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We suggest a novel approach for the efficient and reliable approximation of the
Pareto front of sufficiently smooth unconstrained bi-criteria optimization problems.
Optimality conditions formulated for weighted sum scalarizations of the problem
yield a description of (parts of) the Pareto front as a parametric curve, parameterized
by the scalarization parameter (i.e., the weight in the weighted sum scalarization).
Its sensitivity w.r.t. parameter variations can be described by an ordinary differ-
ential equation (ODE). Starting from an arbitrary initial Pareto optimal solution,
the Pareto front can then be traced by numerical integration. We provide an error
analysis based on Lipschitz properties and suggest an explicit Runge-Kutta method
for the numerical solution of the ODE. The method is validated on bi-criteria convex
quadratic programming problems for which the exact solution is explicitly known,
and numerically tested on complex bi-criteria shape optimization problems involving
finite element discretizations of the state equation.
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1 Introduction

Multi-criteria optimization models gain more and more importance in economical and in tech-
nical applications. Decision makers have to balance between economical and ecological criteria
and compromise between reliability and cost, to mention only two examples. In this situation,
a concise representation of the set of Pareto optimal solutions, i.e., the set of those solutions
that can not be improved in one criterion without deterioration in at least one other criterion,
provides important trade-off information and thus supports the decision maker in identifying
relevant solution alternatives. In this paper, we aim at the reliable and efficient approxima-
tion of the Pareto front of convex and sufficiently smooth unconstrained bi-criteria optimization
problems.

Scalarization methods are a prevalent tool to compute representations and approximations of
the Pareto front. We refer to [12, 21), 28] for a thorough introduction to the field and to



[9, 19] for a discussion of the pros and cons of the weighted sum scalarization. Assuming
differentiability, optimality conditions like, for example, the classical KKT-conditions, can be
used to derive Pareto optimal solutions, see, for example, [12, [17]. The Pareto front can then be
recovered using subdivision techniques [10} 18] B31], sensitivities with respect to the scalarization
parameters [13], or continuation and predictor-corrector methods [13} 20, 23] 24} 26] 291 30].
The latter usually rely on scalarizations, leading to single-objective counterpart problems that
depend on one or several scalarization parameters (e.g., the weights in the case of weighted sum
scalarizations) and that can hence be interpreted as parametric optimization problems. Under
appropriate differentiability assumptions, predictor-corrector-type methods can then be related
to the single-objective case (see, for example, [2, [I5]).

This paper is organized as follows: In Section [2| the unconstrained bi-criteria optimization prob-
lem is introduced together with the (slightly atypical) notation that is used throughout this
paper (Section . Under appropriate differentiability assumptions, the problem of tracing
the Pareto front is reformulated as an explicit ordinary differential equation (ODE). We derive
existence and continuity results for its solution (Section , assuming local Lipschitz continu-
ity of the Hessians of both objective functions. In Section the results are extended to the
case that initial Pareto critical solutions can only be approximated. We note that this case is
particularly relevant for complex real world applications as discussed in the case study presented
in Section This representation of the Pareto front is the basis for the application of well-
established numerical integration methods for Pareto front tracing. We suggest the application
of Runge-Kutta methods and provide local and global error estimates in Section The nu-
merical results presented in Section {4 for quadratic test problems (Section and for complex
bi-criteria shape optimization problems (Section validate the high solution quality and the
efficiency of the approach.

2 Pareto tracing using ODEs

2.1 Some notation for bi-criteria Pareto optimality

We first collect some basic notation and facts on bi-criteria unconstrained optimization. For a
detailed introduction into the field of multi-criteria optimization, see, for example, the books
[12, 21]. Let J : R™ — R? be a bi-criteria objective function that is second order differentiable
with continuous derivative. For notational reasons that will become clear later, we denote the
individual objective functions by Jy and Ji, i.e., J = (Jo,J1). For x,2’ € R™, 2’ dominates
z, if Ji(z') < Ji(z) for i = 0,1 and J;(2') < Ji(x) for at least one ¢ € {0,1}. A solution
x € R™ is Pareto optimal, if it is not dominated by any solution 2’ € R™ and z is locally
Pareto optimal, if there exists some open neighborhood U of x such that no 2’ € U dominates
z. The corresponding outcome vector J(z) is called nondominated or locally nondominated,
respectively. A search direction d € R™ is a bi-criteria descent direction at =, if V.J," (z)d < 0 for
i € {0,1}, where VJ;(z) is the gradient of J;. If at = there is no bi-criteria descent direction, z is
called Pareto critical. Obviously, being Pareto critical is a necessary but not sufficient condition
for being locally Pareto optimal. For € > 0, x is called e-Pareto critical, if there is no search
direction d € R™ such that V,Ji(z)"d < —¢||d|| and V,J;(z)"d < 0, where 4,5 € {0,1} with
i# 7.

In the following, we work with the weighted sum scalarization given by Jy = (1 — A)Jy+ AJ; for
A € [0, 1] the preference parameter. z then is (locally) optimal with respect to A, if Jy(z) < Jy(2)
for 2/ € R" (' € U) and =z is critical for Jy if Vo Jx(x) = (1 = NV, Jo(z) + AV Ji(z) = 0. If
this condition holds approximately such that ||V;Jy(x)| < € for some small ¢ > 0, we say that
x is e-critical with respect to Jy. For A € (0,1) this clearly implies 2 being &’-Pareto critical



with &’ = m

Let V2J;(z) be the Hessian matrix of J; at z, i € {0,1} and likewise V2J)(z) the Hessian of
Jy. We say that x fulfills the second order optimality conditions for Jy strictly if x is Jy-critical
and V2J, is strictly positive definite. If = fulfills strict second order Jy-optimality, it is locally
a (unique) Jy-optimal point which also implies local Pareto optimality of = [17, 21].

Note that the parameter values A = 0 and A = 1 correspond to the single-criteria minimization
of the individual objective functions Jy and Jp, respectively. If in this case the optimal solution
is (locally) unique, then it is (locally) Pareto optimal. This is, for example, the case when the
second order optimality condition is satisfied strictly. Otherwise, the set of optimal solutions
may contain (locally) weakly Pareto optimal solutions that are not locally Pareto optimal, where
a solution =’ € R™ is called (locally) weakly Pareto optimal if there is no other solution z € R™
(x € U for some open neighborhood U of 2’) such that J;(x) < J;(2') for i = 0, 1.

Conversely, if the outcome set {J(z) : z € R"} is R?-convex, i.e., if the set {J(z)+7r : z €
R”, r € R? and r; > 0, i = 0,1} is convex, then all Pareto optimal solutions can be retrieved by
minimizing Jy with an appropriate scalarization parameter A € [0, 1]. Moreover, if the outcome
set is Ri—convex and -compact, then the nondominated set is connected in the outcome space.
We refer again to [I2] and the references therein for a more detailed discussion of this and of
related topics.

2.2 Implicit and explicit ODEs for local Pareto optimality

From now on we assume that V2J; is locally Lipschitz continuous with Lipschitz constant
Ly (z,6) on the ball Bs(z) of radius  centered at , i.e. |V2J;(x)—V2J;(z')|| < Ly(x,8)||z—2'|,
i = 0,1, where || - || is the spectral norm.

Let us first assume that we have found points x(A), which fulfill criticality for Jy on some
interval A € [A;, A\,] € [0,1]. Suppose furthermore that z()) is a differentiable function of A.
Differentiating the first order optimality conditions V;Jy(x())) = 0 with respect to A, we obtain

Vi (@(N) &) = Vi do(z(N) = Vai(z(N). (1)

If x(\) furthermore fulfills the second order optimality conditions with respect to Jy strictly,
this implicit ordinary differential equation (ODE) can be rearranged to a standard ODE &(\) =
f(A,z(\)) with f defined by

#(\) = (V2 (2(N)) " (Vado(2(N) = Vadi(2(V)) = F(A (X)) 2)

Let us conversely assume that we have found xg which fulfills the strict second order optimality
condition for Jy,. We easily see that the right hand side of as a function of x is Lipschitz
on some open neighborhood U of zg with a Lipschitz constant L, that is uniform in A on some
interval [A\;, A,] C [0, 1]:

Lemma 1. Let A € [0,1] and let A()\, ) be the smallest eigenvalue of V2Jy(x). Then
(i) A(X\, x) is locally Lipschitz in x with Lipschitz constant L (x,d) on Bs(x);
(ii) A(X\,x) is Lipschitz in X on [0,1] with Lipschitz constant Ly(x) = ||[V2Jo(z)||+||V2J1(2)|;
(i1i) Let 1 > o > 0, then for ' € Bs(x) and N € [0,1] such that
Lp(x,0)[lx — 2'| + La(z)|A = X[ < (1 = ) A(A, 2),

we have A(N,2") > oA\, z);



(iv) Let [A\j, \y] containing A and Bs(x) be given such that Lg(xz,0)0 + Ly(z) max{\, — \,\ —
At < (1= 0)A(N z). This is always possible as L (x,0) is monotonically decreasing in
d. Then f(N,z') is uniformly (in X') Lipschitz in &' on [\, \y] X Bs(x) with Lipschitz
constant bounded by

2
Ly(2,6,0) =2 ((M) o, 8) + (W) LH(x,é)Cl(x,6)> ,

where Cy = maxX;e (0,1} SUPy/e By (x ||V Ji(z")|| and Co = maxX;e{0,1} SUPz’c Bs (x HV Ji(z")]].

Proof. (i) Let 2/ and 2 be in Bs(x). Without loss of generality we assume that A(A, z') >
A(\, 2"). Then,

0< A\ 2')— AN 2") = Rin”f | 1uTViJ>\($’)u — A\ ")
u€ER™:||ul|=
< inf  w'VEZL(@")u+ sup  u' (V20 (2') — V2J0(2")) u — A(N, 2")
uweR™:||ul|=1 u€R™:||ul|=1
= sup ! (VIAL() = VEAE")u= Vi) — Vi)
WER™:[ul|=1

< Lu(x,0) ||l2" — 2"|.
(ii) We proceed similarly as in (i) and obtain for X, \” € [0, 1] with A(N,z) > A\, z)
0<AWN,z) =AW\, z)<  sup u' (V2Jx(z) — V2Jw (7)) u
u€R™:||ul|=1

= [IV2Jx (@) = Vidy (@) < (IV2Jo(@)]l + [VET(@)I]) [N = A7),

(iii) For 2’ € Bs(z), (iii) now follows from (i) and (ii) by

AN, 2"y = AN z) + (AN, 2) — A\, 2)) + (AN, 2") — AN, 2))

(iv) We first recall the following fact: Let Ag, A1 be two strictly positive definite n x n matrices
with lowest eigenvalue not smaller than € and let A, = 7A4; + (1 —7)Ap for 7 € [0,1]. Then A,

is again positive definite with lowest eigenvalue not smaller than € and we obtain by using the
sub-multiplicativity of the spectral norm

—AZ Lar
[

/ A;l(Al — AO)A;l dr
0

AT — ALY :‘ A A-tdr

1
1
S/ HA;I(Al —Ao)A;IH dr < ?HAl —A()H.
0

Consequently, for 2/,z” € Bs(xz) and X € [\, \,] we can use (iii) and the above estimate with



e = pA(\, ), see (iii), and obtain

1FOV,2') — FOV, )| < H (V2Jy(2)) " (Vado(a!) = Vado(a”) = Vadi (') + Vadi (")) H
+ H( V2J)\/(x/)) — (V2In (@) ) (Vadola") - Vle(x”))H

///GB(S NleB&(fb)

< sup IVzJo( "I+ sup \ViJl(fC’”)II> I — 2"

< )HVQJ» —V2Iv@")|| sup  ||Vado(z") = Vadi(a")]]
z!" € Bs(x)

oA
1 i ! I
2 (QA()\,.%)C (x,0) + <QA()\,$)> Ly (x, 5)01(35’5)) 2" — 2"

IN

O

The locally Lipschitz property of f(\, ) established in Lemma (iv) provides us with the crucial
input to the Picard-Lindelof theorem, that can now be applied as follows:

Theorem 2. Let xg € R™ and \g € [0, 1] such that xo fulfills the strict second order optimality
conditions with respect to Jy,. Using the notation of Lemma let A6 >0 and 1> o> 0 such
that Ly (xo,0)0 4+ Lx(xo)A < (1—0)A(Xo, z0). Let Cs3(xo, 0, A) = supaepg-arg+al || f(A x)|. Let

z€Bg(zq)

furthermore A" = min{A, §/C5(x0,d, A)} and N\ = Ag — A’, Ay = Ao — A’. Then,

(i) The solution x(\) of with initial condition (o) = zo at Ao exists and is unique locally
on the interval [\, A\y]. x(X\) is continuously differentiable on this interval;

(it) z(X) can be extended to a solution of to a mazimal time interval (A, \,)) C [0,1]

M

containing No such that A(X,z(X)) > 0 for X € (A}, \,) and either A, = 1 (A\; = 0) or

M

AN, z(N)) has accumulation point 0 as X /X, (A N\ A));

(iii) On this interval, ©(\) fulfills the strict second order optimality conditions with respect to
Jy and thus is locally Jy optimal and locally Pareto optimal with respect to J.

Proof. (i) By Lemma (1] (iv), the conditions of the Picard Lindelof theorem are fulfilled. The
assertion thus follows from the local existence and uniqueness of the solutions of ODEs, see e.g.
[1, Theorem 15.2].

Statement (ii) immediately follows from the fact that, since A(Ay, z(Ay)) > pA(Xo, x(Ao)), the

argument from (i) can be iterated with A\ replaced by A\, = A(()l) and xg with x()\,). This

procedure can be iterated, until )\(()n) is either reaching one or A()\(()n), l’()\(()n))) is approaching 0.

Now define the maximal upper boundary X/, = lim,, o )\(()n). An analogous argument holds for
the minimal lower bound A;.
To see (iii), we recall that for any A € (A}, ), (2) implies (1) and thus

M
Ad
V@) = Vadsa) + [ 49T (a(r) dr =0, (3)
Ao
hence z()) is critical for J, and thus Pareto critical. As furthermore A € (A, \,), V2Jx(z()\))
is strictly positive definite as by (ii) A(A,2) > 0 holds, hence z(\) fulfills strict second order
optimality for Jy and is locally Pareto optimal. O



Remark 3. (i) For notational convenience we consider an unrestricted domain, i.e., all x € R™
are feasible solutions. However, all results of Sectz’on@ easily generalize to the case, where J;(x)
1s only defined on an open subset of R™. In this case, in the local constructions given e.g. in
Lemma [l and Theorem[3 the constants § > 0 have to be chosen smaller than the distance to the
boundary of the domain of definition and the results still hold with the obvious adaptations on
the mazimal intervals of existence (N}, \,,).

(i) In the degenerate case that the two objective functions are equal, i.e., if Jo = Ji, then
Iy = Jo=Ji for all A € [0,1]. In this case, any optimal solution of Jy (assuming that it exists)
is Pareto optimal, and the nondominated set consists of exactly one (ideal) outcome vector. Then
becomes @:(\) = 0, which is in accordance with the fact that the nondominated set consists
of a unique outcome vector.

Several estimates for the numerical approximation of x(\) rely on the regularity of z(\). We
therefore recall the following standard result on the regularity of solutions to ODEs.

Lemma 4. Assume that J;, i € {0,1}, is p 4+ 2 times differentiable with locally bounded p + 2-
nd derivative, p € No. Let [\, \y] C (N}, N,,) be a closed interval in the mazimal interval from
Theorem[9(ii). Then, x(\) is p+1 times differentiable with bounded p+1st derivative on [\, \y,].

Proof. To prove the p+ 1-order regularity, we note that, if a matrix A is invertible, the operation
of inverting is C*° on a neighborhood of A. Denoting the right hand side of with f(\,z) =
fO(X, z), we see that £ is p times differentiable in A and z. For [ = 1,...,p, we recursively
define fO(N,z) = G fEVN 2)+ Vo fED(N 2) T f(A, 2) where fO is p—1 times differentiable in
2 and A and locally bounded where p = I. Differentiating z()(\) = (%)l z(\) = FEED z(N)
with respect to A, we see that z(TD(\) = fO (X z(\)) for I =0,...,p exists and is bounded on
A1, Au] if 1 = p. O

2.3 Approximately Pareto critical initial conditions and numerical stability

In Theorem [2] we assumed that the initial value zq fulfills the strict second order optimality
conditions for Jy,. Thus x¢ is the (local) optimum to the single-criteria optimization problem
given by the objective function Jy,. In many applications, we do not know zg, but have to
use approximate solutions to the optimization problem posed by J),, instead. Suppose that
xor — To are the iterates of some optimization algorithm started sufficiently close to x¢ such
that the optimization problem is convex and convergence is guaranteed. For example, xgj can
be obtained by a gradient descent method or Newton-type method applied to Jy,.

Ultimately, we may assume that zgj is sufficiently close to x¢ such that also ViJ o (Zo,k) 18
strictly positive definite. Assuming that the optimization algorithm that produces x(j applies
a gradient based stopping criterion, e.g. ||VgJy,(zox)|| < € for some € > 0, the terminal output
%o,k is e-J), critical. In the following we see that starting the ODE in xg j provides e- critical
solutions xy () with respect to Jy for A in some interval containing Ag.

In many applications, the function f(\,z(\)) has to be approximated using numerical schemes
fi(A\,z) with limited accuracy. Here [ is some parameter that controls the numerical error in
the sense that ¢;(C, \) = sup,cc || f(A\, z) — fi(A\,z)|| = 0 if | - co and C C R™ is compact. It is
therefore desirable to be able to control the effect of the numerical error in f — f; on the solution
of along with the error caused by the error in the initial condition zg — x¢ . The following
proposition uses the standard repertoire of ODE theory to provide comprehensive estimates:

Proposition 5. Let xo fulfill the strict second order optimality condition with respect to Jy,
and xo — xo9 as k — 0o. Then,



(i) Let ¢ > 0. For k sufficiently large, solutions xp(\) to started with initial condition
zr(Xo) = @or at Xo exist on some mazimal intervals (X, A, ) C [0,1] and xi(X) is Jy
e-critical and hence &' = M—Pareto critical for X € (N, Ay, 1)

(it) Let I = [N, A\y] C (A}, \,,) a compact sub-interval of the mazimal interval from (i) where

x(A) is shown to exist. Let A(I) = infyey A(X,z(N)), Lu(1,8) = supyer L (z(X),0) and
Ci(8,1) = supyer Ci(x(N),9), i = {1,2}. Let furthermore 0 < § < A(L)/Ly(I,d), which is
always possible as L (1,0) is finite and monotonically increasing in §. We also set

2
Ly(6,1) =2 ((A(I) _;LH<M)> Co(5,1) + <A(I) —;LH(I,5)> LH(I,(S)Cl(cS,I)) .

Then, for k sufficiently large, xx(\) exists for X € [A\;, \y] and

() = k(o zn < 2o — o k]| " GTmaxtlomAdu=20}, (4)
where || - ||o(rrny stands for the mazimum norm on I. Hence, xi(\) converges with the
same rate to the locally Jy and locally Pareto optimal point x(\) as xo converges to the
locally Jy, optimal and locally Pareto optimal point x.

(iii) Let, in addition, f; be a locally Lipschitz function such that f — f; — 0 uniformly on
compact sets. Then, for § as in (i) and k,l sufficiently large, the solution x,(\) of
T (A) = fi(X, 2pa (X)) with initial condition xi,(No) = To i at No exists on I and we have
the estimate

I2(-) = zra ()l mn) < llzo — wo pl| 2 OT maxtromAuAu=o}

maxd Ao A A — (5)
(eLf(M) axtho=AAu=Ro} _ 1) 11 = flle@ms rey

* Lf((sal)

where U(1,6) = Jye; Bs(z(N)) and || - HC U5 Ry 18 the mazimum norm on U(L)Y9).

Proof. (i) If k is sufficiently large such that 6 = ||zgx — xof fulfills 0Ly (z,0) < A(Xo,z),
A(Xo,zo ) > 0 and thus xj(A\) exists for some maximal interval (\] k,)\uk) by repeating the
proof of Theorernl ii). Furthermore, as Jy,(x) is continuous in x, zg j is e-critical with respect
to Jy, if k£ is sufﬁmently large. By integration as in ({3) one furthermore obtains that

Vaeda(@k(N) = Vadyg (Tok)-

Thus, x1(\) then is e-critical for Jy for A € I if k is sufficiently large. The statement on ¢’-Pareto
criticality then follows as in Subsection

(i) Let now [A;, Au] € (A, A},) be some closed interval and let § > 0 be sufficiently small such that

0 <6 < A(I)/Ly(I,). Let k be sufficiently large such that ||zo—zo || < de~Ls (D) max{o=ddu=Ao},
Then, this in particular implies o € Bs(zo) € U(I,0) = Uye; Bs(z(A)). By application of
Lemma [1f(iv) with o =1 — 6Ly (I,6)/A(I), Ly (I,6) gives an upper bound for the uniform Lip-
schitz constant of f on U(I,¢). It follows that x;(\) exists on some interval I, = [\ z, Adyx] C I
containing Ag. Application of the Gronwall lemma leads to the well known estimate on the

continuous dependence on the initial condition (see e.g. Theorem 12.1 in [I])
l2(A) = ax (W] < llwo — zopl| X7 HIA0l < lzg — g g || eFr O mattom 2 A=tk < 5 (6)

for X € I,,. Therefore, xi(\) € U(I,d) and x(-) can be further extended beyond I,,. The above
estimate applied repeatedly shows that I = [A;, \,] is contained in the maximal interval of



existence I}, = (A} ,, Ay, ,) for x(+) since for A € I, 21 (A) never leaves U(1,§) and the inequality
@ is valid for all A € I, which proves the proposition’s second assertion.
(iii) Statement (iii) is also covered by Theorem 12.1 in [I] by essentially the same arguments as

in (ii). We leave the details to the reader. O

If the computational complexity is known for the computation of xpj and f; with a given
precision ¢, inequality provides the basis for finding an efficient balance between the cost of
approximating the initial condition x¢ and approximating the function f.

3 Pareto front tracing by numerical integration

For an approximation zj of the Pareto front we have to solve the ODE

Zr(A) = f(A zr(N)) (7)

with right hand side f as defined in . To approximate by numerical integration we need
an initial value xg, = x(\g) at Ag. An obvious choice is A\g = 0. We could also start at A\g = 1,
following the (e-)Pareto critical points backwards, or at a compromise solution obtained, for
example, for \g = 0.5. Note that the problem might not be well-defined for A\g = 0 or A\g =1, in
which case another starting point \g is chosen. This allows for following the Pareto critical points
in two directions at the same time, solving two independent initial value problems separately.
In the following, we denote the ith iterate of a numerical integration method by w; 1.

The most basic method for solving numerically is the explicit Euler method. It approximates

the derivative of x; by
A+ h)—zp(A

yielding
oA+ h) g = 2 (A) + B (V20 (@A) T (Vado(z (V) = Vadi(z(N))

where h > 0 denotes the step-size of the method. The global error of the Euler method behaves
like C'h, with a constant C' depending on the problem [§].
When higher order is demanded, Runge-Kutta methods [3, 27] can be used.

Definition 6 (Explicit Runge-Kutta method). Let s € N, h > 0 and let a2 1,a31,a32,...,0s1,
(52, 055-1,b1,...,bs,¢2,...,¢cs € R. Then the method

k1= f(Xo, o)
ko = f()\o + coh, Tok + ha271k1)
k3 = f(Xo + c3h,xo 1 + h(az 1k + az2kz))

ks = f(>\0 + csh, ok + h(as,lkl +- as,sflksfl))
Tk = Tok t+ h(blkl +---+ bsk:s)

18 called s-stage explicit Runge-Kutta method for .

Definition 7 (c.f. [16], Definition 11.1.2, p. 134). A Runge-Kutta method is of order p if
for sufficiently smooth problems there exists a K independent from h such that

H.’L‘k()\() + h) — xl,kH < th+1.



The following rigorous error estimate holds true:

Theorem 8 (c.f. [16], Theorem I1.3.1, p. 157). If the Runge-Kutta method is of order p and
if f(X\,zk (X)) is p-times continuously differentiable, then we have

1 (p+1) AN »)
(Mg +h) — <Pt — max ||z Ao +th)|| + — b;| max ||k¥ (th .
oo + 1) — 14l Gy g e O 0+ 2 3] s P 00)
So, for the present f in order for an order p Runge-Kutta method to be applicable it has to be
continuously differentiable p times. This is the case, if the objective functions Jy and J; are
(p + 2) times continuously differentiable. Theorem [§ holds for each step of the Runge-Kutta
method, so for j = 1,..., N and using x;_1 ; as initial value in step j we have estimates

lejll := llzu(Xo + jh) — 2kl < CRPTL. (9)

Using similar ideas as those that were used to prove Proposition [5| and using the fact that due
to Lemma [I] f is Lipschitz in A we can show the following:

Theorem 9 (c.f. [16], Theorem I1.3.4, p. 160). Let U be a neighborhood of {(\, zi(N))|\ € I}
where x(\) is the exact solution of and I as defined in Section @ Suppose that in U

of
Ll <

and that the local estimates @ hold in U. Then the global error
E = xp(A\) — TNk
can be estimated as o
1Bl < wr = (ks -1)),

given that h is small enough to remain in U.

In our numerical experiments we are using 2nd-order and 4th-order Runge-Kutta methods.
The simple 2nd-order method is given by

h h
21k = ok + R0+ 5 2o s + 5 F(0,z0))-
The 4th-order accurate classical Runge-Kutta method (or RK4-method) is given by

k1= f(Xo,zo k)

h k1
ky = f(Xo + 500k 5)

h k
ks = f(Xo + 5 ok + 52)

ky = f()\() + h, Tok + kg)

1 2 2 1
T1k = ok T (61+62+63+64>’



so it is obtained by choosing;:

0
1 1
C2=73 1021 =3
1 1
c3=75]a31=0 aga2=3
C4:1 a471:0 CL472:0 a473:1

1 T 1 1
bh=5 br=3 b=3 bi=3

This representation is known as Butcher tableau [16]. RK4 is of order p = 4.
To obtain the Pareto front numerically using an arbitrary explicit Runge-Kutta scheme for a
given starting point Ag, we use Algorithm

Algorithm 1: Pareto front tracing

Input : start point (Ag, xx(Ao)), number of integration points N, number of steps s
and parameters a; ¢, b;,c;, i =1,...,s, {=1,...,1—1 of the chosen explicit
Runge-Kutta method

Output: approximations to points on the Pareto front (A\j, zx();)), 7 =1,...,N

h = ()‘u - AO)/N

for j=1,...,N do

fori=1,...,sdo
ki = f(Xo+jh+ Zz: ceh, i1+ h Zf a; ok;)
o =2 =1
Tjk=Tj_1k+h i bekyp
end -

Remark 10. Analogously to traditional time integration, we have used only integration forward
in A, here. The Pareto front can also be traced backwards by going from Ag up to \; and reverting
the A-direction using proper scaling.

4 Numerical results

The approach presented in the previous sections is tested on a simple bi-criteria convex quadratic
optimization problem (Section [4.1)) as well as on a case study in bi-criteria shape optimization

(Section [4.2).

4.1 Pareto tracing for bi-criteria convex quadratic optimization

We first consider an unconstrained and strictly convex bi-criteria optimization problem with two
quadratic objective functions J; : R — R, i = 0,1 given by J;(z) = %(SE —xi)TQi(x — x;) with
strictly positive definite matrices Q; € R™*™ and arbitrary but fixed vectors x; € R™. Since this
problem allows for an analytic description of the Pareto optimal set (see, for example, [33]), it
is particularly well-suited to evaluate the quality of approximated Pareto fronts.

Indeed, due to the strict convexity of J;, ¢ = 0,1, every Pareto optimal solution must be the
unique optimal solution z(\) of a weighted sum scalarization Jy = (1—\)Jo+AJp with A € [0, 1],
satisfying the first-order optimality condition V Jy(z(A)) = 0. Conversely, since the Hessian
V2JI\(z(N)) = (1 — \)Qo + AQ is positive definite for all A € [0,1] (irrespective of z()\)), every
such solution x(\) satisfies the second order optimality condition strictly and is thus Pareto

10



optimal. The first order optimality condition yields an explicit formula for the solution xz()\) as
a function of A € [0, 1]:

Veda(@(A) = (1 = N)Qo(z(A) — x0) + AQ1(z(A) —x1) =0
& z(A) =[(1-XNQo+ AQ1] (1 = N)Qoxo + AQ1X1). (10)

The two limiting points of the Pareto optimal set are obtained as z(0) = xo (the unique minimum
of Jo) and z(1) = x1 (the unique minimum of J;).

In order to trace the Pareto front using numerical integration as described in Sections [2| and
above, the first order optimality conditions are differentiated w.r.t. A, yielding the implicit ODE

as

iV:,;JA(I()\)) =0 & ((1=X)Qo+AQ1)z(A) — Qo(x(A) — xo0) + Qu(z(A) —x1) =0

dA
for A € [0,1]. Since V2J,(z(\)) is positive definite, this can be rearranged to a standard ODE
as follows:

#(A) = (1= NQo+AQ1)H(Qo(x(X) — x0) — Qu(z(X) —x1)) = F(A, z(N)), (11)
with possible initial values xg = x(Ag) = xo (for Ag = 0) or zg = x(Ag) = x1 (for \g = 1).

Remark 11. Since V2J\(z) = (1 — A\)Qo + \Q1 is independent of x, and since it is positive
definite for all X € [0, 1], its smallest eigenvalue A(X, x) is bounded below by a constant € > 0
on [0,1], i.e., for I =[0,1] we have A(I) = infye; AN, z(N\)) > € > 0. This implies that we can
choose uniform constants Ly, § = H, f, X, in Lemma 1| and Proposition @ where Ly can be set
to zero. Moreover, the above analysis shows that f(\, z(\)) is of class C°° and hence high order
iteration schemes are possible in this case, see Theorem[§ and Lemma[] above.

Following [33], we generate random matrices Qo and @1, by Q; = M ]TM]-, where M; is a sample
from a n X n-random matrix with independent standard normal distributed entries, 7 = 0, 1.
Likewise, x; are n-dimensional random vectors with independent standard normal entries. We
provide numerical tests for dimension n = 100. In Figure [I] we compare the analytic solution
x(A) with numerical solutions obtained from integrating numerically with initial value
zo = x(0.5) given by the exact solution obtained from . We also apply a simple, gradient
based descent algorithm using the Armijo rule (with parameter p = 0.5) starting at x99 = 0 in
order to obtain approximate starting points x¢ j to integrate for approximate Pareto solutions,
as described in Proposition [B(ii).

4.2 Pareto tracing for bi-criteria shape optimization

In the following, the Pareto tracing approach is applied to the bi-criteria shape optimization of a
ceramic component under tensile load presented in [I1]. As optimization criteria we consider the
volume of the component on one hand, and its reliability on the other hand. Here, the reliability
of the component is assessed via its probability of failure as introduced in [6] and implemented
for 2D shapes in [5]. We refer to [II] for a detailed derivation of the model and provide a brief
summary below.

Let © C R? be a compact body that is filled with ceramic material and has a piecewise Lipschitz
boundary. We additionally assume that the boundary 92 of €2 consists of three parts

o = Cl(aQD) U Cl(aQNﬁxed) U Cl(aQNﬁee),

11
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Figure 1: Comparison of the analytic solution for the Pareto front (orange, thick solid) with
the objective values of the numerically integrated solution of the ODE started
at the exact solution (solid blue, Ao = 0.5) and integrated solutions (dashed light
blue, A\g = 0.5) started at the 5th, 10th, 15th and 20th iteration of a gradient descent
algorithm starting at xzgo = 0 (dotted light blue). The dimension of the problem is
n = 100. Numerical integration of the ODE uses 4th order Runge-Kutta method with
20 iterations, 10 in each direction (step length h = 0.05).

where on 0Q2p the Dirichlet boundary condition holds, the surface forces may act on 0Qxn,, .,
and 0fn;, . is the part that can be altered in an optimization approach. We further assume that
a bounded open set Q) C R? that satisfies the cone property, see, e.g., [6], contains all feasible
shapes, see Figure [2] for an example.

An admissible shape is then defined as an element of the set

0 .= {QcC Q: 00p C R, 0Qn,,.. C 09, Q and Q satisfy the cone property}.

Since ceramics behave according to linear elasticity theory, see, e.g., [7, [22], one can express the
state equation which describes the behaviour of the ceramic component under external forces
like tensile load by an elliptic partial differential equation as follows:

(z) forzeQ
for z € 0Qp
(2) forz € 0N,
for z € 0O,

(12)

g
e e e R
\_/\_/3/\_/
I
S Q O —

Here, f € L?(Q2, R?) represents the volume forces and g € L?(09 Naea» R?) the forces acting on
the surface Qy, . The resulting displacement of the component is given by u € H!(Q,R?),
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Figure 2: Tllustration of a possible admissible shape Q € 0?4, see also Figure 1 in [IT].

and Du denotes the Jacobian of u. Then the linear strain tensor € € L?(Q, R?*?) has the form
e(u(z)) == 3(Du(z) + (Du(z))"). With the Lamé constants A= % and /i = ﬁ
obtained from Young’s modulus E and Poisson’s ratio v the stress tensor o € L?(Q, R**?) is
given by o(u(z)) = Mr(e(u(z)))] + 2fie(u(z)). The outward pointing normal at z € 9Q is
denoted by n(z) and is defined nearly everywhere on 9.

Now the considered bi-criteria shape optimization problem can be formulated as

min J(©) = (Jo(2), J1(2)
Qe0ad (13)
s.t. u € H'(Q,R?) solves the state equation ,

where Jo(Q2) := [,dz denotes the volume of the shape Q € 0* and J;(Q) is an intensity
measure modelling its probability of failure. Following [6] [IT] we model the probability of failure
as an intensity measure of a Poisson point process which counts the “critical” cracks in a ceramic
component, where “critical” means that these cracks may initiate ruptures under tensile load.
This leads to the following Weibull-type functional which is used as the second objective in our
study:

i\ m
J1(2) ::% / / <nTU(DUZ(Z))n) dn dz.

Q st

Here, (-)* :=max(-,0), S! is the unit sphere in R?, oy is a positive constant and the parameter
m is called Weibull module and typically assumes values between 5 and 25. We refer to [6] for
further details.

The implementation of [5] is used to evaluate the objectives and gradients. It is based on standard
Lagrangian finite elements to discretize a two-dimensional shape Q € 0* by an n, x ny finite
element mesh Z := (Zf})nzxny. Numerical quadrature is used to calculate all occurring integrals
and an adjoint approach is utilized to speed up the computation of the gradients. We adopt
the geometry definition of [I1] that takes advantage of the geometry of the considered shapes to
reduce the number of variables. In a first step, all x-components of the grid points are fixed and
mean line and thickness values o™ € R™ and o' € R’ are used to represent the discretized
shape Z. Since we observed in [I1] that, when starting from a reasonable initial solution,
nonnegativity constraints on the thickness values are automatically satisfied during all iterations
of the optimization process we omit these constraints in the following. The numerical tests
presented below confirm this observation. In a second step, these meanline and thickness values
are fitted with B-splines with a prespecified number of np basis functions ¥;, j = 1,...,np,
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yielding smoothed meanline and thickness values by computing

np np
0™(z) = Za:;nl ¥i(z) and M (z) := Z:E;h Vi (2), z € R,
j=1 j=1

see, e.g., [25]. The B-spline coefficients z = (z™!, 2'h) € R"# x R{? are then used as optimization
variables in (13, replacing J;(2) by J;(Z) = J;(x), i = 0, 1.

In order to trace the Pareto front of the bi-criteria shape optimization problem with the
methodology described in the previous sections, we first have to compute the right hand side
f(A z(N)) of for problem ([13). Towards this end, the np x np Hessian matrix V2.J;(x),
i =0, 1, is approximated by the finite difference method with a precision of ey = 107%. Note that
this can be done in parallel. For the stability of our approach under an approximate evaluation
of f(A,z(X)), we refer to Proposition [5| (iii). For the numerical solution of the ODE (1)) we apply
an order 2 Runge-Kutta method, thus requiring that the discretized objective functions J;,
i = 0,1, are at least 4-times continuously differentiable (c.f. Theorem. This is clearly satisfied
for the discretized volume Jy(x) which is, as a polynomial, infinitely differentiable. For the
discretized intensity measure Ji(z), we can build on the analysis for J;(Z) performed in [5, [14].
Here, the discretized state equation is of the form B(Z)U(Z) = F(Z), where U(Z) is the
discretized displacement, B(Z) the positive definite stiffness matrix and F'(Z) the discretized
forces. From the assembly of B(Z) and F(Z) in [5, [14] it can be seen that B(Z),F(Z) € C*°.
Using the identity U(Z) = B(Z)"'F(Z), where the right hand side is infinitely differentiable,
it can be shown iteratively that also U(Z) € C*°. Moreover, in [4, Lemma 6.5.5] it is shown
that (o) = (n"on)T)™ is m times continuously differentiable w.r.t. ¢. We can conclude that
this is also the case for J;(Z). The order 2 Runge-Kutta method is hence applicable for Weibull
modules 5 < m < 25.

Initial values for Pareto front tracing can be obtained by any of the methods suggested in [11].
In the following case study, one weighted sum scalarization of the bi-criteria shape optimization
problem is solved using a gradient descent algorithm with Armijo step lengths.

Test Cases

We consider the same 2D test cases that were investigated in [11] to obtain comparable results.
The two 2D shapes are made from ceramic beryllium oxide (BeO) and are under tensile load.
The material parameters of BeO are set according to [22], [32], i.e., Poisson’s ratio is set to
v = 0.25, Young’s modulus to E = 320 GPa and the ultimate tensile strength to 140 MPa. We
choose m = 5 for the Weibull module. Moreover, both shapes have a fixed height of 0.2m on
the left and right boundaries and a fixed length of 1.0m. The left boundary corresponds to
the Dirichlet boundary 9€2p, i.e., the boundary is fixed and no forces act on it, while the right
boundary is also fixed but corresponds to the Neumann boundary 02y, , i-e., the surface forces
g act on that boundary. The remaining upper and lower boundaries correspond to the part that
is force free, i.e., OQp,,.., which can be modified during the optimization process. Following [I1],
we neglect the gravity forces (i.e., f = 0) and set the tensile load to § = 107 Pa.

Note that individual optima for Jy and J; do not exist under these assumptions. Indeed, the
infimum of the volume Jy is zero, and hence optimal shapes do not exist when minimizing Jy
without any additional constraints. Conversely, when considering solely the probability of failure
J1, then the reliability can always be improved when increasing the volume (as long as we neglect
gravity forces). As a consequence, the weighted sum scalarization Jy can only have solutions for
weights A € (0,1), where we can expect problems the closer A gets to either boundary of this
interval. This is confirmed by the numerical tests presented below.

The shapes are discretized using a triangular 41 x 7 mesh, i.e., n, = 41 and n, = 7. Meanline
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and thickness values are fitted with B-splines with np = 5 basis functions, yielding ten B-spline
coefficients in total. Since the coefficients that correspond to the fixed boundaries are fixed,
this results in six optimization variables, c.f. [IT]. All numerical experiments are realized in R
(version 3.5) using the implementation of [5] to compute the objective values and the (adjoint)
gradients on the mesh. We use the implementation of the Runge-Kutta method provided by the
R package “deSolve” to solve the resulting ODE.

Test Case 1: A Straight Joint

For the first test case we fix the left and right boundaries at the same height and apply the
surface forces g on the right boundary. Under these circumstances, straight rods with varying
thickness that connect the boundaries can be expected as solutions of the bi-criteria shape
optimization problem . The numerical studies in [I1] support this intuition, see Figure for
some exemplary results.

© | o | © | © |
o o o o
< | < | <] <]
o o o o
o | o | o | o |
o o o o
o o o o
o o N o
o o7 o o1
] 1 ] 1
00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10 00 02 04 06 08 10
(a) A=0.2 (b) A=10.5 (¢) Ao =0.813; zo (d) A=0.9

Figure 3: Exemplary solutions of the weighted sum method of [I1] and the initial shape xg.

This is the motivation for using a discretized straight rod with constant thickness of 0.2 m as the
initial shape x( for Pareto front tracing, see Figure[3d, even though this particular shape was not
the outcome of any weighted sum scalarization considered in [I1]. To determine a corresponding
weight Ao such that zg is Jy,-critical the equation ||V .Jy(z¢)|| = 0 is solved for Ag € (0,1). The
resulting weight has the value Ag ~ 0.813 and we therefore have z¢o ~ 2(0.813). Numerical
integration in [A;, A\y] = [Ao — 0.66, Ao + 0.1] with a step size of h = 0.01 resulted in solutions
of varying thickness that are also straight rods and hence coincide with the results of [I1], see
Figure [ for some exemplary shapes corresponding to those from Figure [3]

© © © o
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2(0.203) 2(0.503) 0 2(0.903

Figure 4: Exemplary results of the numerical integration of the ODE in positive and negative
direction, starting from z.

In Figure [5] the outcome vectors obtained from numerical integration are compared in the ob-
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jective space with the outcome vectors obtained in [I1] from the repeated solution of weighted
sum scalarizations using a gradient descent algorithm. The results nicely document that the
Pareto tracing approach not only covers the weighted sum solutions, but also approximates a
larger part of the (local) Pareto front.
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Figure 5: Comparison of the outcome vectors of Pareto tracing (blue) starting in zy and the
outcome vectors obtained from the repeated application of gradient descent in [11]
(green).

Figure [6] shows the results from evaluating the first and the second order optimality conditions
during the course of Pareto tracing, validating the statement of Proposition (ii). Indeed, the
results nicely show that the computed shapes consistently achieve good w.r.t. first and second
order optimality tests.

Test Case 2: An S-Shaped Joint

In the second test case the right boundary is placed about 0.27 m lower than the left boundary,
and hence an S-shaped joint is sought rather than a straight joint. In this case, the optimal
shapes are not obvious. The numerical studies of [I1] suggest that the (locally) Pareto optimal
shapes resemble the profiles of whales with varying volume. Figure [7]shows exemplary solutions
from [II] obtained from solving weighted sum scalarizations with weights A\ = 0.25,0.4,0.6,0.8.
For A < 0.25 and A > 0.8 the gradient descent method did not converge and hence we omit
these solutions for the comparison.

Since this test case is more complex than Test Case 1 above, we choose two initial values and
compare the respective solutions obtained with Pareto tracing. Towards this end, we consider the
weighted sum solutions Z0,k,0.25 ‘= Lo,k = xk(0.25) and To,k",0.8 ‘= Lok = xk(0.8) as initial
values, i.e., the two solutions with the smallest and largest weight for which the gradient descent
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Figure 6: Straight Joint: Evaluating first and second order optimality during Pareto tracing

method from [I1] converged. Numerical integration is applied on [A;, A,] = [0.25,0.8], moving
in positive (forward) direction when starting from ¢ i o.25, and moving in negative (backward)
direction when starting from x¢ x~ os. In both cases, we use a step length of h = 0.01.

A comparison of the outcome vectors obtained from forward and backward Pareto tracing and
the results from [11] are illustrated in the outcome space in Figure The green points corre-
spond to the outcome vectors obtained from the repeated solution of weighted sum scalarizations
using gradient descent, where the left most point on the curve corresponds to zg i .25 and the
right most point corresponds to xg 7 o5, respectively. Nearly all results for xj/(\) with initial
value \g = 0.25 (purple trajectory) are dominated by weighted sum solutions, while all of the
weighted sum solutions (with obviously the exception of x( 7 g) are dominated by the results
for xp»(A) with initial value Ao = 0.8 (blue trajectory). The shapes obtained for xp(X) also
resemble the profiles of whales, see Figure [9] and are therefore coherent with the weighted sum
solutions of [11].

We further investigated how the solutions differ when the Pareto tracing method is applied
starting from a sub-optimal initial value that is obtained if the gradient descent algorithm from
[11] is stopped prematurely. In Figure |8b| the trajectories of three further ODE solves starting
in suboptimal initial solutions xgx, 0.8, 70,k,,08 and xox, 0.8, With corresponding initial values
Aok =~ 0.808, Aok, ~ 0.810 and Ao, ~ 0.814, respectively, are shown. Backward numerical
integration with a step length of h = 0.01 is applied on [Nk, Auk;] = [Aok, — 0.55, Aok, ], @ =
1,2, 3, respectively. Here, the grey dots show iterates of the gradient descent method applied
to the weighted sum objective Jyg. Despite the relatively bad choices of the initial values,
we observe that the solutions w.r.t. ki, ke and ks still yield good approximations of the (local)
Pareto front, see Figures[8b|and This can be partially explained by the fact that the gradient
descent algorithm applied to the weighted sum objective Jy g first approaches (an extension of)
the Pareto front by making large steps w.r.t. J; (apparently this leads to larger improvements
of Jog in early stages of the optimization process), and moves along the Pareto front during
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Figure 7: Exemplary solutions of the weighted sum method of [1I], including zg 025 and
T,k ,0.8-

later stages of the optimization when the relation between the potential improvements w.r.t. Jy
and J; changes in favor of Jy. The sub-optimal initial solutions gk, 0.8, Z0,k,,0.8 and o k;0.8
approximate an extension of the Pareto front w.r.t. improved Ji-values and thus provide very
good starting points for Pareto tracing. Note, however, that this is a problem specific observation
that largely depends on the value of Ay and, even more so, on the relative variability (slopes) of
the considered objective functions. A similar behavior can not be expected in general, as can
be seen, for example, in the quadratic case illustrated in Figure

One can also observe that in the above examples Pareto tracing yields a more dense approx-
imation of the (local) Pareto front than the iterative solution of weighted sum problems in
[11]. Note that this density depends on the choice of the step length h in the Pareto tracing
method. Indeed, small step lengths induce dense approximations, however, at comparably high
computational costs, while large step lengths may be used to quickly obtain a rough estimate of
the Pareto front with rather few and distant solutions. So, the question arises how robust the
Pareto tracing approach is w.r.t. the step length A, and in particular for larger values of A. In
Figure [11] the results of some further ODE solves starting in xg 7 o.g with different step lengths
h = 0.001,0.04,0.08 are compared. We observe that the results obtained for a larger step length
are approximately equal to a subset of the outcome vectors obtained for smaller step lengths
(assuming divisibility among the considered step lengths). Hence, in this case it is possible to
obtain a relatively coarse representation of the (local) Pareto front by using a relatively large
step length. This was also observed for the simpler Test Case 1. Note that while the step length
h remains constant during the course of the Pareto tracing method, the distance between two
consecutive outcome vectors on the approximated (local) Pareto front may differ significantly.
This is due to the fact that each iterate z(\) approximates the solution of a weighted sum
scalarization Jy. It is a well-known fact that equally spaced weights A € [0, 1] do in general not
yield equally spaced outcome vectors on the Pareto front, see, e.g., [9] for a detailed analysis of
this issue.

From a practical point of view, rough approximations of the Pareto front are of particular
interest for computationally expensive problems like the bi-criteria shape optimization problem
considered here. Indeed, computing one weighted sum solution with the method suggested in [11]
came with the cost of kyy—+1 gradient computations and kyy-k4+1 objective function evaluations,
where ky denotes the number of iterations of the gradient descent algorithm and k4 denotes the
number of Armijo iterations. For Test Case 2 the gradient descent algorithm needed on average
106.7 iterations, and per iteration on average 5.3 Armijo iterations to compute a solution for a
given weight, i.e., 107.7 gradient computations and 566.5 objective function evaluations in total.
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Figure 8: Comparison of the outcome vectors obtained with Pareto tracing using forward and
backward integration (left) and starting from sub-optimal initial solutions (right)

Given a sufficiently good initial solution, the Pareto tracing approach needs only 14 gradient
computations and one objective function evaluation to compute one further solution. This is a
significant speed up that, in combination with the robustness w.r.t. the step length, allows for
an approximation of a wide range of solutions at reasonable computational cost.

5 Conclusion and Outlook

We have presented a novel approach for approximating the Pareto front by tracing it using
numerical time integration. The optimality conditions of a scalarization Jy were differentiated
w.r.t. the scalarization parameter A to obtain an implicit ODE describing the front. If second
order optimality conditions are fulfilled, a non-implicit ODE is obtained with a Lipschitz right
hand side and the existence and uniqueness of the solution that is a representation of the
Pareto front was shown. The smoothness of the Pareto front depends on the smoothness of the
objective function. Further, we have shown how this extends to e-critical starting points. The
use of standard explicit Runge-Kutta methods was established and the well-known convergence
estimates can be applied. The technique was demonstrated for a simple bi-criteria convex
quadratic optimization problem, as well as for problems originating from shape optimization.

We have not yet covered the effects of using adapted and/or adaptive step sizes in A, e.g., in
order to obtain equispaced points on the Pareto front. Different approaches are possible in this
respect, see, for example, [13]29]. Further, we will extend the approach to constrained problems
via KKT conditions, and also consider other scalarizations. While we have only considered the
bi-criteria case here, the approach can also be used to handle more than two criteria. In the
case of d+ 1 criteria, the front can be described by a d-dimensional functional (using again, e.g.,
weighted sum scalarizations with d independent scalarization parameters) that can be obtained
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Figure 10: S-Shaped Joint: Evaluating first and second order optimality during Pareto tracing
in dependence of the quality of the initial value

numerically using a d-dimensional mesh and numerical integration starting from some mesh
point. This will also be considered in the future.
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