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WELL-POSEDNESS OF THE MHD BOUNDARY LAYER SYSTEM IN GEVREY
FUNCTION SPACE WITHOUT STRUCTURAL ASSUMPTION

Wei-Xi Li and Tong Yang

ABSTRACT. We establish the well-posedness of the MHD boundary layer system in Gevrey function space
without any structural assumption. Compared to the classical Prandtl equation, the loss of tangential
derivative comes from both the velocity and magnetic fields that are coupled with each other. By observing
a new type of cancellation mechanism in the system for overcoming the loss derivative degeneracy, we show
that the MHD boundary layer system is well-posed with Gevrey index up to 3/2 in both two and three
dimensional spaces.

1. Introduction

Magnetohydrodynamic (MHD) is concerned with the motion of conducting fluid under the influence of the
self-induced magentic field. In the incompressible framework, the governing equations are

1
8tu+(u'V)u—(B-V)B—FVP—%Au:O,

8tB—Vx(uxB)—$AB:0, (11)

V-u=V.-B=0,

uli=0 = uo, Bli=o = B,
where Re and Rm stand for the hydrodynamic and magnetic Reynolds numbers, respectively. The MHD
system is well-explored when the fluid region is the whole space, seeing for instance the survey paper [25] and
the references therein. Here we assume that the fluid is in the half-space Ri = {(:El, s ) ERY |3y > O}

with d = 2 or d = 3, and the system ([.)) is equipped with the no-slip boundary condition on the velocity
field and perfectly conducting boundary condition on the magnetic field, that is,

u|1d:0 =0, (aIcha Bzd)|zd:O =0,

where By, B,, represent the tangential and normal components of B, respectively. In this work we will
investigate the well-posedness of the MHD boundary layer system derived from the high Reynolds numbers
limit of the MHD system (ILTI)). More precisely, when the hydrodynamic and magnetic Reynolds numbers
are of the same order, i.e., 1/Re = ve and 1/Rm = pe for e < 1, the following MHD boundary layer system
was derived in [31] (cf. the work [6] for the derivation with the insulating boundary condition on magnetic
field):

(0 + -V —v02)up — (F ) fn+Vap =0,

Oif =V x (il x ) = pd2f =0,
div @ =div f =0, (1.2)
ﬁ|z:0 = (athafz)|z:0 =0, (uhv fh)lz—H-OO = (UaF)v

Uh|t:0 = Uh,0, fh|t:0 = fh,07
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where z;, € R is the tangential component of (z,z) € R and we use the notation V = (V,,d,) with
Vi =0, = (0, 04, ), and denote by @ = (up,u.) and f = (fu, f-) the velocity and magnetic fields
respectively, with the tangential components uy, f;, and the normal components u,, f,. Here p, U and F
are given functions in (¢, xp,) variables satisfying the Bernoulli’s law

U + (U . Vh)U — (F . Vh)F + Vhp =0,
8F + (U -V)F — (F-V,)U = 0.

In view of the divergence free and boundary conditions we can write the normal components u, and f, as
4 z
uz(taxhaz): _/ Vh"U,h(t,fL'h,g)dg, fz(t,fEh,Z) = _/ vh'fh(tuxhag)dg'
0 0

Thus the MHD boundary layer system ([2)) is a degenerate system with the loss of tangential derivatives
in f. and u. as non-local terms. Note the equation for f, in (LZ) is just an immediate consequence of
those for fp,, in view of the representation of f, given above. The degeneracy coupled with the non-local
property is the main difficulty in studying the well-posedness of this system.

In the absence of magnetic field, the MHD system is reduced to the classical incompressible Navier-
Stokes equations, and the corresponding boundary layer system (L2) is the classical Prandtl equation
derived by Prandtl in 1904. The mathematical study on the Prandtl boundary layer has a long history,
and there have been extensive works concerning its well/ill-posedness theories. So far the two-dimensional
(2D) Prandtl equation is well-explored in various function spaces, see e.g. [THAL7LI3LI5L18H20122132L42H44]
and the references therein. Among these works we can see that there are basically two main settings based
on whether or not the structural assumption is imposed. One refers to Oleinik’s monotonicity condition
and another one to the analytic or Gevrey class. Under Oleinik’s monotonicity, the well-posedness in
function space with finite order of regularity was firstly achieved by Oleinik (see e.g. [37]) by using the
Crocco transformation, and was recently proved by two research groups [1,B5] independently with new
understanding on cancellation mechanism through energy method. Hence, the loss of one order tangential
derivative can be overcome by using either Crocco transformation or cancellation mechanism with the
monotonicity condition.

Without any structural assumption, it is natural to introduce the analytic function space to overcome the
loss of one order derivative by shrinking the radius of analyticity in time, cf. [39] and the later improvement
in [I9/82] that hold in both 2D and 3D. Recently some new idea of cancellation was observed in [3] to
establish the well-posedness in Gevrey function space with index up to 2 rather than in analytic setting for
the 2D Prandtl equation. Compared to the 2D case, much less is known for 3D Prandtl equation outside the
analytic framework. Here, we refer to [28] for the existence of classical solutions based on some structural
assumption such that the secondary flow does not appear, and the work [33] about the wild solution to this
system. Recently, the well-posedness in Gevrey space with the Gevrey index up to 2 was obtained in [21]
for 3D Prandtl equations without any structural assumption, inspired by the work [3] for 2D. Note that
the Gevrey index 2 in [3l21] is optimal in view of the ill-posedness theory in [7127].

Finally, let us also mention the work [42] on the global existence of weak solutions under an additional
favorable pressure condition and the work [38] on the existence of global solutions in analytic function
space for small initial data. All these results are in fact related to the high Reynolds number limit for the
purely hydrodynamic flow with physical boundary conditions, and to show that the Navier-Stokes equations
can be approximaged by the Euler equation away from boundary and by the Prandtl equation near the
boundary. The mathematically rigorous justification of the limit was obtained by [40,[41] in the analytic
function space without any structural assumption. And there is a significant improvement to the Gevrey
setting in [9[10] with some kind of concave condition on the Prandtl boundary layer profile. If the initial
vorticity is supported away from the boundary then the limit in L° norm was established in [34] and [5]
respectively for 2D and 3D cases. The aforementioned works on the inviscid limit are concerned with the
time dependent problem. On the other hand, for steady flow we refer to [S8|ITLT2|T4LI6L17] and references
therein for the study of the inviscid limit in Sobolev or L setting.
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Back to MHD system, we have new difficulty caused by the additional loss of tangential derivative in
the magnetic field. With some structural condition, the stabilizing effect of magnetic field on the boundary
layer has been observed, see e.g. [0126130,31]. Precisely, under the assumption on the non-degenerate
tangential magnetic field, the well-posedness of MHD boundary layer in Sobolev space together with the
justification of the high Reynolds numbers limit were obtained in [30,[31] without Oleinik’s monotonicity
condition on the velocity field. On the other hand, the magnetic field may act as a destabilizing factor
and lead to the boundary layer separation, cf. [36] . Inspired by the well-posedness theory established
in [3l21] for the Prandtl equation, this paper aims to investigate the well-posedness of the MHD boundary
layer without any structural assumption in the Gevrey function space. For this, we need to explore other
intrinsic cancellation mechanism to overcome the additional loss of tangential derivative in the magnetic
field coupled with the velocity field.

To simply the argument we will assume without loss of generality that (U, F') = 0 in the system (L2)
because the result holds in the general case if we use some kind of the non-trivial weighted functions similar
to those used in [3] for Prandtl equation. Hence, we consider

(0 +@-V —vd)up — (f-V)fa =0,

O f =V x (i@ x f) = pd2f =0,

div @ = div f =0, (1.3)
Ul=0 = (O:fns f2)lz=0 = 0, (un, fa)l:o+400 = 0,

Unplt=0 = Un,0, falt=0 = fn,o-

For clear presentation, let us first introduce the Gevrey function spaces used in this paper.

Definition 1.1. Let £ > 1 be a given number. With a given integer N > 0 and a pair (p,0), p > 0 and
o > 1, a Banach space X, , v consists of all smooth vector-valued functions A = A(xy, z) with (z, 2) € Ri

such that the Gevrey norm || Al|, o n < +00, where || - [|p,0,n5 is defined below. Denote 9%, = 997 - -+ Opi~}
and define
A e 4 g ol A 43 g ol A
|l = sup o | (207 05,02 A oy + sup [[(2)7 05, 024 o
la|+5>7 [a]+5<6

where (z) = (1 + |2)*)Y/2 and

def 1/2
Il oy 2 (0 145035

1<j<k
for A= (A, -+, Ag). Here, o is the Gevrey index.

And the main theorem in this paper can be stated as follows.

Theorem 1.2. Let the dimension d = 2 or 3. Suppose the initial data (upo, fro) in the system ([L3)
belong to Xap,.0,8 for some 1 < o < 3/2 and some 0 < py < 1, compatible with the boundary condition.
Then the system ([3) admits a unique solution (up, fn) € L>=([0,T); Xp04) for some T > 0 and some
0<p<2po.

Note that the instability result in [29] suggests o = 2 may be the optimal Gevrey index for the well-
posedness theory of the MHD boundary layer without structural assumption similar to the classical Prandt
equation. Hence, it remains an interesting problem to establish a well-posedness theory in Gevrey function
space with optimal index.

The rest of the paper is organized as follows. For clear presentation, we will prove in Section 2] the
well-posedness of the 2D MHD boundary layer system. The discussion on 3D MHD will be given in Section
Bl by pointing out the difference.
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2. 2D MHD boundary layer

For the 2D MHD boundary layer system, we will use (u,w) and (f, k) to denote the velocity and magnetic
fields respectively, and denote by (z,z) € Ri the spatial variable. Then the MHD boundary layer system

@T3) is
(8t + udy + wd, — V@f)u —(fO+ho.)f=0
Ouf + 0. (wf —uh) — pdf = 0,
Oth — Oy (wf — uh) — pd*h = 0,
with the divergence free and initial-boundary conditions
Oru+ 0w =0, f +0.h=0,
(u, w)|z=0 = (921, h)|z=0 = (0,0),  (u, f)|:+00 = (0,0), (2.1)
(u, f)lt=0 = (uo, fo)-
By (1)), we can rewrite (L3]) as
((% + u0, + wd, — uaf)u =&,
(8t + w0y + w0, — ,u(?f)f =1, (2.2)
(8t + ud, + wd, — ,u(?f)h = fO,w — hoyu,

where

€= (f0, +hd.)f, n=(f0s + hd.)u. (2.3)

w(t,x, z) /aut:rz h(t,x, z) /8ft:1:z

We remark that the equation for h in ([22) can be derived from the one for f and the main difficulty in
analysis is the loss of z-derivatives in the two terms w and h.
The existence and uniqueness theory for (2Z22]) can be stated as follows.

Note

Theorem 2.1. Suppose (uo, fo) € Xopy,08 for some 1 < o < 3/2 and 0 < pg < 1, compatible with the
boundary condition in @2I0). Then the system 22l with the condition RII), admits a unique solution
(u, f) € L>=([0,T]; Xp04) for some T >0 and some 0 < p < 2py.

The main part of the proof of Theorem 2.1l will be given in Subsections 2.2H2.7 for proving the a priori
estimate stated in Subsection P11

Notations. Throughout this section we will use || - |2 and (-, -);. to denote the norm and inner product
of L? = L*(R?), and use the notations | - lL2(r,) and (-, -)L2(Rz) when the variable is specified. Similar
notations will be used for L. Moreover, we use LP(L%) = LP (R; LY(R,.)) for the classical Sobolev space.

2.1. A priori estimate

Let (u, f) € L>®([0,T]; Xp,,0,4) be a solution to the boundary layer system ([2.2) with initial datum
(uo, fo) € Xopg.o8 for some 0 < pp < 1 and 1 < o < 3/2, recalling X, , n is the Gevrey function
space given in Definition [Tl Moreover, suppose (9ju,d;f) € L™= ([0,T]; X,y,5,4—i) for each i < 4. This
subsection together with the following Subsections aim to close the a priori estimate on u and f.
For this, we first introduce some auxiliary functions defined below. Some of these functions were given
in [21] for the study on Prandtl equation inspired by the work [3].
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Let U be a solution to the linear initial-boundary problem

(8t + ud; +wo, — V@f) / Uudz = —o,w,
0 (2.4)
u|t:0 = 0; 8zZ/{|z:O = u|z~>+oo = 0;

where [ UdzZ = [ U(t,x,Z)dz. In addition, we define

A = Oyu— (9.u) / Udz, 6= 0,f —(0.f) / Udz. (2.5)
0 0

Note the existence of solution to the initial-boundary problem (2] follows from the standard parabolic
theory. With these functions and &, 7 defined in (23)), set

a= (uufuua)\uéagun)'

And then we define the following Gevrey norm on d.

Definition 2.2. Let @ be given above, define

T giom el oiom el i
i = su _ || e + |01 F| ) 4 sup ——|diomU
o= s o (00Ol 00RO 1) + s L oo
m—+i+j>7 m+i>6
o 1/2)| 5i 1/2) 5i
+ su ,—(m Q0™ || 12 + m1/2||0iams )
igE) [(m—l—z—ﬁ)!]" || t HL2 || t ”L2
m+1>6
b sy 2 (] (o) 30+ ] () Ofer e
i< [(m+i—6)l7
m+i>6
+ sup (10,07 0ull 2 + (100701 f|l2) + sup (007U 2
i+j<4 i<4
m+i+35<6 m+i<5
i qm i am L aiagm £ i am
+ sup (/10,07 M2 + 10,078 L2 + || ()" 9,07l > + || ()" 9,0l =),
i<4
m+1<5

(2.6)
where the number ¢ is given in Definition [T}

Remark 2.3. Note that we have different powers of m for the L? norms of the m!" order derivatives
oU, 0" X and 9'¢. This is motivated by the following relations between these functions:

((% + ud, + wd, — V@f)u = 0z + Lo.t.,
((% + ud, + wd, — V@f)/\ = 0;£ + Lo.t.,
where l.o.t. refers to lower order terms. Formally, there is one order derivative loss in both equations of
@). However, if £ can be estimated, then we lose only 2/3 order rather than one order derivative by

treating A and £ as —1/3 and —2/3 order derivatives of ¢/. This corresponds to the different powers of m
before these auxiliary functions in the definition (Z4]).

(2.7)

Remark 2.4. As in [2I] the auxiliary function U is used to overcome the loss of derivatives in w. And to
overcome the loss of derivative in h, we observe a new cancellation mechanism for the magnetic convection
term & = (f0, + hO,)f and this enables us to close the a priori estimate.

Now we state the main result concerning the a priori estimate. Without loss of generality we only
consider the case when the Gevrey index ¢ = 3/2, and the argument works with slight modification for
1 <o < 3/2 (see Subsection 2.§).

Assumption 2.5. Let X,, be the Gevrey function space given in Definition [L1 Suppose (u, f) €
L>([0,T]; X,9,0,4) with some 0 < po < 1 and o0 = 3/2 is a solution to the boundary layer system ([2.2)
equipped with the condition [21I), where the initial datum (uo, fo) € Xopy.0,8. Without loss of generality
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we may assume T < 1. Moreover, we suppose (Oju,d;f) € L™= ([0,T); Xpy,0,4a—i) for 1 <i < 4 and there
exists a constant C, such that, for any t € [0,T],
sup (|| () gjokolu(t)| . + || () diokols (1)) ) < C., (2.8)

i+j<4
k+i+5<10

where the constant Cy > 1 depends only on ||(wo, fo)l2p0,0.8, the Sobolev embedding constants and the
numbers po, o, L that are given in Definition [L1]

Theorem 2.6. Let |dl|, , be given in Z8). Under Assumption[Z3, there exist two constants C1,Co > 1,
such that for any pair (p, p) with 0 < p < p < po, the following estimate

- 2
@) 5 <Ci (w0, f)ll5pg,0.8 + 1105 f0)ll5p9,0,8)

¢ ta(s)|
+ec2c§</ (652 +laes) )ds—|—/ ~7p’ads)
; a(s)l, , +1a(s)l, i

holds for any t € [0,T], where the constants Cy1 and Cy depend only on the Sobolev embedding constants
and the numbers po, o, given in Definition 11l Both Cy and Co are independent of the constant C, given

The rest of this section devotes to the proof of this a priori estimate. We will proceed in the following
Subsections Z2H2.7 to derive the estimates on the terms involved in the definition (28] of |a], , .
To simplify the notation, from now on the capital letter C' denotes some generic constant that may vary

(2.9)

from line to line that depends only on the Sobolev embedding constants and the numbers pg, o, ¢ given in
Definition [T but is independent of the constant C., in (28)) and the order of differentiation denoted by m.

2.2. Tangential derivatives of U

For the tangential derivatives of U defined in (24]), we have the following estimate.

Proposition 2.7. Under Assumption[2Z.8 we have, for any t € [0,T] and for any pair (p,p) with 0 < p <
p~ < po < 1)

2(m—6) |a

t t13(s)|?
oruols+sw ooz < co. ([ (ol Haw,) s+ | (—)'pd)
m< 0 0 -

sup =
0

o o — oy |
where Cy > 1 is the constant given in (2.8]).

Proof. We apply 0, to ([24]) and then use the representation (Z3]) of A to get
(O + udy + wd. — vIZ)U = O\ + ((%cazu)/ Udz + (Ozu)lU.
0

Then applying 0) to the above equation yields
(O + w0y + w0, —v2)OrU = IFTIN=D (m> [(a;u)ay—j+1u + (a;w)agl—jazu}
J
j=1

o [(awazu) /0 “udz + ((%u)u} .
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We take the scalar product with 92"/ on the both sides of this equation. Since U|;—g = 0.U|.—o = 0, it
holds

1 t t
Sloruolz +v [ o.oru) fads = [ (omtia opu) s
2 0 0 L2

- /O t (i (Tjn) [(%u)@;”‘”lM + (a;w)ag@—jazu}, 6;”1/{)L2ds (2.10)

j=1

+ /O t (o[ (@ 0-) /0 Zuczz+(axu)u}, opu) s

It remains to derive the upper bound for the terms on the right side in the above equation. From definition
2) of |al, ,, it follows that, for any 0 < r < pg and any j > 6,

(G =617

10324 22 + 512 (192l 2 + 119461 .2) < oo ldlo-

(2.11)

When o = 3/2, we have

[ o amu)md3<h/ et m =5 [m =) o

o pm=5)  m—6)

<C

[(m 6 20’ ma 1/2(
p* p

m620|
SC mﬁ)/pp’

where in the last inequality we have used the fact that for any integer & > 1 and for any pair (p, p) with

2(m—6)
) jd(s)[2, ds

O0<p<p<l,
k k
k 1
e(2) <2(2) =55 (212)
p p\p p—0p
On the other hand, the following two estimates are proved respectively in Lemma 3.3 and Lemma 3.4
in [21]:
+ m
- / ( 3 (m> [(a;u)a;n—j“u+ (agw)a;”—jazu}, a;nu) ds
0 Mo J L2
v am [(m—6)1 ("
s—/uaauﬁmwwhjmgr-/<mw|-H<ngws
2 Jo 0
20’ |a
p7
S Gy LT
and

t z
/ (f%”{(&aw) / u¢z+(azu)u},aglu) ds
0 0 L2
v [t m—6)2 [t .
<§/0 |\aza;”u||%2ds+07[( pQ(m)Gl /0 (la(s)[> 5 + la(s)]; , )ds,

with C > 1 the constant in (28). Then we combine the above inequalities with (ZI0) to obtain, for any
m > 6
2(m—6)

t t | = 2

p m 9 N2 S\ (4 |a’(s)|ﬁ7o'
———— |0 U(t 2§C/ a(s)|, , + ld(s Uds—i—CC*/ —ds.

e < ¢ [ a1k, +lao,) [

The estimate for m < 5 is straightforward. Thus the proof of Proposition 2.7 is completed. O
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2.3. Tangential derivatives of v and f

For the tangential derivatives of u, f, we have the following estimate.

Proposition 2.8. Under Assumption[Z3], for any t € [0,T] and any pair (p,p) with 0 < p < p < po < 1,
we have

2(m—T1T) Z
Sg;m” (z)" O u(t )||L2+Sup Il (= > u(t)]|7
p2(m 7) - -
+§gﬁ/ (2} 0.0mu(s) |2ads + sup/ I ()" 0.0mu(s) || 22ds

< C|(uo,fo)llipo,ngCf(/ot (la(s)l2 , +la( / s )

where C, > 1 is the constant given in (2.8]). Similarly, the same upper bound holds when 0w is replaced
by 07" f.

Proof. Applying 97" to the first equation in ([Z2]) gives
(0 + 0y + w0, — v02) I u = —(O0'w)D.u + O+ Fry (2.13)
with . .
F =— (m> (@lu)or =ity — Y <m) (89 w) ™99, u.
= \J = \J

1
On the other hand, applying (9,u)0m ! to ([Z4) yields

(0 + ud, + wd. — v07)(0:u) / O Udz = — (0T w)0u + Ly, + (0.€) / om—uYdz (2.14)
0 0
with )
Ly =—(0:u) Y (mj_ 1) {((%u) / o Udz + (a;w)a;”**ju} — 20(02u)0 U,
=1 0

Subtract the equation ZI4) by ([2I3) to eliminate the highest order term (97'w)d,u and this gives the
equation for

U Oy (azu)/ o™ Udz. (2.15)
0
That is,
(004 10+ w0, — V) = O+ Foy = L = (0:6) [ 0w,
0
and thus
(00 0+ wd. — v02) () o = (2} O — (2 (0:6) | O uda
0

+(2) o = (2)" Lon + w(0: (2) Yom = (92 (2) o — 20(0: (2)")0:tprm-

Then we take the scalar product with <z>£ 1, on both sides of the above equation and observe <z> Ui |z=0 =
0, to obtain

S PO+ [ 061 B ot = S1 @ DOl + [ () 0TE (0 s
- [ (@00 [Tor-tuz, @ vn) s+ [ (0 Fam (3 Lo () 00) a5 (210

[ (100 ) Wi = 1102 ) Wi = 2002 (29000 () i)

L2
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As for the first term on the right side, since (2)’ 1, |i—o = (2)" @™ug, we have

m m — T)]%
161 6O < S o0 < L2 i ) o

The upper bound for the last three terms on the right side of ([2I6]) was obtained in [21I] (see the proof
of 21, Lemma 4.2]); that is,

t
/ ( () Fpy = (2) Lpn, ()" ¢m> ds
0 L2
t
b [ (00 ) = 1102 (2 Yo — 2000 (510t () )
0
— )% t t |EL(5)|2~
< 3 [(m — 2 - 4 P,
<ol (@65, + i, ) ds+ [ =—0ds ).
We omit the detail and refer to the argument in [2I] Lemma 4.2]. It remains to estimate the second and

third terms on the right of (ZI6). From the definition of |dl, it follows that, for any 0 < r < py and any
J=T,

: e .
2 ullza + 11 ) 04 f e < oW gy, 2.17)
and
I 4 ClG—6)°
[ o]y, < oz < SO (2.18)

Then we use the definition (ZI5) of ¢, and the condition (Z8)) to obtain, for any 0 < r < py and any
m>7,

m o m—T17
1) Ulee < 112) Ol s+ OC o < 00 LD (219)
Moreover, note that
. . ; . ; i —6)!7
VO<r <o, W56, () oleles 4+l ) Onlie < U gy (220)

from the definition of |@], ,. The above two inequalities give

[ (@roreeton) o< co. [ DRESERCTL o, o

[(m —7))% [ la(s )i,g
< CC, ) /0 ds,

(m7

where in the last inequality we have used (ZI2)) and o = 3/2. Finally, using (ZI8) and the condition (2:])
we have by recalling £ = (f0, + ho.)[f that

|2 (0:€) /0 om=1udz||

< (2) 0.(f0, + hoz)

(z)7" /0 O UAE oy < CC [(m

pm,7 |a|p,a' :

This with (ZI9) yields

[ (oo [(oru @) as < oD [ a,
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Putting the above inequalities into ([2.10) gives

7)1
I O+ [ 10:(62) v ot < L D, )l

lm =TI (1 JLOl®
+ocBZD ([ (ol + o, s+ [ S22as). (22

Note that
0 am ¢ 2 ‘ % 1y =112 ¢ —
1=)" 05 ullze < 2| (2)" Yol + 2]| (2) (3zU)/ 07 Uz, < 20 (2) Ymll7e + CCZIOT U
0
due to the definition 2I3]) of ¢,,. Hence, the two above estimates together with Proposition 7] give

m — 7?7
1 araie < 22D o Al

slm =D ([T e tla(s)l5,
+CC* p2(m77) <~/O ( |a(8)|p,o + |a’(8)|p,o )dS + ~/O ~ P dS) .

b—
Similarly,

/ | (2 0,0 ull3ds < / 10 ((2)" 0u) [3eds + C / | () O3 ds

<2 [ 10:((" ) s + 02 / (e <z>fa$u||i2)ds

m—T7)!]

_ m — 7)]%° ¢
S2%”(”0,]”0)”%%0+CCEKPQ(+)7'1</O (a2, + lats) /' “ds)

where in the last inequality we have used (ZZI) and the estimates (ZI7)-(ZI8). Then we obtain the
estimate on 07w when m > 7, and the estimate for m < 6 is straightforward. It remains to estimate 9" f.
For this, consider

om = O — (8f) / o udz,
0

which satisfies 9, |.—0 = 0 and solves

(0 + w0y + w0, — pd2)om = (—v)(0:.£)0:00 U+ T+ Fyp, — Lin
—[0:n = (0:u) s f + (0. f)Opu] / om—Yaz, (2.22)
0
where
m m—1
oo ()t s
Jj=1 j=1
and
m—1 m— 1 z
——.n > (") [0k [ oruaz + @iwor—u] - ueznor-u.
° J 0
Jj=1
Observe

(0 =) @:902.00 0, () om) |, < 5110-(4 o) [0 + €C2 (105212 + 11 (=) om3:)

and the other terms on the right side of ([222]) can be treated similarly as for 97'u. Then the estimate
@21)) also holds with ,, replaced by ¢,,. The proof of the proposition is completed. O
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2.4. Tangential derivatives of ¢ and 7

We now turn to estimate the tangential derivatives of ¢ and 7 which are defined in ([23)), that is, £ =
fOrf+ hO.f and n = fO,u + ho,u.

Proposition 2.9. Under Assumption[2Z.8 we have, for any t € [0,T] and for any pair (p,p) with 0 < p <
p~ <po < 1)

2(m—6)

sup P
m>6 [(m — 6)!]*7

N . tlas)2,
sC(||<uo,fo>|%,,o,g,8+||<uo,fo>||3p0,g,8)+ecc*( / (1a@(s)l; o + la(s)ly,, ) ds + / - ds)

where C, > 1 is the constant given in (Z8).

m? (1076172 + 105" n()]172) + sup (loze@)1Z2 + loFn()]72)

The proof relies on a newly observed cancellation property of £ and 7. Precisely, we use the equations
in (22) for u, f and h, to derive the equations for n and &:

(O + udy + w8, —v02)y = (fO,+ hd.)E+ 2u[(8zf)8z2u —(0.1)0,0.u]
+(p = ) [(0:u)02 f — (0:u) 8, 0. f],
and
(0 + uby + w0 — pd2)E = (f0y + h02)n + 2u[(0x )2 f — (9= )20 f],

where the loss of tangential derivative term 0,w is cancelled. Now we apply <z>€ 0" to the above equations
for £ and 7 to get

{ (8t + udy + wo, — m’)f) (z}lZ o'n = (fO, + ho.) <z>l O+ Py, (2.23)
(B + udy + w0, — pd?) ()" € = (f0, + h2) (2)' O + Qs '
where
@S (M) lwnartie + @iy o.g] - () > () [@zor =ty + @ujor—o.n
+ 20 (2)° O [(00 )01 — (0:£)0u0:ut] + (1 — v) (2)" O [(Ba)O2f — (0:1) 0 f]
w(; (2))0n — 20(0. (2))0. 00" — (02 (2))0rn — h(D- (2)")dLe,
and

an =Yy () (@2nsoz—+n+ @iy —0.0] - (2 > (") [@mor =i+ @woro.¢

20 () O [(Dn )OS — (8. £)000. f] + w (0. (2)")oe
—2u(8: (2)")0.00€ — (92 (2)") A — h(D- ().

Now we take the inner product with m? (z)* 9™y for the first equation in (Z2Z3) and with m? (z)* 9m¢ for
the second one, and then take summation. Since 9.¢|.—o = 17|.—0 = 0 and the first terms on the right side
of (I223I) are cancelled by symmetry as well as divergence free condition, we have

(||< om0+ 11 e @) +om? [ 10-(( ) s + o [ 10212 011 s

t
= I (1 OO s + 1| () OPEO) 2 +m? / (P (21030 s+ 0 [ @ (21 0) 20
(2.24)
The following lemmas are about the estimation on the terms in above equality.



12 W.-X. LI AND T. YANG

Lemma 2.10. Under Assumption[2.0 we have, for any t € [0,T] and for any pair (p,p) with 0 < p < p <

Po S 17
we [0 5 (T)@norie @) o), as

1<j<m

6)!1]27 tld(s 2*0
SC[(miﬁ(/| pads—|—02/ | ()|p’ ds>.
p2(m=6) o P—p
Proof. Firstly, note that

mZ (?) (=) (02 £)om =T 2

[m/2]

. i m . i
<m 3 (7 )10astmt @ oviglus e m 3> (7104l 0 el
- J
j=[m/2]+1
(2.25)
where [p] denotes the largest integer less than or equal to p. By the following Sobolev embedding inequalities

1Fllz @ < VE(IFllLz + 10:F 122 ).
1Bl < 2(1F ]+ [0 Fl e + 18-l 2 + 10:0-F1]12),
and the estimates (ZI7)-(220) as well as [2.8), we have
[m/2]
m Z ( >||<9Jf||L°o|< ) oI

[m/2]

§sz

m! (=547 1 [(m—j—5)!]"|4|2

2o im=—q g m-j s e
! 1 —7=5)°
+OCm Y _[(mNm{.%)] ., (2.26)
Sz M m=)tm =g pm ’
Direct calculation shows
1 —j—5)° —6)1°
- Z ; [(m~ j_‘_5)] ., Scm%mﬁo
1<5<4 7 m=glm=j  pm 7 P 7
Moreover, by using m/(m — j) < C for j < [m/2], we have
[m/2] o . o
m Z (=541 1 [(m—j—5) @
=8 Pt ome—yg o pmiTh ne
_2 [m/2] , o , o
< s §2 G 51 m —j 17
= O 2 o m— 37
@2, "2 = 6)imS [(m — 6))°~" _ [(m—6)) s
< Cpmfﬁ Z j mo ma(e—1) <C pmfﬁ |a|ﬂyo7

j=5
where in the last inequality we have used o = 3/2. Combining the above inequalities with ([226) gives
[m/2]

Y ( )Haﬂfum () oI e < CWP;J a2, + ccm M 5

6

b
c:
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Similarly, recalling & = f0,f + h0, f, we have

m m ‘ -
mo Y <j)|a;f|Lg<Lgo>|<z>fax ] 12,
j=[m/2]+1

m—4

S LG S L

— )1 —6 _ a4 m—j—4 p,o
imimTa JHm opl m—j  pm
2 - m! (G —6)1]7 .
+ CC*mJ ;_3 ]'(m _])[ [)jft} |a|pqa'
[(m —6)!)° [(m—-6)1)7 .
<C = |d | +CC?*m s |a|ﬁ)a
Putting these inequalities into (Z28]) gives
6)!17 m—6)1]7
mz (") @inoreiels < A g v coml 2, o )
This with 220) gives
we [0 S (7)@norie = o) as
J L
1<j<m
¢ m . .
< /0 mz <j)| () OLNOE e 2 x (mll () 92l 12 ) ds
om — 6y Jm =) o
S CW | po’d +OC W o mp~2(m_6) |a(s)|ﬁ7g dS
N
[(m— . (/ N 3 2/t |a(8)|ﬁo’ )
gCi as)|, ,ds+C; —+—ds |,
Lo ([ v, =
where in the last inequality we have used (ZI2). The proof of the lemma is completed. O

Lemma 2.11. Under Assumption[2Z3 we have, for any t € [0,T] and for any pair (p,p) with 0 < p < p <
Po S 17

we [ S () @moyone. () o) s

1<j<m

! — 612 [t/ .
<twt [ iwaz(<z>fa$n)\yi2ds+c% | (i), + ) ds

20’ |a ~
2 p
socalm O [0

Proof. Tt follows from integration by parts that

4
m / @) (@ h)ami0.¢, (2)" a;nn) s < ; i (2.28)

1<j<m
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with

o= [0 (MY @imaro.glee = (ml () o lse) s

tm—
JQ = m/

0 -

t
J3 = m/

0

1= o [ (M) oimar e < (ml ) o) .

()10 @) el < (mlo. (2 o)) .

e @ nozel x () o) .

Note that [|[@Jwl|Le < C| (z)* dIt ul| g2 for £ > 1/2, and similar estimate holds for d7h. Then it follows
from [2I7) and (Z8)) that, for any 0 < r < po,

G=6 . .
_ . - l,,, it j=>6,
100wl g2y + [0h ] paguay < 4 © 7G0T 1
C|@'|T70, if 7 <5.

Thus as for the proof of (Z27)), when o = 3/2, we have

2 (m 0/ ; X m ¢ ; [(m—6)!7 _o

X (MY @merele s m Y- ()16 @ noriel < M a
j=1 =1

Thus, by ([2.20), we have

t _ 1120 t
Jo+ gt do< g [ o (@) opn)|faas + ABZ B [ (), +la)l, ) ds
0 0

p2(m—6) P, po

Finally, by ([2.8) and 220), direct calculation gives

_avze ot 1g(s)?
< cceln O / W)y,
pAm=6Jo p—p

Combining the above estimates with (2:28) completes the proof of the lemma. O

Lemma 2.12. Under Assumption[2Z3 we have, for any t € [0,T] and for any pair (p,p) with 0 < p < p <
Po S 17

_m2/0t(<z>e Z

1<j<m

(Zl) (@30 =1 + (Dw)0y 0], ()" O'm)  ds

t 20 t
v ¢ qm 1|2 [(m —6)!] IVENE: VNV
= 6m2/0 1= ((2)" 07 n) || 2ds + C p2(m=6) /0 (|a(s)|pyo + |a(8)|p70> ds

~N2
2 [(m —6)> " 1a(s)l50
+ CC; P ——ds.
o P—P

We omit the proof of this lemma because it is almost the same as those for Lemmas 210 and 2-TT1
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Lemma 2.13. Under Assumption[2.0 we have, for any t € [0,T] and for any pair (p,p) with 0 < p < p <
Po < 17

2um? / Voo [(0s £)0%u — (02 f)Dad], <z>fa;”n)L2ds
- v)m / [(0e0)02F — (0:0)0,0.], ()" O'n)  ds
< fm / [0-((2)" 220) +c%||<w,fo>nzw

+e“37“”;(‘m6)6'} ([ (g, + o)+ [ 575a)

Proof. By the definition (Z3]) of A and d, we can derive

@002~ 00000 = (5+(.1) [ “dz) 02— (0.9 (A + (0.) / “uaz)
502U — (0. F)0A — (D 1) Ol

Thus
4
2um? / [(8,.)0%u — (8. £)D,0.u], (2)" agln) ds <Y K, (2.29)
L2 =
with
t
K=o [ Y (“f‘)(<z>f (O16)07I0%u, () o) ds,
0 0<]<4 J L

2 = 2um? / () VY (816)0m 0%l 2| (=) | e,

= —2um? / (8. £)D:A], <z>fa;nn)mds,

Ky =2vm? / H 8m[(8 £)(0:u) ]HL2|| 8;”77||L2ds.

To estimate K;,1 < j <4, we need the following estimates from [2I, Lemma 5.2]:

Vte[0,T], > [ /ak tdz|| . + > [0k, < e, (2.30)
k<9 k+j5<8
0<5<2
and
Ve[0T, Y [|0FIA®)] e < O, (2.31)
0272

where C, > 1 is the constant in (Z8). Then by (230), @II), @I1) and 220) as well as ([2-])), following

the proof for Lemma 210, we obtain

o t a 2~
Kot o < O o vt pas+ [ 500 e
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As for K3, we first write it as

K3 < 2um? (m) (=) (820.£)0 I\ 12| 0= ((2)" 8 m) || . ds
0 O<]<m 5 J

+ 2um? (m> ()" (D202 £)Om I 12| ()" O] eds
0 g<jcm—s \J
2 t m YA ; i 4
+ 20m ( ,)n@ (2))(020: )OI 2| (=) O p2dls
0 g<jcm—s \J

t m ) -
+ 2vm” > ( .)H ()" (010-1)O7 0.\ 2| (2)" Ol 2.

t
v ¢ gmoy |12
< gm [ o () o) s

~0 N2
cc? [(m — 6)1]* b3 N ! |a(3)|ﬁ,o
T e pQ(mfﬁ) 0 (|a’(s)|p,o’ + |0:(S)|p7o_ )dS + 0 ﬁ S -ds |. (233)
It remains to estimate K. Again note that

K < 2vm? ( ) | <Z>€ (8%6)8;”_jazu|\m”8z( <Z>€ a;”n)des

0 0<J<4

T oum? ( ) | () (020,800 0.ul 21| )" Ol odis

0 0<J<4
+ 2um? ( ) 102 {2))(@20)8m 70, 2| (23 ] ds.
0 og<j<4

Observe that the estimate ([2231]) holds when A is replaced by 6. Thus direct calculation shows that

t
K< gt | H@((ZV(?;”n)Hizds
0

: 2[(m— 620 tla(s)];
e““em? Ny ( /H Y om0, u||22ds + e [(m — 6)1] /O lafs)lpv"ds.

2(m—6)
0<5<4 p "

As for the second term on the right side, we have

[ (2) Om =30 u|22 < || (=) O I 0ul| 2] (2)" O H D, o

Hence
eCim? Z /H (826)0™ 70, u| 22 ds
0<j<4 ! _3
2
e Z( ) [ e ot
0<j<4
2 t
¢ ym—j
+ Y (gams) [ 1@ ool
0<j<4 ! 0
S\ 2
ccz [(m = 6)1*7 tla(8)|ﬁ [(m — 6)1]% )
se p2(m76) o ﬁ —p s+ CW”(U@? fO)H2po,cr,8

- 2
Glm—6)]2 (b Has)l;,,
+CO*W ) (|a(5)|p70+|a(5)|p70)d8+ o 7p~—p ds )
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where we have used Proposition[2.8 to control the second term in the first inequality. Thus, we can conclude
that

v K m m — 6)!]%7
< Lo [ 1062 00) s + LB O o, o) By
0 P

— 2
cc? [(m —6)1** b2 VRNY t|a(5)|ﬁ,g
+e = A (|a(s)|pyg+|a(s)|pyg)d5+ v ds ).

Putting the above inequality and the estimates (Z.32)-(233)) into ([2:29) gives the upper bound for the first
term on the left side in Lemma 213l The second term can be estimated similarly and we omit the detail.
Then the proof of the lemma is completed. O

Lemma 2.14. Under Assumption[23 we have, for any t € [0,T] and for any pair (p,p) with 0 < p < p <
Po < 17

m / —2v(0, <z>e)6z8;"n, <z>e 8;”77) Lst
+m / — (02 ()0 — W ())OE, ()" O'n) s
<ol O [ (R, + ato),) s

Since the proof of this lemma follows from direct calculation and (2:20), we omit it for brevity. And now
we are ready to prove Proposition

Proof of Proposition[Z-9 In view of the representation of P, given in (2:23]), we combine the estimates in
Lemmas 2.T0H2Z.14] to conclude

t
6
w? [ (B e o) s < 5o [0 ) s + L O i By

VRN
cezl(m—=6)1*7 ( (" o “1a(s)l5.0
te p2(m—6) o ( |a(s)|p,o + |a/(s)|p7g )dS + o [) S ~ds |.

¢
m2/0 (Qm, (z}e(?;"{)m ds

Similar upper bound holds for

Then by ([Z24]), we have
m? (1| () 0rn(t) 32 + | ()" )3 )
w? (161" o + 11 ) o) + I o, By
t a %
wecrt 2 OB (" atog, +latot, Jas+ [ 50E2as).

Moreover, following the argument for proving Lemma [2.T0] we can derive

il () areolle < m 3 (™) (1) @LROE T+ flla + 1) Q2019240 ol

ji<m
[(m —6)!)° [(m —6)!)° 2
< OWWH(UO, Jo)3p0.08 < Olw”(uoa fo)ll2po,0.85
where in the last inequality we have used the fact that p < pg as well as h|j—g = — foz Oz fodZ. Similar upper

bound holds for m/| (z)* @5(0)||z2. Thus combining the above inequalities yields the desired estimate in
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Proposition 2.9] for m > 6. The estimate for m < 5 is straightforward so that the proof of the proposition
O

is completed.

2.5. Tangential derivatives of \ and §

The estimate on the tangential derivatives of A and ¢ defined in (2.5) is given in the following proposition

Proposition 2.15. Under Assumption[2.8 we have, for any t € [0,T] and for any pair (p,p) with 0 < p <
p~ < po < 1)
2(m—6)

p
SUP T o' A -+ sup |0 A
mz% [(m — 6) ] || HL2 p || ”L2
tl(s)|

2 o
<C||(u0’f0)|‘2P0 08+C/ —|—|G( )| )d8+ecc* %dS
o P—P

The above estimate also holds when X is replaced by 9.

Proof. We apply 0, to the equation for u in ([Z2]) and multiply the equation (24) by 0,u, and then the

subtraction of these two equations gives the equation for A:

(O + udy + w0, — 1/85))\ = 0,& — (Opu)Opu — (825)/ Udz + 2v(9*u)d
0

Thus

0

_i< >[ W) I+ (@3w)ay 0.

(0 + udy + w0, — vO?)IPA = I —m [(axu)axu +(0,6) / Udz — 21/(83u)l4

Taking inner product with md"A and observing A|,—o = 0, we obtain

t
m m m
FIOTAO: +mw [ [0.077(5) s

t
< DO +m [ (041, O uds
. ’ . (2.34)
o / (o [(@ew)du + (0.6) / Udz — 202, o7 ds
0 2
—m / ( ) (& )agl—j“mu(a;w)ag%—jazx}, 8;”)\)L2ds.

By (Z1I1)) and (Z20), when o = 3/2 we have
[(m = 5)1) [(m = 6)1]”

t t
m / (o a;?A)dess [

m—6))27 [t a(s)],
pyo - 2(m—6) ds,
p 0

a(s)]  ds

o— 2(m—6)
fmosp .
= C 5 2(m 6)
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where in the last inequality we have used ([Z12). Moreover, similar to the proofs of Lemmas 210 and 2.1T],

we obtain

—m/ 8 u)9pu + (0;8) / Udz — 2v(d%u )L{}, 8;”)\)L2ds

—m/ ( ) (u )agl—j+u+(a;w)agl—jazx}, 8;")\>L2ds

— 2
v 2 [(m—=6)1> [*/ . .3 BN ce2[(m=6)127 (ta(s)l;
<Z , wm =B 2 9 s,
< 2m/0 1007 \||2ads + C 0 (1a)2, +lals)lL, ) ds +e C— [ s

p2(m76) p—

Combining the above inequalities with (Z34]) gives

m m m—6)20 [t/ .
mlor A < mlop ) + ¢ Z O [ (law, + i, ) ds
CCQ / |a 127
_|_
—p

Note that A|;—¢9 = O,ug. Hence

m 2 [(m — 6)!]20 2 [(m — 6)!]20 2
m[|07"A(0)[|72 < mW”(u07f0)H2pg,o,8 < CW”(UO7][0)H2;JQ,U,8

because p < pg. Thus we obtain the desired estimate on A for m > 6. Again, the estimate for m < 5 is
straightforward. Note that the upper bound for § can be derived similarly because there is no non-zero
boundary terms in the integration by parts due to the fact that 9.6|.—o = 0. The proof of the proposition
is completed. 0

6. Time derivatives

The estimate involving t-derivatives is stated as follows. Note it is only in this estimate that we need the
normal derivatives of the initial data uy and fy up to the 8th order.
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Proposition 2.16. Under Assumption [2.8 we have, for any t € [0,T] and any pair (p,p) with 0 < p <
p < po < 1)

2(m+i—T7)
p £ qiam 2 £ aiqm 2
swp el (1) ool + 1) 00 1)1
m—+1>7
2(m~+i—7) t
P 4 igm, |2 14 igm £)12
e E—— 0,0;0 2 0,00 2 ) d
+ 1S§1:.54 [(m—|—z—7)']2‘7/0 (H <Z> tYx U’HL + || <Z> tYx fHL ) s
m4+1>7
m-+i—6 )
+ |00 U(t)]| 1.2
1S§1i1£4 [(m+z_6)|]a” tYx ()”L
m+i>6
sy 2 (Y200 A) e + m 2508022
1<i<a [(MA+1—6)1°7 ¢ ¢
m—+i>6
b osup 2 (] (2) 050701+ ml ) O (e )
1<i<a [(m+i—6)1]7 ¢ !
m+i1>6
+ sup ([0;07u(®)ll L2 + 10,07 f(B)||2) + sup || U] 12
1<i<4 1<i<4
m4+i<6 m4+i<5
+ s (I10;0" M 2 + 10308 L2 + || (=) 0} €] L= + || (2)° B0 ]| .2)
mjrli_§45

t
s0(||<uo,fo>||%p0,g,8+||<uo,fo>||;*p0,g,8)+eCC*< | vaer, + /' e )

Proof. The proof is similar as those in the previous Subsections 2220 with the tangential derivatives 95
replaced by 9;07". The main difference arises from the initial data. Note that

8tu|t:0 = I/aguo — g0z — WoOrug + foamfo + hoazfo

with wy = — [ dzuodZ and hg = — [ 8, fodZ. Similar expressions hold for djuli—o, 2 < i < 4 in terms of
up and fo. Thus we can control the terms djuli—g,1 < i < 4, by the initial data up and fy if the normal
derivatives of ug and fp are up to the 8th order rather than 4-th. Other than the difference in the order
of differentiation on the initial data, there is no essential difference from the argument in the previous
subsections on tangential detivatives. Hence, we omit the detail of the proof. 1

2.7. Normal derivatives of u and f
It remains to estimate the normal derivatives of v and f in the a priori estimate and it is given in the
following proposition.

Proposition 2.17. Under Assumption [20 we have, for any t € [0,T] and any pair (p,p) with 0 < p <
p < po < 1,

p2(m+i+j77) t43 gigmes )
su — z u(t
1§i+£)§4 [(m +1+)— 7)!]2‘7 ” < > ¥z Yz ( )||L2
mtiti>T
p2(m+iti=T) €+ - i i ) )
+ su Toiomo? ds+ su 209wt
1§¢+Ij)§4 [(m+ ) +_7 — 7 / || ( )HL 1SH~?§4 || < > tYx Yz ( )||L2
mY¥iti>7 e

< (10 0+ W, )+ ([ (10 + 0L [ oz )

0
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where C, > 1 is the constant given in ). The above estimate also holds when (z)"9 919™ 8w is replaced

by ()7 djoroif.

Proof. We apply induction on j, the order of normal derivatives. The validity for j = 0 follows from
Proposition .16l Now for given j > 1 and for any ¢ and m, suppose the estimate

(=) 0o k()17 + || (=) Djorak £ ()7

t
[ (1 0ot (s s + 1 (2 djo okt )] s

[(m+i+k—T7)2 (2.35)

p2(m+i+k77) (H (u07 f0)||gpg,a',8 + H (u07 f0)||§pg,a,8)

SN2
ooz l(m+i+k—"7)% L s o tla(s)l5.,
Te p2(m+i+/€—7) o ( |a(8)|p,a’ + |a’(8)|p,a' )dS + 0 f’; ds

<cC

holds for any £ < j—1 With i+ k<4and m+i+k >7, we will show the above estimate holds for k£ = j.
To do so, applying <z>é+] 003 i+ j < 4, to equation ([ZI3) and observing

ore = (jo.+noors+ 30 (1) [@knerreis + okmor—ro.].

1<k<m

def
= H,,

we obtain, with H,, defined above,
(00 + udy + w0, — vd?) (2)M AT u = (fO, + h.) (=) 0j0I00 f + (=) 0}01 H,,

+ [(2) 7 0101, [0, +h.]0 f — (=) 9,01 [(97'w)d:u]

+(2) T O By + [udy + w0, — vd2, ()7 91| 0mu,
where F,, is defined in (2I3) and [T, T5] = Th T2 — T>T; stands for the commutator of two operators T, Th.
Following the argument used in the proof of Lemma [Z10 (see also the proof of [2I, Lemma 4.3]), we have

(= () oot (@ w)dsu] + () 0L Frn, () B0 O)
+ ([u@x +wd, — 02, ()" 0lol]omu, (2) 8f8;’13£u) ,

[(m+i+j—17)%*

= p2(m+iti=T)

0. ( (=) oraiu) |2, +C (la?, +la? ),

X p,o

AN

and

(2 01 Hn, (2 Gior0iu) -+ ([f0. + Doz, () G000 £, () ojoroiu) |
(m+i+j—T7)]%*

v l+7 aiqm qj 2 —2 14
< ZH@(@) ! 8,07 0lu) HL2 +C p2mFit=T) (|a|P,a +ldl, )-
Hence, combining the above inequalities gives
1d {437 i am i 4 L+j aigm qj 2
Sl )™ Do aiul. + Zlo. () oforoiu)| .
i am aj i gm aj+1 [(m+it+j =N o ik
= }V/R (81581 82”) (8taw oLt u)‘zzod‘r} +c p2(m+iti=T) (|Q|P,<f + |a|p,a> (2.36)

+ ((£0, +ho2) () Do ol f, () 0oy olu) |
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For the boundary term, since ||w||%m(R+) < 2[|0.wl 2y lwll z2r,) if w — 0 as z — +o00 and

VOO ul.mg = OO0 ]y + BJO S (ubpu + wdou — fOLf — hOLf)|,_,
= 0070 ulamo + 0,001 (ubau — fO.1)|,_,

j_

1 .
+X (7 otor (@wortu - @marty)|
1

k=

we have
2L (00700 ) ollfs < O )07 001 1207 9 Ol s
+ C%Ha;a;”ag*l (udprs — £, )| 12101070 (udps — fOLf)| 12

Jj—1
+ Oy Loojor (05w)or u — (05O f) s x 10,007 (0kw)dL ™ u — (9Eh)DL" F) 12
m
k=1

: : [(m+i+j =D /.0 | -u
< 0t orolulfs + O (lal, 1, )

where we have used again the argument similar to the proof of Lemma 2.10, and the estimate for p+q < 4,

— 110
()49 pamatull s + || (=) apamas fll e < (a1

pmAp+a=T) .-
Moreover,
m? . oiamaj 2 M7 i am aj i am qj+1
TII(@BI 0lu)|=ollzz < C_Hatam OLul| 12110007 ull L2
m2e
< —||818m8]+1u||L2+C 10; 05" 02|72
Hence,

v [ (@ioroiu)(@ioror )|, _yds| < %010y or ult. + ooy olull
R
20

m i am 9j [(m+l+]_7)']2g
+ O 0joy ol + g (| a?, + )

which together with ([2:36) implies
t
I a1 qm 97 v i i qm 93
1) dforotuls + 5 [ 116 0j0or (o) ads
<1 oo + O [ oarotu(o)fads + [ 1007 05 ads

m4i+j—71% [t . o o
+cl p2<m+£j_73] / (133 o +1a(3)]y s + ((F0, + ) (2)F G001, () Doy olu) |

[(m+i+j—T7)]%*
S C p2(m+i+j77) (H(U‘O? f0)||gpg,a',8 + ||(’U,0, f0)||§pg,a,8)

SN2
cezlm+i+i=10% ( rt . o L4 Elas)l5 o
+e p2(m+i+j77) ) (la(3)|p10+|a(8)|pﬁg)d8+ o ﬁdS

+ ((£0 + ho2) () Q07 01f, () a;‘a;nagu)LQ,
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where in the last inequality we have used the induction assumption (235]). Similarly,

. . . t . . .
| =) joralfB)l1Fe + 5 / 1) {0507+ £ (s)|[72ds
0

[(m+i+j5—T7)1*
< c pg(m+i+j,7) (”(Uo, fo)”%po,o’ﬁ + H(UOa fO)”gpo,a’,S)

pecetlm el SB[ ato), +lats) s+ [ %d)

p2(mFitj=7) o—p

+ ((£0, + ho2) (=) Do 0du, () B0 9Lf ) |
Taking the summation of the above two estimates and noticing
((fouth.) (2 forolf, () gopotu) | +((f0r+hd.) () G070, () 0joralf) =0,

we show (238]) holds for k = j. Thus the proof of the proposition is completed. O

2.8. 2D MHD boundary layer

By combining the estimates in Propositions 277129 and 2I5H2Z.T7 we obtain the a priori estimate (2.9])
in Theorem that enables us to prove the well-posedness of the MHD boundary layer system (2.2)).
Precisely, for given intial datum (uo, fo) € Xopg,0.8, as in [24] Section 7], we first construct the approximate
solutions (ue, f-) € L>([0,7%]; X3,,/2,0,8) to the regularized MHD boundary layer system
(6,5 + w0y + w0, — D2 — 1/83)11E =&,

(815 + U0y + w05 — 56% - Mag)fa = Te,

((% + U0y + w0, — €02 — ,uaf)hs = feOrwe — heOypue,

Optte + 0wz = Op fe + 0 he = 0,

(u67w6)|220 = (azfsa hs)|z:0 = (an)v (usa f5)|z%+oo = (0,0),
(u87 fa)|t:0 - (’LLQ, f0)7

with & = (f-0, +he0.) fe and e = (feOr +h:0;)u.. Then we derive a uniform estimate on the approximate
solutions (u., f-) so that we can take the ¢ — 0 to have existence of solution in a time interval independent

(2.37)

of €. For this, we define d. in the same way as @ given in Definition 22, with the functions replaced
accordingly by those derived from (Z37). Then the a priori estimate ([239) in Theorem holds with @
replaced by d.. Hence, we can derive, repeating the argument in [2I) Section 6], the uniform upper bound
with respect to € of the approximate solutions (u., f) in L> ([0,T]; X,,5,4) for some 0 < p < pg and some T
independent of e. By taking e — 0, we conclude, by compactness argument that the limit (u, f) solves (Z.2).
The uniqueness of solution follows from a similar argument used in [24) Subsection 8.2]. Therefore, We
complete the proof of Theorem 2] for o = 3/2. We remark that as in [23], Section 8], it is straightforward
to modify the proof for 1 < o < 3/2.

3. 3D MHD boundary layer

Now we consider the 3D MHD boundary layer and use (u, v, w) and (f, g, h) to denote velocity and magnetic
fields respectively, and denote by (z,y, z) the spatial variables in Ri. Then the MHD boundary layer system
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([C3) in three-dimensional space is

(8¢ + udy + vy + WO, — vOZ)u — (fOy + g0y + hO.) f =0,
(8t + u0; + vy + w0, — V@f)v - (f(?x + g0y + ho.)g =0,
(0 + u0y + vy + w0, — pd2) f — (f0u + g0y + hO.)u =
(0 + w0y + vy + w0, — pd2)g — (fOr + gdy + hd)v =0,

(8t + 10y + v0y + wo, — u@f)h = fO,w + gOyw — hdyu — hdyv,

, (3.1)

with the divergence free and initial-boundary conditions
Ozu+ Oyv + 0w = 0, f + 0yg + 0.h =0,
(u,0,w)[z=0 = (01,029, h)z=0 = (0,0,0),  (u, v, f,9)lz5+00 = (0,0,0,0),
(u, v)|t=0 = (uo,v0);  (f,9)l=0 = (fo,90)-

The proof of well-posedness of this system in Gevrey function space with index 3/2 is similar to the proof for
2D case with slight modification. Precisely, instead of the scalar auxiliary functions U, A and § in (24]) and
@3) we introduce here the vector-valued functions U = (Uy,Us), A = (A1, A2, A1, A2) and § = (01, d2, d1, 02),

where

(6,5 + w0y + vy + wo, — V@f) / Ui (t,x,y, 2)dZ = =0, w(t, z,y, 2),
0

(0 + udy + vy + w0, — vO?) / Us(t,x,y, 2)dz = —Oyw(t, =y, 2),
0
Ujli=o =0,  0Ujl.=0 =Uj|los400 =0, j=1,2,

and

)\1 == Bmu - ((Lu)/ Uldi, )\2 = 8yu - ((Lu)/ Z/{gdg,
0 0

5\1 == Bmv - (8zv)/ Uldg, 5\2 == Byv - (az’l))/ Z/{gdg,
0 0

51_8mf—(8zf)/ozuld2, 52—8yf—(8zf)/ozl/12d2,

61 = Dpg — (3zg)/ Udz, 0y =0dyg — (azg)/ Usd:.
0 0

Moreover, corresponding to [23)), set € = (£1,&2) and n = (91, 72) by
gl = (faw+gau+haz)fu 52 = (fam+gay+haz)gu
m = (fOs + g0y + h0:)u, m2 = (f0s + g0y + h0:)v.

We remark that as in the 2D case, here we can also apply the cancellation mechanism so that the highest
order term Jyw does not appear in the evolution equations solved by &;,7;,7 = 1,2. With the above
functions, we set accordingly @ = (u, v, f, g, U, X, §,&,1) and define |d|pﬁg in the same way as in Definition
with the tangential derivative J;" replaced by 07*0,2. Then the a priori estimate stated in Theorem
also holds for the new function @. For example, we can repeat the argument used in Subsections to
get the desired estimate on the L? norm of 07'U and 0;"U, and the estimate for 9" 952U will follow from

the inequality
||8;3418;2L[||L2(R3+) <C (||8§1+a2u”L2(R3+) + ||831+a2u”L2(R3+)) _

Similar argument holds for the estimates on the other functions A, d,---. Again from the a priori estimate
we can derive the existence and uniqueness of solution to the 3D MHD boundary layer system (B.1]) with
corresponding initial and boundary conditions. Since there is no extra difficulty in the proof for the 3D
case, we omit the detail for brevity.
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