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Abstract

We consider two nonlocal variational models arising in physical contexts. The first
is the Thomas-Fermi-Dirac-von Weizsdcker (TFDW) model, introduced in the study
of ionization of atoms and molecules, and the second is the liquid drop model with
external potential, proposed by Gamow in the context of nuclear structure. It has
been observed that the two models exhibit many of the same properties, especially
in regard to the existence and nonexistence of minimizers. We show that, under
a “sharp interface” scaling of the coefficients, the TFDW energy with constrained
mass ['-converges to the liquid drop model, for a general class of external potentials.
Finally, we present some consequences for global minimization of each model.

I. Introduction

The Thomas-Fermi-Dirac-von Weizsicker (TFDW) theory is a variational model for ion-
ization in atoms and molecules. Minimizers u € H'(R?) of the energy

Erppw(u) = /

(erelul¥ = cplulf + ew|Vul = VIu]?) o+ D(ul Juf®)  (11)
R3

where

1 f(@)g(y)
irg)i=3 [ [ 2 W aray,

2 Jrs Jrs |z — Y]
subject to an L? constraint, ||u||%2(R3) = M, model electron density in an atom or molecule
whose nuclei act via the electrostatic potential V', and total electron charge M (see [23].) The
liquid drop model (with potential) is also a variational problem with physical motivations:

for sets 2 C R? of finite perimeter and given volume |Q2| = M, one minimizes the energy

Erp(2) = Pergs(Q2) — / Vdx + D(1g, 1g).
Q

Here, the first term represents the perimeter of 0€2, which may be calculated as the total
variation of the measure |V1g|, with 1o € BV (R3;{0,1}). When V = 0, this is Gamow’s
problem, a simplified model for the stability of atomic nuclei (see [10]) . The constraint
value M represents the number of nucleons bound by the strong nuclear force.

As variational problems, the TFDW and liquid drop models have much in common. Each
features a competition between local attractive terms (gradient and potential terms) and a
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common non-local repulsive term. As such, each problem is characterized by subtle problems
of existence and nonexistence due to the translation invariance of the problem “at infinity”:
for large values of the “mass” constraint M, minimizing sequences may fail to converge due
to splitting of mass which escapes to infinity, the “dichotomy” case in the concentration-
compactness principle of Lions [25]. (See e.g., |7, [11, 1315, [19, 20, 26-28, 131].) While this
similarity has been often remarked, and one often speaks of the liquid drop models as a
sort of “sharp interface” version of TFDW, no direct analytic connection between the two
has been made. In this paper we prove that, after an appropriate “sharp interface” scaling
and normalization, the TDFW energy converges to the liquid drop model with potential,
within the context of I'-convergence. This result may seem a bit surprising, since in bounded
domains Q C R? it is the Ohta-Kawasaki functional, arising in di-block copolymer models
and with an L*(2) mass constraint, which I'-converges to the nonlocal isoperimetric problem
(which is a bounded domain form of the liquid drop model); see [10, 130, 132, 133].

In order to establish this connection we select the constants in the TFDW energy so as
to set up a sharp interface limit. We note that this choice of scaling is not physically natural
for the application to ionization phenomena, but is motivated purely mathematically. We
introduce a length-scale parameter ¢ > 0, and choose constants cyy = 5, crp = % and
cp = é We note that for fixed e, the qualitative behavior of the minimization problem for
TFDW is not affected by the specific choices of the constants ¢y, crp, ¢p, and the values we
select here match the standard choice of constants in the liquid drop model. In addition, we
complete the square in the nonlinear potential by adding in a multiple of the constrained
L? norm, which is a constant in the minimization problem and thus has no effect on the
existence of minimizers or the Euler-Lagrange equations. That is, the nonlinear potential is

1 1 1 2 M
/ —(\u\f—2|u|§)dx:/ uf? (|u|%—1) dr — =~
R3 2€ R3 2€ 2e

where M = HUH%Q(RS) according to the constraint. Thus we recognize the triple well potential,

rewritten as,

W) = ful? (julf = 1),

vanishing at |u| = 0,1, and a version of the TFDW energy of the rescaled and normalized
form,

€ 1
67w = [ 51V + W) = VI do DO, el = 01 (12)

As e — 01 we expect that sequences {u.}.~¢ of uniformly bounded energy should converge
almost everywhere to one of the wells of the potential W, that is, in the limit u(z) € {0, +1}.
As &Y (|u]) = &Y (u), we expect minimizers of &Y to have fixed sign, but families {u.}.-o
with bounded energy might well take both positive and negative values. Hence, we define
the limiting liquid drop functional for u € BV (R?; {0, +1}) as

1
é"ov(u) = 3 /RS |Vu| — /]RS V|u|2d1’ + D(|u|2, |u|2) (1.3)



The first term is the total variation of the measure |Vu|, and for u = 1g it measures the
perimeter of 0. If u takes both values +1, then

1Vl =/ Vsl + [Vu_|,
R3 R3

which measures the perimeter of {z € R? | u(z) = 1} and that of {z € R? | u(z) = —1},
whereas the other terms yield the same value for u and |u| = u?.
We make the following general hypotheses regarding the potential V:

Ve L3 (R?) + L®(R?) and V(z) —— 0. (1.4)

|x|—o00

We define domains for the functionals which incorporate the mass constraint,
M = {ue H®) ¢ JJulfaps = M},
M = {u € BV(R® {0, £1}) : [[uf2e(gs) = M} ,
and define the infimum values

el (M) :=inf {&" (u) : we M}, eq (M) :==inf {&) (u) : ue 27V},

£

for the constrained TFDW and liquid drop problems. In recognition of the subtlety of the
existence problem for minimizers of both models (see [11], [31], [2], [1], and the excellent
review article [10]), the target space and I'-limit must incorporate the concentration structure
of minimizing sequences for the liquid drop model: while minimizing sequences for either
TFDW or liquid drop may not converge, they do concentrate at one or more mass centers,
and if there is splitting of mass the separate pieces diverge away via translation. We define
the energy “at infinity”, & (u), taking potential V' = 0, with infimum value ¢J(M). From
this we then define the appropriate I'-limit as

&y (u®) + Z@@oo(ui)a {u'}2, € 4M,
i=1

Ty ({u'}2,) = (1.5)

0, otherwise,

on the space of limiting configurations,

=0 1=0

We now state our convergence result, which is in the spirit of ['-convergence but with
respect to a notion of convergence which is suggested by Concentration-Compactness, given

by ([L.8)-(L.7).

Theorem I.1. & I'—converges to F, in the sense that:



(i) (Compactness and Lower-bound) For any sequence &y — 0%, if {ue, then C M

and supy, & (ue,) < oo, then there exist a subsequence (stzll denoted ey ), a collection
{ui}2, € HM | and translations {xt }reny C R3, so that

k—o0

ue, (+) — <u0+iu — ) —— 0 in L*(R?), (1.6)

FY ('}y) < limind & (u,). (1)

(i) (Upper-bound) Given {u'}s2, € M and any sequence &y — 0%, there exist func-
tions {ue, bren C HEM and translations {xi }reny C R3, such that equations (L6) and

(L7) hold, and

7Y ({u'}o) > limsup & (u,).

k—00

We note that u° is the limit of u. in L} _(R?), and could well be zero. However, it is
natural to distinguish this component as it is the only one which “feels” the effect of V', and
for minimizers when (V' # 0) it will be nontrivial.

The compactness and lower semicontinuity (with respect to the notion of convergence
given by (LL6)-(L1)), combine two different approaches in the calculus of variations. Local
convergence of the singular limits uses BV bounds in the flavor of the Cahn-Hilliard prob-
lems, as studied in [29,134]. On the other hand, the lack of global compactness imposes
a concentration-compactness structure [2, 114, 25, 26], in order to recover all of the mass
escaping to infinity. The proof of part (i) is done in section 2.

For the recovery sequence and upper bound (ii), the presence of an infinite number of
{u'}3°, presents some obstacles not normally seen in Cahn-Hilliard-type problems, where
the settlng is usually a bounded domain or flat torus. Indeed, for (ii) of Theorem [[.I] we must
consider {u'}$°, with infinitely many nontrivial components, and then it is only possible at
any fixed € > 0 to construct a trial function approximating u* when the scale of its support
is large compared to €. This construction will be done in section 3.

While Theorem [[L1] expresses convergence of a family of variational problems in the spirit
of de Giorgi’s I'-convergence, it does not fit the standard form defined in most texts on the
subject, (see for example [§]), since the topology of the convergence is not determined by the
choice of a common underlying space which contains the domains of the functionals &" and
Zy. More general notions of I'-convergence have been introduced to allow for contexts in
which there is no common ambient space; see [17] for instance. This form of the I-limit, as a
sum of disassociated variational problems splitting on different scales was already introduced
in droplet breakup for di-block copolymers; see [4, [11].

An important motivation behind de Giorgi’s introduction of I'-convergence was to under-
stand the existence of, and relations between, minimizers of the functionals involved. In the



following paragraph, we discuss the implications of our theorem to minimization problems
in various settings, and the proofs of those results will be given in section 4.

On Minimizers

Here we discuss the implications of the I'-convergence result on minimizers of TFDW
(CI) and of the liquid drop problem. For minimizers we note that &Y (Jul) = &Y (u),
& (Jul) = & (u), and so we restrict to the cone of nonnegative functions M, 2 M, 7N
as the domain for each. Hence the triple-well nature of the potential W (u) is not felt at all
for energy minimizers, although it is an interesting question whether one can impose some
constraint or min-max procedure which produces critical points which exploit the third well
in a nontrivial way.

In some sense, one tends to think of a I'-limit as a framework in which minimizers of
the e functionals should converge to minimizers of the limiting energy (see, e.g., |21]), but
given the complexity of the question of the existence of minimizers for each model, this is
a subtle point. The notion of generalized minimizers, introduced for the case V' =0 in [20,
Definition 4.3], provides a useful means of discussing the structure of minimizing sequences
which may lose compactness:

Definition 1.2. Let V satisfy (L4) and M > 0. A generalized minimizer of &) (M) is a
finite collection {u®,u',... u™N}, u' € BV(R? {0,1}), such that:

L[ |3aggsy == mi, i =0,1,..., N, with YL m! = M;

2. u® attains the minimum e (m°) and u' attains e(m*), i=1,..., N;

3. ey (M) = e (m°) + 7L, ef(m').

In [2] it is shown that to any minimizing sequence for the liquid drop model with (or
without) potential V', one may associate a generalized minimizer as above. In this way, up to
translation ferrying the components u’ to infinity, the collection of all generalized minimizers
of &) with constrained mass M completely characterizes the minimizing sequences of & .

We naturally associate to a generalized minimizer {u° u!,... "} an element {u’}22, of
JEM by taking v’ = 0 for all i > N + 1, and then we have .Z) ({u'}2,) = e} (M). When
convenient we abuse notation and denote %y ({u'}Y,,) the value of the limiting energy for
a generalized minimizer. We may thus address the convergence of minimizers of &V (should
they exist) in terms of generalized minimizers of &), using Theorem [T}

Theorem 1.3. Let M > 0 and assume that there exists &, —— 0% for which ¢! (M) is

n—oo
attained at u, € M for each n € N. Then, there exists a subsequence (not relabeled) and

a generalized minimizer {u®,... u™N} of & for which (L8) and (L) hold fori=0,...,N,
and
Fo ({u'} o) = eg (M) = lim e/ (M).

€
n—oo "



A slightly more general version of Theorem [[.3] will be proven in Lemma V.5l
There is a special class of potentials V' for which the existence problem inf &Y is com-
pletely understood for each e; namely, V of long-range, which are potentials that satisfy

lim inf ¢ <mf V(:c)) = 0. (1.9)

t—o0 |x|=t

For example, the homogeneous potentials V¥ (x) = |z|™" are of long-range for 0 < v < 1.
For V € L3 (R3) + L (R?) satisfying (L9) it is known that the global minimum is attained
for any M > 0, for both the TFDW and liquid drop functionals |3, Theorems 1 and 2|. For
this class of problem, we then obtain the global convergence of minimizers in L? norm:

Corollary 1.4. Assume V satisfies (L4) and (I.9), and for M > 0 and e > 0, let u. € M

be a minimizer of ¢/ (M). Then, for any sequence €, — 07 there exists a subsequence
n—oo

not relabeled) and a minimizer UO € Z of e M) with Ue, — UO m L2 ]Rg .
+ 0 n
n—00

The most important examples for TFDW are those with atomic or molecular potentials
V', as they are related to the lonization Conjecture |15, 22, 126, 28, 31]. We consider the

atomic case,
Z

:m7

V(z) = Vz(2)

with Z > 0 representing a constant nuclear charge. With slight abuse of notation, we denote
by &7, & the energies (L2) and (L3)), respectively, with the atomic choice V =V, = Z/|z|,
and

eZ(M) :=inf{&7(v) : ue M}, ef (M) :=inf{&u) : ue ZM}.

For this choice of potential, and in the liquid drop setting, Lu and Otto [28] proved that

Am

volume M is the unique (up to translations for Z = 0), strict minimizer of ef (M) for all

there exists pg > 0 for which the ball By, = B,,,(0), rar = ¢/ 3M " centered at the origin of

0 < M < Z+ pp. The corresponding existence result for TFDW is much weaker: by a result
of LeBris [22], for each & > 0 fixed, there exists p. > 0 for which eZ(M) is attained for all
0 < M < Z+ pu.. A natural conjecture is that the intervals of existence converge, that is
e W po. Using Theorem [Tl we are able to prove the following:

Theorem 1.5. Let V(z) = Z/|z|, Z > 0.

a) For any M € (0,Z + pu.), e(M) is attained at u. € M for each ¢ > 0, and
€ +

u. — 1g,, in L* norm.
e—07t

(b) For every M € (Z,Z + 1) and sequence €, — 0%, there exists a subsequence (not

n—oo

relabeled), and M, < M with M,, —— M, such that eZ (M,) attains a minimizer

n—oo

u, € M. Moreover, u,, — 1g,, in L* norm.
n—oo



Theorem [L.5] is connected to the classical Kohn-Sternberg [21] result on the existence of
local minimizers of the e-problem in an L?-neighborhood of an isolated local minimizer of
the I-limit. We find minimizers for &7 which converge to the ball of mass M as ¢ — 0T in
L?(R?), which would have the given mass M except for the possibility of vanishingly small
pieces splitting off and diverging to infinity as € — 0%. If it were possible to give a uniform
(in € > 0) lower bound on the quantity of diverging mass in the case of splitting, then we
would be able to eliminate this possibility completely and assert that M. = M in (b), as
conjectured above.

II. Compactness and Lower Bound

In this section we prove part (i) of Theorem [Tl This involves combining lower bounds
on singularly perturbed problems of Cahn-Hilliard type with concentration-compactness
methods, to deal with possible loss of compactness via splitting.

In this section we fix a potential V' satisfying (L4]). Throughout the paper, we shall
denote by C' a generic constant whose value may change from one line to another. We begin
with some preliminary estimates.

Lemma IL1. Let {v:}eso C H'(R?), with ||ve||2 sy < M and & (ve) < Ko, where Ko >0
is a constant independent of €. Then there exists a constant Cy = Co(Ky, M, V) such that

VO <e< i, we have

1
/ [E\VUEF + —W(v.) | dz + D(Jv.|?, |ve]?) < Co.
R3 2 2e
Proof. First by (IL4), we write V' = V55 + Vi, where V55 € L3(R3) and Vs € L®(R?), and
fix K > 0 large enough so that

1S < W), |t > K

| Ut

Then, by Young’s inequality, for any v € H'(R?),

/ Viul2ds < / Vi oluf’de + ||vooy|Lw(R3)/ luf2dz
R3 R3 R3
2 5 3 10 2
<t | Waplide s [ ul¥de+ Vil | uPde
R3 R3 R3
<c (1+/ |u|2dx> +/ W (u)dz + y|vw||Lw(R3)/ luf2dz
{lul<K} {lul>K} R3
1
<Cy+C | |ufdr 4+ — / W(u)dzx.
R3 2¢e R3
Hence, there exist constants C, C'y > 0 for which
1
28V (u) + Cy | |ul*dz + Cy > / E|Vu\2—|— —W(u)| dz + D(|u)?, |u]?),
R3 R3 2 2e

and the desired estimate follows. O



Remark I1.2. Under the hypotheses of Lemma I, {v.}eso is bounded in L's (R3) and

W(v.)de —— 0.
R3 e—0t

Lemma I1.3. Assume V' satisfies (L4), and {u,}nen, {vn}nen are sequences which are
bounded in L2(R3) N L' (R3) and such that (u, — v,) —> 0 in L2 (R3). Then,
n—oo

loc

/ V (Jun)® = |vn]?) dz — 0.
R3 n— o0
Proof. Let 6 > 0 be given. By ([L4) we may decompose V =V + V5 + V3, where:
Vi(z) = V(@)[l = 1p.(2)], Valz) = [V(2) —t]+1pe(x),  Vi(x) = min{V (z), t}1p,(2),

with R large enough that ||V;||fems) < 0; t large enough that HV2HL%(R3) < 0. Note that V3
is compactly supported and uniformly bounded. We then consider each part separately:

[ Villual = enPlde < 0(0ualBase, + enlien) < o5
2 2 .
[ Valltnl? = on ke < IVall g g Ol 2 gy + ol ) < 5
/ Vs ||un|* = |vn|2}d1’ < ||V3||Loo(R3)/ |[un|* — |vn|2}d:£ — 0.
R3 Br n—00

As 0 > 0 is arbitrary, the result follows. O

Remark I1.4. The hypothesis (IL4]) is slightly stronger than is typical for problems of TFDW
type, in which a weaker local integrability is assumed, V € L2(R3) + L®(R3). (See e.g.,
(6, 131].) Having V € LI%OC(]R?’) is a natural condition for using the squared gradient to
control V|u|* via the Sobolev embedding. However, given the singularly perturbed nature of
&Y, control on the Dirichlet energy is lost as ¢ — 07, and we must rely on the LS norm

instead; hence the need for the more stringent L3 (R3) + L°(R?) demanded in (L4).

Next, we prepare the way for the proof of the compactness part of Theorem [LIl by
establishing that sequences {u, }.~¢ with bounded energy must have centers of concentration,
even if they are divergent. The following Lemma will be used to rule out dissipation of
{uc}es0 as long as the BV norm is bounded and the L5 norm of U, is not vanishing:

Lemma I1.5. There exists a universal constant C' > 0 such that for all ¢» € BV (R?),
5
4
ollavees [su [ futae] 2 [ it 1)
a€R3 J By (a) R3

Proof. Tt suffices to prove (2.1]) holds for ¢ € W11(R3), as we can extend it to ¢ € BV (R?)
by using a density argument [5, Theorem 3.9.].



Let ¢ € WHH(R?), and define x, := x(x —a), where x € C°(R?)\ {0} is any nonnegative
function that is compactly supported in By (0).
Then, by Holder’s inequality and Sobolev’s inequality,

4 1
/ |Xa¢|3d5€ = / |Xa¢‘3‘xa¢‘dx
Bi(a) Bi(a)

- UBl(@ |X“w|dxr </RS Ixa¢|3dx)§

gc[sup/ wm] /|V(xa1p)|d:c
a€R3 J By (a) R3

<l [ jutts] " [ il 19l dr

a€R3
We conclude the proof of this Lemma by integrating with respect to a € R3. O

From this Lemma we may then conclude that noncompactness of sequences with bounded
BV (R3) norm is due to splitting and translation. The following is an adaptation of [14,
Proposition 2.1], which is proven for characteristic functions of finite perimeter sets.

Proposition I1.6. Assume {1, }nen is a bounded sequence in BV (R?), for which lim inf,, . ||, ||

0. Then, there exists translations {a, }nen C R3, and ¥° € BV (R3), 4° # 0, such that for
some subsequence (not relabeled) we have:

(Cl) wn( - CLn) n—>—oo> w(] n Llloc(R3>7

e~

(0) 140 By ey < liminf, oo (|90l By @s)-
Proof. By Lemma [L.5], we have

2 )5d
up [ i > [C Js [V d
Bi(a)

3

A i
acRS [YullsV(R®) |~

for some ¢ > 0 independent of n. Hence, for each n € N we may choose a,, € R? for which

/ |thn|dz > ¢ > 0. (2.2)
Bi(an)

As {, (- — ay,) }nen is bounded in BV (R3), there exists a subsequence and 1° € BV (R3) for
which (a) and (b) hold. By ([22) and L}, convergence, the limit 1)° = 0. O

loc

1

Once we have localized a piece of our BV (R3)-bounded sequence {1, }ney as an L, -

converging part, we will need to separate the compact piece from the rest, which converges
locally to zero but may carry nontrivial L!-mass to infinity. To do this, we first define a
smooth cut-off function w : R — [0, 1], with

w=1for x <0, w=0for z>1, and [|w'||peoms) < 2,
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and for any p > 0,
wp(@) = w(la] = ). (2.3

The next Proposition is based on [14, Lemma 2.2.]:

Proposition I1.7. Let {1, }nen be bounded in BV (R?) with ¢, — % in L}
n—oo

loc

(R3) and
pointwise almost everywhere in R3, for some function ¢° € BV (R?). If 0 < [[¢°|| 1rsy <
liminf, o ||9n || L1 r3), then there exist radii {p, nen C (0,00) such that, up to a subsequence,

1960 = 19 )| = 1905 = )| 0 (24)
Moreover,
Yy, — 0 in LYR®) and ¢n(1 — w,,) —— 0 in L}, (R®), (2.5)
n—oo n—o0

with each converging pointwise almost everywhere in R3.

Proof. Note that
Lvenl < [ V@wl+ [ V1=,
< V,| + 2 "V —pn)ld
< [ 1Vl [ 1 (ol = p)l da

< [1vulaf [l
R3 Bpp+1 (0)\Bﬂn (0)

Therefore, (2.4) will hold if we find {p, },en C (0,00) such that

/ || da — 0. (2.6)
BPn+1(O)\BP7l (0) e

We distinguish between two cases. First, suppose that supp ¢ C Bg(0), for some R > 0.
In this case, we claim that it suffices to choose p, = R for all n € N. Indeed, by L} (R3)

loc
convergence and the compact support of ¥°,

| | wnwpn

0
LY(R3) — ||¢nwpn L (Br41(0)) m ||’¢J ||L1(]R3)-

Therefore each sequence converges pointwise a.e., and (Z3) holds by the Brezis-Lieb
Lemma [9]. Also, since ¥°1p,,,onppo) = 0 and ¢, — Y% in LY(Bgry41(0)), we con-
clude that (2.8]) is also verified in case supp (¢°) is compact.
In the second case, if supp ¢? is essentially unbounded, note that [|¢°|| 11 (rs) < Iminf, o [|¥n || 11 r2)
implies that along some subsequence (not relabeled) we may choose R,, such that

[ Junlds = 160 1)
Br,, (0)
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We claim that, chosen this way, R, —— oo. Indeed, if (along a further subsequence if
n—oo

1

1o convergence that,

necessary) we had R,, < Ry for some Ry > 0, it would follow from the L

[9°|| L1 3y = liminf {|¢, L, |1 @) < Hminf [, 1p, [|@s) = [T, @) < (1970,

since we are assuming that supp ¢° is essentially unbounded. Thus, R, — oo.
n—oo
Next, fix R > 1 such that

1
[l 2 )
Br(0)

By L}, .(R?) convergence, for all sufficiently large n we have

1
| tuldz 2 1o (2.9
Br(0)

We now claim that for n large enough such that R, > R, there exists p, € [RBR",R,J
for which

3
|thn|dz < 19°| 21 ey (2.9)
/Bpn+1(o>\Bpn (0) R, — R

If so, then (2.0) is satisfied with this choice of p, > 7, := £tfr —— o0, To verify the

n—oo
claim, suppose the contrary, and so for every p € [r,, R,] we have the opposite inequality to

29). For fixed n, choose K € N with R, —1 <r, + K < R,, so there are K intervals of
unit length lying in [r,, R,]. Then, by (2.1), (2.8),

3
— 19l 1 sy > [Yn|dx — [Yn|dx > |9 |da
4

Bg,, (0) Br(0) By, + 1 (0)\Br,, (0)

19| 1 rsy > BﬁHwOHLl(H@) = §ﬁ”¢0”ﬂ(u@3),

> K

R,—-R

for all sufficiently large n, a contradiction. This completes the proof of (2.4]).
To complete the proof of Proposition [L7 first note that (up to a subsequence),
Ynw,, — Y almost everywhere in R*, and recall that p, < R,. Hence, from (2.6,
n—

oo
([27) we obtain:

dx

1011 sy < lim i / i,
n—oo RS

= lim inf [/ |t |dx +/ |¢n|dx]
n—oo By, (0) Bpp+1(0)\By,, (0)

:liminf/ (| da < liminf/ il = ([0 11 s
By, (0) "% JBg, (0)

n—oo

Thus each inequality above is an equality, |[tnw,, ||11®s) — [|¥°]|11(rs), and hence (2T
n—oo

follows from the Brezis-Lieb Lemma [9]. O
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Remark I1.8. By lower semicontinuity of the total variation with respect to L' convergence,
up to a subsequence,

/ V40| < lim / (V0] — [Vt — o))
R3 n—00 Jp3

We are now ready to prove the compactness and I'-liminf part of the theorem:

Proof of Theorem [ (i). Let {u.}.~0 be a family in s with &Y (u.) < Ko, € > 0.
Step 1: Truncation.

First, we show that when proving (i) it suffices to restrict to w. satisfying the pointwise
bounds —1 < u. < 1 almost everywhere in R3. Indeed, we define the truncations

-1, wu. < —1,
* [yp—
u€ T Ue, |u€| S 17
1, u: > 1.

We will show that |Jue — uf[|72gs) — 0, and

liminf & (u?) < liminf & (u.). (2.10)
e—07t e—0t
To accomplish this, we first note that by Remark [I.2] we have that
0< / lue — uPdr = / (Jue] —1)?de < C [ W(ue)de — 0,
R3 {|ue|>1} R3

e—0t

where C' is a constant independent of . Also by Remark [L2] {u.}.~o is bounded in
L2(R3) N L% (R?), and hence the sequence of truncations {u?}.~g is as well. By Lemma T3]
we conclude that the local potential terms are close,

V 2 |uf?) de —— 0.
IR
Finally, each of the other terms decreases under truncation,
Vil < |Vaue|, Wi(ul) < W(ue),  D(juZl?, [uZl*) < D(Jucl?, [uel?),

and so (2.I0) is verified.

In the following we will therefore assume without loss of generality that —1 < u. < 1,
e > 0, almost everywhere in R3.

Step 2: Passing to the first limit.

Let ¢. := ®(u.), where & : R — R is defined by

B(t) = /0 ().
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Then,
Ue 1 3
o= [ 1= I yat = sign(u.) (_W - —|ua|3) ,
: > g
and since ||u.||(R?) < 1,
1, 1, 1
é‘us‘ < ‘¢€‘ < §|u€| and |¢6‘ < ¢€(1) = ] (2-11>

In particular, ||¢.|| L1(rs) < %||u5||%2(R3) < 4. Furthermore, {¢<}o<c<1 is bounded in BV (R3).
Indeed, following [29], by Young’s inequality and Lemma [L1] with v. = wu.,

1
/RB Vo.|dz /R )| V| d < /R Ewugﬁ bW ()| de< Ky, (212)

with constant Ky = K;(Ky, M, V). Consequently, {||¢E||BV(R3)}O<E<% is bounded.
Now let & —— 0" be any sequence. By the compact embedding of BV (R?) in L}, .(R?)
—00

there exist a subsequence, which we continue to denote by & k—) 0", and a function
— 00

¢° € BV (R?) so that ¢, — #° in L} (R3) and almost everywhere in R3. Moreover, by
—00

lower semicontinuity of the total variation,
VY| < lim inf/ |V e, |dz. (2.13)
R3 k—oo R3

Now we can use the invertibility of ® and the local uniform continuity of ®~! to obtain
that wu., — u® = ®71(¢%) almost everywhere in R®. Then, by Fatou’s Lemma and
—00

Remark [1.2] we have

0< W(u®)dr < liminf | W(u.,)dr =0

R3 k—oo R3

hence W (u®) = 0, u°(x) € {0, £1} almost everywhere, and
o_ 19 o3
o = g almost everywhere in R”. (2.14)

As a result, by Fatou’s Lemma and (2.I1]), for any compact K C R3,

1 1
/|¢0\dx:—/ |u’|?dx < —liminf/ |, |*dr < lim/ \(ﬁsk\dx:/ |¢°|dx.  (2.15)
K 8 K 8 k—oo K k—oo K K

Thus, (taking a further subsequence if necessary), u., k—> u® pointwise almost everywhere
—00

in R?. By the Brezis-Lieb Lemma [9], we obtain convergence in Lf,.(R?), with [[u°[|72gs) <

M. Furthermore, by Fatou’s Lemma,

D([u”), [u”*) < liminf D(Jug,|*, |ue, %), (2.16)
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and by Lemma [TL.3] (with u,, = u., and v, = «°), @I3), I2), and ([2I4) we have
£ () < limint £ (us,).

If ., — #° in the L' norm, then by the same argument as (2.I5) we may conclude
—00
that u., — u® converges in L? norm, and so m°® := ||u0||%2(R3) = M, and setting u’ =
for all ¢ > 1, the proof is complete.
Step 3: Splitting off the remainder sequence. If m® = M, then u,, — u® in L*(IR3)
—00

by the Brezis-Lieb Lemma [9], and setting u* = 0 for all i > 1, the proof is complete. To
continue we assume that m° := ||[u’[|72gs) < M, so the first limit does not capture all of the
mass in the sequence u., . In this case, both u., and ¢., converge only locally (and not in
norm), that is

160 2oy < liminf [|ge, [l ),

and similarly for u.,, by the Brezis-Lieb Lemma [9].
Applying Proposition [L.71and Remark [L8 to ¢.,, and the fact that we do not have global
convergence, there exists a sequence of radii {py }reny C (0, 00) with py k—> oo so that, for
— 00

0 ._ 1 .
er T wpk¢€k7 (bz-:k T (1 - wpk)¢€k7

where w, is defined in (23]), and for a subsequence (which we continue to write as ¢, ——

k—o00
0%),
0 ——¢" inL'(R), ¢l ——0in L, (R?), (2.17)
k—o0 k koo
gk —— ¢° and qﬁ; — 0 pointwise almost everywhere in R?, and
k—o0 k koo
/ |V¢°|+/ ]ng;k}da:g/ Ve, | dx + o(1). (2.18)
R3 R3 R3
Moreover, from (2.6) and (2.I1]) the mass contained in the cut-off region is negligible:
lim |, |dr =0 = lim |ue, |2dz. (2.19)

k=0 J B, 11(0)\By, (0) k=0 ) B,, 11(0\By, (0)

We also decompose u,, into two pieces,

ugk = uek V wpk’ and u;k = uek V 1 - (A)pk’ (220)

so that (ug,)? = (u? )* + (u! )?* and by the proof of Proposition

€k

ul, —— 0 almost everywhere in R*. Note that ¢}, = ®(ul ) holds in R*\ {p; <

lz| < pr + 1} and by (2.19) the region where they are no longer explicitly related carries a
negligible amount of the mass of u., .
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Equations (ZI8), (Z14) and (2.12) give
1 1
—/|Wﬂ+hm/ﬂvﬁkugmmﬁ/ SV + W ()| de < Ko, (2.21)
8 R3 k—o0 R3 k k—o0 R3 2 2e

and in particular, {¢}, }keN is bounded in BV (R?). The nonlocal term also splits in the same

way. Indeed, by (Z20), u? — u® pointwise almost everywhere in R?, the positivity of

D(f,g) for f,g >0, and ([2.I0)
li,ggg}fD(|uek|2,\usk| )—h,gnme(\u 1+ fug, 2 a2, |* + Juz, [?)
>11m1nfD(\u %, [ud )+ D(Jul |, |ul %) (2.22)
> D(|u’?, [u") + 1i,§;g}fD(luik|2, Juz, |?).

Moreover, (ZI4)), Fatou’s Lemma, (ZI1), and ([2I7) give

1
/ 160l = —/ O2da < —hmlnf/ 0 [2dz
R3 8 R3 k
<tim [ (et jdo= [ |6l
k—oo R3 R3

thus (taking a further subsequence if necessary), u, — v in L2(R?). As a result,
—o0

M =m’+ lim M}, where M :=|ul ||L2(R3 ||lue, — u0||%z(R3) +o(1). (2.23)

k—o00

Lastly, as e, —— u’ in L2 _(R3), by Lemma [[L3] we have

loc

/ Ve, [*dx :/ V|ul2dz + o(1),
R3 R3

and hence by (2.14]) and (2.21), we conclude
& (u )+hm1nf U V¢! |de+ D (Jul |7, |ul |2)] Slim(i):gf@@av(ue).
e—

Step 4: Concentration in the remainder sequence.
For any bounded sequence {4 }ren in L'(R?) we define

A ({}) 1= sup{ |l ages) : B € R (- + 1) —— 4 in L (R},

So . ({1 }) identifies the largest possible L}, limiting mass of the sequence, up to transla-
tion.

We claim that for our remainder sequence, .# ({¢}, }) > 0. Indeed, this will follow from
Proposition once we have established the hypotheses. We first note that by (221]),
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{6 }ren is bounded in BV (R?). Next, we must show that the L5 norm of 2, is bounded
below. As u! = u., almost everywhere in R*\ B, 1(0), from Lemma [T1] we have

R\ By, +1(0) R3\ By, +1(0)

and thus, from ZI1), Z0), @23), and ¢35 = (t5 + 2)/2 — W (t)/2, we have:

1
/ 6L [sdz > — lul |5dx
B3\ By, +1(0) 16 Jea\s,,11(0)

1

= _2 (|u6k|%o + |uak|2) dr — 2CO€k
3 R3\B,, 11(0) (224
1 .
== lu., |*dx — o(1)
32 JenB, 0

312(M m°) + o(1) > 0.

M}
1
> g5 [ e+ of1) = S o) =

Applying Proposition the claim follows.

By the claim and Proposition [.6], we may choose a subsequence, translations {z} }en,
and ¢! € BV (R?) with

(= o) = @ in Lo (R), and |6 1) > ///({%})

Note that since ¢}, — Oin L}

1. (R3), the sequence || o0 By the same arguments as

in Step 1 we may conclude that u! (-—z) — ul = 8qz51 in L2
—00

loc

in R? with W(u') = 0 almost everywhere in R3, and hence u! € BV(R3 {0,+1}) with
' o = ! < (M = )

Finally, the nonlocal term, which splits as in ([2.22), passes to the limit using Fatou’s
Lemma,

(R3) and almost everywhere

D(|u®F, ([u”1%) + D(ju'?, [u'[*) < D(ju]?, [u”]?) + lim inf D (Jug, %, [uz, )
<l nf Di(f, 2 e, ).
In conclusion, using the previous inequality and (2.21]), we have
&Y (W) + E ) < & (u )—|-11m1nf {/ Vol |da+ D (Jul |7, |ul |?) Sharg(i)ljfé"av(ue),

with m® +m! < M. If m' = ||[ut||72gs) = M —m", then u,, (- — ) — u! in L? norm by
—00
the Brezis-Lieb Lemma [9], and the proof terminates, with u* = 0 for all 7 > 2.
Step 5: Iterating the argument.
If m® +m' < M, then as in Step 3, the convergence of ¢! (- — z}) — ¢! is only local
—00

and not in the norm of L'(R?) (and similarly for v} (- — x;) — u' in L2

ie), and so there
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is again a remainder part to be separated via Proposition [L7. That is, we may choose radii
{pi}ren going to infinity and further decompose ¢! (- — xy),

P (- — x,lf)wpi — ¢'in L' norm, @2 = ¢l (- —ap)(1 — wpt) — 0in L; (R?),

€k

with the same consequences as in Step 4: we first identify a mass center z? for ¢§k via
Proposition [L6. Since both ¢! | ¢ —— 0 in L} .(R3), we must have both |z7|, |z2 —

ER? TEL
| —— oo Translating and passing to a local L' limit to find ¢* = tu?, we obtain a
—00
refined lower bound in terms of u®, u',u?. Iterating this procedure, after n steps, we have
u®, ... u" € BV(R3, {0, £1}) with masses ||u ||L2(R3 = m’, and translations {z} }scn for each
1= 1 ,n, such that:
\

L= —I—Zu —ap) +ult (- — ), and ulF (- — a}) ——0in L7 (R?);

m' = [|u'||Je@sy, P=0,...,m;

i i 0 < .
|l’k| —) oo, |fl§'k $k| —> 0, 1 > 7&]7 (225)

M = Zm + hm Hu"+l||Lz(R3);

=0

Vu0)+z@@00(u' < liminf & (u.).

e—0t

J

If for some n € N, the remainder ¢2k — 0 in the L' norm, then the iteration terminates
at that n, and the proof (i) of Theorem [ is completed by choosing u’ = 0 for all i > n+ 1.
If the iteration continues indefinitely, we must verify that the entire mass corresponding to
{uc, }ren is exhausted by the {u'}2). It is here that we use .#({¢., }) When localizing
mass in the remainder term qu the translations {z%} and limit ¢’ = Su are chosen via
Proposition in such a way that 16| 2 ay > 34 ({¢% }), i =1,...,n. In this way, the
boundedness of the partial sums Y ;" ,m’ < M implies that, should the process continue
indefinitely, the residual mass . ({¢L }) < 2m’ —— 0. We claim that this implies that

=D m =) W), (2.26)
i=0 i=0

and that the entire mass corresponding to {u., }ren is exhausted by the {u}32,. Indeed, if

M—M
8

Step 4, and calculating as in ([2:24]), we obtain a lower bound up to a subsequence

>ogm' = M’ < M, then each remainder sequence has [|¢? || 1(gs) > . Returning to

u/mﬁmzmM—Mx
R3

for a constant C' independent of %, i. Using Lemma [[L.5l we then have a uniform lower bound,

(G }) > sup / NCAZETUE

a€R3
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for each i € N, with C” depending on the upper energy bound K, but independent of &, i.
This contradicts .# ({¢%, }) < 2m’ —— 0. Hence (2.20) is established, and passing to the
1—00

limit n — oo in (2.25]) we conclude the proof of (i) of Theorem [ O

ITII. Upper Bound

In this section we prove part (i) of Theorem [LI], the construction of recovery sequences
in the T-convergence of &Y. As the space J4M consists of a collection of functions in
BV (R3,{0,41}), we build the recovery sequence by superposition of each, using the follow-
ing lemma:

Lemma IIL.1. Givenv® € BV(R? {0, £1}) with [|[v°]|72gs) = M, there exists e = eo(v°) >
0 and functions {v. }ocecey, C M of compact support, such that

Jve = VOl pr@sy —— 0, V1<r <oo, and & (v.) — & (1).
e—0t e—0t

Proof. The basic construction is familiar, based on that of Sternberg |34, Proof of inequalities
(1.12) and (1.13)], so we highlight the modifications necessary for our case. The first step is
to regularize v°. As compactly supported functions are dense in the BV (R?) norm, we may
assume that suppv? is bounded. Next, define a smooth mollifier, using ¢ € C5°(B;(0)),
p(x) = 0, [4 o vdr = 1 to generate p,(z) = n’p(nz) € C5°(B1(0)). Following the
proof of regularization of BV functions (see |3, Theorem 3.42.]), we create a sequence w,, =
v, * v° which is smooth and supported in a %—neighborhood of the support of v°. As in
[5], the regularization is obtained as a level surface of w,. Here, we have two components,
corresponding to the regularizations of v} and v°, in case v° takes on both values +1. By
Sard’s Theorem [12, 3.4.3.], there exist values ¢, € (0,1) and t_ € (—1,0) for which the
boundaries of the sets

Fr={r e R¥lw,(z) >t, >0}, F, :={recR¥w,(r) <t <0}

are smooth for each n € N, vy := 1+ — vl in L'(R?), and

/|wi|—>/ Vel |.

Note by this construction that the sets F'T are smooth and disjoint for each n. Hence,
the construction in [34] may be done separately for the components F=, for any 0 < & < 1,
with 7, > 0 being chosen so that the neighborhoods of radius /¢ of the boundaries F'* are
disjoint. Thus, applying the result of Sternberg [34] for each n € N, and each 0 < € < n,,
there exists 07 (z) € H'(R?) with ¢}, o, . disjointly supported, 0 < o5, < 1, and

n,e’) “n,e

~4 + ot 2, 1 ~ +
- N ° il 1
105 — vy [l 21 (m3) — 0, and /}R3 [2|an,€| + 2€W(v } o 8/ Vo | (3.1)

1 'We note that the potential in [34] has two wells at u = +1, whereas our transitions connect v = 0 to

v = =1, and so our U . = (p: + 1) for p. as constructed in [34].
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Writing 0. = 0, . — 7, . (again, a disjoint sum for all 0 < € < 7,,), the same properties (3.1
hold for 0, . and v2 = v} — v, .

Next, we adjust the 0, . so that for each n, e, each has L? norm equal to M, and hence
defines a function in . For this we use dilation: let A\, := (||17n,€||2L2(R3)/M)% — 1.

We define the rescaled functions o, . : R* — R by:
Vpe(z) = Tpe (A\ew), and 0 (z) = v (A1)

First, by rescaling we have ||ﬁn,a||%2(R3) = M, and so 9, . € M for all n,e. Next, we observe
that, since the supports F'E of the components of 19 are smooth, for |\. — 1| sufficiently
small, we may estimate

1
160 — 0l 1 ey < clAE — 1\/ )
R3
Hence, we have convergence in the L! norm,
0 < [|0ne = vplloi@sy < [one — 05 llo1es) + [[0n — vplloies)
1
< Aa_lH’ﬁn7€ — UgHLl(RS) + C|>\§’ — 1|/ ‘VU2| — 0.
R3 e—0t

As each of |0, .| <1 almost everywhere in R3, and for fixed n each is of uniformly bounded
support, the convergence extends to any L"(R3), » > 1. Moreover,

1
/RB Bmﬁ;ﬁ n 2—€W(@i€)] dz

_1 1
= [A/ C|VoE Pdr + A7 W( )dx} — = [ VY,
R3 2 ’ 2 R3

R3 e—0t

which holds for each n € N. As in [34], by a diagonal argument, there exists ey = &o(v°) > 0
so that for any sequence ¢, — 0% with &5 < €9, we obtain a sequence {v., }ren With
—00

1
fon, = P15 o 0r 2 L and [ [HV P+ W) ae o g [ 02l

k—o0

The local potential terms also converge by Lemma [I.3l Furthermore, by the Hardy-
Littlewood-Sobolev inequality |24, Theorem 4.3] (with p =6/5 =),
0 < [D(fve,[?, [ve,[*) = D(J0°, [°P)]
= [D(Jve, [* = [0"P, vz, |* + [0°)]

< fve [* = 10| g gy 0l + 0P g gy =2 0-

L8 &) L8 (®3) oo

This completes the proof of Lemma [IT.1] O
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Proof of (ii) of Theorem[L 1. Tf {u'}2, is a finite collection with N nontrivial components,
this follows easily from Lemma [ILIl Indeed, for any sequence &, — 0% with 0 < ul <
—00

min {eo(u’)}izo... v, we apply the lemma to find v! with v/ — u’, and & (vl ) —
i=0,...,N T k k' k—oo k k2 koo

&Y (u'), i =0,...,N. We then define the superposition,
N
i=1

with translations {27 }ren which will be chosen such that dist(supp (ul ), supp (uZ )) — oo,
Vi # j=0,...,N. We note that this condition on the translations ensures that the energy
&Y (ue,) asymptotically splits,

N
& (us) = EY () + D &Y (ul,) +o(1),
i=1

N
=1

as D(|ul, (- — «L )] Jul (- — 21 )?) — 0, Vi # j (as a consequence of (3.3)), and
—00

T|—00
If {u'}2, has an infinite number of nontrivial elements, we must be more careful. In
particular, as we go down the list of the {u}$2,, the characteristic length scale of each
u’ gets smaller, and for any particular € > 0 there can only be a finite number of i with
0 < & < go(u?), for which the trial functions u! can be constructed via Lemma [TL11

Take any decreasing sequence ¢y, — 0". By Lemma [IL.1] and part (i) of Theorem [L.1]
—00

for each i = 0,1,2,... there exist & = eo(u’) > 0 and a sequence {ul }ren, defiined for
0 < e, < &', for which

||u2k||%2(R3) - mi’ éae‘:(uz ) m éaOV(ui)’ Hquk - ui||L2(R3) m 0-

€k

By taking &' smaller if necessary, we may also assume:

&YV (u° mY

16V () — & ()] < CUD) and )2y < T
10 10

& () i i m’
010 ) and ||ua;c -—u ||%2(R3) < 1_07

0
0<ep<er,

O<ep<e,i=1,23,...

(3.2)
Again taking £ smaller if necessary, we may assume 0 < &’ < ¢!, We now construct U,
as follows: for each k € N, choose the largest integer n, > 0 such that 0 < g, < &’ for all

|65 (uz,) — &5 ()] <

1 < ng. Note that ny k—> 0o. We recall that the uék are all compactly supported, and
—00
define R by supp (u’ ) C Bp: (0). Let

R., = max R .
1=1,...,nk k
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Then, we choose the translations 2§ € R3 i =1,...,n, so that

k
|2t — x| > max {4R.,, 2"} o0

Then, we set
ng

which is a disjoint sum. As V' > 0, we have

&, (Ue,) < &5 (u Z (ub,) + D D(Jut, (- =L ) Jud, (- =22, )).

ij=1
i#j

We claim that the last term on the right side above is negligible. Indeed, for x € B R., (x’ek)
and x € B, (1), we have the pointwise estimate,

1 1

e=yl i, o

2R 4R€k. < L . (3.3)

= ; —— 2 = < —
(|$ék —at| — Rak) |aj«z€k — x4, [? |$ék — |

€k

Hence,

S % 7 2 j Jo\2 ok ||u2k||%2(R3)||ugk||%2(R3)
ZD(|U€k(—$€k)| ,|u€k('—l’€k)| )S Z -

6I=1 ij=1
i#] i#]

N

< ok Z mimi <27FM?2 — 0.
= k—o0
i£]

As a result, for any given § > 0, there exists K € N for which

EY(U.,) < &Y (u Z ) + g’ vk > K. (3.4)

Note also that the mass [|Us,[|72gs) = 2%y m' =t My < M, but it will approach M as
ny — oo and components are successively added to the sum.
We next show that

limsup & (Us,) < .Zy ({u'}2y). (3.5)
k—oo
In case Z) ({u'}2,) = oo, (which is possible because the nonlocal terms are not necessarily

summable for all {u'}2, € M), there is nothing to prove. When Z, ({u'}2,) < oo,
choose N € N (which is independent of k), for which

Zm<5and Z@@O

i=N-+1 i=N—+1

U'Icq

(3.6)
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From Lemma [IL1] taking K € N larger if necessary, we have for all k£ > K,
N N
i i2 EV (0 ) — &V (0 &0 (4 &0y 0
i=0 i=1

Using ([B4), 37), (3.6), and ([B.2), we estimate

N
EY(U.,) = Ty ({u'}o) < (UL, — & () = ) &5 ()
i=0
N
< & (ul) — & (u°) + ) _[65 (ul,) — &5 ()]
i=1
2k . . T 5
+ ) E (L) = &)+ Y &)+ 5
i=N+1 i=N+1
26 11 & :
<=4+ = E)(u') < 6,
5 10
i=N+1
for all k > K. Hence (3.5) is verified.
We next prove that
Ek—<u +Zu x—xk> k—>0.
LZ(RB) — 00

For given 6 > 0, let N, K € N be as in (3.6) and (B.1). Then, for all £ > K, using (3.6),
B2), and (3.7), we estimate

0o N ng
5k - (UO _'_ ZUZ €T — ,’L‘k ) S Z ||’U,élc — ’U,Z”LQ(RS) + Z ||'U/Z:k — uZHL?(RS)
3 1=0

L2(R3) i=N+1
o]
—+ Z ||u2||L2(R3)

It remains to correct the mass of U,,, so that each ||U€k||%2(R3) = M. This is done as in
Lemma [IT.1} dilating each component u, by the scaling factor A\, = (M;/M )% — 1,
—00
that is, by setting
ng
Ug, () = ugk()\kzv) + Zu’ak()\k(:v — x1)).
i=1
Then [[ue,||72sy = M, k € N, [lue, — Us, [l 2(gs) —0 and &Y (ue,) — &7 (Us, )| — 0,
since Ay — 1. This concludes the proof of Theorem [L1l O
—00
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IV. Minimizers

In this section we examine the connection between minimizers of the liquid drop and
TDFW functionals. The compactness of minimizing sequences being a delicate issue which

is shared by the two models.

|4

. (M) is attained or not, the infimum values converge as

First, whether the minimum in e
e—0":

Lemma IV.1. Assume V satisfies (L4). Then, for all M > 0, ¥ (M)——ey (M).

e—0t

Proof. The proof is standard. Take any sequence €, — 0%. Then, Vn, Ju., € M with

n—o0

e, 1 F2gsy = M and & (ue,) < el (M) + e,. Using u’ = Lg,, in Lemma [ILT] we may
conclude that {e! (M)}nen is bounded, and so by Theorem [LI (i), FH{u'}2, € HGM and a
subsequence (not relabelled) ¢, —— 0 with

n—oo

eq (M) < Fy ({u'}2,) < liminf &Y (u.,) = liminfel (M).
n—o0 n—o0
For the complementary inequality, for any 6 > 0, I{v'}>, € M with Z) ({v'}2,) <
ey (M) + 6. Then, by (ii) in Theorem [LT], for any n € N, Jv,, € #M with

eq (M) +6 > Zy ({v'}32) > limsup & (v,) > limsupel (M).
n—oo n—oo
Putting the above inequalities together, and letting 6 — 07, every sequence &,, — 0 contains
a subsequences for which e (M) —— ef (M). As the limit is unique, the lemma follows.
n—oo
O

Proof of Corollary[I4 In [3, Theorems 1 and 2] it is proven that for V' satisfying (L.9), the
minimum for both &) and &V are attained, correspondingly. Indeed, the proof of these
results in 3] actually yields the stronger conclusion that all minimizing sequences for either
the TDFW or liquid drop functionals are convergent. Thus, Ve > 0, Ju. € 5™ which
attains the minimum, e/ (M) = &Y (u.). By Lemma [V.1] & (u.) 7 ey (M), so for any

£

sequence &, — 07, by Theorem [l (i), F{u'}2, € M with

n—oo

ﬂov({ul}fio) < lim inf @@E‘:(ugn) = eX(M).
n—o0

Defining m’ =: [|u'[|72 gs), we have

[e.e]

eq (M) = e (m°) +>_ eg(m?), (4.1)
=1
We now claim that ' = 0, Vi > 1, in which case u., —— wup in L*(R?), as desired.
n—oo

Indeed, assume the contrary, m' > 0. We then obtain a contradiction by using Step 6 in the
proof of Theorem 1 of [3]. Indeed, by choosing compactly supported v° v! € M whose
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energies are close to the infima e/ (m?), e3(m') as in Step 6, we obtain the strict subadditivity

condition,

oo

ey (M) < e (m") + ef(m") + eg(M —m® —m') < ey (m®) + > ef(m’),
=1

which contradicts (d.T]). O

Analyzing the possible loss of compactness in minimizing sequences for eZ(M), ¢ > 0
and Z > 0, requires the use of concentration-compactness methods [25]. The following are
standard results for problems where loss of compactness entails splitting of mass to infinity:

Lemma IV.2. Assume V satisfies (L4l). Then, for any e >0 and M > 0,

(1) If Ym® € (0, M),
el (M) < €Y (m") +e2(M —m°), (4.2)

£

then all minimizing sequences for ¥ (M) are precompact in L*(R3).

(ii) If there exist divergent minimizing sequences for e¥ (M), then Im® € (0, M) such that

eV (m®) attains a minimizer and e¥ (M) = €Y (m°) + 2(M — m?).

Statement (ii) is a slight strengthening of the contrapositive of (i). The proof for the
TFDW functional was done in [26, Corollary I1.2 part (ii)], and for liquid drop models it
may be derived from [2, Lemma 6]; although it is stated there for V' of a special form, in
fact it is true for a much larger class including those satisfying (I.4]).

Next, we specialize to the atomic case,

V(I) =0
||
and present the following refinement of the existence result of [28] for the liquid drop model
with atomic potential:

Proposition IV.3. There exists a constant pg > 0 such that for all Z > 0 and for all
M € (O,Z+,u0)

(i) All minimizing sequences for e§ (M) are precompact.

(ii) The unique minimizer (up to translations if Z = 0) of eZ(M) is the ball Byr(0) of

radius ry = (%)1/3.

Proof. Statement (ii) is proven in Theorem 2 of [2§], using Theorem 2.1 in [18]. (The
special case Z = 0 was proven earlier in [19].) We sketch the proof of (i), since we will need
certain definitions and estimates for (ii). As in Julin [18], we define an asymmetry function
corresponding to a fixed set €2 of finite perimeter,

7(€2) := min /R3 Lp(r) — Lo(x + y)dx,

y€R3 |LL"
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where B = B,,(0) is the ball of mass M centered at the origin. The quantitative isoperimetric
inequality (see (2.3) of [18] or [16]) then asserts the existence of a universal constant g > 0,

such that
/ |Vig] —/ IV1g| > poy(9),
]R3 ]R3

with equality if and only if €2 is a translate of B. Then, as in the proof of Theorem 1.1 of
[18] in the three-dimensional case, we may estimate the difference in the nonlocal terms by
the asymmetry,

D(1p,15) — D(1q, La) < |B|y().

The optimality of the ball B = B, follows easily from this: assume €2 is of finite perimeter,
with 2] = M. Then, provided € is not a translate of the ball B = B/,

lp(z) — lﬂ(x)dx)

s |z]

<%u@—&ﬂh»>wrw@wm+2(4
> (Z 40— M)A(Q) >0, (4.3)

for all M < Z + py.

To obtain (i), the precompactness of all minimizing sequences, we use the above to
establish strict subadditivity of ef (M), as in Lions [25]. Let M = m®+m! with m®, m' > 0;
we will show that (.2)) holds, and then by Lemma [V.2] all minimizing sequences for eZ (M)
are precompact.

Since 0 < m® < M < Z + py, both eZ(M), eZ(mP°) are attained by balls B = B (0),
B° = B, ,(0). For any > 0 (to be chosen later), we may choose a bounded open set w
with 0 € w, |w| = m?!, and &(1,) < e§(m') + 6. Note that if m® > Z, then 0 < m' < pug
and we may choose w = B' = B, | which attains eg(m').

Define we := w + &, and Q = Q¢ = B° U wg, with |¢] sufficiently large that the union is
disjoint. We first claim that 3R > 1 such that v(€2¢) > C > 0 is bounded away from zero
for all ¢ with |£| > R, with constant C' = C(m° m!). Indeed, for y € R? define

d
v=1"+0" vo(y):/ ’
B

77
o |z —y|

dx

we ‘l’—y"

vl (y) =

so that p
xr

Q)= [ —— .

7(8%) T gé%v(y)

Hence, to bound ~(£2) from below we must bound v(y) uniformly from above. As —Av =
Am(Lpo(y) + Lo (y)) in R®, it attains its maximum at y € Q¢ = B Uwg. Thus, there are
two possibilities: if the maximum occurs at y € BY, then v(y) = v°(y) + O(|¢|™!). Since v°
is maximized at y = 0, there exists Cyp = Co(M, m") and R > 1 with

d
fmwzé T 0(e > ¢ >0,

\BO ||

for all |£] > R.
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In case the maximum of v occurs at y € we, then v(y) = v!'(y)+O(|¢|™"). For any domain

D with |D| = m! we have
dz / dz
- S —
plzl = Jp |7l

where B' = B, (0) is the ball with mass m'. It follows that

dx dx
1)1 Y) = < / —_—
W= == Jo Tl

Therefore, as in the previous case, there exist C; = Ci(M,m') and R > 1 with () >
Cy > 0, for all [£] > R, and the claim is established, with C' = min{Cy, C4 }.
To conclude, we choose 0 < § < 5 (Z+po—M)C < 5(Z+ po— M) y(Q), for any

|€| > R, and using (4.3)),
eq (M) =65 (1) < & (Log) — (Z + po — M) 7(S)

dx dy
|z —

< 62 (Lp0) + 67 (L) = (Z + o~ M)7(2) +2 [
< 87 (L) + EYL0) — (7 + o — M)1(0) + O(J€| ™)
< Z () + m) + 6 — (7 + o — M)1() + O(IE] ).

Taking [£] sufficiently large, (£2)) holds for all M € (0, Z + po). O

N

Remark IV.4. Thanks to Proposition[IV.3, we may conclude that for the liquid drop model
with V(z) = Z/|x| with 0 < M < Z + o, the unique generalized minimizer (see Defini-
tion [[Q) is the singleton {u® = 1g,,}. Indeed, this will be true for any functional which
satisfies the strict subadditivity condition (4.2]).

Next, we prove Theorem [[3 In fact, we prove the following slightly more general version,
which will also be a step towards the proof of Theorem [[.3
Lemma IV.5. Let M > 0 and 6,,c, —— 0. Assume u, € M for which éav(un) <

n—00
\%4

el (M) + 0, for each n € N. Then, there exists a subsequence and a generalized minimizer

{ul, ... uN} of & for which ([L6) and (L) hold fori=0,...,N, and

Fy {u' ) = el (M) = lim ef:/n(M).

n—oo

Proof. By (i) of Theorem [[1], there exists a subsequence along which u, decomposes as
in (L), with {u'}, € M satisfying (L8)). By (ii) of Theorem [l the upper bound
construction provides sequences v., € s yielding the opposite inequality,

Fo ({u'}2) > limsup & (v,,) > lim el (M).
n—00 n—0o0

Hence, by Lemma [[V.1] we have
Zy ({u'}2,) = hm &Y (u,) = lim e (M) = ey (M).

n—oo
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Let m’ = ||u’[|72gs)- It suffices to show that u® minimizes eg (m°) and «’ minimizes eg(m’),

for each ¢ > 1, and that all but a finite number of the u’ = 0. First, by (LH) we have
V(m®) + Z ed(m
i=1
<& (u +Zéa0 Fy ({u'}20) = e (M) < e (m°) + ) eg(m)
i=1

the last step by the Binding Inequality (subadditivity) of ey see e.g. [2].) As each term is
non-negative, equality holds in each relation. Furthermore, as e (m°) < &) (u") and each
ed(m') < & (u'), we must have equality in these as well. This proves that each u’, 1 > 0, is
minimizing.

Finally, suppose infinitely many u® # 0. Then, by the convergence of the series, 0 <
m' < pg for all but finitely many #; assume 0 < m?, m/*! < pg. Then, as in the proof of
Proposition [V.3] we obtain the strict subadditivity condition, e3(m’)+ e3(m’/™) > ed(m’ +
mIT1). But then

ey (M) = +268 ) > el (m?) + D ef(m') +e(m! +mith) > ey (M),
i#5,5+1
a contradiction. O

We finish with the proof of Theorem [L5

Proof. Recall that we assume V(z) = Z/|x|, Z > 0. For (a), 0 < M < Z, the (relative)
compactness of all minimizing sequences for eZ (M) was proven by Lions [26, Corollary I1.2.].
Take any sequence &, — 0 and let u, € M with éaZ(un) = ¢Z (M). By Lemma [V.5
there exists a generalized minimizer of eZ (M), {u'}¥,, such that (L) and (T) hold for
1=20,...,N, and a subsequence, for which

Fo ({u'ilo) = e (M) = lim €Z (M).

n—o0

By Remark [V.4, N = 0 and u,, — u° in L*(R3), which attains the minimum in eZ (M).

n—oo
As u® = 1g,, is unique, the limit exists for any sequence & — 0.

For (b), first note that if there is a sequence &, — 07 for which e (M) attains its

n— oo
minimum at u, € #M, then by the same argument as for (a) we obtain the conclusion of

the Theorem with M. = M. It therefore suffices to consider sequences €, —— 07 for

n—oo

which the minimum in eZ (M) is not attained. By part (ii) of Lemma[[V.2] for each n there
exists mY € (0, M) such that
eZ (M) = eZ, (my) + e (M —my),

En En

and there exists u, € H'(R?) with |[u,[|72gs) = mj), and &7 (u,) = eZ (m)). For each n, we

may choose v, € H'(R?) with compact support and [|v,[|72gs) = M — m, and for which
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&L (vy) < €2 (M —m)+e,. Next, choose radii p,, in the smooth cut-off w,, defined in (2.3),
such that @, = u,w,, satisfies both ||a, — un||L2(R3) —— 0 and |82 (4,) — EZ (u,)| — 0.
n—oo n—oo

We also choose &, € R? such that i, and v, (- + &) have disjoint supports for each n, and
1€, —— 00, Set U, (x) = U, () + v, (- + &), so that
n—oo

10l sy = NinlBages) + [0allZamsy —— M, and |82(U,) — 2, (M)] — 0.

n—o0

By Lemma [Vl &7 (U,) — % Z(M), so applying (i) of Theorem [Tl there exists {u’}2, €
JEM for which (L6) and (EI:E) hold, and

f (M) < FL({u'}2,) < liminf 67 (U,) = e (M),

Thus, Zf ({u'}2,) = ef(M). By Remark[[V.4, v* =0 for all i > 1 and u® = 1,, minimizes
ey (M). From (IL6) we conclude that U, = @, +v,(- +&,) p——" u® in L?(R3). Since for every

fixed compact set K C R?® we have U,, = u,, almost everywhere in K and for all sufficiently
large n, it follows that w, — u® in L?

2 (R3) and pointwise almost everywhere up to a

subsequence. Fix the compact set K with By, € K. Then,
M = / [u’? < liminf/ lu,|* dr < liminf m? < M.
K n—oo K n—oo

Each of the above quantities is therefore equal, and lim,, . m® = lim,, ||un]|%2(R3) =M.
Consequently, we have both u,, — u® and v, — 0 globally in L?(R3). In conclusion,

n—oo
taking M., = m), eZ (M., =m}?) is attained at uen = Uy, M., — M, and u,, — u® =
Is,, in L2(R3). O
Acknowledgments

The authors were supported by NSERC (Canada) Discovery Grants.

[1] L. Aguirre Salazar, S. Alama, and L. Bronsard, “Mass splitting in the Thomas-Fermi-Dirac-
von Weizsicker model with background potential.” Journal of Mathematical Physics 61,
021502 (2020).

[2] S. Alama, L. Bronsard, R. Choksi, and I. Topaloglu, “Droplet breakup in the liquid drop
model with background potential,” Commun. Contemp. Math. August 1850022 (2018).

[3] S. Alama, L. Bronsard, R. Choksi, and I. Topaloglu, “Ground-states for the liquid drop and
TFDW models with long-range attraction,” J. Math. Phys. 58, 103503 (2017).



[4]

[16]

[17]

29

S. Alama, L. Bronsard, X. Lu, and C. Wang, “Periodic Minimizers of a Ternary Non-Local
Isoperimetric Problem.” preprint at arXiv:1912.08971. To appear in Indiana U. Math. Jour.

L. Ambrosio, N. Fusco, and D. Pallara, Functions of Bounded Variation and Free Discontinuity

Problems, Oxford Mathematical Monographs, Oxford University Press, New York (2000).

R. Benguria, H. Brézis, and E.H. Lieb, “The Thomas-Fermi-von Weizsédcker theory of atoms
and molecules,” Commun. Math. Phys. 79(2), 167-180 (1981).

M. Bonacini and R. Cristoferi, “Local and global minimality results for a nonlocal isoperimetric
problem on RY” SIAM J. Math. Anal. 46(4) 2310-2349 (2014).

Braides, Andrea. ” A handbook of I'-convergence.” Handbook of Differential Equations: sta-
tionary partial differential equations. Vol. 3. North-Holland, 2006. 101-213.

H. Brezis and E.H. Lieb, “A relation between pointwise convergence of functions and conver-
gence of functionals,” Proc. Amer. Math. Soc. 88, 486-490 (1983).

R. Choksi, C.B. Muratov, and I. Topaloglu, “An Old Problem Resurfaces Nonlocally: Gamow’s
Liquid Drops Inspire Today’s Research and Applications,” Notices of the AMS 64(11), 1275-
1283 (2017).

R. Choksi and M.A. Peletier, “Small volume fraction limit of the diblock copolymer problem:
I1. Diffuse-interface functional.” STAM J. Math. Anal. 43(2), 739-763 (2011).

H. Federer. Geometric Measure Theory, Springer (1996).

A. Figalli, N. Fusco, F. Maggi, V. Millot, and M. Morini, “Isoperimetry and stability properties
of balls with respect to nonlocal energies,” Comm. Math. Phys. 336(1) 441-507 (2015).

R.L. Frank and E.H. Lieb, “A compactness lemma and its applications to the existence of
minimizers for the liquid drop model,” SIAM J. Math. Anal. 47(6), 4436-4450 (2015).

R.L. Frank, P.T. Nam, and H. Van Den Bosch, “The Ionization Conjecture in Thomas-Fermi-
Dirac-von Weizsécker Theory,” Comm. Pure Appl. Math. 71, 577-614 (2018).

N. Fusco and V. Julin, “A strong form of the quantitative isoperimetric inequality,” Calc. Var.
Partial Differential Equations 50(3-4), 925-937 (2014).

R.L. Jerrard and P. Sternberg, “Critical points via I'-convergence: general theory and appli-
cations.” J. Eur. Math. Soc. (JEMS) 11 (2009), no. 4, 705-753.

V. Julin, “Isoperimetric problem with a Coulombic repulsive term,” Indiana U. Math. Jour.,

63, 77-89 (2014).


http://arxiv.org/abs/1912.08971

[19]

[20]

30

H. Kniipfer and C. B. Muratov, “On an isoperimetric problem with a competing nonlocal
term II: The general case,” Comm. Pure Appl. Math. 67(12), 1974-1994 (2014).

H. Kniipfer, C. B. Muratov, and M. Novaga, “Low density phases in a uniformly charged
liquid,” Comm. Math. Phys. 345(1), 141-183 (2016).

R.V. Kohn and P. Sternberg, “Local minimisers and singular perturbations.” Proc. Roy. Soc.
Edinburgh Sect. A 111(1-2), 69-84 (1989).

C. Le Bris, “Some results on the Thomas-Fermi-Dirac-von Weizséacker model,” Differ. Integr.
Equations 6, 337-353 (1993).

E.H. Lieb, “Thomas-Fermi and related theories of atoms and molecules,” Rev. Mod. Phys.
53(4), 603-641 (1981).

E. Lieb and M. Loss, Analysis, AMS (2001).

P.L. Lions, “The concentration-compactness principle in the Calculus of Variations. The locally
compact case, part 1,” Ann. Inst. Henri Poincaré, Anal. Non Linéaire 1, 109-149 (1984).
P.L. Lions, “Solutions of Hartree-Fock equations for Coulomb systems,” Commun. Math.
Phys. 109(1), 33-97 (1987).

J. Lu and F. Otto, “Non-existence of a minimizer for Thomas-Fermi-Dirac-von Weizsacker
model,” Commun. Pure Appl. Math. 67, 1605-1617 (2014).

J. Lu and F. Otto, “An isoperimetric problem with Coulomb repulsion and attraction to a
background nucleus,” preprint at arXiv:1508.07172 (2015).

L. Modica and S. Mortola, “Il limite nella I'-convergenza di una famiglia di funzionali ellittici,”
Boll. Un. Mat. Ital. A 14(3), 526-529, (1977).

C. B. Muratov, “Droplet phases in non-local Ginzburg-Landau models with Coulomb repulsion
in two dimensions,” Comm. Math. Phys., 299, 45-87 (2010).

P.T. Nam and H. Van Den Bosch, “Non-existence in Thomas-Fermi-Dirac-von Weizsacker
theory with small nuclear charges,” Math. Phys. Anal. Geom. 20(6) (2017).

X.F. Ren and L. Truskinovsky, “Finite scale microstructures in nonlocal elasticity,” J. Elas-
ticity, 59, 319-355 (2000).

X.F. Ren and J.C. Wei, “On the multiplicity of solutions of two nonlocal variational problems,”
SIAM J. Math. Anal. 31, 909-924 (2000).

P. Sternberg, “The effect of a singular perturbation on nonconvex variational problems,”

Archive for Rational Mechanics and Analysis 101(3), 209-260 (1988).


http://arxiv.org/abs/1508.07172

	Convergence of the TFDW Energy to the liquid drop Model
	I Introduction
	II Compactness and Lower Bound
	III Upper Bound
	IV Minimizers
	 References


