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Abstract

In this work, we propose a local multiscale model reduction approach for the time-
domain scalar wave equation in a heterogenous media. A fine mesh is used to capture the
heterogeneities of the coefficient field, and the equation is solved globally on a coarse mesh
in the discontinuous Galerkin discretization setting. The main idea of the model reduction
approach is to extract dominant modes in local spectral problems for representation of
important features, construct multiscale basis functions in coarse oversampled regions by
constraint energy minimization problems, and perform a Petrov-Galerkin projection and a
symmetrization onto the coarse grid. The method is expicit and energy conserving, and
exhibits both coarse-mesh and spectral convergence, provided that the oversampling size
is appropriately chosen. We study the stability and convergence of our method. We also
present numerical results on the Marmousi model in order to test the performance of the
method and verify the theoretical results.

1 Introduction

In this paper, we consider a local multiscale model reduction approach for the scalar wave
equation. Let Q C R? be a bounded spatial domain. For the sake of simplicity, we focus our
discussion on two-dimensional cases in this paper, though the extension to the three-dimensional
case shall be straightforward. We consider the following scalar wave equation

0%u ) .

e div (kVu) + f in [0,T] x Q, (1)
where f(x,t) is a given source term. The problem is subject to the homogeneous Dirichlet
boundary condition v = 0 on [0,7] x 99, and initial conditions u(z,0) = ug(z) and u(z,0) =
vo(z) in 2. We assume that the coefficient field & is a heterogeneous coefficient field with contrast
ko < Kk < k1. Due to the heterogeneities in the coefficient field, numerical discretization requires
a very fine grid mesh in order to capture all the heterogeneities in the medium properties, which
potentially makes the numerical solutions on the fine grid become prohibitively expensive.
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Extensive research effort had been devoted to developing numerical solvers for solving mul-
tiscale problems on the coarse grid, which is typically much coarser than the fine grid, such as
numerical homogenization approaches [45, 51, 43] 2], Multiscale Finite Element Methods (Ms-
FEM) [34], 29| [6, 28, [10, [39], Variational Multiscale Methods (VMS) [36], [37, [38] [5, 40, [49],
Heterogeneous Multiscale Methods (HMM) [22, [1I 23] 33 B] and and Generalized Multsicale
Finite Element Methods (GMsFEM) [24] 2T], 14} [T} 13}, 19]. In numerical homogenization ap-
proaches, effective properties are computed for formulating the global problem on the coarse
grid. However, these approaches are limited to the cases when the medium properties possess
scale separation. On the other hand, multiscale methods construct of multiscale basis functions
which are responsible for capturing the local oscillatory effects of the solution. Once the multi-
scale basis functions are constructed, coarse-scale equations are formulated. Moreover, fine-scale
information can be recovered by the coarse-scale coefficients and mutliscale basis functions. In
recent years, multiscale methods in the discontinuous Galerkin (DG) framework have been in-
vestigated [29] [4] (47, 25 [32] 30, 17, 20]. In these approaches, unlike conforming finite element
formulations, multiscale basis functions are in general discontinuous on the coarse grid, and
stabilization or penalty terms are added to ensure well-posedness of the global problem.

In many state-of-the-art mutliscale methods, such as MsFEM, VMS and HMM, there is one
basis function per local coarse region to handle the effects of local heterogeneities. However, for
more complex multiscale problems, each local coarse region contains several high-conductivity
regions and multiple multiscale basis functions are required to represent the local solution space.
GMsFEM is developed to allow systematic enrichment of the coarse-scale space with fine-scale
information and identify the underlying low-dimensional local structures for solution representa-
tion. The main idea of GMsFEM is to extract local dominant modes by carefully designed local
spectral problems in coarse regions, and the convergence of the GMsFEM is related to eigen-
value decay of local spectral problems. For a more detailed discussion on GMsFEM, we refer
the readers to [27], 24] 26| 211, [16] 111, 31 [7, 9], 46] (50, [48], [8] and the references therein. Through
the design of local spectral problems, our method results in the minimal degree of freedom in
representing high-contrast features. In particular, [15] considered an application of GMsFEM on
scalar wave equations. On the other hand, several multiscale methods with mesh convergence
are developed. [44] [41] [42]. This idea can be adopted for multiscale model reduction techniques
for achieving both spectral and mesh convergence [35] 18| [12, [7] [§].

In this paper, we present the Constraint Energy Minimizing Generalized Multiscale Discon-
tinuous Galerkin Method (CEM-GMsDGM). Our method results in coarse-scale equations in an
interior penalty discontinuous Galerkin (IPDG) discretization setting. The method is expicit and
energy conserving, and exhibits both coarse-mesh convergence and spectral convergence. The
advantages of the method are verified both theoretically and numerically. The model reduction
approach possesses of two key ingredients. The first main ingredient is the local spectral prob-
lems in each coarse block for identification of multiscale test basis functions. The low-energy
dominant modes, which are eigenvectors corresponding to small eigenvalues of local spectral
problems, are used as multiscale test basis functions, as well as for further construction of the
second ingredient of our method, which is a set of multiscale trial basis functions. Each of the
test basis functions sets up an independent orthongonality constraints and uniquely defines a
corresponding multiscale trial basis function. The multiscale trial basis functions will then be
used for a coarse-scale represenation of the numerical solution. We remark that the local spectral
problems and the constraint energy minimization problems are carefully designed and supported
by our analysis.

The paper is organized as follows. In Section 2 we will introduce the notions of grids, and
essential discretization details such as DG finite element spaces and IPDG formulation on the
coarse grid. The details of the proposed method, including the construction of basis functions
and the corresponding systems of linear equations, will be presented in Section [Bl The stability
and the convergence of the method will be analyzed in Section @ Numerical results will be
provided in Section [5l Finally, a conclusion will be given in Section



2 IPDG formulation

We are now going to introduce some notions of coarse and fine meshes. We start with a usual
partition 7 of Q into finite elements, which does not necessarily resolve any multiscale features.
The partition 7 is called a coarse grid and a generic element K in the partition 7% is called
a coarse element. Moreover, H > 0 is called the coarse mesh size. We let N, be the number
of coarse grid nodes and N be the number of coarse elements. We also denote the collection of
all coarse grid edges by . We perform a refinement of 7 to obtain a fine grid 7", where
h > 0 is called the fine mesh size. It is assumed that the fine grid is sufficiently fine to resolve
the solution. An illustration of the fine grid and the coarse grid and a coarse element are shown
in Figure[dl

K

Figure 1: An illustration of the fine grid and the coarse grid and a coarse element.

We are now going to discuss the discontinuous Galerkin (DG) discretization and the interior
penalty discontinuous Galerkin (IPDG) global formulation. For the i-th coarse block K;, we
let V3, (K;) be the conforming bilinear elements defined on the fine grid 7" in K;. The DG
approximation space is then given by the space of coarse-scale locally conforming piecewise
bilinear fine-grid basis functions, that is,

Vi = &N Vi (K5). (2)

We remark that functions in V}, are continuous within coarse blocks, but discontinuous across
the coarse grid edges in general. We define the symmetric IPDG bilinear form apg by:

apg (v, w) = Z /KAVU-dex— Z /E{HVv~nE}[[wﬂdJ

KeTH EegH (3)
— {kVw - ng}v] do + 1 E[v][w] do,
P >

where v > 0 is a penalty parameter and ng is a fixed unit normal vector defined on the coarse
edge E € £, Note that, in (@], the average and the jump operators are defined in the classical
way. Specifically, consider an interior coarse edge E € £ and let K+ and K~ be the two coarse
grid blocks sharing the edge E, where the unit normal vector ng is pointing from K+ to K.
For a piecewise smooth function G with respect to the coarse grid 7, we define

{G} = % (G+ + G_) ) (4)
61 -G+ -G,



where Gt = G|g+ and G~ = G|g-. Moreover, on the edge E, we define & = (kx+ + kx—) /2,
where g+ is the maximum value of x over K*. For a coarse edge E lying on the boundary
09, we define {G} = [G] = G, and k = kx on E, where we always assume that ng is pointing
outside of 2. We also use the notation (-, ) 2(p) to denote the standard L?(D) scalar product
for a subdomain D C €.

Using the IPDG spatial discretization, we derive the semi-discrete scheme: find uy(t,-) € Vj,
such that

0%u .
(872}1’10 + apg(un, w) = (f,w)r2(q) in [0, 7] x €, (5)
L2(9)
where the initial data is projected onto the finite element space V}, by: find uy(+,0), % (,0) eV,

such that for all w € V},,
(un(+,0),w) 2 () = (uo, w) 2,

8’U,h
—(,0),10) = (UOaw) 2 .
( ot L2() P

3 Local multiscale model reduction by CEM-GMsFEM

In this section, we will present our local multiscale model reduction on the IPDG formuation
for the wave equation by Constraint Energy Minimizing Generlized Multiscale Finite Element
Method. First, we will use the concept of GMsFEM spectral problems to construct our multiscale
test basis functions on a generic coarse block K in the coarse grid. Next, we will use the
concept of constrained energy minimization to construct our multiscale trial basis functions.
Then, we will derive our coarse-scale model with a Petrov-Galerkin projection and a symmetrc
formulation. Finally, we present a technique of localization of multiscale trial basis functions on
coarse oversampled regions, and which results in an explicit time-marching coarse-scale scheme.

3.1 Multiscale test functions

To construct the multiscale test functions, we follow the concept of GMsFEM and perform a
multisale model reduction through a local spectral problem on V},(K;), which is to find a real

number /\;i) and a function (b;i) € Vi(K;) such that

(@)

_ A¢ _

@ N N () |

a; ((b] ,w) 5 (¢J ,w)LQ( : for all w € Vj,(K;), (7)

i

where a; is a symmetric positive semi-definite bilinear form defined as
a; (v,w) = / kVv - Vwdz. (8)
K;
Without loss of generality we shall assume the eigenfunctions are normalized, i.e.

(@ () — 5. . Y ,
( Y )LQ(Ki) =04 forall 1<y, j <L, (9)

We let /\S-i) be the eigenvalues of (@) arranged in ascending order in j, and use the first L;
eigenfunctions to construct our local multiscale test space

Wi = span{ol” i 1< j < Ly}, (10)



We also introduce a local L?(K;) projection operator m; : Vj, — W;Ii) onto W;Ii) by

L;
mi(v) = Z (v, (b;Z))L?(Ki) (;5;-1) for all v € Vj,. (11)

j=1

The global multiscale test space Wy is then defined as the sum of these local multiscale test
spaces

Wy = @z‘]\ilwéli)' (12)

Since the coarse blocks are disjoint, the multiscale test functions form an L2(£2) orthonormal
basis function for Wy, i.e.

(¢§l)u¢§f )) o) =0;p0; forall1 <j<L;1< j <Ly and1<i,i <N, (13)
L2(Q

and the global L2(2) projection operator 7 : V;, — Wy onto Wy is then naturally defined by

= Zivzl .

3.2 Multiscale trial functions

Next, we construct our global multiscale trial functions space Vi using the concepts of constraint
energy minimization. Given a multiscale test basis function 1/13(-1), where 1 <7< L;and 1 <7 <

N, the global multiscale trial basis function wj(-i) € V}, is defined as the solution of the following
constrained energy minimization problem

Q/JJ(.i) = aigmin {GDG (V) s w(y) = (b;i)} ' .

EVh

By introducing a Lagrange multiplier, the minimization problem (Id]) is equivalent to the fol-
lowing variational problem: find wj(-l) €V, and ugz) € Wy such that

apa (1/;](.i),1/)) + (w,uy)) =0 for all ¥ € Vj,

2(Q) (15)

(@) (@) _
(z/Jj —¢; u)LZ(Q) =0 for all p € Wg.
We use the global multiscale trial basis functions to construct the multiscale trial space, which
is defined as

VP(IOO) = span{z/Jj(-i) 1<j< L1 <i< N}, (16)

3.3 Global coarse-scale model

We derive our fully discrete coarse-scale system by a second-order central difference for temporal
discretization. means of Petrov-Galerkin projection of the fine-scale system onto the coarse-scale
spaces. Let Np be the number of time steps in the temporal mesh grid and 7 = T//Np be the
time step size. At the time instant ¢,, = n7, we denote the evaluation of the source function f at
the time instant ¢, by f", and an approximation of the solution u(-,,) by u%. The coarse-scale

model which reads: for n > 1, find u/;t' € V™) such that

n+1 n n—1
(uH —2uly +uly

] ,w) +ape (uf,w) = (f" W) 2 gy for allw e Wy, (17)
T L2(Q)



where the initial data is projected onto the finite element space Vf(loo) by: find u,u} € VI(JOO)
such that for all w € VP(IOO),

(u%aw)L2(Q) = (u07w)L2(Q)a

72 72 18
(u}q,w)p(m = (uo + TV + 7f°,w> — gapg(u(}{,w). (18)
L2(Q)

Next, we are going to present a symmetric formulation of (IT) on VI(JOO). By a simple dimension-

ality argument, it is easy to see that 7r|v<oo) : VI(JOO) — Wy is an isomorphism. Moreover, for any
H

vE VIS,OO), using the fact that

(v —m(v),w) 2y =0 for all w € W, (19)
it is straightforward to verify that

apa (v, v —(v)) = 0 for all ¢ € V™. (20)

Combining all these facts, (I7)) can be rewritten as

n+1 n n—1
b <uH —2uly +uly

T2 ,’LU) +apa (U?va) =b (fnvw) for all w € V}(IOO)’ (21)

where the bilinear form b is defined as
b(v,w) = (W(U)aﬂ(w))m(n) : (22)

3.4 Localization of multiscale trial functions

One major drawback of the above constructive procedure is that the multiscale trial functions
have to be defined by solving a global problem. Based on our analysis in [8], the global multiscale
trial basis function z/JJ(-l) exhibits an exponential decay property, where the value is very small
in locations which are far away from the block K;. The allows us to construct localized mul-
tiscale basis functions on suitably enlarged oversampled domain without a significant increase
of approximation error. More precisely, we denote by K; ,, an oversampled domain formed by
enlarging the coarse grid block K; by m coarse grid layers, of which an illustration shown in
Figure

We introduce the subspaces Vj, (K; ), which contains restriction of fine-scale basis functions
in V3, on the oversampled domain K; ,,, and Wy (K, ,,,), which is the sum of the local multiscale
test space over the coarse blocks in the oversampled domain K ,,, i.e.

Wi (Kim) = @5, crin Wi (23)

The localized multiscale trial basis function 1/1](11),T € Vp, is then defined as the solution of the
following constrained energy minimization problem

60, = argmin {apg (,¥) : w(w) = 6" }. (24)
YEVL(Ki,m)
Using the method of Lagrange multiplier, the minimization problem (24]) is equivalent to the

following variational problem: find wj(zr)n € Vi, (K;,m) and u(f) € Wy (K;m) such that

7,m
apa (1/1](11),171/)) + (7/% H;lzn) LK) =0 for all ¢ € V3, (K; ), -
_ _ o 25
(500 = 7)o, =0 for all o € Wi (in).



Figure 2: An illustration of an oversampled domain formed by enlarging K; with 1 coarse grid
layer.

The localized multiscale trial basis functions then used to define the localized multiscale trial
space, i.e.

Vi =span{y\) :1<j<L;,1<i<N}. (26)

Finally, our localized coarse-grid model reads: for n > 1, find u}?l € VI({m) such that

n+1 n n—1
p [ Lr —2uy + uyy
72

,’LU) +apa (’LL?[;U)) = b(fn’w) for all w € Vf(lm)’ (27)

where the initial data is projected onto the finite element space VI({m) by: find u%,ul; € Vf(lm)
such that for all w € Vf(lm),

(u%{vw)L%Q) = (u07w)L2(Q)v

72 72 28
(U}pw)L?(Q) = (Uo + Tvo + 7f07w> - Eapo(ug,w)- (28)
L2(9Q)

3.5 Linear system associated with localized coarse-scale model

We end this section by the derivation of the resultant coarse-scale system of linear equations
with a fixed global enumeration of nodal indices and multiscale basis function indices. Denote
by M and A the matrix representation of the L?(2) scalar product and the IPDG bilinear form
ape with respect to the fine-scale nodal basis functions in V3. Letting Uy(+,t) be the column
vector consisting of coordinate representation of uy(-,t) € Vj, with respect to fine-scale nodal
basis functions in V}, the fine-scale system (@) can be written as

0°Uy,

M ot?

1+ AU, = F. (29)

It is trivial to see that, for any v € Vlgm), the coefficient representation of v by the multiscale
trial basis functions is given by

N L;
= (2) (4)
o ;; (v’ % )L2<sz> Vim: (30)



which implies the coordinate representations of v with respect to the multiscale trial basis func-

tions {1/)](11)”} and 7(v) with respect to the multiscale trial basis functions {¢§i)} coincide exactly.
With a fixed global enumeration of nodal indices and multiscale basis function indices, let ®
and ¥ be the matrix assembled from the column vector consisting the coordinate representation

of ¢§-i) and z/Jj(zzn with respect to the fine-scale nodal basis functions in V},. Letting U%; be the
column vector consisting of coordinate representation of u% € V}Im) with respect to the basis

functions {z/Jj(lzn}, the coarse-scale system (21) can be written as
& MUY =@ "MP2U} — U ) +73(@F" — $TATUY). (31)

However, noting that the multiscale test basis functions {¢§i)} are L2(f2) orthonormal, we have
® "M® = I, and result in an explicit local multiscale model reduction scheme

Uy = (U — U ) + (@ TF" - w7 ARU)). (32)

Once the explicit scheme is used to obtain the coarse-scale coeflicients at a final time step, a
multiscale approximation is obtained by downscaling with U} ~ $UY;.

4 Stability and convergence analysis

In this section, we will analyze the stabiility of proposed localized coarse-grid model [27) and
obtain an error estimate when the coarse-grid solution is compared with the fine-grid solution
obtained from (). Unless otherwise specified, the constants are generic and independent of mesh
size and number of oversampling layers. First we define a norm on V}, by

lol2 = /5|Vw|2d:v+% > /E[[w]]2do. (33)
KeTH K EegH E

In our analysis, we will make use of following coercivity and continuity results on the IPDG
bilinear form, provided that the penalty parameter is sufficiently large.

Lemma 1. [T5] With a sufficiently large -y > 0, there holds

lapa (v, w)| < 2||v||allwl]la for all v,w € Vi,

1, (34)
apg(v,v) > §H’Ul|a for all v € V.
Moreover, there exists > 0 such that
||1)H%2(Q) > Bry *h2apc(v,v) for all v € Vj,. (35)

With these estimates from the IPDG bilinear form, we now establish an inverse Poincaré
inequality on the multiscale test function space. We will need two fundamental results about
from [8]. The first result is a stability estimate about the projection operator .

Lemma 2. [§] With a smallness assumption on the fine grid mesh h > 0, there exists C > 0
such that for any wg € Wy, there exists a function v € C°(Q) NV}, such that

n(w) =wn, |vllz < DrsiH?lwn i), supp(v) S supp(wn). (36)



The second result states that the global multiscale test functions have a decay property and
their values are small outside a suitably large oversampled domain, which in turn justifies the
localization of the multiscale test functions.

Lemma 3. [8] With the above assumptions, there exists C,C" > 0 such that

1057 =l < CO+ )7+ A w265 2. (37)
where A the smallest eigenvalue which is excluded in the local spectral problem (), i.e.
_ (@)
A= 121<nN AL 41 (38)

The eigenvalues are related to the contrast in the medium properties. In applying to high
contrast media, the eigenvalues exhibit sharp decay and we can simply pick the first few eigen-
functions and ensure the smallest eigenvalue excluded is sufficiently large. The norm relations
in the multiscale space is related to the eigenvalue decay in the local spectral problems, which
accounts for the approximation error by the multiscale finite element space. First of all, for any
v €V}, we have

I = m) @) < 247 H2apa(v,v). (39)

Moreover, we have the following inverse inequality.

Lemma 4. With the above assumptions, there exists 3 > 0 such that
H7r(v)||2Lz(Q) > Bry ' H?apa(v,v) for all v € VI({m). (40)

m)

Proof. For any v € VIS , we define

t

k3

N
i
[]=

@
I

A
<.
I

-

(U "), . P,

( 7¢]l))L2 Q) (Z)

Then we have 7(v) = 7(v). By the definition of global multiscale test functions (&), for any
¥ € Vi, we have

(41)

t

7

I
-

Il
-

=17

apc (0, %) + (w(¥), 77)L2(Q) =0. (42)
By Lemma [ we take w € C°(2) NV}, such that
m(w) =n, |wli < DriH?|nll72q), supp(w) C supp(n). (43)
Taking ¢ = w in [@2]), we have
191220y < 211, lwlla < 2D4 2 115, Il oo (44)

Taking v = v in ([@2), we have

1, ~
B [oll, < HW(U)”U(Q) H77HL2(Q) : (45)
Combining these estimates, we have

~ ER
15, < 4D* 3 H |m(v)]] 2 0y - (46)



On the other hand, by Lemma Bl we have

2

N || L;
~ 2 d (2) (@) (@)
_ < y )t
15— |2 < Cm ; ; (2:057) gy (57 = 0i00)
L _ NlE (47)
<o+ A H 21+ )N (0l) ol
==t ) L2(K3)
_ —m - 2
= C(L+A)m (1 + )"k H 2 |m(0) |72 -
Combining these estimates, we have
2 2 —1y, d N—m -2 2
[ollg < (16D7 + C(L+ A" )m (1 + )" )k H ™" [|m(0) |22 (q) - (48)
Finally, we note that m?(1 + C’)~™ is bounded. The proof is complete by taking
B? =16D*+C(1 4+ A1) sup m?(1 +C")~™. (49)
m>1
O

We are now going to define a discrete total energy which is related to the stability and
convergence of our method. Given a sequence of states v = {v”}fﬁo, we define the discrete total
energy at t =1, 1 by

n n 2 n n n n
e e | I )
2 T L2(Q) 8 T T (50)
+ 1 ,UnJrl +Un ,UnJrl +Un
—a
2 DG 2 ) 2 )
which is non-negative under a stability condition. More precisely, if there holds
1
_ T (51)
P 9B H )

then we have the following inequality

,UnJrl o ,Un
™
T

due to the result [@Q) in Lemma [l The following lemma is the key of proving the stability and
convergence of our method.

2

9
EnJr%(,U) > L—p

D +g9pc 2 ' 9

o) 2

1 (vn+l+vn ,UnJrl +vn

> >0, (52)

Lemma 5. Forn > 1, given ™ € L*(Q) and v" 10" € Vf(lm), suppose vt € V}S{m) solves

anrl — " + ,Unfl n n m
b< = ,w> +ape (v, w) = (r",w) 2y for alleV}(l ), (53)

Then we have

ot B L
E"t2(v) = E2(v) +7y_ (1", ———— (54)
L2(Q)



Moreover, with the above assumptions, then there exist a C > 0 such that
E"3(v) < C (E (v) + (TR? + A-%HRg)2> . (55)
where
Ry = 3 I sy
k=1

(56)

+ 1L = m)r" ([ L2 -

n—1
5= —m)rt o2y +7 )
k=1 L2(Q)

PRl _ ok
()

€ Vlgm) in (B3)), we have

" — ,Un—l
T ——
T

n+1 _ ,Un—l

2T

2

Proof. Taking w =
2

1 (v"“ — v")
g
2T T L2()

,UnJrl o ,Unfl
= <T”, 7) .
2T L2(Q)

‘We observe that

+apc(@" T v™) — apg(v™, v"_1)>
L2(Q)

(57)

ntl o ,Un+1 +Un ,Un-i-l +Un 7_2 ,Un+1 — " ,Un-i-l — "
apc(v"",0") = apc . (58)

9 ) 2 - ZGDG

Hence, we have

n+l __ ,n—1
E™E(0) — E" R (o) = 7 (1", T : (59)
2T
L2(Q)

Using a telescoping sum, we obtain (54)). To obtain the second result, we rewrite the right hand
side of (B9) by

anrl _ vnfl anrl _ vnfl ,UnJrl o ,Unfl
n _ 7 —b n _ 7 I — n _ -
" 27 " 27 =m0 27
L2(Q) L2(Q)
,Un+1 — " " — ,Un—l
b, ———— )+, —— | | +
T T
1 n+1 4
- <(I—ﬂ')r",([—7r) (u» _
T 2
L2(Q)
1 n + n—1
<(I—7T)7°",(I—7r) (%)) .
L2(Q)

N | =

(60)

S|

11



Substituting (60) into (B4) and rearranging the indices, we obtain

n K+l _ ok k_ k-1
En+%(v):E%(v)+z E <b <Tk7u> +b<rk,i>>+
2 T T

n+1 n 1 0
+ +
(I =)y, (I —7) <%>> —<(I—7r)7°1,([—7r) <” 2”)) -
L2(Q) L2(Q)
n—1 k+1 _ .k k+1 4 ok
T ((J_ﬁ) <u),(l—w) (u» :
T 2
k=1 L2(Q)
Using Cauchy-Schwarz inequality and Young’s inequality, we have
Rk
ol
-
k+1 k
+
U <#> R
L2(Q)
(Uk-i-l _ Uk)
|l —
-
2
k+1 k
+
(I —m) <7v 5 v )

L3(Q)

(61)

E"Jr%(v) < E%(v) + max

TR}
0<k<n

L2(Q)

+ max
0<k<n

2

L2(9)

— Inax
8H?2 0<k<n

Using the inequalities (89) and (52]), we obtain the desired result. O

A direct consequence of Lemma [l is the following stability result of the coarse-grid solution.

Theorem 6. With the above assumptions, we have the following stability estimate

n+1 n
Ug —Ung
™
-

To proceed with our convergence analysis, we need to define two operators. The first one is
a solution map Gy, : L?(Q) — V}, defined by: for any g € L?(2), the image Grg € V}, is defined
as

2

2
W W 4y n
+GDG< = > 2 A > 2 < | B2 (uy) + 72 S () 2oy
k=1

(63)

L2(Q)

apc(Grg,w) = (g,w)r2(q) for all w € V4. (64)

Second, we define an elliptic projection Py : V;, — Vlgm) by: for any v € V4, the image Pyv €
V™ is defined as
H
apc(Prv,w) = apg(v,w) for all w € Vf(lm). (65)
The approximation error of the DG elliptic projection depends on the eigenvalue decay in the
local spectral problems and has a first-order convergence in the coarse mesh size H, provided

that the discretization follows certain conditions. The proof is very much similar to [8] and is
omitted.

12



Lemma 7. [§] With the smallest assumptions and the following relation about the size of over-
sampling region as coarse mesh refines

m=0 (log (%)) , (66)

(I = Pr)Ghglla < CA~ZH|\g| 120y for all g € L*(Q). (67)

there holds

It is possible to prove the L? error converges in second order with a duality argument.
Lemma 8. With the above assumptions, there holds
(I = Pr)Grgllr20) < CA_1H2H9”L2(Q) for all g € L*(9). (68)
Proof. For any v € Vj, by Galerkin orthogonality, we have
apc((I — Py)v, PuGp(I — Py)v) = 0. (69)
which implies
I(I = Pu)olZ2(q) = apc(Gr(I = Pu)v, (I — P )v)
=apa((I — Py)GrL(I — Py)v, (I — Py)v)
<2|(I = Pu)Gr(I — Pu)vlla||(I — Pr)vlla
< CATH||(I = Pr)vlla) (7 = Pr)olla,

(70)

where we have applied the result from Lemma [7 with replacing g by (I — Py )v. In other words,
(I — Pr)vll 2y < CAT2H||(I — Py )olla. (71)

Applying the result from Lemma [0 again with v = G} g, we finish our proof. O

Now, with all the tools defined, we are going to estimate the error between the fine-scale
solution u} = up(t,) obtained from solving (Bl and the coarse-scale solutions u}; obtained from
solving (27)). We define the quantities

e =uy —uly,
0" =u'y — Pruyp, (72)
We have the following estimates on the error of the elliptic projection.

Lemma 9. With the above assumptions and assuming f € C*([0,T]; L*(2)), there exists C > 0
such that

0%g
160" 220y < CA™TH? | ||g]| 2 70|55 )
() C([0,T1;L2(2)) O || o tosLo ()
9n+1 — 20" 9n—1 82 64
‘ _ + < CA'H? H—g +r2 || 2 ,
T L2(9) It llo(o,11:22(0) It \lo(o,11:22(0)
P PE
167 — 6| 2y < C7 | AT H? |22 + 2| 22 :
Ot || oo, 1;L2(0) Ot |l co(o,11:22(2))
(73)
82
where g = f — Un

ot? -

13



Proof. First, we observe from the definitions that u}} = G}, (g(-,t,)). By Taylor’s theorem, we
have

69 tn+t 82
wtn 1) = t— —= (-, 5)ds. 74
gt +1) = gt + 15100+ [T (74)
Integrating from ¢t = —7 to t = 7, we have
1 0?%g
+ 75
e e A CRENEACIREY ) W )

The first result follows directly from Lemma [§l For the second result, using Taylor’s theorem
again, we have

ag t2 82 t3 839 tn+t 83 649
1) = = SO+ =St 229 s)ds. (76
ot ) = st + 55 t) + 5 TEC ) + SR + [ T s (7o)
Taking ¢t = 7, we have
629 3 || 0%
o€ tr) = 20C.t0) + 9ty < 72 | G2 1) .
L) ot 2 3 MO i, 1 nir2@)

(77)
62
The second result now follows from Lemma [ and replacing g by a—tg in (78). For the third

result, with the same trick, we obtain

dg
lg(s7) = 9(,0)llpog) < 7 ; (78)
HO =0t oo myie
which implies
0 0?
68 = 620y < CA 17 | 5 - T . )
ot 0% oo rysLe(a))
On the other hand, using Taylor’s theorem on u,, we have
8uh T2 82uh 2 83uh
un(e7) = un(,0) 4 7 (,0) + 5 S 1) /O OB s)ds. (30)

Recalling the definition of u%, u}, € VI({m) and taking an L?(f) inner product with w € V(m)

we observe that

(uh, w) L2(Q) (u, w) L2(Q)°

T2 /93 81)
! (! s (un (
(uh’w)L2(Q) - (quw)L2(Q) +/0 2 < O3 ( aS),w> @) ds.
This yields
1 0 7' 8 Up
e —¢ < —||l—== . (82)
H HLz(Q) 6 ot3 CO([0.T:L2())
The third result then follows from a triangle inequality. O

Now, with all the tools defined, we are going to estimate the distance between the coarse-
solution solution and elliptic projection.

14



Theorem 10. With the above assumptions and assuming f € C([0,T]; H'(2)), we have the
following estimate

2
5n+1 _ 577, 5n+1 577, 5n+1 571
w <7> +apc < ; : 2+ ) < C(ATH? + 7). (83)
T
L2(Q)

Proof. Recalling the definitions (Bl of u; and @) of uy and noting that apg (0™, w) = 0, for
any w € Vf(lm), we have

5n+1 _ 2671 + 671—1
b ( 3 ,w> + apqg (5”,11)) = (’I“n,w)L2(Q), (84)

T

where r™ is given by

gn+1 _9gn 4 gn—1 2 n+1 ) S+ 1
T”_w( . * >+7r<8—1§h(tn,-)— h ”; Y ) (-, (85)
ot T

T

By Lemma [, we have

5n+1 _571 5n+1 571 5n+1 577, . . 2
(EEV e (B o o a-t)
T
2(Q)

2

2 2
L
(86)
where
" ~ OFFL — 208 4 gF—1 0? Uh ub Tt — oy ok
- (5 + 3 o (Gt - OS2 |
T t T
k=1 L2 () L2(Q)
n—1 k+1 k
n __ 1 f f n
5 =T —=m)(f") —) . + I =m) ()2
L2(Q)
(87)
First, by Lemma [I] and Lemma Hl we note that
. 1+ p? 51— 50\ |I? 5+ 607
Ez(0) < ™ ( ) ’ (88)
2 T L2(Q) 2 a
By Lemma[7] and the thired inequality in Lemma [0l we have
E*(8) < C(A'H? + 72). (89)
Next, with the second inequality in Lemma[@] the first term in R} can be estimated by
n 9k+1 _ 29k + ekfl
> < - <COr 'ATHZ (90)
k=1 T L2(Q)
Similarly, we estimate the second term in R} using Taylor’s expansion
- 92 ML ouk 4 o
‘ ( | o1)
- ot T L2() ot o([0,T): L2(Q)
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On the other hand, we estimate the terms in Ry by
1
(I =) () 2y < A 2H|| flloqo.r):m )
n k+1 _ rk a
TZ (I—?T)(u> <C o1
T
k=1

<o|5
Combining all these estimates, we have

)

C([0,T];L2 (%)

L3(Q)

TR + A 2 HRY < C(A™'H? + 12),

which completes the proof.

We complete this section by providing a L? error estimate.

Theorem 11. With the above assumptions, we have the following error estimate

ghtl 4 gk _
— <C(A'H?+77).

max
0<k<Nrp—1 £2(0)

Proof. We denote A™ =757, §*. Using a telescoping sum over (84)), we have

T

sntl _ gn st 50 n
b <7,w) — b( = ,w) +apg (A", w) = T;(rk,w)m(m.

1
Taking w = A"t — An=l = 7(§7+! +67) € Vl(fm), we imply
H7T(5"+1)H%2(Q) - HW((SH)H%?(Q) +apc (An,AnH) —apc (Anfl’An)

—b (51 _ 5075n+1 +5n) +7_2 Z (Tk,5n+1 + 5n)L2(Q

k=1

)
Using another telescoping sum, we have

I7 (" D172 () + ape (A", A™H) — [I7(6)] 720

k
(b (61 =60, 0M 4 67y + 72> (0, 68 5’“)L2(Q)> :

s=1

I
M=

b
Il

1

(97)

We estimate each of the terms of the error identity (@7)). For the second term on left hand side

of @), we have

apc (An,AnJrl)

= i (ape (A" 4+ A" A™H L A™) —ape (A" — AT AL - A™))
. (An+12+ A”7 An+12+ A") B TTEGDG (671, 67+

> 3 [F5EE G 1

o = (e e
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For the last term on left hand side of (@), we proceed with the standard procedure with Cauchy-
Schwarz inequality to see that

17 (6720 = I7(6°) 122 () + b(8" = 0°,0%) +b(8" —&°,6°)
< (@) 22y + 170" = 8 n2(e) (176l z2(0) + [7(0%) 22 @) (99)

< 16°1Z2() + 2110" = 0%l 2o oLnax (0 22 (0)-

Similarly, for the first term on the right hand side of (@), we have

b (0" — 6% 68 +6%) < 216" = 6 2 oJhax [7(8%) | 2 (- (100)
Finally, we estimate the second term on the right hand side of (@) by
n k
Z (r, g 4 6k)L2(Q)
k=1 s=1
<D RY[n(6" + 5k)HL2 ZR2 (I =) (" + %) M2
k=1

(- m) <5k+12+ 5’“)

=2 (Z Ri“) 02125, (7O 2y +2 (Z R2> 02

12(9)

B (101)
Combining these estimates, we infer from (@) that
" An—i—l + A" 2
(1= Py + 5 | =5
< ”60”%2(52) +2 ((n + D[I6" = 6%l L2 + 72 Z RIf) oo ||7T(5k)||L2(ﬂ) (102)
k=1 ==
n Skl L 5k
2| 7° ZR§ max (I—m) (4) .
— 0<k<Np—1 2 L2(Q)
Using Young’s inequality, we have
kY2
OSIE?J%T |7 (6 )HL2(Q)
2 8 Negt N
< 012 Nonllg! — 89 2 k
~1-p 2”5 ||L2(Q) + (1_p2)2 ( T||5 4 HL2(Q) +7 ; Rl (103)
NT 1 k+1 4 sk |12
0 0
+ 4 232 b max (1_@(7*) |
(1— 0<k<Np—1 2 L2(9)
which further implies
g1 4 gk ||
max _
0<k<Np—1 2 L2(Q)
2 8 Nt
ST P 16°01720) + e (NT||51 — 8 o) + 7 Z R’f) (104)
k=1
2
NT 1 k+1 4 sk |2
) 0
+— Z R 42 max (I—m) <7+> ,
(1- 0<k<Nr—1 2 £2(Q)
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From the third inequality of Lemma [ we have
Nr||6" = 6% 12y < C(ATTH? + 72). (105)

Applying the estimates on R¥ and RS in Theorem [I0, we have

Np—1
Y (RF+RE)<C(AT'H? +7%). (106)
k=1

Using ([B9) and the result of Theorem [I0, we have

5k+1 + 51@ P )
max I-m)|—— <C(ATH?+71°). (107)
0<k<Np-—1 2 L2(Q)
Combining these estimates, we have
5k+1 5k
max || 12" < C(16% paoy + A"LH? + 72), (108)
0<k<Nr-1 2 L2(Q)

Using a triangle inequality with 6% = 6% — £°, we have

6k+1 + 5k
2

SC(II€°|L2<Q>+ max HH’“HLZ(Q)+A1H2+72>. (109)
L2(Q)

max
0<k<Nrp—1 0<k<Nr

Using another triangle inequality with e¥ = ¥ — 6%, we have

gkl 4 ok . SE+L 4 gk o
0<kSNr—1 2 = 0<kSNp-1 2 Ton | HLQ(Q)
ks L2() USRENT L2(e) OSFENT (110)
< 0 k 12 4 -2\
< € (I0llm + s, [0 oy + A0 47
Since uY is the L? projection of uY) onto VI({m), we have
€% 22y < 116°]| 2y < CATTH?, (111)

thanks to Lemma [8l The proof is completed by applying the first inequality of Lemma O

5 Numerical results

In this section, we will present numerical examples on the scalar wave equation to demonstrate
the convergence of our proposed method with respect to the coarse mesh size H and the number
of oversampling layers m. We take the bulk modulus on the spatial domain Q = [0, 1] as part of
the Marmousi model as shown in Figure[3l In all the experiments, the IPDG penalty parameter
in @) is set to be v = 4, which is experimentally sufficient for ensuring the coercivity of the
bilinear form apa. The source function f is taken as the Ricker wavelet

t—2/fo

ft,y) = =5 exp (=7 f§ (£ = 2/ fo)*) exp <("” —05)" £y~ 05)

4h?

) for all (¢,x,y) € Qr,

(112)
where the fine grid parameter and the central frequency are chosen as h = 1/256 and f, = 20.
Using the fully discrete scheme, we solve for the numerical solution at the final time 7" = 0.2 with
time step size At = 10~%. We compare the coarse-scale approximation with the fine-grid solution.
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The coarse mesh size varies from H = 1/64 to H = 1/8, and the number of oversampling layers
varies according with m ~ 4log(1/H)/log(1/8). In all these combinations, we use 4 test basis
functions per coarse block to construct the corresponding localized multiscale basis functions.
Table [ records the error of the final solution It can been observed that the method results in
good accuracy and desired convergence in error. Figure [ depicts the numerical solutions by the
fine-scale formulation and the coarse-scale formulation at the final time 7" = 0.2. The comparison
suggests that our new method provides very good accuracy at a reduced computational expense.

30

Figure 3: Marmousi model for Experiment 2.

m H | Energy error L2 error
4 1/8 90.0914% 64.3121%
6 1/16 49.1932% 26.4195%
7
8

1/32 9.9617% 4.4368%
1/64 1.1806% 0.5049%

Table 1: History of convergence for wave propagation in Marmousi model.

100 100

150 150

N7 N7

50 100 150 200 250 50 100 150 200 250

200

250

Figure 4: Plots of numerical solution for Experiment 2. Fine solution (left) and multiscale
solution (right).
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6 Conclusion

In this paper, we present CEM-GMsDGM, a local multiscale model reduction approach in the
discontinuous Galerkin framework for the scalar wave equation. The multiscale trial basis func-
tions are defined in coarse oversampled regions by a constraint energy minimization problem,
which are in general discontinuous on the coarse grid, and coupled by the IPDG formulation
for solving for a coarse-scale approximation. The method is expicit and energy conserving, and
exhibits both coarse-mesh convergence and spectral convergence, provided that the oversampling
size is appropriately chosen. The stability and the convergence of the method is theoretically
analyzed and numerically verified. Numerical results for applying the method on a scalar wave
equation are also presented.
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