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Abstract. We present a dynamical systems approach for geometric matchings in an
ensemble of polytopes along rigid-body motions. Each polytope can be characterized by a
vertex set and edge or faces determined by vertices, and polygons and simplexes correspond
to a polytope. For a geometric matching, we propose a system of dynamical system for
the evolution of centroids and rotations of polytopes to match the vertices under rigid-
body motions which can be decomposed as a composition of translation and rotations.
Our proposed dynamical system acts on the product space (Rd×SO(d))N . The evolution
of centroids can be described by the coupled linear second-order dynamical system with
diffusive linear couplings, whereas rotations for the matching of vertices are described
by the Lohe matrix model on SO(d)N . In particular, the Lohe matrix model has been
derived from some set of physical principles compared to previous works in which the Lohe
matrix model were employed as a system dynamics. This is a contrasted difference between
earlier works on the Lohe matrix model which has been adopted a priori for an aggregate
modeling of matrices. We also provide an analytical result leading to the complete shape
matchings for an ensemble of congruent polytopes, and several numerical examples to
illustrate analytical results visually.

1. Introduction

Collective behaviors of complex systems often appear in nature, e.g., aggregation of
bacteria [18], synchronization of fireflies and pacemaker cells [5, 6, 38], flocking of birds,
swarming of fish, etc. For a survey, we refer to [1, 39, 40, 45]. In this paper, we are
interested in the rigid-body motions of polytopes leading to shape matchings. A polytope
is a geometric object consisting of vertices, lines and faces connecting them, and we will
identify each polytope with the set of vertices with fixed pairwise distance between them.
Consider an ensemble consisting of vertex sets moving with rigid-body motions in free
Euclidean space without any obstacles. Under this circumstance, we are mainly interested
in the design of a dynamical system for shape matching among point sets via rigid-body
motions. In most literature on the collective behaviors, mathematical modelings were mostly
done for point particles without any internal structures, e.g., the particle Keller-Segel model
[18, 19], the Winfree model [44], the Kuramoto model [10, 11, 15, 16, 17, 23, 26, 31, 32, 43,
42], the Lohe sphere model [8, 9, 24, 36], the Lohe matrix model [14, 21, 25, 29, 33, 34, 35]
and the Lohe tensor model [27, 28] etc.
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2 HA AND PARK

To fix the idea, we consider an ensemble of congruent n-polytopes with different initial
positions moving with a rigid-body motion in Rd. Let Λ be a fixed set of vertices of con-
gruent n-polytopes and we denote by {xiα}α∈Λ be the vertex set of the i-th polytope. In
this situation, we would like to address the following dynamic shape matching problems:

• (Q1) (Design of a dynamical system): We design a continuous-time dynamical sys-
tem leading to exact shape matching of all polytopes C := {{xiα}α∈Λ : i = 1, · · · , N}
asymptotically:

lim
t→∞

max
α∈Λ
‖xiα − xjα‖ = 0, ∀ i, j = 1, · · · , N,

where ‖ · ‖ be a `2-norm in Rd.
• (Q2) (Validity question): If such dynamical system exists, what are the sufficient

conditions for initial configurations and system parameters leading to the exact
shape matching?

For each polytope, we decompose a rigid-body motion of each polytope as a direct sum
of translation motion (external motion) and rotation (internal motion) so that

{ Rigid-body motions consisting of translation and rotation} ∼= Rd × SO(d).

In this paper, we study above two questions (Q1) - (Q2). More precisely, our main result
can be summarized as follows. Our first main result deals with the design of a dynamical
system on the state space (Rd × SO(d))N . First, we describe our governing dynamical
system as follows. For the i-th n-polytope P i = {xiα}α∈Λ, we define its center-of-mass and
relative displacements of vertices from the center-of-mass:

x̄i :=
1

|Λ|
∑
α∈Λ

xiα, riα := xiα − x̄i, i = 1, · · · , N,

so that

(1.1) xiα(t) = x̄i(t) + riα(t), α ∈ Λ, i = 1, · · · , N.

Our governing system consists of two subsystems for the center-of-mass and its displace-
ments. For the motion of center-of-mass {x̄i}, we derive a second-order linear consensus
model with a constant damping and diffusive linear consensus (see Section 3.1):

(1.2) m¨̄xi = −γ ˙̄xi +
κ

N

N∑
k=1

(x̄k − x̄i),

where γ and κ are positive friction coefficient and coupling strength, respectively.
In contrast, the dynamics of displacement riα from x̄i will be determined by that of matrix

Oi ∈ SO(d):

(1.3) riα(t) := Oi(t)rα, α ∈ Λ, i = 1, · · · , N,

where {rα}α∈Λ ⊂ Rd with
∑

α∈Λ rα = 0. In Section 3.2, we will derive the Lohe matrix

model on SO(d)N without imposing it based on several set of physical principles:

(1.4) m
(
Öi(Oi)T + Ȯi(Ȯi)T

)
= −γȮi(Oi)T +

κ

2N

N∑
k=1

(
Ok(Oi)T −Oi(Ok)T

)
.
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Finally, we combine (1.2), (1.3) and (1.4) to propose a dynamical system for {(x̄iα, Oi)}:
m¨̄xi = −γ ˙̄xi +

κ

N

N∑
k=1

(x̄k − x̄i), t > 0, i = 1, · · · , N,

m
(
Öi(Oi)T + Ȯi(Ȯi)T

)
= −γȮi(Oi)T +

κ

2N

N∑
k=1

(
Ok(Oi)T −Oi(Ok)T

)
.

(1.5)

Once we solve the above decoupled system (1.5), we can recover the original state xiα by
the relations (1.1) and (1.3):

xiα(t) = x̄i(t) +Oi(t)rα, t > 0, α ∈ Λ, i = 1, · · · , N,

where rα is the reference position determined by the initial position.

Note that for the case with m = 0 and γ = 1, system (1.5) formally reduces to

(1.6)


˙̄xi =

κ

N

N∑
k=1

(x̄k − x̄i), riα(t) = Oi(t)rα,

Ȯi(Oi)T =
κ

2N

N∑
k=1

(
Ok(Oi)T −Oi(Ok)T

)
.

Note that the second equation (1.6)2 corresponds to the Lohe matrix model with zero natural
frequency matrices. Hence, surprisingly the Lohe matrix model appears naturally in the
dynamics on SO(d)N . In previous studies [12, 13, 22] on the orientation synchronization of
multi-agent systems, several suitable matrix-valued aggregation models were used without
any particular justification, whereas we derive the Lohe matrix model on SO(d)N starting
from some physical arguments on rotations. This is a contrasted difference between earlier
works on the matrix-valued consensus model and the result obtained in the current paper.

The rest of this paper is organized as follows. In Section 2, we briefly review emergent
dynamics of the second-order and first-order consensus models on (Rd)N and SO(d)N with
linear diffusive couplings and linear damping force. In Section 3, we provide a derivation
of dynamical systems for the displacement around center-of-mass beginning from Newton’s
second law. In Section 4, we briefly discuss emergence of complete shape matching for
systems (1.5) and (1.6) as a direct corollary of earlier results on the linear consensus model
and the Lohe matrix model for identical polytopes. For similar and heterogeneous collections
of polytopes, we also provide variant systems for shape matchings. In Section 5, we provide
several numerical simulations and compare them with our analytical results in Section 4.
Finally Section 6 is devoted to a brief summary of our main results and some discussion on
a future work.

2. Preliminaries

In this section, we briefly discuss some first-order and second-order consensus models on
three types of finite-dimensional manifolds M:

M : Rd, SO(d), M1 ×M2,

where Mi, i = 1, 2 is a Riemannian manifold.
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2.1. A second-order linear consensus model. Let qi = qi(t) ∈ Rd be a quantifiable
state of the i-th agent that we look for consensus. We assume that the dynamics of qi is
governed by the Cauchy problem of the second-order linear consensus model:

(2.1)

mq̈
i = −γq̇i +

κ

N

N∑
k=1

(qk − qi), t > 0,

qi(0) = qi0, i = 1, · · · , N,

where m, γ, and κ are nonnegative constants representing strengths of inertia, friction
and coupling strength, respectively. Since system (2.1) is a linear system with constant
coefficients, the explicit solution to (2.1) can be found. For the consensus dynamics of
(2.1), we introduce a configuration diameter D(Q):

(2.2) Q := {qi}Ni=1, D(Q) := max
1≤i,j≤N

‖qi − qj‖.

Note that

asymptotic complete consensus occurs ⇐⇒ lim
t→∞
D(Q(t)) = 0.

Then, emergent dynamics of (2.1) in the following proposition.

Proposition 2.1. Let Q = {qi} be a solution to the Cauchy problem (2.1). Then, the
following assertions hold.

(1) (Positive inertia): Suppose system parameters satisfy

m > 0, γ > 0, κ > 0.

Then, D(Q) satisfies

D(Q) .


exp

(
−γ +

√
γ2 − 4mκ

2m
t

)
, γ2 − 4mκ ≥ 0,

exp
(
− γ

2m
t
)
, γ2 − 4mκ < 0.

(2) (Zero inertia): Suppose system parameters satisfy

m = 0, γ = 1, κ > 0.

Then, D(Q) satisfies

D(Q) . exp

(
−κ
γ
t

)
.

Proof. (i) We set the transversal displacement xij as follows.

qij := qi − qj , ∀ i, j = 1, 2, · · · , N.
By the refining relation (2.2), it suffices to check that qij tends to zero exponentially fast.
Then, the transversal difference qij satisfies

mq̈ij + γq̇ij + κqij = 0.

By direct calculation, one has

qij(t) = c1 exp

(
−γ +

√
γ2 − 4mκ

2m
t

)
+ c2 exp

(
−γ −

√
γ2 − 4mκ

2m
t

)
,
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where c1 and c2 are constants determined by initial data.

• Case A (γ2 − 4mκ ≥ 0): In this case, since

−γ −
√
γ2 − 4mκ

2m
≤ −γ +

√
γ2 − 4mκ

2m
< 0,

one has

|qij(t)| . exp

(
−γ +

√
γ2 − 4mκ

2m
t

)
, t ≥ 0.

• Case B (γ2 − 4mκ < 0): In this case, one has

Re

(
−γ −

√
γ2 − 4mκ

2m

)
= Re

(
−γ +

√
γ2 − 4mκ

2m

)
= − γ

2m
< 0.

Thus we have

|qij(t)| . exp
(
− γ

2m
t
)
, t ≥ 0.

(ii) Consider the case:

m = 0, γ > 0.

In this case, qij implies

q̇ij = −κ
γ
qij , i.e., qij(t) = e

−κ
γ
t
qij(0).

�

2.2. The second-order Lohe matrix model on SO(d). Let Ai ∈ SO(d) be an orthogo-
nal matrix whose dynamics is governed by the Cauchy problem to the second-order matrix
model:

(2.3)


m
[
Äi(Ai)T + Ȧi(Ȧi)T

]
= −γȦi(Ai)T +

κ

2N

N∑
j=1

[
Aj(Ai)T −Ai(Aj)T

]
, t > 0,

(Ai, Ȧi)(0) = (Ai0, Ȧi0), i = 1, · · · , N,

subject to constraints:

(2.4) Ai0 ∈ SO(d), Ȧi0(Ai0)T +Ai0(Ȧi0)T = Od, i = 1, · · · , N,
where Od is the d× d zero matrix. The matrix model (2.3) was first introduced in [21], and
its emergent dynamics was also extensively studied there.

Lemma 2.1. Let A = {Ai} be a solution to (2.3) - (2.4). Then, one has

Ai(t)(Ai(t))T = Id, t ≥ 0, i = 1, · · · , N,
where Id is the d× d identity matrix.

Proof. We first rewrite (2.3)1 as

(2.5) mÄi(Ai)T = −mȦi(Ȧi)T − γȦi(Ai)T +
κ

2N

N∑
k=1

(
Ak(Ai)T −Ai(Ak)T

)
.
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For the desired estimate, we set

(2.6) M i := Ai(Ai)T , i = 1, · · · , N.
Then, by the assumptions (2.4) on initial data, we have

(2.7) M i(0) = Id, Ṁ i(0) = Od, i = 1, · · · , N.
For the desired estimate, we first claim:

Ṁ i(t) = 0, t > 0, i = 1, · · · , N.

• Step A (Derivation of a dynamics for Mi): We differentiate the relation (2.6) twice with
respect to t to obtain

(2.8) Ṁ i = Ȧi(Ai)T +Ai(Ȧi)T , M̈ i = Äi(Ai)T +Ai(Äi)T + 2Ȧi(Ȧi)T .

We take a transpose of (2.5) to obtain

(2.9) mAi(Äi)T = −mȦi(Ȧi)T − γAi(Ȧi)T +
κ

2N

N∑
k=1

(
Ai(Ak)T −Ak(Ai)T

)
.

We add (2.5) and (2.9) to see

(2.10) m
(
Äi(Ai)T +Ai(Äi)T

)
= −2mȦi(Ȧi)T − γ

(
Ȧi(Ai)T +Ai(Ȧi)T

)
.

Then, we use (2.8) and (2.10) to see that M i satisfies

(2.11) mM̈ i = −γṀ i.

• Step B (Mi is a constant of motion): We use (2.11) and ‖A‖2F = Tr(AAT ) to see

m
d

dt
‖Ṁ i‖2F = m

d

dt
Tr(Ṁ i(Ṁ i)T ) = mTr

(
M̈ i(Ṁ i)T + Ṁ i(M̈ i)T

)
= Tr

(
− γṀ i(Ṁ i)T − γṀ i(Ṁ i)T

)
= −2γTr

(
Ṁ i(Ṁ i)T

)
= −2γ‖Ṁ i‖2F.

This yields

(2.12) ‖Ṁ i(t)‖2F = ‖Ṁ i(0)‖2Fe−
2γ
m
t, t > 0.

Next, we use (2.7) and (2.12) to get

Ṁ i(t) = Od, t > 0.

Again, this and (2.7) imply the desired estimate:

M i(t) = Id, t ≥ 0.

�

Proposition 2.2. [21, 25] Let A = {Ai} be a solution to (2.3) - (2.4). Then the following
assertions hold.

(1) Suppose system parameters satisfy

m > 0, γ > 0, κ > 0.

Then, D(A) satisfies
lim
t→∞
D(A(t)) = 0.
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(2) Suppose system parameters and initial data satisfy

m = 0, γ > 0, κ > 0, max
i,j
‖Ai0 −Aj0‖F < 1.

Then, D(A) satisfies

D(A(t)) . e−
κ
γ
t
.

Proof. The detailed proofs can be found in [21] and [25], respectively. However, for reader’s
convenience, we briefly sketch main ideas to get some feeling how it goes.

(i) We define some energy functionals as follows:

E(t) = E [A(t), Ȧ(t)] :=
m

N

N∑
i=1

‖Ȧi‖2F +
κ

2N2

N∑
i,k=1

‖Ai −Ak‖2F .

Then, E is nonnegative, and by direct calculation (Proposition 3.1 [21]), one has

2γ

N

∫ t

0

N∑
i=1

‖U̇i(s)‖2F ds = E(0)− E(t) ≤ E(0), t > 0.

This implies ∫ ∞
0
‖U̇i(s)‖2F ds <∞.

Moreover, we can check that
∣∣∣ ddt‖U̇i‖F ∣∣∣ is uniformly bounded. Hence ‖U̇i‖F is Lipschitz

continuous which clearly implies the uniform continuity of ‖U̇i‖F. Then, we can apply
Barbalat’s lemma to derive the desired zero convergence of D(A) without any detailed
decay rate.

(ii) By detailed delicate estimate (Lemma 3.1 [25]), the ensemble diameter D(A) satisfies

d

dt
D(A) ≤ −κD(A)(1−D(A)), a.e., t > 0.

Then, we integrate the above differential inequality to get

D(A(t)) ≤ D(A0)

(1−D(A0))eκt +D(A0)
, t ≥ 0.

As long as D(A0) < 1, we have an exponential decay estimate of D(A).
�

2.3. A consensus model on a product manifold. Let (M1, g1) and (M2, g2) be two
Riemannian manifolds respectively. Then the product M1 ×M2 defined by

M1 ×M2 = {(x, y) : x ∈M1, y ∈M2}

is a product Riemannian manifold with a product metric g1 ⊕ g2.

Definition 2.1. [18] Let X (t) = {xi(t)}Ni=1 ⊂ M1 and Y(t) = {yi(t)}Ni=1 be consensus
flows on (M1, g1) and (M2, g2), respectively. Then the product flow Z(t) = {zi(t) =
(xi(t), yi(t))}Ni=1 ⊂M1 ×M2 is also a consensus flow on M1 ×M2.
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Proposition 2.3. [18] Let {xi}Ni=1 and {yi}Ni=1 be consensus flows on (M1, g1) and (M2, g2)
satisfying

d1(xi(t), xj(t))→ 0 and d2(yi(t), yj(t))→ 0 as t→∞, i, j ∈ {1, · · · , N}.

Then, the product flow {zi := (xi, yi)}Ni=1 on M1 ×M2 satisfies

lim
t→∞

(d1 ⊕ d2)(zi(t), zj(t)) = 0, ∀ i, j = 1, · · · , N,

i.e., asymptotic consensus emerges.

Remark 2.1. As aforementioned in Introduction, our governing system (1.5) corresponds
to the consensus model on the product space RdN×SO(d)N . Therefore to derive a consensus
estimate, it suffices to verify that each subsystem exhibits consensus estimate.

3. A consensus algorithm for congruent polytopes

In this section, we provide a heuristic derivation of the second subsystem of the consensus
model (1.5) for rotations. Although n-polytope is completely characterized by the vertices,
edges and faces, since we are considering the same shape of polytopes, we simply identify
an n-polytope by their vertex set consisting of n points in Rd.

Consider rigid-body motions of N ensemble of congruent n-polytopes or vertex sets with
size n in Rd. For this, we decompose a rigid body motion as a translation component
and a rotation component which can be characterized by a vector in Rd and a rotation
matrix in SO(d), respectively, i.e., set of all rigid-body motions consisting of translations
and rotations is isomorphic to Rd ⊕ SO(d). To fix the idea, let Λ be a fixed index set with
|Λ| = n and let Xi := {xiα}α∈Λ be the vertex set of the i-th set.

Note that if Xi undergoes a rigid body motion, then the relative distances between
vertices contained in the same polytope remain to be constant over time:

‖xiα(t)− xiβ(t)‖ = ‖xiα(0)− xiβ(0)‖, ∀ t > 0, ∀ α, β ∈ Λ.

The motions of center-of-mass points and displacements from the center-of-mass will be
taken care by translation part and rotation part, respectively. For a set Xi = {xiα}α∈Λ, we
set

(3.1) x̄i(t) =
1

n

∑
α∈Λ

xiα(t), riα(t) := xiα(t)− x̄i(t), t ≥ 0, i = 1, · · · , N, α ∈ Λ

Then, it follows from the rigid-body motion that for each i = 1, · · · , N , there exits Oi(t) ∈
SO(d) with

riα(t) = Oi(t)rα, t ≥ 0,

where rα is the reference configuration of congruent polytopes. To sum up, one has

xiα = x̄i +Oirα, ∀ α ∈ Λ, i ∈ {1, 2, · · · , N}.
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In the sequel, we hueristically derive a coupled system for (x̄i, Oi):

m¨̄xi + γ ˙̄xi − κ

N

N∑
k=1

(x̄k − x̄i) = 0, riα(t) = Oi(t)rα,

m
(
Öi(Oi)T + Ȯi(Ȯi)T

)
+ γȮi(Oi)T − κ

2N

N∑
k=1

(
Ok(Oi)T −Oi(Ok)T

)
= 0,

(x̄i, ˙̄xi)
∣∣∣
t=0+

= (x̄i0, ˙̄xi0) and (Ōi, ˙̄Oi)
∣∣∣
t=0+

= (Ōi0, ˙̄Oi0),

Oi0 ∈ SO(d), Ȯi0(Oi0)T +Oi0(Ȯi0)T = Od, ∀ i = 1, · · · , N.

Consider the dynamics of xiα via Newton’s second law. For this, we begin with

(3.2) m
d2xiα
dt2

= F iα,a + F iα,c,

where F iα,a and F iα,c are dissipative alignment force and conservative configuration matching

force acting on the vertex xiα due to vertex-vertex interactions, respectively. In the sequel,
we impose following constraints on F iα,c:

(3.3)
∑
α∈Λ

F iα,c = 0, ‖xiα(t)− xiβ(t)‖ = ‖xiα(0)− xiβ(0)‖,

for i = 1, · · · , N and t ≥ 0.

In the following two subsections, we discuss explicit forms for F iα,a and F iα,c.

3.1. Dissipative alignment force. In this subsection, we study a derivation of alignment
force for the center-of-masses. As a dissipative aggregation force, we take the following
ansatz:

(3.4) F iα,a := −γ dx
i
α

dt︸ ︷︷ ︸
frictional force

+
κ

N

N∑
k=1

∑
β∈Λ

cαβ(xkβ − xiα)︸ ︷︷ ︸
distributive alignment force

.

The reason for employing the frictional force in the right-hand side of (3.4) is to make
sure that the motion of center-of-mass becomes stationary asymptotically, i.e., without
the frictional force, we will have oscillatory motions like harmonic oscillators, whereas the
distributive alignment force is employed for the aggregation of corresponding vertex points.
Of course, one can use more sophisticated nonlinear alignment as in [20] for finite-time or
algebraically slow alignments.

Recall that our purpose here is to derive a consensus model for vertices moving with rigid-
body motions. To motivate communication weight cαβ or network topology, we consider
two congruent polytopes moving with rigid-body motions and try to make corresponding
vertices coincide together, i.e., if α = β, we want to make

lim
t→∞
‖xiα(t)− xjα(t)‖ = 0.

On the other hand, if α 6= β with |xiα − x
j
β| → 0, then |xiα − x

j
α| can not converge to 0

asymptotically. This can be seen as follows. Suppose there exists α 6= β such that

lim
t→∞
‖xiα(t)− xjβ(t)‖ = 0.
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Then, by triangle inequality,

‖xiα − xjα‖ ≥
∣∣∣‖xiα − xjβ‖ − ‖xjα − xjβ‖∣∣∣.

Letting t→∞, one derive a contradiction:

0 ≥ ‖xjα(0)− xjβ(0)‖ > 0.

Thus, we want to introduce some repulsion between xiα and xjβ for α 6= β. Based on these
intuitive arguments, we assume

(3.5) cαβ > 0 for α = β; cαβ < 0, for α 6= β.

To be consistent with (3.5), we set

cαβ = δαβ(f(1)− f(0)) + f(0),

where f(0), f(1) and δαβ satisfy the following relations:

f(0) ≤ 0 ≤ f(1) and δαβ =

{
1, α = β,

0, α 6= β.

Then, it is easy to see that

cαα = f(1) ≥ 0, cαβ = f(0) ≤ 0 for α 6= β.

On the other hand, for the derivation of dynamics for x̄i, we sum up (3.2) using (3.3) to see

(3.6) m
∑
α∈Λ

d2xiα
dt2

=
∑
α∈Λ

F iα,a.

Note that the configuration matching force disappears in the R.H.S. of (3.6). Next, we use
(3.1), (3.4) and (3.6) to see

m
d2x̄i

dt2
=
m

n

∑
α∈Λ

d2xiα
dt2

=
1

n

∑
α∈Λ

F iα,a

=
1

n

∑
α∈Λ

−γ dxiα
dt

+
κ

N

∑
β∈Λ

N∑
k=1

cαβ(xkβ − xiα)


= −γ dx̄

i

dt
+

κ

nN

∑
α,β∈Λ

N∑
k=1

(
δαβ(f(1)− f(0)) + f(0)

)
(xkβ − xiα)

= −γ dx̄
i

dt
+

κ

nN

N∑
k=1

(f(1)− f(0))
∑
α∈Λ

(xkα − xiα) + f(0)
∑
α,β∈Λ

(xkβ − xiα)


= −γ dx̄

i

dt
+
κ

N

N∑
k=1

(
(f(1)− f(0))(x̄k − x̄i) + nf(0)(x̄k − x̄i)

)

= −γ dx̄
i

dt
+ (f(1) + (n− 1)f(0)) · κ

N

N∑
k=1

(x̄k − x̄i).

For the alignment of center-of-masses, we set

η = f(1) + (n− 1)f(0) > 0, κ̃ := ηκ
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and derive a second-order linear consensus model for center-of-masses:

(3.7) m¨̄xi = −γ ˙̄xi +
κ̃

N

N∑
k=1

(x̄k − x̄i).

Note that for a sufficiently small m, the second-order system (3.7) can be well-approximated
by the corresponding first-order linear consensus model by the direct application of Tikhonov’s
theory (see [30] for a related problem):

˙̄xi =
κ̃

γN

N∑
k=1

(x̄k − x̄i).

3.2. Conservative configuration force. In this subsection, we discuss the derivation
of dynamics for the displacement riα, in other words, the dynamics of Oiα. Since initial
configuration point set Xi(0) are congruent for all i and they tend to the same position
asymptotically after translations and rotations, there exist constant vectors rα with α ∈ Λ
such that

riα(t) = Oi(t)rα, Oi ∈ SO(d),

for all i = 1, 2, · · · , N and α ∈ Λ. Hence, to see the motion of displacement riα, we only
need to know the governing system for the orthogonal matrix Oi. Once we know Oi, we
can determine the position of xiα:

xiα(t) = x̄i(t) +Oi(t)rα.(3.8)

In the following lemma, we consider Netwon’s system with a conservative forcing F :

(3.9) ẋ = v, mv̇ = F, t > 0.

Lemma 3.1. Suppose that the conservative force F takes the following form:

(3.10) F = Ax A ∈ Rd×d,

and let (x, v) be a solution to (3.9). Then, the matrix A is symmetric:

AT = A.

Proof. Let Ek and Ep be the kinetic and potential energies, respectively. Note that the
kinetic energy Ek takes a definite form:

(3.11) Ek =
1

2
m〈v, v〉,

where 〈·, ·〉 is a standard inner product in Rd. Then, it follows from (3.9) and (3.11) that

(3.12)
d

dt
Ek = v · F.

Let Ep be a potential energy related to system (3.9), and we set the total energy E as

E := Ek + Ep.

Then, by energy conservation law, one has

(3.13)
d

dt
(Ek + Ep) = 0.
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Now we use the special ansatz for F and decompose the matrix A as a sum of symmetric
and skew-symmetric parts:

(3.14) F = Bx+ Cx,

where

B = Sym(A) =
1

2
(A+AT ), C = Skew(A) =

1

2
(A−AT ).

Note that the relations (3.12), (3.13) and (3.14) imply

dEk
dt

= 〈ẋ, Bx〉+ 〈ẋ, Cx〉.

Since B is a symmetric matrix, the above relation can be written as

d

dt
Ek =

d

dt

(
1

2
〈x,Bx〉

)
+ 〈ẋ, Cx〉.

This implies
d

dt

(
Ek −

1

2
〈x,Bx〉

)
= 〈ẋ, Cx〉,

or equivalently

(3.15) d

(
Ek −

1

2
〈x,Bx〉

)
= 〈dx,Cx〉.

Since the left-hand side of (3.15) is in exact form, by taking differential both sides of (3.15),
one has

(3.16) d〈dx,Cx〉 = 0.

We denote by [x]i be the i-th component of x. Then, the term 〈dx,Cx〉 can be written as
a component form:

(3.17) 〈dx,Cx〉 =
∑
j

[dx]j [Cx]j =
∑
i,j

[dx]j [C]ji[x]i.

By (3.16), (3.17) and skew-symmetry of C, one has

0 = d
(∑

i,j

[dx]j [C]ji[x]i

)
=
∑
i,j

[C]ji[dx]i ∧ [dx]j

=
∑
i<j

[C]ji[dx]i ∧ [dx]j +
∑
i>j

[C]ji[dx]i ∧ [dx]j

=
∑
i<j

[C]ji[dx]i ∧ [dx]j +
∑
j>i

[C]ij [dx]j ∧ [dx]i

=
∑
i<j

([C]ji − [C]ij)[dx]i ∧ [dx]j

= −2
∑
i<j

[C]ij [dx]i ∧ [dx]j ,

(3.18)

where we used the relations for wedge product:

d[x]i ∧ d[x]i = 0, d[x]j ∧ d[x]i = −d[x]i ∧ d[x]j , 1 ≤ i, j ≤ d.
Thus, relation (3.18) implies

[C]ij = 0 for i < j.
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Then, by the skew symmetry of C, one obtains

C ≡ 0

and we obtain the desired estimate. �

Now, we return to the special situation in which only vertices with the same index interact
each other:

(3.19) mẍiα = −γẋiα +
κ

N

N∑
k=1

(xkα − xiα) + F iα,c(= F iα,a + F iα,c).

We substitute the ansatz
xiα(t) = x̄i(t) +Oi(t)rα,

into (3.19) to get

(3.20) m(¨̄xi + Öirα) = −γ( ˙̄xi + Ȯirα) +
κ

N

N∑
k=1

(x̄k +Okrα − x̄i −Oirα) + F iα,c.

We use (3.7) to simplify (3.20) further as

mÖirα = −γȮirα +
κ

N

N∑
k=1

(Okrα −Oirα) + F iα,c.

This gives the configuration matching force:

F iα,c =

(
mÖi + γȮi − κ

N

N∑
k=1

(Ok −Oi)

)
rα

=

(
mÖi + γȮi − κ

N

N∑
k=1

(Ok −Oi)

)
(Oiα)T riα,

(3.21)

where we used the relation:

riα = Oirα or equivalently rα = (Oi)T riα.

By comparing the ansatz in (3.10), we set

Ai :=

(
mÖi + γȮi − κ

N

N∑
k=1

(Ok −Oi)

)
(Oi)T ,

so that

(3.22) F iα,c = Airiα = AiOirα, ∀ α ∈ Λ.

Then, it follows from Lemma 3.1 that Ai is symmetric:

(Ai)T = Ai, i = 1, · · · , N.

Lemma 3.2. Suppose the initial configuration lies in a general position such that

(3.23) span{rα : α ∈ Λ} = Rd,
and let {xiα} be a solution to (3.19). Then, symmetric matrix Ai is given as follows:

Ai = −mȮi(Ȯi)T − κ

2N

N∑
k=1

[
Ok(Oi)T +Oi(Ok)T − 2Id

]
.
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Proof. • Step A: Let Oi(t) be a smooth oSO(d)-valued function in t:

Oi(Oi)T = Id.

Then, we differentiate above relation with respect to t successively twice to get

(3.24) Ȯi(Oi)T +Oi(Ȯi)T = Od and Öi(Oi)T + 2Ȯi(Ȯi)T +Oi(Öi)T = Od.

• Step B: It follows from (3.21) and (3.22) that(
mÖi + γȮi − κ

N

N∑
k=1

(Ok −Oi)

)
rα = AiOirα.

This implies

(3.25)

(
mÖi + γȮi − κ

N

N∑
k=1

(Ok −Oi)−AiOi
)
rα = 0, ∀ α ∈ Λ.

By the assumption (3.23), relation (3.25) should hold for all vectors y ∈ Rd, i.e.,(
mÖi + γȮi − κ

N

N∑
k=1

(Ok −Oi)−AiOi
)
y = 0, ∀ y ∈ Rd.

Thus, we have

(3.26) mÖi + γȮi − κ

N

N∑
k=1

(Ok −Oi)−AiOi = Od,

i.e.,

(3.27) Ai = mÖi(Oi)T + γȮi(Oi)T − κ

N

N∑
k=1

(Ok(Oi)T − Id).

We again take a transpose of (3.27) and use the relation (Ai)T = Ai to get

(3.28) Ai = (Ai)T = mOi(Öi)T + γOi(Ȯi)T − κ

N

N∑
k=1

(
Oi(Ok)T − Id

)
.

We add two relations (3.27) and (3.28) to see

Ai =
m

2
(Öi(Oi)T +Oi(Öi)T ) +

γ

2
(Ȯi(Oi)T +Oi(Ȯi)T )

− κ

2N

N∑
k=1

(Ok(Oi)T +Oi(Ok)T − 2Id).

Now we use the relations (3.24) in Step A to simply the above relation as

Ai = −mȮi(Ȯi)T − κ

2N

N∑
k=1

(
Ok(Oi)T +Oi(Ok)T − 2Id

)
.(3.29)

�
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Now we are ready to derive the dynamics for Oi. We combine (3.26) and (3.29) to get

−mȮi(Ȯi)T − κ

2N

N∑
k=1

(Ok(Oi)T +Oi(Ok)T − 2Id)

= mÖi(Oi)T + γȮi(Oi)T − κ

N

N∑
k=1

(Ok(Oi)T − Id),

After rearrangement, one has the second-order Lohe matrix model introduced in [21]:

m(Öi(Oi)T + Ȯi(Ȯi)T ) + γȮi(Oi)T =
κ

2N

N∑
k=1

(
Ok(Oi)T −Oi(Ok)T

)
.

Note that the above system was set up in the aforementioned reference without any deriva-
tions, whereas, we have derived the second-order matrix model starting from reasonable
physical arguments.

In the following section, we provide generalizations for the consensus algorithms for the
ensemble of similar polytopes and mixed ensemble consisting of distinct types of polytopes.

4. Extension and analytical results

In this section, we present two possible extensions of the model (1.5) for the shape match-
ings in the ensembles of similar polytopes and heterogeneous ones, and provide analytical
results for the complete shape matching on the ensemble of congruent polytopes.

4.1. Extensions to similar and heterogeneous polytopes. In this subsection, we pro-
vide straightforward extensions for the model (1.5) for two ensembles of similar polytopes
with the same geometric shapes and mixed of them with different shapes.

4.1.1. Similar polytope ensemble. Consider an ensemble of similar polytopes with the same
geometric shape. Then, due to non-congruence between polytopes, the vertices of polytope
will not be matched exactly, so we instead a design a dynamical system for similar polytopes
leading to the regularly placed patterns, e.g., concentric circles with the same center for a
family of circles.

For a referenced family of largest congruent polytopes {Xi = {xiα}α∈Λ}Ni=1, we set the
decomposition of each vertex point xiα as

xiα(t) = x̄i(t) +Oi(t)rα

for some vectors {rα}α∈Λ. For other family of similar polytopes {Y i
α}i, there exists a positive

ratio si > 0 such that

yiα(t) = ȳi(t) + siOi(t)rα, i = 1, · · · , N.
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From the same arguments in Sections 3.1 and 3.2, we can obtain the following dynamical
system for {ȳi, Oi}:



m¨̄yi = −γ ˙̄yi +
κ

N

N∑
k=1

(ȳk − ȳi), riα(t) = siOi(t)rα,

m
(
Öi(Oi)T + Ȯi(Ȯi)T

)
= −γȮi(Oi)T +

κ

2N

N∑
k=1

sk

si
(
Ok(Oi)T −Oi(Ok)T

)
,

(ȳi, ˙̄yi)
∣∣∣
t=0+

= (ȳi0, ˙̄yi0) and (Ōi, ˙̄Oi)
∣∣∣
t=0+

= (Ōi0, ˙̄Oi0),

Oi0 ∈ SO(d), Ȯi0(Oi0)T +Oi0(Ȯi0)T = Od, ,∀ i = 1, · · · , N.

(4.1)

Note that for the case

si = sk, 1 ≤ i, k ≤ N,

system (4.1) reduces to system (1.5). The factor sk

si
in the coupling term of (4.1)2 may

not be symmetric with respect to i and k. Hence the analysis employed in [21] may not
be applied in our situation directly. Thus, we do not know whether subsystem (4.1)2 will
exhibit emergent dynamics or not. As far as the authors know, even for the first-order
Lohe matrix model on the non-symmetric network, emergent behaviors were not studied in
previous literature. Thus, we only study emergent behaviors via numerical simulations in
Section 5.

4.1.2. Heterogeneous polytopes ensemble. In this subsection, we discuss a possible extension
of (1.5) for the aggregation of polytopes with the same shape in an ensemble of heteroge-
neous polytopes. To avoid collapse between distinct types of polytopes, we use a quadratic
potential [37] between different type of polytopes:

V (x, y) =
κ2

2
(‖x− y‖ − L)2.

To simplify following discussions, we assume that there are two types of polytopes under
considerations. We assume that there are N1 and N2 for type 1 and type 2 respectively.
We also denote the coordinate of type 1 and type 2 as follows:

xiα = x̄i + U irα ∀i ∈ {1, 2, · · · , N1}, α ∈ Λ1,

yiβ = ȳi + V ir̃β ∀j ∈ {1, 2, · · · , N2}, β ∈ Λ2.
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Then we propose the following coupled dynamics for (x̄i, U i) and (ȳj , V j):
(4.2)

m¨̄xi + γ ˙̄xi − κ1

N1

N1∑
k=1

(x̄k − x̄i)− κ2

N2

N2∑
l=1

(‖ȳl − x̄i‖ − L)
ȳl − x̄i

‖ȳl − x̄i‖
= 0,

m¨̄yj + γ ˙̄yj − κ1

N2

N2∑
l=1

(ȳl − ȳj)− κ2

N1

N1∑
k=1

(‖x̄k − ȳj‖ − L)
x̄k − ȳj

‖x̄k − ȳj‖
= 0,

m
(
Ü i(U i)T + U̇ i(U̇ i)T

)
+ γU̇ i(U i)T − κ1

2N1

N1∑
k=1

(
Uk(U i)T − U i(Uk)T

)
= 0,

m
(
V̈ j(V j)T + V̇ j(V̇ j)T

)
+ γV̇ j(V j)T − κ1

2N2

N2∑
l=1

(
V l(V j)T − V j(V l)T

)
= 0,

(x̄i, ˙̄xi)
∣∣∣
t=0+

= (x̄i0, ˙̄xi0), (Ū i, ˙̄U i)
∣∣∣
t=0+

= (Ū i0, ˙̄U i0),

(ȳj , ˙̄yj)
∣∣∣
t=0+

= (ȳj0, ˙̄yj0), (V̄ j , ˙̄V j)
∣∣∣
t=0+

= (V̄ j0, ˙̄V j0),

U i0, V j0 ∈ SO(d), U̇ i0(U i0)T + U i0(U̇ i0)T = Od, V̇ j0(V j0)T + V j0(V̇ j0)T = Od

∀ i ∈ {1, 2, · · · , N1}, j ∈ {1, 2, · · · , N2}, L ∈ R+.

where κ1 and κ2 are nonnegative constants.

Note that compared to (1.5) for a homogeneous ensemble, new forcing terms appearing
in the R.H.S. of (4.2) are

(‖ȳl − x̄i‖ − L)
ȳl − x̄i

‖ȳl − x̄i‖
= −∇xiV (xi, yl),

(‖x̄k − ȳj‖ − L)
x̄k − ȳj

‖x̄k − ȳj‖
= −∇yjV (xk, yj).

In the absence of repulsive forcing with κ2 = 0, system (4.2) becomes the juxtaposition of
two models (1.5) for (x̄i, U i) and (ȳj , V j).

4.1.3. The second-order dynamics. Consider the Cauchy problem to the second-order dy-
namics: 

m¨̄xi = −γ ˙̄xi +
κ

N

N∑
k=1

(x̄k − x̄i), riα(t) = Oi(t)rα,

m
(
Öi(Oi)T + Ȯi(Ȯi)T

)
= −γȮi(Oi)T +

κ

2N

N∑
k=1

(
Ok(Oi)T −Oi(Ok)T

)
,

(x̄i, ˙̄xi)
∣∣∣
t=0+

= (x̄i0, ˙̄xi0) and (Ōi, ˙̄Oi)
∣∣∣
t=0+

= (Ōi0, ˙̄Oi0),

Oi0 ∈ SO(d), Ȯi0(Oi0)T +Oi0(Ȯi0)T = Od ∀ i = 1, · · · , N.

(4.3)

Note that the center-of-mass dynamics and displacement dynamics are completely decou-
pled, so we can use results summarized Propositions 2.1 and 2.2 in Section 2.

Theorem 4.1. (Complete shape matching) Let {Xi(t)}Ni=1 = {{xiα(t)}α∈Λ}Ni=1 be a solution
to (4.3). Then, one has the complete aggregation:

lim
t→∞
‖xiα(t)− xjα(t)‖ = 0,
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for all α ∈ Λ and i, j ∈ {1, 2, · · · , N}.

Proof. It follows from Propositions 2.1 and 2.2 that

(4.4) lim
t→∞
‖x̄i(t)− x̄j(t)‖ = 0, lim

t→∞
‖Oi(t)−Oj(t)‖F = 0,

for all i, j = 1, 2, · · · , N . Then it follows from (3.8) and (4.4) that

‖xiα − xjα‖ = ‖(x̄i +Oirα)− (x̄j +Ojrα)‖ ≤ ‖x̄i − x̄j‖+ ‖(Oi −Oj)rα‖
≤ ‖x̄i − x̄j‖+ ‖Oi −Oj‖F · ‖rα‖ → 0 as t→∞

which yields the desired result. �

4.1.4. The first-order dynamics. We recall the Cauchy problem to the first-order model:

˙̄xi =
κ

N

N∑
k=1

(x̄k − x̄i), riα(t) = Oi(t)rα,

Ȯi(Oi)T =
κ

2N

N∑
k=1

(
Ok(Oi)T −Oi(Ok)T

)
= 0,

x̄i|t=0+ = x̄i0 and Oi|t=0+ = Oi0 ∈ SO(d), ∀ i = 1, · · · , N.

(4.5)

Note that first-order dynamics (4.5) can be obtained in a formal limit:

m

γ
→ 0,

κ

γ
=: κ̃.

System (4.5) is a combination of the linear consensus model and the Lohe matrix model.
Dynamics of each center of mass follows the linear consensus model, and the each rotational
motion follows the Lohe matrix model. So we have the new approaches to Lohe matrix
model.

Theorem 4.2. (Complete shape matching) Let {Xi(t)}Ni=1 = {{xiα(t)}α∈Λ}Ni=1 be a solution
of the first-order linear consensus model (4.5) satisfying the relations:

κ > 0, max
i,j
‖Oi0 −Oj0‖F < 1.

Then, one has

lim
t→∞
‖xiα(t)− xjα(t)‖ = 0,

for all α ∈ Λ and i, j ∈ {1, 2, · · · , N}.

Proof. The proof is exactly the same as in the proof of Theorem 4.1. Hence we omit its
details. �

The rigorous emergent dynamics to (4.1) and (4.2) of similar polytopes and heterogeneous
polytopes will not be treated in this paper.

5. Numeric simulations

In this subsection, we provide several numerical examples for the complete shape match-
ings fo polygons and simplexes.
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(a) t = 0 (b) t = 3

(c) t = 6 (d) t = 12

Figure 1. Complete shape matching of congruent triangles

5.1. Congruent triangles. In this subsection, we provide several numerical examples with
the ensemble of congruent triangles and similar triangles. In Figure 1, we provide a series
of snapshots at t = 0, 3, 6 and 12.

5.2. Similar triangles. In this subsection, we provide several simulations for the shape
matchings of similar polytopes as in Figure 2 beginning from random initial configuration.

5.3. Heterogeneous polytopes. In this subsection, we emergence local shape matchings
for the mixed ensemble of congruent triangles and congruent tetrahedrons. Beginning from
random initial configuration, we observe how congruent triangles and congruent tetrahe-
drons are first separated and then each subensemble tends to complete shape matchings.
In Figure 3, we provide a series of snapshots at t = 0, 3, 6 and 12.
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(a) t = 0 (b) t = 3

(c) t = 6 (d) t = 12

Figure 2. Complete shape matchings for similar triangles

6. Conclusion

In this paper, we have introduced a dynamical systems approach for shape matchings of
the ensemble of polytopes along rigid-body motions. As aforementioned in Introduction, so
far, a dynamical systems approach is available only for the aggregation of point particles
so that internal structure does not matter in the dynamics. In this work, we considered an
ensemble consisting of polytopes such as polygons and simplexes. The rigid-body motions
without refections can be decomposed as a direct sum of translation and rotations i.e.,
translation and rotations will be represented by a vector in Rd and a matrix in SO(d).
Based on physical argument on the forces acting on the vertex of polytope, we showed
that the center-of-mass will follow a system of second-order equation with linear damping
and distributed consensus coupling, whereas the rotation matrix follows the Lohe matrix
model on SO(d)N . As far as the authors know, this is the first time for the Lohe matrix
model to be derived based on a set of physical principles without imposing on the system
dynamics. For the dynamics of center-of-mass, as long as system parameters are strictly
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(a) t = 0 (b) t = 3

(c) t = 6 (d) t = 12

Figure 3. Complete shape matching for congruent tetrahedrons and con-
gruent triangles

positive, all initial center-of-masses tend to the same point, moreover, rotation matrices will
tend to the same rotation matrix exponentially fast, as long as the initial data is sufficiently
small. Moreover, due to the gradient flow structure of the Lohe matrix model, all initial
configurations tend to a phase-locked state asymptotically. We believe that our work might
be useful for a dynamical systems approach for the shape matching arising from computer
science community e.g., [2, 3, 4, 7, 41]. We will leave several interesting bridges between
aggregation modeling and shape matching as a possible future work.
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