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ABSTRACT. We make precise some results on the cloaking of displacement fields
in linear elasticity. In the spirit of transformation media theory, the trans-
formed governing equations in Cosserat and Willis frameworks are shown to be
equivalent to certain high contrast small defect problems for the usual Navier
equations. We discuss near-cloaking for elasticity systems via a regularized
transform and perform numerical experiments to illustrate our near-cloaking
results. We also study the sharpness of the estimates from [H. Ammari, H.
Kang, K. Kim and H. Lee, J. Diff. Eq. 254, 4446-4464 (2013)], wherein the
convergence of the solutions to the transmission problems is investigated, when
the Lamé parameters in the inclusion tend to extreme values. Both soft and
hard inclusion limits are studied and we also touch upon the finite frequency
case. Finally, we propose an approximate isotropic cloak algorithm for a sym-
metrized Cosserat cloak.

1. INTRODUCTION

Following the proposal of an electromagnetic invisibility cloak via a geometric
transform [49, 38], and inspired by an extension to other equations of physics [41], a
number of papers have appeared on possible routes to elastodynamic cloaking [12,
45, 46, 23, 18]. Potential applications of transformation elastodynamics are in the
protection of specific regions from mechanical vibrations ranging from ultrasonics
[17] to civil engineering [10] and geophysics [16, 51].

The theory of cloaking has an intricate connection to the theory of inverse prob-
lems in the context of partial differential equations (PDEs). Loosely speaking, a
successful cloak should make the reconstruction of material properties based on
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boundary measurements impossible. Greenleaf and coauthors have shown in [31]
that two different conductivity distributions can lead to the same boundary volt-
age measurements. This result was achieved using a singular geometric transform,
which blows up a point onto a ball. Incidentally, the transformation appearing in
[49] coincides with that of [31], although the latter work did not make connection
to invisibility cloaks.

Pendry’s construction of a perfect cloak in [49] essentially exploits the trans-
formation invariance property of the Maxwell system [27, 44, 55]. This invariance
property is shared by electrostatic, acoustic and thermostatic problems. Unfortu-
nately, elastostatic systems do not retain their form under change-of-variables [41].
It should be noted that the geometric transform used in [49] is singular at the in-
ner boundary of the cloak. This leads to technical difficulties in the mathematical
analysis of transformed models. This was remedied in [37] by the introduction of
a regularized geometric transform, which blows up a small ball onto the cloaked
region. Here, the authors introduced the notion of near-cloaking, as opposed to
perfect cloaking of [49]. An important observation in [37] is that the concept of
near-cloaking is related to the study of certain boundary value problems with small
volume inhomogeneities. The study of PDEs in the presence of small volume in-
homogeneities is a well-established topic of interest amongst analysts. One can
consult [29] for the conductivity problem, [36] for the Helmholtz problem, [6] and
[5, chapter 2] for linear elasticity systems. We also refer the reader to the review
paper [33] on cloaking by change-of-variable based methods.

In recent years, there has been considerable interest in the applied mathemat-
ics literature on the cloaking of elastic displacement fields. For instance, in [34],
the authors develop a regularized approximate cloak involving a lossy layer for the
Lamé system and they derive sharp asymptotic estimates to assess the cloaking
performance at finite frequencies. This approach borrows ideas from [36] where a
similar construction was proposed to cloak acoustic waves at finite frequencies. In
another interesting approach [1], the authors make use of layer potential techniques
and transformation matrix (so-called T-matrix) to achieve an enhancement of near
cloaking of elastic waves in two-dimensions, in the low-frequency regime. A draw-
back in adapting the strategy in [34] to the static case is that estimates therein
blowup in the zero-frequency limit, whereas the strategy developed in [1] through
the construction of the so-called S-vanishing structures depends upon the Lamé pa-
rameters of the inclusion, see [1, section 5] for further details. Also note that there
has been a recent near-cloaking theory at finite frequencies for the Cosserat cloak,
but with a lossy layer [39], and estimates therein do not encompass the static case.

Here, we retain the classical transformation based cloaking strategy as proposed
in [41, 22]: our inspiration comes from the work of [37] in electrostatics. There
Kohn and co-authors linked the transformation based cloaking to the study of a
Poisson problem with a small volume defect, then applied the result of Friedman
and Vogelius [29], which established the difference between the solutions to the
homogeneous and the perturbed problems to be a monotone decreasing function of
the size of the defect, irrespective of the contrast in conductivity. Hence, the work of
Ammari and coauthors [6] on the study of transmission problems in linear elasticity
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systems plays a prominent role in our near cloaking approach. Nonetheless, their
asymptotic results are valid subject to a certain upper bound on the bulk modulus
of the inclusion. A straightforward application of their result to deduce a near-
cloaking result would involve imposition of similar conditions on the bulk modulus
that could be cloaked; this is in contrast to the conductivity case. Hence we improve
the result of [6] by lifting the boundedness assumption on the bulk modulus of the
inclusion, thus proving a near-cloaking result irrespective of the material properties
in the cloaked region.

This paper is organised as follows: section 2 introduces the mathematical model,
makes precise our notion of near-cloaking, gathers some basic qualitative proper-
ties of elasticity tensors and details transmission problems in high-contrast elastic
media. Transformation based cloaking in linear elasticity is discussed in section
3, where we treat both the Willis and Cosserat settings. Section 4 deals with the
near-cloaking results. Our main results are Theorem 4.3 in the Cosserat case and
Theorem 4.4 in the Willis case. In section 5, we propose a symmetrization procedure
for the Cosserat cloak followed by a construction of an isotropic approximation to
that symmetrized tensor using homogenization techniques. Finally, in section 6 we
present our numerical results in two dimensions, where we illustrate near-cloaking
in Cosserat setting and the asymptotic behaviour of solutions to the transmission
problems in both the soft and hard inclusion limits.

2. MATHEMATICAL SETTING

Throughout this work, d stands for the dimension of the Euclidean space R?.
In a linear elastic material with fourth order constitutive tensor C, occupying a
bounded Lipschitz domain  C R? (d = 2,3), the partial differential equation in
elastostatics for the unknown displacement field u : Q — R? reads

{V-(C:Vu)ﬂ in Q,

M) ((C : Vu)n =g on 02,

where (C:Vu) . := > 11 Cijri(Vu),, and the traction (Neumann) datum g €
[H- = (8Q)]? satisfies the compatibility condition

/ e(z) do(z) = 0.
o0

Here n(z) denotes the outward unit normal to 02 at point x = (z1,...,24). We
assume that the elasticity tensor C = (Cjjx;) in (1) satisfies the ellipticity condition,
i.e., there exists a constant a > 0 such that

d d
(2) (C:A): A= > CyndAiAn>a ) |Ayf = a4,
0,4,k 1=1 i,j=1
for any symmetric second order tensor A = (Al-j). It is a classical matter in this

setting to show that for any given g € [H’%(GQ)]d, there exists a unique solution
u € [H'(Q)]? to the system (1) — we refer the reader to, e.g., [14]. Note that the
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solution u(x) is unique up to addition of constants. Hence, we can obtain uniqueness
by imposing a normalisation
/ u(z)dz = 0.
Q

As the partial differential equation (1) is well-posed, the following Neumann-to-
Dirichlet map (NtD for short) is well-defined:

Ac : [H™ (094 — [HE (90)]¢
g — uloq,

where u(x) is the unique solution to (1) corresponding to the traction boundary
datum g(x). There also exists a variational characterisation of the displacement
field u(x) which solves the elastostatic problem (1):

(3) min / (C:e(v)) : e(v)da,

veve Jo
with e(v) = % (Vv + VVT), the symmetrized gradient, where B' stands for the
transpose of B. The admissible function space V& in (3) is defined below

(4) VE = {w e [H'(Q)]" such that (C: e(w))n =g on 00} .
The constitutive tensor C of a typical elastic material would satisfy the following
symmetries:

(5)

major symmetry: Cijr = Chiij, minor symmetries: Cijr = Cjitt = Cijik,

for 4,4, k,1 = 1,...,d. However, as shown in [12, 23], transformation elasticity may
result in exotic materials with anisotropic inhomogeneous elasticity tensors without
the minor symmetries (see section 3 for details). Such materials also called Cosserat
materials by the authors [12, 23], as a generalization of the known Cosserat ma-
terials, still have isotropic but inhomogeneous mass densities. In an endeavor to
enforce the symmetry of all tensors, Milton et al. [41] propose the so-called Willis
equation that produce materials (Willis materials) with fully symmetric elasticity
tensor. However, such Willis materials possess additional 3-tensors and display
anisotropic inhomogeneous mass densities. In isotropic homogeneous elastic media,
the elasticity tensor C = (Cjx;) is fully symmetric. More precisely, its components
read

(6) Cijrt = X 0i0kt + p (851051 + 0010jk)
where the standard Kronecker delta notation §;; is used and it satisfies Hooke’s law:
(7) c=C:e,

where o and € are the stress and the strain tensors, respectively. The constants
A and p in (6) are called the bulk modulus (first Lamé parameter) and the shear
modulus respectively. The ellipticity condition (2) for the isotropic elasticity tensor
(6) translates as

(8) >0, dA +2u > 0.
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The parameters A, p help us define the Poisson ratio v, the Bulk modulus x and
the Young’s modulus F as

A _dA+2p B 2u(dX\ +2p)

©) YT d—Date2w T T a T d-Datou

We note that these assumptions ensure that 0 < v < 0.5, but within the theory of
composites it has been shown that v can get close to —1 [40]. In isotropic setting,
the elasticity system (1) takes the form

{ pAu+ A+ p)V(V.u) =0 in £,

(10) hy (V.u)n + ue(u)n =g on 0.

We further note that well posedness of (1) holds even for tensors with minor sym-
metry breaking in the elasticity tensor, see e.g. [28].

2.1. Notion of near-cloaking. Here we make precise the notion of near-cloaking
for elastic systems. Given a region Q strictly contained in §2, the goal is to surround
Q by an elastic material such that any linear elastic object (inclusion) in Q goes
nearly undetected by measurements on the boundary of 2. More precisely, let the
background be occupied by a homogeneous isotropic material with Lamé parameters
Ao, po satisfying (8). For any given positive d, the aforementioned construction of
the surrounding elastic material (possibly depending on §) should be such that the
associated displacement field is d-close (in some chosen topology) to that of the
homogeneous isotropic material (with the Lamé parameters Ao, fp) as measured
at the boundary of €, irrespective of the elastic property of the inclusion in Q.
Throughout, we use the notation B, to denote a Euclidean ball of radius r =
V&3 + -+ + x7 centred at the origin. To fix ideas, we take the region Q to be By
and the surrounding region to be the annulus By \ B;. Given a number 0 < ¢ < 1,
our objective is to give a recipe for constructing a fourth order tensor C%(x) with
the structure

Co for x € Q\ Bo,
(11) Cox) =< D° for 2 € By \ By,
Cy for x € By,

where Cy and C; are isotropic fourth order tensors of the form (6) with Lamé
parameters Ag, o and Aq, g1 respectively (both pairs satisfying the strong convexity
condition (8)). The above construction should be such that the solution ud to (1)
with Cil as the elasticity tensor satisfies

(12) ||ugl - uhom” S h(d),

[HZ (0Q)]1 ~
where lims_,o h(6) = 0 and upem () is the solution to the isotropic system (10) with
Lamé parameters Ao, pg. Furthermore, the closeness (12) should hold irrespective of
the values of the Lamé parameters A1, p1 in By as long as they satisfy the convexity
condition (8).
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2.2. Ordering property of elasticity tensors. In this subsection, we recall and
prove some qualitative and quantitative results on elasticity systems [22]. We say
that two fourth order tensors C; and Cy are ordered if we have

(13) ((ClsA):AS((CQ:A):A,
for any arbitrary symmetric second order tensor A. If C; and C, are isotropic

homogeneous tensors, then there is a characterisation of the aforementioned ordering
property in terms of their Lamé parameters. This is the purpose of the next result.

Lemma 2.1. Let C; and Cs be two isotropic homogeneous fourth order temsors
with Lamé coefficients \; and p;, i = 1,2, respectively. Then Cy and Co are ordered
as in (13) if and only if dA1 + 2u1 < dAa + 2us and py < ps.

Proof. For a symmetric tensor A of order 2, we have

(14)
1 d ’ 2
1

(Cr:A4): A= (dh +2n) <Z Aii> Hap Y AL+ 71 > (Au— Ay

i=1 1<i<j<d 1<i<j<d
A similar expression holds for (Cy : A) : A. Hence we have

d 2
1
(Co:A):A—(Cr:A):A = g(d)q - 2n — (dA + 2,“)) (Z A“—>
i=1

+ A(p2 — ) Z A?j + 2(#2 = 1) Z (Aii — Ajj)2 .
1<i<j<d 1<i<;j<d

By inspection, it follows that the conditions dA; + 2u1 < dAg + 2p9 and p1 < o
suffice to guarantee that C; and C, are ordered. Now, in order to show that they are
indeed necessary, let us suppose that C; and Cy are ordered as in (13) and further
choose A to be the second order identity tensor which yields dA; +2u1 < dAg 4+ 2pus.
Next, by taking A to be a symmetric second order tensor with vanishing diagonal
elements, we obtain p; < po. O

The result we state next gives precise lower and upper bounds on the fourth
order isotropic homogeneous tensors in terms of their Lamé coefficients. This ob-
servation will be useful while performing the soft and hard inclusion asymptotics in
the transmission problems addressed later on in this paper.

Lemma 2.2. Let C be a homogeneous isotropic fourth order temsor with Lamé
coefficients A and pu, then, for every symmetric second order tensor A, we have

(15) CLlJAI* < (C:A): A< G |47,
with the constants C1 and Cy given by
Cy := min{d\ + 2u,2p}  and  Cy:= max{d\ + 2u,2u}.

Proof. For a symmetric second order tensor A,

d 2
2 1 1 2
Al :d<ZA“»> +22A§j+EZ(Aﬁ_Aﬂ) .
=1

i<j i<j
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Hence the estimate (15) follows from (14). O
The next result says that the ordering property of the elasticity tensors will be
picked up by the corresponding NtD maps.

Lemma 2.3. Let C; and Cy be fourth order elasticity tensors satisfying the sym-
metry assumptions (5) and the ellipticity condition (2). Further assume that they
are ordered in the sense of (13). Then the corresponding NtD maps are ordered in
the same manner, more precisely, we have

(16) (Ac,f.f) < (Ac,f.f)  for any £ € [H™2(9Q)]°,
where (-,-) denotes the duality pairing between [H2 (9Q)]? and [H™z (9Q)]¢.

Proof. The proof goes via the energy method. In the elasticity system (1), take
the elasticity tensor to be C; and the traction datum to be some f € [H™2 (9Q)]<.
Multiply the equation in (1) by the displacement field u(z) and integrate over the
medium 2 yielding

(A, f, 1) = / ((Cl :e(u)) ce(u)de < / ((C1 : e(v)) ce(v)de,
Q Q
where the inequality on the right follows from the variational formulation (3). We
further continue the above inequality by exploiting the ordering assumption made
on the tensors C; and Cy to get

/ (Cy:e(v)) :e(v)da < / (Cy:e(v)) : e(v)da.
Q Q

As a final step, we take v(x) to be, in particular, the displacement field associated
with the elasticity tensor Cy and with the same traction f(z) at the boundary,
resulting in

(A, £, £) < /Q (Cy:e(v)) : e(v)dz = (Ac,f,f).

O

2.3. Transmission problems in high contrast media. In this part of the paper,
we study transmission problems in the context of linear isotropic elasticity. More
specifically, we consider the Lamé parameters of the background ©\ D to be Ao, po
and those of the inclusion D to be A1, uy. As usual, each of these Lamé parameter
pairs are assumed to satisfy the strong convexity condition (8). The elastic inclu-
sion D is assumed to be a bounded Lipschitz domain. We consider the following
transmission problem:

o Au+ (Ao + po)V(V.u) =0 in Q\ D,

w Au+ (A + ,ul)V(V.u) =0 in D,

(17) ul- =ul; on 0D,
Ou Ju

871’1’1 7 = 871’11 N on 8D,

A (Vaun+ ppe(un=g on 09,
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where m(z) is the outward unit normal to dD at x. We take the traction datum
g € [H2(99Q)]%. Here we have used the following notations for the trace and the
Fréchet derivative at the inner boundary

uly(z) = li_r)l(l)u (x + sm(z))

S| (@)= tim {0 (V- u (o~ sm(e)) me) + o (e(w) (2 sm@))m@)} o o e oD,

%L(m‘) = i% {/\o (V ‘u(z 4 sm(x)) )m(a:) + 1o (e(u) (z + sm(zx)) )m(g;)}

We are interested in understanding the solution u(z) to the transmission problem
(17) when the Lamé parameters in the inclusion D show high contrast with respect
to their values elsewhere in the domain. From Lemma 2.2, it follows that this high
contrast setting corresponds to studying the regimes:

Hard inclusions: min{dA; + 241, 11} — 00,

Soft inclusions: max{dA; + 2u1, 1} — 0.

The limit problem corresponding to the soft inclusions is

/LoALlo + ()\0 + No)V(V.Uo) =0 in © \ D,
(18) guo| _ 0 on 9D,
om |+
Mo (Vaug)n + poe(ug)n =g on Of.
The limit problem corresponding to the hard inclusions is
HoAUs 4 (Ao + 10)V(V.uy) = 0 in Q\ D,
d(d+1)/2
(19) Uy = Z a;¥; on 0D,
j=1

Ao (Vaug)n + ppe(u)n =g on 09,

where ¥, j =1,...,d(d+ 1)/2 forms a set of basis functions in the space of rigid
displacements in D. Furthermore, the coefficients «; in the second line of (19) are
determined by the orthogonality condition:

- /{)Da;: (@) ¥j(2)do(2) =0 forj—1,..., D

Next we recall a couple of asymptotic results from [6, Theorem 4.2, page 4458].

Theorem 2.1. Let u(z) denote the solution to the transmission problem (17)
and let ug(x) be the solution to the soft inclusion problem (18). Then there exists
a constant v > 0 such that

1
(21) aee — ol 1 o\ pyje S (K14 pa)3

for all bulk and shear moduli k1, uy < -y inside the inclusion D.
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Theorem 2.2. Let u,(x) denote the solution to the transmission problem (17) and
let uso(x) be the solution to the hard inclusion problem (19). Let 5 > 0 be a given
constant. Then there exist constants M, i > 0 such that

M

(22) ||U-tr - uoo”[Hl(Q)]d < ﬁ

for all first Lamé parameters \y < B and shear moduli p > i inside the inclusion
D.

A more general convergence result in the hard inclusions case has been recently
proved in [8] which, unlike Theorem 2.2, does not impose any boundedness assump-
tion on the first Lamé parameter A; in the inclusion. However, this generalisation
in [8] does not give, unlike Theorem 2.2, a rate of convergence in terms of the Lamé
parameters in the inclusion. The proofs of Theorem 2.1 and Theorem 2.2 employ
layer potential techniques for Lamé systems, whereas the results in [8] are obtained
via variational characterisation. We will return to these high contrast transmission
problems in section 6 where we report on some of our numerical experiments in the
context of 2D elasticity.

3. TRANSFORMATION ELASTICITY

As noticed in [41], the change-of-variable method needs to be constrained by a
specific gauge proportional to the Jacobian of the transformation in order to ensure
symmetry of the transformed elasticity tensor. The price to pay for preserving all the
symmetries of the transformed order-4 tensor is the appearance of additional lower
order tensors in the transformed equation. An alternative approach was proposed
in [12, 23], which preserves the structure of the Navier system, at the cost of losing
minor symmetries of the elasticity tensor. The transformed materials are termed
Willis media in the former case, and Cosserat media in the latter.

The following is the change-of-variable principle in the Cosserat setting.

Proposition 3.1. Let C be a fourth order tensor. Consider a Lipschitz invertible
map F : Q — Q such that F(x) = x for each x € Q\ By. Furthermore, assume that
the associated Jacobians satisfy det(DF)(z),det(DF~')(z) > M, for some M > 0
and for a.e. x € Q. Then u(x) is a solution to

V~<(C(x):Vu>:0 in Q
if and only if v=uoF~! is a solution to
(23) V- (]F*(C(y) : vV) =0 inQ,
where the tensor F*C is defined as

OF},

d
(21) "l ) = T3 O @ o (@)
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foralli,j, k.l € {1,...,d}, with the understanding that the right hand sides in (24)
are computed at x = F~1(y). Moreover we have,

(25) u(z) = v(x) for all z € Q\ Ba.
The following is the change-of-variable principle in the Willis setting.

Proposition 3.2. [41, Proposition B.1] Let C be a fourth order tensor. Consider
a Lipschitz invertible map F : Q — Q such that F(x) = x for each x € Q\ By. Fur-
thermore, assume that the associated Jacobians satisfy det(DF)(x),det(DF~1)(x) >
M >0 for a.e. x € Q. Then u(z) is a solution to

v.(C(x):vu):o in Q
if and only if
(26) v=([DFT] "u)or!
is a solution to
27) V- (F;@(y) Vv + FiC(y) - v) FFC(y) : VA FC(y)v=0  inQ,

where F{C is a fourth order tensor; F5C,F5C are third order tensors; F;C is a
second order tensor. They are given by the following formulae

d
. 1 OFy,  OF, . OF; 8IF
[F1Clyj0 (y) = det(DF)(z) Z Crars (@ )3$r v Ox . 833,) 613,1 @),

p,q,ms=1

d
821F OF; OF
Z Cpgrs (2) 53— (2) 5 (2) 52 (2

F2Cligi () = det(DF)(x) DF - 8x, dzs " Oy 8xq( )
(28) p#z, r,s=1
. , OF, . O°F,
R — z ot e 2
. O°F, , . O°F;
FiCly W) = Gmm @) DJF M; Crarslo)y o, a0,

foralli,j k.l € {1,...,d}, with the understanding that the right hand sides in (28)
are computed at x = F~1(y). Moreover we have,

(29) u(z) = v(x) for all x € Q\ Ba.

In (26), the gauge is [DF | ~'. Remark that if one takes the gauge in (26) to be
the identity, then (27) reduces to (23) as shown in [45]. By abuse of language, we will
refer to F*C as the push-forward of C. Equation (27) is known as the Willis equation
and can be achieved using perturbation techniques and variational principles in
heterogeneous media [56]. Physically, the rank 3 tensors can be interpreted for
instance in terms of a pre-stress and an effective body force due to the gradient of
pre-stress [57].
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3.1. Kohn’s transform and defect problems. Following Kohn and co-authors
[37], we fix a regularising parameter ¢ > 0 and consider a Lipschitz map F; : Q — Q
defined below

x for x € Q\ Bo,
(30) Fe(zx) := (221255 4 %) I%\ for x € By \ B,
Z for x € B..

Note that F. maps B. onto B; and the annulus By \ B: onto By \ B;. Cloaking
strategy with the above map corresponds to having B; as the cloaked region and
the annulus By \ B; as the cloaking annulus. Remark that taking ¢ = 0 in (30)
yields the map

T for z € Q\ Bo,

(31) Fo(z) := { (1+ 1)) G fora € B \ {0},

which is the singular transform of Greenleaf and coauthors [31] & Pendry and coau-
thors [49]. The map Fy is smooth except at the point 0. It maps 0 to By and
B2 \ {0} to BQ \Bl

3.1.1. Construction in the Cosserat setting. Given 0 < § < 1, we take ¢ = V62
and take the corresponding Kohn’s regularised transform F. defined by (30). Then,
our strategy to near-cloaking is to take D(y) = F*Cy(y) for y € By \ By in the
construction (11) of the cloaking coefficient (Cgl. More precisely, we wish to consider

Co for y € Q\ Ba,
(32) Ch(y) = FiColy)  forye By\ By,
C4 for y € Bj.

From the push-forward formula (24), it follows that the above cloaking coefficient
is nothing but the push-forward of the following fourth order tensor

Co for x € Q\ B,
() =

(33) S
e274Cy (2) for z € B..

cos

From the change-of-variable principle (Proposition 3.1) for the Cosserat setting, it
follows that in order to prove (12), it suffices to prove

< h(9),

(34) Hugos - uhomH[H%(aQ)]d ~

where u® ,(z) solves the following system with CS  defined by (33) as the elasticity
tensor:

(35) V- (Cohs(x) : Vudy,) =0 in ,
((Cgos(x) : Vugos) n=g on Of.
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3.1.2. Construction in the Willis setting. Given 0 < § < 1, we take ¢ = /62 and
take the corresponding Kohn’s regularised transform F. defined by (30). Then, our
strategy to near-cloaking is to construct the following tensors using the push-forward
formulae (28) for y € 2\ By,

e a fourth order tensor C'(y) := F5Co(y),

e two third order tensors D' (y) := F%5Co(y), S'(y) := F23Co(y),

e a second order tensor B'(y) := F5Co(y),
such that for y € By, C'(y) = C;, D' =§ = 0, B’ = 0, followed by using these
tensors in the following Willis system to solve for the unknown u:

(36) V- ((C’(y) :Vul + D' (y) - u’C”l) +S'(y) : Vu¥ +B'(y)ul =0 in Q.

From the push-forward formulae (28), it follows that the above cloaking coefficients
are nothing but the push-forwards of the following fourth order tensor:

Co for z € O\ B,
o]

37 Co.
(37) il gtdc, (f) for z € B..

From the change-of-variable principle (Proposition 3.2), it follows that in order to
prove near-cloaking, it suffices to prove

(38) ||u€Vﬂ - uhomH[H%(ag)]d 5 h(é)’

where u® () solves the following system with C%, defined by (37) as the elasticity
tensor:

: 5 xr): u‘s. = in
(39) {V( (Coa(x) : Vugy) =0 0,

Coy(x) Vuffvﬂ) n=g on Of.
Note that the elastic inclusions in the defect are scaled differently in Cosserat and
in Willis settings. Note in particular, in dimension d = 2, there is no high contrast
in the elasticity inclusion which is in contrast with the Willis setting where there
is a contrast of O(e?). Further note that application of Kohn’s transform with the

gauge (26) to (39) leads to (36) with g as the traction datum, i.e.
((C’(y) : Vug{)n =g on 01,

as D’ vanishes outside Bs.

4. MAIN RESULTS

Here we state and prove the main results of this paper. As explained earlier, the
cloaking results — both in the Cosserat and in the Willis settings — essentially follow
from the study of transmission elasticity systems of the type (17) with diametrically
small inclusions. In [6], Ammari and co-authors provide an asymptotic expansion
(a point-wise expression) for the solution to the transmission problem with small
volume defect in terms of the solution to the homogeneous isotropic problem and
in terms of the elastic moment tensors. We rephrase their result below.
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Theorem 4.1. [6, Theorem 6.1 on page 4461] Let the spatial dimension be d = 2,3.
Let upom () be the solution to the homogeneous isotropic system (10) with Lamé
parameters Ao, po satisfying the strong convexity condition (8). Let u(x) be the
solution to the transmission problem (17) where the inclusion D is of small diameter
€. Then, we have the estimate

< Me2d-1

(40) ||uhom - u8||[H%(8Q)]d -

for some constant M independent of the Lamé parameters A1, p1 in the inclusion
D as long as \y < 3 for some constant 3. The constant M being dependent on the
upper bound [3.

The readers are referred to [6] for the proof of the above result. As it transpires
from the proof therein, the constant M appearing in the above Theorem 4.1 is a
monotone increasing function of the bound 8 on the bulk modulus in the inclusion.

Remark 4.1. A main handicap of Theorem 4.1, as discussed in the introduction,
is the imposition of a bound on the first Lamé parameter of the inclusion. A novelty
of our work lies in lifting this constraint and improving the result of Theorem 4.1
to include arbitrary isotropic inclusions.

Before we state our results, we comment on the NtD maps associated with the
transmission problem (17) and those associated with the soft and hard inclusion
limits (18)-(19). Let the inclusion D in all the aforementioned transmission prob-
lems be B.. Furthermore, let us denote the solutions to (17), (18) and (19) by u®,
u§ and us_ respectively. It follows from the ordering property of the NtD maps (see
Lemma 2.3) that

(ug, f) < (u®,f) < (ug, f)

(o oh)

for any traction datum f € [H=2 (99)]%. As the solution to the small volume defect
problem is sandwiched between two functions, our approach is to show that these
two extremes are close to the solution of the homogeneous isotropic system. This
approach is inspired by an elegant idea in the work of Friedman and Vogelius [29].
This strategy mimics the work [37] where scalar equations are studied and which
borrows ideas from [29] dealing with the effect of extreme inhomogeneities in small
inclusions on the boundary measurements. Here is our main result which generalises
Theorem 4.1.

Theorem 4.2. Let the spatial dimension be d = 2,3. Let upom(x) be the solution
to the homogeneous isotropic system (10) with Lamé parameters Ao, po satisfying
(8). Let u®(x) be the solution to the transmission problem (17) where the inclusion
D is B.. Then, we have the estimate

(41) Huhom - 11€||

vl

i} oyye < Me

where constant M is independent of the Lamé parameters A1, 1 in the inclusion.
Remark 4.2. Note that, even though Theorem 4.2 does not impose any constraint

on the first Lamé parameter in the inclusion, the convergence rate is weaker than
that in Theorem J.1 as the result in [6] is a point-wise result and is obtained via
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layer potential techniques as opposed to the variational approach employed in the
present work.

From Theorem 4.1, we have the following corollary:

Corollary 4.1. Let upom(z) be the solution to the homogeneous isotropic system
(10) with Lamé parameters Ao, po satisfying (8). Let ug(x) be the solution to the
soft defect problem (18) where the defect D is of small diameter €. Then, we have
the estimate
€ 2d—1
||uh0m - uOH[H%(SQ)]d S €
The above corollary simply follows by taking the following limit in the estimate
(40):
€l lim M g2d-1

Uy —u 1 <
|| rom [HZ (69)]4 max{d\1 421,211 }—0

lim
max{d\1+2p1,2p1 }—0
because the constant M stays bounded in the above limit.
Our goal is now to prove the following result.

Proposition 4.1. Let upom(x) be the solution to the homogeneous isotropic system
(10) with Lamé parameters Ao, po satisfying (8). Let us,(x) be the solution to the
hard defect problem (19) where the defect D is of small diameter €. Then, we have

the estimate
d
2

||uh0m - uio”[H%(aQ)]d S €

Before we give a proof of the above proposition, let us define the quotient space
W(Q) := H'(Q)/Kere(")
as the space of classes of equivalence with respect to the relation
u~v<=u—vecKere() Yu,v e H(Q).

We denote by u the class of equivalence represented by u.
Let us recall the Korn’s inequality in the quotient space W(2): There exists a
constant C' = C(Q) such that

(42) ¥ty < Clle@) 20 VY e W(R),
where
[Vl == _inf  [[v4+rlgpeg and e(V):=e(w) foranywev.
reKere(.)
We refer the readers to [15] for further details on Korn’s inequality and related

topics. Thanks to the above Korn’s inequality, we have the following norm on
W(Q):

(43) [allwie) = lle)llzq) ~ Yuen, uecW(@Q).

Proof of Proposition 4.1. Note that the function space where we look for the solu-
tion to the hard inclusion problem (19) is the following

(44) We(Q) = {v'v € W(Q) and w = 0 in BE}.
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From now onwards, we shall drop the "notation for the representative of the equiv-
alence class as long as there is no confusion.
Let us write the weak formulation for the homogeneous problem:

(45) /Q (Co : e(upom)) : e(w)dz = / g(z) - w(z)do(z) Vwe W(Q).

o0

Next, we consider the weak formulation for the hard inclusion problem:

(46) /Q ((CO : e(uio)) ce(w)de = / g(x) - w(z)do(x) Vw e W (Q).

o0
Hence we have

(47) /Q (Co: e(upom —us)) s e(w)dz =0 Vw e We(Q).

Because Cy is strongly convex and bounded, we have that uS, is the projection of
Upom onto the space We. Hence by Hilbert’s theorem [9], we have

. . 2
[thom — U [l = L [hom — Vllw(q) = ve%lg%m/ﬂ e (Unom — V)|~ dz.

So, the goal is to construct an element ® € W€ such that
/ le (Upom — O))° da < %
Q

To that end, let us define a smooth cut-off function

1 for y € By,
o) = 0 for y € R\ By.

We rescale the above cut-off function as follows

z 1 for z € B,
@)-
€

0 fOI‘JZERd\BQE.
We then define © € W¢ as follows
T
O(z) = (1 - (g)) Unom (2).

Note that upem, — © is supported in Bs.. Let us compute

(49)
[ 1o o =€) o = [le(mom@) do+ 5 [ |96 ()] Tonon(@)* @z
B. Bae\Be

t [ ()] e @)l de,

BQE \BE

Let us recall that e (upom) belongs to L*°(£2) as it is a solution to the constant
coefficient elliptic system, thanks to the elliptic regularity theory [2, 3] (see also [47,
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section 4.7 on page 216]). Furthermore, rescaling of the Korn’s inequality yields

/ tnom(@)? dz < <2 / & (hom () dz.
B2€

Hence all three terms on the right hand side of (48) are bounded by &%, thus proving
the result. O

Now we state and prove our near-cloaking result in the Cosserat setting.

Theorem 4.3. Let the dimension d = 2,3. Let upom(z) be the solution to the
homogeneous isotropic system (10) with Lamé parameters Ao, po satisfying (8).
Given 0 < § < 1, there exists a constant M — depending on 2, Ao, po — such that

5
(49) [[ucr = Wom|| 4 o0 < M9

% () solves the elasticity system (1) with elasticity tensor C%(x) given by

(32) with ¢ = /82 and for any homogeneous isotropic tensor Cy in the cloaked
region By with arbitrary Lamé parameters A1, puy1 subject to the strong convexity
condition (8).

Proof. Given 4, take e = /62 and consider Kohn’s regularised transform Fe(z)
defined by (30). From Proposition 3.1, we know that proving the inequality (49)
is equivalent to proving (34) where ul. (z) solves (35) with the elasticity tensor
Cd,(x) defined by (33). Note that the Lamé parameters A\; and p; in the inclusion
B can be arbitrary in Theorem 4.2. Hence invoking Theorem 4.2, we have indeed
proved the result. O

Mutatis mutandis, the above proof applies in the following theorem for the Willis

setting.

Theorem 4.4. Let the dimension d = 2,3. Let upom(x) be the solution to the
homogeneous isotropic system (10) with Lamé parameters g, po satisfying (8).
Given 0 < § < 1, there exists a constant M — depending on 2, Ao, o — such that

(50) ||uélf - uhomH H2 (oQ)]¢ — M6

where u

where u%(z) solves the Willis system (36) with the tensors C', D', S/, B’ given in
section 3 for any homogeneous isotropic tensor Ci in the cloaked region By with
arbitrary Lamé parameters A1, p1 subject to the strong convezity condition (8).

5. CLOAKING PARAMETERS AND ISOTROPIC APPROXIMATION

5.1. Cosserat and Willis elasticity parameters in polar coordinates. First,
we present the typical spatial distribution of the cloak parameters to illustrate the
challenges faced by physicists and engineers in designing an elastodynamic cloak.
We focus on the Cosserat case, and also give some results for Willis media, and
consider Kohn'’s transform; we append the subscript cos to identify Cosserat, and
the coefficient C.os depends on the regularising parameter € via the Lipschitz map
F. in (30). Consider the Lipschitz map F. : Q +— Q

2 1= (21,22) = (FO (@), FO (@) = (y1,9) = v.
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If the cartesian coordinates (x1,x2) are expressed in terms of polar coordinates,

(rcos@,rsin@), then the new coordinates (]-"5(1) (x), F (x)) become (' cos 8,1’ sin 9)
with

r for r > 2,
(51) rli=0 4 fore<r<2,
g for r <e.

We also recall that only the radial coordinate r gets transformed by JF. and the
angular coordinate # remains unchanged. Next, we reformulate the push-forward
maps in terms of the polar coordinates. The transformed elasticity tensor, C._,,
has the following non-zero cylindrical components:

/ _ / / _ 1
Ceos rrmm=0(,7")(Ao+2p0),  Cloggupe = g7y (Ao+2k0),
/ e _ 1 _ _
(52) C’cos rr'99’ — CCOSG’G’T’T’ - >‘07 C’cos roor = Ceosorrgr = HOs
/ _ / ! _ 1
Ccosr@’r/é’ - a(57fr )H’07 Ccos&’r/ﬂ’r’ - a(e,r’)uo’

in By \ By while C/_, = C; in By (i.e. inclusion) and C. , = Cy in Q\ Bs. For ease

CcOoSs

of notation, here a(e,r’) stands for the following expression:

(e — 2 —2e — 1)
(e —2)r

a(e,r) = for 1 <o’ <2.

Figure 1 shows the variation of the components of the elasticity tensor C,_ (r') with
respect to the radial variable.

We observe that when e gets smaller, the radial component of the elasticity ten-
sor takes values very close to zero near the inner boundary of the cloak, which
is unachievable in practice (the azimuthal component of the elasticity tensor be-
ing the inverse of the radial component, the elasticity tensor becomes extremely
anisotropic). We note that C. . does not have the minor symmetries, which is
a further challenge for its fabrication. Therefore, manufacturing a metamaterial
cloak would require a small enough value of € so that homogenization techniques
can be applied to approximate the anisotropic elasticity tensor, and moreover one
would need to achieve some substantial minor symmetry breaking in the elastic-
ity tensor (so departing from classical homogenization results [13], possibly using
some resonant elements that would make the cloaking interval narrowband at finite
frequencies, in a way similar to that achieved with split ring resonators for electro-
magnetic waves [52]). We will be revisiting the topic of approximate near-cloaking
in the next subsection.
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FIGURE 1. The spatially varying components of the elasticity ten-
sor C/ (") of a cylindrical Cosserat cloak from (52) for +' € [1, 2]
and ¢ = 0.2 for a bulk medium with Lamé parameters )\ =
1.5 x 10" N.m=2 and pg = 7.5 x 101°N.m=2. One notes the sub-
stantial minor symmetry breaking for r’ = 1.
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FIGURE 2. The spatially varying components of the elasticity ten-
sor C!.;(r') and inertia tensors S, (r') = —D. (") of a cylin-
drical Willis cloak from (53-54) for v/ € [1,2] and € = 0.2 for a
bulk medium with Lamé parameters Ao = 1.5 x 10" N.m~2 and
o = 7.5 x 101°N.m=2. One notes the range of values for az-
imuthal component of C/ (") ([5.4 x 10'1,6.75 x 10'3], out of

scale) is larger than that of the azimuthal component of C] (') in

Figure 1. However, S/ ;,(r’) and D/, (r") have relatively small val-
ues.
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We now give the non-vanishing components of the rank 4 elasticity tensor in the
Willis case, using the subscript wil to distinguish them from Cosserat:
(53)

C\l)vil ririphe! = % ()\O + 2 /,Lo) s

— Ir'[?(2—¢)
Clitowon = )42 (Ao +2p0),
Cxiviwwofe' = O\/zvile’e’r’r’ = (5,2)%/,;(2,5)(5,1) Ao,

’ _ _ v _ v _ r’
Ciitroor = Cuitronre = Cuntomonr = Cuitomrgr = (c—2)Zr—2(2—2)(e—1) M0

and the non-vanishing components of the rank 3 tensors

S/~/// = - >\0 :_ID)/~///
wil ririr (7"’(6—2)—1—2(1—6))(7"(5—2)—26) wil r'rir’
—2p0
/ _ / _ _ ! _ !
wilr’00’ wil 0r'9’ — T (T"(E — 2) ¥ 2(1 — 5))2 - _Dwil 00" — _Dwil 0r’o’
(e —2) — 2e)(2ug + Ao
(54)Sqigon = - ) X ) - ~Dlit g -

(r'(e—2)+2(1—¢))3

In Figure 2 we show the components of the elasticity tensor C (') and so we
can compare and contrast the Cosserat and Willis media. Figures 1 and 2, show
that the required anisotropy of the elasticity tensor in the Willis cloak (evaluated
by the ratio C! 0909 (7)) Clitpmm (")) is much larger than that for the Cosserat
cloak (evaluated by the ratio C._ ppwp (r')/Chosrwmn (1)), which is suggestive that
a high contrast homogenization approach is needed for the Willis cloak. This could
be circumvented, as the only non-vanishing component of the 3 tensors is relatively
small compared with those of the elasticity tensor in Figure 2, by neglecting the 3
tensors to allow for a classical homogenization procedure or an higher order homog-
enization approach in the spirit of Shuvalov et al. [53]. This could have acceptable
efficiency depending upon the applications one has in mind. For instance, two seis-
mic cloak designs were proposed in [21], based upon the removal of 3 tensors in
the transformed Willis equations (but keeping the density 2 tensor): For civil en-
gineering applications, it is of foremost importance to fabricate a cloak which is
broadband [11], even if the cloaking efficiency is severely reduced.

5.2. Symmetrized Cosserat cloak and its isotropic approximation. The
Cosserat cloak C/_, given in (52) is positive definite. In fact, we have for any
symmetric second order tensor £ = (&;5),

Clos 1 €) 1€ =ale,r") (Mo +2 al :
( cos'g)'g_a(€7T)( 0o+ :U’O)(§11+a(€7,’n/)(>\0+2u0)§22)

1 4pio(Ao + fio)
2 / 2
+ ( +a(€’T)+a(s,r’))mgm—i_a(s,r’)()\o—i—?uo)

€3
>0
and that (C, . : &) : £ =0if and only if £ = 0.

Ccos
Rather than developing an homogenization procedure to obtain an effective co-

efficient with no minor symmetries, we propose to symmetrise the Cosserat cloak
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in (52) and then develop an approximation procedure through layered construction
to approximate the aforementioned symmetrised tensor. Denoting the symmetrized
Cosserat tensor by CZ ., our strategy is to take the same entries as in (52) except

for the the following four entries:

S _ S _ S _ S _ /
C1cos r’0r'9’ — C'cos r'00'r’ — C(cos 0o’ — CCOSG/T/T’G/ - B(r ):u’U?

where 8(r') is a positive function which needs to be chosen such that the minimum
is attained in the following variational problem:

(5@ﬁ{<(céos —Ciy):8):& = min {(2 Fale, )+

&12€R

— 480" ) €h |

ale, ')

where M stands for the space of real symmetric matrices. The equality in (55) is
because

. E)i e afer A 2
(Coon:€): € = aler) 00+ 200) (€6 + iy )

4p10( Ao + o) ¢2
22

+ 46(T/)N£%2 + a(e, T/)()\O 4 2,“0)

Rather than addressing the minimisation problem in (55), we single out a particular
choice for 8 which is easier to handle from a computational viewpoint. Note that
there might be an optimal choice for the function S(r’) such that the minimum in
the right hand side of (55) is a negative quantity. We, however, will not explore the
optimal choice for 5. We choose a  such that the minimum in the right hand side
of (55) is zero. This choice being

B(r) = i (2 taler)+ a(ef”) |

Readers should take note that other choices of symmetrization for the Cosserat
tensor have appeared in the literature [25, 54]. Now that we have a symmetric,
anisotropic and positive definite elasticity tensor CZ_,, we can apply classical ho-
mogenization algorithms in order to achieve this tensor through isotropic layered
media, for example. This is indeed the proposal of Greenleaf et al. [32] (see also the
recent work of Ghosh et al. [30]) in applying periodic homogenization arguments to
design approximate multi-layered cloaks. We consider an alternation of concentric
layers of isotropic elasticity tensors C(Y) and C® such that the effective elastic-
ity tensor for this arrangement equates to the symmetrized Cosserat tensor C;_.
As hinted above, we will be considering periodic arrangement in radial direction
(essentially, a one-dimensional periodic homogenization problem). Let Y := (0, 1]
denote the periodicity cell in the radial direction. Take Y7 := (0, 1] and Y> := (3,1].
Denote by x; and xo their characteristic functions, i.e.

- 1 for7 €Y;
xi(r) = {0 otherwise
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for ¢ = 1,2. Our choice for the two-scale elasticity tensor is as follows:

Co for |r'] <1,
(56) C(r',7) := { CHx(7) + CHxy(7) for 1 < || <2,
C, for |r'| > 2,

with 7 € Y. Here the elasticity tensors Cy and C; are homogeneous and isotropic
of the form (6) with Lamé parameters Ao, o and A, 1 respectively (both pairs
satisfying the strong convexity condition (8)). The tensor Cy corresponds to the
background (i.e. 2\ Bz) and the tensor C; corresponds to the inclusion (i.e. Bj).
The elasticity tensor in (56) is nontrivially locally-periodic in the cloaking annulus
(i.e. By \ Bj). The elasticity tensors C(V) and C(?) are isotropic (not necessarily
homogeneous), i.e. their elements have the following structure:

Ci(fl)el = N 63508 + p (Sik 651 + 6udsn) ,

for £ = 1,2. Here A) and ¥ are functions of the radial variable ’, to be deter-
mined later in this section. Introducing a small positive parameter 0 < 7 < 1, we
consider the following scaled elasticity tensors:

/
C,(r"):=C <T’, T) for |r'| < 3.
T

An interpretation of tau is that as it decreases, the layers become thinner, and the
number of layers increase in the annulus Bs \ By. Taking the scaled elasticity tensor,
we shall consider the following boundary value problem:

V- (C;:Vu,;)=0 in €,
((CT : VuT)n =g on Jf.

Periodic homogenization yields that u, = u* in the 7 < 1 regime where u* solves
the so-called homogenized equation:

V-((C*:Vu*)zO in Q,
(C*:Vu')n=g on 052,
where the fourth order tensor C* is given as

Co for |r'| <1,
C*(r)y=g C* for 1 < || < 2,
C; for |r'| > 2,
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where C* in the annulus By \ Bj is given in terms of the Lamé parameters A(©), p(9),
¢ =1,2 as follows:

2 (26 + AD) (20 4 A2

Or/'r-/r/r/ - 2“(2) + A(2) + 2M(1) + )\(1) )
o B 2uM) (2 .
r'o'r'0" ,U(l) + #(2) )
o 2 (,u(2))\(1) + MA@ 4 u(l)A(2)) .
rrerer 242 + X2 42,1 4 \@) 7
o 2 (2u(1)|)\(1)|2u(2) + MDA 2], W12, \D) 4 |M(1)|2/\(1)>\(2))
o0reror (2™ + AD) (2u3) + A@))
N 2 (QM(Q) A2 1240 4 N RAD 421,212 4,2 |2)\(1))\(2))
(2™ + AW (2u) + A@))
2 (12D 1 ADA@ 4 () )@)?
67+ (n pAY)

21@ +A® 1 2,0 1 AD) (22D + D) (2@ + @)

In deriving these formulae one could refer to the effective formulas given by Backus
[7] (see also the work of Patricio et al. [48] on layered materials, and the books [4, 35]
for a pedagogical exposition). The objective of this section is to derive expressions
for A\ and p®, ¢ = 1,2 such that

C* = Clos
i.e. the homogenized tensor should coincide with the symmetrised Cosserat tensor.
One can solve for the Lamé parameters to obtain the following expressions:

o _ pp® (2a + |af® + 1)
: 8ap® —2ua — plal? — p
A0 2@ (6plal?u® — Aulal® + 4M|a*p® — dapp® — 2a\u — 2up® — )
(—8ap® + 2ap + plal? + p) (Aa + 2pa — 2u(2) — X)
A2 = 2, (6,u|a|2,u(2) + Mlal? = dpap™® + 22 pa — 8 ap® — 2@ + A+ 4/\|a|2u(2))

X ( — Up|aln® + Mplal? = Apa + 4pap® + 8xap® + 2pup®
—1
(58) A= 8Alal* 1 ® + |al* A+ 4|p?[af* + 2|l al® + 2|u|2a) ;

where (2 is a solution of a degree 6 polynomial with coefficients which are, them-
selves, polynomial combinations of a, u and . Note that all these Lamé param-
eters depend on the radial variable r’ and the regularization parameter & through
the function a(e,r’). To lighten the already daunting expressions in (58), we do not
make explicit the dependence upon this variable. In the next section (see Figure 3),
we shall provide some numerical evidence in support of the isotropic approximation
detailed here.
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6. NUMERICAL SIMULATIONS

This section concerns some numerical tests that we have performed in support of
the near-cloaking theory for the Navier systems in two spatial dimensions (d = 2).
Broadly speaking, our numerical tests concern the soft inclusion limit (Theorem
2.1), the hard inclusion limit (Theorem 2.2), the near-cloaking result in two di-
mensions and in the Cosserat setting (Theorem 4.3) and some numerical tests in
elastodynamics.

6.1. Numerical tests in elastostatics. We take the domain € to be a disk of
radius 10m and the inclusion D to be one of the following: disk, ellipse and
rectangle.

For numerical convenience, we perform numerics on the Navier systems by pro-
viding Dirichlet data at the outer boundary 0f2 rather than Neumann.
{V-((C:Vu)zo in Q,

(59) u="_~ on 0N.

The Dirichlet datum that we have chosen is the following radial source:
(60) f = (cosb,sinb) on 9.
We have taken the following structure for the elasticity tensor C in (59):

C for x € Q\ D,
C(z){ 0 \

(61) =
Cq for x € D.

Here Cy and C; are isotropic homogeneous elasticity tensors with Lamé parameters
Ao, o and A1, pp respectively. We choose the Lamé parameters in the background
Q\ D to be

Ao = 1.5 x 10" N.m 2 to = 7.5 x 101°N.m =2
corresponding to Steel and we pick the Lamé parameters in the inclusion D to be
A =5.1x 10"°N.m™2 p = 2.6 x 101°N.m=2

corresponding to Aluminium.

The elasticity system (59) with the above choice of isotropic background and
isotropic inclusions is nothing but a transmission problem similar to (17) where one
considers continuity of the displacement fields and the fluxes at the boundary of the
inclusion 9D. We solve (59) for the unknown displacement field u(x) using finite
elements in the COMSOL multiphysics package.

We start with a numerical study, which supports the theoretical findings of The-
orem 4.2 on the closeness of the solution u® of a small volume defect problem to
the solution upem of an unperturbed (homogeneous) problem. Our finite element
computations for the quantification of the impact of a defect on an elastostatic field
within a closed, constrained cavity, are shown in Table 1, and are in good agreement
with the estimate ||[upom — u5||[L2( o)t < M n which is valid for some constant M
independent of the Lamé parameters A1, g1 in the inclusion D. We further show
in Figure 3 some plots of the displacement field in a homogeneous cavity, the same
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Disks of decreasing area n’m with large contrast
w1/ 1o = A1 /Xo = 10% | p1/po = 10°, A1/Xo = 10? | radius
5.2434752 6.8521241 n=1
lunom — utr||L2(Q\Bl) 1.1534421 1.2122752 n=10""1
1.123534 x10~* 1.135342 x10~! n=10"2
1.12552 x1072 1.13777 x1072 n=10"3
1.1284 x1073 1.1391 x1073 n=10"*
TABLE 1. Distance |[Unom — Utr|lL2(0\B,) Vversus the radius of the
small defect n = 107 m = 0,1,--- ,4, for circular inclusions of

large contrasts and decreasing area.

cavity with a defect, the same cavity with a defect of small diameter, the same cav-
ity with a defect surrounded by an elastodynamic cloak (Cosserat), and the same
cavity surrounded by 20 isotropic homogeneous layers approximating a symmetrized
Cosserat cloak. We have numerically checked that the difference in L? norm on the
boundary 952 between the displacement field for the Cosserat cloak and the one for
its approximate version decreases as it should when one increases the number of
layers in the approximate cloak from 20 to 40. Further theoretical and numerical
study is needed to check whether or not this difference behaves asymptotically like
1/N, when the number of layers N becomes large. In the conductivity case, it
was numerically shown in [50] that this is indeed the case, but the Cosserat cloak
symmetrization might worsen the error estimate.

This illustrates the fact that the defect does not perturb the displacement field
when it is either cloaked or small enough.

To study the soft and hard inclusion limits, we will consider the following se-
quence of elasticity tensors

Co for x € Q\ D,
C'(z) =

(62)
nCy forz € D,

with 7 being a real parameter. We denote by u”(x), the solution to the equation
(59) with elasticity tensor C"(z). We study the soft and hard inclusion limits while
the parameters take extreme values (both in the regimes n < 1 and n > 1). The
limit problems of interest are

(63)
V- (Co:Vug) =0 inQ\D, V- (Co:Vus) =0 in Q\ D,
3
ou
8713 LT 0 on 0D, Uso = ;aj\llj on 0D,
u ="~ on aQ, Ug = f on 897

where {¥; }2:1 forms the basis functions in the space of rigid displacements in D.
The coefficients «; are determined by the orthogonality condition (20). We numeri-
cally illustrate the asymptotic behaviour of [|u” — uo||; 2o\ py (resp. [[u” — Uso[[12(0)\ py)
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FIGURE 3. Plots of magnitude of displacement field /u? + u3
(first column), the horizontal displacement wu; (second column),
the vertical displacement ug (third column), the dilational strain
1/2(0u1/0x1 + Oug/0x2) (fourth column) and the shear strain
1/2(0ua/0x1 4 Ouy /0x2) (fifth column); First row: defect of radius
2m with Lamé parameters such that A1 /Ao = 102 and 1 /po = 10°
surrounded by a Cosserat cloak of radii 2m and 4m in a cavity of
radius 10m with an applied radial force on the boundary; Sec-
ond row: same for an approximation of the Cosserat cloak with
20 isotropic homogeneous layers of identical thickness 0.1 m with a
symmetrized elasticity tensor as described in Section 5; Third row:
defect only; Fourth row: same for a small defect of radius 0.2 m;

Fifth row: same without defect. Note we choose defects of radii
2m and 0.2m to enhance the discrepancies between plots.

in terms of 7 in the n < 1 regime (resp. in the 1 > 1 regime). We perform the
asymptotic analysis on a series of geometric shapes while keeping their area con-
stant and equal to w. This class of geometric shapes are (i) ellipses with varying
semi-axes; (ii) rectangles of varying sides. The results are reported in tables and
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illustrated in graphs. We only compute the L2-norms of the difference as opposed
to the H'-norms of Theorems 2.1, 2.2.

Computing solutions to (59) in the regimes n < 1 and n > 1 corresponds to
working with high-contrast problems and it is therefore necessary to mesh very
finely the inclusion D in order to achieve an accurate numerical solution. The case
of hard inclusions is much more challenging numerically since the boundary condi-
tion at the inclusion for the limiting problem is unconventional in the sense that
the Dirichlet data for uy, at the inner boundary 9D is given via the normalisation
(20). Regarding the mesh of the computational domain €2, we have numerically
checked that all our results are fully converged, i.e., the numerical values for both
[lu” — ugl| 2 and |[[u” — us || > do not change with further refinement in the mesh
when we have about 840 thousand triangles and 2 thousand edges.

Ellipses: We choose a series of ellipses of constant area m, centered at the origin,
with semi-axes a and b taking the values (a,b) = (1,1), (2,1/2), (4,1/4), (7,1/7).
The results in the soft inclusion regime are reported on Table 2 and in Figure 4.
We can deduce from the Log-Log plot in Figure 4 that

(64) [[u” — u0||L2(Q\D) ~ B(D)n,

in the regime n < 1, for some constant B(D) that depends on the shape of the
elliptic inclusion D. The larger the eccentricity in the ellipse D, the larger the
constant B(D) which can be up to 100 times larger when the eccentricity is 7 times
larger.

The results in the case of hard inclusions are reported on Table 3 and in Figure
5. We can infer from the Log-Log plot in Figure 5 that

1
[u” — u00||L2(Q\D) ~ B(D) Ev

in the regime 7 > 1, for some constant B(D) that depends on the shape of the
elliptic inclusion.

(65)

[lu? — UOHLz(Q p) for ellipses of constant area 7 =a xbxm, b=1/a

a=1 a=2 a=4 a="17 Parameter 7
6.94129 1.91765x10" | 6.615782x10! | 1.2855071x10? n=1
1.25523 6.11473 3.717119x 10! | 9.224144x 10" n=10"1
1.3656x1071 | 7.8054x 107! | 6.89548 2.41045x 10! n=10"2
1.378x1072 | 8.027x1072 7.5399x1071 | 2.87416 n=10"3
1.38x1073 8.05x1073 7.609x1072 | 2.9306x107! n=10"*
1.37903x 1074 | 8.06532x1074 | 7.6x1073 2.937x1072 n=10"°

TABLE 2. Distance [[u” — ugl|yzq\p) versus the parameter n =

10~™ with m = 0,1,..
semi-axes a, b = % and constant area .

., 5 for soft elliptical inclusions of various

In the work [6], the above convergence rates are given to be n'/* in the soft
in the hard inclusion limit. However, the authors of

inclusion limit and to be

—1/2
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FIGURE 4. Curves, in Log-Log scale, of [[u" — uo||; 2o\ p versus n,
for n = 107" with m = 0,1,...,7 in the cases where the inclusion
is an ellipse of (constant) area 7 and eccentricities (1,1), (2, %),
(4,%) and (7,%). The light blue shaded zone corresponds to the
fully converged numerical values. The light blue shaded zone corre-
sponds to fully converged numerical values. That is, when Log(n)
enters such a zone, the linear dependence of ||u” — u0||L2(Q\ pyinn

holds.
|[u” — uss |2\ py for ellipses of constant area m =a xbxm, b=1/a
a=1 a=2 a=4 a="17 Parameter 7
7.03416 7.91058 1.15560x 101 | 2.266599x 10! n=1
1.28593 2.4304 9.60526 2.277612x10* n =10
1.402x107! 3.8416x10~1 | 2.8943 1.308871x 10" n =102
1.415%1072 | 4.072x1072 | 3.6012x10~! | 2.4658 n =10
1.42x1073 4.1x1073 3.691x10~2 | 2.7046x107! n=10%
1.4165 x1074 | 4.1111 x107%| 3.7 x10~3 2.731x1072 n = 10°

TaABLE 3. Distance [[u” — uc|[2(0\ p) versus the parameter n =

10™ with m = 0,1,...,5 for hard elliptical inclusions of various

semi-axes a, b = % and constant area .
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FIGURE 5. Curves, in Log-Log scale, of ||[u” — uooHLQ(Q\D) versus
7, for n = 10™ with m = 0,1,...,8 in the cases where the inclusion
is an ellipse of (constant) area m and eccentricities (1,1), (2, 3),
(4,1) and (7,1). The light blue shaded zone corresponds to the
fully converged numerical values.

[6] do not claim their rates to be optimal. Our numerical tests suggest that there
is room for improvement. Nevertheless, the distance was evaluated in the H'-norm
in [6] unlike the L?-norm computed above.

Rectangles Next we consider rectangular inclusions of constant area m, centred at
the origin, with sides a and b taking the values (a,b) = (\/m, V7), (2v/7,1/2+/7),
(4y/m,1/4y/m), (7/7,1/7\/7). We report the results in Table 4, Figure 6 for the
soft inclusions (n < 1) and in Table 5, Figure 7 for the hard inclusions (n > 1).
One can see that the asymptotic behaviour is similar to (64) and (65) where the
constants B(D) depend upon the aspect ratio of the rectangular inclusion. The
larger the aspect ratio, the larger the constant B(D). One also notes that although
the area of the rectangular inclusions is kept to w as for elliptical inclusions, the
constant B(D) is slightly different than that for ellipses. This can be attributed to
the fact that ellipses have a smooth boundary, unlike rectangles.

6.2. Numerical tests in elastodynamics. As opposed to the static case studied
so far, we now briefly address the following time-harmonic Dirichlet elastodynamic
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[u” — o1 2\ p) for rectangles of constant area 7 = a x b, sides b = 7
a=+/T a =27 a=4m a="Tym Parameter 7
8.95647 1.815529x 107 | 5.759912x 10! | 1.1612953x 102 n=1
1.94399 5.69206 3.121681x10" | 8.19101x 10" n=10"
2.2168x107! 7.2523x10! 5.61652 2.097353x10~! n=10"2
2.25%x1072 7.456x 1072 6.1359x107! | 2.48643 n=10"3
2.26x1073 7.47x1073 6.515x1072 | 2.5151x107! n=10"*
2.36725 x107% | 7.43681 x107* | 1.024x1072 | 2.355x1072 n=10"°
1.86009 x107° | 7.2795 x10~° | 5.03x1073 2.51x1073 n=10"°

TABLE 4. Distance [[u” — ugl|y2q\p) versus the parameter n =

107™ with m = 0,1,...,6 for soft rectangular inclusions of sides

(Vm, V@), V7, 5V7), (AT, 1V7), (TVT, 1V/7).

[u” = Woo |2\ p) for rectangles of constant area m =a x b, b= 7
a=+/rm a=2m a=4m a="Tm Parameter n
7.22888 7.9371 1.089427x 10" | 2.457099x 10! n=1
1.37906 2.58855 8.91507 2.252546x 10* n =10
1.5574x10~1 4.4344x10~% | 2.63505 1.211387x10! n =102
1.579x1072 4.802x1072 3.2571x1071 | 2.13537 n =103
1.58x1073 4.85x1073 3.325x 1072 2.3179x 107! n = 10*
1.59758x10~* | 4.8702x10~* | 3.24x1073 2.408x 1072 n=10°
2.36242 x107° | 5.09404x107° | 2.99417x10* | 3.2x1073 n = 10°
TaBLE 5. Distance [[u” — uc|[2(o\ py versus the parameter n =
107™ with m = 0,1,...,6 for hard rectangular inclusions of sides

(V). (297, 2V/A), (4, 1), (T3/, 1),

problem at a non-zero frequency

in €,

(66) V(€7 Vug) + pwtug =0
on 0,

n_
uq—f

for the unknown displacement field uj : @ — R?. The fourth order elasticity
tensor C” in (66) takes the form (62) and p,w denote the density and angular wave
frequency respectively. The Dirichlet source f is taken to be radial and given by
(60). We study the soft inclusion limit, i.e., the 77 < 1 regime for the elastodynamic
problem (66). The corresponding limit problem is as follows:

V~(C0:Vu2)+pw2u2:0 in Q\ D,
ud
(67) Ml _o  onoD,
om |+
wW=rf on 0f).

q
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FIGURE 6. Curves, in Log-Log scale, of [[u” — uol|; 2\ py versus 7,
for n = 107" with m = 0,1,...,6 in the cases where the inclusion
is a rectangle of (constant) area 7 and sides (v/7, /7), (2y/7, 23/7),
(4y/7, 1\/), (7y/7, 1/7). The light blue shaded zone corresponds
to the fully converged numerical values.

We have numerically studied the distance between the solution ug to (66) and
the solution u to (67) in the L?(€2\ D)-norm. We take the density to be py =
7.85%x10%kg.m ™3 in the background (steel) and p; = 2.7x103kg.m =3 in the inclusion
(aluminium). The angular wave frequency w is taken to be 0.1 rad.s™!. As in the
elastostatics case, we have done these numerical experiments on elliptic inclusions
with different eccentricities (while keeping the area fixed and equal to 7) and on
rectangular inclusions with different aspect ratios (again, while keeping the area
fixed and equal to 7). The results are tabulated in Table 6 and Table 7. Clearly,
the difference between the static and quasi-static cases is rather small (changes
appear only in the third or fourth digit of decimal numbers).

7. CONCLUDING REMARKS AND FURTHER DISCUSSIONS

We close with a discussion of the array of open problems and extensions that
arise: Our near-cloaking strategy carries through to anisotropic backgrounds with
anisotropic inclusions, and this generalisation would be worthwhile, but more im-
portantly our numerical experiments on the transmission problem (see Tables 3 and
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FIGURE 7. Curves, in log;o —log; scale, of [[u” — tss [l 2(q\ p) Ver-
sus n, for n = 10™ with m = 0,1,...,6 in the cases where the
inclusion is a rectangle of (constant) area 7 and sides (y/m,+/T),
(2y/T, 3/7), (47, Ly/m), (Ty/m, /7). The light blue shaded zone

corresponds to the fully converged numerical values.

[u — u?[|r2(0\ p) for ellipses of constant area m =a x b x w=0.1rads™!
a=1 a=2 a=4 a=17 Parameter
6.94118 1.917659x10% | 6.615783x 10" | 1.2855079x 102 n=1
1.25521 6.11476 3.717121x 10! | 9.22415x10? n=10""1
1.3656x10~1 | 7.805%x10! 6.8955 2.410452x 10" n=10"2
1.378x1072 | 8.022x 1072 7.5401x1071 | 2.87416 n=10"3
1.38x1073 8x1073 7.611x1072 2.9305%x 107! n=10"%
1.38101x10~* | 7.57457x10=* | 7.61x1073 2.936x 1072 n=10"°

TABLE 6. Distance HuZ - versus the parameter n =

0
uqHLZ(Q\D)
107" m =0,1,---,5, for soft elliptical inclusions of various semi-

axes a, b = % and constant area 7, at finite frequency 0.1 rad.s™?.

5) suggest sharper estimates in Theorem 2.2 should hold; we encourage other an-
alysts to explore the possibility of improving the estimates for elasticity equations
with high contrast parameters.

The problem of near-cloaking for the fully elastodynamic case (i.e. time depen-
dent) is largely open. The extension of our work to the time domain could use
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||u2 — ul||L2(\p) for rectangles of constant area m = a x b w=0.1rads!
a=+/T a =27 a =47 a="Tym Parameter
8.95647 1.816556x 10" | 5.760182x 10! | 1.1612956 x 102 n=1
1.94707 5.69863 3.121703x 10" | 8.191013x 10" n=10"1
2.221x107! 7.2838x107! | 5.611 2.097354x 101 n=10"2
2.253x 1072 7.72x1072 6.0662x10~! | 2.48643 n=10"3
2.25x1073 1.028x1072 | 5.792x1072 | 2.5151x107! n=10"%
2.20882x 1074 | 3.63x1073 3.43x1073 2.356x 1072 n=10"°

TABLE 7. Distance ||u} — versus the parameter ¢ =

0
gl 201 p)
100™ m = 0,1,---,5, for soft rectangular inclusions of various
aspect ratios and constant area =, at finite frequency 0.1 rad.s™!.

similar tools to [19], although the case of the time-dependent heat propagation
equation uses results on the long time behaviour of solutions to parabolic prob-
lems, which do not translate straightforwardly to hyperbolic wave equations. To
the best of our knowledge, there are no direct time-domain analysis of near cloak-
ing results for wave equations (if the source oscillates periodically, then Fourier
transform methods can yield near cloaking results in the time domain — Nguyen et
al. [43] employed a similar strategy for the scalar wave equation, albeit with lossy
layers). Again, our results should encourage further work in this area. Another
challenging open problem, of practical importance for physicists and engineers, is
that of approximate near-cloaking, that is, designing a structured medium with ef-
fective properties achieving either the required asymmetry for elasticity tensor of
the Cosserat cloak, or the fully symmetric rank-4, 3 and 2 tensors appearing in
the Willis equation. In the former, as the transformed elasticity tensor does not
have the minor symmetries, this means that we depart from the classical results of
homogenization in elasticity [13] and in the latter we may draw inspiration from
the work of Milton and Willis [42] or the work of Shuvalov et al. [53]. We pro-
pose an approximate cloak design for the Cosserat cloak, based on an alternation of
isotropic layers mimicking a symmetrized version of the elasticity tensor. Another
issue of practical importance in earthquake engineering is to study the link between
cloaking efficiency and the level of wave protection for an object surrounded by the
cloak, as touched upon in [23, 24] or to extend results to domains with irregular
boundaries (e.g. sharp corners), as discussed in [20] for antiplane shear waves and
in [26] for Electromagnetism. Clearly, much remains to be investigated in elastic
cloaking, near cloaking and approximate near cloaking.
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