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EXISTENCE AND HYDRODYNAMIC LIMIT FOR A PAVERI-FONTANA

TYPE KINETIC TRAFFIC MODEL

YOUNG-PIL CHOI AND SEOK-BAE YUN

ABSTRACT. We study a Paveri-Fontana type model, which describes the evolution of the
mesoscopic distribution of vehicles through a combined effect of adjustment of the velocity
with respect to nearby vehicles, and slowing down and speeding up of the vehicles arising
as a result of exchange of velocity with the vehicles on the same location on the road. We
first prove the global-in-time existence of weak solutions. The proof is via energy, LP, and
compact support estimates together with velocity averaging lemma. The combined effect of
alignment nature of Q,, which keeps the characteristic from spreading, and the dissipative
nature of @Q;, which gives the uniform control on the size of the distribution function, is
crucially used in the estimates. We also rigorously establish a hydrodynamic limit to the
presureless Euler equation by employing the relative entropy combined with the Monge-
Kantorovich-Rubinstein distance.
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1. INTRODUCTION

The study of the traffic flow at the kinetic level started in the seminal work [27] 28] in which

Prigogine proposed a kinetic model that explains the traffic flow in a single lane road through

the transport, exchange of velocity, and the relaxation to the desired velocity distribution. The

relaxation part, however, was criticized by many to be unrealistic, since the desired velocity
1
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distribution is a priori prescribed. In order to remedy this drawback, Paveri-Fontana [25]
proposed a model where the density function has a further state variable, desired velocity, see
Section [Tl for more details. In the case when the desired velocity is fixed to be the local vehicle
velocity, which is reasonable since the drivers in the road adjust their velocities according to
the vehicles around it, the Paveri-Fontana model takes the following form:

(1.1) Of +v0af=Q(f),
subject to initial data
f(z,0,0) =: fo(z,v).
The vehicle distribution function f = f(z,v,t) denotes the number density function on the

phase point (z,v) € R x R at time ¢ € Ry. The local vehicle density p = p(x,t) and the local
vehicle velocity u = u(x,t) are defined by

N fooo vf(z,v,t)dv

fooo fla,v,t)dv’
respectively. The operator Q = Q(f), referred to very often as the collision operator in the
literature of collisional kinetic theory, is in charge of the interactions between vehicles and their

effects on the states. The operator @ consists of relaxation operator @, = @Q,(f) and the
interaction operator Q; = Q;(f):

px,t) :—/0 flz,v,t)dv and  wu(zx,t):

Q(f) = @r(f) + Qi(f)

In our case, the relaxation operator @, is given by

Qr(f) = 0u((v —u)f),

which explains the driver’s adjustment of velocity with respect to the traffic condition around
it. The interaction operator @); is presented as the difference of the gain term Q;r = Q;r (N
and the loss term Q; = Q; (f):

Qi(f) = QF (f) — Q7 (),
where
Qj_(f) :f(‘rvvvt)/ ('U* _U)f($7v*,t)dv*
and

Q5 (f) = fla,v.t) /0 (0= o) 0 ) do.

The gain term Q:r represents the slowing down of the cars running faster than v, while the
loss term ;" denotes the acceleration of the cars running slower than v. Putting together, the
operator @ leads to the concentration of the velocity distribution. In particular, the interaction
operator (); can be more clearly manifested in the following reformulation:

Qi(f)(x,v,t) = f(x,v,t) /Ooo(v* — ) f(x, v, t) dv, = p(x,t)(u(:z:,t) - v)f(x,v,t).

In view of this, we can understand that the relaxation term is attracting the trajectory towards
the desired velocity, while the collision operator rearranges the velocity distribution of the cars
to be concentrated on the desired velocity. Therefore, our model (I indicates that the car
distribution will eventually converge to the fluid dynamic mono-kinetic configuration.

Being one of the pioneering models in the kinetic theory of traffic flow, to the best of authors
knowledge, the existence of solutions for (ILT]) and appropriate scaling limit have never been
studied in the literature, which is the main motivation of the current work.
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1.1. Formal derivation of (L) from the Paveri-Fontana model. As mentioned before,
Paveri-Fontana model takes into account the desired velocity as a further state variable w.
More precisely, the Paveri-Fontana model [25] is given by

Org + 00,9 = —0,((w —v)g/T) + (1 = P)f(x,v,t) /Oo(uk —0)g(z, v, w, t) dos

(1.2) v v

—(1- P)g(x,v,w,t)/ (v =) f(, Vs, t) dvs,
0

where g = g(x,v,w,t) is a generalized distribution, 7" and P denote the relaxation time and
the probability of passing, both depend on the g, respectively. Note that the density function
f can be recovered by integrating g with respect to the desired velocity variable w, i.e.,

[ stavw.0)dw = fla00.
Ry
This together with ([L2]) yields that

O f +v0,f =—0, <%/R+wgdw—%> +(1=P)pu—nv)f.

We now assume that the desired velocity is given as the local vehicle velocity, i.e.,

g(Ia v, w, t) = f(.I,’U,t) ® 5u(;ﬂ,t) (U))

Furthermore, we assume that the relaxation time 7" and the probability of non-passing 1 — P
are constants and normalized to unity. These simplifications lead to our main kinetic traffic

flow model (ITJ).

1.2. Main results. Before we define our solution concept and state the main results, we in-
troduce several norms, function spaces, and notational conventions.
e For functions f(z,v) and g(z), ||f|lz» and ||g||zr denote the usual LP(R x R, )-norm
and LP(R)-norm, respectively.
e For any nonnegative integer s, H® denotes the s-th order L? Sobolev space.
e C°([0,T7; E) is the set of s-times continuously differentiable functions from an interval
[0,7] C R into a Banach space E, and LP(0,T; E) is the set of the LP functions from
an interval (0,7") to a Banach space E.
e We denote by C' a generic, not necessarily identical, positive constant. C' = C(a, 3,...)
or C'= Cy g,... represents the positive constant depending on «, 53, .. ..

We then define the notion of weak solutions to the system ([LIJ).

Definition 1.1. Let T > 0. We say that [ is a weak solution to the system ([LII) on the time
interval [0, T] if the following conditions are satisfied:

(i) f€L>(0,T;(LL NL=)(R x Ry)),
(ii) for all ¢ € CL(R x Ry x [0,T]) with ¢(-,-,T) = 0,

T
[ s o0 dide~ [ [ f (@64 00.0+ (u - )0,0) deduds
RXR+ 0 RXR+

_ /OT /Mh p(u— v) f duduvd.

We are now ready to state our first main result on the existence theory.
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Theorem 1.1. Let T > 0. Suppose that the initial data fo € L>®°(R x Ry) is compactly
supported in both position and velocity. We also assume that fo(x,0) = 0. Then there exists at
least one weak solution to the equation (1) in the sense of Definition [l such that

(i) f is compactly supported both in position and velocity, with f(x,0,t) =0,

(ii) [fllzee®xryx©0,1)) < CllfollLe@mxry)
(iii) The total energy is non-increasing in time:

t
1 / v f dzdv + / / (w — )2 f dedvds < ! / v? fo dadv,
2 RXR+ 0 RXR+ 2 RXR+

for almost every t € (0,T).

Remark 1.1. The statement (i) in the theorem above means that the vehicles can run only at
a finite speed, and never come to a halt on the road. The former is natural in that the vehicles
cannot run with an infinite speed, and the latter is reasonable when, for example, the vehicles
are running on a highway.

Remark 1.2. The property f(x,0,t) = 0 is also crucially used in the proof since otherwise the
boundary terms in the integration by parts with respect to the velocity variable do not vanish.

The proof combines the alignment effect of @, and the dissipative nature of @;. We first
construct approximate solutions f. parametrized by a smoothing parameter e, see Section
3.3 for details. The alignment property of @), prevents the spreading of the characteristics
and keep the support of the distriubtion function compact, leading to the conclusion that the
approximate solution f. is bounded for each e globally in time. Then, the dissipative nature
of @; with respect to vdv and v2dv gives the coercivity that controls the boundedness of such
approximate solutions uniformly in e:

pe(te — U)2fs

———~  dxdvds.
1+€p5(1+u€) e

t
1f=Co )l o < Cllfoclle +C / /
0 JRxR,

These two estimates, the boundedness of f. and the non-spreading of trajectories, are strong
enough enough to control the high nonlinearity of the collision operator in the weak limit, and
enables one to derive the global-in-time weak solution, instead of having to resort to weaker
notions of solutions such as the renormalized solutions.

Our next goal is to study the asymptotic analysis of (ILT]). More precisely, we are interested
in the limit ¢ — 0 in the following equation:

(13) 0L +00uf7 = ZQU) = Z0u((0 — ) ) + 2o — ),

T e
subject to the initial data
fe(x,v,0) = f§(x,v)
with

p°(x,t) ::/ f(xyut)do,  pf(z,t)u(x,t) ::/ vfe(z,v,t)dv,
0 0
which is obtained from rewriting (ILT)) in the typical Euler scaling:

x—x/e and t—t/e.

As e — 0, we expect the mono-kinetic ansatz for f¢ i.e.,

[, 0,t) = p(2,1) @ Sy (v)
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in the sense of distributions. Here p and u satisfy the following pressureless Euler equations:
Iep + 9x(pu) =0,
O (pu) + 04 (pu?) = 0.

The main tool we employ for the hydrodynamic limit from (L3 to (4] is based on the
relative entropy method for kinetic flocking model developed in [20], see also [11]. In [20],
however, the diffusion term plays a significant role in that the entropy functional is strictly
convex with respect to both p and pu. In the absence of the diffusion term, the functional is
not convex for p any more, see Section [ for details, and the strategy used in [20] breaks down.
Remedies to overcome this are suggested in recent works [3| [7, [12], in which a suitable estimate
with respect to the second-order Wasserstein distance is augmented to provide the convergence
of p°. Inspired by these works, we adopt the Monge-Kantorovich-Rubinstein (in short MKR)
distance:

(1.4)

dyrr(p1, p2) = igf/

|$—y|d’}/(I,y), for P1, P2 epl(R)v
RxR
where the infimum runs over all transference plans, i.e., all probability measures v on R xR with
first and second marginals p; and po, respectively. Here P;(R) stands for the set of probability
measures on R with finite first-order moment. Note that MKR distance is equivalent to the
bounded Lipschitz distance, and it is also called first-order Wasserstein distance. We employ
the idea recently developed in [7] to have the quantitative estimate for error between local
densities in MKR distance under suitable assumptions on the initial data.

In order to state our second main result of the present work, we present the notion of strong

solutions to the pressureless Euler system (I4]) in the proposition below.

Proposition 1.1. Let s > 2, and suppose (po,up) € H*(R) x H*TY(R) and po > 0 on R. Then,
for any positive constants N < M, there exists a positive constant Ty depending only on N and
M such that if ||(po,wo)||gsxms+r < N, then the system ([LAl) with (po,uo) admits a unique
solution (p,u) € C([0, To]; H*(R)) x C([0, Tp]; H*TH(R)) satisfying

sup H(p(a t)vu('vt))||H5><HS+1 < M.

<t<Ty
Remark 1.3. The weak solution for the scaled Paveri-Fontana model [I.3) can be shown to
exist globally in time using the exactly same argument as was employed for Theorem L1l The

existence and uniqueness of strong solutions for the pressureless Euler system (L4]) can be
obtained by using almost the same argument as in [9).

Theorem 1.2. Let f¢ be a weak solution to the equation [L3)) and (p,u) be a strong solution
to the system (LA) on the time interval [0,T]. Suppose that the initial data f§ and (po,uo)
satisfy the following assumptions.

(H1) The initial data are well-prepared:

/ 05 (uo — uf)? de = O(e)  and / (/ VAfE dv — poug> dx = O(e).
R R \JR;

(H2) The local densities py and p satisfy
durr(pos p5) = O(Ve).

Then we obtain

sup / ps(x,t)(us - U)Q(I,t) dr < O(E) and sup dMKR(pE('vt)ap('vt)) < O(\/E)
0<t<T JR 0<t<T
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In particular, we have

sup dMKR(fE('a -,t),p(-,t) ® 5u(,t)()) < O(\/g)a

0<t<T

that is, f¢ converges to p ® 0, weakly-* as measures.

We now briefly overview references on the traffic models relevant to our works. We confine
ourselves to the kinetic traffic models, since the literature is enormous, see [2, 23] 26] for a
survey on mathematical models of vehicular traffic at different scales of descriptions. Prigogine
in [27, 28] suggested a Boltzmann type traffic model, which is, as mentioned above, the first
kinetic model for traffic flow. The Paveri-Fontana model, which is the main concern of the
current work, is introduced in [25] to remedy the controversies on the assumption used in the
Prigogine model that the traffic system relaxes to a fixed velocity configuration. Klar and
Wigner discussed the necessity of considering the length of the interaction, and introduced En-
skog type kinetic models in [21],22]. Vlasov-Fokker-Planck type models can be found in [I5] [17].
In [29], Puppo et al introduced a Boltzmann type traffic model for which an analytic expression
for the steady states can be secured. The BGK type relaxational approximate model for traffic
is derived in [I6]. For kinetic equations for multi-lane traffic model, we refer to [14] [I7]. We
also note that the studies of the closely related velocity alignment type kinetic equations have
attracted a lot of attentions recently since they arise in various contexts such as a coarse grain

limit of relevant flocking models [5 [6] [8] 10} 18], 20} 24].

This paper is organized as follows. In Section 2], we provide several preliminary lemmas. We
introduce a regularized equation of ((ILT) mollifying the local vehicle velocity u in the relaxation
term @, and the interaction operator @; in Section We also provide some uniform bound
estimates of the approximated solutions with respect to the regularization parameters. Using
these uniform bound estimates, we prove the global-in-time existence of weak solutions in
Section [l Finally, in Section [l using the relative entropy method combined with the estimate
of MKR distance between local densities, we show that the scaled Paveri-Fontana model (L3])
converges to the pressureless Euler system (L4]).

2. PRELIMINARIES: AUXILIARY LEMMAS

In this section, we provide several auxiliary lemmas which will be used significantly for our
results later. We first state the velocity averaging lemma whose proof can be found in [4] 13 [19].

Lemma 2.1. For 1 <p < 3/2, let {g"}nen be bounded in LP(R x Ry x (0,T)). Suppose that
f™ is bounded in L>°(0,T; (L* N L) (R x Ry)) and v?f™ is bounded in L°°(0,T; L*(R x R,)).
If f™ and g™ satisfy the equation

Onf™ + 00, f" = 089",  ["li=o = fo € LP(R x Ry),
for a multi-index k. Then, for any ¥ (v), such that |(v)] < Cv as v — +oo, the sequence

{ /R + f%(v)dv}

is relatively compact in LP(R x (0,T)).

neN

In the lemma below, we show the dissipative estimates of the interaction operator Q;(f).

Lemma 2.2. Suppose that f is a solution of ([[Ll) with sufficient integrability. Then we have

/OOOQi(f)dv—O, /OOOin(f)dv_—/Ooop(u_v)2fd07 /OOUQQi(f)dvgo.

0
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Proof. By definition of u, we easily obtain

| ana=p [ “w-vsa-o

Using this fact, we compute

Avai(f)dUZ/Ooo‘/Rp’U(u—’U)fdxdvz—/OOO‘/Rp(u_U)Qfdxdv'

In order to prove the third relation, we observe that

/Ooov2fdv§ (/Ooofdv)l/3 (/Ooov3fdv)2/3

- fooo of dv - p2/3 (fooo v3fdv)1/3 - (fooo vgfdv)l/B

U= == = o0 00 1/3
Jo~ fdv Jo~ 1 dv (Jy™ £ do)
u/ v2fdv§/ V3 f dv.
0 0
Therefore, we have

/OOOU2Qi(f)dv:/OOOpUQ(u—v)fdv:p(u/ooov2fdv—/ooov3fdv> <0.

The following lemma is standard. We, however, record it in a separate lemma since we
need unusual assumption that f(z,v,t) = 0 when v = 0, so that the boundary term in the
integration by parts vanishes.

and

so that

O

Lemma 2.3. Suppose that f is a solution of (1)) with sufficient integrability. Furthermore,
we assume that [ is compactly supported in x and v at t > 0 with f(x,0,t) = 0. Then we have

[ oana=o [ woana=o
0 0

[ i [

Proof. Since the proof is straightforward, we only consider the third relation. From the as-
sumption, we get f(z,0,t) = 0 and lim, 4o v>f(x,v,t) = 0, so that
2

1 Y —/ v(u—v)fdv
v=0 0

—/()Oovzav((u—v)f)dv_—(u—v)f
_/Ooo(u—v)Qfdv—u/Ooo(u—v)fdv

2 2
_ /Ooo(u_v)Qfdv.

In the last line, we used the following equality:

/Ooo(u—v)fdvzo.
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From the above two lemmas, we have a priori energy estimates which follow directly by
integrating (L)) with respect to (1,v,v?) dv, respectively.

Lemma 2.4. Suppose that f is a solution of (1)) with sufficient integrability. Furthermore,
we assume that [ is compactly supported in x and v at t > 0 with f(x,0,t) = 0. Then we have
d

d
— fdxdv =0, — vf dedv + / p(u — ) fdedv =0,
dt Jrxr,

dt Jrxr, RxR,

and
1d

—— v2fdxdv+/ (u — )2 f dzdv < 0.

RXR+

3. GLOBAL-IN-TIME EXISTENCE FOR A REGULARIZED EQUATION
In this section, we consider a regularized equation of (IT]). Inspired by [18], we regularize the

local vehicle velocity u by using a mollifier 0. (z) = e 10(z/¢) with 0 < 0 € C§°(R) satisfying

suppf C (—1,1) and /6‘(:10) dx = 1.
R

This removes the singularity in the relaxation term. More precisely, our regularized equation
of (LI is defined as follows:

Pe (ua - U)fa
3.1 0 Oz Oy ((us — =
(8-1) ife + 002 fe & 00 ((u: —v)fe) L+ epe(1+ue)
subject to regularized initial data

fe(z,v,0) =: fo(x,v).

Here, the regularized local vehicle velocity u: is defined by

ul(z,t) := (/R . HE(x—y)wfa(y,w,t)dydw>/(a—i— (/R . Ha(x—y)fa(y,w,t)dydw>>

. ((psus) * 95)(5175 t)

et (pexbe)(a,t)’

and fy . denotes a smooth approxmiation of fy such that

(1) fo.e is compactly supported and it is contained in [Cy, 0, Cy 1] X [Cy 0, Cp,1] with Cy o <
Ox71 and 0 < C'U,O < val.
(i) fo,. converges strongly to fo in L*(R x Ry) as e — 0.
Note that our main equation (ILI]) can be formally recovered from (B in the limit & — 0.
In the following two subsections, we prove the proposition below on the global-in-time exis-
tence of weak solutions and some uniform bound estimates of the regularized equation (B]).

Proposition 3.1. Let T > 0. For any € > 0, there exists at least one weak solution f. of the
reqularized equation BI) on the interval [0,T] in the sense of Definition [Tl

3.1. Approximated solutions. In order to obtain the existence of solutions to the regularized
equation ([B31), we first construct the approximated solutions in the following way:

ni,n __ n+1
32 a n+1 81 n+1 av en n+1 — pa (ua ’U) =
(82) I 00 S By (w2 = ) 2T T+epr(1+up)’
with the initial data and first iteration step:

M@, v, ) |li=0 = foelz,v) (x,v) eRxR;y foralln>1
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and
1O@,0,8) = for(z,0), (w,0,8) €R xRy x (0,7).
Here .
’U,?n(.f, t) _ ((pa Ug ) * 96)($7 t)
e+ (p2 x0)(x,t)
with
prul = / vfldv and pl = fI do.

To get the existence of solutions to the approximated equation ([B.2l), we need to estimate the
support of fI', and for this, we introduce the following forward characteristics:

ZE(s) = (X2 (s), VI (s)) o= (X2 (830, 2,0), VI (30, 2,0)

defined by

d

TXET () =V (s), 0<s<T,
(3.3) ;

EVE"-H (8) = u?n(XgH_l(S)v S) A (8)7

with the initial data

ZM0) = (z,v) € R x Ry
Due to the regularization, the characteristics (83)) is well-defined, thus global-in-time existence
of solutions to ([B.2]) can be obtained by a standard existence theory. It follows from (B3) that
Vtl(s) satisfies

t
(3.4) VL (t) zve_t—i—e_t/ uS™ (X (s), 5)e® ds.
0
We now define
Rx[f]:= max a and Ry[f]:= max o,
rEsupps f vVESUpPpy f
and
rx[f]:== min _z and ry[f]:= min v,
resuppy f vESUPPy |

where supp,. [ and supp, f represent z- and v-projections of suppf, respectively.

Proposition 3.2. For anyT > 0 andn € N, there exists a unique solution fI' of the reqularized
and linearized equation [B2) such that

(i) fI is compactly supported in both x and v satisfying
Cm,O + CU,O(l - e_t) S X [fsn] S RX [fsn] S Cz,l + TCU,I
and
e 'Cuo <rv[fl] < Rv[fI] < Co.
Here the positive constants Cy i,Cy % = 1,2 are appeared in the beginning of this
section.
(i) f2 € L*>°(0,T; L>®(R x Ry)) satisfies

sup sup ”fsn(a 'at)”Wl’oo < OEqquo,s’
0<t<T neN

for e € (0,1), where Cc 15, . > 0 depends on e,T, and || fo.cl|wr.e, but independent of
n.

Remark 3.1. Note that the size of the support does not depend on € or n. We also note that
(i) clearly implies fI'(x,0,t) =0 for [0,T].
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Proof of Proposition[ZZ2 (i) In view of the observation that the solution to ([B:2)) is written in
the characteristic formulation:

T XIHL(L), VI (L) = elo (AEEHDds (0 v)
where A?(s) denotes
PEXIF(s), ) (uZ(XIT(s),8) = VI (s))
1+ epr(XE2H(s), 8) (1 +un(X2H1(s), 9))

We see that it is enough to derive the compactness of the characteristics. We first estimate
Ry [fr*1(t)]. Note that

AZ(s) :

< fRXR+ ’Ufg(X:+l(S) - Y, t)ei(y) dydv
T Jar, EXETN(S) =y, 0)0-(y) dydv
Then it follows from (B4 that

us™ (X (s), 5) < Ry [f2 (1))

t
VE"'H(t) =ve t + e_t/o u?"(X;H’l(s), s)e’ds

< Rylfoce ' +e ! /0 Ry [f2(s)]e® ds.
This implies
t
¢ Ry ([ ()] < Ry[fo.] + / ¢ Ry [f7(s)) ds.

For notational simplicity, we set A™(t) := e’ Ry [f(t)] for n € N and iterate this relation to get
¢
A(e) < Relfod + [ AV (9)ds
0
t t s
<Relfod+ [ Relfodds+ [ [ am2(s)dsids
0 o Jo

t S t s S1
n—3
< Ry|[fo.e] +tRv[fo,] +/o /o Ry [fo,e] dsids —i—/o /0 /0 A3 (s9) dsodsids
<
(Z g) Ry [fo.e]

n=0

< e'Rv[fo.]

Thus we obtain
(3.5) e'Ry[f2(t)] < e'Ry[foc), ie, Ry[fl()] < Rv[foc] <Cun

for all n € N. Moreover, we get

IN

VI 2 ve™ = eTfrv[fod,
and subsequently, this asserts
rv 2] > e frvfoe] = e Cop,

due to the compact support assumption on fy.. This gives the compactness of the velocity
support and f(z,0,t) = 0. The compactness of position directly follows from this.
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(ii) We now estimate || f2*1|| e uniformly in n. For 1 < p < oo, we find
d
E"f:-‘rl”ip

n — n e,n n pg(u? _U)fsn—i_l
:P/ frrhpt <_anfg 0, (ue™ =)o) 4 e 22 ) dadu
e, (" =)+

n n pg(u?_v)
( )H £ ||L RxRJr( £ ) 1+€pg(1+ug)

For the last term on the right side of the above equality, we use (8 to obtain
n+1

S/ ( ghtl)ppa (ua +RV[ € ]) dadv
RxR, L+ ep2(1+u?)

prityp_Pelle 7Y o
/Mﬁ RS sy

RxR, L+ ep2(1 +u2)

C
< S,

where C' > 0 is independent of n,p and €. Thus we get

d n 1 n
Iz < 0 (14 2 )1+,

where C' > 0 is independent of n,p and £. We now use Gronwall’s lemma and send p — oo to
have

—1
IF24 oo < I foellpmetFs DT

)

where C' > 0 is independent of n and ¢.
We next differentiate [B2]) with respect to = to find

8 az n+1 azz n+1 axv en n+1 _ 8x p?(u? - ’U) n+1 )
t fa +v e + ((Ug U) 5 ) 1+ Ep?(l ¥ u?) e
Then we estimate

.
otz = [

RxR

+ az n+1 117283C nJrlaz ( Pe (ug — U) n+1> dedv
p/MJ T e N (L EATILL

|00 [ P20, f1 (0000 fIT = Oy (u2" —0) f1H)) dazdv
N

= Il +12+13

For I, we use the integration by parts to obtain
L = _/ 8x(|azfg+1|p)v dzdv = 0.
RXR+
For Iy, we get
I =—p / 00 I P2 00 2 (= 0u f2F 4 OpuZ™ 0 S + (uE™ — 0)Ony f17) divd
RXR+

-1
< pllOefETH T + CepllF 2 100 2T 100 2T e + 1100 21T
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Here we used

O,us| = m (D (o1l % 82) (07 % 82) — (2) % 6.) (D % 62)
- ‘ (plul) * Oy Pl * 0,0,
| e+ pn*0: e+ ptx 0,
< Ce|l 2l

and

- p/ |8mfg+l|p72arfg+l(u?n - U)azvfg+1d$dv
RXR+

- / Do (|05 f2THP)(uE™ — v) davdv
RXR+

= 10224 1T

For the estimate of I3, we notice from (B3] that

(2] = | [ voupzdo
Ry

< CllOafI e

and

|0xp7| = O [ dv

Ry

< 02 f2 I

This gives
Ou(prul) —v0ep?  epl(uf —v)((Oxp? + Ou(piul)))

a< pe (uZ —v) >'_
T\ 14epr(l+up) (14 epn(1 +up)) (14 epn(1l +up))?
< CQA+ [w)|0a f2 | v,

for € € (0,1), and subsequently this asserts

I = am n+1 p—26m n+lam< pg(u?_v) ) n—i—ld d
3 p‘/]RX]R+| fs | fs 1+€p?(1+u?) fs €rav

- pe (ug —v) 1
+ Oy I P20, f1H —E Oy f2 ! dadv
p/mj T Y T(EATIL
< Cpl|Oa 2 A2 o + CepllOn f2FH

Thus we obtain

d n 1 n
101 < Coango, (142 ) 112

where Ce 7.5, . > 0 depends on €, T, and || fo.c| . Similarly, we also find

d
— 0w f2H1T :p/
dt < RXR

|00 fEFHP 20, f2H (=00 f2H = Ouo(ug™ = 0) f271)) dado
N

n

+p / 10, fr P20, fr P2
RXR+

n _ n+1
Tt o — o) dado

=:J1+ Jo + Js.
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Here J;,7 = 1,2,3 can be estimated as follows.

Ty < pll0 FE N 10 2 s
Jo = —p/ |00 [P0, fEH10, (= 2 4 (ue™ — )0, f27) dawdv
RXR+
= 2p||avfg+1”ip - HavngrlHin
Ja = av n+1 p—QaU n+1 p? _ n+1+ u — v av n+1 drdv
3 p/RXRJrl fa | fa 1—|—ap2(1—|—u2)( 5 ( € ) fa )
< CepllOuf2 N 24 e + CepllOu f2 I

Hence we have

d
1S s < CllF

We now combine all of the above estimates to arrive at

1

d n n
G s < Cungo, (14 3) 124w,

Then, applying Gronwall’s lemma and letting p — oo, we get

Hf:-‘rl('v ) t)HWl’“’ < Hf07€||W1’°°eCE’T’fD’€7

for t € [0,T], where C. 1., . > 0 is independent of n. O

3.2. Proof of Proposition [3.1} Existence of weak solutions of (BI]). In this subsection,
we establish that the global-in-time existence of weak solutions to the regularized equation
@BI). For this, we first show that the approximation sequence {f"},cn is Cauchy. It follows

from (3.2) that

Ou(f2TH = )+ 00a (f2F = f2) + Ou((ue™ —v)(f2F = f2) + (ue™ —ug" )0 f2

p?(u?_v) n+1 n fgl
= &£~ & 7 _ +

4 fnp —l(un—l _ ’U) 1 _ 1 .
sfe Ltepr(l+ul)  14epl '(I+ul™)

n,n __ n—1,n—-1 __ n __ . n—1
1 + &-pg(l + U?) (pa Ug Pe Ug v(pa Pe ))
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Then we obtain

Lyt e,

dt
=7 M R R 2 g dd
‘p/RX& e
+p / B e T [ A AL
+p /R T g g e
—p / o TR gl ) e
+p / R )
L Efp T T — ) (e = +p" tuf ! - pruz) oo
(L epr (1t up))(1 +ept (15 u2 )
6
=) K
where K;,i = 1: ,6 can be estimated as follows.

Ky =(p+ DI = 21,

Ky < Ce gy DIl F2 = S22 = 2 e,
K3 < Cergo Il f2T = 2,

Ky < Comgo pllfott — fr ||LP £2 = f27 Y pee,
K5 < Cpll 2+ — fR I = £ Mo

Ko < Ce gy pll f2 = 1205 12 = 27 e

Here we used

(3.6)

and

(3.7)

< CIfE = f2 e,

|pa Pe = ‘/ fa a d’U

|pzu:;—p?1uzl|=‘ [ oot - pha
Ry

SO = f2 e,

|u§,n _ ua,n—l |

| CoRu — p2 7 ur ™) + 6. L (o™ tul M) % 0 ) (p" — p" ) % 6
=t e+ )+ pr )

< Cemgo I8 = F27 .

Thus we have

|| FE = L2 < Cego (12T = f2ie + 12 = £27 )
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where C¢ 1,7, . > 0 is independent of n. This, together with applying Gronwall’s lemma and
passing p — oo, yields

t
ICFEFY = f2) G Ol < Cs,T,fo,s/O ICF2 = F270 0 )llpe ds.

This concludes that f™ is Cauchy in L>°(0,7; L (R x R,)) from which, for a fixed £ > 0, there
exists a limiting function f. such that

sup |[(f& = f) (o t) |l — 0,
0<t<T

as n — 0o. Due to (B6) and (B1), we can easily show that the liming function f. solves the
regularized equation (B.1]).

3.3. Proof of Proposition[3.1} Uniform-in-¢ bound estimates. In this part, we establish
several uniform-in-¢ estimates for f..

3.3.1. Support estimates. We recall from Proposition [3.2] that
f(@,0) =0 if (z,0) € (RxRy)\ ([Ca0,Co1 +TCo] x [e7 T Cho, Cu1])

for 0 <t <T. Since Cy; and C,; (i =0, 1) do not depend on € and fI* converges uniformly to
fe, this implies that the support of f. is also contained in the same area:

[Cz,(); Ox,l + TC'U,I] X [eiTOv,O; Ov,l]-

That is,
Ry[f-(1)] < Cy1, Rx[f-(1)] < Con +TCyn
and
rx[fe(t)] > Copo, rv[f-(t)] = e T Cup.
Note that this automatically implies f.(z,0,¢) = 0.

3.3.2. Uniform bounds of the moment and energy estimates. We first provide the uniform en-
ergy estimate. It follows from [I8, Lemma 2.5] that

Ps(x)
3.8 su /95:1:— e gr <,
(3.8) yeg L (x —y) 5o x po(2)

where C' > 0 is independent of . On the other hand, a straightforward computation yields

Ld v2f5d3:dv:/

2dt Jrxr, RxR.

1 1
5/ |u§|2p€dx—§/ v? f. dadv
R RxR4

1
5 [ el da,
R
where we used Lemma 2.4}

2 _
/ Mdmdv:/p—s us/ v2f5dv—/ v3f.dv | dx
rxr, 1 +epe(l+ue) r 1+ep2(1+ul) R R,

<0,

2 _
v (us —v)fe dedv + / Vopelue —v)fe dxdv
rxr, 1 +epe(l+ue)

IN

IN

and
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Note that

Jexr, 0@ —y)wfe(y, w,t) dydw 2

0 x pe(z,t)

|ug(z,1)]* <

- Joxr, Oe(@ —y)w? f(y, w,t) dydw
< 0 * pe(x,t)

)

and this together with ([B.8]) gives

€2 pe() 2
Peluz dxg/ O (x —y)————dx | w* f-(y, w) dydw
/R Fuc] RxR, ( R,y ( )95*/’5(17) ( )

<C v? fo(z,v) dedv,
RXR+

(3.9)

where C' > 0 is independent of €. Hence we have

d

— V2 fo dedv < C / V2 f. dadv,
dt Jrxr,

RXR+

ie.,

/ v f.dzdv < C ’U2fo7€ dxdv,
RxR. RxR.

where C' > 0 is independent of ¢.
We next show the moment estimate. By multiplying the regularized equation (BI) by v and
integrating the resulting equation over R x R, we find

d

a vpe(ue — ) fe
dt Jrxr,

dxdwv.
«ry L+epe(1+ue)

vfe dedy = —/ v, ((uZ — v) fe) dxdv + /
RxRy R

Here the last term on the right hand side of the above equation can be estimated as

/ vpelte = Ve g g, - _/ el =0 e g,
mxk, 1+ Epe(l+uc) Rxk, 1 +ep(l+ue)

due to

/R+(u5—v)f5dv_0.

For the estimate of the first term on the right hand side, we use the uniform estimate above,
@B3), and the fact that

/psusdx:/ vfedxdv >0
R RxRy
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to get

- / 0, ((uf — v) f.) dadv = / (uf —v) fe dedv
RxR4

RXR+

= /(psui — peuc) dx
R

§/p5u§da:

R
1 1

< —/Pad$+—/pa|ui|2d$
2 R 2 R

< C/ (1 + v?) f. dedv
RXR+

< O/ (1 +v?) fo.c dxdo,
RXR+

where C' > 0 is independent of . Thus, we obtain

i vfsdxdng'/

dt Jrxr, RxR

2
1412 Edd—/ pelue =0 e g,
(14 v7) fo,e dwdv A ey ey zdv

By integrating the above differential inequality with respect to time, we have

/ v fe dxdv—|—/ / ) Je dxdvds
RxR; RxR 1+ 1+epe(1+ue)

(3.10) < / v fo,e dzdv + Crp / (1 + %) fo. dedv
RXR+ RXR+

< OT/ (1 +v*) fo. dzdo,
RXR+

where C' > 0 is independent of ¢.

3.3.3. Uniform L*°-bound of f.. For 1 < p < oo, we find

d B p— e pe(ue — ) fe
%HfEH:zp - p/]R><R+ (fs) ! <_av ((’U,E - U)fs) + m) dxdv

Here L1 can be easily estimated as

Ly = (p = Dl flLs-

For the estimate of Ly, we obtain

pe(us —v)
L = Ep—d d
2 p/ﬂ%xR+(f) 1+ ep(1+u) Tadv

< p— 1/2/ 1/2 p5|u5_v| d:Z?dv
prs” ]R><]R+(f€) 1+5P5(1+Ua)

1/2
< Cp|fll5 <2 (/ S d;v>1/2 / pelue —v)*fe dzdv
: r 1 +epe(l+uc) RxRy L+ep:(1+ue)

1/2
2
< Cp|| f- |22 / Mdmdv 7
rxr, 1 +epe(l+ue)
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where we used the uniform bound estimates of supports of f.. Thus we have

1/2
d 1/2 / pe(ue — 'U)2fa
— <C C ———————dzd
il < U+ OV (Lt

Pe (ua - 'U)Qfa
<O fellpr + / — " dxdv.
[ f<llze v T+ ep (4 u)
We now use Gronwall’s lemma and pass to the limit p — oo to conclude

t 2
pe(ue —v)* fe
Lot < C OO+C// ————— dxdvd
(FACEIII | fo.ellz o Jaxe, Trep(ltus) xdvds

< COllfoellL= + CT/ (14 v?) fo.. dzdv,
RxRy

where C' > 0 is independent of ¢ and we used the uniform moment estimate BI0).

4. GLOBAL EXISTENCE OF WEAK SOLUTIONS: PROOF OF THEOREM [I.]]
In this section, we provide the details of proof of Theorem [Tl

4.1. Strong compactness of p. and u.. From the argument in the previous section, we
see that there exists f € L'(R x Ry x (0,T)) such that f., f.v converge to f, fv weakly in
LY (R x Ry x (0,7)) respectively, which also implies

Pe = fedv — fdv=p and psusz/ vfedv — vf dv = pu,

in LY(R x (0,7)), respectively. Thanks to Lemma 2] the above convergences actually are
strong, which also give the almost everywhere convergences of the macroscopic fields p. and

petic:
(4.1) pe > p aconRx[0,7] and p.u.— pu a.eonR x[0,T].
4.2. f.us converges to fu in L°°(0,T; LP(R x R;)). In this part, we show that
feusi = fu in L*=(0,T;LP(R x Ry)) for pe(1,3/2).
Even though the proof is almost the same with [I8], we briefly present it for the completeness
of our work. It follows from (1)) together with [I8 Lemma 6] that
(peue) *x 0. — pu, pex0. —p ae. and LP(R x (0,7T))-strong,
up to a subsequence, for all p € (1,3/2). Let
pf = [ fep(v)do,
R

for a given test function ¢(v). Consider a test function ¥ (z,v,t) = ¢(x,t)p(v) with ¢ €
CP(R % (0,7)) and ¢ € C°(R4). Then we find

T T
/ / Jeuiry dedvdt = / / uzpf ¢ dadt.
0 JRxR, o Jr

Note that if p € (1,3/2), then p/(2 —p) € (1,3), and this gives the following uniform bounded-
ness in e: ,

1/2
lucpZ e < ol llpell fosemn I V/PeuE] L2 < o0

This implies that there exists a function m € L>°(0,T; L?(R)) such that
utpf —m in L°(0,T;LP(R)) forall pe (1,3/2)
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up to a subsequence. We now prove
m = up?, where p¥ = fodv and pu = / uf dv.
By using the set EY = {(z,t) € (=R, R) x (0,T) : p(x,t) = 0}, we estimate
2
lueplleomg) < Clloel i gy =0 as € =0
Thus it suffices to check
m = up? whenever p > 0.
For this, we introduce a set
E% = {(z,t) € (~R,R) x (0,T) : p(x,t) > J}.

Due to the compactness of p. and p. * 6., by Egorov’s theorem, for any n > 0, there exists a
set C,, C B, with |E% \ C,| < n on which p. and p. % 6. uniformly converge to p. This asserts
pe 0. > 6/2 in C, for € > 0 small enough. Thus we obtain

(peuc) x 0 :
if—ﬁp‘p%m*up in G,
This further yields

m=up? on {p>0},

since n > 0, R > 0, and § > 0 were arbitrary. Consequently, we have

T T T
/ / feulyp dedvdt — / / up? pdxdt = / / Sfup dedvdt
0 RXR+ 0 R 0 RXR+

for all test functions of the form (x,v,t) = ¢(z, t)p(v).

4.3. (peucf:)/(1+e(ps + peue)) converges to puf in L>°(0,T; LP(R x R4 )). Employing the
same notations with that in the previous section, we get

/ / petie]e ey dadvat = / / L pdadt
rxr, 1 +e(pe + peue) 14 e(pe + peue)

Note that if p € (1,3/2), then 3p/(2 — p) € (3,9), and this gives the following uniform bound-
edness in €:
petep?

‘ 1+ 5(pa + paua)
This again gives the existence of a function m € L*(0,T'; LP(R)) such that

3/2
< lpeucpf e < |‘<P|‘L°°||ps||Lép/(2—p)||vpsus||L2 < Q.

Lp

peucpf . 00
——= — —~m in L>(0,7;LP(R)) forall pe(1,3/2
e (0.7: 17(R)) pe(13/2)

up to a subsequence. We then show that

m = pup¥, where p¥ = fodv and pu = / vf dv.
Ry R,

By using the set E% = {(x,t) € (—R,R) x (0,T) : p(z,t) = 0} again, we obtain
3/2
luepZllirmy < Cloelhma gy >0 as €0,

Again by considering the set Eﬂ‘é defined as before and employing almost the same argument as
in the previous section, we can show that

m = pup¥ whenever p > 0.
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Hence we have

pauafa r r
/ / — Y drdvdt — / / up? pdxdt = / / fu dedudt
RxRy 1+ &(pe + peue) 0o Jr 0 JRxR,

for all test functions of the form ¥ (x,v,t) = ¢(z, t)p(v).

Proof of Theorem [l Equipped with the previous convergence estimates, there is no problem
with passing to the limit ¢ — 0 in BI) to conclude that the limiting function f is a weak
solution to (II)) in the sense of Definition [T O

5. HYDRODYNAMIC LIMIT: PROOF OF THEOREM
In this section, we present the details of proof of Theorem As mentioned before, our
proof relies on the relative entropy argument.

5.1. Relative entropy estimate. We first rewrite the equations (L4 as a conservative form:

U, +V-AU) =0,

m=pu, U:= (Z) AU) = (m’;"‘/p).

Then the above system have the macro entropy form E(U) := m?/(2p). Note that the entropy
defined above is not strictly convex with respect to p. We now define the relative entropy
functional H as follows.

where

(5.1) H(U|U) = E(U) — E(U) — DE(U)(U —U) with U := (?) ,

where DE(U) denotes the derivation of E with respect to p,m, i.e.,

i) = ().

This asserts

B ~=2 2 2
HOWw) =2 -2 L (p—p)—u-(pu—pu) =

N2
5 5 5 (u—a)”.

Nl aeY

As mentioned in Introduction, the relative entropy defined above does not give any information
about the discrepancy between p and p.

Lemma 5.1. The relative entropy H defined in (&) satisfies the following equality.

& [ o) i

/at d:z:—/V(DE(U)) A(U|U) da:—/DE ) (.U + V- A)) dz,

where A(U|U) is the relative fluz functional given by
A(U|U) == A(U) — A(U) — DA(U)(U - U).
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Proof. Tt follows from (&) that
d ~ ~ _ ~
E/H(U|U) da::/atE(U) dx—/DE(U)(&sU+V-A(U))d3:
R R R

+/D2E(U)V~A(U)(U— U)+ DE(U)V - A(U) dz
R

3
= ZI“
i=1

where I3 can be easily estimated as

I — /R (VDE(U)) : (DAU)(U — U) - A[D)) da
= —/R(VDE(U)) L (A(UIU) + A(U)) da
_ /R (VDE(W)) : A(U|U) da.
Here we used the fact from [20] that

/ (VDE(U)) : A(U) da = 0.
R

We now set
£
m® = p°u® and U®:= <p8> with p® := fefdv and m° ::/ vf€ dv,
m Ry Ry
where f€ is a weak solution to the equation (L3 in the sense of Definition [[11

Proposition 5.1. Let f€ be a weak solution to the equation (L3) and (p,u) be a strong solution
to the system (LA on the time interval [0,T]. Suppose that the assumptions (H1)—(H2) hold.
Then we have

(5.2) sup /RH(UE(t)|U(t)) dx < O(e).

0<t<T

Proof. By the relative entropy estimate in Lemma 5.0l we obtain

/H(U€|U) da
R
:/RH(U§|U0) dx+/R(E(U5)—E(U§))d:1;—/O /RV(DE(U));A(UﬂU) dwds
- / / DE(U) (0.U° + V - A(U?)) dads
0 JR

4
=: ZJf
i=1

The assumption (H1) gives J{ = O(e). For the estimate of J5, we first notice that

vfedv\® v? f€ dv
(uf)? = L < fﬂhi, ie., pf(uf)? S/ v* f€ dv,
fR+ fE dv p° R+
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and this implies
1 1

(5.3) EU®) == / P (uf)? da < —/ V2 f€ dadv.
2 Jr 2 Jry

Thus, by adding and subtracting, we find

J§:/E(U8)d:v—/ v? f€ dadv
R RxR4

—|—/ v fE dadv —/ V2 fE dadv
(5.4) RXR, RXR, 0
+ / v? f§ dedv — / E(Uy) dx
RxRy R
<040+ O(e).

Here we also used Lemma 24 and (H1). We next use [3| Proposition 2.2] to estimate

t
Jg < O/ /H(U€|U) dxds,
0 R

by using the following identity:

[ wias = [ 5 —uas

Moreover, by Theorem [[.1] see also Lemma 2.4 we get that f© satisfies

¢
(5.5) / / fe(uf —v)? dedvds < E/ V2 f§ dxdv,
0 JRxRy 2 RxR4

and this together with the assumption (H1) asserts

J4<||3U|L°°//‘/ 2 y2) £

< [190tl| e / / (4 — v)? daduds
0 JRxR,

< Ck,

dxds

where C' = C(]|0yul| L, f]Rx]R+ fsv?dxdv) > 0. We finally combine all of the above estimates
to conclude the proof. O

5.2. Proof of Theorem We now show that the MKR distance can be bounded by the
relative entropy, which directly gives the quantitative error estimate between p and p°.
Note that the local densities p and p® satisfy

Op+ 0x(pu) =0 and  0¢p® + 0.(p°u) =0,

respectively. Let us define forward characteristics X (¢) := X (¢;0,2) and X(t) := X°(¢;0,2),
t € [0,T] as solutions to

(5.6) O X (t) =u(X(t),t) and 0 X°(t) = u®(X°(t),1)

with X(0) = X°(0) = z € R, respectively. Since u is bounded and Lipschitz continuous on
the time interval [0, 7], we find the solution p uniquely exists and it can be determined as the
push-forward of the its initial densities through the flow maps X, i.e., p(t) = X (¢;0,-)#po.
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Here - # - stands for the push-forward of a probability measure by a measurable map, more
precisely, v = T #u for probability measure p and measurable map 7 implies

[ ewavt) = [ oTa) duto)
for all ¢ € Cy(R). On the other hand, due to the lack of regularity of u®, it is not clear to have
the existence of solutions X¢. To handle this issue, we recall the following proposition from [II
Theorem 8.2.1], see also [I2, Proposition 3.3].

Proposition 5.2. Let T > 0 and p : [0,T] — P(R) be a narrowly continuous solution of (0.0,
that is, p is continuous in the duality with continuous bounded functions, for a Borel vector
field u satisfying

T
(5.7) /0 /R|u(x,t)|pp(:1c, t) dzdt < oo,

for some p > 1. Let 'y : [0,T] — R denote the space of continuous curves. Then there exists
a probability measure n on I'r x R satisfying the following properties:

(i) n is concentrated on the set of pairs (v, x) such that v is an absolutely continuous curve

satisfying

Y(t) = u((t), 1),

for almost everywhere t € (0,T) with v(0) = = € R.

(i) p satisfies
/ p(x)pdr = / p(v(t) dn(, ),
R I'r xR
for all p € Cp(R), t € [0,T7.

Note that it follows from (3] and (&4) that

/(ug)2pE dr < / V2 € dedv < / v? f§ dadv < oo,
R RXR+ RXR+

i.e., (B7) holds for p = 2, and thus by Proposition [5.2] we have the existence of a probability

measure 77° in I'p x R, which is concentrated on the set of pairs (v, z) such that v is a solution
of

(5.8) V() = uw(v(1), 1),
with (0) = z. Furthermore, it holds
(59) [ewpr@od= [ onw)aro.o).
R I'r xR
for all ¢ € C,(R), t € [0,T].
We now consider the push-forward of the p§ through the flow map X and denote it by p°,
ie., p° = X#p§. Then for bounded Lipschitz function ¢, we find

/wmww—fu»m /wxwmmm—%m»m
R R

where C' > 0 is independent of €, and we used the fact that the bounded Lipschitz distance is
equivalent to MKR distance and ¢(X) is bounded and Lipschitz. Indeed, we get

(5.10)

< OdMKR(vap?))v

| X (t;0,2) = X(0,y)| < |z -yl + /0 [u(X(5;0,2)) = [u(X(s;0,y))| ds

t
su—m+wmmuw/|xwma»—X@mwn@
0
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and apply Gronwall’s lemma to derive the Lipschitz continuity of the characteristic flow X (¢; 0, x)
in x, and subsequently, this asserts

[9(X (50, 2)) = ¢(X (& 0,9))| < 19l Lip| X (& 0, 2) = X (£ 0,9)[ < |4l Lapl| X[ Liplx — ],

where || - ||;p denotes the Lipschitz constant given by
olx) — oy
ol sy P00
r#yeR |I - y|

Thus we obtain from (GI0) that

(5.11) dvrr(p(t), p°(t) < Cdurr(po, P5),

for t € [0, T], where C > 0 is independent of £ > 0. We next estimate the error between p° and
p°. For this, we note that by the disintegration theorem of measures, see [I], we can write

dn®(v,x) = 13 (dy) @ py(x) d,

where {nZ}.cr is a family of probability measures on I'r concentrated on solutions of (&.8]).
We then introduce a measure v on I'r X I'r X R defined by

dve(v,2,0) = 13(dy) @ 6x(..0,2)(do) @ pg(z) dz.
We further consider an evaluation map E; : I'y X I'r x R — R x R defined as E(y,0,z) =

(v(t),o(t)). Then we readily find that measure 7§ := (E;)#v° on RxR has marginals p°(z,t) dx
and p°(y,t) dy for t € [0,T1], see (59). This yields

darer (o7 (8), (1)) < /R e~ yldri(a,y)

(5.12) -/ 0(t) = A(8)| dvf (3,0, 2)
FTXFT xR
= [ IX@:0.2) = 1Ol dr (o).
FT xR
On the other hand, it follows from (5.6) and (5.8)) that
| X (£:0,2) — ()]

/0 u(X(s;0,2)) — u®(v(s),s)ds

< / (X (550, 2)) — u(y(s), 5)| ds + / lu(1(s), ) — u®(1(s), )] ds
< 9pull / X (5:0,2) — (s)] ds + / [u(1(s), 5) — u(1(5), 8)| ds.

Applying Gronwall’s lemma to the above asserts

| X (£0,2) = (1) < C/O lu(v(s), s) —u*(7(s), s)| ds,
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where C' > 0 is independent of ¢ > 0. Combining this with (G.12]), we have

darrcr(p(8), 57 () < C / / 3 (3),9) = 0 (3 (5), ) i (3,) s
< C/o /R|u(:10,s) —u®(x, 8)|p®(x, s) dxds

<CVT </Ot /R(ua(x, s) —u(z, s))%p°(z, 5) dxds) v

~o([ [norw) dxds)“,

where C > 0 is independent of € > 0, and we used (59]). We then combine (511 and (I3) to
conclude

(5.13)

dy r(p(t), p* (1) < dukr(p(t), p° (1) + dukr(p°(t), p°(t))

t 1/2
< Cduricn(por o) + C ( | [ dxds) ,
0 Jr
where C' > 0 is independent of € > 0. We finally use the estimate (0.2)) to conclude that

duir(p(t), p°(8)) < Cduxr(po, p) + O(Ve).

We next estimate the MKR distance between f¢ and p®d,,. For ¢ € Lip(R x Ry ), we estimate

/ o(z,0) f*(z,v) dedv — / (z,v)p(x) dr @ by(q) (dv)
RxR

RXR+

/ d(x,0) ¢ (x,v) dedv — / o(x,u(x))p(x) dz
RxRy R

<

/ d(x,0) ¢ (x,v) dedv — / o(x,u(x))p®(x) de
RxRy R

+

/ o, u(2))pf (z) da: — / o u(x))p() d
R R

Since both ¢ and u are Lipschitz, the second term on the right hand side of the above inequality
can be bounded by

Cdurr(p®,p) < OWe),
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where C' > 0 is independent of . For the first term, we estimate

/ o(z,v) f(x,v) dxdv—/¢(x,u(x))p€(:v) dx
RxRy R
< 1l / o= ulf () deds
< 16l / ol o+ / e — ulp(z) da

1/2

£\2 re € 2 ¢
<C /Rxﬂh(v—u)f (a:,v)da:dv—l—/(u —u) p(x)dx

R
< C/e,

due to (52)) and (53), where C' > 0 is independent of €. Combining all of the above estimates,
we have

[ owormdede~ [ o vpe)ds o by @) < OWE)
RxR4

RXR+

for any ¢ € Lip(R x R;). This completes the proof.
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