only two
non-zero vector spaces, then the resultant of F' is the determinant of the map between these spaces. Thus, in
this case, there is a determinantal formula for the resultant.

Theorem 2.5 (Weyman complex, [54, Prop. 2.2]). Let F = (Fy, ..., Fn) in Z[u][Z] be a generic multihomoge-

neous system having multidegrees do, . . ., dn, respectively (see Def.[2.3). Given a degree vector m € Z9, there
exists a complez of free Z|u]-modules Ko(m), called the Weyman complex of F, such that the determinant of
the complex Ko(m) agrees with the resultant res(Fo,...,Fn).
N t1(m) d1(m) 3o (m)
Ke(m):0 » Kny1(m) —— -+ =5 Ki(m) — Ko(m) —> --- - K_n(m) — 0.



Moreover, for each v € {—N,...,N + 1} the Zu]-module K,(m) is

N+1

Kv(m)::@ Ky p(m) @z Z]u], where K, p(m) = @ HE " (m — de) ®/\ €k, (6)
p=0 1c{o0,...,N} kel kel
#I=p

the term Hp, "(m — >, ., di) is the (p — v)-th sheaf cohomology of P with coefficients in the sheaf Op(m —
> ker dr) whose global sections are K[Z|m-x, _, a, (see [31, Sec. 11.5]), B and the element Nrerer is the
singleton {er; A--- Aer,}, where Iy < --- < I, are the elements of I, eo,...,en is the standard basis of KNt
and A is the wedge (exterior) product.

For a multihomogeneous system f = (fo,..., fn) in K[Z] that is the specialization of F at ¢, see (),
the Weyman complex Ko(m; f) is the Weyman complex K,o(m) where we specialize each variable ug .o at
Ck,o € K.

Proposition 2.6 (|54, Prop. 2.1]). The vector spaces K,(m, f) are independent of the specialization of the
variables w, in particular K,(m, f) = EB;\:Bl K, p(m). Hence, the rank of K,(m) as a Z[u]-module equals the
dimension of K,(m, f) as a K-vector space. The differentials d,(m, f) depend on the coefficients of f.

Following [54], as P is a product of projective spaces, we use Kiinneth formula (Prop. [27) to write the
cohomologies in (B) as a product of cohomologies of projective spaces, that in turn we can identify with
polynomial rings.

Proposition 2.7 (Kiinneth Formula). The cohomologies of the product of projective spaces in each Ky p(m)
of (@) are the direct sum of the tensor product of the cohomologies of each projective space, that is

(- a)= @ @k (mi- Y d). ™

kel T+ Frg=p—v i=1 kel

By combining Bott formula and Serre’s duality, see [41] Sec. 1.1], we can identify the cohomologies of the
previous proposition with the rings K[xz;] and K[@x;]. Moreover, for each p — v, there is at most one set of
values for (r1,...,rq) such that every cohomology in the tensor product of the right hand side of the previous
equation does not vanish. In other words, the right hand side of (@) reduces to the tensor product of certain
cohomologies of different projective spaces.

Remark 2.8. For each 1 <17 <¢q, a € Z, it holds
o Hpni(a) 22 S;(a), that is the K-vector space of the polynomials of degree a in the polynomial algebra K[z;].

e Hyi(a) = Si(a+ ni + 1), that is the K-vector space of the polynomials of degree a 4+ n; + 1 in the
polynomial algebra K[dx;].

o If r; ¢ {0,n;}, then Hi, (a) = 0.
Remark 2.9. For each 1 <4 < g, if Hpt, (a) # 0, then r; € {0, n;}. Moreover,
e If a > —n; — 1, then Hpi(a) #0 <= r;=0and a > 0.
e If a <0, then Hpi(a) #0 <= ri=n; and a < —n; — 1.

We define the dual of a complex by dualizing the modules and the maps. The dual of the Weyman complex
is isomorphic to another Weyman complex. By exploiting Serre’s duality, we can construct the degree vectors
of a dual Weyman complex from the degree vector of the primal.

Proposition 2.10 ([53, Thm. 5.1.4]). Let m and m be any degree vectors such that m+m =3, d; — (n1 +
1,...,ng+1). Then, Ky,(m) = Ki_,(m)* for allv € Z and Ke.(m) is dual to Ke(T0).

2The standard notation for the sheaf cohomology HE(m), e.g., [31], is HP(P, L(}_, m; D;)), where each D; is a
Cartier divisor given by the pullback of a hyperplane on P™ (via projection) and L(>, m; D;) is the line bundle
associated to the Cartier divisor (3, m; D;) on P. We use our notation for simplicity.




2.4 Koszul-type formula

Our goal is to obtain determinantal formulas given by matrices whose elements are linear forms in the coef-
ficients of the input polynomials, that is linear in u, see (@). Hence, by [53, Prop. 5.2.4], our objective is to
choose a degree vector m so that the Weyman complex reduces to

Ko(m) : 0 = Ky pio(m) @ Z[u] 2 Ky 1 pioi1(m) @ Z[u] — 0, (8)
where p = >, ng, for some set I C {1,...,q}. That is, it holds K,(m) = Ky ptv(m) ® Z[u], Ky—1(m) =
Ky 1 pto—1(m) ® Z[u], and, for all t € {v — 1,v}, Ki(m) =0,

We will describe the map ., (m) through an auxiliary map p that acts as multiplication. For this, we need
to introduce some additional notation. This notation is independent from the rest of the paper and the readers
that are familiar with the Weyman complex can safely skip the rest of the section. Let R be a ring; for example
R = Z[u] or R =K. For each 1 < i < ¢, the polynomial ring R[z;], respectively R[z;], is a free R-module
with basis {z{* : o € A(d),d € Z}, respectively {0z : o € A(d),d € Z}. We define the bilinear map

peiy : Rli] x (R[] & R[0x:]) — Rlxi] & R[0z], 9)
which acts follows: for each di,d2 € Z, o € A(d1) and 3, € A(dz2), we have

8xP~* ifdy <dy and B — a € A(d) — do)

(xS ) = & N By —
po (@) = @ and pup) (@7, O { 0 otherwise.

The map p(;) is graded in the following way, for f € Si(d) it holds
ey (f,Si(D)) € Si(D+d) and  pe(f,Si(D)) C Si (D +d).

We define the bilinear map p:= @7_, f1¢:)-
Remark 2.11. If we restrict the domain of 1 to @7, (R[zi] x R[wi]) ~ (Q7_, R[z:]) x (R, Rlx:]), then p

acts as multiplication, ie for f,g € (Q?_, R[xi]), it holds u(f,g) = f g
Given f € (QZ, R[x:]), we define the linear map
pr s Qi (Rl © R[Ox:]) — Q7 (R[zi] @ R[oz:])
g 15 (9) = u(f; 9)-
Using the isomorphisms of Prop. 27 and Rem. 28] for d € N? and f € K[Z]q, if we restrict the map uy to
Hp(m), for any r € N, then we obtain the map uy : Hp(m) — Hp(m + d).

Definition 2.12 (Inner derivative [54]).Let E be a K-vector space generated by {ei1,...en}. We define the
k-th inner derivative, Ay, of the exterior algebra of A F as the (—1)-graded map such that, for each ¢ and
I1<ji<--<ji <N,
Av:  NE —=NA\N'E
—DF e A Nej_ ANej AN ANej if G =k
€jp N Nej = Ak(eh ARRERA eji) = { ( ) 7 g ! e ’ Othterwise

Given R-modules A1, As, B1, B2 and homomorphisms p; : A1 — By and p2 : A2 — Ba, their tensor product

is the map p1 ®@u2 : A1 ®As — B1® Ba such that, for a1 € Ay and az € Az, (p1Qu2)(a1®a2) = pi(a1)@pu2(az).

Proposition 2.13 ([54, Prop. 2.6]). Consider the generic overdetermined multihomogeneous system F €

Zu][E]N T with polynomials of multidegrees do, . . ., dn, respectively (Def.[Z3). Given a degree vector m € 79,

we consider the Weyman complex Ko(m). If there isv € {—N+1,...,N+1} andp € {0,..., N+1} such that
Ky,(m) = Ky p(m) @ Z[u] and Ky—1(m) = Ky—1,p—1(m) Q@ Z[u],

then the map 0,(m) : Ky(m) — Ky—1(m) is éy(m) = fo:o wr, ® A, where pur, ® Ay denotes the tensor

product of the maps pr, and Ay (Def. [212).

Definition 2.14 (Koszul-type determinantal formula). With the notation of Prop. 23] when the Weyman
complex reduces to

Ko(m) : 0 = K1 pp1(m) ® Z[u] 27 Ko p(m) @ Z[u] — 0, (10)

we say that the map d1(m) is a Koszul-type determinantal formula.



Ezample 2.15. Consider the blocks of variables 1 := {z1,0,21,1} and ®2 := {2,0,%2,1}, and the systems
I = (fo, f1, f2) of multidegrees do = d1 = d2 = (1,1). That is,

fo=(ao,0 1,0+ ai,0z1,1)x2,0 + (a0,1 T1,0 + a1,1 T1,1) T2,1
f1=(bo,ox1,0+brox1,1)x2,0+ (bo,1 T1,0 + b1,121,1) T2, (11)
f2 = (co0z1,0 +c1,0x1,1) T2,0 + (Co,1 T1,0 + €1,1 T1,1) T2,1-

As in [23] Lem. 2.2], consider the degree vector m = (2, —1). So, the Weyman complex is

K'(m7.f) :0— K1,2(m7f) M) Ko;l(mmf) — 0,

where
Kiz(m, f) = $1(0)@S5(-1) @ ({eo Aer} @ {eo Aea} @ fer Aes})
Ko (m, f) = $11) © 55(0)® ({eo} & fer} @ {ea}).

If we consider monomial bases for K1 2(m) and Ko 1(m), then we can represent d1(m) with the transpose of
the matrix that follows. Note that, the element 91 € K[@x1, 8x1] corresponds to the dual of 1 € K[x1, x2].

1,0 ® 01 ® eg 1,0 ® 01 ® e1 1,0 ® 01 ® ez
1,1 ® 01 ® eg 1,1 ® 01 ® ex 21,1 ® 01 ® ea
1® 0x2,0 ® (eo Ae1) —bo,o —bi,0 @0,0 aio 0 0
1® 0z2,1 @ (e0 Aer) —bo,1 —b11 ao,1 a1 0 0
1® 0x2,0 ® (eo A e2) —C0,0 —cC1,0 0 0 a0,0 aio
1® 0x2,1 ® (eo A e2) —co,1 —c1,1 0 0 ao,1 ai1
1® 0z2,0 @ (e1 Ae2) 0 0 —co,0 —c1,0 bo,o b1,0
1® 0r2,1 ® (e1 Aez) 0 0 —Co,1 —c1,1 bo,1 b1,1

The resultant is equal (up to sign) to the determinant of the above matrix, it has total degree 6 (same as
the size of this matrix) and 66 terms.

As we saw in the previous example, once we have fixed a basis for the map in Prop. [Z13] we can represent
the Koszul-type determinantal formula by the determinant of a matrix. We refer to this matrix as a Koszul
resultant matrix.

Corollary 2.16 (|53, Prop. 5.2.4]). Let F be a generic multihomogeneous system of polynomials with multi-
degrees do, . . .,dn, respectively. Let m € Z9 be a degree vector so that the Weyman complex Ko(m) becomes

Ko(m) : 0 = Ky pio(m) @ Z[u] 2 Ky 1 prv_1(m) @ Zu] — 0.

Then, the map §,(m) of Prop. s linear in the coefficients of F. Moreover, as the determinant of the
complez is the resultant, the rank of both K,(m) and K,+1(m), as Z[u]-modules, equals the degree of the

resultant (Prop. [27).

We remark that Koszul-type formulas generalizes Sylvester-type formulas.

Proposition 2.17. Under the assumptions of Prop. 213, if p = 1 and v = 0, the map §,(m) acts as a
Sylvester map, that is (go,...,gn) — Zi\;o gk Fr.. In this case, it holds

N
Su(m)(go®eo+ -+ gy Qen) = (ngFk) ® 1.
k=0

Determinantal formulas for the multiprojective resultant of unmixed systems, that is systems where the
multidegree of each polynomial is the same, were extensively studied by several authors [47), [54] [12] [18].
However, there are very few results about determinantal formulas for mized multihomogeneous systems, that
is, when the supports are not the same. We know such formulas for scaled multihomogeneous systems [22],
that is when the supports are scaled copies of one of them, and for bivariate tensor-product polynomial systems
[38, ©]. In what follows, we use the Weyman complex to derive new formulas for families of mixed multilinear
systems.



3 Determinantal formulas for star multilinear systems

We consider four different kinds of overdetermined multihomogeneous systems, related to star multilinear
systems (Def. BI) and we construct determinantal formulas for each of them. These formulas are Koszul-
and Sylvester-type determinantal formulas (Def. 214). To simplify the presentation, we change somewhat
the notation that we used for the polynomial systems in sec. 211 We split the blocks of variables in two
groups; we replace the blocks of variables o by X; or Y; and the constants nj, that correspond to the
cardinalities of the blocks, by a; or 3;. Let A, B € Nand ¢ = A+ B. Let X be the set of A blocks of variables
{X1,...,Xa}. Foreach i€ [A], X; := {zi0,...,Zia,}; S0 the number of affine variables in each block X
is @i € N. We also consider the polynomial algebra K[X:] = P ,c, Sx,(d), where Sx,(d) is the K-vector
space of polynomials of degree d in K[X]. Similarly, Y is the set of B blocks of variables {Y1,...,Y s}. For
each j € [B], Y; := {yj0,---,¥jp, }; hence the number of variables in each block Y; is 8; € N. Moreover,
K[Y ;] = @ ¢z Sy, (d), where Sy (d) is the K-vector space of polynomials of degree d in K[Y;].
Consider the Z?-multigraded algebra K[X, Y], given by

K[Xa?] = @ Sx,(dx,) @ - ®Sx,(dx,) ® Sy, (dy,) ® - ® Sy (dy ).

(A rodx 4 dy ) oosdy 5 ) EZ

For a multihomogeneous polynomial f € K[X, Y] of multidegree d € Z?, we denote by dx,, respectively
dy ;, the degree of f with respect to the block of variables X, respectively Y ;. For each group of indices
1<ii< - <ip<Aand 1< j; < -+ <js < B, we denote by K[X;,,...,X,.,Yj,..., Y. ]1 the set of
multilinear polynomials in K[X, Y] with multidegree (dx,,...,dx 4,dy,,---,dy ), where

1 fLEfin, ... in) 1 e, s}
dx, 7{ 0 otherwise and  dy, 7{ 0 otherwise.

Let N = Zle a; + Zle Bj. We say that a polynomial system is square if it has N equations and
overdetermined if it has N + 1. We consider the multiprojective space

Pi=PY x ... x P¥ x PP1 x ... x PPB,

Definition 3.1 (Star multilinear systems). A square multihomogeneous system f = (f1,..., fv) in K[X, Y]
with multidegrees di,...,dn € Z9, respectively, is a Star multilinear system if for every k € [N], there is
Jr € [B] such that

fe €K[X1,..., X4, Y ]1

For each j € [B], we denote by &; the number of polynomials of f in K[X1,...,Xa,Y]1.

We use the term star because we can represent such systems using a star graph with weighted edges. The
vertices of the graph are the algebras K[Y1],...,K[Y 5], and K[X1,...,X 4]. For each dj there is an edge
between the vertices K[X1,..., X 4] and K[Y;] whenever diy; = 1. The weight of the edge between the
vertices K[ X1, ..., X 4] and K[Y';] corresponds to &;. That is, when it holds fr € K[X1,...,X 4,Y;]1. The
graph is a star because every vertex is connected to K[X1,..., X 4] and there is no edge between two vertices
K[le] and K[YJ2]

Ezample 3.2. Let X1, X2,Y1,Y2,Y 3 be blocks of variables. Consider the multihomogeneous system ( f1, f2, f3, fa) C
K[X, Y] with the following (pattern of) multidegrees

£6=2 _QK[Y4]

(dr,x1, dixs, | dieyiy  diyes  diys ) /
di=( 1, 1, 1, 0, 0 ) K[X1, X2] O 221 oyl
dy=( 1, 1, 1, 0, 0 ) S=y
ds=( 1, 1, 0, 1, 0 ) OKJY3]
di=( 1, 1, 0, 0, 1)

It is a star multilinear system where & = 2, &2 = 1, and £ = 1. The corresponding star graph is the one
above.

Remark 3.3. For each square star multilinear system, it holds N = Zle &;. Moreover, if the system has a
nonzero finite number of solutions, then for each j € {1,..., B} it holds &; > j;, see Prop.
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3.1 Determinantal formulas

To be able to define the resultant, we study overdetermined polynomial systems (fo, fi,..., f~) in K[X, Y]
where (fi1,..., fn) is a square star multilinear system and fo is a multilinear polynomial. The obvious choice for
fo is to have the same structure as one of the polynomials fi,..., fn; still we also choose fo to have a different
support. This leads to resultants of smaller degrees and so to matrices of smaller size. Aiming at resultant
formulas for any A and B, we were able to identify the following choices of fo, that lead to a determinantal
Weyman complexﬁ. In particular, the following fo lead to determinantal formulas:

e Center-Vertex case: fo € K[X1,..., X a]1.
e Outer-Vertex case: fo € K[Y;]i, for any j € [B].
e Edge case: fo € K[X1,...,X4,Y |1, for any j € [B],
e Triangle case: fo € K[X1,...,X4,Y,,,Y )1, for any j1,j2 € [B], j1 # jo.
We can view the various multidegrees of fo, do = (do,x;,--.,do,x4,d0,v1,---,do,yy), in the cases above as
solutions of the following system of inequalities:
(V1<i<A) 0<dox, <1,
(V1<j<B) 0<doy; <1,
(Vl <1 <19 < A) do,xi1 = do,xi27 and
Zle doyy; <1+dox,.

(12)

Consider the set {0, ..., N} that corresponds to generic polynomials F' = (Fo, ..., Fn) (Def.[Z3]). As many
of the polynomials have the same support, we can gather them to simplify the cohomologies of ([@). We need

the following notation. For each tuple (so,...,sB) € NB“7 let Zsy,s1,...,sp be the set of all the subsets of
{0,..., N}, such that

e For 1 < j < B, the index s; indicates that we consider exactly s; polynomials from (Fi,..., Fy) that
belong to Z[u][X1,...,Xa,Y;]1.

e In addition, if s = 1, then 0 belongs to all the sets in Zg,,s;,....s5-

That is,
Tagror oy = {I :1c{0,...,N},(0€I<so=1) and
(V1<j<B)s;=#{kecI\{0}:Fc Z[u][Xl,...,XA,Yj]l}}. (13)

Ezample 3.4. If we consider a system (Fi,...,Fs) as in Ex. and introduce some Fp, it holds for F =
(,F()7 e F4) that 1-1,1,1,0 = {{07 1, 3}7 {07 2, 3}} and 1-0,2,0,1 = {{17 2, 4}}

Notice that if I,J € Ty ,s,,...,s 5, then I and J have the same cardinality and Zkel di, = ZkEJ dy., as they
correspond to subsets of polynomials of F' with the same multidegrees.
The following lemma uses the sets Zs; s, ,....sp to simplify the cohomologies of ().

,,,,,

Lemma 3.5. Consider a generic overdetermined system F = (Fy,...,Fn) in Z[u][X,Y] of multidegrees
do,...,dn (Def.[223), where (F,...,Fy) is a square star multilinear system such that, for every j € {1,..., B},
E; > Bj, and do is the multidegree of Fy. Following (Bl), we can rewrite the modules of the Weyman complex
K,(m) = @g;%l Ky p ® Z[u] in the more detailed form

B B
p—v
Ky p(m) @HP (m—(g 83'7...75 Sj7817...783)_80d0)® @ /\ek.
0<s0<1 j=1 j=1 1€Zsy,s1,...,s5 K€L
0<s, <6 o (14)
0<sp<Ep
sot+si1+--+sp=p

3For other choices of fo we found specific values of A and B for which every possible Weyman complex is not
determinantal.
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Moreover, the following isomorphisms hold for the cohomologies:

B B
p—v
HY (m—(g Sj,...,g sj,sl,...,sB)—sodo)%
j=1 j=1

A B B
@ (®H"“;¢11 (mxl — ZSj — S0 do,Xi) (034 H]P;;j (my]. — 85 — So do)Yj )) (15)
i=1

j=1 Jj=1
rxlmrxlmylmryBEN
2irx, T Ty ;=P

Proof. Consider I,J C Zsys1,...s5- Then, by definition, #I = #J and Y. dp = > dp =
kel kedJ
(Zlesj,...,Zlesj,sl,...,SB) + so do. Hence,
(157" m = diye A ew) (85 m =3 d) o A er) =
P wer keJ keJ
B B
15 (= (0 st vsm) = sodo) & (N e A\ ex).
= = kel keJ

By definition of &1,...,Ep (def. B, the set Zs,s,,...,s5 is not empty if and only if 0 < so < 1 and for all
i€{1,...,B} it holds 0 < s; < &;. Hence,

{I:1C{0,...,N},#I =p}= U Lo s1sp-
0<s5p9<1
0<s1<&1

0<sp<&p
so+si+-+sp=p

Thus, [[4) holds. The isomorphism in ([I5) follows from Prop. 27 O
In what follows, we identify the degree vectors that reduce the Weyman complex to have just two elements
and, in this way, they provide us Koszul-type determinantal formulas for star multilinear systems (Def. 214]).

These degree vectors are associated to tuples called determinantal data. The determinantal data parameterize
the different Koszul-type determinantal formulas that we can obtain using the Weyman complex.

Definition 3.6. Consider a partition of {1,..., B} consisting of two sets P and D and a constant ¢ € N. We
say that the triplet (P, D, c) is determinantal data in the following cases:
e When fy corresponds to Center-Vertex or Edge case: if holds, 0 < ¢ < A.

e When fy corresponds to Outer-Vertex case: if the following holds,

c=0 if } . pdoy, =0, or
C:A if ZjEDdOij :O.

e When fy corresponds to Triangle case: if the following holds,

0<c<A,
> jepdoy,; <1, and
jepdoy; < 1.
Equivalently, we say that the triplet (P, D, c) is determinantal data for the multidegree dp if the following
conditions are satisfied:

ZjeP doy; <1

2jepdoy; <1
0<c<A when (Vi € [A]) it holds do,x,; = 1, (16)
c=0 when (Vi € [A]) it holds do,x;, =0 and >, pdoy, =0,
c=A when (Vi € [A]) it holds do,x, =0 and > .. do,y; =0.
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Theorem 3.7. Consider a generic overdetermined system F = (Fy, ..., Fn) in Z[u][X,Y] of multidegrees
do,...,dn (Def. [23), where (Fi,...,F,) is a square star multilinear system. Assume that for every j €
{1,...,B} it holds & > B; (see Rem.[3.3) and that the multidegree of Fo, do, is a solution of the system in
[@2). Then, for each determinantal data (P, D,c) (Def.[3.8) and a permutation o : {1,..., A} = {1,..., A},
the degree vector m = (mx,,...,mx,,My,,...,My ), defined by

mx, = Z}EDﬂJ—&—ZU“) ! Q1) + do,x; for1<i<Aando(i) >c

mx, = Z}EDﬂJ—&—ZU“) ! Qp—1(gy — 1 for1<i<Aando(i)<c
my; =& — B; +do,y; forjep
my; = —1 forj €D

corresponds to the Koszul-type determinantal formula (Def.

Ke(m): 0= Kiwp1(m) ® Ziu] 227 Ky (m) @ Zlu] — 0,

where w =374 a1y + 2 jep Bi-

Proof. To simplify the presentation of the proof, we assume with no loss of generality that o is the identity
map. We rewrite (6)) using Lem. Hence, we obtain the following isomorphism,

B B
p—v
HZ (m—(g 83'7...75 8j7817...783)—80d0)%
j=1 j=1

® H]P,;;j (& = Bj+doy; —sj —sodoy;)® [Case Y.1]
jEP
Hﬂ)ﬁ] (=1 —s5—s0 dO,Yj) & [Case Y.2]
jED
@ c Hr'xi 1 d o <1 (17)
e (Zﬂ +Zak - —ZSJ ~sodox,) ® [Case X.1]
1= Je
A
®Ha (Zﬂg +Zak+dox ZSj—Sodo,xi) [Case X.2]
i=c+1 jED Jj=1
We will study the values for p,v, so,...,58,7x,,.--,7X4,7Y1,---, Ty such that Ky p(m) (EIZD does not vanish.

Clearly, if 0 < 5o <1 and (Vi € {1,...,B}) 0 < s; < ¢&;, then the module GBIeISO en /\ke[ er is not zero.
Hence, assuming 0 < sp < 1 and (Vi € {1,...,B}) 0 < s; < &;, we study the vanishing of the modules in (7).
By Rem. 2.8 the modules in the right hand side of ([T are not zero only when, for 1 <i < A rx, € {0,a;}

and, for 1 < j < B, ry; € {0,53;}. We can use Rem. 9 to show that if (IZ) does not vanish, then we have
the following cases

[Case Y.1] | For j € P ry; =0 and & —fBj+do,y; > s;+50do,y;

[Case Y.2] | For j € D ry,; = f; and s; + sodo,y; > B
B

[Case X.1] | For 1 <i<¢ rx, = a; and z;Sj + sodo,x; > 2}:3/33 + Zaxk (18)
i= j€

[Case X.2] | Forc<i< A| rx,=0and Zﬂj +Zo¢k>§:5j (so—1) do,x,
jeD

From (8], we can deduce the possible values for v such that K, ,(m) does not vanish. From ({4, it holds
p= Zf:l s5j +s0. By Prop.ZZ p—v =31 rx, + Zf:l y;. Hence, we deduce that

U—ZSJ+SO—ZBJ Zai.
i=1

jeD
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e First we provide a lower bound for v. Assume that ¢ > 0. By [Case X.1], if i = ¢, then
ZSJ + sodo,x. > Zﬂg +Zaxk
jeED

er1 <1, we conclude that v > 0 as

B c
U:SO+ZSj_ZBj_Zak250(1_d07x‘3)20'
j=1

JED k=1

Hence, as 0 < so,do,x

Assume instead that ¢ = 0. Then v = Zle sj + 80 — > epBi- By [Case Y.2|, for each j € D, §; <
85 + 80 do,y;. Moreover, it holds, for each j € P, 0 < s;. Adding the inequalities we deduce that,

ng+30 > doy; =D B (19)

jeD jE€ED

By definition, 0 < ZJED do,y; < 1. Hence, by (), v > 0 as, v > so — 50 ZJED do,v; > 0.
e Finally we provide an upper bound for v. Assume that ¢ < A. By [Case X.2], if we consider i = ¢+ 1, then

Zﬂj+zak>ZSJ (s0o—1) dOXc+1

jE€ED

Hence we conclude that v < 1, as 0 < s, do,xc+1 < 1 and so,

B c
v:50+§ Sj_g ﬂj_g ar < so+ (1 —s0)dox,.,, <1
=

jED k=1

j=15j t 80 — ZjeD Bi — Zle a;. By [Case Y.1], for j € P,
& — Bj +do,y; > sj + sodo,y;. Moreover, it holds, for each j € D, £ > s;. As the system (F1,..., Fy) is
square, it holds S22 & = Zf:l @i+ ep Bi+ 2 cp B5- Hence, adding the inequalities we obtain

Zaz—&—Zﬂj > g - ngzsj (so— 1)) doy;. (20)

JjED Jj=1 JjEP JjeP

Assume instead that ¢ = A. Then v = ZB

By definition, 0 < s, ZjeP do,y; < 1. Hence, by 20), v < 1 as,
’USS()—(S()—l) Zdo,yj S 1.
jep

We conclude that the possible values for v, p, rx,,...,7x 4, "'y,,-.., Ty such that (I7) is not zero are v €
{0, 1}, the possible values for rx,,...,7x 4, Ty, Ty ; are the onesin (I8) and p =37, _, arn+3-,p B +v.
Let w =3y, arx +>_,cp Bj. Hence, our Weyman complex looks like (§), where

d(m) : Kiwi1(m) @ Z[u] = Ko,w(m) @ Z[u].

In what follows, we prove each case in ({I8)). Consider the modules related to the variables Yj, for j € {1,..., B}.
Case (Y.1) We consider the modules that involve the variables in the block Yj, for j € P. As s; < &;
and so,do,y; <1, it holds £ — B8 + do,y; — 85 — s0do,y; > —fB; — 1. Hence, by Rem. 29

H]Pg;j (& —B; + do,y; — 8j — S0 doij) #0 (21)
ry; = 0and & — B + do,yj > sj + so do,yj.

Case (Y.2) We consider the modules that involve the variables in the block Yj, for j € D. As s, s0,do,y; >
0, then —1 — s; — s0do,y; < 0. Hence, by Rem. 29

TY .

Hys) (=1—=sj—sodoy;) #0 <= 1y, =fB; and s;+sodoy; = B (22)
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Now we consider the cohomologies related to the blocks of variables X;, for ¢ € {1,..., A}. We assume
that the cohomologies related to the blocks of variables Y; do not vanish.

Case (X.1) We consider the module related to the blocks X1 ..., X.. We only need to consider this case
if ¢ > 0, so we assume ¢ > 0. We prove that for each 1 <1 < ¢, if the cohomologies related to the variables in
the blocks Y, for 1 < j < B, and the ones related to X1 ..., X;—1, do not vanish, then

B
X
Hpo (mxi - Zsj — S0 do,xi) #0 <=
=1

B

rx, = Q; and ZSj+SOdO,X Zﬂ]+zaxk

j=1 jeb
‘We proceed by induction on 1 <1 < c.

e Consider ¢ = 1 and the cohomology related to the block X,

n:cﬁl(z&—l—zsg—%doxl)

jeD

As we assumed that ¢ > 0 and the triplet (P, D,c) is determinantal data (def. [3.0), by definition either
do,x, =1 or both do,x, =0 and ZjED do,y; = 0. Also, it holds 0 < so, ZJED do,y; < 1. Hence, from @,
we conclude that,

B
Zﬁj—l—ZSj—Sodoyxk < sp Zdo,yj —1—Sod0,xk <0

jeD j=1 jeD

Therefore, by Rem. 2.9]

n:cﬁl(z&—l—ng—sOdoxl);éo —

jeED

rx, = a1 and Zsj+50d0,xl EZ/BJ‘FCUQ

Jj=1 jeD

e We proceed by induction, assuming that (23] holds for ¢ — 1, we prove the property for . We consider the

cohomology
(Zﬂg _1+Zak_ZSJ_SOdOX )

jeD

By definition (see (I2)), do,x,_, = do,x,, and by inductive hypothesis, if the previous modules do not vanish,

then
Zsj + so do,x; 7ZS]+SOdOX,L L2 ZBJ +Zaxk.

jE€ED

Hence, by Rem. [2.9]

(Zﬁj—1+zak—zsj—30dox)7é0 <

jE€ED
B

rx, =a; and ZSj+SOdO,X Zﬂj"‘zak“"a@'

Jj=1 jeED

Case (X.2) We consider the module related to the blocks X¢41...,X 4. We only need to consider this
case if ¢ < A, so we assume ¢ < A. We prove that for each ¢ < i < A, if the cohomologies related to the
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variables in the blocks Y, for 1 < j < B, and the ones related to X;41, Xi42,..., X 4, do not vanish, then

(Z,B]—G-Zak-k (1= s0)do,x; —Z ')7&0 =

jeD j=1

rx, =0 and Zﬁj+2ak>zsg (so—1) do,x,.

jE€ED

(24)

We proceed by induction.
e Consider i = A and the cohomology related to the block X 4,

B

;fAA(ZBJ+Zak+ (1—s0) dOXA_ZSj).

j€D j=1

As we assumed that ¢ < A and the triplet (P, D, c) is determinantal data (Def. [36]), by definition, either
do,x 4 = 1 or both do,x , =0 and Y. pdo,y; = 0. Also it holds 0 < s0,)..p do,y; < 1. Hence, from (20),
we conclude that

jEP jEP

Z/B]‘anz“‘ 1—5() dOXA ZSJE —QA
jeD
Therefore, by Rem. 2:9]
B
PfAA(Zﬁg-G-Zak-F (1 —so0) doxA—ZSj)#O =
JjeED j=1

4 =0and Zﬂj+2ak>283 (so—1) do,x 4- (25)

jeD

e We proceed by induction, assuming that (24]) holds for ¢ + 1 < A, we prove the property for i > ¢. We
consider the cohomology

(Z@-&-ZO%-!- 1—s0)do,x, —i_g: )

JjeED

By definition (see (I2)), do,x,,, = do,x,;. So, if the previous cohomologies do not vanish, by induction
hypothesis,

Zﬂj+zak> s0—1) d0X1+1+ZSJ— so — 1) do,x; +ZSJ
j=1

jE€ED

Equivalently,

ZBJ+Zak+ (1—s0) do,x; 72832 —ay.

jeED
Hence, by Rem. [2.9]
B
(Zﬂ]+zak+1—80 dox Z )7£0<:>
jeED j=1
rx, =0 and Zﬁj+2ak>283 (so—1) do,x,.

jeD

The previous theorem gives us Sylvester-like determinantal formulas in some cases.
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Corollary 3.8 (Sylvester-type formulas). Consider do corresponding to the Center-Vertex or Edge case. Let
o:{1,...,A} = {1,..., A} be any permutation and consider the determinantal data ({1,...,B},0,0). Then,
by Prop.[2.17, the overdetermined systems from Thm.[3.7 have a Sylvester-like formula coming from the degree
vector m related to the determinantal data ({1,...,B},0,0) and the permutation o.

For each determinantal formula given by Thm. 37l we get another one from its dual.

Remark 3.9. Consider a degree vector m related to the determinantal data (P, D, c) and the permutation o.
Then, the triplet (D, P, A — c) is also determinantal data and the map ¢ — (A + 1 — o(4)) is a permutation of
{1,..., A}. Let m be the degree vector associated to (D, P, A—c) and i — (A+1—0(4)), then, by Prop. 210
Ko (m) is isomorphic to the dual complex of Ko(mm).

3.2 Size of determinantal formulas

Following general approaches for resultants as in [14] Ch. 3] or specific ideas for Koszul-type formulas as in [5],
we can use the matrices associated to the determinantal formulas from Thm. 3.7 to solve the square systems
(f1,...,fn). To express the complexity of these approaches in terms of the size of the output, that is, the
expected number of solutions, we study the size of the determinantal formulas of Thm. B and we compare
them with the number of solutions of the system.

The multihomogeneous Bézout bound (Prop. [22)) implies the following lemma.

Lemma 3.10. The expected number of solutions, Y, of a square star multilinear system is

Lemma 3.11. The degree of the resultant and the sizes of the matrices corresponding to the determinantal
formulas of Thm. [37, that is, the rank of the modules Ko(m) and Ki(m), are (See the beginning of Sec. [31]
for the definition of the four cases and the notation in the bounds) as follows:

A
e Center-Vertex case: The rank of the modules is T - (1 + Z_il ;).

E 4B (Ch o) +1

e Quter-Vertex case: The rank of the modules is T -

& —pBi+1
T+ 30 o) & +1
e Edge case: The rank of the modules is Y - (At 2im )& +1)
& —pBi+1
e Triangle case: The rank is T - (1 + ZA a;) (14 Biy + Biz ).
i=1 &y —Bj +1 Ejy — Bin +1

The proof of this lemma can be found in Appendix[A.Tland follows from a direct computation, see Prop. 2.4l

3.3 Example

We follow the notation from the beginning of Sec.[3l Consider four blocks of variables X1, X2, Y1, Y2 that we
partition to two sets: {X1, X2}, of cardinality A = 2, and {Y1, Y2}, of cardinality B = 2. The number of
variables in the blocks of the first set are a = (1,1) and in the second 8 = (1,1). That is, we consider

X1 :={X1,0,X11}, X2 := {X2,0, X2.1}, Y1 :={Y10,Y1,1}, Y2 :={Y20,Y21}.

Let (f1,..., f4) be a square star multilinear system corresponding to the following graph,
a2 —— O
K[X1,X2] O -
Ey =29 O K[YQ]

By Lem. 310 the expected number of solutions of the system is 8. We introduce a polynomial fo and we
consider the multiprojective resultant of f := (fo, f1,...,f~n). By Lem. BII] the degree of the resultant,
depending on the choice of fo, is as follows:
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In the Center-Vertex case, that is fo € K[X 1, X2]1, the degree of the resultant is 24.
e In the Outer-Vertex case, that is fo € K[Y ;]1 for j € [2], its degree is 20.

e In the Edge case, that is fo € K[X 1, X2,Y ;)1 for j € [2], its degree is 36.

e In the Triangle case, that is fo € K[X1, X2,Y 1,Y 21, its degree is 48.

We consider the Edge case, where fo € K[X 1, X 2]1, and the overdetermined system f = (fo, f1, f2, f3, fa, [5),
where,

fo:= (a1 z2;0+a2 x2;1) 1,0+ (a3 2,0+ a4 x2;1) 151

(b1 y1;,0+b2 y1;1) z2,0+ (b3 y1;,0+ba y1;1) x2;1) 21,0+ ((05 y1;0+b6 y1;1) 2,0+ (b7 Y1;0 +b8 y1;1) 2,1) o151

(

=(

((cry1,0+c2y1;1) 22,0+ (c3 y1,0+eayin) w2;1) 21,0+ ((¢5 Y10 +c6 Y1;1) T2;0+(C7 y1;0+C8 Y1;1) T2;1) 151
((d1 y2;0+d2 y2;1) x2,0+(d3 y2;0 +da y2;1) x2;1) 21,0+ ((ds y2;0+d6 y2;1) 22,0+ (d7 y2;0 +ds y2;1) T2:1) T151
=(

)
)
)
ES

(e1 y2;0+e2y2;1) w20+ (€3 y2;0 +ea y2;1) x2;1) T1;0+ ((e5 y2;0 +e6 y2;1) T2;0 + (€7 y2;0 +e8 y2;1) T2;1) T151

We consider the determinantal data ({1},{2},1) and the identity map ¢ + i. Then, the degree vector of
Thm. B is m = (0,3,1,—1) and the vector spaces of the Weyman complex K(m, f) become

Kilm.f)= Sk, (-1)85x,0)0 Sy, 0 @5y, { (2NN DI0NA NS Y

(eo/\eg/\e3)®(eo/\eg/\e4)
D S;{l(_l)®SX2(O)®SY1(O)®S;72 1)®{ 61/\63/\64)@(62/\63/\64) }
® Sk, (D) ®©Sx,(00® Sy, (1) @Sy, (-)@{ (cohesnes) },

Ko(m. )= S, 0)@ Sx, ()@ Sy, 0 53,00 { (292N |
& Sx,(0)®Sx,(1)® Sy, (1) @ Sy, (0)®{ (e0Aes) D (eo Aea) }
@ Sx,(0)®Sx,(1) ® Sy, (1) @ Sy, (-1) @ { (esAes) }.

The Koszul determinantal matrix representing the map d1(m, f) between the modules with respect to the
monomial basis is

[a1 a2 —b1 —ba —bs —by 1
a3 aq —bs —bs —b7 —bs
a1 a2 —b1 —by —bz —bs
az a4 —bs —bg —b7 —bs
ay a2 —C1 —C2 —C3 —C4
az aq —C5 —Ce —C7 —C8
al az —C1 —C2 —C3 —C4
as aq —Cs5 —Cg —C7 —Csg
el ez —di —ds b1 bz bz bs
es er —ds —dr bs be br bs
ez e4 —da —ds b1 b2 b3 ba
es es —dg —ds bs be br bs
e1 ez —di —ds c1 c2 c3 cq
es er —ds —dr c5 c6 C7 C8
ez eq —da —ds c1 c2 c3 cq
eg eg —dg —dg C5 C6 C7 C8
el e3 —dq —d3 ay az
es e7 —ds —dr as asq
e2 eq —d2 —dy ai az
e es —ds —ds as [
e1 e3 —d1 —ds3 ai as
es er —ds —dz as as
e2 eq —d2 —dy ai az
L €6 [ —ds —ds as as |

4 Determinantal formulas for bipartite bilinear system
In this section, we define the bipartite bilinear systems and we construct determinantal formulas for two

different kinds of overdetermined multihomogeneous systems related to them. These formulas are Koszul-type
determinantal formulas. This section follow the same notation as Sec. 3l
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Definition 4.1 (Bipartite bilinear system). A square multihomogeneous system f = (f1,..., fv) in K[X, Y]
with multidegrees du,...,dn € Z9 is a bipartite bilinear system if for every k € [N], there are ix € [A] and
Jk € [B] such that fi € K[X;,,Y;,]1. For each ¢ € [A] and j € [B], let & ; be the number of polynomials of
f in K[X“YJ]]_

We use the term bipartite because we can represent such systems using a bipartite graph. The vertices of
the graph are the algebras K[X1],...,K[X 4], K[Y1],...,K[Y B]. For each dj there is an edge between the
vertices K[X;] and K[Y';] whenever di,x;, = dy,y; = 1. That is, when it holds fx € K[X;,Y ;]1. The graph is
bipartite because we can partition the vertices to two sets, {K[X1],...,K[X 4]} and {K[Y1],...,K[Y B]} such
that there is no edge between vertices belonging to the same set.

Ezample 4.2. Let X1,X2,Y1,Y2,Y3 be five blocks of variables. Consider the multihomogeneous system
(f1, f2, f3, fa) C K[X, Y] with multidegrees

% O X
X1 O e

(dixy, dixs, | divy, diyy, diys ) R P
di=( 1, 0, 1, 0, 0 )
do=( 1, 0, 0, 1, 0 )
ds=( 0, 1, 0, 1, 0 )
dy=( 0, 1, 0, 0, 1)

This system is a bipartite bilinear system where £11 =1, 12 =1, 81,3 =0, E2,1 =0, 22 =1 and &3 = 1.
The corresponding bipartite graph is the one above.

Remark 4.3. For each square bipartite bilinear system, it holds N = Zf:l Zle &i,j. Moreover, if the system

B

has a nonzero finite number of solutions, then for ¢ € {1,..., A}, it holds >777

je{l,...,B} it holds 322 & ; > B;, see Prop.
As we did in Sec. Bl we study overdetermined polynomial systems (fo, f1,...,f~) in K[X,Y] where

&i,j > a; and for each

(f1,...,fn) is a square bipartite bilinear system and fo is a multilinear polynomial. We consider different
types of polynomials fo. The obvious choice for fo is to have the same structure as one of the polynomials
fi,..., fn; still we also choose fy to have a different support. This leads to resultants of smaller degrees and

so to matrices of smaller size. The following fo lead to determinantal formulas:

1. fo € K[X;]1, for any ¢ € {1,..., A}.

2. fo € K[Y |1, for any j € {1,..., B}.

3. fo e K[X;,Y]1, forany i€ {1,...,A} and j € {1,..., B}.
Theorem 4.4. Consider a generic overdetermined system F = (Fy,...,Fn) in Z[u][X,Y] of multidegrees
do,...,dn (Def. [23), where (Fi,...,F,) is a square bipartite bilinear system. Assume that for each i €
{1,..., A}, Zle iy > a; and for each j € {1,...,B}, "2 & > B; (see Rem.[J-3), and Fy is a multilinear
polynomial as detailed in the paragraph above of multidegree do.

The degree vector m = (mx,,...,MX 4, My ,...,My ) define by

mx, = Zle Eij—ai+dox, for1<i< A
my; = —1 for1<j<B

corresponds to a Koszul-type determinantal formula (Def.
81(m)
K.(m) 0 — Kl’zle 5j+1(m) 1—) Kovzle ﬁj (m) — 0.

For the sake of brevity, we present the proof of Thm.[Z£4]in Appendix[A.2]as it is similar to the one of Thm. 3.7l
Additionally, we present an example of the determinantal formulas constructed in this section in Appendix [A.3]
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5 Solving the Multiparameter Eigenvalue Problem

We present an algorithm (and an example) for solving a nonsingular MEP. The polynomial system associated
to MEP, see ([2]), corresponds to a star multilinear system (Def. B]), where A =1, B=a and & = 3; + 1,
for each j € [B]. In particular, following (@), the system is fMEF := (fio,..., fi.51,- > fas05 -+ - > farpa ), Where
fii €EK[Y1,...,Yi-1,Yit1,...,Y a1, for i € [a] and j+ 1 € [8; + 1]. The expected number of solutions is
[T=,(B; + 1), see Lem. 5101

We introduce a linear form fo € K[X]1 and consider the Sylvester-type determinantal formula of Cor. 3.8

The map ¢ associated to this formula is as follows,

d: K[Yl, . ,Ya]]_ X H(il:l K[Yl .. .Yi717Y7;+1 .. -Ya]l — K[X,Yl, e 7Ya]1
(90,9105 191,815+ 190,05+ -+ Ga,Ba) = Go fo + D5, Zf;ogi,jfi,j« (26)
We fix a monomial basis for the domain and codomain of § and we construct a matrix C associated to it.

o €11 C
We arrange the rows and columns of C' so that we can write it as | o'} o2 |, such that

e The submatrix [Cz,1 C2,2] corresponds to the rows Y? fo, for YU € K[Y1,...,Ya]1.
e The submatrix [g;z} corresponds to the column associated to the monomial Y? Xo.

e If the k-th row of C corresponds to Y7 fo, then the k-th column corresponds to the monomial Y zq.

We say that a MEP is affine if fMP¥ is a zero-dimensional system and for every solution the zo-coordinate is
not zero. When fMFF has a finite number of solutions, we can always assume that it is affine by performing
a structured linear change of coordinates. When the MEP is affine, by [, Prop. 4.5], the matrix Cy; is
invertible. Moreover, by [B, Lem. 4.4], we have a one to one correspondence between the eigenvalues of the
MEP and the (classical) eigenvalues of the Schur complement of Cs 2, é;z = Cho — C’g,lejCLg : each
eigenvalue of C/Z is the evaluation of £—2 at an eigenvalue of the original MEP. Also, the right eigenspaces of

C/'z\,/g correspond to the vector of monomials oY ¢, for Y? € K[Yl7 .. .7Ya]17 evaluated at each solution of

(1,05 J1,815+ -+ s fo,05 -« o5 fa,8) [21] Lem. 5.1]. Even more, if we multiply these eigenvectors by [Mlii'M%l L

then we recover a vector corresponding to the evaluation of every monomial in K[X,Y1,...,Y 4]1 evaluated
at the original solution. This information suffices to recover all the coordinates of the solution.

Remark 5.1 (Multiplication map). For an affine MEP, the matrix é;z corresponds to the multiplication map
of the rational function f—‘; in the quotient ring K[X,Y1,...,Y 4]/ " at multidegree (0,1,...,1) € N**!,

x

with respect to the monomial basis {Ye}yeeK[thYa]l.

Algorithm 1 SOlVGMEP({{M(i’j)}jewﬁ_l]}ie[a])
Require: Affine MEP {{M©9},c5 111 ielal

L (f1,0,-- fa,p.) < Multilinear system associated to {{M(i’j)}jewiﬂ]}ie[a} (Eq. 2.
2: fo + Generic linear polynomial in K[X];.
: [g; g;j] + Matrix corresponding to ¢ (Eq. 26]); partitioned in four block
4: {(g—‘(’)(p), T)p) }p + Set of Eigenvalue-Eigenvector of the Schur compl. of C ».
5: for all (i—‘;(p),ﬁp) € {(i—‘;(p),f;p) }p do

6:  Extract the coordinates of p from [C;if?’l} - Up.

Remark 5.2 (Atkinson’s Delta Method). By inspecting the eigenvalues and eigenvectors of the Schur comple-
ment of Cy o for fo = ;”—;7 we can conclude that C/; equals the matrix Aal A; from Atkinson’s Delta method,
see [3, Chp. 6]. It worth to point out that our construction of (7;2 improves Atkinson’s construction of Agl A,
as we avoid the symbolic expansion by minors that he considers [3| Eq. 6.4.4]. The dimension of the matrix
(3,2, and so the dimension of Atkinson’s Delta matrices, is [];_,(8: + 1) x []7_, (8¢ + 1). These matrices are
dense. In contrast, the dimension of the matrix C'is (o + 1) [[;—,(B:i + 1) x (a+ 1) TT5—,(8: + 1) (the degree
of the resultant of the system), but the matrix is structured (i.e., multi-Hankel matrix) and sparse; it has at
most (3o, Bi +a+1) (a+ 1) T[;,(8i + 1) non-zero positions.
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In what follows we present an example of our algorithm in the two-parameter eigenvalue problem (2EP).
The interested reader can found information about the applications of 2EP in physics in [29]. We consider the

2EP given by the matrices
-7 =3 12 2 -7 -1
MY .=
-8 -2 13 1 -7 -1

-1 -3 7 -1 -4 0
MY .=
4 1 1 2 -1 -1
For simplicity, we will name the three blocks of variables as X,Y, Z, instead of X1,Y1,Y 2. Following (2,
we write 2EP as the following bilinear system
Y1

f2
fa 21

According to Lem. 310 the 2EP should have 4 different solutions. To solve this system, we introduce a
linear polynomial fo € K[X] that separates the eigenvalues of the 2EP, that is, if A; and A are different
eigenvalues, then %()\1) # %()\2), for some z; € X. Then, we consider a Sylvester-like determinantal formula
for the resultant of (fo,...
computations as in [5].

If the MEP problem has a finite number of eigenvalues and all of them are different, then any generic
fo € K[X] separates the eigenvalues. In our case, we choose fo := —xzo + 5x1 — 3x2. Following Cor. B8]

there is a Sylvester-type formula for the resultant of the system f := (fo,..., fs) using the degree vector
m := (1,1,1). The latter is related to the determinantal data ({1,2},0,0). The Weyman complex reduces to

MO0 .= |: M2 .=

M@0 .= |: MY .= |:

|: —Txo+ 1221 —Tx2 —320+271 — T2

—8xo+ 1321 — T2 —2x0 + 1 — T2

—1lxo+ 721 — 422 —3xo —T1

dxo+ 21 — 22 To+2x1 — 22

, f1) (Cor. B8) and we solve the original system using eigenvalue and eigenvector

Sx(0)® Sy (1) ® Sz(1) ® {eo}
®Sx(0)®@ Sy (0) @ Sz(1) @ {e1 @ e2}
®Sx(0)® Sy (1) ® Sz(0) @ {es @ es}

51 (m, f)

0— ——= (Sx(1)® Sy (1) ® Sz(1) ®K) — 0,

where the map d1(m, f) is a Sylvester map (Prop. 2I7)). Hence, the resultant of f is the determinant of a

matrix C representing this map, which has dimensions 12 x 12 (Case 1, Lem. B11]). We split C in [g; g;z}

according to [B Def. 4.1].

Remark 5.3. If the original MEP has a finite number of eigenvalues, after performing a generic linear change
of coordinates in the variables X, we can assume that there is no solution of (f1,..., fn) such that xo = 0.

r T2Y020 T2Y0Z1 T2Y120 T2Y121 T1Y020 T1Y0Z1 T1Y120 T1Y121|TOY020 TOY0Z1 TOY120 TOY121 |
zoel -7 -1 12 2 -7 -3
zi1el -7 —1 12 2 -7 -3
zo€e2 -7 -1 13 1 -8 -2
z1€es -7 —1 13 1 —8 —2
yoes —4 0 7 -1 —11 -3
y1es —4 0 7 —1 —11 -3
yoeq -1 -1 1 2 4 1
y1e4 -1 -1 1 2 4 1
Yyozoeo| —3 5 —1
Yo21€0 -3 5 -1
Y1z0€0 -3 5 -1
L y121€0 -3 5 -1

By [5 Prop. 4.5], as the system (fi,..., fn) has no solutions such z o -1 -1
that zo = 0, the matrix C1,1 is nonsingular. Hence, by [5, Lem. 4.4], s 5 o )
we have a one to one correspondence between the eigenvalues of the Cap = : : !
2EP and the (classical) eigenvalues of the Schur complement of Cs 2, -4 -3 I 3
C/'z\,/g = Ch2 — C’g,lC’f&CLg : each eigenvalue of (7;2 is the evaluation © L _6&
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of 9’:—2 at an eigenvalue of the original 2EP. In our case C/’;Jg is as it appears at the left.

Let p1,...,ps be the four solutions of (f1,..., fa). Then, the eigenvalues of C/’;Jg are 5—3(1)1) =1, £—‘;(p2) =

2, i—‘;(pg) = 3 and 5—3(1)4) = —2. As 01(m, f) is a Sylvester-like map, the right eigenspaces of C/';Jg contain
ToY0=0

the vector of monomials v := {ﬁgg‘fﬁé} evaluated at each solutions of (f1,..., f4) [2IL Lem. 5.1]; this is as it
ToY121

appears in the table below. If each eigenspace has dimension one, then we can recover some coordinates of the
solutions by inverting the monomial map given by v.
For example, the zg-coordinate of p; is non-zero as (o yo 20)(p1) #

v pP1 | P2 | P3| P4
Z0oYozo 1 1 1 1
ToYoz1 -3 -1 -2 -3
ToY120 1 1({-1|-3
Toy1z1 | —3 | —1 2 9

0, and so its z1-coordinate equals %(})1) = —3. To compute the
remaining coordinates, either we substitute the computed coordinates
of the solutions in the original system and we solve a linear system, or
we extend each eigenvector v(p;) to w(p;), where w(p;) is the solution

of the following linear system:

C1,1 Ci,2 N Jo ] 0 N _ [—crtci )
|:C2,1 02’2] w(p;) = x—o(pl) [v(pi)} , and so w(p;) = [ 1,1v(pi) ] .
Each coordinate of w(p;) is a monomial in K[X]1 @ K[Y]1 ® K[Z]1 evaluated at p;. Hence, we can recover the
coordinates of p; from w;(p;) by inverting a monomial map. In this case, the solutions to (fi,..., f4), and so
eigenvalues and eigenvectors of 2EP are

Ext. Eigenvalues | Eigenvectors

To, L1, T2 ¥0,91 | 20,21
pi=1( I-1,-3 L1 [1,-3 )
p2 = ( 1,3, L1 | 1,-1 )
ps = ( 1,1,1 L-1|1,-2 )
pa = ( 1,1,2 1,-3|1,-3 )
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A Additional proofs and examples

A.1 Proof of Lemma 3.11]

Proof of Lemmal3. 11l Following Cor. the size of the Koszul determinantal matrix is the degree of the
resultant. By Prop. [24] it holds,

degree(res) ZMHB (do,...,dk—1,drt1,...,dN).

As many multidegrees dj, are identical, we couple the summands in the previous equation. For each j €
{1,...,B},let I; € {1,..., N} be the index of a polynomial in F such that F; € K[X1,...,Xa,Y,]. Recall
that &; is the number of polynomials with multidegree equal to dr;. Hence, we rewrite the degree of the
resultant as

B
deg(Resp(do, ..., dn)) = MHB(ds,...,dn) + Y _ & MHB(do, ... d1;~1,di;11,. .., dy).

A I .
From Lem. 310, MHB(d,,...,d,) = Gig ol Iz (51) = Y. By Prop. 22 for every 1 < j < B,

T, ! J=1\B;

MHB(do, ..., dr;~1,dr;+1,...,dn) is the coefficient of (Hf‘:1 Z?(i)(nf:l ZQ') in

A B A £ - 4 .
(;do,xini+t§::1do,Ytht)(i§::lei+Zyj) H (ZZXi+ZYk)

ke{l,....BN\{j} i=1
Consider the last two factors of the previous equation, that is

1

1

A e A .
(Czw+m)” T (Czx+m) (25)

ke{l,....BI\{j} =1

Then
A B
MHB(do, ...,dr,—1,dr+1,...,dn) = Zdo,xsé’fs + ZdOvYLOJ}:“

(I 23T 28 . . (I 25T, 230
! XEXS =Yt in (28), and 0}, is the coefficient of ! X%Y =T

t
[28). After some computations, we have

0 (L, ei) = D) &—1 11 Ee) _yp. s &P
7 (e = DM hieqangs @'\ B ) pep y B Sl &

where 0 ~s is the coefficient of

s BIN{G}
oy )t (g1 e e,
g _ ) T jal (57D Meeqromngy (G) =T & ift=j,
T (Z e £5-1 . 5 -8, .
1‘[{1(1 ! (Btil)( )er{l LBI\{t,5} (Bk) =7 T Jgj L otherwise.

Using the formulas for Hfs and 0}; we get

B
deg(Resp (do, ..., dn)) = MHB(d1, ..., dn) + Y & MHB(do, ..., dr;1,d141,...,dn) =

j=1
B

T+Zg ZdoxajerZdoy”t T+Z€ Zdox% Z&(Zdo,yte}fﬁ).
s= s= j=1 =1

Next, we simplify the last two summands of the previous equation. For the first one, as Z L =
Zg 1(&; — B;) and for all s it holds do,x, = do,x,, we obtain

B A B
ZSJ- (Zdo,xﬁj;) :Zgj (Zdox T —
/ =

j=1 s=1

5/3]) “‘”‘IZ‘“

10‘1
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For the second one, we perform the following direct calculations

Z ZdOYr _jt
Jj=1

&; ( Z do,YtTgt P & — b + do Y.T&) =

Mm

j=1 te{1,...,.B}\{j} -Be+1 & Yt
B B
/Bt 63( ﬂ])
T doy. — Pt e _5y_a Biles =B L . Y _
Z(Z 0,Y¢ gt_ﬁt+1(53 Bi) 0,Y ) + o,YJ,BJ)

j=1 "t

1

T

B

B
A Bt . B; _
(&; ﬂj)(;dO,Yt Bt+1)+T Zdoy 753'—,3]‘4—1_

1+Z°‘1 (Zd“’f 3 —5t+1)

j=1

At last we have the formula

A
deg(ResP(do,...,dn)):T(1+d07XIZai 1—|—ZO{1 (Zdoyt . z, —ﬂt—‘rl))
i=1

The proof follows from instantiating the values of do,x,,do,y;,...,do,y according to the multidegree of

fo. O

A.2 Proof of Theorem (4.4

Proof of Theorem[{-4 In this proof, we follow the same strategy as in the proof of Thm.[B.7 As we did in
Sec. Bl we can interpret the various multidegrees of fo, do = (do,x,,-..,do,x4,do,v;,---,do,yy), that we want
to prove that lead to determinantal formulas as solutions of the following system of inequalities:

(V1<i<A) 0<dox, <1

(Vi<j<B) 0<Zdoy,; <1
Z?:l dO»Xi <1
SF doy, <1

(29)

Consider the set {0,..., N} that corresponds to generic polynomials F' = (Fy,..., Fn) of multidegrees
do,...,dn (Def.23), where (Fi,..., F,) is a square bipartite bilinear system such that, for each i € {1,..., A},
Zle &ij > a; and for each j € {1,...,B}, Y4 &.; > B, and do is the multidegree of Fy. As many of these
polynomials have the same support, similarly to ([I3]), we can gather them to simplify the cohomologies of ().
For that we introduce the following notation. For each tuple so, s1,1,...,54,8 € N, let 150,51,1,~~,5A,B be the
set of all the subsets of {0, ..., N}, such that

e For 1 <i< Aand 1< < B, the index s, ; indicates that we consider exactly s; ; polynomials from
(F1,..., Fn) that belong to Z[u][ X, Y ]1.

e In addition, if so = 1, then 0 belongs to all the sets in ISO,SM,A.A,SA,B
That is,
Lsg,s1,1, 54,8 = {I I CA{0,...,n},(0€I<so=1) and
(VI<i<A)VI<j<B)siy =#{kel: fi €KIXi, Y]}, (30)

As in Lem. B3] we exploit the sets Zsg sy ;,...,54,5 to rewrite the cohomologies K,(m) = @NH Ky p ®Zu]
of (@) in the following way,

B B A A
Kv,p(m)z @ (H;ﬁv(m—(281,1'7...72;8,4,1'7281',17...7Z;S¢,B)—Sodo)
Jj= Jj= i= i=

0<sp9<1 = =
(V1<i<A) (V1< <B) 0<s; ;<Ei
L S5 S I ® P Ner). (D)

IEISO,SIJ
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Hence, using the Kiinneth Formula (Prop. 277)) with the degree vector m defined in Thm. [44] we have the
following isomorphisms of cohomologies,

B B A A
H»giv <m — <Z S1,5y--- 72814,% Zsi’l’ ey ZS@)B> — S0 do) =
= = o —
®H];f <Z —8i,5) —ai + (1 — so) d(),Xi> [Case X]

j=1

A (32)
rx,totrx try, +otryg=p—v ®® ]P’BJ <—1 — Zsi’j — doyyj So) [Case Y]

We will study the values for p,v,s0,81,1,.-.,84,B,"X1s---,"X4TY1s---5Typ such that K, (m) does
not vanish. Clearly, if 0 < so < 1 and (Vi € {1,...,4})(Vj € {1,...,B}) 0 < s;; < &, then the module
@16130151 an Arer ex is not zero. Hence, assuming 0 < so < land (Vi€ {1,...,A})(Vj€{1,...,B})0<
sij < &;jy (Vi e {1, ..., B}) 0 < s; < &;, we study the vanishing of the modules in the right-side part of (32)).
We will study the cohomologies independently. By Rem. [Z8] the modules in the right hand side of (32]) are
not zero only when, for 1 <i < A, rx, € {0,;} and, for 1 < j < B, ry, € {0,3;}. At the end of the proof
we show that if (32) does not vanish then the following conditions hold,

rx, =0
B
<i<
[Case X] | For 1<i< A Z S —8i5) — i+ (1 —s0) dox, >0
=1 33
ry; =B 4
A

<5<
[Case Y] | For 1< j<B Zsi,j Y sodoy, —B; >0

i=1

Using ([33), we study the possible values for v such that K, ,(m) does not vanish. From (3IJ), it holds
p= Zle Zle Si,j + So. By Prop.B1l p—v = Zf‘:l rx, + Zle ry ;. Hence, we deduce that, when K, (1)
does not vanish, it holds,

A B B B A
DD RIS SR ol poRTEA RIS
i=1 j=1 j=1

j=1 \i=1
We bound the values for v for which K, ,(m) does not vanish.

e First, we lower-bound v. Assume that the cohomologies involving Y ; are not zero. Hence, if we sum
over j € {1,..., B} the inequalities of [Case Y], we conclude that

B A B B
< Z(Zsm‘ = Bj) + so Zdo,yj =v+s0 <Zdo,yj - 1) )
j=1 i=1 j=1 j=1

By definition, ([29), 0 < Zle do,y; <1,and 0 < 59 < 1, hence 0 < v.

e Finally, we upper-bound v. Assume that the cohomologies involving X ; are not zero. Hence, if we
sum over ¢ € {1,..., A} the inequalities of [Case X], we conclude that

<Z —8i5) — o + (1 — so) do,xi>

=1

BJ A B A

Zglj Zai_zzsi’j+(l_so) <Zdoyxi>.
i=1 j=1 i=1

j=1 i=1

Recall that N = 32 | Zle Eij=20 i+ Zf;j Bjand v =31, Zle Sij + S0 — Zf;j B;. Also,
as do is a solution of (23)), it holds 0 < Zle do,y; <1, and 0 < sp < 1. Hence

ZZSLJ“‘SO—ZBJ <o+ (1—s0) <Zdox>

=1 j=1

Nl 'Z‘M

Il
—

i
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We conclude that the possible values for v, p, rx,,...,Tx4, 'y,,--.,"y such that (32) is not zero are
v € {0,1}, the possible values for rx,,...,7x,, Ty,,...,Ty; are the ones in (33)) and p = Zle Bj+v. Hence,
our Weyman complex looks like (8), where

61(m) : KLE?:1 5j+1(m) — KO,Z? LBy (m)
is a Koszul-type determinantal formula.

In what follows we prove each case in (33)).

Case (X) We consider the modules that involve the variables in the block X;, for 1 < ¢ < A. As
(Vj) Si,j S gi,j7 0 S So S 1 and O S dO,Xi S 17 we have Z]‘le(gi;j — Si,j) — Q4 + (1 — 80) dO,Xi > —1— Q.
Hence, by Rem. 2.9]

B
HpZi (D (Eiy — sig) — i+ (1= s0) dox,) # 0 <=

j=1
B
rX,; =0 and Z(gi’j —Si,j) —Oéi-l-(l—So) dO,Xi > 0.
j=1
Case (Y) We consider the modules that involve the variables in the block Y, for 1 < j < B. As
(Vje{l,...,B})si; > 0and so,do,y; >0, then —1 — Zle 51,5 — s0do,y; <0, and so by Rem. 2.9
A
ry .
HPBJ-J (—1 — Z Si,j — So do,yj) 75 0 <—
i=1
A
TY; = ﬂj and Zsi,j =+ So doij — ﬂj > 0.
i=1
a

A.3 Example of determinantal formula for bipartite bilinear system
Consider four blocks of variables such that A =2, B=2, a = (1,2), 8 = (1,2), and

X1:= {X10,X11}
X2 = {X2,0,X2,1,X2,2}
Yi:= {Yi0,Y11}
Yy := {Y2,0,Y2,1,Y22}.

Let (f1,..., fe) be the square bipartite bilinear system represented by the following graph:

51,1 =1
X: 0O

Oov.
\

&

X0

OY:

52,2 =2

We introduce a polynomial fo € K[X1,Y 1]1 and consider the following overdetermined system f where,

fo = (a1 y1;0 + a2 y1;1) 130 + (a3 y1;0 + a4 y1;1) T151
f1:= (b1 y1;0 + b2 y1;1) 150 + (b3 Y10 + bayin) z1a
for= (c1yu0+ cayin) x20 + (€5 Y10 + c6 y1;1) T2;1 + (€3 Y150 + cayi1) T2;2
fa = (d1 y2;0 + d2 y2;2 + d3 y2;1) T1;0 + (da y2,0 + ds y2;2 + de Y2;1) T1;1
f= fa = (e1y2;0 + €2 y2;2 + €3 y2;1) 1,0 + (€4 y2;0 + €5 Y252 + €6 Y2;1) 151 (34)

f5 = (91 Y20 + g2 y2;2 + g3 y2,1) T2;0 + (g7 Y20 + g8 Y2:2 + Go Y2;1) T21

+ (94 y2;0 + g5 Y232 + g6 y2;1) T2;2
f6 := (h1 Y20 + h2 y2;2 + ha y2;1) x2;0 + (A7 Y250 + hs y2;2 + ho y2;1) 251

+ (hay2;0 + hs y2;2 + he y2;1) T2;2
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Following Thm. [£4] we consider the degree vector m = (3,1, —1,—1). The vector spaces of the Weyman

complex K(m, f) looks like,

eo Ne3 Neses
ea ANesz Neg N\ es

{(

(
(60/\62/\63/\66
(
(

(

eo Nes Neg /N eg

Kilm,f) = 5x,(0) @ Sx,(0) & 55, (0) © S, (~1) © R
(
(

e DD

@SX1(0)®SX2(O)®S;—1( 1) ® Sy, (0 eo Nex Nes Neg eo Nex Ne3 N ey

62/\62/\63/\64)@(60/\62/\63/\65

Ko(m,f) = Sx,(0)®Sx,(1) ® Sy, (0) ® Sy,(0) @ { (eoAesAes) ®(e2NesAes) }

(eo ANesNes)® (eo Nes Aes) ®
(eo NeaNes)® (eo Nea Aeg) ®
(61/\63/\65)@(61 /\63/\66)@
(e1 NeaNes)®D (e1 Nea Aeg) ®
(62/\63/\64)

{
® Sx, (1) ® Sx,(0) ® Sy, (0) ® Sy, (0 {

°)

)

)
60/\62/\64/\65)@

)

)

The Koszul determinantal matrix representing the map d1(m, f) between the modules with respect to a

monomial basis is,

i —b1 —bs a1 ag
—by —bs az aq
—b1 —b3 a1 as
—b2 —bs az ag
—b1 —bs a1 a3
—bz —bs az ag
—b1 —b3 a1 as
—b2 —bs az a4
—c1 —c5 —c3 ay
—c2 —ce —Ca az
—g1 —97 —ga €1 e4 —dy —da
—93 —9g9 —geé €3 €6 —d3 —ds
—92 —gs —gs e2 es —dz —ds
—h1 —h7 —hg er  eq —d1 —ds
—hs —hg —hsg e3 eg —d3z —dg
—h2 —hg —hs ez es —dz —ds
—c1 —c5 —c3 b1
—Cc2 —Cg —cCa ba
—91 —g7 —9ga €1 €4 —d1 —dy
—93 —9g9 —Ygé €3 €6 —d3 —dg
—g2 —gs —gs €2 es —dz —ds
—h1 —h7 —hy e1 eq —dy —da
—hs —hg —hsg e3 eg —d3z —dg
L —ha —hg —hs ez es —d2 —ds
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