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Leray’s backward self-similar solutions to the 3D
Navier-Stokes equations in Morrey spaces

Quansen Jiu? Yanqging Wang! and Wei Weit

Abstract

In this paper, it is shown that there does not exist a non-trivial Leray’s backward
self-similar solution to the 3D Navier-Stokes equations with profiles in Morrey spaces
M1 (R3) provided 3/2 < ¢ < 6, or in M%!(R3) provided 6 < ¢ < oo and 2 < [ < ¢.
This generalizes the corresponding results obtained by Necas-Rauzicka-Sverdk @, Acta.
Math. 176 (1996)] in L3(R3), Tsai , Arch. Ration. Mech. Anal. 143 (1998)] in
LP(R3) with p > 3, Chae-Wolf [3, Arch. Ration. Mech. Anal. 225 (2017)] in Lorentz
spaces LP>(R3) with p > 3/2, and Guevara-Phuc [11, SIAM J. Math. Anal. 12 (2018)]

12—2¢g

in M% 5 (R3) with 12/5 < ¢ < 3 and in L9>®(R?) with 12/5 < ¢ < 6.
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1 Introduction

We study the following incompressible Navier-Stokes equations in three-dimensional space

u — Au+u-Vu+Vr =0, divu =0,
(1.1)

u’t:O = Uo,

where u stands for the flow velocity field, the scalar function 7 represents the pressure. The
initial velocity ug satisfies divug = 0.

In a seminal work @], Leray introduced the backward self-similar solutions to construct
singular solutions to the 3D Navier-Stokes equations (LI]). The so-called backward self-
similar solution is a weak solution (u,7) of (LI)) satisfying, for a > 0,7 € R,

u(z,t) = 2a(1T_t)U< 2a(?—t)>’
m(x,t) = za(Tl—t)H< 2a(g;r—t)>’

*School of Mathematical Sciences, Capital Normal University, Beijing 100048, P. R. China Email: ji-
ugs@cnu.edu.cn

fDepartment of Mathematics and Information Science, Zhengzhou University of Light Industry,
Zhengzhou, Henan 450002, P. R. China Email: wangyanqing20056@gmail.com

tCenter for Nonlinear Studies, School of Mathematics, Northwest University, Xi’an, Shaanxi 710127, P.
R. China Email: ww5998198@126.com

(1.2)



http://arxiv.org/abs/2006.15776v1

where U = (Uy,Us, Us) and II are defined in R3, and the pair (u(z,t),7(z,t)) is defined in
R3 x (—o0,T). We obtain a singular solution at t = T' if U # 0 and

— AU +aU +a(y-VU+U -VU+VII=0, divU =0, yeR>. (1.3)

The first breakthrough of backward self-similar solutions was due to Necas-Ruzicka-Sverak
[19]. They ruled out the existence of Leray’s backward self-similar solutions to the 3D
Navier-Stokes system if a weak solution U of equations (3] is in L3(R3) (see Section 2
for the definition of weak solutions of (L3])). Subsequently, various results involving non-
existence of Leray’s backward self-similar non-trivial solutions were obtained by Tsai in
[25]. Precisely, he proved that Leray’s backward self-similar solution is trivial under the
condition that U € LP(R3) with 3 < p < oo, and the solution U € L>°(R3) in system (L3)
is a constant. In addition, Tsai’s second result is that there does not exist a non-trivial
solution of the form (2] if u satisfy the local energy inequality

sup /
t<s<T JB

for some ball By, (r) and some ¢t < T. Here, B,,(r) denotes the ball of center xy and radius
r.

T
1]u(yc, s)[dz +/ / \Vu(z, s)]2dzds < oo, (1.4)
() 2 t By ()

z0

Very recently, Chae-Wolf [3] and Guevara-Phuc |11] independently made progress in
this direction. On one hand, Chae-Wolf [3] proved that if U belong to the Lorentz spaces
L%>(R3) with ¢ > 2 or

U Lo,y 1)) + IVU L2, 1)) = 0|30l /), as [yo] — oo, (1.5)

then U must be identically zero. Roughly speaking, the proof in |3] relied on e-regularity
criteria without pressure at one scale, the decay at infinity in Lorentz spaces and Tsai’s first
result mentioned above. On the other hand, Guevara-Phuc |[11] showed that there does not
exist a non-trivial solution under the condition that U is in Morrey spaces Mq’@(]l%?’)
with 12/5 < ¢ < 3, or U € L%°(R3) with 12/5 < ¢ < 6, or U € L%(R3). Their arguments
were based on Riesz potentials in Morrey spaces, Sobolev spaces with negative indices and
Tsai’s second aforementioned result. The definitions of relevant function spaces can be

found in Section 2. Notice that there holds the following embedding relation
LIR3) — LP®(R3) < MP(R3) — MPYR?), 1 <1< q. (1.6)
This fact can be found in [5].

The well-posedness of the 3D Navier-Stokes equations in Morrey spaces was studied in
5,114,115, 118, 124]. Compared with the Lebesgue spaces LI(R?) and Lorentz spaces L% (R3),
C§°(R?) is not dense in Morrey spaces. It is worth pointing out that Sawano [21] showed
that M%2(R") is not dense in M%1(R™) if 1 < I; < ly < ¢q. Based on this, the first
objective of this paper is to generalize Guevara and Phuc’s result in [11] to general Morrey
spaces. Our result is reformulated as

Theorem 1.1. Let U € W,"*(R3) be a weak solution of (L3). If

loc
Ue MPR3Y with 2<1<q< o0, (1.7)

then U = 0.



Remark 1.1. This theorem extends all the known results involving non-existence of Leray’s
backward self-similar non-trivial solutions to the 3D Navier-Stokes equations in |3, [11, [19,
25].

We follow the path of [11, [19, 25] to prove Theorem [[Il First, in contrast to [11],
we construct pressure II in the Morrey space directly under condition (7)) without the
application of Riesz potentials in Morrey spaces and dual spaces of Sobolev spaces. Second,

s [11], our main target is to deduce (I.4]) by deriving the energy bound (.9) in terms of
(L7 from the local energy inequality (2.2]). The key tool in [11] is to utilize the duality
between W~12(B) and the Sobolev space W01’2(B) to bound energy flux in local energy
inequality (2.2]), namely, for 12/5 < ¢ < 3,

T T
/T_R2 /B(|u|2 +2m)u - Vqﬁdxdt‘ = '/T_R2<|u|2 1o u- V¢>W71»2(B),Wg’2(3)dt

T
2-8 2
<[ NTFOWE,, o Vel

(1.8)

where the Hardy-Littlewood-Sobolev inequality for Riesz potentials in Morrey spaces was
used and A(t) = [2a(T — t)]"%/2. Tt is worth remarking that the upper bound ¢ < 3 in
[11] comes from the employment of Hardy-Littlewood-Sobolev inequality, but this strategy
breaks down in the case (7). Here, we make full use of the Meyer-Gerard-Oru interpolation
inquuality (14) and the fact that Morrey spaces M%!(R?) can be embedded in Besov spaces

Boo's(R3) for 1 < ¢ < co. This helps us control energy flux and the first term in the left
hand side of (L8] as follows

T
o Tl
4
2

<c(, gy + [ 19 ([ O )™
a T—R2£t§T L2BE) T g L2(B(R) T-E2 Ma1(R3)

where « = 2/p + 3/q < 2. Additionally, we apply the pressure decomposition as [12] to
bound the second term in the left hand side of (L8)). To sum up, we get the following
energy bound

+ IIWHLZ T2 T.12(B(R/2)))

T *d&
SCR3_2Q</ R p_i( )”UHMql ]R3) t)p +CR e

s HLOO(T B2 7:12(B(R/2)))
4

T (2—a)
p—f P p(2—a
([ 2O )

1-£ ’ 2—
+CR —m(/ N2 ()] g )
T—R?
(1.9)
This together with (I.4) means Theorem [L1l

It should be mentioned that the extra restriction that ¢ > 2 and [ > 2 in (7)) resulted
from the construction process of pressure II = R;R;(U;U;) in the proof of Theorem [l
Partially motivated by Chae-Wolf in [3], our next target is to utilize local suitable weak
solutions (see Definition 2.3]) to remove this restriction.

Theorem 1.2. Let U € Wlif(R?’) be a weak solution of (L3]). If

U e MPY(R3) with g < q <6, (1.10)



then U = 0.

Remark 1.2. According to (L6, this theorem is an improvement of corresponding results
in [3, 11, 119, 125].

The proof of Theorem is based on a combination of techniques from [3, 125, 29]. Our
starting point is to set up a new Caccioppoli type inequality below

2 2
||u||L3(T—RTQ7T;L1?)§(B(§))) + HVUHLZ(T—RTQ,T;LZ(B(%)))

<CR™ ||ul®® o | (111)
L?a=3 (T—R2,T;M%1(B(R)))

4g=15 04 206
+ CR25 ul| ™, . +CR T ul]® o . :
L24-3 (T—R2,T;M%1(B(R))) L24=3(T—R?,T;M%1(B(R)))

This inequality is derived by local suitable weak solutions to the 3D Navier-Stokes equations
(LI) and the aforementioned Meyer-Gerard-Oru interpolation inequality. Various Cacciop-
poli type inequalities were recently established in |3, 12, [13, 29, [30]. All the proofs rest
on local suitable weak solutions originated in [29, 130] by Wolf. It is known that any usual
suitable weak solution to the Navier-Stokes system enjoys the local energy inequality (2.8])
(see [4, Appendix A, p.1372]). The novelty of local suitable weak solutions is that, as stated
in [3, 129, 130], the relevant local energy inequality (2.8]) removed the non-local effect of the
pressure term. Based on this, Caccioppoli type inequality (LII)) and (I.I0) allow us to
derive that

IVUll 25,y = o(lyol?) and  [[U|lza(s,, 1)) = o(lpo*?), as |yo| — oo

However, in light of (I3)), this is not enough to show that U = 0. Notice that (LII]) implies
Jgs [UPJy|~2dy < oo, our approach to overcome this difficulty is to construct the pressure
IT via A, weighted inequalities for singular integrals, which enables us to obtain 7 € Lf’o/f
in terms of (L.2)). A similar argument has been used by Tsai in |25, 26] for the proof of his
second result (I4]). Adopting this approach together with the local energy inequality (2.8]),

we deduce (4] and finally prove Theorem

Roughly, the following four figures summarize known results about non-existence of
Leray’s backward self-similar non-trivial solutions in the framework of Morrey spaces

MTP(R3),

(6,6)

(2.4,2.4)

1L (1.5,1.5)

Figure 1: Region of Necas-Ruzicka-Sverak, Tsai and Chae-Wolf Figure 2: Region of Guevara-Phuc
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Figure 3: Region of Theorem 1.1 Figure 4: Region of Theorem 1.2

Eventually we would like to mention that, as a by-product of the energy bound and the
Caccioppoli type inequality obtained in the proof of Theorem 1.1 and Theorem 1.2, one can
establish some e-regularity criteria at one scale in Morrey spaces. To the best knowledge
of the authors, this is the first e-regularity criterion involving Morrey spaces, which is of
independent interest. For the details, see Corollary B.3] in Section 3 and Corollary in
Section 4.

This paper is organized as follows. In the second section, we recall the definitions of
various function spaces and those of suitable weak solutions including local suitable weak
solutions. In addition, we present some auxiliary lemmas. Section 3 is devoted to the proof
of Theorem 1.1. To this end, along the line of [11, 19, [25], we construct the pressure II
in Morrey spaces, and then localize the Meyer-Gerard-Oru interpolation inequality. This
together with the local energy inequality yields the energy bound, which concludes the
proof of our first theorem. In Section 4, we deal with the Caccioppoli type inequality by
local suitable weak solutions and local Meyer-Gerard-Oru interpolation inequality obtained
in Section 3. Then A, weighted inequalities enable us to recover the pressure. Finally,
applying the local energy inequality (2.8]) again and (.4]), we complete the proof of Theorem
1.2.

2 Function spaces and some known facts

2.1 Function spaces

In this section, we begin with definitions of various function spaces. Let S (R™) be the set
of all Schwartz functions on R", endowed with the usual topology, and denote by S’ (R™) its
topological dual, namely, the space of all bounded linear functionals on S (R™) endowed with
the weak *-topology. The classical Sobolev space W1P(€), with 1 < p < oo, is equipped
with the norm || f|lywir) = Ifllzr@) + IV fllLr(@)- A function f € VVéf(R") if and only
if f € WLP(B) for every ball B C R™. The space C§°(f2) is the set of all the smooth
compactly supported functions on . Let WO1 P(Q) be the completion of C§(2) in the

norm of WHP(Q). Let W~1P(Q) denote the dual of the Sobolev space Wol’p(Q).

Next, we present the definitions of Lorentz spaces and Morrey spaces. For ¢ € [1, o],



let
L9(R?) = {f : f is a measurable function on R* and 11l La.co(ray < 00}

be the Lorentz space L?*° defined by means of the quasinorm
1
1l Lacome) = Slilga\{w eR*: [f(z)] > a}s,
(07

where |E| represents the three-dimensional Lebesgue measure of a set F' C R3. The Morrey
space MPL(Q), with 1 <1 < 00, 1 < p < oo and a domain Q C R?, is defined as the space
of all measurable functions f on €2 for which the norm

1

3(i_1 T

£y = supsup RGO ([ play) ' < oc.
R>02€9 Bz (R)NQ

Here B, (R) represents the open ball centered at 2 € R3 with radius R > 0. In particular, by

using the Lebesgue differentiation theorem, one can easily prove that M°!(Q) = L>®(0Q).

To give the definition of Besov spaces, we denote P; = e'® as the heat semigroup on R™.
For o < 0, a tempered distribution f on R" belongs to the Besov space By, ,,(R") if and
only if the following norm

J ST ny — Sllpt g l o (Rn
H HB o (R™) =0 H tfHL (R™)
is finite.

As usual, given a Schwartz function f on R”, the Fourier transform f of f is given by
. 1 .
16 = o | fla)e € ar,
( ) (27T)n R ( )
and the inverse Fourier transform fV is defined as
1Y =F(=9
for all £ € R™. Furthermore, for s > 0, we define A®f by
Asf(&) = Il f(©),
where the notation A stands for the square root of the negative Laplacian (—A)'/2. Now
introduce the homogenous Sobolev norm || - || z. (rmy as follows
11 ey = IA* 2 -
Denote H® as the standard inhomogenous Sobolev space with the norm
Il s mry = IA° fllL2mny + 1 Nl 2R

For g € [1, oo], the notation L7(0, T'; X) stands for the set of all measurable functions f(x, )
on the interval (0, T') with values in X and || f(-,t)||x belonging to L4(0, T'). Throughout
this paper, we denote

B(r):={y e R?||y| <1}, Q(r) = B(r) x (T —1*,T).
The average integral of a function h on the ball B(r) is defined by h, := % i) B(r) h. For
simplicity, we write
I lzera@ery) =l - llerr—r2 miLaeryyy  and |- ey = I - lrLr@r))-

We will use the summation convention on repeated indices. C' is an absolute constant which
may be different from line to line unless otherwise stated in this paper.



2.2 Suitable weak solutions

Definition 2.1. A divergence-free vector field U = (U, Uz, Us) € Wli’cz(R?’) is called a weak
solution of (L3)), if for all divergence-free vector field ¢ = (¢p1, P2, ¢3) € C§°(R?) one has

/ (VU - Vo + [aU + aly - VYU + (U - V)U] - 6)dy = 0. (2.1)
RS

Now, for the convenience of readers, we recall the classical definition of suitable weak
solutions to the Navier-Stokes system (LI]).

Definition 2.2. A pair (u, m) is called a suitable weak solution to the Navier-Stokes equa-
tions (LI provided the following conditions are satisfied,

(1) we L(=T, 0; L*(R%)) N L*(=T, 0; H'(R%)), = € L3/2(=T, 0; L**(R?));
(2) (u, ) solves (I1) in R3 x (=T, 0) in the sense of distributions;

(8) (u, ) satisfies the following inequality, for a.e. t € [-T,0],

/|umt|¢:1:tdx—|—2/ /|Vu|¢d:1:d8

2
§/_T |ul*(0s¢ + Ag) da:ds—i—/ /Rsu Vo(|ul® + 2m)dxds, (2.2)

where non-negative function ¢(x,s) € C§°(R3 x (=T,0)).

Lemma 2.1. [12] Let ® denote the standard normalized fundamental solution of Laplace
equation in R3. For 0 < & <0, we consider smooth cut-off function 1 € C’(C)’O(B(%)) such
that 0 <+ < 1in B(n), ¥ =1 in B(EE2) and |[VFy| < C/(n — €)F with k = 1,2 in B(n).
Then we may split pressure m in (L)) as below

(@) = m1(2) + mo(x) + ma(x), @ B(“T”), (2.3)
where
71'1(33) = — 8i8j<1> * (’LLjUﬂ[)),
mo(x) =20;® * (uju;05¢) — @ * (u;ju;0;0;1),
7'('3(1') :281'(1) * (Waﬂb) — O % (Wazaﬂb)
Moreover, there holds
HWl”LS/Q(Q(f < CHU’”LB(Q €+377)) (24)
H7T2||L3/2(Q(5+T’7)) = ( )3 H ||L3(Q ) (25)
C773/2
Imslle @iy = G =g Il acssgnyy (26)



2.3 Local suitable weak solutions

We begin with the Wolf’s local pressure projection Wy : W=1P(Q) — W=LP(Q) (1 <p <
o). More precisely, for any f € W=1P(Q), we define W, q(f) = Vr, where 7 satisfies (2.7).
Let Q be a bounded domain with 92 € C!. According to the L? theorem of Stokes system
in |7, Theorem 2.1, p.149], there exists a unique pair (u,7) € WHP(Q) x LP(Q2) such that

—Au+Vr=f divu=0, ulspo=0, / wdx = 0. (2.7)
Q
Moreover, this pair is subject to the inequality

ullwir@) + |7l e @) < Cllfllw-1r0)-

Let Vi = Wp@(f) (f € LP(S2)), then [|7[|r() < C||fllzr(q), Where we used the fact that
LP(Q) — W~1P(Q). Moreover, from Ar = dlvf, we see that [|V7||e) < C(|fllr@) +
7z () < Cllfllzr(e). Now, we present the definition of local suitable weak solutlons to
Navier-Stokes equatlons (CID).

Definition 2.3. A pair (u, 7) is called a local suitable weak solution to the Navier-Stokes
equations (1) provided the following conditions are satisfied,

(1) ue L¥(-T, 0; L2(R%) 0 [2(~T, 0; ' (E), = € L¥2(~T, 0; [/2(RY))
(2) (u, ) solves (1)) in R3 x (=T, 0) in the sense of distributions;

(8) The local energy inequality reads, for a.e. t € [=T,0] and non-negative function
¢(z,s) € C§°(R® x (~T,0)),

/B( ”UP(Zﬁ(x,t)da:—k/t / ‘VUF(?(UU,S)da:dS
/ / o2 A¢+85¢dxds~|—/ / of2u- Vodads

t
/ d(u @ v : Vry)dzds + / ¢mv - Vodrds + / / pmov - Vodxds.
B(R) T JB(R) —T JB(R)

(2.8)

Here, Vmp, = —Wp7B(R)(u), Vm = Wpﬁ(R)(Au), Vmy = — p7B(R)(u -Vu), v =u+
V. In addition, Vi,V and Ve meet the following facts

IV7Trlle(B(r)) < Cllullr((r)); (2.9)

Im1ll2(B(R)) < ClIVUllL2(B(R)) (2.10)

172l orzmery) < Clllulore(pery)- (2.11)

We list some interior estimates of the harmonic equation Ah = 0, which will be fre-
quently utilized later. Let 1 < p,q < oo and 0 < r < p, then there holds

1Al L (B(p))» (2.12)



CT%+1

3
(p—r)™!
The proof of (212]) rests on the mean value property of harmonic functions. This together
with mean value theorem leads to (Z13]). We leave the details to the reader.

17 = Dl Lag(ry) < 17 = Rl Lags(p))- (2.13)

2.4 Meyer-Gerard-Oru interpolation inequality

For the convenience of the readers, we recall Meyer-Gerard-Oru interpolation inequality in
[17, 120] below

2 1—2
merny < Clfl|™ " ith 0 d 2 . 2.14
[l zm@ny < HfHHS(Rn)HfHB;@?Z(Rn) with s >0 an <m < 0o (2.14)

In addition,we have the following embedding relation between Morrey spaces and Besov
spaces (see [20, Section 3.2, Lemma 1])

Il s
B q

00,00

< CHfHMq,l(RS) with 1 < g < oo. (215)

(R3)

These two inequalities play an important role in our proof.

3 Proof of Theorem [1.1]

In this section, we present the proof of Theorem [Tl In Subsection 3.1, we define IT by
RiR;(U;U;) and examine that it satisfies the equations (I3]). In the second subsection we
establish the energy bounds. Invoking energy bounds and (L4]), we get the desired results
in the last subsection.

3.1 The construction of the pressure

Lemma 3.1. Suppose that U is a weak solution of (L3) and U € M2P20(R3) with 1 < ¢ <
p <oo. Let I =R;R;(U;U;). Then there holds

(1) _
HHHMP,Q(RS) < C‘|U||3\}l2p,2q(R3)‘ (3-1)

(2) TI meets
—AIl = aiﬁj(Uin),

in the distributional sense.

(3) (U,II) smoothly solves
~vAU +aU +a(y - VU + (U-V)U +VII=0 in R® (3.2)

Here the solution II is unique up to a constant.



Proof. (1) The boundedness of singular integral operators R; R; on Morrey spaces Mp’q(R3)
with 1 < ¢ < p < 0o means (B1).

(2) To show the second assertion, assume for a while, we have proved that

/RS Ri,Rj(XB(R)Uin)A(pdw = — /RS XB(R)Uin(‘)i(‘)jcpda:, (S Cgo(Rg), (33)

where xp(p) is the characteristic function of B(R). The problem reduces to that of passing
to the limit as R tends to infinity. Indeed, note that, for any f € MP?(R?) and b > 3 — 3¢,

10+ fa) e < Uy

This fact can be found in [14]. To make our paper more self-contained and more readable,
we present the proof of the above fact as follows

[+l < /| ) /| | 1|f|q<1+|:c|2>—%dw.
T x>
< Flide + / 91+ |2[?) "2 da
/|:E|<1| | Z k<\x\<2k+1 | |)

k 1 —b— 3(——1
i HfHMpq(R3 +CZ 2 " HfHMPq(R3

< Iy
In addition, note that w(z) = (1 + |ZE|2)_% satisfies the Muckenhoupt A,-condition if 0 <
b < 3. Therefore, for p < 0o, we choose b such that 3 — % < b < 3. Then, the Holder
inequality and the classical Calderén-Zygmund Theorem with A, weights yield that

L, (RRAOU) = RR (i UiT))) A

1 1—1
= </ |RiR;(UsU; —XB(R)Uin)|qw(w)dw> (/ \Aw\qqlw(l’)llqdw>
3 3
. 1 . 1-1
1 q
<C </ \UU; — x5r)UiUj |“w dm) </ ]Acp]q_qlw(m)ﬁdm>
R3 R3

< ClUUj || jgp.amsy»

Likewise,
‘/RS <U,’Uj — XB(R)Uin)aiaj(pdx

< CNUU;| pqp.a resy -

Thus we can apply the Lebesgue’s dominated convergence theorem to obtain

lim RR (XB(R)Uin)A(pdx :/ RZR](U,U])Acpda:,
R3

R—o0 JR3
and

lim XB(R)UinaianDd$ = /R3 UinaianDd$. (3.4)

R—oo JR3

10



Combining this and (3.3)), we know that
/ RiRj(Uin)Atpdm = —/ Uinaiaj(pdx, (3.5)
R3 R3

which implies the second assertion. Subsequently, we need to prove (3.3) we have assumed.
Since the Fourier transform is a topological isomorphism from S(R™) onto itself, we conclude
that (Ap)Y € S(R3) from Ap € C°(R3) C S(R3). Moreover, there holds Ap = ((Ag)¥)".
Let s = min{q, 2}. According to the definition of the Fourier transform of tempered distri-
butions and R;R;(xp(r)UiU;) € L*(R3) C S'(R?), we discover

/11@3 RiR;j(xpr)UiU;)((Ap) ) dz = /R3(Rz’Rj(XB(R)Uin))A(Aﬁﬁ)de- (3.6)

We recall the following fact (see |6, p.76]) that for any f € L™(R3) with 1 < m < 2,

&i&;

—~ Wf(é), ¢ eRE, (3.7)

(RiR; f)"(€) =

From (3.6]) and (B7), we observe that
[ RR U s = [ (RaR, (V) (Ao
§i&;
> (xR UiU;j) (€70 ) dz

B R3 |£|2 (38)
=- /R3 Xpr)UiUj(&i&j ") da

:—/ XB(R)Uinaiajtpdx.
R3

This confirms (B.3)).

Next, we turn our attention to demonstrating (B8.2]). Before going further, we write
F:= —vAU +aU +a(y - V)U + (U - V)U + VII

and show that F' = 0.

It follows from F = VII — VII, div F' = 0 and curl F = 0 that AF = 0. Since harmonic
functions are analytic, to get F' = 0, it suffices to show that D*F'(0) = 0 for any multi-index
a = (a1, a9, a3) with |a] > 0. Let 0 € C$°(R?) be any radial function which is supported
in {x € R?||z| < 1} and has integral 1. Note that D*F is also harmonic, there holds

D*F(0) =&* | D%F(y)6(ey)dy (3.9)
R3

for any € > 0. (See [22, p.275] for the details.)

Integrating by parts, one computes

DF©) =& [ DUy = (<) [ F()el (00) ey

11



According to this, to show that D*F(0) = 0, it suffices to prove that for any ¢ € C§°(B(1)),
lim 53/ F(y)p(ey)dy = 0.
e—0* R3

Integration by parts twice, the Holder inequality and the definition of Morrey spaces guar-
antee that

63/ AU(,D(Ey)dy‘ = 5/ UAgp(Ey)dy‘
R3 R3
1—L

1 29
<& / U[*ady ) * / |Ap(ey)|7Tdy) ™
< lyl<< > ( ly|<2 )

2+
<Ce™"% ‘|U||M2p,2q(R3)-
A slight modification of the latter argument yields

1—L

= _2q
63/ Uso(sy)dy‘ Se?’(/ |U|2"dy> * (/ Iw(sy)lzqﬂdy) *
RS lyl<t lyl<2

yI<z

3
<Ce? ‘|U||M2p,2q(R3)-

In virtue of integration by parts once again, we see that

& [ - DWwetendy === [ 3Uwetendy - | Ul en) - Vet

R3
(3.10)
In the same manner as above, we can also bound |&® [os(y - V)U (y)p(cy)dy|.
On the other hand, it follows from the divergence-free condition that
& [ W VU Geendy
:&73/ divU @ U(y)e(ey)dy (3.11)
R3

=—¢! /R3 U®Ul(y) - Ve(ey)dy,

which in turn implies that

& [ @Dy

1 1—
<e / UPdy ) / Veley)| 7 Tdy) (3.12)
< lyl<2 > ( lyl<2 >

1+3
<Ce "7 HUHi}lQp,Zq(RS

)

Eventually, we need to bound the last term involving VII. Integration by parts gives

et | VII(y) pley)dy = —&* / I(y) Vi (ey)dy. (3.13)
R3 R3

Furthermore, a variant of (3I12]) provides the estimate

~ 3~ 3
ot [Tt Volenis| < € il igoges) < O 21U ey

This verifies D*F(0) = 0 and completes the proof of Lemma 311 O
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3.2 Energy bounds

Proposition 3.2. Assume that (u,m) is a suitable weak solution to the 3D Navier-Stokes
system (LI)). Let o =2/p+ 3/q and the pair (p,q) satisfy

1<2/p+3/qg<2, with 1<p<oo. (3.14)

Then there holds, for any m > 1,

2 2
Lo>(T— 22 7,12(B(R/2 L2(T—E2 T;12(B(R/2)))
SCRg_zaHu||ip(T_R2,T;Mq,1(B(R))) (3.15)
4

CR== Jul%, CR'% |x||?
+ e ”uHLp(T_R27T;Mq,1(B(R))) + mHﬂ'HLl(

Ju )+ vl

T—R2 T;M™1(B(R)))"

Remark 3.1. We refer the readers to [10] and [12] for recent progress on energy bounds of
suitable weak solutions.

In the spirit of [10, 12], we conclude e-regularity criteria at one scale in Morrey spaces
from the above energy bounds. Previous related results in Lorentz spaces can be found in
[1,128]. In addition, a summary of e-regularity criteria at one scale is given in [12].

Corollary 3.3. Let the pair (u,m) be a suitable weak solution to the 3D Navier-Stokes
system (1) in Q(1). There exists an absolute positive constant 1 such that if the pair
(u, ) satisfy
lell o1 050101 () + 171 onemr sy < €1y (3.16)
where
1<2/p+3/¢g<2,1<p<ooandm>1,

then v € L*(Q(1/2)).
Remark 3.2. This result extends regularity criteria via Lebesgue spaces in [12] to Morrey

spaces. We refer the readers to [9] for various e-regularity criteria at all scales in Lebesgue
spaces.

For abbreviation, we set

T
BO) = s uCEagmy + [ IVl
T—r2<t<T T—r2

Lemma 3.4. For 0 <& <, let r = 54?% and o = 2/p + 3/q with the pair (p,q) satisfying
BI4). Then there exits an absolute constant C independent of & and n, such that

2

1 3 1 T

“Eia P, e

i) /T Iy )
(3.17)

3(2—a) 2 %_

r 3 sleza) n
dt < o 1 _—
/T syt < "5 (14 )

Proof. For any pair (p, q) satisfying (3:14]), we can select p’ < p such that the value of 1% +%
is very close to 2 and smaller than 2. Due to the Holder inequality only in time direction,
it is enough to consider the case that % + % is close to 2. To proceed further, we set

o 6a
 3a-—2

13



Taking o — 27, we conclude from some elementary computations that

2 + 6
3<m< q; : (3.18)

Invoking interpolation inequality (2.14)), we see that

2 1—2

s A s
H q R Booloo (R

(&) oo (%) (3.19)

2 _2
<C m .m
= ||U||H3(m;2) (RB)HuHMq,l(RB)’

where we also used (2.I5]).
Using the Holder inequality and (8.19)), we arrive at

11,
<Cr?G- nHuHLm(Rg) (3.20)
<Cr9G—m)

_CT 3 HUHHB(mq 2) (R3 ”uHMq 1(R3)

From the Gagliardo-Nirenberg inequality and [B.I8]), we get

2qg—3m+6 3m—6
L e T e

Substituting this into ([B.20), we deduce that

3(2q—3m+6) 3(3m 6)
mq

1_
lullFapery) SCrOGm lull oy IVull o asy lll % g
(B(r)) (R3) ( Ma1(R3)

S\H

Integrating this inequality in time and applying the Holder inequality, we know that

T 3
/T—rz el () B

9(1 1) 3(2gq—3m+6) 3(3m—6) 6
<OPGR) sup [l it /T 190l gy [l o

T—r2<t<T
o(l_1 3(2¢—3m+6) T ) 3(32m76)
1_1 mq
<o) supllull (/ [l oyt
T—r2<t<T T2
T _ 2¢(3m—6) 2qm723(3m—6)
2¢m—3(3m—6) qm
([ Wl ) |
namely,
T 3
/T_,«Q ellzs iyt
<Cr'm" : IVl gt %_é( el dt)p%
2 . .
sCr e (T_fz,uSptST”uHLZ(R%JF o IVull72gs) ) o Ul gt (ms)

(3.21)

14



Choose a cut off function ¢ € C§°(B(n)) satisfying 0 < ¢ < 1, ¢ =1in B(&%) and
|V < ;=g Replacing u by ¢u in B2I) and taking r = §+3" , we get

T 3
/T R
2

3(2— n % 3_1 T P%
<CT] 2& (1+ (77_5)2) E2 a(?’,)(/T_T Hu”Mql(B( ))dt> .

Here we used the fact below

WUHM«LI(H@) S CHUHM‘“(B(W))’

which can be derived from the definition of Morrey spaces. This completes the proof. [

Proof of Proposition [3.2. Indeed, consider 0 < R/2 < £ < 5— < 5777 < w <n<R.
Let ¢(z,t) be a non-negative smooth function supported in Q( Jr77) such that oz, t) =1
on Q(EF1), [Vel < C/(n —€) and [V2¢| + |016] < C/(n - €)*.

The local energy inequality (2.2]), the decomposition of pressure in Lemma [2.T] and the
Hoélder inequality ensure that

2 2
/B (M) ulie,6) (e, )i +2 / / 1 o

5/3
Cn |u|3d:17d8 + ul|®dxds
Q(&tsn) (n— f Q(§+3n

Cn? 0773/
! W” s + gyl @m lullz=rx@um
=: I+ 1T+ 11T+ 1V. (322)
Combining ([B3.17) and the Young inequality, we obtain
Cn3+a 7]2 .
SW(l—i—W) H ”LP(T n2, T M9 (B(n))) +6E(77)7
0773 772 32a7a2 4 )
< pa—
II_(n_S)QQ,—‘L (1+ (n_§)2> H |Lp(T ,72 TMql(B( )))+6E(T]),
3(a+2)
Cn 2o 7]2 sa—2 e .
< 1 | |
1T O (1 = 5)2> el e ot (B T B0 (3.23)

In light of the definition of Morrey spaces, we see that

_3
17l Lr ey < O 7l g 5y -

Using the Young inequality again, we conclude that

WO gl * L)
o (3.24)
C'n m 1
> ( )8H HLl T—n2,T;M™1(B(n))) + EE(T/)
After plugging (3.:23)-(324) into ([B:22]), we apply the classical Iteration Lemma |8, Lemma
V.3.1, p.161] to finish the proof. O

15



Proof of Corollary[3.3. Recall the e-regularity criteria below shown in [12]: u €
L>(Q(1/2)) provided that

lwll e (—1,0:20BY) + 1Tl @) < €3, (3.25)

where
1<2/p+3/¢g<2 and 1<p< 0.

Note that for any m > 1,

3
Il sy < Cr* w7l gm0y
This together with the energy bound (8.15]) and (3:25]) means (3.16]). O

3.3 Proof of Theorem [1.1]

Proof. Let A = [2a(T — t)]~"/2. By means of an elementary change of variables and the
definition of Morrey spaces, we have

1_1 1_1
R uty)fay) < #G ([
o(R)NBuy (1) B.(R)
RGD([ puiwfay)
B:(R)

1-3
SA HUHMq,z(Ra)-

1
IUIldy) l

1
7

Hence, it follows from (3] that for any r > 0,

3
ull gt i, oy <A NN g o
MY (B (1)) MEL(R3)) (3.26)

17l wtor2ar2 0 gy < X T ggarzaraqgsy < CX TN g g

Recall that A(t) = (2a(T — t))~"/? and choose p > 1 such that 2 —p < p — % < 2, then
there hold

T T
p < p—* p
L ot < [ X E Ut < 0,
(3.27)

T
986
/ 2Ilwllw/g,lm(%(r))dtgC/T T U s < 00

-r

At this stage, the proof of Theorem [I.I] follows at once from Proposition and (T4). O

4 Proof of Theorem

We divide the proof of Theorem into three steps. In Step 1, utilizing the local suitable
weak solutions and local Meyer-Gerard-Oru interpolation inequality (BI7]), we establish a
new Caccioppoli type inequality. Step 2 is devoted to constructing the pressure II via A,
weighted inequalities. In the last step, an application of local energy inequalities leads to
the proof of Theorem

In what follows, we set

- ||Lqul(Q(r))- - ||LpT 72, T;MeU(B(r))) "
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4.1 Caccioppoli type inequality

Proposition 4.1. Assume that u is a local suitable weak solution to the Navier-Stokes
equations (LI)). Then there holds for any q > 3/2,

2
1412, % gy, IV (00

<CR IIUH2 64 +CR# s Hu||2q y +C 6
L2733 M1 (Q(R)) L?FSMq HQ(R)) L23=3 M9 1(Q(R))

As a straightforward consequence of the above proposition, we establish a regularity
criterion at one scale without pressure in Morrey spaces for local suitable weak solutions
to (II). The Holder inequality together with any result of [3, 13, 127, 29, 130] and this
proposition yields the desired.

Corollary 4.2. Let the pair (u,7) be a local suitable weak solution to the 3D Navier-Stokes
system (L) in Q(1). There exists an absolute positive constant o such that if the pair
(u, ) satisfy

0 _6g
/ Hu”jﬁtqi(B( ))dt < ey with q>3/2, (4.1)

then u € L*(Q(1/2)).

Proof of Proposition[{.1. Consider 0 < R/2 < r < % < # < p < R. Let ¢(z,t) be

a non-negative smooth function supported in Q(#) such that ¢(z,t) = 1 on Q(?”jp ),

Vel < C/(p—r) and |V?¢| + |0p] < C/(p —7)*.
Let Vmy, = W, B(w)(u), then, from (2.9))-(2.1I1]), we have
’ 1

197 s sy, < Clull soqssen - (42)
(Q(=F2)) (Q(=52))
”7T1HLQ Q(r+43/)) < CHVU”LQ(Q T'+3p)), (43)
||7T2HL2- Q(’I‘+3p ) 0H|u| ||L?(Q 7‘+3p)) (4'4)
Since v = u + Vy, the Holder inequality and (4.2)) allow us to write
o2 g + D10 §L [uf? + [V 2
Q) RIS
Cp5/3 2
oty
C'p /
—WHUHLS Q(zt32)) (4.5)
The Holder inequality, v = v + V7, and ([£2]) ensure
'// o6tV < 0= )Hu”m Q)" (4.6)
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It follows from the interior estimate of harmonic functions (2.12)) and (42]) that

C(r+p)

< WHVTWLHLS Q(r+3p))

V27l 207 g2

Cp

PEDELACIE

which in turn implies that

/ H(u@v: Vi)
Q(p)

2
<l )
( )QH ”L3 Q(r+3p N (47)
The Holder inequality, (£.3]) and Young’s inequality yield that
$mv - Vol < —Z|[o]l 2o rie .
/Q(p) ! = )” Iz @42)) )
1 2
— ( )2 H H EHT(lHL?(Q(ﬂ))
Cp5/3
< WHUHLB Q(r+3p) HVUHLZ Q(T+3P)) (48)
We deduce by the Holder inequality and ([4.4]) that
C
3
'/ o’ ™ V- “te ey = onMieese)
(4.9)

Inserting (A35])-(@9) into the local energy inequality [28), we arrive at

22 2
s /B N // V(0?) ( )2\\ uLgQ(MSﬂ)( el o

C
+ﬁ‘|u||L3(Q(T+SP) HVUHLQ(Q risg))-
(4.10)
The interior estimate of harmonic functions (2Z.12)) and (IIZI) provide the bound
5
Crs Crs
; 3 : 411
||V7ThHL3L1?)8_(Q(r)) < (p_T)QHVﬂ'hHLS(Q(%)) = ( )QH ||L3 Q(r+30 ) ( )
Combining the triangle inequality, (£.10) and (4.11]), we discover that
2 2
+
I HLBLT@ (") =l HL3LT(Q( IV HL3LT(Q( )
5
Crs
2 2
gC{”U”LooL%Q(r)) + ”VU”LQ(Q(T))} + WHUHLB Q(r+3p))
Cp/3 Cp (4.12)
SWHUHL?’ Q(T+3")) + WHUHLS(Q(TJrSP))
C
+ﬁ‘|u||L3(Q(T+SP) ||Vu||L2(Q risg))-

18



According to (2.12) and (£.2) again, we ascertain

Cr? C’r 3/

IV27Rl17 20y <

Owing to the triangle inequality and (£I0]), we have
IVulZ2guy <IVOIT2Qu) + IV2mRII22 00

Cp5/3 C7’3 5/3
_{(p—r)z Ty }”“”LS(Q(’*SP))

+ {(,ogpr)2 + (pg’r)}HuHLS(Q(’*SP) ||VU||L2(Q rt3p):: (4.13)
Adding (@12]) to (£13), we derive that
lal3s 28 o + IVEIE2 ) (4.14)
5/3 3 5/3
< (fﬁ E T Zr—pr) }”“”LS(Q(’*SP))
* {(p ?I{;)2 + (pfr) }||u||L3(Q(T+39 ||Vu||L2(Q rt3p)): (4.15)

Thus, the key ingredient is to control |[u|[3, on the right hand side of the above inequality.
To this end, invoking the Holder inequality and (2.14]), we see that

1__3
] <™ 20 |[u||? 5440

L3(B(™£2)) T(B("Jrs”)) (4.16)
<C 3(22q7+763) 2q+6 2q+6 '
<Cp" o [l 27 Il

Choose a cut off function ¢ € C§°(B(p)) satisfying 0 < ¢ < 1, ¢ =1 1in B(#) and
V| < In view of triangle inequality and the classical Poincaré inequality, we deduce
that

Ip Tl
IVI(w = ap )l L2B(p)) SNOVullLz(B()) + [IVO(u = tp))llL2 ()
<(C+ %)HWHL%B@» (4.17)
§%HVUHL2(B(;>))-

We calculate

[ (u — ﬁB(p))(ﬁH/\}xq,l(RB) < HU¢”Mq,1(B(p)) + |’¢QB(p)HM‘Z»1(B(p)) (4.18)

< Cllull gta1 (5(p))-
Thanks to the triangle inequality again and (LI6)-(4.18]), we infer that

_ 3
HUHL3 (B("t32)) <Cp 2q+6 ”U —UB(p H 2_!13+_6(B(T+3p)) + HUB(P)”LB(B(%))
— 3
<CP %irs ||¢(U —Uup(p )|| 29 p) + ||“B(p)||L3(B ri3py)

_18
<Cp 2q+6 ”(u - uB(p )¢H12_;1+?R3 ”( uB(p )(ﬁHqutiJr[;S) + Cp a Hu”?\}lq,l(B(p))

8q73

Cp2+

prEe 3246 3=311,113
-7 )HVUHL? ol ety + CF Tl
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From the Holder inequality, we know that

T
3
/T—“ﬁ%” el zsey At

Cp2ats T 2q+6 2q+6 3_6 T 3
S - /T_W IVall a1l o ) 48+ CP Q/T_Mw? (TGO
16

8q—3
Cp2ate , [T sars [ [T Site
< ( IVl 725 dt) 2q+6< i qu 31 >2q+6
(p—r) T30 (B(p)) 7 3?2 M21(B(p))

2q—3

T
3-¢ 2q 3 > 2q
+Cp q</T (r+3/))2 Il HM‘“ (B(p)) dt ’

where we have used the fact that 591G +6 < 2and 3 <3

5055
Plugging this inequality into (4.I5])) and using the Young inequality, we obtain

112, 38 gy * V42000
8q—3
{Cr” CT?’”‘E’”’}Q? P el
(=1 (p=rP) (B L s Q)
0,05/3 CT3p5/3 2q—4
S S R e O 1
p—r)* (p—r) LT85 M0 (Q(p)
2¢+6 v 6g
Cp c 2¢-3__ P q 203
o o) el
p=rl o= s L M Q)
Cp C 39—6 3 )
T { (p—1)2 + (-1 }P I HUHL?g_gSMqJ(Q(p)) + 16||VUHL2(Q(p))'
Now, we are in a position to apply the classical Iteration Lemma [ Lemma V.3.1, p.161]
to find that
2 2
H ”L3L*(Q % + HVUHLZ g))
<OR™ [lull® 4 +CR% HUHZ‘Z . +CRT HUH3
L7 ppa. HQR) 2_'SJ\/I‘IJ(Q(R)) 2_gi\/l‘”(Q(R))
This achieves the proof of this proposition. O
4.2 Proof of Theorem
Proof. 1t follows from (26) and 3 < ¢ < 6 that for any r > 0,
T T
2 2
/T_ [[u Hﬂiqi(B dt < /T_R ] HUHA;;(RS)dt < 0.
Thus, this together with Proposition 4.1 implies
HuHLS Q( + HVUHLQ(Q %)) < 0. (419)
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Let Ao = (2a7")~ /2. Changing the order of integration, we apply [@I9) to deduce that

// \u]?’dxdt:/ U[P A3 min {|y[ 2,752 Ly,

QM) RS

// \vuy2dxdt:/ VU P2A3 min {[y| =, A5}y,
QM) RS

which in turn implies that

(4.20)

IVUll 25,y ) = o(lvol”?)  and  [[U|lzas,, 1)) = o(lyo|*?), as |yo| = oo.

Next, to employ the local energy inequality (2.2]) and (L4]), we take into account recovering
pressure II via (4.20). Observe that (£20) yields

/ UPly|~%dy < o, (4.21)
RS
we can define _

II = R;R;(U;U;),

where U = (Uy, Uz, Us) is determined by (4.21I)). Due to the classical Calderén-Zygmund
Theorem with A3/, weights, there holds

~ 4 _4
IMLy173 (| o2 (rsy < CNUUlYI ™5 /2 rs)- (4.22)

This means the local integrability of I1. Thus, Weyl’s lemma guarantees that II is smooth.

To proceed further, the fact that U € W,"?(R?) and Jrs U1+ |y])2dy < oo allows

us to revise the proof of Lemma B to show that II satisfies —AIl = 0;0;(U;Uj) in the
distributional sense. Here, we just prove that VII = VII.

We use the same notations given in the proof of Lemma [3.Il By integration by parts,
we have

63

AU@(Ey)dy' =¢”

2 2
/ U!y\‘ﬁly\mw(sy)dy'
RS

1 2
g@”/ UPly|"2dy)* / || Ap(ey)|2dy)°
( ly|<2 > ( ly|<2 >
7
<cet ([ Pt
RS

Exactly as the above, we get

1 2
[veenan) <2 ([ wrbiza) ([ wlieni)”
R3 lyl<2 lyl<1

€ €

1
) 1
< 063</R3 |U|3|y|_2dy>3-

In view of integrating by parts once again, we see that

RS

Wl

63

& / (v VU ()p(ey)dy = —& / 3U (y)pley)dy — < / U(y){(ey) - Violey) .
“ “ “ (4.23)
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Hence, proceeding as the above, we can also control ‘53 Jrs (Y - V)U(y)gp(sy)dy‘.

Thanks to the divergence-free condition, we arrive at

e | (U-V)U(y)p(ey)dy
RS (4.24)
— ¢t / U®U(y) - Ve(ey)dy,
R3

which in turn implies that

63

/R3(U : V)U(y)cp(sy)dy‘

§¥</
lyl<z

2
<ceh ([ 0P an)’

It remains to bound the last term involving pressure I1. Integration by parts gives

2 1
0P Ra) ([ e Pay)’ (4.25)

lyl<z

£’ /R . VII(y) p(ey)dy = —&* /]R . II(y)Vep(ey)dy. (4.26)
Furthermore, due to (4.22]), a variant of (4.25)) provides the estimate

84

/R3 ﬁ(y)vcp(gy)dy‘ = CEg(/RB \U!?’\y!‘zdy)%

Therefore, we get VII = VIL Then we can define 7 by II via (LZ). Note that

// w%dg;dt:/ 712 03 min {|y| =2, A5} dy.
Q) R?

From this and [#2Z), we know that 7 € L¥2(Q(1)). This together with u € L3(Q(1))
implies (I.4)) via local energy inequality (2.2]), which concludes the proof of Theorem[[2l [
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