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CLASSIFICATION OF NONNEGATIVE SOLUTIONS TO STATIC
SCHRODINGER-HARTREE-MAXWELL TYPE EQUATIONS

WEI DAI, ZHAO LIU, GUOLIN QIN

ABSTRACT. In this paper, we are mainly concerned with the physically interesting static
Schrédinger-Hartree-Maxwell type equations
1
(—A)°u(z) = | —= * |u|? | ui(x) in R

|z[”
involving higher-order or higher-order fractional Laplacians, where n > 1,0 < s := m+3 < 7,
m > 0is aninteger, 0 < a <2,0< o <n,0<p< 31"__2‘; and 0 < g < "jﬁ% We first prove
the super poly-harmonic properties of nonnegative classical solutions to the above PDEs, then
show the equivalence between the PDEs and the following integral equations

RQSn / 1 D )
u(x) = _ ———uP(2)dz | ui(y)dy.
0= [ s ([ e v

Finally, we classify all nonnegative solutions to the integral equations via the method of moving
spheres in integral form. As a consequence, we obtain the classification results of nonnegative
classical solutions for the PDEs. Our results completely improved the classification results in
[4, 28] 29} 30, 43]. In critical and super-critical order cases (i.e., & < s:=m+ § < 400), we
also derive Liouville type theorem.
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of moving spheres.
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1. INTRODUCTION

1.1. Classification results for nonnegative solutions in sub-critical order cases:

0 < s < 5. In this paper, we mainly consider nonnegative classical solutions to the follow-

ing physically interesting static Schrodinger-Hartree-Maxwell type equations involving higher-
order or higher-order fractional Laplacians

1
(1.1) (—A)u(x) = (W * \u\p) u!(z) in R",

x o
where n > 1, 0 < s == m+ 5 < &, m > 0 is an integer, 0 < a < 2, 0 < 0 < n,
0<p< i"__z‘; and 0 < ¢ < % The higher-order or higher-order fractional Laplacians

(=A)* := (=A)"(=A)2. When 0 =4s,p=2,0 < ¢ < 1, (L) is called static Schrodinger-
Hartree type equations. When o =n —2s, p = 22 (0 < ¢ < -2 () is known as static

n—2s’ n—2s’

Schrédinger-Maxwell type equations. We say that equation (LTI is in critical order if s = %,
is in sub-critical order if 0 < s < 7 and is in super-critical order if § < s < +o0.
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When 0 < a < 2, the nonlocal fractional Laplacians (—A)?2 is defined by

12 Al = Conp. [ Mgy oy [ M,
n |z —ylrte =0 J |y apze |7 —y[r

for any functions u € CI*M* N £ (R") with arbitrarily small ¢ > 0, where [o] denotes the

—1
integer part of o, {a} := a — [a], the constant C,, ,, = ( Jon = T@(‘)Iiigg d(’) and the function
spaces

(1.3) Lo(RY) = {u R" - R| / 1+|x‘n+a v < oo}.

The fractional Laplacians (—A)2 can also be defined equivalently (see [19]) by Caffarelli and
Silvestre’s extension method (see [22]) for u € C/ (R N £, (R™).

loc

We say u is a classical solution to equation (ILLII), provided that u € C?*"T*(R") if a = 2,
e gFrtleliedterny (with arbitrarily small € > 0) if 0 < a < 2, and u satisfies equation

loc

(EI:I:I) pointwise in R"”. Throughout this paper, we define (—A)™*2y := (=A)™(—A)zu for
e ¢crmtleliedterey A £, (R™) in the cases 0 < o < 2, where (—A)%u is defined by definition

loc

(IEI). Due to the nonlocal feature of (—A)Z, we need to assume u € Cijf”a {a}+€(R") with
arbitrarily small ¢ > 0 (merely u € C?"*lelie} is not enough) to guarantee that (—A)Zu €
C*™(R"™) (see [19, [56]), and hence u is a classical solution to equation (L)) in the sense that
(—A)™ 24 is pointwise well-defined and continuous in the whole R™.

One should observe that both the fractional Laplacians (—A)2 and the Hartree type non-
linearity are nonlocal in our equation (I.T]), which is quite different from most of the known
results in previous literature. The fractional Laplacian is a nonlocal integral operator. It
can be used to model diverse physical phenomena, such as anomalous diffusion and quasi-
geostrophic flows, turbulence and water waves, molecular dynamics, and relativistic quantum
mechanics of stars (see [21], 24] and the references therein). It also has various applications in
probability and finance (see [II, 23] and the references therein). In particular, the fractional
Laplacian can also be understood as the infinitesimal generator of a stable Lévy process (see
Im).

PDEs of the type (I.1]) arise in the Hartree-Fock theory of the nonlinear Schréodinger equa-
tions (see [45]). The solution u to problem (I.1J) is also a ground state or a stationary solution
to the following dynamic Schrodinger-Hartree equation

(1.4) O+ (—A)" T3y = (ﬁ * Iul”) u!,  (t,z) e RxR"

involving higher-order or higher-order fractional Laplacians. The Schrodinger-Hartree equa-
tions have many interesting applications in the quantum theory of large systems of non-
relativistic bosonic atoms and molecules (see, e.g. [32]). The Schrédinger equations and
Hartree equations with Laplacians, poly-Laplacians or fractional Laplacians have been quite in-
tensively studied, please refer to [35], 44, 50, 51] and the references therein, in which the ground
state solution can be regarded as a crucial criterion or threshold for global well-posedness and
scattering in the focusing case. Therefore, the classification of solutions to (I]) plays an
important and fundamental role in the study of the focusing dynamic Schrodinger-Hartree
equations (L4 involving higher-order or higher-order fractional Laplacians.
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The qualitative properties of solutions to fractional order or higher order elliptic equations
have been extensively studied, for instance, see [B] [6], 8 9], [1T], 14] 18] 19, 26, 30, B33 40, 46, 57,
59] and the references therein. There are also lots of literatures on the qualitative properties
of solutions to Hartree or Choquard type equations of fractional or higher order, please see
e.g. [, [7, 16 25, 27, 28, 29, B0, 37, B9, 43, 48, 49, 52, 58] and the references therein. Liu
proved in [43] the classification results for positive classical solutions to (1) with m = 0,
a=20=4¢€ (0,n), p=2and qg = 1, by using the idea of considering the equivalent
systems of integral equations instead, which was initially used in dealing with second order
Choquard equations by Ma and Zhao [52]. In [4], under some weak decay assumptions, Cao
and Dai considered the differential equations directly and classified nonnegative C* solutions
to bi-harmonic equations (ILI) with m =1, a =2, 0 =8 € (0,n),p=2and 0 < ¢ <1. In
[30], under some weak integrability assumptions, Dai and Qin classified nonnegative classical
solutions to third order equations (LI]) with m =1, « =1, 0 = 6 € (0,n), p = 2 and
0 < ¢ < 1. Dai, Fang and Qin [28] classified all the positive classical solutions to (I.I]) when
m=200<a<2 0=2xc¢€ (0,n), p=2and g =1 via a direct method of moving
planes for fractional Laplacians. In [29], Dai and Liu established classification results for
nonnegative classical solutions to Schrodinger-Hartree-Maxwell type equations (1)) in the
cases that m = 0,0 < a <2, 0 =20 € (0O,n),p=2and0<g<lorm=0,0<a <2
c=n—a€c(0,n),p="2%and 0 < g < 22

In this paper, we will completely improve the classification results in Liu [43], Cao and Dai
[4], Dai and Qin [30], Dai, Fang and Qin [28] and Dai and Liu [29], and classified nonnegative
classical solutions to Schrodinger-Hartree-Maxwell type equations (L)) in the full range s :=
m+%€(0,%), m>0isan integer, 0 <@ <2,0< 0 <n,0<p< 2L and 0 < g < 20

Equations (LT)) are closely related to the following integral equations

(1.5) u(z) = /R # (/R ﬁup(z)dz) i (y)dy,

% for 0 < v < n (see [54]). In fact, we
will show that PDEs (L)) and IEs (LE) are equivalent. In order to prove this equivalence, we
have to derive the super poly-harmonic properties first.

It is well known that the super poly-harmonic properties of nonnegative solutions play a
crucial role in establishing the integral representation formulae, Liouville type theorems and
classification of solutions to higher order PDEs in R™ or R} (see [2, @] [5] 6] [8, [, [15] 26]
30, 40, 57] and the references therein). For integer higher-order equations (i.e., & = 2 in
(1)), the super poly-harmonic properties for nonnegative solutions usually can be derived
via the “spherical average, re-centers and iteration” arguments in conjunction with careful
ODE analysis (we refer to [9, 40, [57], see also [6] 8, 15, [30] and the references therein).
However, for the fractional higher-order equations (1)) (i.e., 0 < a < 2 in (LLT))), the super
poly-harmonic properties are difficult to be derived. The reason for this is that (—A)? is
nonlocal and (—A)?2 f(r) can not be calculated or expanded accurately (0 < a < 2 and f(r)
is a radially symmetric function), thus the strategy for integer higher-order equations does
not work any more for equations ((ILI]) involving higher-order fractional Laplacians. In [5], by
taking full advantage of the Poisson representation formulae for (—A)% and developing some
new integral estimates on the average [ ; > ﬁﬂ(r)dr and iteration techniques, Cao,
Dai and Qin first introduced a new approach to overcome these difficulties and establish the

where the Riesz potential’s constants R, :=
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super-harmonic properties of nonnegative solutions to PDEs involving higher-order fractional
Laplacians.

Inspired by ideas from [5], we prove the super poly-harmonic properties for nonnegative
classical solutions to (LLI]) in both integer and fractional higher-order cases in a unified way
(see Section 2).

Theorem 1.1. Assumen > 2, 0 < s:=m+ 5 < 400, 0 < a <2, m > 1 is an inleger,
—0o<o<n,0<qg<+00,0<p< 40 ifl<a<2,1<p<+o0ifa=2. Suppose that u
is a nonnegative classical solution to (LI)). Then, we have, for everyi=0,1,--- m —1,

(1.6) (—=A)*2u(z) > 0, VzeR"

Remark 1.2. In the fractional higher-order cases 0 < a < 2, Theorem [Tl can be deduced from
Theorem 1.1 in [5] directly. In the integer higher-order cases o = 2, the results in Theorem
[l are new. We will give a unified proof for Theorem [I.I] in both integer and fractional
higher-order cases in Section 2.

From the super poly-harmonic properties of nonnegative solutions in Theorem [[LT] by using
the methods in [6], 10, 28] 60], we can deduce the following equivalence between PDEs (I.TI)
and IEs (LI) (see Section 3).

Theorem 1.3. Assumen > 2, 0 < s:=m+ 5 < 3,0 < a <2, m >0 is an integer,
—0<o<n 0<qg< 400, 0<p<+o0ifac(0,2) andm >1or a € (0,2] and m = 0,
1<p<+ooifa=2and m > 1. Suppose that u is a nonnegative classical solution to (L)),
then w is also a nonnegative solution to integral equation (LBl), and vice versa.

By the equivalence between PDEs (IL1)) and IEs (LLH), we can consider integral equations
(LH) instead of PDEs (I.1]). By applying the methods of moving spheres in integral forms, we
derive the following classification results for nonnegative solutions to IEs (L3 (See Section
4). For more literatures on the classification of solutions and Liouville type theorems for
various PDE and IE problems via the methods of moving planes or spheres, please refer to
[, 6, 8, (10} (1T}, T2, 3], 14}, 17, 18, 20, 27, 28, 29, 30, 33, 34, B3, 40, 46, 52, 53, 55, 57, 59] and
the references therein.

Theorem 1.4. Assumen > 1,0 <s:=m+ 5 < 3,0 < a <2, m >0 is an integer,
0<o<n, 0<p< i”_—‘z‘; and 0 < g < % Suppose u € C(R™) is a nonnegative solution
to IE ([LA). In the critical case p = i"__" and ¢ = 29 we have either u = 0 or u must

2s n—2s
have the following form

u(x) = M%Q (u(x — x0)) for some p >0 and zo € R",

n—2s

30 —n72'y)
2

n—2s
Ant2s=0) > : n
where Q(x) = <R23,n1(‘2’1)1(”25)> (ﬁ) with I1(7y) := ﬁ for 0 <y < 3.

2

In the subcritical cases 0 < p < i”_—‘z‘; or 0 < q< %, the unique nonnegative solution to
([C3) is u =0 in R™.

As a consequence of the equivalence in Theorem and the classification results for IEs
(LH) in Theorem L4, we obtain the following classification results for PDEs (I.1)).

n

Corollary 1.5. Assumen > 2, 0 <s:=m+ 5 < 5,0 < a <2, m >0 is an integer,

0<o<n 0<qg<™M20 (0<p< 20 ifae(0,2) andm > 1 or a € (0,2] and m = 0,
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1 <p< 29 4fa=2andm > 1. Suppose u is a nonnegative classical solution to PDE

(LT). In the critical case p = 2252 and q = “t2=2 we have either u = 0 or u must have the
following form

n—2s

u(z) =p 2 Q(ulx —x)) for some p >0 and xy € R",

) (nt2s—o) ) n2s ﬂ"p(n n2y)
where Q(ZI}') = RQS,’!LI(%)I(%%) <W) with ](”)/) = W fOT 0< Y <z
In the subcritical cases p < i”_;‘; or q < %, the unique nonnegative classical solution to

(CI) is u =0 in R™.
Remark 1.6. Our classification results in Corollary completely improve the classification

results in Liu [43], Cao and Dai [4], Dai and Qin [30], Dai, Fang and Qin [28] and Dai and Liu
[29] to the full range of n, s, o, p and q.

2n—o n+2s—o

In the critical case p = 257 and ¢ = *=-7, the classification of positive solutions to
(LI) would provide the best constants and extremal functions for the corresponding Hardy-
Littlewood-Sobolev inequality (see [39]). We define the norm

n—2s
2(2n—o)

L1(R™)

2n—o

u|nfs

(1.7) lull ey = || (Vo * ful#5%)

for 0 <o <n, 0 <s <3 with potential V, = # For any u € H*(R™), we have the following
Hardy-Littlewood-Sobolev inequality (see [39] 54])
(1.8) ull Lve ny < S ll (= 2) 2] p2gany,

where the best constant S, ,, is given by

(1.9) Spom= it NCA ulle

weHs(®R),uz0  ||ul| pvo ey

When p = "__Z and ¢ = ”+2s 2, the equation (ILT]) is the corresponding Euler-Lagrange
equation for the minimization problem described in (L9). By using the concentration-compactness
arguments in [41] 42] and the uniqueness of spherically symmetric positive solutions of the
Euler-Lagrange equation (1) derived in Corollary [[.5] we obtain that

M={e"* = Q(ux —y) : VOE (—m7], >0,y R}

is the set of minimizers for S,,. Since minimization problem (LJ)) can be attained by the
extremal function (), one can deduce from the definition of S, ,, and equation (LII) that

2(2n—o)

(1.10) 1(=2)2Qll 2@y = SoonllQlve@ny,  1(=2)2QlF2@n) = QU7 Gy

therefore, the best constant S, s, for Hardy-Littlewood-Sobolev inequality (£.I5) can be cal-
culated explicitly as

n+2s—o n+2s—o

(1.11) Sowin = (=22 QI 2any = Qv Gy

By further calculations and the accurate form of ) , we can deduce from (L.IT]) the following
corollary:.
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Corollary 1.7. The best constants in the Hardy-Littlewood-Sobolev inequality (A5 is

(n—2s)(n—0) n(n+2s—o)

e ) B U0 R CO R

~ S o n—2s
where Sy, = (ﬁ) [F(z)} ’ ;E”EZ; is the best constant in the Sobolev inequality
2 ——

(1.13) < Soll(=2)7 fll 2y

[V
for any f € H*(R™).

1.2. Liouville type theorem in critical and super-critical order cases: 7 < s < +oo0.
Now we consider the following critical and super-critical order static Schrodinger-Hartree-
Maxwell type equations involving higher-order or higher-order fractional Laplacians

(1.14) (—A)u(z) = (i \ \u\p) w(z)  in R,

|7
where n > 3, § < s:=m+ g < +oo, m > 1is an integer, 0 < a < 2, —c0 < 0 < n,
0<p<-+ooand 0 < g < +o0.

As an immediate consequence of the super poly-harmonic properties in Theorem [I.1] by
arguments developed by Chen, Dai and Qin [6] (see also [5]), we can establish Liouville type
theorem for nonnegative solutions to ([LI4)) in both critical and super-critical order cases
5 < s < +o0. For the particular case o = 0, Liouville type theorems for integer higher-order
Hénon-Hardy type equations in R™ or R” have been derived by Chen, Dai and Qin [6] and Dai
and Qin [31] in both critical and super-critical order cases. In [5], Cao, Dai and Qin extended
the results in [6] to general fractional higher-order cases 0 < o < 2 and general nonlinearities
f(x,u,Du,- ’ )

For the critical and super-critical order cases, we have the following Liouville type theorem
for nonnegative solutions to (L14).

Theorem 1.8. Assumen > 3, § < s:=m+ 5 < 400, 0 < a <2, m > 1 is an integer,
—o<o<n, 0<qg<400,0<p<+xifl<a<2,1<p<+ooifa=2. Suppose that u
is a nonnegative classical solution to (LI4), then u =0 in R™.

Remark 1.9. In the fractional higher-order cases 0 < a < 2, Theorem [[.§ can be deduced from
Theorem 1.14 in [5] directly. In the integer higher-order cases v = 2, the results in Theorem
are new. We will give a unified proof for Theorem [[.§ in both integer and fractional
higher-order cases in Section 5.

This paper is organized as follows. In Section 2, we will carry out our proof of Theorem [I.T1
In Section 3, we will prove Theorem [[.3l Section 4 and 5 are devoted to proving Theorem [I.4]
and Theorem [ respectively.

Throughout this paper, we will use C' to denote a general positive constant that may depend
onn, o, m, o, p, ¢ and u, and whose value may differ from line to line.

2. SUPER POLY-HARMONIC PROPERTIES

In this section, we show super poly-harmonic properties for nonnegative classical solutions
to equations (L)), i.e. Theorem [I.1]
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Assume n > 2,0 < s:=m+ 5 < +00, 0 < a < 2, m > 11is an integer, —oo < o < n,
0<g< 400, 0 <p<+xifd<a<?2 1<p<+o0if a = 2. Suppose that u is a
nonnegative classical solution to (LI). It follows from equations (IT)) that [g,, u‘z;(‘f) dx < +o00.
Let uy(z) := (—=A)2u(z) and u;(z) := (=A)luy(x) for i = 2,--- ,m. Then, from equations

(LI, we have

( (=A)2u(z) = ui(z) in R™,

(2.1) ! —Aui(z) = uy(xr) inR",

—Auy,(z) = ( L |u|p)uq(x) >0 inR"

||

\
Our aim is to prove that u; > 0 in R" for every ¢ = 1,--- ,m. We will carry out the proof by
discussing two different cases a = 2 and 0 < a < 2 separately.

Case(i). We first consider the case that a = 2.

This case is more simpler, since we do not need to deal with the nonlocal fractional Lapla-
cians. We first show that w,, = (=A)™u > 0 by contradiction arguments. Indeed, suppose
not, then there is a point o € R™ such that w,,(z9) < 0. Without loss of generality, we may
assume xo = 0 due to the translation invariance of equations (IL.TJ).

Now, let
1

(2.2) fir) = f(lz]) = 10B,0)] Jos. 0 f(x)do,

be the spherical average of f with respect to the center 0. Then, by the well-known property
Au = Au and (21]), we have, for any r > 0,

([ —Au(r) =u(r),

(2.3) —Au(r) = u(r),

From last equation of (2.3]), one has

1 /

(2.4) - — (r"‘lm’(r)) >0, Vr >0.
T

Integrating both sides of (2.4)) twice gives

(2.5) U (1) < W (0) = 1, (0) =: —¢p < 0,

for any > 0. Then from the last but one equation of (2.3 we derive
1 /

(2.6) - — (r"_lum_l '(r)) < —cy, Vr>0.

e

Again, by integrating both sides of (2] twice, we arrive at
(2.7) Um—1(1) > Upp=1(0) + 177, Vr >0,
where ¢; = 5> > 0. Continuing this way, we finally obtain that

(2.8) (=) G(r) > apr® + amo1 ™V £ tay, V>0,
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where a,, > 0. If m is even, then (2.8)) implies u(r) < 0 for r sufficiently large, this contradicts
with 4 > 0 in R™. In the case that m is odd, we can see from (2.8) that there exists Ry > 1

sufficient large such that u(r) > Cr?™ for all r > Ry. Obviously, this will contradict with the

integrability fR” ﬂ—ﬁf) < 4o00. In fact, since p > 1, one has

D +o0
(2.9) +o0 > / v (x>dx = C/ uP(r)yr" = tdr
R 0

g
n |l

+oo
> C’/ a? (r)yr"= " tdr

Ry

+oo

> C’/ r2Pm=Lldr = 400,
Ry

which is absurd. Therefore, we must have w,, = (—A)™u > 0. Next, we can prove that

Um—1 > 0 though entirely similar procedure as above. Continuing this way, we obtain that

u; = (—A)'u >0 for every i = 1,2,--- ,m.

Case(ii). Next, we consider the cases that 0 < o < 2.

In such cases, we will first prove u,, > 0 by contradiction arguments. If not, then there
exists g € R such that w,,(z9) < 0. We can still assume that o = 0. As in the proof of
Case (i) (o = 2), by taking spherical average w.r.t. center 0 to all equations except the first
equation in (ZT]), we have

(2.10) —Aui(r) =u(r), Vr=0,

\ ||

AT (r) = ( L |u|1”>uq(7‘) >0, Vr>0.
Through a similar argument as in deriving (2.8), we deduce that

(2.11) (=1)™@1(r) > a1 r? ™ o dag, V>0,
where a,,_1 > 0. Hence, we have

(2.12) (=1)"w(r) > Crm=y,

for any r > Ry with Ry sufficiently large. One should observe that it is very difficult to
take spherical average to the first equation in (ZI0), since the fractional Laplacian (—A)? is
a nonlocal operator. Inspired by a recent work by Cao, Dai and Qin [5], instead of taking
spherical average, we will apply the Green-Poisson representation formulae for (—=A)2 to the
first equation of (2I0) to overcome this difficulty. From the first equation in (2.10), we
conclude that, for arbitrary R > 0,

(2.13) u@w=A”mGy%wm@My+/’ Pe(e.y)uly)dy, ¥ @ € Br(0),

ly[>R

where the Green’s function for (—A)2 with 0 < a < 2 on Bg(0) is given by

'R

Cha w b2
2.14 G%(x,y) = ’ _db  if 2,y € B(0
(2.14) o) = o [T e iy e Ba)
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with sp = 2208 ¢p = (1 |m|2 1- M ,and G%(z,y) = 0if x or y € R™\ Br(0) (see [36]),
R

and the Poisson kernel P,%(a:,y) for (—A)2 in Bgr(0) is defined by Pg(z,y) := 0 for |y| < R
and

I'(3)

2

ra (RE—|z2\? 1
2.1 Py = — o sin ——
( 5) R(x7y> 7_‘_54.1 S 2 (|y|2_R2 |x_y‘n

for |y| > R (see [19]). Taking x = 0 in (2.13)) gives

(2.16) u(0) :/ Cna /y LIS S )dy+072a/ La—I T
a0 " \ Jo (1+b)% “Jii=r (Jy2 — R2)? lyl

R ~ —2—1 2-1 . +00 o
G ([ e, [T,
o T \Jo (14D)3 R r(r? = R?)

R2

-1
One can easily observe that for 0 < r < £, B2 _ 1 > 3 and hence G 1n db >
y 20 7 0 (1+b)2

R2

3 p3-! . R RZ et AR
IR (1+b =db =: C; > 0. For £ <7 < R, one has 0 < & — 1 < 3, thus [, (1+b)%db >

o

foﬂ -1 b;n Ldb =: O (RQT§T2> ? Thus, we conclude that

R2

zolop3l R2 _ 2\ 2
(217) /0 (1 n b)% db > 01X0<r§§ + C2X§<T<R<T)

for any 0 < r < R. Then, from (2I2)), (216) and (ZI7), we derive that, for R > 2R,

(2.18) (—1)m+y) /M %dr

_ C/ /7_1 ) a1 (o)
,,,.1 [e 1 + b 2

co [

= Ro rl-a

Ro —5—1 pe-1 o -
+C/ (/ RFDH b) (=)™ wr(r)dr + (=1)" ™ y(0)

> CR2m—2+a . CO + (_1)(m+1)u(0)

- ,,,,2(m—1)d,,,,
r

R2 _ 42 g
01X0<r<§ + C2X§<r<R<7)

It is easy to see that if m is even, (2.I8)) implies that f %dr < 0 for R sufficiently

large, which contradicts with « > 0. Therefore, we only need to con81der the case that m is
odd. In such cases, (2.I8)) implies

400 %y
(219) / %d > CR2m 24a _ CR23—2

r r(r?—
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for R sufficiently large. Since u € L,(R"), we have

+oo -
(2.20) / ue) 4 o / ) g < oo,
|| >1 1 r

‘x|n+a

Then, by (2.20) and the fact that 2s — 2 > «, for R sufficiently large, we have
2R o 400 o —
(221) / %dr > CR25—2 _ / Mdr
2 2

r r(r*—R r r(r2— R2)%

+oo =
Z CR25—2 _ C,Ra/ u1(+) d’l"
2r T
Z CR28_2 - OR(l)Ra
Z CR28_2.
On the one hand, by (Z20), we have
+o00 1 2R o r 1
(2.22) / : / il 8 drdR = / . _dRdr
1 R R or(r2 - r R(r? — R?)>
C/ ?1(2[ dr < +o00.

On the other hand, by (2:21]), we derive

+o0 1 2R Raﬂ(’f’) +o00 1
2.23 / / ~drdR > / —dR = 400,
(2.23) 1 RY Jr r(r2—R?)2 N R

where N is sufficiently large such that (2.21)) holds for any R > N. Combining (222]) with
(223), we get a contradiction. Hence, we must have u,, > 0 in R™. One should observe that,
in the proof of u,, > 0, we have mainly used the property —Au,, > 0. Therefore, through a
similar argument as above, one can prove that u,,_; > 0. Continuing this way, we obtain that
u; = (—A) 712y > 0 for every i = 1,2, ---,m. This completes the proof of Theorem L1l

3. EQUIVALENCE BETWEEN PDE AND IE

In this section, we will prove the equivalence between PDEs (L)) and IEs (LH), i.e. Theorem
L3 We only need to show that any nonnegative classical solution u to (IL1]) also satisfies the
integral equation ([L3). From the super poly-harmonic properties in Theorem [T, we have
already known that u; := (—=A)~'*24 > 0 in R” for every i = 1,--- ,m.

We will first show that w,, = (—A)™ 2y satisfies the following integral equation

(31) unfi) = [ (‘_1‘(,*|u|p) Wui)dy, Yo eR"

n |z =yl 2

where the Riesz potential’s constants R, 1= —r— ( ; for 0 < v < n (see [54]).
To this end, for arbitrary R > 0, let fi(u <|i |u|P ) u?(x) and
(3.2) vi'() = Gz, y) f1(u)(y)dy,

Br(0)
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where the Green’s function for —A on Bg(0) is given by

1 1
|z — y|n2 <|x‘ )"_2 7

and G%(z,y) = 0 if x or y € R™\ Br(0). Then, we can derive that vff € C*(R") and satisfies
oR
5.4 of(2) = ( + [ul) (@)ut(e), € Br(0),
( ) =0, z € R"\ Bg(0).

Let wf(z) := (—A)" " 2u(x)—vf(z). By Theorem [T} (LI)) and (3.4)), we have w’ € C?(R")
and satisfies

if T,y € BR(0)7

R_
|z

Y
R

(3.5) {—Awf(z) —0, € Bg(0),

wi(x) >0, xR\ Bgr(0).

By maximum principle, we deduce that for any R > 0,

(3.6) wl(z) = (A" 5u(z) —of(x) >0, VazeR"™
Now, for each fixed = € R", letting R — oo in (3.6]), we have

(3.7) AP S u(a) > / n % £1(w)(y)dy = v (z) > 0.
Take = = 0 in ([B.71), we get

(3.8) / (ﬁ x \u\p) (v) |“q|£ )Qdy < +oo.

One can easily observe that v; € C?(R") is a solution of

(3.9) — Avy(z) = (# * |u|p) ul(z), xeR"

Define wy (z) := (—A)" "+ 2y(x)—vi(z). Then, by (L)), 3.7) and ([B.9), we have w; € C?(R"™)
and satisfies

(3.10) {—Awl(a:) =0, xzeR"

wy(x) >0, zeR™
From Liouville theorem for harmonic functions, we can deduce that
(3.11) w(z) = (=A™ 3 u(z) — v (z) = Cy > 0.

Therefore, we have

312 A = [ e () s+ o

Next, for arbitrary R > 0, let

(3.13) vy (2) = Gr(z,y) fo(u) (y)dy.

Br(0)
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Then, we can get

—Avg(x) = fo(u)(z), =€ Bg(0),
(3:14) {ug(x) —0, xeR"\ B0

Let wl(z) := (=A)" 2 2u(z) — v¥(x). By Theorem [[1 (312) and (3.14), we have

{—Awf(x) =0, € Br(0),

(3.15) wl(z) >0, z€R"\ Bg(0).

By maximum principle, we deduce that for any R > 0,

(3.16) wh(z) = (=A™ 5u(x) —ofi(z) >0, VazeR™
Now, for each fixed = € R", letting R — oo in (3.1€]), we have

_oia Ry,
(3.17) (A5 u(z) > / [ ) )y = () 2 0.

Take x = 0 in (B17), we get
C
[ Gy [ B0
e [y R [yl
it follows easily that C; = 0, and hence we have proved (B.1)), that is,

319)  unla) = (-8 Fue) = Su)e) = [ L2 (|.1|(,*|u|f°) (v)u(y)dy.

g |7 —y|"2

(3.18) dy < 400,

One can easily observe that vy is a solution of
(3.20) — Avy(z) = fo(u)(z), =€ R™
Define wy(z) := (—=A)" 2+ 2u(z) — vy(z), then it satisfies

{—Awg(a:) =0, xeR"

3.21
(3.21) wy(x) >0, zeR™

From Liouville theorem for harmonic functions, we can deduce that
(3.22) wy(z) = (=AY 23 u(z) — vo(z) = Cy > 0.
Therefore, we have proved that

(3.23) (=AY 25y (z) = /R )

By the same methods as above, we can prove that

R2,n

ng(u)(y)dy + Cy = f3(u)(r) > Cy > 0.

_34a Ry
(3.24) (—A)" " 2u(x) 2/ Wﬁa(u)(ﬂ)dy =:v3(w) > 0,
Rn
Take = = 0 in (3.:24), we get
C u
(3.25) / n2_2dy < ol n)_(‘g)dy < +o0,
re (Y] ke |yl

it follows easily that C5; = 0, and hence we have
_o4a Ra
326) (o) = (-A)" Fule) = fiu)(o) = [

x —y["?

fa(u)(y)dy.

n
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Repeating the above arguments, defining
(3.27) feri(w(@) = | i) (y)dy
for k=1,2,---,m — 1, then by Theorem [[.T] and induction, we have
_ @ R n
B2) k) = (A" = fin(e) - [
r |2 — Y
fork=1,2,---,m—1, and

u(z) = / Fon e )y + O = fs (w)(2) = O > 0.

n o —y[n?

R2,n
x —y["?

fi(w)(y)dy

NI

(3.29)  w(x) =(-4)

For arbitrary R > 0, let

(3.30) @)= [ Gl (),
Br(0)
where, in the cases 0 < o < 2, the Green’s function for (—A)2 on Bg(0) is given by
C W bs
3.31 Go(z, y) = — / _db  if 2,y € Br(0
( ) R( y) |LE _ y‘n_a 0 (1 + 6)5 Y R( )

with sp = |x;z§’|2, tp = <1 - i—f) <1 - g—f), and G%(x,y) = 0if x or y € R™\ Bg(0) (see [36]).
Then, we can get

(=A)20 1 () = fmsa(u)(2), @ € Br(0),
(3:32) {vﬁﬂ(z) =0, x € R™\ Bg(0).
Let wf,  (z) := u(z) — v, (z). By (3829) and ([3:32), we have
(=A)2wk (z) =0, € Bg(0),
(3:33) {wfbﬂ(x) >0, z€R"\ Bg(0).

o
2

Now we need the following maximum principle for fractional Laplacians (—A)
been found in [I7, 56].

, which can

Lemma 3.1. Let Q be a bounded domain in R™ and 0 < a < 2. Assume that u € L,NCL ()
and is L.s.c. on Q. If (=A)2u >0 in Q and v > 0 in R*\ Q, then v > 0 in R™. Moreover, if
u = 0 at some point in €2, then u = 0 a.e. in R™. These conclusions also hold for unbounded
domain Q) if we assume further that

liminf u(z) > 0.

|z| =00

By maximal principle for —A if &« = 2 and Lemma Bl if 0 < o < 2, we can deduce

immediately from (3.33) that for any R > 0,

(3.34) wh (2) =u(z) — vl () >0, VzeR"
Now, for each fixed = € R", letting R — oo in (3.34]), we have
RO{ n
(3.35) ) 2 [ ()0 = ) 2 0.
R -
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Take z = 0 in (335, we get

[ Cogys [ funl0
R

wlylr e T Jge Jynme

it follows easily that C), = 0, and hence we have

330 ) = () = fnla)o) = |
One can easily observe that v,,,; is a solution of

(3.38) (=A) 2041 (2) = froga(z), = €R™

Define wy,41(2) := u(x) — vpy1(x). Then, by (835) and (B37), we have w,,; satisfies

{(_A)gwm—i-l(x) = 07 YIS ]Rn’

(3.36) dy < o0,

R2,n
x —y"?

fm(u)(y)dy.

3.39
(3.59) Wi () 2 0, @€ RY.

Now we need the following Liouville theorem for fractional Laplacians (—A)Z, which can
been found in [3], 60].

Lemma 3.2. (Liouwville theorem, [3, 60]) Assume n > 2 and 0 < o« < 2. Let u be a strong
solution of

(-=A)3u(z) =0, xR
u(z) >0, zeR"
then uw=C > 0.

From Liouville theorem for harmonic functions if @ = 2 and Lemma if 0 < a <2, we
can deduce that

(3.40) Wint1(2) = w(x) — Vg1 (z) = Crpgr > 0.
Therefore, we have

(3.41) ue) = [ e W0y + Cot = G >0
Consequently, we get

(3.42) / (C"ZF)pdzz < / %dx < +o0,

which implies C,,+; = 0, and hence

Ra n Ra n RZ n
3.43) u(z) = / —— fo(u)(y)dy = / ’ / ’
( ) ( ) +1( )( ) - |flf _ ym+1|n—a R |ym+1 _ ym|n—2

n |z —y|ne
R2,n 1 1 m m
/ 2 1z ( T *up) (y ut(y)dy" - - - dy™dy™*.
re Y2 — Y |-
From the properties of Riesz potential, we have the following formula (see [54]), that is, for
any aq, s € (0,n) such that ay + ay € (0,n), one has

/ Ral 1 Raz,n d Ral +az,n
n

T — y‘n—al ’ |y _ Z‘n—a2 Y= |,',U _ Z|n—(a1+a2)'

(3.44)
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Now, by applying the formula (3.:44)) and direct calculations to (3.43]), we obtain that

(3.45) u(z) = /R RE ?ZS[Z—QS < /R ) |y“p_(?|adz) w(y)dy,

that is, u satisfies the integral equation ([L3]). This concludes our proof of Theorem

4. PROOF OF THEOREM [1.4]

In this section, we will apply the method of moving of spheres to integral equations (.1
and establish the classification results of nonnegative solutions, that is, Theorem [I.4]

Assume n > 1, 0 < s :=m+ § < 5,0 < a <2, m > 0is an integer, 0 < 0 < n,
0<p<22and0<q< 222 Let ue C(R") be a nonnegative solution to IE (L5).
It follows from integral equation (ILH) and “bootstrap” methods that u € C*°(R™). In the
following, we assume u is a non-trivial nonnegative solutions (i.e., u # 0) to IE (L3]). Then,
integral equation (LT implies that v > 0 in R™ and [, ﬁi—(‘ff)d:z < 4+o00. We will derive the

unique form (up to translations and scalings) of the positive solution u in the critical case

p= i"__z‘s’ and g = %, and obtain a contradiction and hence the nonexistence of positive
solutions in the subcritical cases 0 < p < i"__z‘; or 0 < g< %
Set P(y) = [an ‘Zp_(zz‘)(, dz, then (L)) can be written as
R2s,n
(11) ule) = [Pty
R |7 — Yl

For arbitrary xg € R™ and A > 0, we define the Kelvin transforms centered at xy by

A

|z — 0]

(4.2) Ugon(T) = < )n_%u(:):*), VaoeR"\ {z},

where 2 = X@=20) 4 o Then, by (A1) and (£2]), we derive

|z—x0]2

(13) ) = (2 )n_%u(x*)

|LU—.Z’0|

/ R2s,ano,)\(y)uio,)\(y) < A )T
== dya

|z — y[n—2 ly — 2o

where 7:= (n+2s — o) — ¢(n — 2s) > 0 and

o st = (i 25) o= [ (25)

with = (2n — o) — p(n — 2s) > 0.
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By (41)), (£3]) and straightforward calculations, one can verify

RZs,n R2s,nP Yy u? Yy
(4.5) u(z) = / s P W)u(y)dy = / ( 1—25 )
g [T — Y] Bi (z0) [z — |
R237np y)\ >\ n+2s
+ / W) e u?(y*)dy
Ba(wo) | li=zol@z—20) _ Ay—0) ly — 0|
A ly—=zo
_ / RasnP(y)u'(y) ,
Ba(zo) T —y["2
R2s,an A Yy )\ T
_I_/ : ( ) n—2s ugo)\(y)dy?
Bi(wo) |ly=zol(z=20) __ Ay—=0) |y — o
A ly—=o
and
R28 ano )\(y)uq )\(y) A T
4.6 Uz 2 (T :/ : : 0, < ) dy
0 A= L T g\l
Ry P, A i
= / - °,;A_(2‘Z>< ) g (Y)dy
By(wo) 17— Y ly — 0| ’
Ry, P
By (z0) |ly=zol(x=z0) _ Aly—=zo)
A ly—=zo

Define wy(x) = ugya(x) — u(z) for x € R™ \ {zo}. We first show that for A > 0 sufficiently
small,

(4.7) wi(z) >0, YV z € By(zo) \ {zo}-
It suffices to show that B} (z¢) = @ for A small enough, where the set B} () is defined by
(4.8) B; (z9) := {z € Ba(zo) \ {zo}|wi(z) < 0}.

Let us define

1 1
4.9 K(x,y) = Rasn - ’
( ) 1( ) 2s, |flf _ y|n—28 ‘y—l‘o‘(SC—Z'O) . )\(y—xo) n—2s
A ly—o
1 1
4.10 Ky (w,y) = - 7
( ) 2( y) |$ _ y|cr \y—xo\)(\x—xo) _ My—=0)

ly—=ol

One can easily verify that K (z,y) > 0 and K2 (x,y) > 0 for any z,y € By(p).
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Then, by (4.3) and (4.6]), for any = € By(xo) \ {zo}, we derive
(4.11) wr(z) = ugy A () — u(z)

[ K Pas) (2 ) o) = P | d

\y—xo\

> / KN, y) [Paoa@)ul, () — Ply)ut(y)] dy
Qx(zo)

_ / KNz, y)P(y) [ul, A (v) — u?(y)] dy
Qx(zo)

[ RN (Paaly) = PO, )
Qx(zo)

where the subset Q\(z¢) C By(xg) \ {0} is defined by
(4.12) Qxl(xo) :={z € Ba(wo) \ {zo}| Poga(2)ug, \(7) < P(z)u(z)}.
Note that through direct calculations, one has, for any y € By(zo),

O L () - wia)]

|z — o]

> [ R ) - )] de
Bi(xo)
Thus from ({.11]), (£13) and mean value theorem, we get, for any x € B} (zo),

(4.14) 0> wy(z) > /Q R PO) [0 ~ )] dy

" /CAW Ky (/Bk(xo) K3(y, 2) [, a(2) = w(2)] dZ) ul \(y)dy

> q / KN, y) P(y) max{ud™" (y), ul-} (y) ywa(y)dy
Qx(z0)NBy (z0)

o[ Ry < [ K max{up-1<z>,u’;;i(z)}m(z)dz) uf
Qx(zo) B} (xo)

R S TLP — —
= 2o DWIAD) = ) 2 ) ey
Queo)NBy @) [T =Yl

R Ss,n — —
o ([ et e o
Qx(x0) |z —y Bj, (z0) ly — 2| ’ ’

Now we need the following Hardy-Littlewood-Sobolev inequality.

17

Lemma 4.1. (Hardy-Littlewood-Sobolev inequality) Letn >1,0< s <n and 1 <p < q < 0o

be such that % = % — 8. Then we have

f(y)
for all f € LP(R™).

< Cn,s,p,quHL”(R")7

La(R™)
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Set Uy(z) := max{uq_l(x),uio_,k(x)}, Va(z) == max{up_l(x),ui;f\(:c)}, and
_ a()wa(2) o
(4.16) [%@y—éwm—gjﬁjd.

By (4.14), Hardy-Littlewood-Sobolev inequality and Hélder inequality, we have, for any r >
max{ nf2s’ g}’

(4.17) oAl L (55 (@0))
< ClPUMAN 755 (0, (o)n5 (o +CHW>‘u$0>\HL"+2” (@ (x0))
< CIPUM £ (5 (o) ||w||y(37(xo  Clleoall oy ooy WAz @1 o
< CIPUA 2 xoHﬂyw@@+cwmwmmhmHAAMWWW(@m
< CIPUM L2 (5= oy 19r Nl 55 (a0
+ CH%O,AHL%(% (o)) VAl L3 (Bj (zo HMHL"(BW”O))
< € (IPU 1t 05 ooy + 1l sy 1V 2 ) 193 5 -

Integral equation (L5 1mphes that, there exists a constant C' > 0, such that the positive
solution u satisfies the following lower bound:

C

4.18 >
(418) )2

V| — x| > 1.
Indeed, since u > 0 solves the integral equation ([LH]), we can infer that, for any |z — x| > 1,
1 p
(4.19) wu(z) > / ﬁ/ LZ>Cralzuq(y)aly
ly— m0|<1 |LE - ‘ |z—z0|>1 |y - Z|
C
n—2s / / O'd Uq(y)d'y = n—2s"
|Zl§' - $0| ly— m0|<1 |z—zo|>1 |Z - x0| |$ - x0|

As a consequence, we can obtain the following lower bounds for w,, » in By(zo) \ {zo}. Let
us consider 0 < A\ < 1 first. If 0 < |z — x| < A%, then |2} — 2| > 1, by (EIF), we have

(1.20) st = () e 2 1

| — 20

If A2 < |z — 20| < A, then |2* — x| < 1, we have
A n—2s A n—2s
(4.21)  ugya(x) = < ) u(zt) > (min u) ( ) > min u=:C > 0.
|I - 930| Bi(zo) |£L’ — a70| Bi(z0)

For A > 1, one has |2} — 29| > A > 1 for any o € By(z0) \ {70}, and hence (£LIS) yields

A n—2s C
(422) uxo,)\(x) = (M) U(,’L’)\) Z m, Ve B)\(Zlfo) \ {LU()}
From the definition of P(y), one can get the following lower bound:
C C
4.23 Py 27/ uP(2)dz =0 ————, YV |ly — x| > 1.
42) ) Y = 0l J)o i<t ) |y — ol Iy = 2ol



STATIC SCHRODINGER-HARTREE-MAXWELL TYPE EQUATIONS 19

Consequently, we can obtain the following lower bounds for P, » in By(zo) \ {zo}. Let us
consider 0 < X\ < 1 first. If 0 < |y — 29| < A2, then |y* — 29| > 1, by ([#23)), we have

A 7 C
4.24 P, =(——— ) P@H)>—.
(4.21) ) = () P =
If A2 < |y — x| <A, then |y — 2] < 1, we have
A 7 A 7
4.25 P, =|—) P ’\><minP)(7) > min P =:C > 0.
(4:25) oa¥) (|y —:vo|> v = Bi (o) ly —x0|l) T Bi(ao)
For A > 1, one has |y* — zo| > A > 1 for any y € By() \ {70}, and hence ([{.23)) yields
A 7 C
(4.26) Pooaly) = (7) P(y") > > YV y € By(xo) \ {zo}-
|y — o A

From the lower bounds (£20) and ([@21)) of u,,  in Bx(xo) \ {zo} and the continuity of u
and P in R™, we can infer that

(4.27) 1PU,
By the definition of Qy(xp), the continuity of v and P in R", the lower bounds (£24) and
([427), we can get the following upper bounds: for any = € Qx(x),
P(z)ul(x)
Pxo)\ (ZE)
P(z)ul(z)
me)\(l’)
From the lower bounds (£.20) and (£21)) of uy, » in By(zo) \ {20}, the upper bound (£.28) of

||L%(B;(w0)) — 0, as A — 0.

(4.28)  w! \(x) <

0,

< C(1+4X%) (max Puq> = C(14+\), if 0 <A< 1;

Bi(zo)

(4.29) ul ((x) <

g,

< C(1+X%) <max Puq) = Cy\(1+ \7), if A>1.

Bx(wo)

ug  in Qx(zo) and the continuity of u in R", we deduce that
q n
(4.30) H“zoAHL%(QmO))||VA||Lm<B;<xO)> — 0, as A — 0.

Thus, there exists 0 < ¢y < 1 small enough such that for all 0 < X < ¢,
1
Lﬁ(B;(xo») Sy
where C'is the constant in the last inequality of (£I7)). Immediately, we conclude from (417
that ||w)\||L7"(B;(mo)) = 0, and thus B (zo) has measure 0. Then, B; (z9) = () must hold true

(4.31) C (IPUM 2 5= oy + 80l 2 oy VA

for any 0 < A < €y due to the continuity of wy in By(zg) \ {zo}, and hence we have derived
A1) for 0 < A < €.

This provides a starting point to carry out the method of moving spheres for arbitrarily
given center xry € R™. Next, we will continuously increase the radius A as long as wy > 0 in
By (x0) \ {zo} holds true. For a given center zy, the critical scale \,, is defined by

(4.32) Az 1= sup{A > 0w, > 0in B,(x) \ {zo}, VO < pn < A} > 0.
For the critical scale \,,, we have the following crucial Lemma.

Lemma 4.2. One of the following two assertions holds, that is, either

(A) For every xo € R™, the corresponding critical scale Ay, > 0 is finite, or

(B) For every zo € R", the corresponding critical scale A\, = oo, this is, for every A > 0,
wy > 0 in By(xg) \ {zo}-
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In order to prove Lemma [£.2, we need the following proposition.
Proposition 4.3. If \;, < 400, then ug, », () = u(z) for any x € By, (o) \ {70}

Proof of Proposition 4.3 Proposition will be proved by contradiction arguments. By the
definition of A,,, we know that wy, > 0 in By, (o) \ {7o}. Suppose on the contrary that
wy,, Z 0, then there exists T € By, (wo) \ {zo} and d > 0 such that Bs(Z) C By, (7o) \ {zo}
and wy,, > C > 0 in B;s(z). Then, by (411 and ([I3), we have for any = € By, (o) \ {0},

43 e,z [ K EnP) (i, 0) - 1w) d
B/\IO xo
> | ) P minfad ()07 ), )y
B)‘ZO xo

Az . — _
zaf KT@yP) min{uf (), u" () }wn,, (v)dy
Bs(x

> 0.
Let 0; > 0 be sufficiently small, which will be determined later. Define the narrow region
(4.34) As, ={z e R"|0 < |x — x| < drorAy, —d1 < |z —x0| < Mgy }-
Since wy,, is continuous in R™\ {zo} and A§ := (By,, (z0) \ {zo}) \ As, is a compact subset,
there exists a Cy > 0 such that
(4.35) Wx,, () > Co, Ve As.

By continuity, we can choose 2 > 0 (depending on 4;) sufficiently small such that, for any
A € [Azyy Azy + 02],

C
(4.36) wy(z) > 70, Ve Aj.
Hence we must have, for any A € [A;,, Mgy + 92],
(4.37) By (z0) C (Ba(wo) \ {mo}) \ 45, = {2 |0 < |z — x| < 01 or Ay — 1 < |2 — 20| < A}

By (&3T), the continuity of u and P, the lower bounds ([20), (£21)) and ([E22) of wuy, , in
Bx(zo) \ {wo} and the upper bounds (Z28) and [@29) of u , in Qx(zo), we can choose d;

sufficiently small (and d, more smaller if necessary) such that, for any A € [A,,, Ay, + 2],
1

n q n _n__
(4.38) C (IPU 2 5 oy + 18802 0 oo 1 VAl 5 o) < 5

where C is the constant in the last inequality of (AI7)). Immediately, we conclude from (4.17)
that [|wxl L (5; () = 0, and thus By (z) = () for any A € [Ayy, Az, + d2]. Then, we obtain
that for any A € [Ny, Ay + 02,

(4.39) wi(z) >0, V x € By(xo) \ {20},
which contradicts the definition of critical scale \;,. This finishes our proof of Proposition
4.3 O

Proof of Lemma[{.3 Now we are ready to prove Lemma .2l If there exists a xy € R" such
that \,, = 4+o00, we have, for any A > 0,

(4.40) wa(z) >0,  Vaz € Bx(zo)\ {70},
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which implies that, for any A > 0,
(4.41) u(z) > Uy a (), V |z — x| > A
Then, due to the arbitrariness of A > 0, (£41]) yields that

(4.42) lim  |2|" *u(z) = +oo.

|z| =400

However, if we assume there exists another point 2, € R™ such that \,, < 400, then by
Proposition [£.3] we have

(4.43) Uapn., (1) = u(z), ¥z eR"\ {z}

The above identity immediately implies that

(4.44) ‘ ‘lim 2" u(z) = (M) ulz0) < +00.
T|—+00
A contradiction! This concludes the proof of Lemma O

In order to derive the classification results, we also need the following calculus Lemma (see
Lemma 11.1 and Lemma 11.2 in [47], see also [38, 59]).

Lemma 4.4. ([47]) Let n > 1, v € R and u € C'(R™). For every ro € R™ and X > 0, define
Ugy () = ( A ) u <’\2(x_x°) + :l?()) for x € R*\ {xo}. Then, we have

|z—0] |z—z0]2

(1) If for every xo € R™, there exists a 0 < A\, < +00 such that

Usgdoo (7) = u(x), Vo€ R"\ {zo},

then for some C € R, p > 0 and x € R",

_ p
o) = (=)

(ii) If for every xo € R™ and A > 0,
Ugo n(T) > u(x), V x € By(xo) \ {z0},
then u = C' for some constant C € R.

Remark 4.5. In Lemma 11.1 and Lemma 11.2 of [47], Li and Zhang have proved Lemma [£.4]
for v > 0. Nevertheless, their methods can also be applied to show Lemma [£4] in the cases
v <0, see [38] 59)].

In the subcritical cases 0 < p < i"_—_z‘; or 0 <g< "jﬁ%, we have 7 > 0 or p > 0. Without
loss of generality, suppose that 7 > 0 and g > 0. If there exists a g € R™ such that the
critical scale A, < +00, then by Proposition .3} we have wy, () = Uz, (z) — u(x) =0 for
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any x € R™ \ {zo}. However, from (4.I1l), (£I3), 7 > 0 and p > 0, we deduce
(4.45) Wiy (£) = Uagp,,, (2) — ()

=) P () s, 0) - PO

|?/—930|

Az
> [ ) [P 00 0) — P )] dy
BMcO o

Az
- / K™ (2, y)u(y)
BAacO (Z‘O)

I
X / Ké\zo (y, 2) [<| iwo ) uZO,AZO(z) — u”(z)} dz | dy
Bz, (20) < I0|

by Az
S ke ( [ om0 - e ) dz) " (y)dy = 0,
Bz (@0) Bz (%0)

which is a contradiction! Therefore, by Lemma [£.2] we must have, for every xq € R", the
critical scale A\, = +00. Then, by Lemma E4] and the integrability [, u|i(|§) dr < +00, we
conclude that v = 0. This is absurd since v > 0 in R"™. Therefore, there is no non-trivial
nonnegative solution to IE (L) in the subcritical cases.

Now we consider the critical case p = 2°=2 and ¢ = 22—

7 =2-7. Suppose that for every zy € R",
the critical scale \;, = +00. Then, by Lemma 4 and the integrability [, “‘Z(‘f) dy < 400, we
conclude that © = 0, which contradicts with u > 0 in R". Therefore, we must have, for every

xo € R™, the critical scale A\, < +00. Then by Proposition and Lemma [£.4], we have

n—2s

(4.46) u(z) = C(*) :

1+ p2lx — 7|2

for some C' > 0, > 0 and z € R™. Consequently, we have proved, in the critical case, that
any nontrivial nonnegative solution u to IE (LH) must have the form (£48]) for some C' > 0,
w > 0 and z € R". Furthermore, from (37) in Lemma 4.1 in [27], we have the following
formula:

(4.47) / ! ( ! )Md —[()(#)V
| w ey \T1 ) VT TP

[ n—2vy
n 7r2F(—2 )

for any 0 < v < %, where I(7y) := —Tmy - By (4.47), (LH) and direct calculations, we
deduce that the constant C' in (£.46]) is given by

1 2(n172§io')
(4.48) C = < . p— ) .
Rosnl (3) T ("5%)

This concludes our proof of Theorem [I.4]
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5. PROOF OoF THEOREM [1.§

In this section, using Theorem [Tl and the arguments from Chen, Dai and Qin [6], we will
prove the Liouville properties in Theorem [[.§ in both critical order cases s := m + § = § and
super-critical order cases s :=m + § > 7.

We will prove Theorem by using contradiction arguments. Suppose on the contrary that
u > 0 satisfies equation (LI4]) but u is not identically zero, then there exists a point z € R™
such that u(z) > 0. By Theorem [T, we can deduce from (—A)zu >0, u > 0, u(Z) > 0 and
maximum principle that

(5.1) u(z) >0, VYVazeR"

Moreover, by maximum principle and induction, we can also infer further from (—A)™*%Zu > 0
(i=0,-+-,m—1), u>0 and equation (LI4) that
(5.2) (=A)Y*2u(z) >0, Vi=0,---,m—1, VaecR"

Since m + 5= 5,1t follows immediately that either m = "T_l with n > 3 odd, m = "T_2
with n > 4 even, or m > [5], where [z] denotes the least integer not less than x.

In the following, we will try to obtain contradictions by discussing the two different cases

m = "T_l with n >3 odd or m = "T_z with n > 4 even, and m > [5] separately.

Case 1): m:”T_l with n > 3 odd orm:”T_2 with n > 4 even. Since m + § > 3, we have
1SaﬁQinthecasesm:"T_lWithnz3oddanda:2inthecasesm:"T_zwithnzél

even. Now we will first show that (—A)™ 24 satisfies the following integral equation

a Ry, 1
53 (AR = [ (o) udy. Ve R
n | T — Y™ -9
where the Riesz potential’s constants R, , 1= g(;i;(éi) for 0 < a < m.
™ 2

To this end, for arbitrary R > 0, let fi(u)(x) := <% * \u\p> (x)ui(z) and

(5.4 )= [ Ghlo) fi) )y
Br(0)
where the Green’s function for —A on Bg(0) is given by
1 1
(55) G2 (Iay):R,n[ o — :|a lfIayEB (0)7
; =yl (] B — g .

and G%(z,y) = 0 if x or y € R™\ Br(0). Then, we can derive that v € C?(R") and satisfies
.6 —20f(@) = ( * lul) @ut(x), @ € Bal0),

vl (z) =0, xr € R"\ Bg(0).
Let wf(z) := (=A)" " 3u(z) — vf(z). By Theorem [T, (I14) and (5.6), we have wf €
C?(R™) and satisfies

(5.7) {—Awf(x) =0, € Bg(0),

wf(x) >0, xeR"\ Bg(0).
By maximum principle, we deduce that for any R > 0,
(5.8) wl(z) = (=A™ 2u(z) —of(z) >0, VazecR™
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Now, for each fixed = € R", letting R — oo in (5.8)), we have

o Ry,

(59) (A > [ )y = () > 0

Rn
Take z = 0 in (5.9), we get

1 ui(y)
(510) W * \u\p (y)| |n 2dy < +00.
One can easily observe that v; € C%(R") is a solution of
1

(5.11) — Avy(z) = (‘ E * |u|p) (x)ul(z), zeR™

Define w;(z) := (—=A)" ' 2u(z) — vi(x). Then, by (LI4), (59) and (E.II), we have w; €
C?(R™) and satisfies

(5.12) {—Awl(:v) =0, xzeR"

wy(xz) >0, zeR™
From Liouville theorem for harmonic functions, we can deduce that
(5.13) wi(x) = (=A)" 3 u(x) — v (z) = Cy > 0.
Therefore, we have
o Ry, 1
510 A = [ B () s+
RTL

=: fg(u)(l’) > (7 > 0.
Next, for arbitrary R > 0, let

(5.15) )= [ Gl hln)dy
Br(0)
Then, we can get
AVf(x) = fo(u)(x), = € Ba(0),
(210 { fz) =0, @ €R"\ Ba(0).

Let wi(z) := (=A)"2*3y(z) — vf(z). By Theorem [T}, (5.14) and (5.16), we have

AwB(z) =0, e Bg(0),
(5.17) {w2 f(x) >0, x€R™\ Bg(0).

By maximum principle, we deduce that for any R > 0,

(5.18) wh(z) = (=AY 2u(z) —vf(z) >0, VazecR™
Now, for each fixed x € R", letting R — oo in (5.I8]), we have

(519 (A () > [ T ) )y = a(o) > 0
Take z = 0 in (5.19), we get

(5.20) /n C‘il_2dy < fT;‘n)g)dy < 400,
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it follows easily that C; = 0, and hence we have proved (B5.3]), that is,

521 A = p) = [ () s

re [T —y|"?
One can easily observe that vy is a solution of
(5.22) — Avy(z) = fo(u)(z), =€ R™

Define wy(x) := (—A)" 2+ 2u(z) — vy(z), then it satisfies

{—A’LUQ(I’) =0, xzeR"

5.23
(5.23) wy(x) >0, zeR"™

From Liouville theorem for harmonic functions, we can deduce that
(5.24) wy(z) = (=A™ 23 u(z) — vo(z) = Cy > 0.

Therefore, we have proved that

(5.25) (=AY 2y (z) = /R

By the same methods as above, we can prove that Cy = 0, and hence
R2,n

R2,n

sz(u)(y)dy+ Cy =: f3(u)(z) > Cy > 0.

(5.26) (—A)" > 2 u(z) = f3(u)(z) = / ng(u)(y)dy.
R
Repeating the above argument, defining
Rop
(5.27) fen@(@) = [ ) (o)
re [T — |
for k=1,2,---,m, then by Theorem [[.T and induction, we have
pyo Ro
(5.29) (AP R ule) = fn()@) = [ e )y
R?’L

fork=1,2,---,m—1, and

(520)  (—A)3u(z) = / Hzn

- me<u><y>dy + Cop = fr1 (W) (@) + Cpy > Cpy > 0.

For arbitrary R > 0, let

(5.30) @)= [ Gl Grew)o) + Co)
Br(0)
where, in the cases 0 < a < 2, the Green’s function for (—A)2 on Bg(0) is given by
C W bE
5.31 Go(xz, y) = — / _db  if 2,y € Br(0
( ) R( y) |LE _ y‘n_a 0 (1 + b)5 Y R( )

2 2

with sp = |m;§ iR = (1 - %—';) (1 - %), and G%(z,y) = 0if z or y € R™\ Br(0) (see [36]).
Then, we can get

(5.32) {(_A)gvﬁﬂ(ff) = fmt1(u)(z) + Cn, z € Bg(0),

vﬁﬂ(x) =0, x € R"\ Bg(0).
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Let wf,  (z) :== u(z) — v, (x). By Theorem [T (5.29) and (5.32)), we have

(—A)%wﬁﬂ(x) =0, x € Br(0),
(5:33) {wfbﬂ(x) >0, x€R"\ Bg(0).

By maximal principle for —A if & = 2 and Lemma B if 0 < a < 2, we can deduce
immediately from (5.33) that for any R > 0,

(5.34) wh (2) =u(z) — v, () >0, VzeR"
Now, for each fixed x € R", letting R — oo in (5.34]), we have
Ran
(5.35) u(zx) > / W (fima1(w)(y) + Cy) dy > 0.
Rn [T —

Take x = 0 in (5.35]), we get

re [y[* R ly["=e
it follows easily that C), = 0, and hence we have
a Ra
(537 (~8)Fua) = o (0)(0) = [ = @)
and
Ra,n
(5.38) uw)> [ g )y
rn [T — Yl

In particular, it follows from (5.28), (5.37) and (5.38) that

(5:30) +o0 > (A" Hu(0) = [ ) )y

Ry, / Ry, / Ry, ( 1 ) 1 1Ny 1 k
: : :  [ul? ) (y )ul(y )dy - - dy
/[R" [y*|n=2 Jgn Yk — yk-L|n=2 ge |Y2 — Y2\ |0

fork=1,2,---,m, and

R, ., Ran
(540) +o0o > U(O) > / mfm—l—l(u)(y)dy = / m+1’n—a X
R~ |Z/| R |Z/ |

R2,n R27n 1 1 1 1 m m—+1
(/n ymHl — ym[n=2 /Rn |y? — g2 <| e * |u|p) (y )ul(y )dy ---dy™ | dy A

From the properties of Riesz potential, for any ay, as € (0,n) such that ay + as € (0,n), one
has(see [54])

(541) / Ral’” Ra%” dy = Ra1+a2,n

T — y[re ' ly — z[ro2 Yy |z — z|n—(aatas)”

By applying (5.41]) and direct calculations, we obtain that

R2 n R2 n R2 n 2
(5.42) / ) . / ) : ) dy?® - - - dy™
e Y A A e Thl
R2m,n

‘ym—l—l _ yl‘n—2m :
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Now, we can deduce from (5.40), (5.42) and Fubini’s theorem that
Ra n Rn—a n 1
(5.43)  +oo > u(0) > / e (/ i ( * |U|p) (yl)uq(yl)dyl)
Rr ‘ym—l—l‘n—a n ym—l—l _ y1|n—2m ‘ . ‘o

1 1 1 1
dy™ = / (/ ( * |u p) 2)ul(z dz) dy.
(27’(’)” . ‘y‘n—a - ‘y _ Z‘n_2m ‘ . |0' ‘ ‘ ( ) ( )

We will get a contradiction from (5.43]). Indeed, if we assume that u is not identically zero,
then by (5.10), v > 0 in R™. Hence by the integrability (5.10), we have

(5.44) 0<Cyi= / <| _1|U « |u|p) (2) WE) G < e

=2

_1
For any given |y| > 3, if [z| > (In|y|) "2, then one has immediately

_1 1
(5.45) ly — 2| < |yl + 2] < (|y|(1n\y )"+ 1) 2| < 2]y|(In|y|)"2]|.

Thus it follows from (5.44)) and (5.43]) that, there exists a Ry > 3 sufficiently large such that,
for any |y| > Ry, we have

1 ui(z)
(5.46) / ( * |u|p) (2)————=d=z
o\ |- |y — 22

1 1 ui(z)
> — x |u|? d
=22y |n=2mn [y [ o ) T (| e |ul ) (Z)‘Z|n—2 z

1 1 a

<| E * |u|p) (2) ul(z) dz > Co

2n—2m+1|y|n—2m In |y| Rn |Z|n—2 - 2n—2m+1|y|n—2m In |y| '

As a consequence, we can finally deduce from (E43), (5.46), 1 < a < 2 if m = 251 with

n230ddanda:2ifm:%withn24eventhat

Co / 1
5.47 +oo>u(0)> —>—— dy = +o0,
( ) ( ) 2n—2m+1(2ﬂ-)n ly|>Ro |y|2n—a—2m ll’l|y|
which is a contradiction. Therefore v = 0 in R™. This proves Theorem [[.§in Case i): m = "T_l
with n > 3 odd or m = ”7_2 with n > 4 even.
Case ii): m > [5]. Let
R2,n

(5.48) fen)(z) = | = fi(u)(y)dy

re [T — |
for k = 1,2,---,[5], by a quite similar way as in the proof for Case i), we can infer from
Theorem [T and induction that

ek Ron
(5.49) (A5 u(w) = funw)w) = [ T )y
R [T —

for k =1,2,---,[5] — 1, and

(5.50) (—M””““WgU(flf)2f(%1+1(ﬂ)(95):/[R for frar(w)(y)dy.

n o —y[n?
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In particular, it follows from (5.49) and (5.50) that

(5.51) +oo > (~A)" T Eu(0) = / ﬁisz( w)(y)dy

Ry, / Ry / Ra ( 1 ) 1 g1 k
: : : ul” ) (v )ut(y )dy -~ dy
/IR" L e T e A O At M EaeN R
for k =1,2,---,[5] — 1, and

|ji"2f( | (u)(w)dy

>/ R2,n / R2n / R2,n
= e [T\ S [T = T 2 L [y — g

]. 71/ 71/
X <—a * \U\”) (yHul(yH)dy" - - dy'= 1~ )dy 2]

(5.52) too > (—A)TH+54(0) > /

-
By applying the formula (5.41]) and direct calculations, we obtain that
R2 n R2 n R2 n 2 ny_1
5.53 / " / o N g gy
(5.53) an [yT3] — I3 11 2 Jan [ — 22 [y — g2
Rorny_ay
|y[$] _ y1|n—2(g]+2‘
Now, we can deduce from (5.52)), (5.53) and Fubini’s theorem that
(5.54) +00 > (=A)™ 21+ 24(0)

R2n (/ R2f21—2,n < 1 ) 1 1 1 n
= oy o 2 sul? ) (y")u(y')dy' | dy's!
/Rn |y(§—||n—2 R y[f] — y1|n_2(§—|+2 | . |0'
1 1 1
_ p q
= O / y|n2 (/ y — [P 25T (\ aE * ul ) (2)u (Z)dz) dy.

We will get a contradiction from (£.54). To do this, let 7(n) :=n —2[§] +2 € {1, 2}, then
it follows from (5.44) and (5.4%]) that, there exists a Ry > 3 sufficiently large such that, for
any |y| > R,

(5.55) /R T _Z‘T(n) <‘ .1|U ) \u‘p) (2)u(2)dz
> ! 1 (ﬁ \ \u\p) (2)ut(2)d>

Nyl Infy| Jiosn )72 120772
1 1 uq( ) C()
= P dz >
o] o (1 1) O3 2 gy oy
Therefore, we can finally deduce from (5.54) and (5.53]) that

5.56 + 00 > (=AY 5 1+3(0) > / = +o00,
( ) ( ) ( ) 27(n)+1 W|>Ro |y|n 2+7(n) In |y|

which is a contradiction again. Therefore, u = 0 in R" in Case ii): m > [§]. This concludes
our proof of Theorem [I.8
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