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Abstract

We propose and analyze a quasi-Monte Carlo (QMC) algorithm for efficient simulation
of wave propagation modeled by the Helmholtz equation in a bounded region in which the
refractive index is random and spatially heterogenous. Our focus is on the case in which
the region can contain multiple wavelengths. We bypass the usual sign-indefiniteness of the
Helmholtz problem by switching to an alternative sign-definite formulation recently devel-
oped by Ganesh and Morgenstern (Numerical Algorithms, 83, 1441-1487, 2020). The price
to pay is that the regularity analysis required for QMC methods becomes much more techni-
cal. Nevertheless we obtain a complete analysis with error comprising stochastic dimension
truncation error, finite element error and cubature error, with results comparable to those
obtained for the diffusion problem.
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1 Introduction

This paper is concerned with a new algorithm and associated numerical analysis for efficient
simulation of wave propagation modeled by the Helmholtz equation in a bounded region in
which the refractive index is random and spatially heterogenous. The wave is induced by an
impinging incident wave, and our focus is on the case in which the region can contain multiple
wavelengths. The main aim of this article is to compute the expected value of a linear functional
of the resulting wave field by the use of a well designed Quasi-Monte Carlo (QMC') method
ﬂg, @, @, @], and to bound the resulting error.

The design and analysis of QMC methods has been well studied for the classical diffusion
problem, see for example @, @, @, @, @, @] However, it is well known that the standard
Galerkin variational formulation for the Helmholtz partial differential equation (PDE) lacks
positive definiteness unless the wavelength is relatively large compared to the region. The
resulting lack of coercivity (or sign-definiteness) rules out the standard QMC analysis that has
recently been used successfully for strongly elliptic diffusion problems with random input. The
analysis of QMC methods has also been extended to a general class of operator equations,
see E] and subsequent papers, e.g., ﬂ, @, @, @] These papers include the case of the
Helmholtz equation, under an appropriate inf-sup condition on the standard Galerkin variational
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formulation and assumptions on the wavelength and the random component of the refractive
index.

In this paper we bypass the sign-indefiniteness problem in a different way, by using the re-
cently developed sign-definite deterministic formulation of Ganesh and Morgenstern @% In the
present work that analysis is extended to include randomness in the heterogeneous refractive
index. In the resulting QMC analysis there is a price to pay for using the sign-definite formu-
lation of @], in that the analysis of regularity with respect to the stochastic variables becomes
complicated, and a new approach is needed. On the other hand it has the advantage that the
space discretization can be carried out with the standard Galerkin scheme without any threat
of instability.

Precisely, we study the wave propagation problem in a bounded domain D C R%, for d = 2,3
with Lipschitz boundary dD. The incident wave is of wavelength A\ = 27 /k, where k is the
positive wavenumber, and our interest extends to wavelengths A smaller than L, where L is
a characteristic length of D, or equivalently to kL > 2w. The square of the refractive index,
n(x,w), in the interior of D may be spatially varying, and is also random, as described below.

For a deterministic forcing function f € L?(D) and boundary data g € L%(9D), and for
almost all elementary events w in the probability space (£2,.A,P), the unknown field u(-,w) €
H'(D) is assumed to satisfy the Helmholtz PDE and an absorbing boundary condition

(Lu)(z,w) =—f(x), xeD, and %(5,w)—iku(i,w) =g(x), z=e€oD, (1.1)

where the stochastic Helmholtz operator is given by
(Lu)(z,w) = Au(z,w) + E>n(x,w)u(z,w), xeD, we(QAP). (1.2)

Here @i = 1i(x) is the outward-pointing unit normal vector, defined almost everywhere on the
surface 9D of the Lipschitz domain D. The system (L.1]) is a well known model for a wide class of
applications, including acoustic, electromagnetic, and seismic wave propagation in heterogeneous
media ﬂa, @, @] The boundary condition in (I1]) is standard for the interior wave propagation
model and, as described in |16] and references therein, it can be either considered as an approxi-
mation of the Sommerfeld radiation condition occurring in the unbounded medium counterpart
of our model, or can be used as an interface condition in the heterogeneous-homogeneous coupled
wave propagation model ﬂa, @]

The random coefficient n(x,w), * € D, is taken in this article to be parameterized by an
infinite-dimensional vector y(w) = (y1(w),y2(w),...). For a fixed realization w € Q, we denote
the corresponding deterministic parametric coefficient by n(x,y) and the associated solution to
the above PDE model by u(zx,y). We assume that the parameter y is uniformly distributed on

U = [_ 7%]N

)

D=

with the uniform probability measure u(dy) = & i>1 dy; = dy, where N is the set of positive
integers.

The non-negative, uncertain, coefficient n(x,y) is assumed to be expressible as a mean field
no(x) plus a perturbation,

’I’L(:E,y) = ’I’Lo($) + Zyj ¢j($)’ T Da VRS Ua (13)
i>1

where the functions ¢;(x) are given. For example, the functions ¢); may belong to the Karhunen-
Lotve eigensystem of a covariance operator, or other suitable function systems in L?(D). We



note that n and ng represent the square of the non-zero physical refractive index, and hence n
and ng are positive.

The paper ﬂﬂ] studied a different computational scheme for wave propagation in random
media, using the standard sign-indefinite formulation of the Helmholtz equation. In that paper
the squared refractive index n was taken to be of the form

n(x,w) =1+ en(z,w)]?, xeD, weq, (1.4)

with € a small perturbation parameter controlling the magnitude of the random fluctuation, 7
being a random process satisfying the constraint that P{w € Q : [|n(-,w)||(py <1} = 1, and
Q) being a sample space. With D being star-shaped with respect to the origin, the authors
established in |13, Theorem 2.15] well-posedness of the continuous stochastic Helmholtz model,
under the restriction that the parameter € is of the order 1/(kL). A discrete form of the stochastic
Helmholtz model was then developed in ﬂﬁ] by writing the stochastic solution as a series in
powers of €/,j = 0,1,2,.... The coefficients in the series expansion were approximated in E]
using the interior-penalty discontinuous Galerkin (IPDG) discretization method in space, and
Monte Carlo (MC) cubature in the stochastic variables, the IPDG method being chosen because
of its unconditional stability. Because of the low-order convergence of MC approximations, the
approach in ﬂﬂ] requires substantially more sampling points in © (and hence more Helmholtz
system solves) compared to the higher-order QMC method and finite element method (FEM)
Galerkin scheme used in the present paper.

The general operator-theory approach in ﬂ] and the expansion in powers of € approach in E]
both require that, roughly speaking,

kL x (some norm of the stochastic variables) be not large.

(For the case of ﬂ] see Appendix [Al) We shall see in (IH]) below that the same is true of the
present method. Thus all three approaches have this feature, but with the difference that in ﬂ]
the requirement is absolute (see ([A.3])), whereas in the present work the consequence of taking
larger values of kL is only to increase the constants in our error bounds.

Yet another approach to the Helmholtz problem with random refractive index has been
proposed recently in [32]. There well-posedness and stability of the sign-indefinite formulation of
the stochastic continuous problem has been proved. However, that article ﬂﬁ] does not consider
any form of numerical discretization. Other recent papers concerned with the Helmholtz problem
with variable coefficients are @, E, @, , @]

The main challenge in the present article lies in the design and numerical analysis of a high-
order QMC-FEM for the evaluation of expected values (that is, of integrals with respect to y over
a hypercube of length 1) of linear functionals of the solution u. As with the earlier applications
of QMC-FEM to diffusion problems, the key is to find computable bounds on appropriate mixed
partial derivatives of uw with respect to components of y. The difference in this case is that
finding such bounds is now very much harder. The reason for the additional difficulty lies in
the much greater complexity of the coercive formulation ﬂﬁ] In particular, unlike the situation
with the diffusion problem, both the trial and test functions of the QMC-FEM analysis have
stochastic components.

More precisely, for each y € U, we seek a continuous wave field solution in a special subspace
V of HY(D), see [2) below. We fix u(-,y) € V to be the unique solution of a sign-definite
weak formulation of (LI)—(L3]), and we consider the quantity of interest (Qol) to be a bounded
linear functional G € V* of u(-,y), denoted in this article by [G(u)](y) = G(u(-,y)), where V*
denotes the dual space of V, with norm given by (2I0) below. An example of G € V* is the
average wave field in the heterogenous medium: G(u(-,y)) = [p,u(x,y)dz. The aim of this



article is to design and analyze efficient QMC-FEM algorithms to compute approximations to
the expected value of G(u(-,vy)), expressed as an infinite-dimensional integral over y:

[y, 0ty

Key ingredients of our strategy are: (i) truncating the infinite series in (3] to finitely many
s terms; (ii) discretizing the solution in the spatial variable using FEM based on a mesh pa-
rameter h; and (iii) approximating the expected value integral by an N-point QMC cubature
rule.

For kL > 1, we prove that the combined error for the QMC-FEM approximation is of the
order

. 1 1
S—%H 4 ORLRP 4+ Nﬁri”n (575’175), 5 € (0, %), for first order randomized QMC,

N 1, for higher order deterministic QMC,

where p is the degree of the finite element spline basis functions constructed using a tessellation
of D with mesh-width h, and pg,p1 € (0,1) satisfy the summability and wavenumber decay
conditions

S (kL) <Ko and S (kL) <K (15)

j=1 j=1

with Ky, K1 € R independent of the wavenumber k. In particular, the order constant in the
error bound depends on f, g, G, but is independent of k.

The rest of this article is organized as follows. In Section Bl for each fixed y € U, we
introduce the coercive formulation of the stochastic model, and recall from ﬂﬁ] a wavenumber-
explicit spatial regularity bound on the unique solution. In Section Bl we provide an overview
of the analysis needed to obtain the final combined error bound. In Section [d] we derive explicit
bounds on partial derivatives with respect to components of y of the solution u, as needed for
the QMC analysis and the construction of QMC points. In Section [l we quantify the effect of
truncation of the infinite series for n(x,y). In Section [6] we describe the error associated with
high-order FEM discretization. In Section [7] we focus on the efficient choice of the randomized
and deterministic QMC quadrature rules. In Appendix A we describe the alternative small
perturbation QMC-FEM approach. In Appendix B we prove a technical lemma.

2 A coercive reformulation of the stochastic Helmholtz model

A coercive variational formulation was developed and analyzed recently in @] for a deterministic
wave propagation model with an inhomogeneous absorbing boundary condition. Here we extend
the method to our stochastic model.

The first step is to recognize that given data f € L?*(D),g € L%*(0D), for each fixed y € U,
any sufficiently regular solution u(-,y) € H'(D) of our model boundary value problem (BVP)

A+ K n(z,y)]u(@,y) = —f(x), zeD, and (2.1)
ou ~ - -
%(m,y)—iku(az,y) =g(®), x€dD,

has three additional smoothness properties: (i) Au(-,y) € L?(D); (ii) %(-,y) € L?(0D); and

(iii) u(-,y) € HY(AOD). The first two properties follow directly from (ZI]) and the third property



follows from the fact that Vu(-,y) € L?(0D), since Vu(-,y) = ﬁ%(-,y) + Vapu(-,y) and we
have the regularity result from Eé, Theorem 4.2] that surface gradient Vapu(-,y) € L?*(0D).
We incorporate such natural smoothness properties of the Helmholtz PDE model (Z1)) in the
following Hilbert space:

ow

Vo= {w :we H'(D), Awe LX(D), we H'OD), 5= €

L2(8D)} . (2.2)
Following ﬂﬂ, @], for the stochastic heterogenous model we equip V' with the following norm

1
lollf = K2 leol3a o) + V0220 + 75 1AWl 2z p)
ow
+ L (Kol op) + IVopwlson) + || 55

’ ) , (2.3)

L2(8D)

where L is a characteristic length of the Lipschitz domain D C R¢, d = 2,3. Note that each
term in (Z3]) scales in the same way under a change of length scale. Throughout this article,
when considering the trace of a function w € H*(D) as a function in H5~/2(9D), for notational
convenience we drop the Dirichlet trace operator . (That is, we drop v and write w instead of
~vw whenever it is considered as a function on 0D.)

For each fixed y € U, to prove the unique solvability of the BVP (ZI]) we ensure the
coercivity property of the variational formulation by assuming the following three conditions on
the geometry and medium of the wave propagation:

(A0) The domain D C R?, for d = 2,3, with diameter L, is star-shaped with respect to a ball
centered at the origin. That is, there exist constants 7, p with 0 <5 <z < 1 such that

NL < z-1n(z) < uL, xecoD.
We now fix L by defining L := sup,cp [|z||, where ||z| is the Euclidean norm of .

(Al) For y € U and x € D, there exist constants Nmax, Pmin, Omax and byin such that almost
everywhere
0 < npmin < n($7y) < Nmax s (24)

0 < bmin < V- (:E n($,y)) < bmaxa bmin > (d_2) Nmax - (25)

(A2) The mean field and perturbation functions satisfy ng € W1*(D), ¢; € W1*(D) and
>_j>1 l¥illwies(p) < oo, where throughout the article

HwHWUX’(D) ‘= max {HwHLoo(D), L ||Vw||Loo(D)}-

The positivity and boundedness of the refractive index in (2.4]) is well known for all practical
heterogeneous wave propagation media. As described in detail in @, Remark 2.1], the two
inequalities on by, in (Z.5]) are necessary to ensure the physical constraint that the (geometric-
optical) rays are non-trapping ﬂﬂ, Page 191]. For a detailed geometric interpretation related to
the positivity condition in (23]), see [22, Section 7.

To develop the sign-definite variational formulation of the BVP, we consider the following

operators ﬂﬁ, @]

Myw = x-Vw — ikLB\gw + apw, £=1,2. (2.6)

The four parameters aq, as, ﬁAl, B\Q € R and an additional parameter A € R will subsequently
play a crucial role. To explain the notation, the three parameters without the “hat” tag are



independent of the geometry, while the parameters tagged with a “hat” will occur in this article
in combination with the “acoustic size” k L.

Next, for each fixed y € U and for f € L?(D) and g € L?(0D), with £ and n(zx,y) given
by ([2)-(L3), we recall a sesquilinear form %, : V x V. — C and an antilinear functional
Gy.f.9 = 9y : V — C, introduced in @]

By(v,w) = A{(MQ’U-F%ﬁ’U)M-F (2—d+a1+042+ikL(Bl—B\Q))VU'W
+(—a1—ag—ikL(gl—Bg))anv@—i—kz (V-(mn))v@] dx

—/ [leikv—l—(:c-vapv—ikLBgv + agv)a—w
oD

on
—i—(a:-ﬁ)(kznv@—vapv-vapw)] ds, (2.7)
and
A __ -
G, (w) = / (le— —2£w>fd:c+ Miwgds. (2.8)
D k oD

Using the technical details in the proof of m, Section 2], we have the following consistency
result connecting the PDE model and the variational formulation determined by the above
sesquilinear form and antilinear functional: For each y € U, if u(-,y) € H'(D) solves the wave
propagation PDE model (2.1]), then u(-,y) € V satisfies the variational equation

By(u, w) = Gy(w) forall weV. (2.9)

The following coercivity, continuity, and unique solvability of (2.9) with wavenumber-explicit
bounds follow from similar results proved in qﬂﬁ] In particular, for acoustic size kL > 1,
the V-norm spatial regularity bound of the unique solution of the wave propagation model is
independent of the wavenumber. Such wavenumber-explicit bounds play a crucial role in the
analysis and construction of QMC approximations. Below we use the standard norm for the

dual V* of V: .
|Gllv+ == sup{| (w)] : weV,w#O}. (2.10)

[[wllv

Theorem 2.1 (ﬂﬁ, Theorems 2.1, 3.1, 3.2, and 4.1]). Let the assumptions (A0) and (A1) hold.
If the three parameters A, aq, 81 are chosen such that

then for ally € U, f € L?*(D) and g € L*(0D) we have
Re[By (w,w)] > Ceoer |0 forall weV, (2.12)
| By (v, w)| < Ceont (kL) ||v]|v ||w]|v forall v,weV, (2.13)
19y, 5.9lve < Crunc(KL) (L[ fll22(py + L2 lgllz20p)), (2.14)




with

1 —~
Ceoer = §min{2—d+2a1, bmin — 21 nmax_QAnrznax7 A7 %}7
|2—d+041+042|+kAL|31—B2|,
Anmax + |O£2 —1 kLﬁ2| +kL+ A,
(6% ~ (6% -~
Ccont(kL) = \/gmax ﬁ"‘ﬁl"‘nmaxﬂa %+|ﬁ2|+2ﬂa 2, )
(‘041 + QQ‘ + bmax + kL ’//8\1 - Bg\’)nmax
+(Anr2nax + nmax‘oﬂ —1ikL 52‘) + kL Nmax + Anmax

Cfunc(kjL) = \/gmax{l’ A Lflnnkax_'_gl}

kL’ kL

The coercivity constant Ceoer 15 tndependent of the wavenumber. The continuity constant satisfies
Ceont (kL) = O(kL + (kL)™'). The functional constant satisfies Crunc(kL) = O(1 + (kL)™1),
and so is bounded independently of the wavenumber if kL > 1.

Consequently, for each y € U, the variational formulation ([29) has a unique solution
u(-,y) € V and satisfied the regularity bound

Cfunc (k L )
Ccoer

which is bounded independently of the wavenumber if kL > 1.

[u(y)llv < (LI £y + L2 gl r2opy)  forall yeU, (2.15)

We note that (2Z13]) and hold even without the weak non-trapping condition (2.5]). In
particular, as described in [16], only the proof of coercivity requires all assumptions mentioned

in Theorem 2.11

3 Overview of our method and error analysis

The main aim of this article is to design and analyze efficient algorithms to compute approxi-
mations to the expected value of G(u(-,vy)), expressed as an infinite-dimensional integral over y:

1G) = [, Guty)dy = Jim LGwW), (3.1)
[-5,5"
with

LG = [ G600, ) du -y (32

1
5l°

N[

Key ingredients of our strategy are: (i) truncating the infinite series in (IL3]) to finitely many
s terms, yielding the dimensionally-truncated solution wus; (ii) discretizing wus in the spatial
variable using FEM based on a mesh parameter h, leading to the discrete solution wp; and
(iii) approximating the s-dimensional expected value integral of G(usp) by an N-point QMC
cubature rule Q4 n. The precise details regarding us, usj and the QMC rule Q4 n are given in
later sections. For now it suffices to say that we can write the combined error using the triangle
inequality as a sum of three terms: the dimension truncation error, the FEM discretization
error, and the QMC cubature error:

(G(u) = Qs,N(G(us,n))|
< | = L) (G(w)] + [L(Gus — uspn))| + Hs(Glus,n)) — Qs,n(G(usp))l-



Alternatively, if the QMC rule is randomized then we have the mean-square error
Erqme [[1(G(4) = Qun(Glusp); )]
< 2((I - IS)(G(U))|2 + 2[Ls(G(us — us,h))|2 + Ergme | [1s(Gusp)) — Qs N (G (us n); ')|2]’

where the expectation E,qmc is taken with respect to the random element in the QMC rule (see
Section [7]).

4 Stochastic parameter regularity of random wave field

For the error analysis it is crucial to understand the behavior of multi-index high-order deriva-
tives of the solution of (23] with respect to the stochastic variables y;, j > 1. To this end, we
first introduce some notation. For a multi-index v = (v;);>1 with v; € {0,1,2,...}, we write its
“order” as |v| := )5, v and its “support” as supp(v) := {j > 1:v; > 1}. Furthermore, we
write v!:= [[;5,(v;!), which is different from [v|! = (3,5 v;)!. We denote by § the (countable)
set of all “finitely supported” multi-indices: § := {v € N} : supp(v) < oo}. For v € §, we
denote the v-th partial derivative with respect to the parametric variables y by

olvl
6V285278V18V2 .
yl y2 ..

For any sequence of real numbers b = (b;);>1, we write b” =[], bjy»j. By m < v we mean
that the multi-index m satisfies m; < v; for all j. Moreover, ¥ — m denotes a multi-index
with the elements v; — m;, and (117/1) = Hj>1 (:1]]) We denote by e; the multi-index whose jth
component is 1 and whose other components are 0. We will make repeated use of the Leibniz
product rule

v
al/ — m rV—m i i
PQ) = Y (1)ome) @ Q) (4.1)
m<v
For a general multi-index derivative, ¥, we obtain the following result.

Lemma 4.1. Let the assumptions and parameter restrictions in Theorem [21 hold. For each
y € U let u(-,y) € V be the unique solution of [Z9). Then for any v € § (including v = 0)
and any u,w,z € V,

By(0u,w) = Y v Ri(07 9 u,w) + Sy (u,w) + Ty (w), (4.2)
jesupp(v)
where
- A
Rj(zw) = _/ Ay 2 Tw+ (M2 + ﬁ£z> k2,
D
+ (—041 — Q9 —lk‘L(B\l —B\Q)) kz2¢jzw+k2 (V ($¢J)) Z@] dx
+ k2 / (z - A)y; 2w dS, (4.3)
oD
Sy (u,w)
0 if v|=0,1,

=Y -AR? Z Z l/j(l/—ej)g/ g (0¥ %u)W  otherwise, (4.4)
D

jesupp(v) Lesupp(v—e;)



and

Gy (w) if v=0,
Ty (w) == —A/ij wfdx if v=ej, (4.5)
0 otherwise.

Proof. For any y € U, let u(-,y) € V be the unique solution of (Z9). For any w € V (indepen-
dent of y) and any v € §, we will prove the lemma by differentiating and equating the two sides

of ([2.9), that is,
0" (By(u(- y),w)) = 0”(Gy(w)). (4.6)

Starting with the left-hand side of (4.6]), we note from the sesquilinear form (2.7) that the
factors which depend on y are u(x,y) and n(x,y) as well as (cf. (L2))

(Lu)(z,y) = Au(z,y) + Kk n(z,y)u(,y) and (Lw)(z) = Aw(z) + K n(z,y)w(z).
Using the definition of n(z,y) in (L3]), we have

n(x,y) ifm=0,
o"n(x,y) = (Yj(x) ifm=e,, (4.7)

0 otherwise,

It follows that (suppressing from here on the dependence on x and y)

Lw if m =0,
O™ (Lw) = S kK*Yjw  if m=ej, (4.8)
0 otherwise,

and using (A1) we obtain

0 (Lu) = A u) + K (T"’J (@™n) (8”~™u)

m<v
= A@u) + K n (0%u) + K D v (97 %)

je€supp(v)

= L)+ K Y v (0¥ ). (4.9)

Jj€supp(v)

To ease our derivation below, we split the sesquilinear form ([2.7)) into three terms, %y (u, w) =
B (u, w) + Ba(u,w) + Bs(u, w), based on the level of dependency on y:

B (u,w) = / (Mgu—i-%Eu)md:c
D

k

B (u, w) ::/kzz(fgn—i—v-(a:n))uwdx—/ k? (x-f) nuwdsS,

D oD
PBs(u, w) ::/£1Vu-Wd:1:

D

—. ow . -
—/ (lelk:u+(m-VaDu+§3u)—_,—(m-n)VaDu-VaDw>dS,
oD on



with the abbreviations §; =2 —d + a1 + s + ikL(Bl — Bg), o= —ap — g — ikL(Bl — ,/8\2),
and &3 := —i kLB + .
It is easy to see that
0" (ABs(u,w)) = B3(”u,w).

Using (@1)) and (£1) we obtain

@) = 5 (1)] [ Bleomn 13- @Ema)emym

m<v
- / (- ﬁ)(@mn)(a”mu)@dS]
oD
= PBy(0"u,w)
+ ) y[ E(Ex1p; +V - (2 1h)) (0° % uw)wde — [ K (x-6)y,; (0¥ %u)wdS| .
jESUPp(V)] /D j ’ /E)D j

Using (@) and (8]), followed by applying ([@9) with v replaced by v —e; and index j replaced
by ¢, we obtain

(B (uw) = Y (:J /D [a"*m</\/t2u+%cu)} [am(mﬂ da

m<v

= /D[(? <M2u+;£u>}ﬁwdm+ Z y]/ 8” €J<M2u+;£u>}k2ijdm

jesupp(v)
= Yu,w) / —k2 v ; (0¥ %) Lwde
Jesupp @)
V—e€; A vV—e
+ > y]/ [/\/lz@ Yu) + 25 L(0Y )
j€Esupp(v

A
5k D (et (5”_ej_e“U)] K W dar
lesupp(r—e;)

= %1(0"u,w)
A
- yj/ Ay (@) Tw + (Mo(@” ) + 5 L") | ] da

j€supp(v)

+ Ak Z Z Vj(’/_ej)z/D%W(ayefefu)@da:.

jesupp(v) Lesupp(v—e;)

We note that for || = 1 and j > 1, the set supp(v — e;) is empty; in this case we take
0¥ € ™€ to be the zero operator. Thus using (@3] and ([@4]) we obtain,

0" (By(u,w)) = By(0"u,w) — > v Rj(0¥ “u,w) — Sy (u, w). (4.10)

j€supp(v)
Now for the right-hand side of (6] we use (2.8]), (47) and (£5) to obtain
0" (Yyw) = Ty(w). (4.11)

The required result is obtained by equating (A.I0]) and (IIJ). O

10



Next we derive a bound on the parametric derivatives of the solution of (29)) in the V-norm.

Theorem 4.2. Let the assumptions and parameter restrictions in Theorem[21 hold, and assume
additionally that (A2) holds. For each y € U, let u(-,y) € V be the unique solution of (2.9I).
Then for allv € § (including v = 0),

Cfunc (kL)

c (LI flp2epy + L1/2||9HL2(6D)) v, (4.12)

[0 u(-, y)llv <

where

TY = HT;j, T]’ = Cregu(kL) ”wj”Wl’oo(D)’
j>1

(4.13)

Cr(kL) A 2Cr(kL) [ 24 }

Cre u kL) = ) )
& ( ) e { Ccoer * kL Cfunc(kL) Ccoer Ccoer

Cr(kL) = 2A(1 + nmax) + KL(1+ B2) + |az| + | — a1 — ag —ikL(B1 — Bo)| + d+ 1+ ji.
(4.14)

We have Cr(kL) = O(kL + 1), Crunc(kL) = O(1 + (kL)™'), s0 Cregu(kL) = O(kL + (kL)™!).

Proof. For the v = 0 case, [@I12]) follows from (ZI5]). Let |v| > 1. We recall (£2)) and bound
each term on the RHS of ([£2)). Using the definition of the V-norm in (23)), for any w € V' we
have

1 1
lwllz2(py < Zlwllv, IVwllLzpy < llwllv, [[Awllz2p) < Ellwllv, [[wllz2@op) < meHv,
and hence using the definition of £ in (L2) and Ms in (Z.0) we obtain

-~ o
Cullzp) < K+ mmdlwly . (Mol < (L4 LB+ 20 juy.

In addition, for all j > 1, we have

IV (@i)lrepy = (V- 2)0j +x - Vi ey
< d|[Yjlle oy + LIVY;llo(py < (d+ 1) [[9h]lwree(p)-

For z,w € V, using the above bounds in (£3]), the definition of Cr(kL) in (£I4]), applying the

11



triangle and Cauchy-Schwarz inequalities, we obtain for j > 1,

|Rj(z,w)|
< AVl ooy |2llL2(pyl Lwll 2D
+ k2 |05l oo () [ M22l 12y ||w||L2 y + AVl e oy 1£2] 2Dy lwll 20

+] = a1 —ay —ik L (B — Ba)| K 1wl L (py 121l 2y 1wl 2y
+ KV - (@)l () 121 20y 1wl 22

+ k2 |2 - 8 oo (D) [[95]| Lo () 120l 2 (0) 1]l L2 (6D
A (L4 nmax) 19l Lo () [[2]lv [[wllv

e 2|
+k<L+L|52|+ )||7/)J||L°°(D 2]V [[wllv 4+ A (1 4 nmax) 195l oo 0y [12]lv [Jw]lv

IN

+|— a1 —as =ik L (B = Bo)| 951l L) Il [lewll
+ (d+ D) 1¥jllwree [2llv [[wllv + 2 ll¢s]l e oy [12lv lwllv
< [2A(1+nmax> +EL (14 |Bo]) + o] + | — a1 —as —ik L (B — Bo)] +d+1+g]
< [Yjllwree ll2llv lwllv
= CRr(kL) [[Yillwree oy 12lv lwllv- (4.15)
Similarly, with u(.,y) € V being the solution of (29) and applying (ZI4) and the above
bounds in ([@4]) and ([3]), for any v € §, including v = 0, we obtain

[ (u, w) + Ty (w)]

( .
19y llv+ llwllv ifv=0,
Al e pyllwll 2o HfHL2(D) if v =e;,

S AR Y] Z vi(v — €)1l e (py 1¥ell oo (p) 1077 ull L2(py lwll L2 (D)
j€supp(v) (Esupp(r—e;)
otherwise,
< Su(u) [[wllv, (4.16)
where
Sy (u)
Crunc(kL) (L || fllz2(py + L'? 19 L2 61)) if v=0o0,
— 4 7 Wil o) I fllz2o) if v=ej,
A Z Z vi(v =€) ¥l pyllvbel oo (py [[0¥ " ully  otherwise.
Jjesupp(v) Lesupp(v—e;)
(4.17)

Taking now w = 0%u(-,y) in ([£2), using the coercivity property (2.12]) as lower bound, and
using ([AI5) and ([@I6) as upper bounds, we obtain

coer |0 ull} < [By(07u,0"u)] < (Y v Cr(KL) [5]lwres(n) ||3”_eJU\Iv+Su(U)> [0%ullv,

Jjé€supp(v)
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and hence (now showing dependence on y)

v 1 Ve
o ut v < = (CRT) 30 vy Wslhwroeioy 107 uCaly +Sutul-.9))).
ot Jjé€supp(v)
(4.18)
The desired result now follows from (ZI7) and ([@I8]) by applying Lemma [B1] with
v Cfunc(kL)
= [0¥u(y)llv, B = W(L”f”LQ(D) + L2|igll z20m))
Cr(kL) A Cr(kL) A
\II] = H¢JHW1’°°(D)’ = CCOer Ll Cfunc(kL) ; 1 = Ccoer ) Cy = Ccoer .

The value of B is determined by taking v = 0 in (£I7) and (AI8]). The values of ¢; and ¢y
follow easily by taking |v| > 2 in (ZI7) and (£I8). The remaining case of |v| = 1 is slightly
more complicated: taking v = e; in (I7) and (ZI8)) yields
1 A
o\ OrEL) 1Y llwce oy l[uC )l + - 15l 2o 0y 1 1l 22 ()
<CR(1€L) i A
Ccoer kL Cfunc(kL)

IN

0% u(-, y)llv

), B,

which gives the value of ¢y. With these values we obtain Cregy(kL) = max {co, 2c1, \/202} as
given in (LI3). This completes the proof. O

5 Stochastic refractive index dimension truncation

For simulation of the stochastic wave propagation induced by the refractive index, we need to
truncate the infinitely many terms in the ansatz (L3]). To analyze the dimension truncation
error, it is convenient to introduce an operator theoretical framework which incorporates the
boundary condition.

Recalling (1), for each y € U we now define the operator B(y) : V. — L?(D) x L*(dD) by

[m>]<~y—<%fynwwﬂwﬂ> €D, Feop (5.1)
PIRBEE A 2@ —ikw@) ) ’ ' '

Then (2.1) can be expressed as

Bwutaled = (1), e zeon

We equip L?(D) x L?(0D) with the weighted product space norm
1) | L2pyx2op) = LlIfllezqpy + VL|gllr20p),  f€L*D), geL*aD).

It is easy to check that B(y) is a bounded linear operator.
From Theorem 2] we conclude that B(y) is boundedly invertible for all y € U. Indeed, for
any ( ) € L*(D) x L*(8D) we can write

Cfunc k L

u(y) = Bl (), with [[B@IT ), < HUM@W@)
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and therefore o L
[ )| < et

which is bounded independently of the wavenumber if kL > 1.
Corresponding to ([L3)), for a truncation parameter s we consider a truncated refractive index
(essentially by setting y; = 0 for j > s)

(5.2)

ns(w7y) = ns(way{lzs}) = nO(m) +Zyj ¢j($)7
j=1

and define the operator Bs(y) = Bs(yq.sy) V. — L?(D) x L?(0D) as in (51) but with n

replaced by ns. Then we have also

Cfunc (kL)

uy) =B () md B < e (5.3

For a fixed truncated dimension s, in the following theorem we will estimate the approxima-
tion error (I — I5)(G(u)), where the infinite-dimensional integral I and the finite-dimensional
integral I are as defined in [BJ)—(@2). The proof of the estimate is based on the dimension
truncation error of the integrand

u(y) —us(y) = (B~ = B ™) ()

by a Neumann series argument. The first critical step is to recogonize that we can write the
difference operator [B(y) — Bs(y)] : V — L*(D) x L*(0D) as

Bly) = Bsylw = > y; Tjw, (5.4)

j=s+1

with operators 7; : V — L%(D) x L*(9D) defined as

Tiw = k2< J(’)“’), j>1. (5.5)

The proof follows the general argument of ﬂﬂ] but there are some key differences which mean that
we do not need to impose the kind of small perturbation assumption discussed in Appendix [Al

For developing the dimension truncation and QMC-FEM analysis in this article, we will
impose the following assumptions on the perturbation functions ; in (L3)):

(A3) The sequence 9; is ordered: |[11||poe(py > [¥2llLoe(py > -+

(A4) There exists pg € (0,1) and Ky € R independently of k such that

S L+ 1) slleqy|” < Ko < oo (5.6)
j>1

(A5) There exists p; € (0,1) and K; € R independently of &k such that

3 [(kL—i—(kL)_l) Hz/;juwl,oow)]pl < K < oo (5.7)
i>1

These conditions are similar to counterpart conditions assumed for the diffusion model in @]
and also for general class of operator equations in ﬂ, @], but now with explicit dependence on kL.
We use the assumption (A5) in the next section to obtain QMC error bounds.
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Theorem 5.1. Let the assumptions (A0)—(A4) and parameter restrictions in Theorem [21] hold.
For everyy € U, f € L*(D) and g € L*(0D), let u(-,y) € V be the unique solution of (ZI),
and for each s € N let us(-,y) denote the solution of the truncated version of 2.II) with n
replaced by ng. Then for every linear functional G € V*, there exist a constant C' independent
of s, f,9,G and kL such that

Cfunc ( kL )
C1coe]r

which is bounded independently of the wavenumber if kL > 1.

(I = L)(G ()] = [[(Glu—u?))| < C—5"==[())ll2(D)x r2(0m) IGlv~ swt (58)

Proof. In this proof we will suppress the dependence on y to simplify our notation where possible.

We will begin by expanding u —us = (B~! —B; 1) (;f) in a Neumann series for sufficient large s.

Writing B~ = (Z + B;1(B — B,)) "1 B; !, we need to first ensure that || — B; (B — Bs)| < 1.
For each j > 1 and w € V, we have from (5.0 that

1B Tl = ||e 87 (%)

e

v

w Cfunc(kL)
)M r2oyr20m) < kLWHd}j”Lw(D) [wllv,

IN

where we used ||(9)llr2(pyxr20p) = Lllwll12(p) < %HwHV Thus B; ! 7; is a bounded operator
from V to V, with norm
Cfunc(kL)

[0 73] < kel

i)l oDy =: bj (5.9)

Hence from (5.4]) we have for all y € U,
> uiB!

[
j>s+1

Since kL Ceype(kL) = O(KL + 1), from Assumptions (A3) and (A4) we know that the sequence
{bj};>1 is nonincreasing, and that

1
§§ij.

Jj=s+1

Zb‘?o < rgKop < o0, (510)
Jj=1

for some constant ry independent of the wavenumber k.

Let s* be such that z >erp1 05 < ;, implying that H— (B - By) H l. Then for all

s > s*, by the bounded 1nvert1b1hty of B(y) and Bs(y(1.s}) for all y € U, we can write the
inverse of B in terms of the Neumann series, as

B = (I+B'(B-B)) B! = Y (-B.'(B-8)) 5"
>0

Then, using representations (0.2)), (5.3]) and (&.3]), we obtain
u—u, = (B =B () = Y (- B71B-B) B ()

>1

- X wET)

>1 j>s+1

U SN | (AT

>1 ne{s+1l:00}ti=1
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where we use the shorthand notation {s +1: 00} = {s+ 1,5 +2,...,00}".
Thus we can write

[ew-ww-Ycy ¥ [ [(f[lym&lﬂ))us]dy

£>1 ne{erl oo}t
)4
sy S ([ M) ([ e](T16 7)) av )
=1 ne{stlioopt 7 Usti=1 : i=1
where we separated the integrals for y .5, € Us [ %, %]S and Yoy 100} 1= = (yj)j>s+1 € Usy =
{(yj)j>s41 Y5 € [ ;, 2] j > s+ 1}, which is an essential step of this proof. The integral over
Y{s+1:00) 1S nONNegative due to the simple yet crucial observation that
1
3 0 if n is odd,
/ yy dy; = L L (5.11)
-1 T nFT) if n is even.

The integral over y(;. can be estimated, using (5.3)) and (5.9), as

4

4
[ o (T 70 )| avn| < 161v- s | (T 70) 1l
s i=1 Yy €Us NG
l
< S 21l w0m 161 T o
Hence, with the abbreviation
Cr = S BBy ) oy Gl (.12

we obtain

‘/Gu—us dy‘<Clz > </ Hymdy{erloo})Hb

21 ne{s+1:00}¢ Ust j—1

(Hym m) sty = O Z/ (

Yj ) dy{s+1:oo}'
i=1 >1 j>s+1

e>1 7 Ust ne{s+1 oo}

Using the multinomial theorem with multi-index v and (ﬁ) =U/(I];51v4!), we can write

/G U — ug dy' < O Z/ Z <ﬁ> H (Y5 0)" dYs41:00}

>1 | |=¢ j>s+1
0Vj<s
=Gy, 2 11 y”'dy' I v
1 i i j
21 |v|=¢ j>s+1 j>s+1
v;j=0Vj<s
) 20 )
<o Y% () Mo-ay > (3) I
1 %4 J v J
{>2 even lv|=¢ j>s+1 >1 ‘y|:2£’ j>s+1
vj=0Vj<s vj=0Vj<s
vj even Vj>s+1 v;j even Vj>s+1
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where the last inequality follows from (5.1T]).
Now we split the sum into a sum over ¢/ > ¢* (dropping the condition “v; even”) and the
initial terms 1 < ¢ < £* (substituting v; = 2v}) to obtain the estimate

20! » 20 y
[ew-wuj<ay ¥ () Mw+a ¥ X (o) e
v >0 |y=2 j>s+1 1<U<t | |=p j>s+1
v;=0Vj<s V;-ZO Vi<s
vj even Vj>s+1

X E E)Ipe s x (e

U200 |y|=20 jZs+1 1<er<er S W=
v;=0Vj<s V;ZOVjSS
20 (26/)! ) Va4
cay(Tu) +a ¥ ER(T#)
>0 N j>s+1 1< <> TN j>stl
Z*
(25541 bj)? 20 =2 Yisen b

<C )
' 1- (ijerl bj)2 (5* - 1)! 1- (ZjZS-‘,-l b?)

where we used the multinomial theorem and the geometric series formula, noting that for s > s*

+ ¢ (5.13)

we have >, s+1b?§2jzs+1bj§%'
From |28, Theorem 5.1] we know that
1 BN
ro _ L
> bj < min (Tl,1><2b§°> RPETR (5.14)
j>s+1 po j>1

With a similar argument we can show that

2
1 Py _2
> b < ;_1<Zb?°>pos et (5.15)
j>1

j>s+1 Po

Using the estimates (5I4]) and (5I5) for the numerators in (BI3) and bounding the sums
in the denominators by 1/2, we see that the first term in (I3) is O(s~ 2" (/Po=1)) while the
second term is O(s~(2/Po=1)) We therefore choose £* such that 2¢*(1/py — 1) > 2/po — 1, i.e.,
*:=[(2—1po)/(2 —2po)|. Hence, for all s > s* we arrive at

~-2
‘/ G(u—us)dy' < C1Cys v (5.16)
U

where (5 is a constant depending on pg and Ky, and is independent of k.
It remains to derive the bound for s < s*. Using (0.2]) and (5.3]) we have the estimate

/ G(u—ugdy\ < lg]
U

2Cffunc kL
< 2Eme B 1) 2 oy G

ve sup (Jlu,)llv + lus(w)llv )
yeU

2 2
ve <201 (s s m L (517)

where we used s*/s > 1 and the definition of Cy in (B.12]). We now use (5.10) to get an upper
bound on (B.I4)) involving Ky, and choose s* such that when s replaced by s* this upper bound
is at most 1/2. Consequently s* is a constant depending on py and Kj, and is independent of k.

Combining now (516) and (5I7), and plugging in the definition (512) for C, we obtain the

required result for all values of s. O
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6 Finite element discretizations

In this section first we consider a high-order FEM for computationally solving the sign-definite
sesquilinear formulation. For each y € U, having quantified the error resulting from dimension
truncation of the stochastic refractive index field n(-,y) by ns(-,yq.5)) to approximate the
solution u(-,y) of (9] by the solution us(-, yq.s}) satisfying

By sy (Us,0) =Gy, (v), forall veV, (6.1)

we consider the spatial Galerkin FEM approximation of us by usp. To this end, we choose a
finite dimensional subspace V,f) C H?(Q) spanned by splines of degree p > 2 on a tessellation (of
at least C''-elements with maximum width k) of D. The space V}? is chosen so that the following
approximation property holds: for 0 < ¢ < 2 and for any v € H* () with t* > ¢ 4 1,

inf v —wp||ge < Cappe ROPHLEIE (6.2)

whev,f

and the constant Cj,pp,r depends on the chosen norm of v.

For each y € U, the FEM approximation us u (-, yY1.53) € V3, to the unique solution us (-, y(y.4})
of (1)) is required to be computed by solving the linear algebraic system arising from the finite-
dimensional coercive variational form

%y{lzs} (u&h, v) = {4

iy (v) forall ve %8 (6.3)

Since V' C H??(Q), using [62), the coercivity and continuity of the sesquilinear form %, (s}
Theorem 1] and Cea’s Lemma, under appropriate spatial regularity assumption of u4 satisfy-
ing (GI) and the degree p > 2 of the splines, the high-order FEM approximation us) € V7
satisfies the following error bound:

Ceont(KL) .
||u8("y{1:s}) - u&h('ay{lzs})HV < Clappr %7 \|(£)\|L2(D)xL2(aD) hP (6.4)

coer

Recall that Ceont(kL) = O(kL + (kL)~'). This highlights that the well known pollution effect
is present in our (and all known) FEM approximations (converging in h) for the Helmholtz
PDE in two and higher dimensions. While the pollution effect requires large degrees of freedom
(DoF) for large acoustic size kL > 1 using the standard piecewise-linear (p = 1) low-order FEM,
we have demonstrated in ﬂﬁ, @] that the pollution error can be efficiently avoided by using
high-order FEM (p > 2), even for solutions with limited regularity.

In particular, as demonstrated in ﬂﬁ] using an efficient construction of the space V,f , the
number of DoF do not increase substantially despite imposing higher continuity requirements
needed for larger degree splines. In [16], for heterogeneous deterministic models (that is, with
y; = 0 in (3] for all j > 1 and spatially dependent mean-field ny) and for various acoustic size
kL values with sufficiently smooth solutions, we have numerically demonstrated p — 1 estimated
order of convergence (EOC) for p = 2,3, 4 in the V norm, as stated in ([6.4]), and also p+ 1 and
p EOC, respectively, in the H%-norm and the H'-norm.

For the bounded linear functional G € V*, based on Nitsche arguments, we obtain for all
yeU

Ccon kL
Gl Y1) ~ Cluts (- 911.))| < Coopr LY ()2 g0y I 12, (65)

and the same upper bound is obtained for for its integral counterpart
(G (us —usp))| = [1(Gus( yq1.5p)) = 1(G(us,n (Y 1:53))]-
Thus the upper bound is of order O((kL + (kL)™') h?) = O((1 + (kL)™') (kL + 1) h?).
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7 Quasi-Monte Carlo integration

For complete details of various QMC integration rules, we refer to the survey ﬂQ] and extensive
references therein; see also the survey ﬂﬁ] for some QMC theory applied in the context of PDE
problems. In the next two subsections we focus on two QMC rules.

7.1 Randomly shifted lattice rules (first order convergence)

For a fixed dimension truncation parameter s, we consider the integral of a general complex-

valued function F' defined over the s-dimensional unit cube [—%, %]3
L) = [, Fly)dy.
[-5.5]°
and we approximate this by a randomly shifted lattice rule
| N
: _ 1
Qs N(F;A) = N;F({tﬁA}— 3) (7.1)
1=
where t1,...,ty € [0,1]° are deterministic lattice cubature points, and A is a random shift

which is drawn from the uniform distribution on [0,1]°. The braces in (7)) indicate that we
take the fractional part of each component in a vector, while the subtraction of % takes care of

the translation from the standard unit cube [0,1]* to [—31,4]%. The lattice points are given by
t; ={%} fori=1,...,N, where z € Z° is known as the generating vector and it determines

the quality of the lattice rule.

We apply the theory and construction of randomly shifted lattice rules in weighted Sobolev
spaces to obtain first order convergence rates. Loosely speaking, these spaces contain functions
with square integrable mixed first derivatives. The norm is given by

9 1/2
dyu> ;

1
uFum:( > =/,
ug{l:s}ryu [7575}‘“

where {1 : s} is a shorthand notation for the set of indices {1,2,...,s}, (I F)/(0y,) denotes the
mixed first derivative of F' with respect to the “active” variables y, = (y;);cu, while y {Lish\u =
(Yj)jef1:s}\u denotes the “inactive” variables. The weights v, moderate the relative importance
between subsets of variables. It is known that (see e.g., |9, Theorem 5.1]), given N a prime
power and the weights v, as input, a generating vector z can be obtained by the component-
by-component (CBC) construction to achieve the root-mean-square error (with respect to the
random shift)

oM E

(W ) Y
/[%7%]3—1‘ 5y, Y Ytrspe) Wi

5 9 1/(22)
\/ErqmcHIS(F) - QS,N(F; )‘ ] < (N Z ’731\ [Q(A)]M) HFHS,’Y Ve (%’ 1]’ (72)
0AuC{1:s}

where o(\) = (224752;‘2, with ¢ being the Riemann zeta function.

In our Helmholtz PDE problem, the integrand is given by

F(y) = G(us,h('7y))'

To apply the relevant QMC theory we need to obtain a bound on the norm || F||s 4 = ||G(uspn)||s,~-
Using linearity and boundedness of GG, we have

)
= |G| 5—us K < |G
o gy )| < el

Glusp(-y))

(7.3)

ol
V*

ayu uS,h(‘? y)

|4
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Now applying Theorem with u replaced with u, ) and restricting to multi-indices v with

v; < 1, we obtain
1/2
() TTjen Y5
- ( oo o= . (14
uC{1:s} Tu

Cfunc (kL)

Gl < =)

The bound (7.4]) takes exactly the same form as in the diffusion case in @], so we could follow
the same line of argument there. Here instead we use a slightly simpler and shorter argument.

Substituting (74 into the bound (T2]) and then choosing the weights ~, to equate the
expressions inside the two sums, we obtain

= (1w \'EM'_

T

)

2/(14X)
) 1 = Cragn(kD) 65l (0, (7.5)

and this yields

Cs~(N) Cfunc(k:L)

VBrane [1:(6(02) = Qun(G(up) )] < 355535 2= () oo
with
Con(N) = 2( > (|u|!H(Tj [Q<A>]1/<2A>)>“*> .
uC{l:s} J€Eu

We proceed to choose the parameter A such that Cs.(A) is bounded independently of s.
Since Cregu(kL) = O(kL + (kL)™'), from (5.7) in Assumption (A5) we know that

ZT? <rnkK < oo,
i>1

for some constant 7; independent of the wavenumber k. Writing 6; := Y;[o(\)]Y/?Y and
7:= 22 we have

3 (!u!!H@)T:; 3 HGT<Z€'T 1(2%)

uC{1l:s} JEu uC{l:s} JEU
|u|=¢

where the inequality holds because each term [] from the left-hand side of the inequality

jEu
appears in the expansion (2371 9]7) exactly £! tlmes and the expansion contains other terms.
By the ratio test, the right—hand side is bounded independently of s provided that ZJOO 1 9]7 < 00
and 7 < 1. Thus in our case we require p1 < 7 < 1, i.e.,

2
<Ll e I

<A<l
—14+A 2—p1_

Noting that A also needs to satisfy % < A\ <1, we therefore choose

L 3 55 for some § € (0,3) when p; € (0, 3],

when p1 € (%a 1),
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This leads to the convergence rate (’)(N - mm(ﬁ*é’l*&)), with the implied constant independent
of s.

Weights of the form (7.5 are known as POD weights (“product and order dependent
weights”). The CBC construction of lattice generating vector can be done for POD weights
in O(s Nlog N + s2N) operations, see HE]

Combining the estimates from this subsection with (5.8]) and (G.3]), we obtain the first main

conclusion of this paper.

Theorem 7.1. Let the assumptions (A0)—(A5) and parameter restrictions in Theorem [21] hold.
For eachy € U, let u(-,y) € V be the unique solution of 29) and usp(-,y) € V¥ be the unique
solution of @3). Then for every f € L*(D) and g € L?>(OD), and every linear functional
G € V*, a generating vector can be constructed for a randomly shifted lattice rule such that

VErane [[1(G(@) — Qu(Glus); )]
< C-(1+ (kL)Y <3‘5+ (KL + 1) h? + N~ ™G =21 ‘”), 5€(0,3),

where C' depends on f, g, G, but is independent of s, h, N and the wavenumber k.

7.2 Interlaced polynomial lattice rules (higher order convergence)

In this subsection we briefly outline the results when we replace randomly shifted lattice rules
by deterministic interlaced polynomial lattice rules, which allow us to obtain higher order con-
vergence rates. The description below follows closely ﬂ]

Without giving the full technical details, we simply say here that (Z.I]) is now replaced by a
deterministic quadrature rule

Qu(F) = + 3 F(ti- 1),

where the points ¢; € [0,1]* are obtained by “interlacing” the points of a “polynomial lattice
rule”, which are specified by a generating vector of “polynomials” rather than of integers. For
the precise details as well as implementation, see e.g., ﬂ, @] and the references there. The error

bound (2] is now replaced by
1/(23)
LE) - Q) < (% 5 Rea) I lay YA€ (L
0AuC{1l:s}

where o > 2 is an integer smoothness parameter (also known as the “interlacing factor”), N is
a power of 2, 0o (\) = 20Me=1/2[(1 4 )¢]. and the norm is now

2)‘2

1
[Fllsany = sup  sup —>
uC{Lis} y, f0,1] 10 N ey, T wE{Lia} e\l

/ - _‘U‘(a(an,‘ru\mo)F)(y) dy{l:s}\n )
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Using again (7.3)) and Theorem [£.2] (this time with general multi-indices), we obtain instead

of (T3),

Cfunc kL 1 e o)l
1G sy < ZmeEEDy 1y oy eraomy NG~ sup =Y ml I,

Ceoer uC{l:s} "u vye{l:a}lul J€Eu
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where 6(vj,a) is 1 if v; = o and is 0 otherwise. We now choose 7, so that the supremum is 1,

ie.,
W= > |wf J]@EIrP). (7.6)
vye{l:a}lul JEu
Using the above weights and following the arguments in ﬂ, Pages 2694-2695], by taking A\ = p;
and the interlacing factor v = |1/p; |41, we eventually arrive at the convergence rate O(N~1/P1),
with the implied constant independent of s, h, N.

Weights of the form (Z6]) are called SPOD weights (“smoothness-driven product and or-
der dependent weights”). The generating vector (of polynomials) can be obtained by a CBC
construction in O(a s Nlog N + a? s2N) operations, see E]

We summarize our second main conclusion in the following theorem.

Theorem 7.2. Let the assumptions (A0)—(A5) and parameter restrictions in Theorem [Z1] hold.
For eachy € U, let u(-,y) € V be the unique solution of Z9) and us (-, y) € Vi be the unique
solution of @3). Then for every f € L*(D) and g € L?*(OD), and every linear functional
G € V*, a generating vector can be constructed for an interlaced polynomial lattice rule with
interlacing factor o = |1/p1| +1 > 2 such that

|I(G(U)) - Q57N(G(us,h))| < (C- (1 + (kL)fl) <31720+1 + (kL n 1) WP 4 Np11> 7

where C' depends on f, g, G, but is independent of s, h, N and the wavenumber k.
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A Small perturbation approach

In this section, by a partial differential operator (PDO) associated with a boundary value prob-
lem (BVP), governed by a PDE and a boundary condition (BC), we mean the PDO in its weak
sense. The weak PDO (WPDO) is a linear operator induced by a sesquilinear form associated
with an equivalent weak formulation of the BVP (WBVP).

The stochastic wave propagation Helmholtz PDE model introduced in Section [ can be
reformulated, using the celebrated standard weak form, as

Sy(u,w) = L(w) forall yecU, we HY(D), (A1)

where, for fixed y, Sy : H'(D) x HY(D) — C is a sesquilinear form, and ¢ is a linear functional.
More precisely,

Sy(v,w) = ap(v,w) + Zyj aj(v, w),
i>1

where for v,w € H'(D)

ao(v,w):/ [VU-W—anov@] —ik/(9 YUYW, aj(v,w):k:Q/ v, j>1.
D D D

It is well known that ag is sign-indefinite (that is, non-coercive). However, ag satisfies the inf-sup
condition with inf-sup constant g = O(1/k), see for example |2, Cor. 1.10]. Indeed, till recently,
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all known and analyzed variational reformulations of the heterogeneous media deterministic
Helmholtz model are sign-indefinite, see for example ﬂﬁ] and references therein.
The inf-sup property of ag has been established E], using the following weighted (k-dependent)
norm in H(D) E]
oy = 19012y + B2 el

The framework in ﬂ, |§] is established for a general class of operators defined on reflexive Banach
spaces X,Y. For our wave propagation model, it is appropriate to consider linear operators
Aj: X — Y’ defined as

y(w,.Ajv>Y, = a;(v,w), veX, wey, j >0,

with X =Y = H}(D). Consequently the standard WBVP ([A) based WPDO A of the
BVP (L) with PDO £ in () is:

Aly) = Ao+ > _yiA,  yel (A.2)

Jj=1

Thus, thanks to the inf-sup property of ag, we have Ay € £L(X,Y”) is boundedly invertible with
IAG ]| = O(k) and [|A;]| = O(1), since

1A < sup laj(v, w)| 19511 o0y K2 [0]l L2 0y 1wl 22 ()
j =

< < ;] Lo (Dy-
w0 |1Vl x lwlx vl x [Jwl]lx S

The class of stochastic WPDOs considered in |7, ] are of the form in (A.2)). The framework
in ﬂ, @] starts with the summability assumption [7, Equation (1.3)]

Z HAJ'HZZ(X,Y/) < 00, for some p € (0,1],
Jj=z1

and bounded invertible assumption of Ag, as a linear operator from X to Y.
The analysis in ﬂ, ] and related papers, while of wide generality, requires that the operator
sum in ([A2]) be small, in the sense that

Ao+ 3wy = Ao(T+ Dy A7 A)

J=21 j=21

should satisfy, using |y;| < 1/2,
1 —1
34 Al < 1, (A3)
Jj=1
since if this is satisfied then the Neumann series for the inverse of the operator sum converges in
operator norm in the space X. Accordingly, it seems reasonable to say that any argument based

on ([AZ3) is using the “small perturbation” approach. Note that (A:3]), when applied to our wave
propagation model, requires that a quantity of the order k Zj>1 ||¢1HL°°(D) be less than 1.
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B Technical lemma

Lemma B.1. Given some non-negative real numbers (¥;)jen and constants co,ci,c2, B, let
(Ay)pez be non-negative real numbers satisfying the inequality

(B ifv =0,
Co \I/j B ’if v =egj,
Au < C1 Z Vj \II ] Au e;
jEsupp(v
+co Z Z v (l/ — ej)g \Ifj \Ifg Ay_ej_e[ ’Lf ’I/’ > 2.
j€supp(v) (esupp(v—e;)

Then for any v € § we have
Ay, < WI'YYB, with YY:= HT;j, T, := max {60,261,\/262} U, .
j>1

Proof. Let Y; = C'¥;. We prove this result by induction while determining the multiplying
factor C. The cases |v| < 1 hold trivially if ¢g < C. Suppose that the result holds for all |v| < n
with some n > 1. Then for [v| =n > 2, we can split the terms in the inequality into

AV < c Zl/j \Ifj Ay_ej + Cc2 ZV]‘ (Vj — 1) \Ifg AV_er + Cc2 ZZV]‘ Uy \I/j \IJZAV—Ej—ee'
Jj=1 Jj=1 Jj2l>1
=2

Applying the induction hypothesis then leads to

A, < Zl/j (lv] = 1)!XY"% B+ ¢y Zuj )\I/j2 (jv| —2)Yv=2e B
Jj=1 j>1
+ co ZZVJ‘ vy \Ifj \I/g(’I/’ — 2)!TV_ej_e€ B
jzle>1
{#]
C1
< E Y =D B+ Y v (5= ) (v -2 TV B
Jj=1 J>1
E:E:%Vghd—Q'T”B-—<—- 2 e B,
Jj210>1 ¢ C
]

If g < % and ¢o < %2, then & + & < 1. So we may choose C := max{cg, 2c1,v/2c2} as
stated in the lemma.
. . . . 244
An alternative bound can be obtained by choosing C' := max{cg, cs}, with ¢3 := W

which satisfies i—; + 2—5 =1. O
3
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