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Abstract

We derive a nonlinear moment model for radiative transfer equation in 3D space, using the method
to derive the nonlinear moment model for the radiative transfer equation in slab geometry. The
resulted 3D HMPN model enjoys a list of mathematical advantages, including global hyperbolicity,
rotational invariance, physical wave speeds, spectral accuracy, and correct higher-order Eddington
approximation. Simulation examples are presented to validate the new model numerically.
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1 Introduction

The radiative transfer equation (RTE) depicts the motion of photons and their interaction with the
background medium. It has lots of applications, such as radiation astronomy [35], optical imaging
[26] [40], neutron transport in reactor physics [37, [16], light transport in atmospheric radiative transfer
[31] and heat transfer [27]. Due to the integro-differential form and the high-dimensionality of RTE,
how to develop efficient methods to solve it numerically is an important but challenging topic. So far,
the commonly used numerical methods can be categorized into two groups: the probabilistic methods,
like the direct simulation Monte Carlo (DSMC) method [21] 3, 24] (14 [I], and the deterministic methods

[4, 28, 39} 251 T3], (15} [36], 21 17, 201 [19], such as the discrete ordinates method (Sy) [4} 28, [39], the moment
methods [25] 13| 15, 2 20] 19] and etc.

The discrete ordinates method (Sy) is one of the most popular numerical methods to simulate the
RTE, which solve the RTE along with a discrete set of angular directions from a given quadrature set.
However, the Sy model assumes that the particles can only move along the directions in the quadrature
set, thus once the coordinate system is rotated, the results of the Sy model can be different. The lack
of rotational invariance results in numerical artifacts, known as ray effects [28].

In order to reduce the complexity of the RTE, the moment method focuses on the evolution of a finite
number of moments of the specific intensity, which avoids the high-dimensionality of directly solving the
RTE. Since the governing equation of a lower order moment commonly contains higher order moments,
the moment system is often not automatically closed. Hence one has to take a moment closure to close
the moment system. A practical method for the moment closure is to construct an ansatz to approximate
the specific intensity. The pioneer works in moment method include the spherical harmonics method
(Py) [37] and the maximum entropy method (My) [29) [I5] B6]. The Py model constructs the ansatz
using spherical harmonic polynomials. It can be regarded as a polynomial expansion of the specific
intensity around the equilibrium, which is a constant function. One of the flaws is that the resulting
system may lead to nonphysical oscillations, or even worse, negative particle concentration [0} [7, B34].
The My model constructs the ansatz using the principle of maximum entropy, as the maximum entropy
closure for Boltzmann equation [29, [I5]. Unfortunately, no explicit expression of the moment closure for
Mpy model can be given when the order N > 2. To implement the model numerically, one has to solve an
ill-conditioned optimization problem to obtain an approximate moment closure. This almost prohibits
the application of the My model.

Recently, a nonlinear moment model (called the MPy model) was proposed in [20] for the RTE in
slab geometry. This model takes the ansatz of the M; model (the first order My model) as the weight
function, then constructs the ansatz by expanding the specific intensity around the weight function in
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terms of orthogonal polynomials in the velocity variables. Numerical examples in [20] demonstrated a
quite promising performance as an improved approximation of the intensity in comparison of the Py
model. The MPy model was further improved in [I9] by a globally hyperbolic regularization following
the framework developed in [8] @, 10 [I8]. We note that the regularization in [I9] is a subtle modification
of the work in [10] instead of a direct application. Otherwise, the resulting system may change the M;
model, which leads to a wrong higher-order Eddington approximation. Eventually, the HMPy model
was proposed in [19] with not only global hyperbolicity, but also a physical higher-order Eddington
approximation.

Encouraged by the elegant mathematical structure and the promising numerical performance of the
HMPy model for RTE in slab geometry, we in this paper try to extend the method to derive the HMPy
model for 3D problems. The steps of the extension are clear while there are still numerous difficulties.
Fortunately, the 3D M; model is explicit, which allow us to construct the ansatz to approximate the
specific intensity using again the weighted polynomials with the weight function is the ansatz of the M;
model. To construct the function space of the weighted polynomials, we need to give the orthogonal
polynomial basis with respect to the weight function. For the slab geometry [20], this can be imple-
mented by a simple Gram-Schmidt orthogonalization. For the 3D case, we have to use quasi-orthogonal
polynomials rather than orthogonal polynomials. Otherwise, it can be extremely involving to accomplish
the calculation, which makes further analysis to the resulted model prohibited. We propose a procedure
to make a quasi Gram-Schmidt orthogonalization to obtain the quasi-orthogonal polynomials in explicit
expressions. This provides us a 3D MPy model in explicit formation, which can be mathematically
analyzed. To achieve global hyperbolicity, we still adopt the method in [I9] to regularize the 3D MPy
model. Quite smoothly a globally hyperbolic 3D HMPy model is eventually attained with a list of fabu-
lous mathematical natures inherited from its 1D counterpart for the slab geometry. The resulted model
is rotational invariant, with wave speeds not greater than that of light, spectral approximation accuracy,
and correct higher-order Eddington approximation. We carry out preliminary numerical simulating using
an abruptly splitting scheme to validate the new 3D HMPy model. Some numerical examples on typical
problems are presented with satisfactory performance.

The rest of this paper is arranged as follows. In Section [2] we briefly introduce the moment methods
for RTE, and review how the MPy and the HMPy model in slab geometry were derived in [20, 19]. In
Section@ we derive the 3D MPy model and prove that the model is rotational invariant. The hyperbolic
regularization is applied to give the HMPy model in Section [l The model is analyzed in detail therein.
In Section [p| we introduce the numerical scheme to carry out numerical simulations and present some
numerical examples. The paper is then ended with a short conclusion remarks.

2 Preliminary

To model radiative transfer, the governing equation is a time-dependent equation of the specific intensity
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where c is the speed of light, and the specific intensity I = I(¢,z;Q,v) depends on time ¢ € R, the
spatial coordinate of the photon = € R3, the velocity direction € S? and the frequency v € RT. In
this paper, our study omits the independent variable v that I is a function of ¢,  and €2 only. The right
hand side S(I) denotes the actions by the background medium on the photons. A form of S(I) adopted
commonly was given in [5] [33] as

+Q-V,.T=58(1), (2.1)
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where a is the radiation constant, and s = s(t,&) is an isotropic external source of radiation. The
scattering coefficient o, the absorption coefficient o, and the material temperature T'(¢, ) depend on
time t and the spatial position &. The total opacity coefficient is oy = g, + 0.

In case that the problems slab geometry and spherical symmetric geometry are considered, the 3D
RTE can be simplified to 1D problem. Precisely, in the slab geometry, the specific intensity depends
only upon the single spatial coordinate z and the single angular coordinate arccos i, the angle between
Q and the z-axis. Then the specific intensity becomes I = I(z, ), and is simplified as

101 ol
ot +,uaz = S(I). (2.3)



The spherical geometry with perfect symmetry is a slightly more complicated case. The RTE, where the
specific intensity depends upon only on the distance from the origin r = |||, and the angular variable
arccos p, which is the angle between €2 and «. In this case, I = I(r, ), and the 3D RTE (2.1)) is simplified

as
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In [2, 20} 19, [30], for slab geometry and spherical symmetric geometry, some nonlinear moment models
had been derived with global hyperbolicity and promising performance in handling problems with fair
extreme specific intensity functions. The major aim of this paper is to develop models for 3D problems
with similar techniques.
At first, we define the moments of the 3D specific intensity. Let o € N? be a 3D multi-index, i.e.
a = (a1, a2,a3)”, ar,as, a3 € N. We define a function of ¢, and @, denoted by (I) (¢, ), as

S(I). (2.4)

I, (tx) 2 | QIEtz;Q)dQ, «c N, (2.5)
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where Q¢ = Q71 Q52Q3%. We call that (I)  is the a-th moment of the specific intensity 1.
Notice that © € S? implies ||€2|| = 1, thus one has

3
Z <I>a+26d = <I>a’ Va € N3’
d=1

where eg4 represents the multi-index whose d-th index is 1, and the else two indexes are 0. Therefore, we
only need to consider these moments (1), o € Z, where Z is a set of multi-indexes, defined by

I2{a:aeN a3<1}. (2.6)

The order of the multi-index « is defined as |«| = Zfl:l g, and we denote that Zy = {a: a € Z, |a| < N}.
It is clear that once {(I), : a € Zy} is determined, one can obtain {(I), : @ € N3, |a| < N}. This allows
us to discuss (I), for a € Z only to derive reduced models.

Multiplying by £2%, and taking the integration with respect to €2 over S?, one can have

19(I), =D ate,
SSSie d; TJ = (8()),, acTl (2.7)

In order to derive a moment model for (2.1), we first truncate the system by discarding all the
governing equations of high order moments (I) , where || > N, for a given integer N € N. The
truncated moment system is

)
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However, the governing equations of (I),, |a| = N, involve three N + 1 order moments (I}, for

d = 1,2,3, thus the truncated system is not closed. Therefore, we need to determine all these
moments, {(I),, o € In41} to make this truncated system closed.

We divide the moments in {(I)_,a € Zny41} into two parts: lower-order moments (also referred as
known moments later on), and higher-order moments (also referred as unknown moments later on).

(I, € Inga, ol <N (I, € Inga,lal =N +1
) (29)
lower-order moments higher-order moments '
(known moments) (unknown moments)

The aim of the so-called moment closure to this system is to approximate the unknown moments as
functions of known moments, saying to give a formulation as

(I) ~ Ba = Ea((I)5,8 € In), for a € Iysy,]al = N + 1. (2.10)



To achieve this goal, a practical approach is to construct an ansatz for the specific intensity. Precisely,
let By, a € Iy, be the known moments for a certain unknown specific intensity /. Then one may propose
an expression 1(€2; E,,a € Ty), called an ansatz to approximate I, such that

(I(;Ea,a € IN)), = Bay, €Iy (2.11)

Often we require that I is uniquely determined by the consistency relations lj With [ given, the
higher-order moments of I are then approximated by the higher-order moments of I, i.e.,

Eo=(I(;EsB€IN)), a€Iniilal=N+1 (2.12)

Therefore, one may take the closed moment system

10E, aEaM_ R
- Z e = (S(I))e, «€Iy, (2.13)

as the reduced model to approximate the original RTE, where E, ., are functions of E,, o € Zy, defined
in and .

Many existing models can be regarded as consequences using this moment closure approach. For
example, the Py model [25], the My model [29] [T5], the positive Py model [22], the By model [2], and
the MPx model [20] are in this fold. The MPy model we proposed in [20], and then improved in [19)]
as the HMPy model, is limited for problems in slab geometry, where it exhibits satisfactory numerical
performance for some standard benchmarks. To extend the method therein to 3D RTE, below we first
briefly review the methods in [20, [19] to derive models in slab geometry to clarify our idea.

The MPx model derived in [20] for RTE in slab geometry is based on a method to combine the Py
model and the My model, which was implemented by expanding the specific intensity around the ansatz
of the M; model in terms of orthogonal polynomials. The ansatz of the M; model in slab geometry is

. €
Iy, = ———, 2.14
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where € and ¢ are determined by the 0-th moment Fy and 1-th moment Fj, formulated as
3E1/E 3(1—c2)?
o= — 1/Eo e= ( 002) ' (2.15)
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Then the specific intensity is approximated by a weighted polynomial, with the weight function
1
[eol (1)) = - 2.16
w . .
9= o (2.16)

The function space of the weighted polynomials is

N

Then the ansatz of the MPy model is written as

N

I Eo,-- Bn) 23 [0 () e g, @1 (1) = o) ()l (), (2.18)
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where <I>[C°]( ) = gbgc"} (mwlel(y), i = 0,1,--- | N, are the basis functions, ¢£C°](u) are orthogonal poly-
nomials with respect to the weight function, and f; are the expansion coefficients.

The orthogonal polynomials (;SE:O] (1) can be calculated by a simple Gram-Schmidt orthogonalization,
formulated as

g:o]('u) =1, ¢[Co _ Z ,CL [co ’ i>1, (2_19)

where K, = fil ujd)gfd(u)w[c“] (u) dp, calculated by

j—1

Koo = @ (1))g,  Kij = (@lol(u)),,, — D =221 < < (2.20)



Furthermore, by

Eo 1

fo= Ko’ fi= Koo

i—1
Ei—> Kijfi|, 1<i<N, (2.21)
j=0

one can determine the coefficients fi, and the ansatz I (w; Ep, En, - -+ En). Finally, we have the moment
closure as

N
Exii= fiknsin (2.22)
k=0
Meanwhile, in the viewpoint of orthogonal projection, if we define the orthogonal projection to function
S ]
pace HL™,
“+o0 N
Prif =3 f® () = Puf = fr (n), (2.23)
k=0 k=0

then the MPy moment system can be written as

1_ OPnI OPNI

N TPNETS,

The weight function (2.16)) permits the MPx model to approximate a strongly anisotropic distribution
with very high accuracy. In [19], the MPy model was further improved by a hyperbolic regularization,
which provides global hyperbolicity. To achieve the required hyperbolicity, the model reduction frame-

= PnS(PNI). (2.24)

-

work in [I0, 18] suggests adding one more projection between the operators p- and 2 in (2.24) to
z

regularize the MPy model to be globally hyperbolic, and the resulting model is

1 OPNI OPNI
PN Ty TPNHPN =

An interesting point observed in [19] is that this regularization changes the MPy model when N = 1.
It is definitely inappropriate that the M; model is changed by the regularization. In order to fix this
defect, another weight function is introduced as

= PnS(PNI). (2.25)

1
= Tra® (2.26)
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and then a new function space is defined as

N
filee) 2 {a)[co] ng“k} . (2.27)

k=0

In this subspace, one can define the orthogonal polynomials QZLC"] (1) and the basis function @:‘J](u),
0 < k < N. Furthermore, a new projection Py is defined as

+oo N
Py f =3 i@ (1) = Pyf = fudi (). (2.28)

k=0 k=0

The new hyperbolic regularization in [I9] adds one more projection Py to give the HMPy model formu-

lated as
1~ OPnNI OPNI

-P
¢ N ot 0z
It was revealed that the HMPy model enjoys some desired properties, such as

+73NM75N = 73]\78(7)]\{]). (2.29)

Property 1. 1. The HMPy model is globally hyperbolic.
2. The characteristic speeds of the HMPy model lie in [—c, c].
3. The regularization vanishes for the case N = 1.

4. Between the MPy model and the HMPy model, the governing equation of Ey, k=0,...,N —1 is
not changed.



3 Moment Model Reduction

In this section, we adopt the strategy introduced in Section [2| to derive a MPy type model for the 3D
RTE at first.

3.1 Formal derivation
Let us start with the M; model in 3D case. The ansatz of specific intensity is

3

I, (2 Eo, Be,, Ee,, Ee,) = (T+eo- Q)T

(3.1)

with the known moments Fy, F.,, E.,, and E.,. We denote them as Ey = (Ep)T, and E; =
(Ee,, E.,, E.,)T, respectively. Direct calculation yields that

€2

—2+ /41— 3(|E1|/Eo)? E;
| E1]l/ Eo | By’

Cy = (32)

Following [20], we approximate the specific intensity with a weighted polynomial, and the weight
function is chosen as the ansatz of the M7 model, as (3.1)). For simplicity, we take the weight function as

1

el @)= — —
Wy (1+co-Q)*

Then the function space of weighted polynomials is defined as

H[CU] A { Co] Z Jo QO‘} (3.3)

acly

The ansatz of the 3D MPy model 1(£2) is chosen to satisfy
fenl!), (e =E,., aci.

In order to determine the ansatz I , we first rewrite I as

[(ta; Q) =I(HEE) = Y falt 2ol (Qule®®)(Q) e HE, (3.4)

a€ln

where qS([f O], a € Iy are quasi-orthogonal polynomials with respect to the weight function wl®! and f,
are the corresponding coefficients. On the quasi-orthogonal polynomials, we define the inner product

(£, 9)teo) = / fowleldg, (3.5)
N S2
then the quasi-orthogonal polynomials (b[ac o] satisfy that
(ot 0f5T) o = [ ol @l (@uleo() a2 =0, when [a] #|3]. (3.6)
N

Moreover, the quasi-polynomial qbgf o] satisfies that its only |a|-order term is Q% i.e

gl =%+ N he 507 (3.7)
BEL 4|1

For later usage, we denote the quasi-orthogonal functions

(I)[O?o] — QBLCO]W[CO]. (3.8)
Remark 1. Let us remark that (Z)[CO] € T are quasi-orthogonal polynomials, rather than orthogonal
polynomials. In other words, CO], qﬁ[co can be non-zero for |a| = |B| and a # .

[co



Let us construct these quasi-orthogonal polynomials (b[ac o] by the Gram-Schmidt orthogonalization.
This Gram-Schmidt orthogonalization is different from the 1D case used in [20]. We denote &, as the
moments of the weight function &, £ (wll), for later usage.

In , we denote Ey and FE; as the vector of moments of order 0 and order 1. In the following
discussion, we will continue to use this notation, i.e. we denote Ej as the vector of moments of order k,
whose dimension is 2k + 1. Similarly, we can denote (,25;:0], 'IJE:O], r and &;. Using this notation, the
moment closure

Ea(Eﬁ,ﬂEIN), |C¥‘ZN+1,O&€I

can be rewritten as
Eni1(Ey, 0< k< N).
We denote by ¢ to be the vector of Q% « € 7 and |«| = k. Using these notations, the ansatz (3.4]) is

rewritten as

N N
[=3" fedleel = wleol 37 g gleol, (3.9)
k=0 k=0

We denote the inner product as

Kop 2 <m,¢[;°]>

leg]
H°

according to the properties of the quasi-orthogonal polynomials pleo] (3-6) and (3.7), we have

Ka,p =0, when |a| < |8]; Kaop= <¢£f°],¢,[;°]> , = Kg,a, when |af = [B].

mlco
Let us denote the matrix composed of
Kap, B €In,lal=1|B= 7],
as IC; j, whose dimension is (2¢ + 1) x (2j 4+ 1). It is not difficult to show that
1. IC;; =0, when 7 < j.
2. Ky, is symmetric and positive definite.

Then, by the Gram-Schmidt orthogonalization, the calculation of the quasi-orthogonal polynomials can
be written as

J—1
Pl = — > KinKik el >0 (3.10)
k=0

Taking the inner product of ¢; and the transpose of (3.10]), one can derive the recursion relation of

coefficients Ko 3,
j—1

Kij = {(9i,#] )uteol = D Ik KT (3.11)
k=0

Therefore, once &, are calculated, K, g is determined by , and ¢[50] is determined by .
We note that all these formulations are explicit. The details of the calculation of £, are presented in
Subsection 3.2

Since the quasi-orthogonal polynomials have been calculated, one can simply determine the coeffi-

cients f, by the constraints of the known moments. To be precise, (I); = E}, implies that
k
> Kijfi=Er, 0<k<N, (3.12)
j=0
thus the coefficients f,, o € Zy are obtained by

k-1
Fr=Kip | Bi—> Knjfi|, 0<E<N. (3.13)
j=0



Eventually, the moment closure of the MPy model is given as
R N
Eni1= <I>N+1 = Z’CN+1,jfj~ (3.14)
j=0

Substituting (3.14)) into (2.13]), a closed moment system is attained. We refer this model as the 3D MPy
moment system later on.

Remark 2. Notice that co and the weight function w!€! are determined by Ey and E, therefore

<f>ed _ Eed _ <w[00]>ed _ ’Ced,O
Iy Eo () Koo

d=1,2,3.

Simple calculation yields
fO :EO/IC07O7 Eed _ICed,OfO 207 d= 1a2737

which tells that
fea =0, d=1,2,3. (3.15)

It is essential for a reduced model to preserve the Galilean invariance of 3D RTE ({2.1)). It is often trivial
to preserve the reduced model to be invariant under a translation. However, only both with translational
invariance and rotational invariance, the reduced model in 3D is Galilean invariant. Unfortunately, the
rotational invariance is not usually preserved by the model reduction of 3D RTE automatically. For
instance, the extensively used Sy model, due to the lack of the rotational invariance, leads to the
so-called ray-effect in numerical simulations, which is regarded as its major flaw [28].

Thanks to the rotational invariance of the weight function (the 3D M; model), the rotational invari-
ance of the 3D MPy model is trivial to be verified. We denote the orthogonal coordinate system as
(€, ey, e), and the coordinate of an element p is = (p-e,,p-e,,p-e,)T. After a given rotation, the
orthogonal coordinate system becomes (€5, €y, €;), and there is a constant 3 x 3 orthogonal matrix G,
with Det(G1) = 1, satisfies that (e;,€,,€;) = (e, ey, e.)G7T, then the coordinate of the same element
pis given by T = (p-€;,p-€,,p- e.)T = Giz. Then the moments in the rotated system can be written
as a linear combination of the moments in the original system. For any given k € N, there exists a
non-singular (2k + 1) x (2k 4+ 1) matrix Gy, satisfying that

Pr = Grpr, k>0,

where ¢ and @y, are the vectors of the k-th moment of the weight function, defined in Subsection [3.1
in the original system and the rotated system, respectively. Furthermore, in the rotated system, the
moments are denoted as Ey, 0 < k < N. One can directly verify that

E;,=GrE;,, 0<k<N.
Let us give a lemma at first.

Lemma 2.
DG,2(Grt1Eit1) = GiDgy(Epy1), k>0,

where Dy (Ey11) is defined as a (2k + 1)-vector corresponding to Ey. More accurately, if the N (, k)-th
3

element of Ey, is Eq, |a| =k, then the N («a, k)-th element of Dg(Ekt1) is Z a%xzed.
d=1
Proof. Noticing @y = Grpg, and the N (a, k)-th element of ¢y, is 2%, we have
(G1)*= Y GinNonNEnD?, lal=kacl (3.16)
|Bl=k,B€T
and Ej, = G, E) can be rewritten as
Eo= Y Gin@wnnenEs lal=kacl (3.17)

|Bl=k,B€Z



Moreover, multiplying (G1€)% on (3.16)), one has

(G = 3" Grn(ak)n(an Q2 (G1O)*
|B|=Fk,B€T

3
=Y Y GinawNEnCGLau?, ol =kael,
I=1|B|=k,p€T
which is equivalent to

3

Ea+ed = Z Z Gk,N(a,k),N(ﬁ,k)Gl,d,lEﬁ+eL7 |CY‘ = ka a € I7d = 17 27 3.
=1 |B|=k,B€T

L 3 . . 3 __ 3 —
Noticing Zg = >_._, G1,4,s7s and Gy is a orthogonal matrix, onehaszs = Y5, G, ;Za = > _, G1,4,sTd,
and

3
23: 8Ea+ed _ i i 6<El:1 Z\m:k,BeI Gk7N(a7k)7N(ﬁ:k)ledleﬂJ"el) a.’L‘S
d=1 0zq d=1s=1 9z, 9Tq
3
OF 3¢
= Z Z G N (a,k) N (8,8) G1,d,0 8? “Gia,s (3.18)

|B|=k,B€T d,l,s=1

3
_ G aEB"!‘el
=), > GiNbNGH Dy
I=1|B|=k,B€T

Compare (3.18) with (3.17]), one can yield
Dg,a(Grt1Ek+1) = GiDx(Eg11), k> 0.

O
For 0 < k < N — 1, the 3D MPy system for the k-th order moment can be written as
10E,
——— +D,(FE =Sy, 3.19
c ot + Dy (Exy1) k ( )
and _
10FE, _
—-—— +Dz(E =Sy, 3.20
o T (Ek+1) = Sk (3.20)

in the original coordinate system and rotated coordinate system, respectively, where Sj and Sy are the
vectors of Sy, || = k in the original system and rotated system. According to Lemma [2| and noticing
E, = Gy Ey, T = Gix, we have that (3.20) is equivalent to

1 _, OE _— —

~Gr— + GyDz(Eyt1) = Gy Sk,

c ot
thus we obtain the rotational invariance for 0 < k£ < N — 1. Meanwhile, the governing equations of the
N-th moment in the original system and rotated system are

EW + Dw(EN+1) = SN, (321)

and
10E — —
EaaTN + Dx(Eny41(Er,0< k< N)) = Sy. (3.22)

Therefore in order to obtain the rotational invariance, one only needs to show that based on the rotated
known moments Ey, 0 < k < N, the moment closure of the 3D MPy model would give the rotated
(N + 1)-th moments En1, i.e.

Eni1(Bp,0<k<N)=En;1(Et,0<k<N)=Gny1Eni1.

Apart from the moments @y and Ej, in the following discussion, we denote the variables with an overline
% as the variables in the rotated coordinate system, such as €g, wl!, fi, and IC; ;. Then we arrive the
following theorem:




Theorem 3. The 8D MPpx model is rotational invariant.

Proof. First, we consider the rotational invariance of the weight function. According to the expression
of ¢g (3.2), we have for the rotated system, ¢g = G1cg, thus the weight function is

1
[co](Q) = wl®l(Q) = ————
wleol () = wiH(Q) (1+c- Q)
Notice that ¢y - G192 = ¢l GT G192 = ¢; - Q, we have
wleol(G10) = wll(Q). (3.23)
Moreover, on the moments of the weight function, we have
/82 pipl wleol () A = /S Gigip] GTwl®l(Q)dQ = G; (y;, <pjT>H530] GT, (3.24)

where the first equality is according to (3.23) and using a variable substitution (replace by G12).
Therefore, according to (3.11)) and (3.24)), using mathematical methods of induction, we have the coeffi-
cient matrix in the new coordinate system IC; ; satisfies that

Ki;=GiK;;G].

Analogously, by (3.13), we have fi, = G fx. Then by (3.14)), the moment closure is Gy 41 Ens1 = Ent1,
which ends the proof. O

3.2 Implementation details

Calculation of £, In Subsection[3.I] the calculation of the Gram-Schmidt orthogonalization requires
a practical method to obtain &,. However, the calculation of &, is not trivial. In this subsection, we

present the way to calculate &,.
c
Let ¢ = ”—OH, and a, b, ¢ is a unit orthogonal basis of R?, then we can decompose €2 under this basis,
Co
ie.
Q-a=sinfcosy, - -b=sinfsiny, Q-c=cosf, 0<O<m 0<p<2m,

then we have Q = (Q-a)a+ (Q-b)b+ (- ¢)e, and
27 al ()2 ()
Q71092058
Ea Qowlel(Q)da = / / sinfdf de.
2 (1+ ||c0H0059)

Notice that
Q1 = a1 sinfcosp + by sinfsin p + ¢; cos b,

Qs = agsinf cos ¢ + by sin O sin ¢ + o cos b,
Q3 = azsinf cos ¢ + bz sinfsin ¢ + c3 cos b,
we have

Q% =(ax sin 6 cos  + by sin 6 sin ¢ + ¢, cos 0)“*

|
= > o (ar, sin 0 cos ) ™" (by sin §sin )" (e cos )™+~

— In.! — |
<R <o (mk nk).nk.(ak mk).

! - - :
= E ap TR e T sin™k @ cos™k Tk @ cos™E T @ sin"t .

n <R <ok (mk — nk)!nk!(ak — mk)'

Collecting the terms, we have

HQ‘“ = E Ol sin™ 0 cos!®I =™ 0 sin™  cos™ " ,

n<m<|al

where C1,*2:3 are coeflicients. Precisely, denote Cf, ,, = C&1:*2:%3 then one can obtain the recursion
relationship of C¢ . , formulated as

m,n’

Covn = ckCp i +arCr” %, + b Cp T k=1,2,3,

m—1,n m—1,n—1»

10



Furthermore, we can obtain &, by

. +1 _ 2
Z Oal s /71' sin™ 1 g coglel :L& dG/ W sin™ o cos™™" © d(p.
n<m<|al 0 (1 o Cose) 0

Direct calculation yields
m/2

T oom+1 Jal—-m 1 _ 2ym/2, |al-m
sin 0 cos 0 1—p I m/2
I‘a|vm :/ 4 de:/ ( ) 4 :u Z( / ) M|a\ m+21,
0 (1+ ¢ocosb) 1 (1+ cop)
S
where M, = f_ll (1+M700M)4 dp has already been calculated in the 1D MPy model [20]. On the other
hand,
o <1+rn n) ( )
S m—n S , m,n are even,
Inm—n :/ sin™ ¢ cos pdp = I (m£2)
0

0, otherwise.

Moreover, when m and n are even,
oT (tm=n)T (in —n—1)(n—-1)! —n—1)(n—-1)!
I (=3%) 277 25 (%)! 2z (7)'

Therefore, we have

E a,09,0
5(1 = Cmtn 2 BIlal,mJn,m—n-
n<m<|al
Remark 3. The choice of a, b, and ¢ can be casual. For example, if ¢ = (sin 0y cos sin 6 sin cos 0)T
» Y, ) 0 05 0 05 0) »
then a, b, and c can be chosen as

sinpy  cosfycospy sinfycos g
[a,b,c] = | —cosgg cosbysingy sinbpsin pg
0 —sinfy cos fg

Interpolation In Subsection a Gram-Schmidt orthogonalization is adopted to evaluate the mo-
ment closure. However, the cost of the orthogonalization is O(N®), which is a difficult issue in the nu-
merical simulations. In [20], thanks to the linear dependence of the moment closure on Fy, 2 < k < N,
an interpolation is applied to reduce the cost. In the 3D MPy model, the dependence of the moment
closure En41 upon Ey, 2 < k < N is linear. Precisely, we have

N

Eyi1 =) Ci(co)Ex,
k=0

where Cy(cp) is a (2N + 3) x (2k + 1) matrix, which depends on ¢ only. Therefore, a naive idea is
to divide the unit sphere S? into several parts, and apply the interpolation. However, in order to get a
sufficient accuracy, dividing the unit sphere will cost a lot, thus we need another interpolation method.

Noticing the rotational invariance of the 3D MPy model and the HMPy model, we can calculate the
moment closure En41 corresponding to €y = Gicg, satisfying that €g is parallel to e,. The procedure
of the evaluation of the moment closure En 1 can be written as

1. Calculate ¢, ¢g.
2. Calculate the matrix Gy, 1 < k < N + 1, whose cost is O(N3).

3. Calculate Ey, 0 <k < N by o
E; = GLE,

and the cost is O(N3).
4. Calculate Ex by interpolation, the cost is O(N?3).

5. Calculate En11 by
Eni1 =Gy Enia,
the cost is O(N?).

Therefore, by this interpolation, we reduce the cost of the evolution of the moment closure to O(N?),
which broadens the application of the MPy model.

11



4 Hyperbolic Regularization

Similar as the 1D MPy model, the 3D MPy model needs to be regularized to achieve global hyperbolicity.
We follow the idea in [I9] to propose a novel hyperbolic regularization for the 3D MPy model.

At first, we introduce the orthogonal projection to the function space HC! in (-3),
Pr:f=) fadlf) — Pnf= Y fadll (4.1)
a€l aclyn
Then the 3D MPyn moment system can be formulated as

1 0PI & OPNI
“Pn—g— ) PnQu— = PxS(Pyl). (4.2)
d=1

ot amd

Using the similar method in [19], we introduce a new weight function

1

Sleol () —
w ( ) (1+C0'Q)57

and the relationship between the weight function w!€! and the new weight function @!€0! is
wleol(Q) = (1 + ¢o - Q@®N(Q), Vwl(Q) = —4Qal>](Q)

Based on the new weight function, we can also define the function space HE\C,O]

polynomials q;([f 0], «a € Iy, the quasi-orthogonal functions @f
projection Py.

Then, according to the hyperbolic regularization used in [19], the 3D HMPy model can be written

, the quasi-orthogonal
o) the coefficients Ko s, and the orthogonal

as

3 OPNI

1~ OPnI ~
PN + Z PNQdIPNi = PnS(PNI). (4.4)
Tq

,’PN

Let us show the details of the regularization. In order to calculate the difference between the HMPx
model (4.4)) and the MPy model (4.2), here we first introduce a lemma.

Lemma 4.

oLl
oledl e Hil c HEY 803(1 el |o| <N, d=1,2,3.

Proof. In this proof, we only consider the situation when |a| = N. We have

Bl = gl = GGl (1 + e ),

apl)  gule] a¢[°° dpke!
@ T pledd 4 pleol XY p) pleol pleal 41 L Q\pleol 2
8Co,d aCO,d QSQ 0’ aw (b(x + ( + co ) 800 J
- ad)[co] _
We have @lelgle) e ]HIE\C,O] and (1 + co - Q)@leo] =2 ¢ H[Is‘)], thus
Co,d
pleol — Pyopleol = (1 — Py (@!ey - QL)) Zc a9l

ool - oal!
P

_ _ _4(1)[00]
Oco g N Oco,q

ateq:

According to the proof of Lemma [4] we have
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Corollary 5.

0, |a] < N,
pleal — Py pleol = & z '
S coadll, ol = N.
d=1
o] 5 aalel [0, o] <N,
dco.d N 0co.d 4<I>[ij)r]€d, la| = N. ’

Substituting the terms in Corollary [5| to (4.4), the difference between the HMPy system and the
MPy system is

NIE
]

- 0Pyl OPnI
d(PN N N)

=1 8$d axd
2 ~ ~ a(ZaEIN 6|Oé| Nfa 0]) 8(204611\7 6|o¢\ Nfa CO])
:ZP Qa | Py 02 — . (4.5)
d=1
3
Co acOl 8fa leo
St (5 s (0, 2 25y,
d=1 a€ln

where §; ; is the Kronecker delta. Then one can consider the inner product of (4.5) with Q¢ to carry
out the HMPy system, written as

3

10E, OF e B
E ot + Z ( al'd - Ra,d) - Sou (46)

d=1

where S, = (S(PnI))q is the a-th order moment of the right hand side S(Px1), and R, 4, according

to (4.5)), is
0, |a] < N,

0 dc ~
ﬁCO,l - 4fﬁ 8;;) ICOé+ed-ﬂ+€lv |a| =N

Ra,d = <
BeTn Bl=Ni=1 \OTq

(4.7)

Remark 4. Ifa+eq ¢ Z, i.e. a3 =1 and d =3, then I%a+€d,6+el can be calculated by

I€a+63,ﬁ+el = ’€a763,ﬁ+el - I€a763+26176+el - I€a763+262,3+el-
Analogously, for B+e ¢ T, I€a+ed,/3+el can also be calculated.
Therefore, one can conclude that
Property 6. The regularization does not change the moment equations for Fq, o € Tn_1.

On the other hand, notice that if N = 1, according to (4.7) and (3.15), we have that the HMPy
model is exact the same as the MPy model. Thus, as the HMPy model in slab geometry [19], we have
the following property,

Property 7. The hyperbolic reqularization in 3D case does not change the My model, in other words,
the HMPpx model is the same as the My model when N = 1.

In Section 3| the rotational invariance of the 3D MPy model has been proved and in this section we
investigate the rotational invariance of the 3D HMPy model. According to Theorem [3] the remaining
part is R, q in (4.7), a simple conclusion is given as

Theorem 8. The 3D HMPy model is rotational invariant.

Proof. According to (3.17)), one only needs to prove that

w

3
Roa= Z Z GNN(aN),8.N)Bsa, |a|=N,ael. (4.8)
d=1 d=1|8|=N,B€T

13



According to (4.7]), we have

ZRM_Z 3 z( ARG ) Rl = (19)

d=1 |y|=N,y€T =1

Noticing that

3 3
B !
[y = E GN N N) NGNSy = E GiaaTy, Coi= E Gy ¢,
IW’I*NWGI &= =
Koteymie, = G40 G Ko e GH GT
arteayte 1d.d" GN N (0, N) N (0 N Ko ey v e GN A (v Ny N (. N) G 10
d/l l// 1|al/| Na//EI‘,-Y//lzN’,y//EI

direct calculations yield that (4.9) can be simplified as

3 3
4= Z Z GN N (a,N) N (' Ny Bar ds
=1 d=1|a"|=N,a” €T
which is equivalent to (4.8). O

According to the calculations before, the ansatz I can be determined by the moments E,, o € Iy.
According to (3.4)), meanwhile, the ansatz can be also determined by ¢ 1, ¢o.2, 0.3, fa, @ € Zn. Noticing

that fo, = fe, = fe, =0, we can use a vector w € R(N+1)27 which is defined as

w = (fo,¢c0,1,C0,2,€0,3, fas @ € Iy, |a| > 2)T7 (4.10)

to describe the ansatz. Therefore, we can rewrite the MPy system (2.13) and the HMPy system (4.6)
by using the variables w instead of E,,.

- OPnI
Notice that Py —— Py , § =t,T1,29,x3, can be linearly expressed by <I>[°°] «a € Iy, thus there exist a
S
(N +1)? x (N + 1)? matrix D, satisfies that

. 9PNI
Py IPN

= 0
N=as = (@)D —— - s =t,21,T2, T3, (4.11)

0s’

where &[] is a vector of all quasi-orthogonal functions <i>[ac o for a € Tx, whose dimension is (N + 1)2.
Therefore, the HMPy system (4.4) can be rewritten as

1 8'w
Plcol TD Qq(®lehTD— = 5. 4.12
c( ZPN al 0xq S ( )

Taking the inner product of (4.12)) with i[c‘)], one can obtain the matrix form of the HMPy system,
written as

1 ow ow ~
—-AD— M,D—=S8 4.1
c n +Zl d ) ( 3)

where Ay g = <<I>[c°] <I>[C°]> , Is symmetric positive definite, and Mg,a,5 = <<i>£f°],(2d<f>[;°]> are

[ [eo]
H® Hi°

symmetric, for d = 1,2,3, and S, = fSQ S(i)g‘:”] 4dQ.

Theorem 9. The 3D HMPy model is globally hyperbolic. Precisely, Yn € S?, A £ cZizl(AD)_l(ndeD)
is real diagonalizable. Moreover, the eigenvalue of A is not greater than the speed of light.

Proof. Notice that, for ¥n € S?,

3
A=c)> ngD'AT'M;D =D 'A"'MD,
d=1
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where A is symmetric positive definite, and M, g = <§>[ac"},z:;:1 nde@§°]>~[co] is symmetric, we have
i

that A is diagonalisable with real eigenvalues, thus the HMPy system is globzﬁly hyperbolic.
Moreover, denote )\ as the eigenvalue of A, then ) is the eigenvalue of cA~'M, and suppose € €
RO+’ is the corresponding eigenvector, i.e. M& = AAE. Precisely, denote F = ¢7®lcol ¢ HE@O], we

have s
<<f>([50]7 (oZ naq — )\> f> —0, Vaely. (4.14)
d=1 H[Igo]

Notice F € HE!, thus [@14) implies

3
<]~', <CZ ngly — /\> ]—'> =0.
d=1 Hgso]

Therefore,
c <]:7 (’I’L ’ Q)‘F>H[Co]
A= -
(s Fhgteol
Notice |n - Q] < 1, we have
Al <e

At the end of this section, we give a summary of the properties of the 3D HMPy model.

e The 3D HMPy model is rotational invariant.

e The 3D HMPy model is globally hyperbolic.

e All the characteristic speeds of the 3D HMPy model are not greater than the speed of light.

e The hyperbolic regularization adopted in the 3D HMPy model does not change the governing
equations of E, for o] < N —1 in the 3D MPy model.

e The hyperbolic regularization vanishes when N = 1, i.e. the 3D HMPy model is exactly the same
as the 3D MPpy model and the 3D M; model.

5 Numerical Validation

In this section, we try to validate the 3D HMPpy model by numerical experiments. For this purpose,
we first give a preliminary numerical scheme for the regularized reduced model , and then perform
numerical simulations on some typical examples to demonstrate its validity. Due to practical difficulties
in a 3D computation and noticing that our aim is to validate the new model, we currently only perform
our numerical simulations on 2D domains. Actually, 2D numerical results are enough to demonstrate
the major features of our model.

5.1 Numerical scheme

We first collect the equations in the regularized reduced model (4.6 in a matrix formation as

R Y| s, (5.1)

10U - [0F,(U)
B[ 2

c Ot = Oxg

N+1)2

where U, F(U), and S are vectors in R( , whose a-th element are Uy, = Ey, Fy o = Eate,,

0
Rdaixd

oUu
(Rd> = R,.4, and S, = S,, respectively.
Bscd -

Denote the computational domain by [z}, z,] X [y, y], where we can make a finite volume discretiza-
tion conveniently. The domain is partitioned uniformly into N, x N, cells. The (4, j)-th mesh cell is
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[Tiz1/2: Tig1y2] X Wj—1/2,Yje1y2ls i =1, oo Noy j = 1,0, Ny with 241 /0 = 21 A, yj 1170 = yi+JjAy,
and Az = #5510 Ay = &0 Let U be the approxunatlon of the solution U on the (i, 7)-th mesh cell
at the n-th tlme step t,

For the purpose to validate the model, the numerical scheme for the simpler the better that we
adopt abruptly a splitting scheme in each time step. Precisely, we split it into three parts: convection
terms in two spatial directions and the source term as

N ... 1oUu  OoFR(U) ouU
convection in z-direction: T + —" o +R(U)—— o =0, (5.2)
F:
convection in y-direction: 682] 42 ;; ) +Ry(U) ?9(; 0, (5.3)
19U
3 . ——=S5. 4
source part Y S (5.4)

Next, we give the numerical scheme for both parts in our code.

Source term The right hand side S(I) denotes the actions by the background medium on the photons.
Generally, it contains a scattering term, an absorption term, and an emission term, and has the form
5L 33]

SN = - /Id  (Gat o)+ —opacTt + (5.5)

( 477 2 #= 1 0aT s 4r e Ar’ ’

where a is the radiation constant; T'(x, t) is the material temperature; o,(x,T), os(x,T) and 0, = 0,+05
are the absorption, scattering, and total opacity coeflicients, respectively; and s(x) is an isotropic external
source. The temperature is related to the internal energy e, whose evolution equation is

% =0, (/Szldn—acT‘l). (5.6)

The relationship between T and e is problem-dependent, and we will assign it in the numerical examples
when necessary.
Noticing the quartic term aco,T* in S(I) and the evolution equation of e (5.6)), we adopt the implicit

Euler scheme on them as
n+l n n+l _ n
Ui . U] _ S’»’H—l 61‘7]‘ €i7j — O,n+1 (En+1 _ CLC(T‘TH_I)4)
cAt VA At ai,j \70,,] 1, )

One can directly check that in the absence of any external source of radiation, i.e., s = 0, this discretiza-
tion satisfies the conservation of total energy as

n+1 n n+1 n
el —elt, By —Ey,

%,J »J 0,3,7 v
=0.
At + cAt

Convection part Without loss of generality, we only consider the convection part in z-direction. For
a better reading experience below, the subscript of dimension is suppressed, i.e. we will use F' and R
instead of F; and Ry. The hyperbolic regularization in Section [ modifies the governing equation of E,,,
a € Iy, |a| = N, such that these equations can not be written into a conservation form. Therefore, the
classical Riemann solvers for hyperbolic conservation laws can not be directly applied to solve ([5.2). In
the numerical simulations of the HMPy system in slab geometry [19], we adopt the DLM theory [32]
to deal with the non-conservation terms, and we continue to use this method here. Precisely, the key is
introducing a path I'(7;-,-), 7 € [0,1] to connect two states U and U¥ beside the Riemann problem
such that
ro;ut,u®) =vt, ru,utuf)=ur

The path allows a generalization of the Rankine-Hugoniot condition to the non-conservation system as

FUY - FUR) + /1[1151 —R(I(1; UL, UR))]Z—F(T; U, Uu®dr =0, (5.7)
0 T

if the two states U and U” are connected by a shock with shock speed v,. Then the weak solution
of the non-conservation system can be defined. Readers can find more details of the constrained path
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and the theory results in [32]. We then introduce the finite volume scheme in [38] to discretize the
non-conservation system . This scheme can be treated as a non-conservation version of the HLL
scheme and has been successfully applied to some non-conservation models [12} [IT].

Applying the finite volume scheme in [38] yields

n+1 n n _ n D n— _ pnt
UrT Uy Flap, —Flayp, | R, —Rili,

i,
=0. 5.8
cAt + Az + Az (58)
- . . . FU) .
Here the flux F/ /2,5 18 the HLL numerical flux for the conservation term , given by
’ x
F(Ui’}j)7 )‘iL+1/2,j >0,
R n L n L R n n
“n . )\i+1/2,jF(Ui,j) - )‘i+1/2,jF(Ui+1,j) + /\i+1/2,j)‘i+1/2,j(Ui+1,j -U}) \L 0 < \R
i+1/2,5 = \E L v Adprye <U<AL950
i+1/2,5 i+1/2,5
FU. ;). Ay <0,
(5.9)
where )\iL—H/Z,j and )‘Z-I/Q,j are defined as

L s \L L R _ R \R
>‘i+1/2,j = mln()‘i,ﬁ)‘i-&-l,j)v /\i+1/2,j = ma‘X(Ai,iji-&-l,j)'

Here )\iLj and )\sz are the minimum and maximum characteristic speeds of U;";, respectively. flux R

i+1/2,5
is the special treatment of the finite volume scheme in [38] for the non-conservation term R(U)%, given
by
0, . . /\z‘L+1/2,j =0,
R, = _A2i+1/%»ig§';/2’j o Mgy <O (5.10)
i+1/2,5  Ni+1/2,5
9?+1/2,j7 /\fu/z,j <0,
and
_9;11%/2,3‘7 . )‘iLJrl/Q,j 20,
R, = A2i+1/§,j_9;+£/27j o Mgy <O (5.11)
i+1/2. ~ “Vit1/2,5
0, Ab1j25 <0,
where . or
9i't1/25 = /0 RN U, Uil ) 5 (U, Uiy ) AT (5.12)

Since the implicit scheme is adopted in the discretization of the source term, one can easily check
that the discretization is unconditionally stable. Thus the time step is constrained by the convection
term and complies with the CFL condition

At
CFL := AU )| — < 1.
max MU o <
Notice w and U are uniquely determined by each other, therefore the path I'(7; U*, U*) is equivalent
to the path v(7; wl, w?), where w is defined in (4.10)), and w’ and w® are the value of w when U is
equal to U and U*, respectively. In [19], we verified that the choice of the path I'(7; -, -) is not essential,
thus in this paper we simply choose the path as a linear path between w” and w?, i.e.

’Y(’T;’IUL,’IUR) :wL—i—T('wR —wL), 0<r<1.

Boundary condition We adopt the method in [20] and [I9] to deal with the boundary condition. In
Section [3| one can determine an injective function between the distribution function I and the moments
E,, thus we can construct the boundary condition of the reduced model based on the boundary condition
of the RTE. Without loss of generality, we take the left boundary, i.e. * = z; and i = 0 in U; ; as an
example.
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On the left boundary, the specific intensity is given by

I(t,z; ), Q-e, <0,

IB(t,x; Q) =
(t, ;1) {Iout(t,m;m Qe >0,

where I, is the specific intensity outside of the domain, which depends on the specific problem and
the intensity inside the domain on the boundary I(t,x; ), where ;1 = x;. Here we list some of the
commonly used boundary conditions and the choices of the intensity I,., for later usage.

e Infinite boundary condition:
T (t, ;) = I(t,2;Q), Q-e, >0.
e Reflective boundary condition:
T (t,z; ) = I(t,x; Q2 —2(Q - ey)e;), N-e, >0.
e Vacuum boundary condition:
Towt(t,z; Q) =0, Q-e, >0.
e Inflow boundary condition:
Tout (8, 2; Q) = Linfiow (t, ;2), Q-e, > 0.
where Iinfow is the specific intensity of the external inflow.

Furthermore, we replace the intensity I(¢,x; €2) by the specific intensity constructed by the moments
in the cell near the left boundary. Precisely,

It Q) =1 (QU(tx)),

where U(t,x) is the moments in the cell near the left boundary, i.e. [z1/2 = 21, 23/2 = 2 + Ax] X
[Yi—1/2,Yj+1/2] at time t. Then one can directly obtain the flux across the left boundary. Precisely, the
a-th flux at ¢ and « is given by

Qota Bt x; Q)dQ = QT (Q U (¢, z)) dQ + / QO e (8, 5 ) A2
§? Q-e,<0 Q-e,>0

5.2 Numerical examples

Below, we present some numerical examples to show different features of the 3D HMPy model.

Inflow problem This example is used to study the behaviour of the solution of the HMPpy model,
hence the right hand side vanishes, i.e. the RTE degenerates into

101
-—+Q-V,I=0. 1
c Ot + \Y 0 (5.13)

The initial state is chosen as

acd (2 — Qp), x < 0andy <0,
Io(z;2) = § 10-3

47

ac, otherwise,

where ||Qg]] = 1. The distribution function is a Dirac delta function, which is extremely anisotropic and
hard to approximate with the Py model, which approximates the specific intensity with polynomials.
On the other hand, due to the fact the Sy model only considers the particles along with a discrete
set of angular directions, when the €y does not belong to this set, the Sy model can not get a good
approximation.

The computational domain is [—0.2,0.2] x [-0.2,0.2], and the infinite boundary conditions are pre-
scribed at the boundaries.
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Figure 1: Profile of Ej of the inflow problem with the HMP>; model, where the directions are different

19



In order to validate the capability of the 3D HMPy model to simulate Dirac delta functions in any

direction, we choose some different Qg, with Q¢ = (cosfp,sinfy), and cosy = 10’ 10° and 10" We
simulate this problem with the 3D HMPy model till cteng = 0.05,0.1, and 0.2, with N = 2. N, =

Ny = 160 is applied in this example. The results of the contours of = are presented in Figure

The black line represents the direction of 2, i.e. the slope of each line ?bc tan 0y, and the dashed lines
(z = ctenacosBy and y = cteng sinfp) figure out the theoretical results of the wave in z-direction and
y-direction, respectively. From the results, one can conclude that the 3D HMPy model can capture the
wave well. Therefore, the approximation of the HMPy to the delta function in any direction is satisfying.

Gaussian source problem This example is to show the rotational invariance of the MPy model. The
initial specific intensity is a Gaussian distribution in space [23]:

1 ac [ 1
Ip(x; Q) = — - 0=— —L, L —L,L). 5.14
O(m? ) An \/271_706 20 ) 1007 T € ( ) ) X ( ) ) ( )

Here the computational domain is set by L = 1, and cteng = 0.5 so that that the energy reaching the
boundaries is negligible, and vacuum boundary conditions are prescribed at all the boundaries. The
medium is purely scattering with o, = o, = 1, thus the material coupling term vanishes. We also set the

external source to be zero.
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Figure 2: Profile of Ej of the Gassian source problem with the HMPy model
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We use 400 x 400 cells to simulate this problem, with the HMP5 model, the HMP3; model, and the
HMP, model, and the results are presented in Figure |2 from which one can conclude the contours of
E
the =2 are circles and there is no ray effect. This validates the rotational invariance of the 3D HMPy

ac
model.

Bilateral inflow problem In the previous numerical example, we validate the capability of the 3D
HMPy model to simulate Dirac delta function. In this example, we show that the 3D HMPy model can
also approximate isotropic distribution function.

We use the RTE without right hand side (5.13), and the initial state is chosen as

2 2
acd(Q — Qp), r<—-——andy< ——

10 10’
ac 2 2
Ip(z; Q) = o x>ﬁandy>1—0,
103
—ac, otherwise,

where Qg = (%, %)T In the bottom-left region, the distribution function is a Dirac delta function,
which is extremely anisotropic and hard to approximate with the Py model, which approximates the
specific intensity with polynomials. Meanwhile, in the upper-right region, the distribution function is a
constant with respect to the velocity direction €2, which is isotropic. Generally, it is challenging to get

a good approximation on a Dirac delta function and a constant function.
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The computational domain is [—1, 1] X [—1, 1], and the infinite boundary conditions are prescribed at
the boundaries. We simulate this problem with the MPy model and the Py model till cteng = 0.1 with
N =2, 3, and 4. N, = N, =400 is applied in this example.

——HMP,
— X
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Figure 3: Profile of Ey of the bilateral inflow with the HMPs; model and the P> model

In Figure [3] we present the Ey of the 3D HMPy model and the Py model for N = 2, 3, and 4, and
additionally, we present the =0 of these two models along the line y = x. According to the results in

Figure [3| we can conclude thg‘uc in the upper-right region, for this constant function, the HMPy model
and the Py model gets similar results, i.e. these two models can approximate this kind of isotropic
function well. However, in the bottom-left region, for this Dirac delta function, the HMPy model gets a
good approximation, but there are unphysical oscillations in the results of the Py model. In particular,

E
due to these unphysical oscillations, along the line y = =, =0 of the Py model can be even greater
ac

than 1. Therefore, one can conclude that the HMPy model can not only get a good approximate on an
isotropic distribution function, but also approximate the Dirac delta function well.

Lattice problem The lattice problem is a checkerboard of highly scattering and highly absorbing
regions loosely based on a small part of a lattice core. The computational domain is [0, 7] x [0, 7], divided
into 49 grids in Figure @ In the red grids and the black grid, the absorbing and scattering coefficients
are 0 and 1 respectively. In the white grids, the absorption and scattering are 10 and 0, respectively. The
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external source s is set as ac in the black grid, and 0 in other grids. The initial state is set as I = 10~ 3ac,
and vacuum boundary condition are prescribed on all boundaries.

Figure 4: Computational domain of the lattice problem

1 2 3 4 5 6

(a) N =2 (b) N=4 () N=6

Figure 5: Profile of Ej of the lattice problem with the HMPy model

We simulate this problem with the HMPy model with N = 2, 4, and 6 till c¢teng = 3.2, the number

E

of grids is 200 x 200, and the results of log;, =0 are presented in F igure According to the results, the
ac

HMPp model gives a satisfying result, and the result of Ejy is always positive in this problem.

6 Conclusion

The 3D HMPy model was derived as a reduced nonlinear model for RTE in 3D space. The model
is hopeful to capture both very singular specific intensity as Dirac delta function and very regular
specific intensity as constant function. The model has some mathematical advantages, including global
hyperbolicity, rotational invariance, physical wave speeds, spectral accuracy, and correct higher-order
Eddington approximation. We validated the new model by some preliminary numerical results. In the
following, we will try to apply the model to some practical problems.
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