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Abstract

In this paper, for a family of second-order parabolic equations with rapidly oscil-
lating and time-dependent periodic coefficients, we are interested in an approximate
two-sphere one-cylinder inequality for these solutions in parabolic periodic homoge-
nization, which implies an approximate quantitative propagation of smallness. The
proof relies on the asymptotic behavior of fundamental solutions and the Lagrange
interpolation technique.

1 Introduction

Quantitative propagation of smallness is one of the central issues in the quantitative
study of solutions of elliptic and parabolic equations. It can be stated as follows: a
solution v of a PDE Lu = 0 on a domain X can be made arbitrarily small on any given
compact subset of X by making it sufficiently small on an arbitrary given subdomain Y.
There are many important applications in quantitative propagation of smallness, such as
the stability estimates for the Cauchy problem [I] and the Hausdorff measure estimates
of nodal sets of eigenfunctions [17], [18§].

For solutions of second order parabolic equations

(8t — E) u = 0tu — 8, (aij(:p, t)ﬁju) -+ bﬁ,u + cu = O, (].].)

(the summation convention is used throughout the paper). There exists a large literature
on the three cylinder inequality for solutions to parabolic equations. If A(z,t) = (a;;(z, 1))
is three times continuously differentiable with respect to x and one time continuously
differentiable with respect to ¢, and b and ¢ are bounded, then a not optimal three-
cylinder inequality has been obtained in [I1] and [20]. In [I1], the three-cylinder inequality
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is derived by the Carleman estimates proved in [19]. In 2003, Vessella [2I] has obtained
the following optimal three-cylinder inequality:

Kp Kp
lullaigrrey < € (Iullizap) (Iellzeg,) (1.2)

for every 0 < p < R < Ry, under the assumptions that the derivatives 0A/0t, OA/dx",
O*A/(Otdx?), 0*AJ(02'0x7), for every 4,5 € {1,---,d}, b = (by, -+ ,bg) and c are
bounded, where Q! = B, x (—t,t) with B, the d-dimensional open ball centered at 0
of radius 7 and k, ~ |logp|™' as p — 0. The optimality of Equation (1.2) consists in
the growth rate of the exponent x,. Later on, Escauriaza and Vessella [§] have obtained
the inequality (1.2) under the assumptions that A € C(R"™!) | b and ¢ are bounded.
Moreover, Vessella [22] has obtained the following two-sphere one-cylinder inequality:

0 _
Ju ('7t0)HL2(Bp(mO)) < Clu ('7t0)”L2(BT(mO)) HuH;(GBR(mO)X(tOfRz,tO))a (1.3)

under the assumptions that A satisfies the Lipschitz continuity: [A(y,s) — A(x,t)| <
C(lz—y|+[t—s]"?), b=0and ¢ = 0, where § = (Clog%)fl, 0<r<p<Rand
C' depends neither on u nor on r but may depend on p and R, see also [6], where the
two-sphere one-cylinder inequality (1.3) for time-dependent parabolic operators was first
established. And the estimate (1.3) has first been obtained by Landis and Oleinik [I5],
when A does not depend on t.

In general, the Carleman estimates are tools often used to obtain a three-cylinder
inequality and the unique continuation properties for solutions. The Carleman estimates
are weighted integral inequalities with suitable weight functions satisfying some convexity
properties. The three-cylinder inequality is obtained by applying the Carleman estimates
by choosing a suitable function. For Carleman estimates and the unique continuation
properties for the parabolic operators, we refer readers to [4,[5,[7,[9],14,22] and their
references therein for more results.

Recently, Guadie and Malinnikova [I2] developed the three-ball inequality with the
help of Poisson kernel for harmonic functions. This method also has been used in [I3] to
obtain an approximate three-ball inequality in elliptic periodic homogenization. More-
over, it is an interesting problem to extend the Carleman estimates to the homogenization
equations and left for the future.

In this paper, we intend to develop an approximate two-sphere one-cylinder inequality
for the L*°-norm in parabolic periodic homogenization equation, parallel to the inequality
(1.3), with the different exponent 6.

We consider a family of second-order parabolic equations in divergence form with
rapidly oscillating and time-dependent periodic coefficients,

Oy — div (A(z /e, t/e*)Vu.) = 0, (1.4)

where 1 > ¢ > 0 and A(y, s) = (a;;(y, s)) is a symmetric d x d matrix-valued function in
R? x R for d > 2. Assume that A(y,s) satisfies the following assumptions:
(i) Ellipticity: For some 0 < < 1 and all (y,s) € R x R, £ € R?, it holds that

ulé)* < Ay, s)&- € < g™, (1.5)
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(ii) 1-Periodicity:
Aly+ 2,8 +1t) = A(y,s) for (y,5) € R x R and (2,t) € Z¢ x Z. (1.6)
(iii)Holder continuity: There exist constants 7 > 0 and 0 < A < 1 such that
A1) = Ay )| <7 (e =yl + [ = 5]?)” (L7)

for any (z,t), (y,s) € R x R.

We are able to establish the following approximate two-sphere one-cylinder inequality
in ellipsoids. The definition of ellipsoids F, depending on the coefficients A(y, s) is given
in Section 2.

Theorem 1.1. (Interior two-sphere one-cylinder inequality) Let u. be a solution of (1.4)
in B x (=T,T). For0 <r <ry<rs3/12 < R/8, then there holds

N ., m3le re |”
swmwmnsc%mwuwmuwpmw +fk;%@+§ﬂpwhu}
T3

Er, Ery Qrg.t0
(1.8)
log Try

where o = (=5, and C' depends only on d, yu and (1, N), and Qpy 4y = By X (to — 752, 1)

211

is a subdomain of Bg X (=T,T) with R and T fized.

QT3,t0

A direct consequence of Theorem 1.1 is the following approximate two-sphere one-
cylinder inequality in balls.

Corollary 1.2. Let u. be a solution of (1.4) in Br x (=T,T). For 0 < r; < ry <
urs/12 < pR/8, then there holds

N ., m3e ry ]
sup |ue(+, t0)] < O (sup |u(-, o) )*(sup |uc|)*~* + 3 [— log(2 + —3)] sup |ue| ¢,
79 1 r3,t0 Tl T3 8 TSvtO
(1.9)
Cirs

where @ = ~— +2—, and C' depends only ond, i and (1, \) and and Q,, 4, = B, X (to—73, to)

log T

is a subdomain of Bg X (=T,T) with R and T fized.

Remark 1.3. Compared with the Lipschitz reqularity needed to obtain the inequality (1.3),
only Hélder continuity is imposed to obtain the inequality (1.9), with the different exponent
0. Moreover, as € — 0 with 73 fized, the inequality (1.9) converges to the standard two-
sphere one-cylinder inequality (1.3) (with the different exponent 0). However, if r3 « ¢,
then the inequality (1.9) gives us nothing, since in the (g,%)-scale, the operator 0; —
div (A(z/e,t/e*)V+) behaves like the classical operator O, — div (A(x,t)V-) after a change
of variables, where the Lipschitz reqularity needed to obtain the two-sphere one-cylinder
imequality.



This interpolation method may also apply to the parabolic equation with potential.
Namely, let u. satisfies the following equation

O — div (A(z /e, t/e*)Vu.) + Vu. = 0, (1.10)

where V¢ = V(z/¢) with V being 1-periodic and V € L% (Z) with Z = [0, 1)%. Note that
V' is independent of the variable t. Consequently, we are able to establish the following
approximate two-sphere one-cylinder inequality in ellipsoids for the solution to (1.10).

Theorem 1.4. (Interior two-sphere one-cylinder inequality) Let u. be a solution of (1.10)
in Bp x (=T,T). For0<r <ry<r3/12 < R/8, and € < r3, then there holds

. T3fe re |
up (- 1) sc{<sup|ue<-,to>|>“<§up ) 2 [ g+ 2] s |ue|},

E
2 1 Q?"3 ,to QT3,t0

3

(1.11)
log = ~
where o = IOE;:*%’ and C depends only on d, u, R, T and (1, \), and Q. 4y = E., X (tg —
r3%,to) is a subdomain of Br x (=T,T) with R and T fized.
Remark 1.5. 1.1t should be noticed that the unique continuation property of the solution

u to the equation Oyu — div(A(x,t)Vu) + Vu = 0 has been obtained under the assumption
d+2
that A € C*' and V € L, 2 (dxdt) in [16]. To some extend, we have extended this result

loc

to parabolic equation in homogenization. We may refer readers to [JLI5[7[T{[16] and their
references therein for more results about the nonzero potential.

2. The method used in Theorem 1.4 can easily apply to the equation — div (A(x/e)Vu. )+
Veu, = 0 with suitable V¢.

2 Preliminaries

Let L. = —div (A.(z,t)V), where A.(z,t) = A(z/e,t/e?). Assume that A(y,s) is 1-
periodic in (y, s) and satisfies the ellipticity condition (1.5). For 1 < j < d, the corrector
X; = X;(y, s) is defined as the weak solution to the following cell problem:

0s + L1) (x5) = =La(y;) Y,
Xj = Xf(y, s) is 1 -periodic in (y, s), (2.1)
Jy X? =0,

where Y = [0,1)4*1. Note that

(88 + £1) (Xj + yj) =0 in R, (2.2)
By the rescaling property of 0, + L., we obtain that

(8, + L.) (exj(z/e, t/e®) + y;) = 0 in R (2.3)



Moreover, if A = A(y,s) is Holder continuous in (y, s), then by standard regularity for
Os + L1, Vx;(y, s) is Holder continuous in (y, s), thus Vy;(y, s) is bounded.

Let A = (@;;), where 1 <i,7 <d, and

ox;
@i = a;; + a;p—=—= | dyds. 2.4

It is known that the constant matrix A satisfies the ellipticity condition,
ulél? < ag&e;, for any ¢ € R?,

and |@;;| < p1, where gy depends only on d and g [2]. It is also true or easy to verify that
(a;;) is symmetric if (a;;) is symmetric. Denote

Lo = —div(AV).

Then 0, + Ly is the homogenized operator for the family of parabolic operators 9, + L,
with 1> ¢ > 0. Since A is symmetric and positive definite, there exists a d x d matrix S
with det(S) > 0 such that SAST = I;,.4. Note that A~! = STS and

(A2, z) = |Sz|. (2.5)
We introduce a family of ellipsoids as
E.(A) ={z e R": (A 'z, 2) < r?}. (2.6)
It is easy to see that
B 5 (0) C E.(0) C Bz (0). (2.7)

We will write E,(A) as E, if the context is understood.

To move forward, let I'.(z,¢;y,s) and T'g(x,t;y, s) denote the fundamental solutions
for the parabolic operators 0; + L., with 1 > ¢ > 0 and the homogenized operator d; + L,
respectively. Moreover, it is easy to see that

(1= 97" s exp { 5= (23)

r t; =
0(377 'Y, S) 4<t— S)

1
(2vm)

for any z,y € R? and —oo < s < t < oo with the matrix S defined in (2.5).

The following lemmas state the asymptotic behaviors of I'.(x,t;y, s) with 1 > & > 0,
whose proof could be found in [10].

Lemma 2.1. Suppose that the coefficient matriz A satisfies the assumptions (1.5) and
(1.6), then

Ce klr — y|?
Te(z, tiy, s) — Doz, tyy, 8)| < m exp {—%} (2.9)

for any x,y € R? and —oco < s < t < oo, where k > 0 depends only on pu. The constant
C' depends only on d and p.



The next lemma states the asymptotic behaviors of V,I'.(z, t;y, s) and V,['.(z, t; v, s).

Lemma 2.2. Suppose that the coefficient matriz A satisfies the assumptions (1.5), (1.6)
and (1.7), then

Vole(@, ty,8) = (I + Vx (z/2,/%)) VoTo(x, by, )|
Ce _ klr —yl? 2.10

for any x,y € R? and —oco < s < t < oo, where k > 0 depends only on pu. The constant
C depends only on d, p and (1,\) in (1.7). Similarly, there holds

IV Le(x, tiy,s) — (I + VX (y/e, —s/€%)) VyLo(z, 5y, 5)]
I<J|x—y|2} (2.11)

Ce _
< 7)M log (2+£—: 1|15—3|1/2) exp{— P—

(t—s) 2
where X(y, s) denote the correctors for 0, + L. with L. = —div (A(z /e, —t/e2)V).

With the summation convention this means that for 1 <1,5 < d,

'6’Fe(af,t;y, s) Oo(z,tiy.s) O, (x/e,t/e?) OLg(x, t1y, ) (2.12)

is bounded by the RHS of (2.10). And the similar result holds for V,I'.(x,¢;y, s).
The next lemma will be frequently used in the proof of Theorem 1.1.

Lemma 2.3. Let u. be a weak solution of Oyu. + Loue. =0 in Br x (=T,T), then

t
\Vu.|*(z, s)dzds < Cr||uc|% . PURY (2.13)
/t—r§ /E4r3/5\E3r3/4 (ETSX(t 3715))

where C' depends only on p and d, and E,, x (t —r3,t) is a subdomain of B x (=T,T).

Proof. The proof is standard. Choosing a cut-off function ¢ € [0, 1] such that p(z) =1 if
2 € Eyry5\Esry 0, and @(z) = 0if 2 € B, o U{R\ E,,, } together with |V¢| < C/rs, then
multiplying the equation d,u. + L.u. = 0 by p?u. and integrating the resulting equation
over Bp X (t —r2,t) leads to

t
/ <P2U§(37,t)d56+/ / ©*|Vue|*(z, s)dxds
Br t—r2 JBp
t 2.14
SC/ 902U§($U,t—7“32)dx+0/ / \V|*uZ(x, s)dxds (2.14)
BR t—T‘32 BR
d 2
SCT?"‘UEHL(’O(ETSX(tfrg,t))'

Thus we have completed the proof of (2.13) after noting the choice of ¢. O
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3 Approximate two-sphere one-cylinder inequality

Following [12], we are going to apply the Lagrange interpolation method to obtain the
approximate two-sphere one-cylinder inequality. Actually, the similar method in [12] has
been used by the author in [I3] to obtain the approximate three-ball inequality in elliptic
periodic homogenization. First, let us briefly review the standard Lagrange interpolation
method in numerical analysis. Set

P (2) = (z = p1)(z = p2) -+ (2 = pm) (3.1)
for z,p; € C with j = 1,---,m. Let D ba a simply connected open domain in the
complex plane C that contains the nodes p,py, -+ ,pm. Assume that f is an analytic

function without poles in the closure of D. By well-known calculations, it holds that

m

L), @)
o 2 00) o)

Multiplying the last identify by 2%1 f(2) and integrating along the boundary of D leads to

(3.2)

m

L[ SR, Rl [ A

270 Jop 2 — D = 21 Jop D(2)

dz + (R f) (D), (3.3)

where

(B f) (5) = 5 / Md (3.4)

2mmi 2 —p)Pn(2)
By the residue theorem, there holds that

(Buf) ()= 3 s (0) + 1)
=t (3.5)
:—Zﬂp Pt ) + £ B,
Jj=1 Z#J

where (R, f) (p) is called the interpolation error. See chapter 4 in [3] for more information.
In order to obtain the approximate two-sphere one-cylinder inequality for the solution
n (1.4), we consider the Lagrange interpolation for f(h) = DIo(hxort,to;y,s), where

0 <1 <ry < r3/12 < R/8 and (mo, o) is a fixed point such that \/(A~1zg, zg) =
|Sxo| < 1o. In view of (3.5), we need to estimate the error term (R, FO)(:UO, to;y, s) of the
approximation. Following the idea in [I3], we choose points z; = h;zo™ = on the segment
[0, z02t] with h; € (0,1), then z; € E,,, i =1,---,m. Select p; = h; in the definition of
®,, in (3.1) and p = r9/r1. Define

- H TQ;;l __h . (3.6)

J#i



Since 0 < h; < 1, direct computation shows that

(TQT_l)mil
;] < \<I>£l(h@-)| (3.7)
To estimate |¢;|, we choose h; to be the Chebyshev nodes, which means, h; = cos (%) ,
t=1,---,m. Then we can write
®,,(h) =2"""T,,(h),
where T, is the Chebyshev polynomial of the first kind. There also holds that
@ (h) = m2'""U,,_1(t), (3.8)

where U,,_1 is the Chebyshev polynomial of the second kind. See e.g. section 3.2.3 in [3].
At each h;, there hold

: n 2i-D7 i—1
21— 1 sin ~~———~ —1
Um71<hi) = Umfl <COS <u)) = 2 = ( (231)ﬂ_ . (39)

. (2i—1 .
2m gip &=L ) @iz
2m 2m

According to (3.8) and (3.9), there holds

D! (hi)| > m2t™. (3.10)
Therefore, by (3.7), we have
9 m—1
lei| < (m)~* (—2) fori=1,---,m. (3.11)
T

To estimate the error term (R,,I0)(zo,%0;y,s), we do an analytic extension of the
function f(h) = To(hoi},to;y,s) to the disc D s of radius g2 centered at the origin in
1

the complex plane C. According to (2.8), we have

F(2) = —— (= 5) || exp {— (3.12)

(2y/7)°

where (27LSxy — Sy)* = (272Sx0 — Sy) - (272Sx0 — Sy) = Zle(z:—;(Sxo)i —(Sy);)?. Note
that [272S2o| < 2 in the disc D rs , then there holds

3rq

(222 Sz — Sy)?
4(t — s) ’

~ Cr?
1F(2)| < C(t—s)exp {_t i } for y € Ey,/5\Esr, /1, (3.13)

where C' and C' depend only on d.

Similarly, with the notations above, consider the Lagrange interpolation for g(h) =
VyLo(haort, to;y, s), and we do an analytic extension of the g(h) to the disc D rs . Then
71

according to (2.8) again, there holds



S Z%S:EO—Sy e
9(z) = <2(2\/7_r)d >(t—8) v ISleXp{—

where S(271Szo — Sy) is a vector with Sy, - (27150, — Sijy;) being its k-th position.
Note that ‘Z:—;SSL’0| < % in the disc Drs , then we have

(3.14)

(272 Sxp — Sy)?
4(t — s) ’

3rq

~ —d/o— Cr3
19(2)] < Crs (t — s)"* Lexp {_t 2 } for y € Eu, 5\ Esr, 4, (3.15)

where C' and C depend only on d.

The following lemma gives the interpolation error terms (R,,(V,I'0))(z,t;y,s) and
(RnILo)(x,t;y, s) for V,Io(z,t;y,s) and T'o(z, t;y, s), respectively.

Lemma 3.1. If xg € E,, and y € Ey,/5\Es,/0 with 0 < ry <1y < 13/12 < R/8 and
—00 < § <t < o0, then there hold

~4m m 2
(BnTo) (0, 59, )] < ST (4 — )42 e {—C—} | (3.16)
rg™m t—s
and
~4m m C 2
[(Run(V,T0)) (o, 19, 8)| < Cr D exp{—t "’38}, (3.17)
. —

where C and C' depend only on d.

Proof. First, to see (3.16). According to (3.1) and noting that p; = h; € (0,1) with
1=1,---,m, it is easy to see that

| D, (2)| > ((%) - 1) on the circle |z| = 3T—7i (3.18)
and
| P (r2/r1)| < (r2/r1)™. (3.19)



In view of (3.4)-(3.6) and (3.18)-(3.19), we have

|(Rm1—‘0)(x07tay7 5)| - |1—‘0("L‘07t;y7 S) - ZCiPO(xiat;ya $)|

i=1

= [f(ro/r1) — Zczf (hi) |

i=1

L P (ror ) f(2) (3.20)
= |

271 — (z — 1“27“1_1) D, (2)

(r2/r1)™ (Br)™ /2 Cri
= C<T3 — 3rg)(rs — 3ry)™ ol =) Pew { t— S}

N pm.m 2
< 047@(15 _ 3)*d/2 exp {_ Crs }7

rg™m t—s

where we have used estimate (3.13), the assumption that 0 < r; < ry <73/12 < R/8 in
the last inequality, and the constants C' and C' in the last inequality depend on d.

Similarly, for (R,,(V,)To(z,t;y, s), there holds

‘(Rm<va0))<x07 tu Y, S)| = ‘vyro(ﬂfo, t; Y, S) - Z Civyr(](xiu tu Y, S)|

i=1

=g (ra/m1) ji:(%g

1 (I)m (7“27”1 1) g(z)
=I5 Moo
=g (2= r2ry") ()

N Am,.m 2
< c4mry (t—s)_d/Q_lexp{— Crs }’

rgm—l t—s

(3.21)

where we have used estimate (3.15) instead of (3.13), compared to (3.20), and the as-
sumption that 0 < r < ry < r3/12 < R/8 in the last inequality, and the constants C

and C' in the last inequality depend on d. Thus we have completed the proof of Lemma
3.1. O

To continue the proof of Theorem 1.1, since u. satisfies
Oyue — div (A:Vu.) =0 in Bg x (=T,T), (3.22)
then simple computation shows that

9 (nue) — div (A.V (nu.))
= —div[(A: - Vn)u.] — A.Vu.Vn + u.0m (3.23)
=: f(x,1) in R? x (—o00,T),

10



where 7 € [0,1] is a cut-off function such that n = n(z,t) = 1 if (z,t) € Espya X (to —
r3/2,t0), and n = 0 if (z,t) ¢ Eapys x {(to — 3r3/4,t0 + r3/4) for some fixed ¢, with
|Vn| < C/rs and |0;n| < C/r3. Then

to ~
(nu2) (o, o) = / / T, oy, ) (9, 9)dyds
to T% R

to
= V. Io(zg, to;y, s) (A - V1) u.dyds
LTt (4 Sy .

+ / / . (20, to: y, 5) (w01 — AV Vi) dyds
to 7"% R4

= [1 + [27

where xy € FE,, is a fixed point.

The summation convention that repeated indices are summed is used in the rest of
this section.
It is easy to see that

to
I = / / ciVyle(zis to; y, 8)(Ae - Vn)ucdyds
to— T3 R4
/ , v P :L‘Oa th Y,s ) (I + v%&) vyl—‘O(fL‘Oa t07 Y, S)] (AE : vn) ué‘dyds
to— 7‘3 R
+ / / (I +VX:) [V Lo(xo, to;y, s) — ¢;VyLo(xi, to; v, 8)] (Ae - V) ucdyds
to— 7’3 R4

/ / Cz [ + va) \% FO(“% lo; Y, s ) vaz-:(xia to; Y, 5)] (Ae ’ Vﬁ) uedyds
to— 7’3 R4

= My + M; + My + Ms,
(3.25)
where ¢; are defined in (3.6) and z; = hjzoL on the segment [0, zo7t] with h; € (0,1),
i=1,---,m and Vx. = VX (y/e, —s/e?). Moreover, it is easy to see that z; € F,,,
1 =1,---,m. Similarly, we have

to
I = / / e (i t1y, 8) (w0 — A-Nu V1) dyds
to— 7‘3 R4

/ / [Pt ) — Lol tosy, )] (w0 — AV V) dyds
to— 7’3 R

/ /d Lo(wo, to; y, s) — cil'o(wi, to;y, 8)] (ue0sn — AcVu V) dyds —(3.26)
to— 7’3 R

/ / 1—‘0 xza t07 Y,S ) Pe(xiv t07 Y, S)] (uaasn - A??vufvn) dyds
to— 7‘3 R4

:MO + Z M;,

i=4

11



with the same ¢;, z; and ¢ as in (3.25). Clearly, it follows from the representation formula
(3.24) that )
My + My = ¢; (nue) (x;, to). (3.27)

Before we continue, we give some notations first. Denote FE and Qr&to by Eiry/5\ Esry)a
and E,, x (ty — r3,1o), respectively. Next, we need to estimate M;-My term by term. In
view of (3.25), we have

to
|M1| S C/ /d |vy1—‘6(l‘07t0;y75) - (I + v%t?) vyPO(xoatO;ya S)| |Vn||u€|dyd$
to— 7‘3 R

log 2+5 Ut — 1/2 K|x
<c / / exp{ rlzo — o }|Vn|lue|dyd8
Rd to—s) 2
lo 2+51t—51/2 c\ls Syl?
<ce / / B (24— exp{ R =S 190 fayas
Rd 0—3) 2
Ce [t log (2 + e tto — s|'/?) C|S Sy|?
< _/ / g( ‘Od+2 eXp{ | IO y| }|ue‘dyd3
T3 Jiw-—r2 JE (to—s) 2
[P log (24 et — |12 C7’2
<o [0 LG )exp{— ; }ds- el
to—r2 (to _ S) 3 to— s 3+t0

< Cer31/1 log(2 + 871571/2T3)§d/271 exp{—C5}ds - ||ueHL°o(fz

r3,t0)

< Cérgl log(2 + 8*1703)“u5| |L00(Qr3,t0)7
(3.28)

where we have used (2.11) in Lemma 2.2 in the above inequality.
To estimate M, we first note that Vy. is bounded, then according to Lemma 3.1,

there holds

47“2 _ Cr?
Mo < — /t / e {_to —33} dyds - |ltel =@, .,
0— 7’3
C(4T2 CT2
< S " -y e (- E s e
r 0— S
(3 ) to— 7"3 (329)
C 47’2 m & - _ ~
< T/ 542 Yexp {—C3} ds - ||u5||Loo(§2T3’t0)
3 1
C<47’2)m
=~ 7,_7“1‘[/5“[/C>o Qr3 t())

As for M3, noting that x; € E,, with ¢ =1,--- m, then the estimate (2.11) and (3.11)
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yields that

log (2 + et — s|'/?) klz; — yl?
M| < —/to r3/ = \ci\exp{—ﬁ}dyds'||u€||L°°<fzr3,to>

to — 3 2
/ /log (2+e” 1|t0—s|1/2)‘ | C|Sz; — Syl? ayds -l
cilexp{ ——M———=— sl wre
- to— 7’3 D to — S d-QFQ p to — S y ellL (QTSvtO)
to log (2 + e 1|t0 — 5|1/2) Cr2
< CE’I’dfl Ci ex _ 3 }d dS' U e
<cat? Sl [ S p{ 5 K dyds oo,
Ce(2ry)m=t [ L e o
< T [ toat2 e exp (O oo
reors 1 ,
C’(Qm)mﬂ

—1 -1 -
< T&Tg log(2+¢ T3)||u€||L°°(Qr3,t0)'

(3.30)

Next, we give the estimate of I term by term in (3.26). In view of (2.9), then we have

to 1 CT2
|M4| < CETd 2/ (to — S) 2 exp {—to _38} ds - ||u€||L°°(f~lr3,t0)

to—T‘g
(3.31)

'rg,to)

[ee]
g(jgrgl?/ 52" exp(—C3)ry ds - |[tel| oo 2
1

< Cery [l | o cr,.10)-

As for M5, we have

1/2
to
|M5| S C (/ ) /d |F€(~r07t0;y7 8) - F0<x07t0;y7 8)‘2 ‘vmdde)
to—r3 R

to
X (/ / V| |Vn\dyds>
to—r% Rd
1/2 1/2
to C 2
< Cerd/2 ! / (to — s) " Lexp {— i }ds / / |V, |*dyds
t0—7”§ tO - S to— r3

< Cerg '[uel| Lo q

1/2

r3,t0) )

(3.32)
where we have used (2.9) in the second inequality and (2.13) in the third inequality.
Due to (3.16) and similar to the estimate of M,, we have

C 2
| M| < fndz / (to—s)_d/Zexp{— "3
T3 to—r?
Cldr)™
.

— 8} dS . ||U5||L00(§~2T3,t0)

3.33
am (3.33)

; —— el @y, 10

According to (3.16) and (2.13), then there holds

13



1/2
to
M7 < C </ ) ITo(x0, to; y, s) — eilo(xi, to; v, 8)| |V77|dyd5>
tofr‘g R

to 1/2
X (/ |Vu5|2|Vn|dyds>
tofrg R4 (334)

~ 1/2
C(4ry)™ fo 4 Cr?
< —— to — — d . o (G
o r?“ ¢ /to—r§< ’ 8) b ty — s s ||u€HL (Qrg.10)

0(47"2)
< TH%HLOO(QTS w0)"

Similarly, in view of (2.9) and (3.11), we have

_dg1 Cr3
|Mg| < Cerd™ Z | L (to— )" 2z exp {_to — s} ds - ||'U/5HLOO(QT3¢0)
3 (3.35)
C€(2T‘2)m71
< T37’1m71 | |’LL5| |L°° (Qrg,to) :
Moreover, similar to the proof of M5 and (3.11), we have
C€<27’2)m_1
| M| < 377||u6HL°O(QT3¢O)' (3.36)
1

Consequently, noting that Y, [c;| < (2rs)™ !/ry™!, then combining (3.24)-(3.36)
yields that

27’2 m—1 C 47’2
sz 1)) <2 cup e to)] + D e
1 En, m 3:t0
Clon (3.37)
2 _ _
+—— €r3 Hlog(2 + ¢ 1T3)||“6||L°°(Qr3,t0)v

1

where C' does not depend on m, r1, ro or r3. Note that we choose the coefficient of the
third term in the RHS of (3.37) is % instead of 2’%71, which can be done due to
1

1
0 < r; < re, and that will simply the computation when minimizing the summation (of

(2)

course, one could use to obtain a more accurate conclusion). Since xy € E,, is an

arbitrary point, then it follows that

21 )1 4ry)m
sup -, 10)] <04 ZD" i e o) + 227 up
ro 1 Ery 3 Qr3,t0
(3.38)
2 m
—1—( rfn) 6r§110g(2+e’1r3) sup |ug| p -
" QT:% to

14



Now we need to minimize the summation of the terms in the RHS of (3.38) by choosing
the suitable integer value m. Actually, the similar proof can be found in [13], we give it
just for completeness. For simplicity, let

sup |uc(,t0)| =9, sup |u[ = N. (3.39)
1 Qr3,t0
First, choose m such that
2 " 4 "
s(22) —n () (3.40)
1 T3
which gives
__log(N/9)
log[rs/(2r1)]

Consequently, define
log(N/9) J
= | etz o4y

where |-| denotes its integer part. We minimize the above terms by considering two cases.

1 2y \ " ary \ "™

Case 1. er; 'log(2 +e7'r3) (%12) < (%32) :
In this case, let m = myg in (3.38). Then the third term can be absorbed into the
second one in the right hand side of (3.38). Consequently, since 0 < < 19 < r3/12 and

log(N/5) log(N/6) :
Toglra/(2r1)] <mgp < Toalrs/(2r1)] + 1, it follows that

9 mo—1 4 mo
sup |ue| < 0{5 (Q> + N <Q> }
Er, 1 T3
log(N/$) log(N/§)
< c {5 (%) log[fg/@ﬁ)] LN (&) log[fs/(%)] } (342)
1 T3

S CNl—oz(;a’
where log 13
_ B (3.43)
log 2y
Case 2. e 'log(2 + &7 'r3) (27%) C > <% i
In this case, from the definition of my, there holds that
20r
-1 ~1 1
log(2 > —. 3.44
ery log(24¢7r3) Nrs (3.44)
That is,
sup |u (-, to)| < erytlog(2 + 8717“3)74—3 sup |ugl. (3.45)
ETI 2T1 Qr3,t0

15



Then, we choose m such that

2\ (4"
ery log(2 4+ e 'r3) (ﬁ) :<£) : (3.46)

™ 3
which gives
log[ery ! log(2 4 ¢~ Tg)]

2r1
T3

m =
log

Therefore, we can choose

oy — {log[arg_l log(2 + 51r3)]J 1 (3.47)

2r
log -

Taking m = m; in (3.38), then the second term can be absorbed into the third term in the
RHS of (3.38). In view of (3.45), and noting 0 < r1 < ry < r3/12 and 28E7s logéi;re_lr?’)} <

log =

log[ers * log(2+¢ !
ogler; 1ogéT;La ra)l 4 1, then we have
og ———

3

my <

sup |ue(z, to)|

2ry\ ™ 2ry\ ™
<C { (2) erg 'log(2 + 6_17“3) N +ergtlog(2 + e r3) ( 7’2) N}

T

log Z2 . log [er; ' log(2 4+ e~ 1r
<ol exp { ~ ey o ( o) ery M log(2 + e trg) N (3.48)
1 log r—;
1+log2rL12
<ol [er3 M log(2 4 e 'rs)] s T N
T
3 — _ «
=0 [er; ' log(2+e7'r3)]" N,
where 1
08 4, 4r
— =2 (3.49)
log o

Notice that 0 < a < 1 according to the assumption of r,r, and r3. Consequently,
combining the two cases above yields the result of Theorem 1.1. And Corollary 1.2
directly follows from Theorem 1.1 and the estimate (2.7).

4 Parabolic equation with potential in homogeniza-
tion

In this section, we give the proof of Theorem 1.4. Denote M(V) = [, V(z)dz, and

M(V)ty,. Then it is easy to see that v, satisfying

Ov. — div (A(z /e, t/*)Vu.) = (M(V) = V(z/e))v.. (4.1)

v, =e€
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Then simple computation shows that
Oy (nve) — div (A.V (nv.))
=—div[(A. - Vn)ve] = AVo.Vn +u.0m+ (M(V) = V(x/e))vn (4.2)
=:g(x,1) in R x (—o0,T),

where 7 € [0,1] is a cut-off function such that n = n(z,t) = 1 if (z,t) € Esyya X (to —

r3/2,t0), and n = 0 if (2,t) ¢ Ey,5 X (to — 3r3/4,tg + r3/4) for some fixed ¢, with
|Vn| < C/rs and |0;n| < C/r3. Then

to
() orto) = [ [ Tulaotoiv.s)aty,o)duds
to T% R

to

- / vyrf($07 o}y, 5) (Ae : VTI) 'Ugdyds
to— T3

(4.3)
/ / (o, to;y, 8) (u0sn — AcVu:Vn) dyds
to— 7’3 R4

/torg,/Rd (20, to; y, 5)(M(V) = V(y/e))vendyds

where x¢ € E,, is a fixed point. Noting that supp((M(V) — V(y/e))ven) C E,, x (tg —
3, to+r3) and in view the proof of (3.16), we can’t apply Lemma 3.1 to the last term on
the RHS of (4.3) to estimate the following term

/to /Rd(Fo(:Uo,to; y,8) — cilo(xs, to; y, 8))(M(V) = V(y/e))vendyds.

However, thanks to the term M(V) — V(y/e), which will give us the term O(e) after
integrating by parts. In view of (3.25)-(3.27), we need only to estimate the following
term

to
I3 =: / /d(Fg(:co,to; y,s) —cl'c(i, toyy, ) (M(V) = V(y/e))vendyds. (4.4)
to r3 R
Let ¢(z) € WZ’%(Z ) and be 1-periodic, solving the following equation

A(z) = M(V) =V (2)in Z = [0,1)¢, with /Z¢(z)dz = 0. (4.5)
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Then we have

to
B [ [ A/ tiy.s) = 6Lty s)oendyds
tofr-?) R

to
=— 6/ Vztb(y/E)Vy(Ta(xo, to;y,s) — cill'e(wi, Loy y, 8))vendyds
t

07'3

4.6
. / / Vb)) (Du(os o3y, ) — i (i, sy, ) Vyundyds o0
to— 7"3 Rd

. / [ Vot ,9) = T ot )0 s
to— 7"3 R
=1, + Is + I.

Similar to the estimate of Ms in (3.29), the term Is is easy to handle which we omit it
here. In view of the definition of ¢, (3.11), and 0 < 1y < 19 < r3/12, with r3 > &, we have

to
1 <Ce [ [ IV (9o o 8)] et ) e
to— T3 R
C 2
<CeZ\cz\ sup |v€|/ / V0% (to — )2 exp{ Syl }dyds
Qrg it to— 7’3 Erg t - S
<Ce Gl |V o e sup |ve
Z‘ 4 HLI O)Qrg,to‘ | (4.7)
1/p1

/ / g(l-p1)—15 exp{ Cly|? }dyds
to— TS E 7‘3

<Cers( TQ)m’l sup |ve/,

1 QT3 to

with 1 < p; < £ close to & and ¢ = ¢(y/e), where we have used 2y — y € E,, and
—ye€ kb, ifye FEy,;s, v0€ E,, and x; € B, fori=1,---,m, and the size estimates

\V,[o(z,ty,s)] < C(t— )~ exp {—”‘%3‘2} if a;; is Holder continuous [10], as well as

¢
the following inequality

1/p}
(/ ‘Vzi/f6|p,1dz> = ¢d/m (/
Ery Erg/e

/ .\ Ym
<o ([ [wtapia:) (18)

d
Conrs 01252

1/1’71
|vzw<z>\”’ldz)

<0p1r3/”1uvu 52

18



where we have used the Sobolev embedding (since pj € (d + 1,00) close to d + 1, and

d+2
then p} < iﬁ), as well as € < r3 in the above inequality. Similarly, in view of (4.6)

and (3.11), there holds
| 5|

to
SCé/ , /d Vo8] (ITe (o, to; Y, 8)| + |eile(2is tos s 8)|) [ VyveIndyds
to—T3 R

2r Oyl 1/p2
<Ce( Tyl 9 e ([ (6= 972 e { - T201 ) g
Q

1 t—s

1/

279\ in1 € N —dpyt+d "

§C€<r—1) \\Vvs\\LPS(QL3,tO)||Vz1/f ||LP4(QT3¢0) . (t—s)"27"2ds
T3
27’2 m—1
<Cerz(—) sup [vel,
" Qg to
3 3 (4.9)

with Q" =: Ey 5 x (to — 3ri/4,ty) and Q = Q40 =: Eny X (to — 73, %0), p2 € (1,+%)
close to 1 + % and ps sufficiently large, close to oo with p% + pia + p%; = 1. Note that

Py > % close to %. And we have used, in the estimate (4.9), the size estimate

Tz, t;y,8)] < C(t — s)"2 exp {—“'%?2}, (4.8) as well as the the following estimates
for Vu,,

1/ps3 d%rz
<][ \va\p?’) < Cr3' sup |v.| + Crs (7[ [(M(V) — V(a:/a))vJ%)
LP3(QY. ) Q Q

73,5t r3,tg r3,tg

< Cry' sup |ve],
Q

T3:%0
(4.10)
which may be proved by the estimates |V, I'.(z,t;y,s)| < C(t — s)_% exp {—M%fp}
and
F oMW V@) <cuf VERIT <0 f VEIT
Qry.to Qry.to Z
if r3 > €. Thus, combining (4.7) and (4.9) yields that
2
|I3] < Cerg(ﬂ)m’l sup |vel. (4.11)
1 QO .
3.t
Consequently, in view of (3.37), we actually have
2 m—1 4 m
Sup‘ve<'7t0>| SC{%Sup‘Uf?('vtO)‘ + ( T;) sup |U€|
- 1 By 3 Qg
’ ' o (4.12)
2 m
+( Tfn) ery ' log(2 + &7 'r3) sup || p.
5! Qrgto
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Then, totally similar to the discussion of Theorem 1.1, there holds

N ., m3e r3. "
s .- 1) SC{(SUPWs('atO)D (s fo =+ 2 [ S tog(z+ 2] s mw},

Er,

1 Q?"3,t0 Q?"3,t0

(4.13)

this together with v. = u.eMV)* and —T <t < T gives the desired estimate (1.11), thus
completes this proof.
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