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ERGODICITY OF SUBLINEAR MARKOVIAN SEMIGROUPS*
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Abstract. In this paper, we study the ergodicity of an invariant sublinear expectation of
sublinear Markovian semigroups. For this, we first develop an ergodic theory of an expectation
preserving map on a sublinear expectation space. Ergodicity is defined as any invariant set in which
either itself or its complement has 0 capacity. We prove, under a general sublinear expectation space
setting, the equivalent relation between ergodicity and the corresponding transformation operator
having simple eigenvalue 1, and also with Birkhoff-type strong law of large numbers if the sublinear
expectation is regular. For a sublinear Markov process, we prove that its ergodicity is equivalent to
the Markovian semigroup having eigenvalue 1, and the eigenvalue is simple in the space of bounded
measurable functions. As an example we show that G-Brownian motion {Bt};>o on the unit circle
has an invariant expectation and is ergodic if and only if E(—(B1)?) < 0. Moreover, it is also proved
in this case that the invariant expectation is regular and the canonical stationary process has no
mean-uncertainty under the invariant expectation.
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1. Introduction. Let (2, F, P) be a probability space. The measure theoretical
ergodic theory deals with a measure preserving map 6 : (Q,F) — (Q,F) such that
0P = P. Recall that the measurable dynamical system {6"},cy on (Q,F,P) is
called ergodic if any invariant set A € F, i.e., 07'A = A, has either full measure
or zero measure. Frgodicity describes the indecomposable property of the system
(cf. Walters [41]). The well-known result of Birkhoff’s theorem says that a dynamical
system is ergodic if and only if, in the long run, the time average of a function along
its trajectory is the same as the spatial average on the entire space with respect to
the stationary measure (Birkhoff [2], von Neumann [39, 40]).

Due to the spreading nature of random forcing, ergodicity is an important common
feature of stochastic systems. It has aroused enormous interests of mathematicians
(cf. Da Prato and Zabczyk [8], Durrett [12], Feng and Zhao [21]). For a Markovian ran-
dom dynamical system, it is well known that 1 is a simple eigenvalue of the Markovian
semigroup if and only if the stochastic system is ergodic, and is a unique eigenvalue
on the unit circle and is simple if and only if the stochastic system is weakly mixing.
The latter statement is equivalent to the Koopman—von Neumann theorem. Recently,
the ergodic theory for periodic measures was obtained, in which it was proved that
the Markovian semigroup has eigenvalues, {ei@t}mez for a 7 > 0, on the unit circle
apart from the eigenvalue 1 (Feng and Zhao [21]). Moreover, invariant measures of
quasi-periodic stochastic systems were observed in Feng, Qu, and Zhao [19].
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On a completely different topic, the concept of sublinear expectation is central
in probability and statistics under uncertainty, measures of risk, and superhedging in
finance (Artzner et al. [1], Chen and Epstein [6], El Karoui, Peng, and Quenez [15],
Follmer and Schied [23]). A coherent risk measure, which is defined as a real-valued
(monetary value) functional with properties of constant preserving (cash invariance),
monotonicity, convexity, and positive homogeneity, is equivalent to a sublinear ex-
pectation. A systematic stochastic analysis of nonlinear/sublinear expectation and
G-Brownian motion has been given in the substantial work of Peng [34, 35, 36].

It is clear now that the corresponding partial differential equations (PDEs) of
G-diffusions are fully nonlinear parabolic PDEs. They provide us with the Markovian
semigroup of G-diffusion processes (Peng [34, 35, 36]). It is noted that fully nonlinear
PDEs have been intensively studied in literature, e.g., in Cafarelli and Cabre [3],
Krylov [30, 31], and Lions [32, 33]. More recently, the viscosity solution of path-
dependent fully nonlinear PDEs has been of great interest (Ekren, Touzi, and Zhang
[13, 14], Peng [37]). However, study of the dynamical properties of long time behavior
of G-diffusion processes is still missing. In this context, an ergodic theory under
the sublinear expectation setting will be key to this study. Our results will give the
invariant properties, equilibrium, and statistical property of the stochastic systems
under uncertainty.

It is worth noting that economists have already observed “nonlinearities” in the
behavior of real-world trading in financial markets due to heterogeneity of expectation-
formation processes (Cutler, Poterba, and Summers [7], De Long et al. [10], Frankel
and Froot [24], Greenwood and Shleifer [26], Williams [42]). Potentially biased beliefs
of future price movements drive the decision of stock-market participants and create
ambiguous volatility. Using sublinear expectations and G-Brownian motions to model
ambiguity has been attempted in the mathematical finance literature; see, e.g., Chen
and Epstein [6] and Epstein and Ji [17].

In this paper, we will go beyond the measure space framework to study an ergodic
theory in a nonlinear functional setting. The lack of the dominated convergence and
the Riesz representation adds a lot of difficulty to the analysis. But the topology
of a sublinear expectation space is still rich enough for us to define the ergodicity.
We will establish its equivalence with the indecomposable property and characteri-
zation in terms of spectrum of transformation operators. We will prove the law of
large numbers (LLN) also implies ergodicity, but the converse holds under a regularity
assumption. This setup is a natural framework for the ergodicity of invariant expecta-
tion of continuous time sublinear Markovian semigroups such as that of G-diffusions.

It is noted here that the convergence of the LLN we study in this paper is in
the pathwise sense quasi-surely. Convergence of the LLN in the sense of distribution
was obtained by Peng [36] for independent and identically distributed (i.i.d.) random
variable sequences. But an i.i.d. random variable sequence may not be stationary in
nonadditive probability settings (Feng, Wu, and Zhao [20]). On the other hand, in
our theory the independence assumption is not needed. Thus the LLN in the ergodic
sense we study here and Peng’s LLN for i.i.d. random variable sequences have different
conclusions under different assumptions.

We study Markovian stochastic dynamical systems with noise over a sublinear
expectation space. A canonical sublinear expectation space with an expectation pre-
serving map is constructed from an invariant expectation by the nonlinear Kolmogorov
extension theorem onto the lifted path space. There is a natural expectation preserv-
ing dynamical system on the canonical sublinear expectation space. The ergodicity
of the stochastic system is then given by that of the canonical system. Its equivalence

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/07/21 to 129.234.0.211 Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

5648 CHUNRONG FENG AND HUAIZHONG ZHAO

with a spectral property of the Markovian semigroup is also established.

As an example we show that the G-Brownian motion B, = v/#¢ on the unit circle,
where ¢ has normal distribution N(0,[g?,52]), has an ergodic invariant expectation
if and only if 02 > 0. Moreover, the invariant expectation and its extension on the
canonical path space are regular, so a Birkhoff-type LLN holds. It is also noted that
the canonical stationary process, which is the process corresponding to the large time
behavior, has no mean-uncertainty under the invariant expectation.

This paper is the first paper to study the ergodic theory on a sublinear expectation
space. This study is very general in order to include both discrete time and continuous
time cases. Extending ideas of this paper on the discrete time case, ergodicity for
capacity—especially upper probability—has been obtained in Feng, Wu, and Zhao
[20]. Inspired by this work, the ergodicity of upper expectations generated from
periodic measures has also been obtained (Feng, Qu, and Zhao [18]).

2. Dynamical systems on sublinear expectation spaces and ergodicity.
We first briefly recall the concept of sublinear expectation for convenience. Let (€2, F)
be a measurable space, and let D be the linear space of all F-measurable real-valued
functions. In particular, the indicator functions of any F-measurable sets which will
be used in this paper are included in D.

DEFINITION 2.1 (cf. Peng [36]). A sublinear expectation E is a functional E : D —
R satisfying
(i) monotonicity:
E[X] > E[Y] if X > Y;

(ii) constant preserving:
Elc] = ¢ forceR;

(iil) subadditivity: for each X,Y € D,

EX +Y] <E[X]+E[Y];
(iv) positive homogeneity:

E[AX] = AE[X] for A > 0.

The triple (Q,D,E) is called a sublinear expectation space.

The ergodicity concept in the sublinear situation is very subtle due to the absence
of the linearity for functionals. The essence of the ergodicity is indecomposibility of
dynamical systems. However, unlike in the classical ergodic theory, a set A satisfying
EI4 = 1 does not imply EI4. = 0 as the sublinear expectation E only satisfies

(2.1) El, + Ele > 1.

In fact it is quite possible that EI4 = 1 and El4. = 1. As a consequence, it is not
viable to extend the classical definition of ergodicity, which says that any invariant
set A has either probability 0 or 1 to EI4 = 0 or 1 in the sublinear case.

The nonadditivity also creates a lot of technical difficulty in the analysis of its
dynamics due to the lack of many important analysis tools such as dominated con-
vergence and the Riesz representation. But the topology of a sublinear expectation
space is still rich enough for us to define the ergodicity in which the indecomposibility
is the most important property to survive. This is in line with the classical definition
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in measure theoretical ergodic theory. We observe that three different forms of er-
godicity in terms of invariant sets, spectrum of transformation operators, and strong
LLN are still equivalent under the sublinear expectation setting with slightly stronger
functionals satisfying the regularity given below. Without assuming conditions (iii)
and (iv) in Definition 2.1, it is still not clear how one can define ergodicity in line
with indecomposibility.

The representation result (Artzner et al. [1], Delbaen [9], Follmer and Schied [22])
says that there exists a family of linear expectations {FEy : § € O} defined on D such
that

E[X] = sup Ep[X].
0co
If it is assumed further that
(2.2)
E[X;] — 0 for each sequence of measurable functions such that X;(w) | 0 for each w,

by the Daniell-Stone theorem, the following representation as upper integrals holds:
there exists a family of o-additive probability measures P on (2, F) such that

(2.3) E[X] = sup Ep[X].

PcP
The representation as upper integrals is not essential to proceed with our theory.
We only need this in the proof of the LLN from the ergodicity. We introduce the
regularity of the following form.

DEFINITION 2.2. The functional E[] is said to be regular if, for any A, € F,
Ap 10, we have E[14,] 1 0.

Remark 2.3. (i) Definition 2.2 is equivalent to saying that if, for any A, € F,
A, | Aand ET4 =0, we have E[I4,] ] 0. This can be seen from

|E[La,] — E[la]| L E[l4,\ 4]

(ii) A similar condition to that of Definition 2.2 in the capacity setting was also
used in the literature; see, e.g., Cerreia-Vioglio, Maccheroni, and Marinacci [4], where
this was called continuous.

(iii) In Lemma 4.1 and Proposition 4.5, we will prove that the semigroup and the
invariant expectation for G-Brownian motion on S*! are regular.

(iv) The main results of this section are the relationships of ergodicity (E), the
simpleness of eigenvalue 1 of the transformation operator U; on the bounded and
measurable function space (SE), and the law of large numbers (LLN). We prove (E)
<= (SE) <« (LLN) without the regular condition, which is needed only in the proof
of (E) = (LLN).

Now we introduce a measurable transformation 6 : 2 — € that preserves the
sublinear expectation E, i.e.,

(2.4) 0E = E.
Here 0E is defined as
E[X(-)] =E[X(0-)] for any X € D.
Set the transformation operator Uy : D — D by
U1€(w) = £(0w), € € D.
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Then expectation preserving of 4 is equivalent to
E[U,{] = E[¢] for any £ € D.

Define 6" = 0o fo---060, n € N. Then {6"},en forms a family of measurable
transformations from (€2, F) to itself and satisfies the expectation preserving property
and the semigroup property:

(2.5) ™" = 0™ 0 9" for n,m € N.

Thus {0"},en is a dynamical system on (2, D, E) and preserves the sublinear expec-
tation. In the following S = (2, D, E, {6 },en) denotes the dynamical system.

We say that a statement holds quasi-surely if it is true for all w € Q\ A for a set
A with E[I4] = 0 and v-almost surely (v-a.s.) if it is true for all w € 2\ A for a set
A with E[~I4] = 0.

If a set B € F satisfies

(2.6) 0~ 'B =B,

then we say the set B is invariant with respect to the transformation 6. First we
prove the following result.

THEOREM 2.4. If 0 : Q — Q is a measurable expectation preserving transforma-
tion of the sublinear expectation space (2, D,E), then the statements
(i) any invariant measurable set B € F with respect to 0 satisfies either Elg =0
or EIBC = O,’
(ii) if B € F and Ely-1gap = 0, then either Elg =0 or Elg. = 0;
(iii) for every A € F with El4 > 0, we have Elje  g-naye = 0;
(iv) for every A, B € F with El4 > 0 and Elg > 0, there exists n € NT such that
El(p-nanB) >0,
have the following relations: (i) and (ii) are equivalent; (iii) implies (iv); (iv) im-
plies (). Moreover, if E is regular, then (ii) implies (iii) and all four statements are
equivalent.

In (ii) above, - A - means the symmetric difference. The proof of this theorem is
postponed to the appendix. The result is similar to that in classical ergodic theory,
but it needs to deal with issues due to the lack of additivity of probability. It is crucial
to establish relations of these four statements, especially their equivalence when E is
regular under the sublinear expectation setting. We will see that the combination
of sublinearity and statement (i) enables us to establish the ergodic theory. We now
discuss statement (i) more closely. Note that if the set B is invariant, then it is easy
to see that §~1(B¢) = B°. Thus in the case that 0 < Elz < 1 and 0 < Elg. < 1,
we could study € by studying two simpler transformations 6| and 6|g. separately.
On the contrary, if EIp = 0 and Elg. = 1, we only need to study 6|p.. Similarly,
if EIg = 1 and Elg. = 0, we only need to study 6|. In the latter two cases, the
transformation is indecomposable. However, it is noted that EIp = 0 implies Elgc = 1
and Elg. = 0 implies EIg = 1. With the above observations, we give the following
definition.

DEFINITION 2.5. Let (2, D,E) be a sublinear expectation space. An expectation
preserving transformation 0 of (2, D,E) is called ergodic if any invariant measurable
set B € F satisfies either Elg = 0 or Elg. = 0.
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THEOREM 2.6. If (2, D,E) is a sublinear expectation space and the measurable
map 0 : Q — Q is expectation preserving, then the following statements are equivalent:

(i) The map 0 is ergodic.

(ii) Whenever £ : Q@ — R (or C) is measurable, bounded quasi-surely, and U,& =
&, then £ is constant quasi-surely.
If E is regular, then (i) and (ii) are equivalent to statement (iii).

(iii) Whenever € : Q@ — R (or C) is measurable and U1& = £ quasi-surely, then &
is constant quasi-surely.

Proof. It is trivial to see that (iii)=-(ii).

(ii)=(i) Consider A € F as an invariant set. Note that I4 is bounded measurable
and satisfies U;14 = 4 quasi-surely. Thus 14 is constant quasi-surely. So I, = 0 or
1. If I4 = 0 quasi-surely, then EI4 = 0. If I, = 1 quasi-surely, then [4c =1 —-14 =0
quasi-surely, so EI4c = 0. That is to say either EI4 = 0 or El4c = 0. Thus 0 is
ergodic.

(i)=(iii) Now we assume E is regular. Let 6 be ergodic, let £ be measurable, and
let U1€ = & quasi-surely. We assume £ to be real-valued since if £ is complex-valued,
then we can consider the real and imaginary parts separately. We will prove € is a
constant. For a number « € R, define A, = {w : {(w) > a} and A¢ = {w : {(w) < a}.
Note that £(fw) = £(w) quasi-surely and (07 1A4,) A A, C {w : £(0w) # £(w)}, and
we have Elg-14_ )44, = 0. By assumption that 0 is ergodic and by Theorem 2.4, we
know that E[l4,] =0 or E[l4c] = 0. Thus E[I4,] =0or 1. Let J := {a: E[l4,] = 0}.
By the regular property of E, we have

0= ]E[I{wzg(w):oo}] = E[L’ij’:lAn} = nh—>Holo]E[IA"].

Thus there exists n € N such that E[l4,] = 0, that is, n € J, which implies J # 0.
So set a, = infJ and immediately o, € J by monotone (increasing) convergence
of sublinear expectation. Hence for any o > «., we have E[I4_] = 0, and for any
a < ay, we have E[l4,] = 1 and E[l4c | = 0 by ergodicity. By monotone (increasing)
convergence of sublinear expectation again, we have E[I{w: £(W)<a*}] = 0. Combining
E[l{y: ¢(w)>a.}) = 0 and the subadditivity of E, we have E[If,; ¢(w)a,}] = 0. Thus £
is constant quasi-surely.

From the proof (i)=-(iii), we can see that the regular assumption is used to prove
J # (). But if £ is bounded quasi-surely, this is true automatically. So we do not need
the regular assumption to obtain the equivalence of (i) and (ii). |

We now give the definition of the strong law of large numbers (SLLN).

DEFINITION 2.7. A dynamical system S = {Q, F,E, (0™)nen} is said to satisfy
the strong law of large numbers (SLLN) if, for any bounded measurable function &,
there exists a constant ¢ such that

N-1
.1 noy .
(2.7) ]\;1_13})0 N ng_o &(0"w) = ¢ quasi-surely.

Remark 2.8. (i) The SLLN in general may have random limit. But here we are
interested in the relationship between the SLLN and ergodicity. So in this paper, we
define the SLLN in a strong sense in which the limit is constant.

(ii) In fact, it will be shown that the ergodicity and the SLLN are equivalent if E
is regular. Without the regularity assumption, the SLLN still implies ergodicity, but
it is not clear whether the converse is true. Thus, unlike the classical case, the SLLN
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may not be used as the definition of the ergodicity of the dynamical system {6}, cn
unless it is regular.

Let Ly(F) be the space of all F-measurable real-valued functions such that
SUp,cq | X (w)| < co. Since U1l = 1 by definition of Uy, it is obvious that 1 is an
eigenvalue of U; : Ly — Lp. The following result is almost obvious, but fundamental.

THEOREM 2.9. If S satisfies the SLLN, then the eigenvalue 1 of Uy on Ly is
simple and 6 is ergodic.

Proof. Consider £ satisfying
Ulg = 57

and £ is a bounded measurable random variable. Thus by the SLLN assumption,
we have that ¢ is constant quasi-surely. Therefore the eigenvalue 1 of U; is simple.
Finally, by Theorem 2.6, 6 is ergodic. ]

We now investigate the converse part of Theorem 2.9. For this we study the
Birkhoff ergodic theorem under sublinear expectation. Before doing this, we need the
following lemma. The expectation preserving property of 8 is not required in Lemmas
2.10 and 2.12.

LEMMA 2.10 (maximal ergodic lemma). Let £ € LY(Q), &(w) = £(0jw), and
So =0,

(28) Sk(w) = fo(w) + 4 5;@,1(0.)) fOT‘ k 2 1,
(2.9) My(w) = max ().

Then for k> 1,
E[¢1{my (w)>03] = 0.

Proof. The proof is similar to that in the case of linear expectation given by
Garsia [25], and so is omitted here. 0

We say that a random variable ¢ has no mean-uncertainty under E if E[¢{] =
—E[—£]. Define the space for some p > 1, LP(Q) := {€ € D : E|X|P < 0},
HP .= {£ € LP(Q) : £ has no mean-uncertainty}
and
HE = {¢ € LL(Q) : £ has no mean-uncertainty}.

We have the following lemma which will be used later. Note here that we do not need
the regularity assumption.

LEMMA 2.11. The space HP (and HY.) is a Banach space.

Proof. First note HP (H2) is a linear subspace of LP(2) (L7(£2)). We only need
to prove the real-valued random variable case. To see this, assume &1,&, € LP(Q)
satisfy

El6i] = —E[-&],  E[&%] = —E[-¢);
then by the sublinearity of E
El& + &) < ElG] + E[6] = —E[-&] - E[-&] < —E[—(& + &)

So
E[& + &) + E[- (& +&2)] <0.
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But

E[§1 + & + E[— (& +&2)] = 0.
Therefore

E[§1 + &) + E[— (& + &)] =0,

ie., & + & has no mean-uncertainty. Since & has no mean-uncertainty, neither
does —&;. Thus from what we have proved, we conclude that & — & has no mean-
uncertainty.

Consider A1, A2 > 0. Note that E[A1&1] = ME[¢1] and E[—A1&] = ME[—&;]. Thus
if £ has no mean-uncertainty, then neither does A\;£;. Similarly if £; has no mean-
uncertainty, then neither does A\2&5. Then by what we have proved, A1&1 + A2&2 has no
mean-uncertainty. Now when Ay > 0, A\; < 0, if £&; and & have no mean-uncertainty,
then A\1&; and —X2&5 have no mean-uncertainty. Hence A2&é5 has no mean-uncertainty.
Thus A&7+ A2€2 have no mean-uncertainty. This claim is also true for A\; < 0, Ay > 0,
and Ay, Ao < 0. Therefore A\1&1 + A2&o € HP.

Assume &, € HP is a Cauchy sequence and with the limit £ € LP(Q), i.e.,

. e
(2.10) lim BJ¢ — &,17 = 0.
Then we show that £ also has no mean-uncertainty. In fact,

= E[& - gn] - E[fgn]
< E[f - gn] + E[_g + £n] - E[_g]
Then, letting n — oo, we know the first two terms in the above will go to 0 because
of (2.10). Thus E[¢] < —E[—¢]. But E[¢] > —E[-¢], so E[¢] = —E[—¢], i.e., £ has no
mean-uncertainty so that £ € HP. 0
The following result is an extension of the Birkhoff ergodic theorem to the case of
sublinear expectation with the regularity assumption and the representation as upper
integrals. Let Z C JF be the collection of such sets A such that Elg-14)04 = 0. It
is easy to check that Z is a o-field and X € T if and only if X(fw) = X (w) quasi-
surely. Therefore, for any ¢ € L}(2) and each P € P, as Ep[¢|Z] is Z-measurable,

so Ep[¢|Z](w) = Ep[¢|T](6w) quasi-surely. Define £*,£* to be Z-measurable random
variables such that

& <EpllT] <¢,

quasi-surely for each P € P. The proof of the following lemma is given in the appen-
dix.

LEMMA 2.12. Assume E is regular and has the representation as upper integrals.
Then for any € € Ly, and € > 0,

n—1
(2.11) E(w) = lirrglsolip % mzzof(ﬁmw) < (w) +e v-as.
and

n—1
(2.12) £(w) = limnf % mzzog(gmw) > £ (W) — ¢, v-a.s.

and £(w) and £(w) satisfy £(6w) = (w) and £(w) = E(w).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/07/21 to 129.234.0.211 Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/page/terms

5654 CHUNRONG FENG AND HUAIZHONG ZHAO

We use the notation of capacities from Chen [5] and Denis, Hu, and Peng [11].
Under the assumption of the representation as upper integrals, we define a pair (V,v)
of capacities by

V(A) := ;161173) P(A) =E[l4], v(A) := Iilég) P(A) = —E[—14] for any A € F,

which are called upper probability and lower probability. A set function p : F — [0, 1]
is called continuous if lim,, o p(Ay) = p(A) when either 4, T A or A,, | A (Cerreia-
Vioglio, Maccheroni, and Marinacci [4]).

We need the following lemma from Cerreia-Vioglio, Maccheroni, and Marinacci [4].

LEMMA 2.13. Let v be a continuous lower probability on (Q, F). Ifv is 0-invariant,
then for any bounded F-measurable random variable £,

v ({w: nll_)H;O%z_:E(Hk(w)) exists }) =1
k=0

This tells us that if E is regular and 6-invariant, then lim, o = ZZ;S £(0%(w))
exists quasi-surely for any bounded measurable random variable &.

THEOREM 2.14. Assume E is reqular, is 0-invariant, and has the representation
as upper integrals. If the dynamical system S is ergodic, then the SLLN holds and the
constant in (2.7) satisfies c € [-E(=¢),E()].

Proof. As 0 is E preserving, then it is v-preserving. Moreover, if E is regular, by
Lemma 2.13, we know that {(w) := lim, o £ Z?n;lo £(0™w) exists quasi-surely for
any bounded measurable random variable £ and £(w) satisfies £(0w) = &(w). As the
dynamical system S is ergodic, so £ = ¢ is a constant. The SLLN is proved.

On the other hand, for any P € P, Ep[¢|Z] is Z-measurable, so Ep[¢|Z](w) =
Ep[¢|T](0w) quasi-surely. As S is ergodic, by Theorem 2.6, Ep[£|Z] is constant quasi-
surely. Thus for any P € P and any bounded measurable random variable &,

Ep[¢|Z] = Ep(§) < E(§)
and
~Bp[-€lT] = ~Br(~€) > ~E(-¢)

quasi-surely. Thus we can take £* = E[¢] and {* = —E[—¢] and use Lemma 2.12 to
get

n—1

B¢~ ¢ <&(w) = Jim © 3 €0 <Blg) e v
As ¢ = c is a constant, it is obvious that ¢ € [-E(—¢),E(£)]. o

Remark 2.15. An SLLN with ¢ € [ [, &dv, [,£dV] in the case of an upper and
lower probability setup was obtained in Feng, Wu, and Zhao [20], where fQ &do, fQ &dv
are Choquet integrals. It is noted that the bound obtained in Theorem 2.14 is better
as [-E(—£),E(9)] C [ [, &dv, [, €dV]. This can be easily seen due to the well-known
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fact that from the definition of the Choquet integral,

/Qde/OOOV(wzf(w)Zt)dt+/0 (V(w:f(w)Zt)l)dt
:/OOO supP(w:f(w)>t)dt+/O <SupP(w:£(w)>t)—1>dt

pPeP —oco \ PeP

V

> sup /OOOP(w:f(w)>t)dt+ sup /O (P(w:é(uJ)>t)—l>dt

prPeP PeEP J -

Y

sup [/OOO Plw: £(w) 2t)dt+/0 (P(w;g<w) 2t)—1>dt]

PeP oo

= dP
s [ ¢
=E(¢).

Similarly one can prove that

/Q £dv < ~E(-¢).

3. Sublinear Markovian systems and their ergodicity: The general set-
ting. Consider a measurable space (§2, F) with similar notation such as D = Ly(F)
in section 2. Let (2, D,E) be a sublinear expectation space where E[-] is a sublinear
expectation on Ly(F). Denote by Cji,(R?) the space of real-valued bounded Lip-
schitz continuous functions on R%, and by Cy(R?) the space of real-valued bounded
continuous functions on R?. We denote by L;(B(R?)) the space of B(R?)-measurable
real-valued functions defined on R? such that sup,cga [¢(7)| < 0o. Let € € (Ly(F))®?
be given. The sublinear distribution of £ under E[] is defined by

Tly] = Elp(€)], » € Ly(B(R?)).

This distribution T'[] is again a sublinear expectation defined on Ly(B(R?)). Denote
by S(d) the collection of symmetric d x d matrices and by S (d) the collection of
positive definite symmetric d x d matrices.

Consider a family of sublinear expectations parameterized by t € R¥:

T, : Ly(B(RY) — Ly(B(RY), t > 0.

DEFINITION 3.1 (Peng [34]). The operator Ty is called a sublinear Markov semi-
group if it satisfies the following:
(m1) For each fized (t,z) € R x R, Ty[¢](z) is a sublinear expectation defined on
Ly(BRY).
(m2) Tylg](z) = ¢().
(m3) Ti[p](z) satisfies the following Chapman semigroup formula:

(Tt o T5)[¢] = Tits[e], t,5 2 0.
There are many examples of sublinear Markov semigroups. We list some of them

here, though they are already known, for completeness and to aid in understanding
the problem we address here.
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Ezample 3.2 (Lions [32, 33]). Consider the Hamilton—Jacobi-Bellman equation:

0 d (92 d o
(3.1) gt = Supq 2 e ) .Zlbxx,v)%u ,

veV ij=1 e %
u(0,-) = ¢(-) € Cp(RY).

Here a : RExR¥ — S(d) and b : R? x R¥ — R? are bounded and uniformly continuous
functions, uniformly Lipschitz in z, and V is a closed and bounded subset of R*. Under
the notion of viscosity solutions, this equation has a unique solution u(t, z) in Cy(R%)
with initial value ¢. Set

(Typ)(z) :== u(t,z), z=eR%

This defines a sublinear Markov semigroup.

Ezample 3.3 (Peng [36]). Let G : S(d) — R be a given sublinear function which
is monotonic on S(d). Then there exists a bounded, convex, and closed subset > C
S1(d) such that

G(A) = sup [;tr(AB)] for A € S(d).
Bey®

Define Q = Cy(R*T,R?), the space of all R%-valued continuous functions (w;)scr+,
with wy = 0, equipped with the distance

1,2 —i 1 2
w,wT) = 2 max |w; —wi| A1
p( ) ;:1 [te[Oyi] |y h ]

with F = B(Co(R*,R%)). Let
Lip(Q) := {p(wiy Wiy, - - - ywy,, ) for any m > 1, t1,ta,...,t, € R, € C’b7Lip((Rd)m)}.

Then the G-normal distribution N ({0} x >") on (€2, L;;,(Q?)) exists, i.e., there exists a
d-dimensional random vector X on a sublinear expectation space (2, D, E) satisfying

aX +bX £+/a?2 + b2X for a,b > 0,

where X is an independent copy of X and G(A) = E[3(AX, X)]. It was proved in
Theorem 2.5 in Chapter VI in Peng [36] that there exists a weakly compact family of
probability measures P on (£, B(Q2)) such that

E[X] = r}glg%(Ep[X] for X € L;,(Q).
Its canonical path is G-Brownian motion {B;};>0 on a sublinear expectation space
(Q, D, E) satisfying the following:
(i) Bo(w) = 0.
(ii) For each t,s > 0, the increment Byys — By is N({0} x s> ) distributed and
independent of (By,, By,,...,B;,) foreach n € Nand 0 <1 <ty <--- <t, <t
For each fixed ¢ € Cb,Lip(Rd), the function

(3-2) u(t,z) := Ep(z + By), (t,z) € [0,00) x RY,
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is the viscosity solution of the G-heat equation

(3.3) %u = G(D?u), u(0,-) = p(-).

Then (Typ)(x) = u(t, x) defines a semilinear Markovian semigroup.

Ezample 3.4 (Peng [36]). Let {B;};>0 be a k-dimensional G-Brownian motion on
the sublinear expectation space (,D,E), and let b : R? — R? o : R? — RIXF
and h : RY — R4*kxk he olobal Lipschitz functions. Here G : S(d) — R is a given
sublinear function which is monotonic on S(d). Consider the stochastic differential
equations on R? driven by the G-Brownian motion B,

k k
(3.4) dX; = b(Xy)dt + Y hij(X:)d(B', B7), + > 0;(X.)dB],
ij=1 i=1

with initial condition X; = z. Here (-,-). is the mutual variation process. Define
F:S(d) x RT x RY — S(d) with

(35) Fig(A,p,2) = S(A0i(2), 03(2)) + {p g () + i ().
Then Tip(z) = Ep(X:) =: u(t, z) satisfies

(3.6) %u = G(F(D?u, Du, x)) + bDu

and defines a sublinear Markovian semigroup for ¢ € Cp 1, (R?).

In this section, we will give the construction of a canonical dynamical system on a
path space under the assumption of the existence of invariant sublinear expectations
of Markovian semigroups. Then we follow the standard philosophy in the literature
to define the ergodicity of the canonical dynamical system as the ergodicity of the
stochastic dynamical systems (cf. Da Prato and Zabczyk [8]). The invariant sublinear
expectation has not been studied much in the literature. As far as we know, so
far there is only one work (Hu et al. [27]) on the existence of invariant sublinear
expectation for G-diffusion processes if the system is sufficiently dissipative.

First, we give the definition of an invariant expectation of sublinear Markovian
semigroups as a natural extension of invariant measures.

DEFINITION 3.5. An invariant sublinear expectation T : Ly(B(R?)) — R is a
sublinear expectation satisfying

(TTo) () = T(p) for any ¢ € Ly(B(RY)),

where Ts, s > 0 1s a sublinear Markov semigroup.

Define Q* = C(R,R?), the space of all R%valued continuous functions (w})icr
equipped with the distance

3.7 27" —w?Al
(3.7 ol Z |, o - i

with 7* = B(C(R,R%)). Moreover, set Q) = (R%)(=>0:10) a5 the space of all R%-valued
functions on (—oo, +00), F = B() as the smallest o-field containing all cylindrical
sets of {2, and D as the linear space of all F-measurable real-valued functions.
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Given a sublinear Markov semigroup 7;,¢ > 0, and the invariant sublinear
expectation T[], we can define the family of finite-dimensional sublinear distribu-
tions of the canonical process (wi)ier € € under a sublinear expectation ET[-] on
(RY™ Ly (B[(RT)™])) as follows. For each integer m > 1, ¢ € Ly(B[(R%)™]) and
t] < ty < --- < ty, we successively define functions ¢; € Ly(B[(R%)(™~9]), i =
1,...,m, by

(Pl(xl’ R 7xm—1) =Tty s [‘p(mh < Tm—1, ')](mm—l)’

@2(‘7;17 cee 7mm72) = Ttmflftmfz [801 (xlv oy Tm—2, ')](‘T’me)v

Om-1(21) = Tty—ty [om—2(1, )] (z1).

We now consider two different setups. The first one is to consider ¢, == T [©m—1(")]
and

ET[@(wtud)tzv s 7(Z}t7n)] = ,Tt?tz,...,tm [90()] = Pm-

In fact, TtT =T for t > 0, and Tt?tz,...,tm [¢(+)] is a sublinear expectation defined on
Ly(B[(R4)™]). Denote

E(p(dn)) = Ty for any ¢ € Ly(B(RY));

then
E(p(@r)) = E(p(@o)) = Tlg] for any ¢ € Ly(B(RY)).

For an ordered set of distinct real numbers I = {t1,t2,...,tm}, let U = {tx,, try,
.., tr, } be a permutation of I so that ¢, < tg, - <t,, . Define

T _ 7T
Ttl,tz,...,tmw(th%"~7xm) *Tt t t (p(xﬂ'mxﬂ'w"'axﬂm)'

myotmgsstom,
The second setup is to set o, (z) := Tt [em—1(-)](x) for t; > 0 following Peng [34].
Then
B [p(@rys @ty 01,)] = Ty, [9(0)] 1= om(2),

and T ;. ;[ defines a sublinear expectation.
Set

Lo(ﬁ) = {gp(wtn@tm v awtm) for any m > 17 ti,t2,. .. tm € Ra(p € Lb(B[(Rd)m])}

It is clear that Lo(F) is a linear subspace of Ly(F). Denote by LE(€2) the completion
of Lo(F) under the norm (ET[| - |p})%, p > 1. Define the space

Lipb,cyl(Q)
={o(Oty,Dtyy ..., @r,, ) for any m > 1, ty,ta,...,tm ER,p € C’@Lip((Rd)m)},

and define LY, (Q) as the completion of Lipy, ¢y (Q) under the norm Iz, = (ET[|- |P])% :
From Denis, Hu, and Peng [11], we know that the completions of C,(€2) and Lip,, .,,,(€2)
under the norm || - ||z, are the same, and L2() C LH(Q). Here Cy() is defined in
a similar way to Lipb7cyl(ﬂ), but replacing Cj, 1;,((RY)™) by Cp((RT)™).

It was already known that there exists a unique sublinear expectation E* with

finite-dimensional expectation E* = Ty , . m € N, by applying the nonlinear
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Kolmogorov extension theorem [34]. For our purposes, by applying Kolmogorov’s
theorem again, there exists a unique sublinear expectation ET on L(Q2) such that

ETY] =Ty 4, 1, [00)]

for any m > 1, t1,ta,...,tm € R, Y € Lo(F) with Y(@) = @(&r,, @1y, .-, 01,,),
¢ € Ly(B[(RT)™]).

 Following the idea in [34], we can also define the conditional expectation. Define
O :={0 € Q:0;, =& for any s >t} and F; := B(). Let X € Lo(F) be given as

’ a)t

X:@(djtlv"‘vd}tn7d}t n+m)’ t1<'“<t’n<”'<tn+m7

1ttt

where ¢ € Ly(B[(R?)"*+™]). Without loss of generahty, we may assume t, = t. The
conditional expectation under F; denoted by ET[ | Fi] - Lo(F) — Lo(F;) is defined by

(3.8) BT [X|F] = ®(@r,, @y, 02,),
where ®(xq,...,2,) = Tti'Lr‘:}»l7tn7~~~atn+7n7tn [p(z1,...,Zn,)]. Similar to Proposition

5.1 in [34], this can also be extended to LF(Q).
Now we write the canonical process and associated o-field as

(3.9) (@)=, e, teR

The process Xt, t € R, is Markovian in the sense that for A > 0

(3:10) Ef[p(X (¢ + )R] =T V.
Now we introduce a group of invertible measurable transformations
0:0(s) = &(t +s), t,5 € R.

Then it is easy to see that for any ¢ € L})(Q),

E"[o(X)] = BT [0(6: X)),

ie., ) )
O.ET =E”.
Thus 6, is an expectation preserving (or distribution preserving) transformation. Thus

ST = (Q D, (Gt)teR,ET) defines a dynamlcal system, called the canonical dynamical

system associated with T;,¢ > 0, and T, 9t preserving the expectation ET for any
function ¢ € L{(Q). The group 6;,t € R, induces a group of linear transformations

Ui, t € R, either on the real space L%(Q, f), ET) or the complex-valued function space
Lg’C(Q,ﬁ,ET), by formula

U(@) = £(0uw), € € LE(Q) (or L3 (), @ € Q, t€R.

DEFINITION 3.6. A dynam}cal system ST = (Q,D,0,, ]ET) is said to be continuous
if for any € € L3(Q) (or L3 (%)),

lim Uy§ = € in Lg(2) (or L{ c(€2)).
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Denote
B(z,0) ={y e R%: |y — x| < 6}.

DEFINITION 3.7. A stochastic process X(t), t € R, on (Q,D,ET) is said to be
stochastically continuous if, for any 6 > 0,

B B ) (5)2] = 0-

DEFINITION 3.8. A sublinear Markov semigroup Ty, t > 0, is said to be stochasti-
cally continuous if

Ty(x, B(x,0)) = E*[Ige(q,4) (Xt)] 10, ast—0 foranyxzeR? 6>0.
THEOREM 3.9. If a Markov semigroup Ty, t > 0, is stochastically continuous, then

}i_r}r(l)TJ(x) = f(z) for all f € Cy(RY), z € R4

Proof. For any f € Cy(R%), let € > 0, § > 0 be such that
|f(xz) — f(y)| <e, provided |x —y| <.

So

|th(33)A— f(@)]
= [E*[f(X (1)) - E*[f(X X (0))]]
<E*|f(X () — £(X(0))

|
=E*|(f(X (1) = FXONL 205 0y1<ap| T EIFX D) = FE O - 30129
< €+ 2[| flloo B (L % (1) %0y 263

Since T} is stochastically continuous, we have lim;_,o Ti.f (z) = f(x). ]

PROPOSITION 3.10. Let T3, t > 0, be a sublinear Markov semigroup, and let T
be the invariant expectation. If the corresponding canonical process X( ),t € R, on

(Q D ET) is stochastically continuous, then the dynamical system ST s continuous,
i.e.,

(3.11) lim U,€ = Uit € € LE(Q).
Proof. First we check (3.11) for all £ € Lipb)cyl(ﬂ), i.e., for all £ of the form

§= f(a)tua)tw s ’a)t'rn)7
where f € Cy 1ip(B[(RY)™]), t1 <tz < -+ < ty. Let € >0, § > 0 be such that

lf(@1, o osxm) — flyr, - ym)| <€, provided |z; —y;| <6, i=1,...,m
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Then

ET|Uy€ — Ug?
=ET|f(@(ts +1), ..., 0(tm + 1) — f(@(t1 +5), ..., &t + 5))[?
= ET|f(X (t1+t) X(tm+t)) FX(t+5),. ., X(tm + 9)))?
< IET[|f( (t1 4+ 1), Xt 1)) — F(X (1 + 8), o X(tm + 9)) 2

I{|)A((t'+t)—)§'(t<+s)\<5 for any i:l,...,m}:|

FET ([ (Xt + ), Xl +0) = FX (b +5), o K b+ 9)

I{|)A((ti+t)ff((ti+s)\25 for some i:l,...,m}:|

<e+2|fl1% ZET [I{\f((ti+t)f)h((ti+s)|25}} :
=1

Since X is stochastically continuous, (3.11) follows for all £ € Lipb’cyl(fl).

For any ¢ € L(f), there exists &, € Lipbﬁcyl(fl) such that for any € > 0, there
exists IV > 0 such that for any n > N, we have

ETle, —¢? < <.
en =€ < ¢

Now for the fixed NV, there exists a § > 0,
ET|Ut§N —Un|? < g, when |t — s| < 4.
Therefore
ET(UL€ ~ Ul < 3 |ET|UW - Unkn|? + ET Uik — Usén” + ET (U — UsP?|

<3 [ET|¢ — enl? + BT Uity — Ust|? + ET g — €]
< €.

The proposition is proved. 0

Remark 3.11. When we discuss the ergodicity of G-Brownian motion on S, we
can show that X has a continuous modification which is also stochastically continuous
in Proposition 4.5.

PROPOSITION 3.12. Let Ti,t > 0, be a stochastically continuous Markov semi-
group, and let & satisfy (2.2). Then the corresponding canonical process X (t),t € R,

on (0, D, ET) is stochastically continuous.

Proof. Assume that Ty, t > 0, is stochastically continuous; then for any ¢ > s and
6 > 0, we have

E™ (L% -xoyizet) = BT |ET 0 %6y 203 1 F5)

= ET[T;- s(X( ), BS(X ((s),9))]

E[Ti-s(X(s), BY(X(s),6))]
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by the Markov property. Note here that the conditional expectation can be defined
in the Markovian case, as we already explained in (3.8) (Peng [34]). Since T, t > 0,
is stochastically continuous and £ satisfies (2.2), we have
R A _
B BT %) 5) 23] = 0-
Mirrored by the discrete case discussed in section 2, we can give the following
definitions.

DEFINITION 3.13. A set A € F is said to be invariant with respect to ST =
(Q,D,0,,ET) if, for anyt € R, §; ' A = A.

DEFINITION 3.14. The invariant expectation T is said to be ergodic with respect
to the Markov semigroup Ty,t > 0, if its associated canonical dynamical system

ST = (Q,@,ét,ET) is ergodic, i.e., any invariant set A satisfies either IET[IA] =0 or

Since Uil = 1 by the definition of Uy, it is obvious that 1 is an eigenvalue of

U : Ly(F) — Lyp(F). Similarly to the proof of Theorem 2.6, we can prove the
following theorem.

THEOREM 3.15. The continuous dynamical system ST s ergodic if and only if

the eigenvalue 1 of Uy on Ly(F) is simple.

DEFINITION 3.16. A dynamical system ST = (Q,ﬁ, (ét)teRJET) is said to satisfy
the SLLN if, for any bounded measurable function &, there exists a constant ¢ such
that

1 (T
(3.12) lim f/ Udt = ¢ quasi-surely.
0

T—o0

THEOREM 3.17. If ST satisfies the SLLN, then the eigenvalue 1 of Uy on Ly(F)
is simple and ST is ergodic.
Proof. The proof is similar to that of Theorem 2.9. ]

Now let us prove the converse part of Theorem 3.17 under the regularity assump-
tion.

THEOREM 3.18. Assume the eigenvalue 1 of U, on Ly(F) is simple and ET is
regular. Then the dynamical system ST satisfies the SLLN, and the constant in (3.12)
satisfies ¢ € [~ET (= [y Upedt), BT ([, Upgdt)).

Proof. Assume 1 is a simple eigenvalue of Uy on Ly(F). For an arbitrary h > 0,

§ € Ly(F), £ =20, define
h
En = / Us€ds
0
and consider 6, a fixed expectation preserving transformation on Q). Then

n—1 nh
L@ = [ U@

n

and as E7 is regular, by Theorem 2.14 we have

5 nh _ -
~ET[—¢,] < lim l/ Uséds =: & < ET[¢,,] quasi-surely.
0

n—oo N,
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For arbitrary T' > 0, let np = [%} be the maximal nonnegative integer less than or

equal to % Then nph < T < (np + 1)h and quasi-surely
nr 1 [t 1/T nr+1 1 /Wﬂﬂh
—_— Ugéds < — Uséds < Uséds.
(nT+1)hnTA gs*T 0 58 nth nr+1 0 58

Thus,

T—o0

I 1
lim T /0 Uglds = E&t quasi-surely.
In particular, it follows that f_,*L = h&r. But it is easy to see that
Unéj, = &,
Thus
Uné =& for all h > 0.

However, from the assumption, £ should be a constant quasi-surely. So
) 1 . - o ) 3 1
& |- [ view| = 5711 < & =876 < w706 = | [ viear]
0 0

This proves that the dynamical system ST satisfies the SLLN. 0

PROPOSITION 3.19. If » € Ly(B(R?)) satisfies Typ = o, Ti(—p) = —¢ and
lo(@(0))|? has no mean-uncertainty, then & € L% given by

@) = p(@(0)), @ €,

satisfies U;§ = £ quasi-surely.
Proof. Note that

Uib(@) = £(0i0) = 0(6:0(0)) = p(&(t)).
So the condition that U;& = £, quasi-surely, is equivalent to
p(@(t)) = ¢(@(0)) quasi-surely
and therefore

(3.13) (X () = ¢(X(0)) quasi-surely,

where X(t), t € R, is the canonical process. To prove (3.13), note that

ET[p(X (1)) — (X (0))[?

(
< BT [ - p(X(1)¢(X(0)] + ET|o(X (1) + ET (X (0)) 2.

By the Markovian property and the assumptions that Ty = @, Ti(—p) = —p, and
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p(2(0))|? has no mean-uncertainty, we have
ET| - p(X(6)p(X(0))]
— 57 |87 - (RO (RO
<ET | (—p(X(0))) "ET [o(X (1)1 5] + (—o(X(0))) ET [—¢<X<t>>|foﬂ
—ET I&

= BT [(o(X(0) " ¢(X(0)) + (—p(X(0))) " (~(X(0))]

= ET [~ |p(X(0)) ]
= —ETe(X(0)"

Note also that

So
ET|o(X (1)) — (X (0))]> < —2ET |p(X(0))[2 + 2ET |o(X (0))[* = 0.
Thus

It follows that X A
lo(X(t)) — (X (0))] = 0 quasi-surely.

The result is proved. O

LEMMA 3.20. Assume that § € L3 satisfies U = & quasi-surely. Then for an
arbitrary random variable € € L3 which is F—¢,n-measurable, t > 0, we have

~ ~ - A 2 ~ -
E B [Ué)Fo0] — ¢ < 10E7)¢ - €2
Proof. First we have for the sublinear expectation, for ¢ > 0, that
e 2
E |E” [U2é)Fo0] — ¢

~ ~ ~ A 2 ~ ~
< 2B7 [T [U| Fio] — Unif]| +2ET|U-8 €2

— 287 |B7 [Ué)5)] - BT [U_€| %] \2 +2ET|U_i€ — U_ig]?
= 9B7[E7 (U8 5] ~ BT [U_170] | + 287~ P,

where we have used that X is a Markov process, that Utg and U_tg are, respectively,
Flo,2¢- and Fo-measurable, and that Uy is the ET-preserving transformation.

By Jensen’s inequality and sublinearity of ET, we have
L . 2 . - 12
‘]ET [U:£|Fo] — ET [U_i€] Fo] ‘ < ‘ET [|Ut§ - U—tf\‘fo} ‘

< ET |:|Ut£~_ U—t£|2|—7:—0].
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Moreover, it follows from the ET—preserving property of U that
B’ {Ef 10~ U_t£|2|f‘oH = E7[|0ié - U]
=BT [JUné — &[]
< 2B7(|U2ié — Uit || + 2E7 || Uit - €[]
= 2B [|€ - ¢[*] + 2B ||¢ - €|”]
<4ET| - ¢,
The result follows. O

Now we are ready to prove the converse part of Proposition 3.19.

PROPOSITION 3.21. If & € L2(Q) and Ut = €, then there exists o € Ly(B(R%))
such that Typ = ¢, Ti(—¢) = —p, and (@) = p(@(0)) quasi-surely.

Proof. For € € L3(Q), by definition of L2(), there exists a sequence {&,} of
Fl—nt,ny-measurable elements of Ly(F) such that

ET|£~n — ¢ =0 asn — oco.
Thus by Lemma 3.20,

lim ET (Ul Flog] =€ in L3

n—oo

Moreover, there exists ¢, € L2(R%, T) such that

E7 [Uniénl Fio0)] = ¢a(X(0)) quasi-surely.

Thus

By the Borel-Cantelli lemma (Denis, Hu, and Peng [11]), we can choose a quasi-surely

convergent subsequence, still denoted by ¢, (X (0)). Now we define

(z) = lim, oo @n(x) if the limit exists,
L 0 otherwise.

Then & = (X (0)). It follows from U¢ = ¢ that

P(X () = Up(X(0)) = o(X(0)).

By using conditional expectations, we have

(Ti) (X (0) = ET[p(X (1)|Fo] = ET[p(X (0))|F0] = (X (0))

and

(To(—9))(X(0) = ET[—p(X ()| Fo] = ET [~ (X (0))|Fo] = —p(X(0)).

The proof is complete. 0
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THEOREM 3.22. Assume the Markov chain T; has an invariant expectation f
Let X be the canomical processes on the canonical dynamical system (Q,ﬁ,ét,ET)
and stochastically continuous. Then the following two statements have the relation
that (i) implies (ii):

() If Tip = ¢, Ti(—¢) = —¢, ¢ € Ly(B(RY)) for any t > 0, then ¢ is constant,

T-quasi-surely.

(i) T is ergodic.

Moreover, if we assume further that for any ¢ € Ly(B(R?)), |o(X(0))|? has no mean-
uncertainty, then (1) and (il) are equivalent.

Proof. The theorem can be proved easily by Theorem 3.15 and Propositions 3.19
and 3.21. ]

4. Ergodicity of G-Brownian motion on the unit circle. As an example,
we consider a G-Brownian motion on the unit circle S = [0, 27] defined by X (¢) =
r + By mod 27, where B is a one-dimensional GG-Brownian motion such that B; has
normal distribution N (0, [¢2,52]). Here 3% > o2 are constants. See Example 3.3 for
the definition of the G-Brownian motions. For ¢ € Cp1;,(S"), set

(4.1) Tip(x) = ult, z) = Ep(X (1))
Then u is a viscosity solution of the following fully nonlinear PDE (Peng [35, 36]):

0 1 1 _
(4.2) = iﬁzu;} - §g2um, uli—o =, x € S*.
If we assume g2 > 0, according to Krylov [30, 31], or Peng [36], when ¢ > 0, u(t, z) is
CY2 in (t, ), thus a classical solution for any ¢ > 0. In fact, we can extend the solution
to the case when ¢ is bounded and measurable and obtain a classical solution for any
t > 0. Before we give this result, we need the following lemma about the regularity
Of Tt-

LEMMA 4.1. Assume o2 > 0. For T; defined in (4.1) we have, for any t > 0,
A, € B(SY) such that for A, | 0, we have (Ty14,)(x) | 0.
Proof. From Denis, Hu, and Peng [11], we know that for any function ¢ €
Ly(B(S")),
(4.3)
Tip(x) = Ep(X(1))

t
= sup E [(p <33 —|—/ 0sdW, mod 27r>} ,
02 {adapted processes with values in [02,52]} 0

where W is the classical Brownian motion on R, Wy, = 0, and E is the linear
expectation with respect to W.. Denote F; = o{W, : 0 < s < t}. Note that, by
Theorem 3.4.6 in Karatzas and Shreve [29], f; 0s,dWy is in law a Brownian motion
with time 9~t2 = fg 62ds, i.c., there exists a standard Brownian motion W such that
fot 0s,dWs = Wétz, where 9~t2 is a stopping time with respect to the filtration Gy = F;(y),
where 7(s) = inf{t > 0: 6? > s}. Note that 0 < 62 < 2 and ¢ > 0, so 67 is strictly
increasing in ¢, and we have 7(s) = inf{t > 0: 67 > s}. Define 7 := 7(c?t). It is easy
to see that 7 < t and fof 0,dW, = W(E = Wft, which is a Brownian motion with
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respect to G,2; = Fz. Therefore

- t
Elp (az + / 0,dW, mod 271')}
L 0

7 t
=F|FE|p (:c + 0,dW —|—/ 0,dW, mod 27r>
0 7

]

- t
=F |FE go(x—i—y—f—/ 0,dW, mod27r>H
. T y=/7 0.dW,

t
=F|FE ga(x—l—y—i—/ 93dW5m0d27T>H

y=W,

L o2t

2m t
p(a?t,y)E [gp (x +y —I—/ 0,dW, mod 2#)} dy
0

2m
E/ p(a?t, y)e (m—i—y—l—/@dW modZW)dy]
0

2m
:E/ p(c?t,y)p(x +y + 2 mod 27)dy|, ffagdwg]
) 1 0.aw.

(4.4) = B [Blp(z + 2 + Wyz, mod 27)]l._jt 0., | -

where p(-, -) is the heat kernel of Brownian motion W. on S* starting at position 0 at
time 0. In fact,

Elp(z + 2z + W2, mod 27)]

= / p(c®t,y — x — z mod 27)p(y)dy
Sl

_ (z+z mod 27 —y—2km)?

= Z/ W 2ot o(y)dy.

keZ

So for any A, € B(S'), using inequality (a — b)* > $a* — b%, we have

Ella,(z + 2z + W,2;, mod 27)]

_ (z+z mod 27 —y—2km)?

27
=S [ e T T
kez 2t
27 2 2
1 (z+2z mod 2m—y) _ (2km)
<[ e BT Y iy
0

V2ma?t kez

Note the upper bound of (4.5) is independent of z, z, and 6., so it follows from (4.3)
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and (4.4) that

(Tela,,)(x)
= sup E [E[IAn (z + 2z + W2, mod 27)] ozt 9deJ

02c{adapted processes with values in [02,52]}

1 e 1
< Leb(Ay) e 227t 5
\/2mo?t 1_ e =%
— 0,
since Leb(4,,) — 0 as n — oc. d

The following lemma is vitally important. It is the strong Feller property in the
classical case of linear probability space. But in the sublinear setting, it is not clear
whether or not this holds in general. The proof of this result is quite involved where
the regularity of 7} (Lemma 4.1) plays an important role.

LEMMA 4.2. Assume o? > 0 and p € Ly(B(S1)). Then for any t > 0, u(t,z) =
Typ(x) given by (4.1) is CY? and a classical solution of (4.2).

Proof. Consider ¢ € Ly(B(S')). First note there exists an increasing sequence of
simple functions @ﬁll) T with ||g05L1) [loo < ||¢]loo- Thus by the monotone convergence
of sublinear expectation we know that

uV(t,2) = B (z + By) t Eo(x + By) = u(t, ).

n

Denote
on

301(11) = Z inA} 5
=1

where {A}} are Borel sets on S'. By a standard result (cf. Taylor [38]), there exists
a finite number of open intervals whose union is denoted by B? such that A} A BY
can be sufficiently small. Define

on

@ = Z zilpo.
=1

Then
2’77/
[Eo(? (z + By) — Bl (w+ By)| <D [@i|BLyapo (@ + By).
i=1
As the Brownian motion is nondegenerate (¢? > 0), so by Lemma 4.1, the expectation
EI 41 opo(z + Bt) can be sufficiently small since the Lebesgue measure of A} A BY is

sufficiently small. Thus ug)(t, x) = Egog)(x + B;) is sufficiently close to ugll)(t, x).

Now note that one can easily find an increasing (or decreasing) sequence of con-
tinuous functions to approximate Izo. Thus there exists an increasing sequence of
K

continuous functions 30%3721 0 @512) as m — oo with ||g0£13m||OO < ||<p£12)\|oo. By the

monotone convergence theorem,

ufin (t,2) = Egll), (v + By) T uP (t, 2).

Summarizing above, we conclude there exists a sequence of continuous functions ¢,
such that
Un(t, ) = By, (x + By) = u(t,x) = Ep(z + By).
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For any given 6 > 0, by Krylov’s result of the regularity of fully nonlinear parabolic
PDEs of nondegenerate type (Krylov [30, 31]), we know that

| Dy (6, 2)| + |Dpun (6, )| < M

for a constant M > 0 independent of n and z. Thus the sequence u, (6, x) = (T5pn)(z)
of continuous functions is equicontinuous. Thus its limit u(d, z) = (Tsp)(x) is continu-
ousin z. As Typ = T;_sTs¢p, by Krylov’s result again, we can see that u(t, z) = Tip(x)
given by (4.1) is C*? in (t,z) for any t > 0. O

THEOREM 4.3. Let Ty be the Markovian semigroup defined by (4.1) with the G-

Bmwman motwn on the unit circle S1 = [0, 27 with normal distribution N (0, [a?t,5°t]),
where 72 > o2 > 0 are constant. Then

- 1 2m

(4.6) To=o- | (Lp)(@)dz, ¢ € Ly(B(S")), 6 >0,

is independent of § > 0 and is the unique invariant expectation of Ty, t > 0. Moreover,
Tio — Ty ast — oo.

Proof. For each ¢ € Ly(B(S')), define m(y) as integral of ¢ with respect to the
Lebesgue measure (normalized)

(4.7) me) = o / " (@) de.
Set,
27
TP () = / P (¢, 2, y)(y)dy
and
27T
Tro(x) = ; p%(t, z, y)e(y)dy,

where p? and pZ, the density of the transition probabilities of Brownian motions cW.
and oW, respectively, are given by

(w—y—2km)?
(4.8) () =Y o~
ez \/271'52

and

_ (z—y—2km)?

(4.9) p=(t, x,y) 207
,;Z \/ 2wt

Here W is the classical Brownian motion on S!. These standard Poisson summation
formulae of heat kernels can be obtained using Fourier analysis or stochastic methods
(cf. Elworthy [16]). It is easy to see that if ¢ is convex, then T p(x) is a convex
function of z for each t and Typ(x) = T p(x). If ¢ is concave, then Typ(x) = Tip(x),
which is a concave function of z for each t. Moreover, it is well known that the
Lebesgue measure is the invariant measure of Brownian motion on S* (cf. Proposition
4.5 and the corollary of Theorem 4.6 in Chapter V in [28]), so

mT&p =mp, mT o =my fort >0,
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and as t — oo, for any z € [0, 27]
TP p(x) = me, T p(x) — me.
Thus if ¢ is convex or concave,
(4.10) mlyp =mep,
and as t — oo, for any z € [0, 27]
(4.11) Tip(z) = me.

Now we consider ¢ being a polynomial function defined in [0, 27]. Tt is well known
that there exist a convex function ¢; and a concave function ¢, such that ¢ = 1 +pa.
By the sublinearity of T}, we have

(4.12) Tip1(z) — Ti(—¢2)(z) < Typ(x) < Typr(z) + Trpa ().
It follows from the linearity of m that
mTip < mTipr +mTipy = mpr + mpz = m(p1 + @2) = me
and
mTyp > mTypr — mTi(—p2) = mpr — m(—p2) = m(p1 + p2) = mep.

So (4.10) holds true for any polynomial function . It then follows from an approxima-
tion argument using the Weierstrass theorem that (4.10) is also true for ¢ € C([0, 27]).

Moreover, for any polynomial function ¢, as above ¢ = @1 + @2, 1 is convex,
and 9 is concave, we have that when ¢t — oo,

Tip1(x) + Tipa(w) — mepr +mpz = m(p1 + @2) = me

and

Tip1(z) — Ti(—pa(w)) — mp1 — m(—p2) = m(p1 + @) = mep.

Thus (4.11) holds for any polynomial ¢.

Now we consider ¢ € C([0,2n]). First note that by the Weierstrass approximation
theorem, for any € > 0, there exists a polynomial ¢ such that sup,co o [P(2) —
o(z)] < %e. So |Ty@(z) — Typ(z)| < e for any z,t and [m@(z) —mep(z)| < 3e. On the
other hand, for such ¢, there exists R > 0 such that for any ¢t > R, |T;¢(z)—m@| < ie.
Thus for t > R,

(4.13) |Typ(x) —me| < |Typ(x) — Tig(x)| + [Tip(x) — mp| + [m@ — mep| <e.

This leads to (4.11) for any ¢ € C([0, 27]).
Now consider ¢ € Ly(B(S')). By Lemma 4.2, for any § > 0, (Ts¢)(x) is continu-
ous in z. Applying (4.11) for continuous function, we have

Tio =T sTsp — m(Tsp) = (mTs)p as t — oo.

So the last statement of the theorem is verified. But T;¢ is independent of §, and then
m(Ts¢) is independent of 6 > 0, which means m(7s,) = m(Ts,) for any 61,52 > 0.
Define T': Ly(B(S1)) — RL:

T = (mTs)p, 6 > 0.
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Then for any ¢ > 0, ~ .
TTp = mTsTyp = mTyi 50 = Tep.

Thus 7T is an invariant expectation. The uniqueness follows from the convergence of
Tt(p. O

Remark 4.4. (i) From the proof, we can see that when ¢ € C([0,2x]), Ty =

2
= ;" (x)da.

(ii) We do not attempt to give the result in Theorem 4.3 in broad terms, e.g.,
of Brownian motions on a compact manifold. Here we only show such a result as an
example. More general cases will be treated in future publications.

As we have proved the invariant expectation 7' of G-Brownian motion on S
exists, we can follow the procedure in section 3 to construct the canonical process X
and the canonical dynamical system on the path space.

Applying Theorem 3.22, in the following we prove that the G-Brownian motion
on the unit circle is ergodic. First, we need the following proposition, where the no
mean-uncertainty condition needed in Theorem 3.22 is proved in (ii) below. Recall
Q" = C(R,R?) with the topology given in (3.7).

PROPOSITION 4.5. Consider the G-Brownian motion on the unit circle S' =
[0, 27] with normal distribution N(0,[c?t,5%t]), where G* > o® > 0. The following
results hold:
(i) The stationary process X defined in (3.9) has a continuous modification X
and is stochastically continuous.
(ii) For each ¢ € Ly(B(S")), ¢(X(0)) has no mean-uncertainty with respect to
the invariant expectation E.
(iii) There exists a weakly compact family of probability measures P on (2*, B(Q2*))
such that

ET[¢] = sup Ep[¢], € € Lipp.ey ().
PeP
(iv) The invariant expectation T is regular-.
(v) Define, for each & € B(QY*), the upper expectation

(4.14) E*[§] = sup Ep [¢].

For any F,, € B(Q*) such that I, | 0, then E*[Ip |} 0. Thus E* is regular.

Proof. (i) Note that by the sublinear expectation representation theorem, for the
sublinear expectation ET on (£, L}(€2)), there exists a family of linear expectations
{Ep : 6 € ©} such that

(4.15) ET[X] = sup Eg[X], X € LL(Q).

9co
Note further that if {¢,}52, C Cp 1ip((S)™) satisfies ¢, | 0, then by an argument
similar to that in the proof of Lemma 3.3 of Chapter I in Peng [36],

IET[wn(thl,chtQ, ey, )] 40 asn — oo,

and it follows from (4.15) that

]ET[QDH(L:%NLDQ’ s ’L:Jtm)] = Sug EG[@TL(@tuwtw s a@tm)]'
S
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But for each 6 € ©, Ejy is controlled by ET. Thus Ep [on (@, @tyy ooy @1,)] 4 O as
n — 0o. So by the Daniell-Stone theorem (cf. Peng [36]), there is a unique probability
measure Qs 1, ¢} on ((S1)™,B((S*)™)) such that

EG[@H(@tnwtz» s 7a}tm)} = EQ{tl,tQ,...,tm} [‘Pn((‘:}twd}tgv ce 7wtm)]'

Denote T = {t = {t1,t2,...,tm} 1 t1 < ta < -+ < typ, m € N}. Thus we have a family
of finite-dimensional distributions {Q¢,t € T}. It is easy to check that {Qt,t € T}
is consistent. By Kolmogorov’s consistency theorem, there is a probability measure
Q on (Q,F) such that {Q¢,t € T} is the finite-dimensional distribution of Q. The
probability distribution @ is unique since by the Daniell-Stone theorem its finite-
dimensional distribution is unique, so the uniqueness of @ follows from the monotone
class theorem. Tt is now clear that Ep[X] = Eq[X] for any X € Lipy (). Thus it
follows from (4.15) that

ET[X] = sup Eg[X], X € Lipp.eyi(),
QEP.

where P, is a family of probability measures on (€, B8(€2)). Define the associated
capacity
&(A) == sup Q(A), A€ B(Q),
QEPG
and the upper expectation of each B(Q)—measurable real-valued function X which
makes the following definition meaningful:

ET[X] = sup Eg[X].

QEP.
On the space Lipb’cyl(Q), ET = ET. Consider the canonical process X on (Q, Ly (),
ET, ét) For t > s, by the conditional expectation,

(4.16) < clt — s,

where ¢(y) = (y—X(s))%, and ¢ > 0 is a constant independent of ¢ and s. Then by the
Kolmogorov continuity theorem for sublinear expectations (Theorem 1.36, Chapter
VI, Peng [36]), the process X has a continuous modification, denoted by X, such that
¢(X, # X;) = 0. Note that for any § > 0,

ET(X(t) = X(5))* 2 ET[(X () = X)) 150001561 = OB T 50y x5)50)0

SO

ETT gm0 EN(X () — X(s)*

Thus the stochastic continuity follows from (4.16).
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(ii) Now we prove for any ¢ € Ly(B(S')) that (X (0)) has no mean-uncertainty.
We follow the 3-step approximation procedure of using a sequence of continuous func-
tions to approximate ¢. Note the no mean-uncertainty of (X (0)) when ¢ € Cy(S?)
follows from (4.6) and the fact that Tisa Lebesgue integral in this case automatically.
Adopting the same notation as in the proof of Lemma 4.2, consider the increasing se-
quence of continuous functions go(?’) T cp(Q) when m — oo. First note by Remark 4.4(3)
that

(4.17) E(—pim(X(0))) = ~E(p5(X(0))).

By Lemma 2.11, we have that cp( )( X (0)) has no mean-uncertainty,

(4.18) E(=p D (X(0))) = —E(p1P (X(0))).

But

(4.19) €2 (X(0)) — £ (X (0)] < z: [2i|€ (L1 Ao (X(0)))
and 7

(4.20)  [E(=pD(X(0))) = E(=pi(X(0)))] < Z i € (La1 o (X(0))),

=1
S0 @511)(5((0)) has no mean-uncertainty. As ¢$3) 1 ¢, by Lemma 2.11 again, <p()~((0))
has no mean-uncertainty,

E(=p(X(0))) = —E(p(X(0))).

(iii) In the following we will find a weakly compact family of probability measures
P on (2%, B(2*)) such that the upper expectation (4.14) gives a sublinear expectation
on P on (2%, B(€2*)) with finite-dimensional expectation of ¢(w},,wf,,...,w; ), t1 <
ty < --- < ty,, to be Tt1 ton, apforgoeLb(B((Sl) ).

For each @ € P, let Q o X', which is a probability measure on (Q*, B(Q*))
induced by X from Q, and set P; = {Qo X1.:QeP. }. Then, similarly to (4.16),
we have

ET(X(t) — X(s)* = BT (X(t) — X () < |t — 5|, t,s €R.

Applying the moment criterion for the tightness of Kolmogorov—Chentsov type, we
conclude that P; as a family of probability measures on (2%, B(Q2*)) is tight. Denote
by P = P; the closure of P; under the topology of weak convergence. Then P is
weakly compact. Note that

ET[¢] = sup Ep[€], € € Lipy o, ().
PePy

For each ¢ € Lipy, ., (©2*), from Lemma 3.3 of Chapter I in [36], we get BT[|¢ — (€A
N)V (=N)|]]}0as N — oo. So

ET[&] = sup EP [E]a 6 € Lipb7cyl(Q*)'
PeP
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(iv) For any A, € B(S') such that I, | 0, then by (4.6) and Lemma 4.1, we
have T[I4,] ] 0, i.e., T is regular.
(v) For P given in (iii), we define the associated G-capacity

c*(F) = Isglé[;P(F), F e B(Q"),

and upper expectation for each B(Q2*)-measurable real-valued function £ which makes
the following definition meaningful:

E*[¢] == sup Ep[].
PeP

On Lipy, ., (27), E* = ET and as P is a weakly compact family of probability measures
on (2%, B(2*)), we have for any continuous ¢, and &, | 0, E*[¢,] | 0 as n — oo. Now
consider for any F,, € B(2*), such that I | 0. Define

Cn:{weﬂ*:p(w,Fn)<l}, Dn:{weﬂ*:p(w,Fn)<2}.
n

n

Moreover, define

§n(w) = n[min{p(w, D7), p(Cn, D;,) }].

Then it is easy to see that &,(w) is continuous in w € Q* and Ir, < &,. As when
&n 1 0, we have that E*[¢,,] | 0; thus as n — oo, it follows that E*[If ] | 0. 0

From the result of Proposition 4.5 and Proposition 3.10, we can conclude that the
canonical dynamical system generated by the semigroup of the G-Brownian motion
on the unit circle is continuous.

THEOREM 4.6. The invariant expectation of the G-Brownian motion on the unit
circle S* = [0,2n] with normal distribution N (0, [0?t,52t]), where 3° > o2 > 0 are
constant, is ergodic.

Proof. Consider ¢ € Ly(B(S")) with Ty = ¢ and T (—¢) = —¢,t > 0. From the
convergence result that as ¢ — oo, Tip — T'¢ in Theorem 4.3, it is easy to see that
@ =T, so ¢ is constant. By Theorem 3.22, the invariant expectation is ergodic. 0

Remark 4.7. Following the regularity result of E* in Proposition 4.5, and the
ergodicity results for the G-Brownian motion on the unit circle, it follows that the
SLLN holds by Theorem 3.18.

Inspired by Theorem 3.22, we observe that the study of the ergodicity of the
invariant expectation T is equivalent to the study of the spectrum of the semigroup
T; on the space of Ly(B(R?)). It is noted that due to the constant preserving property
of the sublinear expectation, the sublinear semigroup 7; on L, (B(R%)) has eigenvalue
1. Theorem 3.22 says that ergodicity is equivalent to 1 being a simple eigenvalue of
T; on Ly(B(R%)) as |p(X(0))]? has no mean-uncertainty.

Now we consider the relation of the eigenvalues of T} and its infinitesimal generator
G. First assume 1 is a simple eigenvalue of T}. Recall G(u) = 357u}, — 102u, and
u(t,z) = Tip(x) satisfying (4.2). It is easy to see that G(c) = 0 for any constant
c. This suggests that 0 is an eigenvalue of the generator G in the space of twice
differentiable functions. However, if ¢ is continuous and a viscosity solution of G(p) =

0, it is easy to see that Ty = . So @ is constant. This means 0 is a simple eigenvalue
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of G. Conversely, now assume 0 is a simple eigenvalue of G. Consider ¢ as a continuous
function satisfying Tip = . As Ty is a solution of (4.2), so G(¢) = 0. Thus ¢ is a
constant due to the spectrum assumption of G. This correspondence is also true for
sublinear Markovian semigroups and their infinitesimal generators in general cases.

From the above discussions, our result shows that as the G-Brownian motion on
the unit circle is ergodic, so 0 is a simple eigenvalue of the corresponding infinitesimal
generator G(-). In fact, we can prove this result analytically without referring to the
result of ergodicity.

PROPOSITION 4.8. Let a continuous function ¢ be a viscosity solution of

1 . 1 _
(421) 502()0:3: - §Q2<p:cac =0, z¢€ [07 277]7 90(0) = 90(27'()'

If 2 > 0, then @ is constant.

Proof. Let ¢ be a C? function on [0,27] such that ¢ > ¢ and ¥(x) = p(z) at
certain x € [0,27] with ¢”(z) # 0. Then 35°¢"(z)" — 30%¢”(z)~ > 0. It is then
obvious that

(4.22) o2 (1) < ()"

If 4"(x) < 0, then ¢ (x)~ > 0 and %”(x)™ = 0. This contradicts (4.22). Thus
" (x) >0, so 9 is locally a convex function near .

Similarly, let 1) be a C? function on [0, 27] such that )
certain € [0,27] with ¢"(z) # 0. Then 15" (2)* — Lo
obvious that

< and () = p(a) at
2y ()~ < 0. Tt is then

(4.23) 72 (@)t < 0 ()"
If " (z) > 0, then ¢"(z)T > 0 and ¢”(z)~ = 0. This contradicts (4.23). Thus
" (x) <0 and ¥ is locally a concave function near x.

A function ¢ that satisfies the above two properties must be a linear function.
Now from the periodic boundary of ¢, we conclude easily that ¢ is a constant. ]

Remark 4.9. The condition g2 > 0 is crucial for Proposition 4.8. Otherwise, any
smooth concave periodic function ¢ with period 27 satisfies (4.21) since ¢}, = 0. In
that case, Brownian motion (degenerate) on S fails to be ergodic. So Theorem 4.6
can be stated as follows.

THEOREM 4.10. The invariant expectation of the G-Brownian motion on the unit
circle ST = [0,27] with normal distribution N(0,[a?t,5°t]), where 5> > a2 are con-
stant, is ergodic if and only if o > 0.

Appendix A. Proofs of Theorem 2.4 and Lemma 2.12.
Proof of Theorem 2.4. (i)=-(ii) Assume B € F and Ely-15ap = 0. Define

(A1) Bo=[)Jo0'B.
n=0i=n
Then it is easy to see that
0B, = ﬂ U 07'B = By
n=01i=n+1
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Thus B, is an invariant set. By the assumption, we have
(AQ) EIBOO =0 or EIBC‘";O =0.

Note that for any n € N

n—1
6"BABC | J(O""TBAOTB)
=0

n—1
=Jo(0'BAB).
=0

So by the monotonicity and subadditivity of E and the expectation preserving property

of 0,
Ely-rpap < Elyio-i9-15an)
n—1
<E lz Iei(alBAB)]
i=0
n—1
< Z Elp-i(p-18aB)
i=0
n—1
= Z Elp-1aB
i=0
(A.3) —0.
Moreover

(A.4) (U

Thus it follows from (A.3) and (A.4) that

El(y= o-iByap < Ely= (0-iBAB)

< ZEIWBAB
0

From the above we have

(A.5) Elyz, o-np =0

and

(A.6) Elp\ys= 6-ip =0.

But note that as n — oo,

Ip\uz, o-8) TIis\nz=, Uz, 0-B) = IB\B..-
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So by the monotone (increasing) convergence of sublinear expectation (see [34] and
[11]), we have that as n — +o0,

Elp\ye, o-ip = Elp\p., -
Thus it follows from (A.6) that
(A.7) Elg\ s, = 0.
Moreover
Lys, o-ipnB + 16 \B-

It then follows by applying the monotonicity of sublinear expectation and (A.5) that

Elp_\p = 0.
Note that the regularity condition is not needed here. Thus

Elg_ap =0.
Now recall (A.2). Consider the case that EIp_ = 0. Note that

0=Elp\p.. = Elp\(BnB..)
=E[Ip — I(pnB.)]

> E[lg] — E[l(gnB.))
> Ellp] - E[lp. ]
[

Hence

E[lg] = 0.
Now consider the case that EI e, = 0. Note that

0= EIBOO\B = EIBC\(BCOB&)

- E[IB(‘ - IBrch ]
E[lge] — Ellpenpe ]
Ellge] — Ell e |
[Lpe].

ﬁ

Thus
]E[IBC] = 0

Therefore the assertion (ii) is proved.

(iii)=(iv) Let El4 > 0 and Elp > 0. From (iii), we know that El(j= ¢-na)
= 0. It then follows, together with applying subadditivity and monotonicity of E,
that

=E[lsnuz, o4 +IenuUz, 6-ma)]
Ellpnuz, o-na)] + Ells nUz, 0-7a)c]
< E[IU"" s@no-ma)) +Ellyz, o-n )]
—E[Iun (Bo-4)]

< ZJE[IBQWA].

n=1
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Thus it is obvious that there must exist n € N such that E[l (g ¢-n4)] > 0. So (iv)
is proved.

(iv)=-(i) Suppose that B € F and 6~!B = B. If Elg > 0 and Elgc > 0, then by
assumption (iv) and invariant assumption of B,

0 <E[lgenp-np] = E[lgeqp] = 0.

This is a contradiction, and thus EIp = 0 or EIge = 0. So (i) is proved.
(ii)=(iii) This follows under the regularity assumption. Assume A € F and
EI4 > 0. Set

A= G oA,
n=1

It is easy to see that 67 'A; C A; and 67" A, = U;’inﬂ 67"A. So {07 A1 },en forms
a decreasing sequence of sets with limit

(A.8) 07" Ay | A = limsup(6™"A),

n

where the notation A is used in the same fashion as in the proof of (i)=-(ii). It is
easy to see that

1A, = A.
Thus

Elg-14_pa. =0.

According to assumption (ii), we know that either EI4__ = 0 or EI e, = 0. We claim
the case that EI4_ = 0 is impossible. Otherwise, 14 = 0 quasi-surely. It then
follows that Ig-n4, 4 14 = 0 quasi-surely. So as E is regular, therefore Elg-» 4, — 0
as n — oo. However, by the expectation preserving property of 6, the definition of
Aq, and the monotonicity of E,

]EIG*"Al = EIA1 > ]EIg—lA =EI, > 0.

We have a contraction. Thus EI As, = 0 holds. Then it follows that EI A = 0 as
Ao C Ay, so (iii) is proved. It is then obvious that all four statements are equivalent
under the regularity condition. ]

Proof of Lemma 2.12. Recall that S, is defined by (2.8). Let

_ S,
& = limsup —,
n—oo N
€ >0, and ~ -
D= {w: Ew) > &(w) +eb.
Our goal is to prove E[-Ip] = 0. Note that {(fw) = £(w), and &£*(6w)
quasi-surely, so D € 7.
Define

I
*
oY

S
=

(§(w) = € (w) — )Ip(w),
Spw) =& (W) + -+ (0, 1w),
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M:;(UJ) = Sup{o? Sik (w)7 R S;(w)},
Fy =A{w: M;(w) > 0},

and o
FUnFn{w:supk>O}.

>1 k
Since £*(w) = (£(w) — & (w) — )Ip(w) and D = {w : limsup,,_, % > £+ e}, it
follows that ¥ = D. In fact, if w € D, then sup; >, % > £* + ¢, and by definition of
&, % = % —€e—£&*. S0 SUPj>1 % > 0, i.e., w € F. Therefore D C F. If w ¢ D,
then £*(w) = 0. Note that D € Z, so £*(6rw) = 0 quasi-surely for all k. Therefore
Si(w) =0 for all k, and so w ¢ F. This tells us that F C D. Thus F = D.

Now applying the maximal ergodic theorem, we know that E[¢*Ig ] > 0. But

El¢'Ip,] = E[(€) Ir, — (€))7 1k,]
<E[E) Tr — (€) Ip + () Ip\p,]
< E[E"Ip] + E[(€)  Ipp,]-

But E[(£*)7Ip\p,] | 0 as n — oo because I\ g, | 0 and E is regular. Thus
E[¢*IF] > 0.
However, it follows that

0 <E[(£ - & —e)lp] <E[(& —&")Ip] +E[—€lp]
sup Ep[(€ = €)Ip] + E[—€lp]

= sup Ep[Ep[(§ — €")Ip|Z]] + E[—€lp]
pPeP

= sup Ep[Ep[(§ - £)|Z]Ip] + E[—€lp]
Pep

sup Ep([Ep[€|T] - €]Ip] + €E[-Ip]
S dE[—ID}.

Thus E[-Ip] > 0. On the other hand, E[-Ip] < 0. So E[-Ip] = 0, which is equivalent
to v(D) = 0. Thus we get (2.11). Define

ﬁ_{w:liminfsn>§*+e}.
n—soo N =

Applying the above result to —&, we can get v(D) = 0. Therefore (2.12) holds. |
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