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Finding Sparse Solutions for Packing and Covering Semidefinite
Programs
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Abstract

Packing and covering semidefinite programs (SDPs) appear in natural relaxations of many combinatorial optimization
problems as well as a number of other applications. Recently, several techniques were proposed, that utilize the particular
structure of this class of problems, to obtain more efficient algorithms than those offered by general SDP solvers. For
certain applications, such as those described in this paper, it may be desirable to obtain sparse dual solutions, i.e., those
with support size (almost) independent of the number of primal constraints. In this paper, we give an algorithm that finds
such solutions, which is an extension of a logarithmic-potential based algorithm of Grigoriadis, Khachiyan, Porkolab and
Villavicencio (STAM Journal of Optimization 41 (2001)) for packing/covering linear programs.

1 Introduction

1.1 Packing and Covering SDPs

We denote by S™ the set of all n x n real symmetric matrices and by S’} C S™ the set of all n x n positive semidefinite
matrices. Consider the following pairs of packing-covering semidefinite programs (SDPs):

zi=max CeX (PACKING-I) Zy=min by (COVERING-I)
st. A e X <bi¥ie|m m
S.t. iAi - C
XeRY™ X =0 ;y

yeR™, y>0

Zi;=min CeX (COVERING-II) Zzir=max by (PACKING-IT)
s.t. A, e X > b, Vi € [m]

S.t. A < C
X eR™™ X >0 ;y

yER™, y>0
where C, Ay,..., Am € ST are (non-zero) positive semidefinite matrices, and b = (b1,...,b,)T € R7T is a nonnegative
vector. In the above, C'e X := Tr(CX) = 7", 37", cijzi;, and "= is the Lowner order on matrices: A = B if and

only if A — B is positive semidefinite. This type of SDPs arise in many applications, see, e.g. [20} 21] and the references
therein.
We will make the following assumption throughout the paper:

(A) b; > 0and hence b; = 1 forall ¢ € [m].

It is known that, under assumption (A), strong duality holds for problems (PACKING-T)-(COVERING-I)) (resp., (PACKING-II)-
(CQVERING-II)) (see Appendix [Blfor details).

Lete € (0, 1] be a given constant. We say that (X, y) is an e-optimal primal-dual solution for (PACKING-I)-(COVERING-I)
if (X, y) is a primal-dual feasible pair such that

CeX>(1—e)b"y>(1—ez}. 1)

Similarly, we say that (X, y) is an e-optimal primal-dual solution for (PACKING-II)-(COVERING-II) if (X,y) is a primal-
dual feasible pair such that

CeX<(1+eb"y< (1462 (2)

Since in this paper we allow the number of constraints m in (PACKING-I) (resp., (COVERING-II)) to be exponentially
(or even infinitely) large, we will assume the availability of the following oracle:
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Max(Y) (resp., Min(Y')) : GivenY € S%, find i € argmax;(,,,) A; ® Y (resp., i € argmin,¢(,,; A; o Y).

Note that an approximation oracle computing the maximum (resp., minimum) above within a factor of (1 — ¢€) (resp.,
(1 + ¢€)) is also sufficient for our purposes.

A primal-dual solution (X, y) to (COVERING-I) (resp., (PACKING-II)) is said to be 5-sparse, if the size of supp(y) :=
{i € [m] : y; > 0} is at most 7. Our objective in this paper is to develop primal-dual algorithms that find sparse e-optimal

solutions for (PACKING-I)-(COVERING-I)) and (PACKING-II)-(COVERING-II).

1.2 Reduction to Normalized Form

When C = I = I, the identity matrix in R™*™ and b = 1, the vector of all ones in R™, we say that the packing-covering
SDPs are in normalized form:

2 =max JeX (NORM-PACKING-I) z; =min 17y (NORM-COVERING-I)

s.it. A, e X <1,Vie[m L
« [ ] S.t. ZylAl =1

XeR™, X >0 P

y €R™, y>0.

zjy=min JeX (NORM-COVERING-II) zi;r=max 17y (NORM-PACKING-II)
st. A;eX >1,Yi€ [m]

XeR", X0 ;y

y €R™, y>0.

In the appendix, we show that, at the loss of a factor of (1 + ¢) in the objective, any pair of packing-covering SDPs
of the form (PACKING-I)-(COVERING-I) can be brought in O(n?®), increasing the oracle time only by O(n*), where w
is the exponent of matrix multiplication, to the normalized form (NORM-PACKING-I)-(NORM-COVERING-I), under the

following assumption:

(B-I) There exist r matrices, say Ai,..., Ay, such that A := >°7_ A; > 0. In particular, Tr(X) < 7 := —"— for any

. . Amin(4)
optimal solution X for (PACKING-I).

Similarly, we show in the appendix (some of the results are reproduced with simplifications from [22]) that, at the
loss of a factor of (1 + ¢€) in the objective, any pair of packing-covering SDPs of the form (PACKING-II)-(COVERING-II)
can be brought in O(n®) time, increasing the oracle time only by O(n®), to the normalized form (NORM-PACKING-II)-
(NORM-COVERING-II). Moreover, we may assume in this normalized form that

(B-TI) Amin(A;) = Q(£ - ming Amax(Ay)) forall i € [m],

where, for a positive semidefinite matrix B € S}*", we denote by {\;(B) : j = 1,...,n} the eigenvalues of B, and by
Amin(B) and Amax(B) the minimum and maximum eigenvalues of B, respectively. With an additional O(mn?) time, we
may also assume that:

(B-IT') maxls) — (1) for all i € [m].

Amin (A4;)

Thus, from now on we focus on the normalized problems.

1.3 Main Result and Related Work
Problems (PACKING-I)-(COVERING-I)) and (PACKING-II)-(COVERING-II) can be solved using general SDP solvers, such

as interior-point methods: for instance, the barrier method (see, e.g., [27]) can compute a solution, within an additive
error of e from the optimal, in time O(y/nm(n® + mn® + m?®)log 1) (see also [I, [37]). However, due to the special
nature of (PACKING-I)-(COVERING-I)) and (PACKING-II)-(COVERING-II)), better algorithms can be obtained. Most of the
improvements are obtained by using first order methods [4, 15,7, 12,114} 120L 122} 123], 24,130} [31} |32], or second order methods
[19,21]]. In general, we can classify these algorithms according to whether they are:

(I) width-independent: the running time of the algorithm depends polynomially on the bit length of the input; for
example, in the of case of (PACKING-I)-(COVERING-I), the running time is poly(n, m, L, logT, %), where L is
the maximum bit length needed to represent any number in the input; on the other hand, the running time of a
width-dependent algorithm will depend polynomially on a“width parameter” p, which is polynomial in £ and 7;

(I) parallel: the algorithm takes polylog(n, m, £,log 7) - poly(%) time, on a poly (n, m, £,log 7, +) number of processors;



Table 1: Different Algorithms for Packing/covering SDPs

Paper Problem Technique Most Expensive # Iterations Width- | Parallel Sparse | Oracle-
Operation indep. based
[41124] (PACKING-T) MWU max / min eigenvalue O( pl;’# ) No No No* No
(CovERINGT) of a PSD matrix O(22)
Py
71 (PACKING-T)) Matrix MWU Matrix exponentiation O( %) No No No* Yes
(=1
(COVERINGT) o(n®)
[191120] (PACKING-T) Nesterov’s smoothing | Matrix exponentiation O( Tl(’% ) No No No No
technique [281130] O(n®)
=
[21] (COVERING-IT) Nesterov’s smoothing | min eigenvalue of O( %("m) ) No No No No
technique [281[30] a non PSD matrix O(n®)
T3 X
22] (PACKING- D& MWU eigenvalue O( % ) Yes Yes No No
(COVERING-IT) technique [281130] decomposition O(n®)
3
3111321 (PACKING-IT)& Matrix MWU Matrix exponentiation O( l"i—Sm) Yes Yes No No
(COVERING-IT) O(n®)
log? log L
21 (PACKING- D& Gradient Descent + Matrix exponentiation O( %) Yes Yes No No
(COVERING-IT) Mirror Descent 0(n®)
This paper (PACKING-IID& | Matrix MWU Matrix exponentiation O( %) Yes No Yes Yes
Appendix[Al | (COVERING-IT) o(n®)
This paper (PACKING-II) & | Logarithmic Matrix inversion O(nlog(nlt) + X&) Yes No Yes Yes
[COVERINGTI) | potential [I7] O(n®) ‘
(PACKINGI) & O(nlog(n/e) + %)
(COVERING-IT)

* In fact, these algorithms find sparse solutions, in the sense that the dependence of the size of the support of the dual
solution on m is at most logarithmic; however, the dependence of the size of the support on the bit length £ is not
polynomial.

(1) output sparse solutions: the algorithm outputs an n-sparse solution to (COVERING-I) (resp., (PACKING-II)), for
n = poly(n,logm, L,log T, %) (resp., n = poly(n,logm, L, %)), where 7 is a parameter that bounds the trace of any
optimal solution X (see Section[I.2] for details);

(IV) oracle-based: the only access of the algorithm to the matrices Aq, ..
oracle, and hence the running time is independent of m.

., A, 1s via the maximization/minimization

Table below gives a summaryﬂ of the most relevant results together with their classifications, according to the four
criteria described above. We note that almost all these algorithms for packing/covering SDP’s are generalizations of
similar algorithms for packing/covering linear programs (LPs), and most of them are essentially based on an exponential
potential function in the form of scalar exponentiation, e.g., [4, 24]], or matrix exponentiation |5, [1, 2| 23, 20]]. For
instance, several of these results use the scalar or matrix versions of the multiplicative weights updates (MWU) method
(see, e.g., [6]), which are extensions of similar methods for packing/covering LPs [[15, 16,138} 33].

In [17]], a different type of algorithm was given for covering LPs (indeed, more generally, for a class of concave
covering inequalities) based on a logarithmic potential function. In this paper, we show that this approach can be extended
to provide sparse solutions for both versions of packing and covering SDPs.

As we can see from the table, among all the algorithms, the logarithmic-potential algorithm, presented in this paper,
is the only one that produces sparse solutions, in the sense described above. We also show in Appendix[A]that a modified
version of the matrix exponential MWU algorithm [5] can yield sparse solutions for (PACKING-II)-(COVERING-II).
However, the overall running time of this matrix MWU algorithm is larger by a factor of (roughly) Q(n®*~) than that
of the logarithmic-potential algorithm, where w is the exponent of matrix multiplication. Moreover, we were not able
to extend the matrix MWU algorithm to solve (PACKING-I)-(COVERING-I) (in particular, it seems tricky to bound the
number of iterations).

A work that is also related to ours is the sparsification of graph Laplacians [8] and positive semidefinite sums [35].
Given matrices Ai,..., A, € S} and € > 0, it was shown in [35] that one can find, in O(e%(n“ + T)) time, a vector
y € R with support size O(2?), such that B < 3. y;A; < (1+€)B, where B := >, A; and T is the time taken by a single
call to the minimization oracle Min(Y) (for a not necessarily positive semidefinite matrix Y'). An immediate corollary
is that, given an e-optimal solution y for (resp., (PACKING-I)), one can find in O(Z%(n” + 7)) time an
O(e)-optimal solution 3" with support size O(% ). Interestingly, the algorithm in [35] (which is an extension for the rank-
one version in [8]) uses the barrier potential function @' (z, F) := Tr((H — zI)™") (tesp., ®'(z, H) = Tr((zl — H)™')),
while in our algorithms (generalizing the potential function in [17]) we use the logarithmic potential function ®(z, H) =
Inz + £Indet (H —zl) = Inz — < [ & (z,H)dz (resp., ®(z,H) = Inz — <Indet (2 — H) = Inz — £ [ ®'(x, H)dx).
Sparsification algorithms with better running times were recently obtained in 3, 25]. Since the sparse solutions produced

'We provide rough estimates of the bounds, as some of them are not stated explicitly in the corresponding paper in terms of the parameters we
consider here.



by our algorithms may have support size slightly more (by polylogarithmic factors) than O(Z%), we may use, in a post-

processing step, the sparsfication algorithms, mentioned above, to convert our solutions to ones with support size O(%),
without increasing the overall asymptotic running time.

To motivate our algorithms, in Section[3] we give two applications, mainly in robust optimization, that require finding
sparse solutions for a packing/covering SDP.

2 A Logarithmic Potential Algorithm

2.1 Algorithm for (PACKING-I)-(COVERING-I)
In this section we give an algorithm for finding a sparse O(e)-optimal primal-dual solution for (PACKING-I)-(COVERING-IJ.

High-level Idea of the Algorithm. The idea of the algorithm is quite intuitive. It can be easily seen that prob-
lem (NORM-COVERING-]) is equivalent to finding a convex combination of the A;’s that maximizes the minimum eigen-
value, that is, MaX, egm 17T y—1 Amin(F(y)), where F(y) := > 7", y:A;, and 1 is the m-dimensional vector of all ones. Since
Amin(F(y)) is not a smooth function in y, it is more convenient to work with a smooth approximation of it, which is
obtained by maximizing (over x) a logarithmic potential function ®(x, F(y)) that captures the constraints that each eigen-
value of F'(y) is at least . The unique maximizer z = 6" of ®(x, F(y)) defines a set of “weights” (these are the eigenvalues
of the primal matrix X computed in line [6] of the algorithm) such that the weighted average of the \; (F(y))’s is a very
close approximation of Anmin(F(y)). Thus, to maximize this average (which is exactly X e F'(y)), we obtain a direction
(line[7) along which y is modified with an appropriate step size (line[10).

For numbers z € R4 and 6 € (0,1), a 6-(lower) approximation x5 of z is a number such that (1 — §)z < x5 < x. For
i € [m], 1; denotes the ith unit vector of dimension m.

The algorithm is shown as Algorithm [l The main while-loop (step M) is embedded within a sequence of scaling
phases, in which each phase starts from the vector y(¢) computed in the previous phase and uses double the accuracy. The
algorithm stops when the scaled accuracy e, drops below the desired accuracy e € (0,1/2).

15 060 ¢ 23t 0;0(0) « L y(0) « 237 | 1;
2 while e, > e do
3 5 ;an
4 while v(t) > £, do
5 0(t) < 0™ (¢)s,, where 07 (t) is the smallest positive number root of the equation 8;0 Tr(F(y(t)) —0I)" ' =1
6 X(t) in(t)(F(y(t)) —6(t)I)~" /* Set the primal solution */
7 i(t) < argmax, A; ¢ X (¢) /* Call the maximization oracle */
X(t) e Airy — X(t) @ F(y(t))
8 v(t+1) /* Compute the error */
D X@eaw T X0 Fum) | O™
esO(t)v(t+1) .
9 T(t+1) « /* Compute the step size */
) mX @ e Ay + X00) s FGD)) P P
10 y(t+1) < (1 —7(t 4+ 1))y(t) + 7(t + 1)1, /* Update the dual solution */
11 t—t+1
12 end
13 Est1 ¢ 5
14 s+ s+1
15 end
o (l—eg )X(t=1) . ~ ,  y(t—1
16 X« <1+53711)2e<t—1>>’y « 5=
17 return (X,g,t)

Algorithm 1: Logarithmic-potential Algorithm for (PACKING-I)-(COVERING-I)

2.2 Analysis

High-level Idea of the Analysis.  The proof of e-optimality follows easily from the stopping condition in line @ of the
algorithm, the definition of the “approximation error” v in line[§] and the fact that X e F'(y) is a very close approximation
of Amin(F(y(t))). The main part of the proof is to bound the number of iterations in the inner while-loop (line d). This
is done by using a potential function argument: we define the potential function ®(¢) := ®(6*(¢), F(y(¢))) and show in
Claim [[4]that, in each iteration, the choice of the step size in line [0 guarantees that ®(¢) is increased substantially; on the
other hand, by Claim [I3] the potential difference cannot be very large, and the two claims together imply that we cannot
have many iterations.



2.2.1 Some Preliminaries

Up to Claim [T7] we fix a particular iteration s of the outer while-loop in the algorithm. For simplicity in the following,
we will sometimes write F := F(y(t)), 0 := 0(t), 0* = 0*(t), X := X(t), F := Ay, T =7t + 1), v = v(t+ 1),
F' .= F(y(t+1)),and 0’ := (¢ + 1), when the meaning is clear from the context. For H > 0 and z € (0, Amin(H)), define
the logarithmic potential function [17,127]]:

®(z, H) = Inz + %slndet (H —aI). A3)

Note that the term Indet (H — zI) forces the value of = to stay away from the “boundary” Amin(H), while the term
In z pushes z towards that boundary; hence, one would expect the maximizer of ®(z, H) to be a good approximation of
Amin (H) (see Claim B).

Claim 1. If F(y(t)) = 0, then 0" (t) = argmaxo, . () P(x, F(y(t))) and X (t) = 0.
Proof. Note that

de(z, ) 1
dx Tz

Ee@ ) _ 1 ZTr((F - al) ).

Es —1

— Z=Tr((F —zI and
" (( zI)™) A2 22

Thus, if F > 0, then M =-L =3, m < 0 forall z € (0, Amin(F)). Thus &(z, F) is strictly concave in

€ (0, Amin(F)) and hence has a unique maximizer defined by settlng M = 0, giving the definition 6*(¢) in step A

Also, by definition of X in step[fl Amin(X) = = (Amin(F) — 6) ™! > 0 (as 0 < 0" < Amin(F)), implying that X = 0. [

n

For z € (0, Amin(F)), let g(z) := ESxTr(F — 2I)~". The following claim shows that our choice of &, guarantees that
n
g(0) is a good approximation of ¢g(6*) = 1.

Claim 2. g(0(t)) € (1 — e.,1).

Proof. For z € (0, Amin(F')), we have

dg(z) _ es 1 et & 1
dx _E;m‘*‘ n;m>0, )
d2g(x) _ 2¢s . 1 2esT n 1
dz2 =~ n j;()\j(F)_x)2+ " jzzl()\j(F)_w)S > 0. 3)

Thus, g(x) is monotone increasing and strictly convex in z. As 6 < 6*, we have g(6) < g(6*) = 1. Moreover, by convexity,

9(0) > 9(6%) + (0~ 0°) dil(f)

r=0%
est €s w— 0" 2 N
>1- —0s— T s T (1=4s)0" <
1—8,22 ZA _9* 5n;(AJ_(F)_9*) (- (1=08.)6" <)
2
>1—0s— 5,22 <Z W ) (by defintition of 6 and 3 _; 23 < (Z :v]) for nonnengative x;’s)
—1-4, (1 + ﬁ) >1—e,. (by defintition of 6* and 6.)
O
The following two claim show that 6(¢) ~ X (t) e F/(y(t)) provides a good approximation for Amin(F (y(t))).
Claim 3. (1 _ Ss)Atxlitl(F(y(t))) < Q(t) mllrif(?r(zt))) and km]n(F(y(t))) < 0* ( ) < km]fifs(}lr(:))).
Proof. By Claim[2] we have
£50(t) < 1
1-—es< - jzl)‘j(F)*‘g(t)<1. 6)
The middle term in (6) is at least ﬂn(” m and at most Mﬁ vy g el which implies the claim for 6(¢). The
claim for 0 (¢) follows similarly. |

Claim 4. 0(t) < X(t) e F(y(t)) < (1 +¢&5)0(¢t).



Proof. By the definition of X, we have (F — 01)X = 2] It follows from Claim 2] that

6;9Tr(l) +0Tr(X) € (es + (1 —e5,1))0 = (0, (1 +£5)0).

XeF =

Claim 5. 17y(t) = 1.
Proof. This is immediate from the initialization of y(0) in step[Iland the update of y(¢ + 1) in step[I0lof the algorithm. [
Claim 6. For all iterations t, except possibly the last, v(t + 1), 7(t + 1) € (0,1).

Proof. v(t+1)>0as XeA;; > XeFby Claim[3] and except possibly for the last iteration, we have v(t + 1) > 0. Also,
v(t + 1) <1 by the non-negativity of X e A,y and X e F, while v(¢t + 1) = 1 implies that X e F' = 0, in contradiction to
Claim[4]

Note that the definition of v(¢ + 1) implies that

esv(t+1)(1 —v(t+1))

D = T X e F)
and hence, 7(t + 1) > 0. Moreover, by Claim[d] 7(t + 1) < & < 1. O
Claim 7. F(y(t)) > 0.
Proof. This follows by induction on ¢ = 0,1, ...,t. For ¢ = 0, the claim follows from assumption (B-I), which implies
that F(y(0)) = A > 0. Assume now that F = F(y(t)) = 0. Then for F' = F(y(t + 1)), we have by step [[0] of the
algorithm that F' = (1 — 7)F + 7A;(+) > 0. O

Claim8. (F—0"1)~' = (227 — (0" - 6)X) ' X.

n

Proof. By definition of X, we have

(F—0"1)X = (F —01)X — (0" — 0)X = 5;91 — (0" —0)X
E;LGI — (0" - o)x) .

X =(F-61)"" <

2.2.2 Number of Iterations
Define B = B(t) := (TXW(F — F)XV2 (6" — G)X).
Claim9. F' —6*I = (F — 01)Y*(I + B)(F — 6I)"/2.
Proof. By (the update) step [I0l we have
F -0 I=0-7)F+71F-6"1
=F -0l +7(F—F)— (0" —0)I
n

= (F — 01)"/? (I + :—TXW(F —F)X'Y? — —5(0" — 0)X) (F—01)'/2. (- X

=0(F—01)"")

n

Claim 10. max; |A](B)| < %

Proof. By the definition of B, we have

max |\; (B)| = E" max |\ (TXW(F ~P)XY?2 (97 - 9)X)(
J s J
_n T 1/2/ 1 1/2 *
=3 ﬂla‘.‘}il v (TX (F—F)X"'"—(0 —9)X)v’
< ng ( s T XV2 P X2y max T XV2EX Y2 4+ (6° — 6) max UTXU>
Es v:||v||=1 v:||v||=1 v:||v||=1
< :; (Tr(X1/2FX1/2) +Tr(X1/2FX1/2)) + ﬁ (- F,F =0, |Tr(X) <1and 0 > (1 — 8,)0%)



nr . nds
es0 (X.F+X.F) * (1—0s)es
=7 + L (substituting 7 and §5)
=17 R0 =53 g :
< % (using v,e, < 1)
([l
Claim 11. 6% (t) < Amin(F(y(t + 1))).
Proof. By Claim[I0l 7 + B = I — 11 = 11, and by thus, we get by Claim[9]
F'-@*IE%(F—MVQ (~BZB = 0for BeS" and Z € ST)
([l

Claim 12. ifv > e, then Tr(B) > &
Proof. By the definition of B,

Te(B) = = (FTe(X2(F = F)XY/?) = (07— 0)Tr(X))

ang (T(XQF—XQF)_(Q*_Q)) (- Tr(X) < 1 by Claim )
n g 63 .. _ *

2559<T(X'F_X'F)_1f559> ¢ (1=6,)0" <0)
V2 532 b d ﬁ L f d5

7 T 320 _<8/320) (by definition of 7 and 4)
1/2 1/2 1/2

ST 60w (rea<v<l)

O
Claim 13. ifv > e, then Tr(B?) < %.

Proof. Write Y = 7X"/?FX"? and Y = X'/?(rF + (9" — )I) X"/? and note that both Y and Y’ are in S. It follows by
the definition of B that

Tr(BQ) = 53292T (( Y) )
- i 02 ( 2 L Tr(Y?) — zTr(Y/Y))
< 292 ( 2L Te(Y?) + zTr(f/Y)) (V.Y esn)
g < (V) + Tr(Y?) 4 2y/ Tr(YQ)Tr(Y2)> (by Cauchy-Schwarz Ineq.)
< 202 ( )2+ Te(Y)? + 2Tr(V)Tr(Y) ) (VY es?)
= 53202 —575 (Tr(Y) + Tr(Y))?
2
. 202 (rTe(XF) + 7Te(XF) + (0" — 6)Tr(X))?
2
< 6292(7)( eF 47X eF + (0" —0))>° (- Tr(X) < 1 by Claim[2)
s ) ) 6 )
14 e 2 2
= (Z + m) (by definition of 7 and ;)
14 U2 2 V2
<<Z+E> <1—04 (res<v<l)
O



Define (t) := (0" (t), F(y(t))).

Claim 14. ©(t + 1) — d(f) > =20,

Proof. Note that Claim [[Tlimplies that 0* is feasible to the problem max{®(¢, F’) : 0 < ¢ < Amin(F”)}. Thus,

O(t+1)

SO+ 1) — ()

= (0" (t+1),F') >n0" + = Indet(F' — 0%1).
n
> 22 (Indet(F' — 0*T) — Indet(F — 6°1))
n

> == (Indet (F — ¢"1) — Indet(F - 01)) (-0<0)
= % Indet (I + B) (by Claim D)
Es "
= g;ln(lJr/\](B))
> % (A (B) = Xi(B)?) (by Claim[I0and In(1 + 2) > z — 2%,Vz > —0.5)
j=1
_&s _ 2
= = (Te(B) - Te(B%))
€s 2 €s 2 .
>’ " oY (by Claims [[2] and [13))
_ Es 2
~ 40n
([l
Claim 15. Foranyt,t,
, X(t) .Ai(t)
- < .
A== U eI 5K Fuw)
Proof. Write F = F(y(t)), 0" := 0*(t), 0 := 0(t), X := X (), F' = F(y(t')), 0" := *(t'). Then
d(t') — ®(t) =In ‘Z—* + Zndet [(F — 6" 1)~ (F' — 6" 1)]
n
15 -1
=In 99—* + 6—; In det [(6;9[ — (0" - H)X) X(F' —0"1) (by Claim[8)
o e | £s0 -t
=In— + = lndet( =1 (6" 79)X) + Indet [ X (F’ 9’*1)}]
0~ n n
0/* Es I 539 (539 - / /%
Slne*—&—— ln(n _1755> +lndet[X(F—9 [)}:|
(- Tr(X) < 1 by ClaimPland (1 — 6,)0" < 6)
o' gs [ n " / 7 :
<In— + = — - .
<In =t _ln <(1 — 6s)€s0> +Indet X (F" — 6 I)} (by defintion of §)
0" n Es / 1%
_lne—* +531nm + gln [detX(F —0 I)]

/%

9*

0 n Es - / 1%
il e — " LSS I (X(F — 00T
no—te n(1788)689+nj§:1n&( (F' = 0" 1))

/%

0 n 1 - / /% :
S In 9—* + €5 In m + €5 In <E JZ:; )\J (X(F —0 [))) (by the ConcaVIty Of ln())

=Ino +eln——— 4e,In <lTr(XF’ - 0’*)())
* n

n
<Iln— sIn ———— sl
<Inh—+¢ n(1_85)539+5 n(

9/*

(1 —es)esb

(. Tr(X) > 1 — &5 by Claim2))

XeoF —0™(1 —¢s)
n

:ln—+ssln;+z—:sln(XoF'7t9'*(1fss))

0* (1 —es)esb
" 1 /% ..1T AN :
Slne—* +531nm+851n <y€RTﬁ}%§y_1XOF(y)—9 (1—53)> ( 1 y(t)—lbyC]almﬂ)
/%
=1In 09—* + €5 In m + €5 In (X ° A'L(t) — 0'*(1 — 65)) (by defintion of Z(t))



< X

& o _
< Osgin)gu.Ai(t) {ln A= +esln 1 ce0 +esln (X o Aypy — €)

XeA,;
:(1+ss)lnﬁ +ln6%
X oAy
(1—es2)0

X oAy
(1—es)XeoF’

<(l1+4es)ln

<(l1+4+es)ln

Recall by assumption (B-I) that A := >°7_ | A; = 0.

. X(0)eA; (o) . mAmax(Ai(0)) r-max; Amax(A;) L
Claim 16. <Geraoy V= and =7 oty ST

Proof. Let X(0) = >77_; Aju; u; be the spectral decomposition of X (0). Then,

XoAi(t)

(max(-) is achieved at { = ——+)

+es

(by Claim [

X(0) 0 Aoy = > X Aio) ¢ u51; < D AAmax(Aio)) = Amax(Aio)) - Tr(X(0))

j=1 j=1

X(0) e F(y(0)) = ZAjF(y(O)) o uju; > %Z/\Mmin(ﬁ) = %Amin(ﬁ) - Tr(X(0)).

j=1
The claim follows.

Claim 17. The algorithm terminates in at most O(nlog + %) iterations.

Proof. Lett_1 = —1and,fors=0,1,2,...,lett, be the smallest ¢ such that v(t+1) < 2= (1 (s0 ¢, +1 is the value of ¢ at
which the iteration s + 1 of the outer while-loop starts). Then for ¢t = t,_1+1,...,ts—1, we have v(t +1) > 276D = ¢,

Hence, for s = 0,

i)—tno < ®(to) — ©(0)
X(0) ® Aj0)
<(1+¢eo)ln (1 —e0)X(0) o F(y(0))
< (1+¢0)In

(1—e0)
Setting o = 1 in the last series of inequalities we get

to < 480n1n(2¢) = O(nlog)).
Now consider s > 1:

53(’5546755—1) < D(ts) — D(ts1)
X(ts—1) @ Air,_y)

(1 —e)X(ts—1) ® F(y(ts—1))
14+ v(ts—1 +1)

(1—es)(1—v(tsm1 4+ 1))
14 2e;

< (1+4e5)In(1 + 12¢,) < 15¢,.

<(1+es)n

=(l14+es)ln

<(l14es)ln

Setting e, = 5+ in the last series of inequalities we get

te—te1 < 622" = O(n/e?).

S

Summing (7), and @) over s = 1,2,..., [log 1], we get the claim.

(by Claim [14))
(by Claim

(by Claim [T6))

)

(by Claim[T4)
(by Claim [T3))
(by definition of v(ts—1 + 1))

Covteos +1) <27° = 2¢,)

)

(res <

NI

®)

O

Remark 1. If we do not insist on a sparse dual solution, then we can use the initialization y(0) < L1 in step [l in
Algorithm[ll where 1 is the m-dimensional vector of all ones, and replace i in Claim[I6) and hence in the running time

in Claim[IZ by m.



2.2.3 Primal Dual Feasibility and Approximate Optimality

Let ¢ty + 1 be the value of ¢ when the algorithm terminates and sy + 1 be the value of s at termination. For simplicity, we
write s = sy.

Claim 18. (Primal feasibility). X > 0 and max; A; ¢ X < 1.

Proof. The first claim is immediate from Claim [[l To see the second claim, we use the definition of v(¢;) and the
termination condition in line @ (which is also satisfied even if X () e Airpy — X(tg) @ F(y(ty)) = 0):

X(ty) @ Ay — X(ty) @ F(y(ty))

X(t1) @ Aizyy + X(tr) @ F(y(ts))

S (L4 es)X(tp) @ Fy(tr)) = (1 —es) X(t5) @ Aigey)

IN

€s-

=(1—es)max X(ty) @ A; (by the defintition of i(t¢))
S (T4+e9)20(t5) > (1 —es) max X (t5) o A;. (o X(ty) @ F(y(ty)) < (1 +€5)0(ty) by Claim H)
The claim follows by the definition of X in step L6 of the algorithm. O

Claim 19. (Dual feasibility). § > 0 and F(j) > I.

Proof. The fact that §j > 0 follows from the initialization of y(0) in step[I]l Claim[6l and the update of y(¢ + 1) in step 10l
For the other claim, we have

1

Amin (F()) = )

Amin (F(y(t5))) > 1+ % (by Claim[3)

O
A 2
Claim 20. (Approximate optimality). I ¢ X > (;—zs) 17y,

Proof. By Claim[2] we have Tr(X (t;)) > 1—¢s, and by Claim[3 we have 17y (¢;) = 1. The claim follows by the definition
of X and g in step[I6l O

Remark 2. Suppose that in step[Qof Algorithml[l] we instead define i(t) to be an index i € [m] such that A; e X (t) > 1—¢,,
and we are guaranteed that such index exists in each iteration of the algorithm. Then the dual solution § satisfies:

—€s 2 . . .
17§ < 1+ O(¢). Indeed, the proof of Claim[[8 can be easily modified to show that 6(ts) > %, which combined with
the definition of i) in step [[6l of the algorithm implies the claim.

2.2.4 Running Time per Iteration

Computing 6(t). Given F := F(y(t)) = 0, we first compute an approximation A of Amin(F) using Lanczos’ algorithm
with a random start [[26].

Lemma 21 ([26]). Let M € S} be a positive semidefinite matrix with N non-zeros and v € (0,1) be a given constant.
Then there is a randomized algorithm that computes, with high (i.e., 1 — o(1)) probability a unit vector v € R™ such that
vT Mv > (1 = ) Amax(M). The algorithm takes O(%}ﬂ) iterations, each requiring O(N) arithmetic operations.

By Claim [3l we need X to lie in the range [Alfj;‘g'—‘s(/?, Amin(F)]. To obtain X, we may apply the above lemma with
M := F~'and v := £. Then in O(, /- log n) iterations we get A := UTIF’—LU satisfying our requirement. However,
we can save (roughly) a factor of \/n in the running time by using, instead, M := F~" and v := £=. Let v be the

vector obtained from Lemma 211 and set X := (UTlF’]nv)l/". Then, as Amax(M) > v"Mv > (1 — ¥)Amax(M), and
)\min(F) = )\max(F_n)_l/", we get

2etB) < (1= )" AP <X (). ©)

Note that we can compute '~ ™ in O(n” log n), where w is the exponent of matrix multiplication. Thus, the overall running
time for computing X is O(n® logn + L\/ﬁn).

Given A, we know by Claim [Bland (@) that 6*(¢) € [%, A]. Then we can apply binary search to find 6(t) := 6*(t)s,

as follows. Let 0, = 7—(1 + &), for k = 0,1,..., K = [%:ES)], and note that #;, > X. Then we do binary

search on the exponent k£ € {0,1..., K}; each step of the search evaluates g(0x) := Esngz Tr(F — 6,1)"", and depending

10



on whether this value is less than or at least 1, the value of k is increased or decreased, respectively. The search stops
when the search interval [¢,u] has v < £ + 1, in which case we set 0(t) = 6,; the number of steps until this happens is
O(log K) = O(log é) = O(log 7+). By the monotonicity of g(z) (in the interval [0, Amin(£)]), and the property of binary
search, we know that " € [6,, 6.,]. Thus, by the stopping criterion,

O(t) = 00 < 0" (t) < Ou < Ory1 = (1+85)0,

implying that (1 — 65)0"(¢t) < 6(¢) < 6*(t). Since evaluating g(6,) takes O(n*), the overall running time for the binary
search procedure is O(n* log Z-), and hence the total time needed for for computing 6(¢) is O(n” log % + ”21—\/05").

All other steps of the algorithm inside the inner while-loop can be done in O(T + n?) time, where 7 is the time taken
by a single call to the oracle Max (X (¢)) in step [7] of the algorithm. Thus, in view of Claim [[7] we obtain the following

result.

Theorem 22. For any ¢ > 0, Algorithm [l outputs an O(nlogv + Z%)-sparse O(c)-optimal primal-dual pair in timd]

O((nlogw+€%)(n“log%+%ﬁ+7')) :5(nw+;150g1/1 + nTelggUJ).

€

2.3 Algorithm for (PACKING-II)-(COVERING-II)

In this section we give an algorithm for finding a sparse O(e)-optimal primal-dual solution for (PACKING-TI)-(COVERING-II).
For numbers = € Ry and § € (0,1), a 6-(upper) approximation z° of « is a number such that z < 2° < (1 + §)z.
The algorithm is shown as Algorithm 2

54 03e0 ¢ 33t 0; v(0) « 1; y(0) + 1, (for an arbitrary i € [m])
while ¢, > ¢ do

32n

1
2

E:}
3 Os ==
4 while v(t) > e do
esb

=STr(01 — Fy(1) ™" = 1

5 0(t) < 0*(t)°, where 0*(t) is the smallest positive number root of the equation
es0(t)
n

6 X(t) (O(t)I — F(y(t)))~" /* Set the primal solution */

7 i(t) < argmin; A; e X (t) /* Call the minimization oracle */
X(t) o Fy(t)) — X(t) ® Aigy)
X(t) @ Ajry + X (t) o F(y(1))
es0(t)v(t+1)
(X (1) ® Ay + X() o F(y(D))

8 v(t+1) + /* Compute the error */

9 T(t+1)

/* Compute the step size */

10 y(t+1) < (1 —7(t 4+ 1))y(t) + 7(t + 1)1, /* Update the dual solution */
11 t—t+1

12 end

13 Est+1 +— 5

14 s+ s+1

15 end

(14+es_1)X(t—1) . A (t—1)
(s’ I © 00D

7 return (X, j,t)
Algorithm 2: Logarithmic-potential Algorithm for (PACKING-II)-(COVERING-II)

16 X —

—

2.4 Analysis
2.4.1 Some Preliminaries

Up to Claim we fix a particular iteration s of the outer while-loop in the algorithm. For simplicity in the following,
we will sometimes write F := F(y(t)), 0 := 0(t), 0* = 0*(t), X := X(t), F := Ay, T =7t + 1), v = vt + 1),
F' .= F(y(t+1)),and 0’ := (¢ + 1), when the meaning is clear from the context. For H > 0 and z € (0, Amin(H)), define
the following logarithmic potential function:

@(@H):lnx—%lndet (mI—H)A (10)
Claim 23. [f Anax(F) > 0, then 0" (t) = argmin, ., ) ®(z, F(y(t))) and X (t) = 0.
Proof. Note that

do(z,F) 1 & _ d*®(z, F) 1 & _
=~ =M@l - F)7Y) and TS = o S Ti((a] - F) 7).

dx T

25() hides polylogarithmic factors in n and %

11



Note that ®(z, F') is not convex in z € (Amax(F'),+00), but has a unique minimizer in this interval, defined by setting
M = 0, giving the definition 6*(¢) in step [5] of Algorithm[2l (Indeed, % < 0 for Amax(F) < x < 67(t), while
‘“)(“” £ > 0 forz > 6*(t).) Also, by definition of X in step[ Amin(X) = 22(0 — Amin(F)) ™ > 0 (as 0 > 6" > Amax(F) >
)\mm( )), implying that X > 0. O

For xz € ()\max(H)7 +OO), let g(x) =
that ¢(#) is a good approximation of g(9*) = 1.

(zI — H)™". The following claim shows that our choice of §, guarantees

Claim 24. g(0(t)) € (1 — ., 1].

Proof. For x € (Amax(H), +00), we have

_&s _ e~ N

_nz:: ey e (x—Aj(F))2<0’ (11)
d’g(r) 25 1 25330 = 25 A (F)
&z~ n ; () —2) ; T; CESYIIER (12)

Thus, g(x) is monotone decreasing and strictly convex in z. As § > 0, we have g(0) < g(6*) = 1. Moreover, by convexity,

9(0)> 9(6") + (0 — 0%) )

r=0%
>1+5559*i;45i Y (0 < (1+6,)0" and L@| <)
SR Fay W 7 B AV W R W 2 : : do |, _g-
Jj=1 Jj=1
2
>1+06s <Z T ) (by defintition of 6" and 3 _; z3 < (Z :v]) for nonnengative x;’s)
=1+0s — 555— >1—es. (by defintition of 6* and d5)
O
The following claim shows that (¢) provides a good approximation for Amax (F(y(t))).
Claim 25. Amz;xjsFS(/llrgt))) <(t) < (1—63)A1r2a2xE(SF(y(t))) and Amz;xji(}lrgt))) <0*(t) < /\max(fs(;/(t)))
Proof. By Claim[24] we have
£50(t) < 1
1—e, < <1 (13)
o 22000~ A (F)
The middle term in (I3) is at least =2(") T —ne oy and at most 2af() FE )+ Which implies the claim for 6(¢). The
claim for 0* (¢) follows similarly. O
Claim 26. (1 — 2:.)0(t) < X (1) o F(y(t)) < (1 — £,)0(t).
Proof. By the definition of X, we have (I — F)X = 2] It follows from Claim 24] that
X o F = 0Tr(X) — E:LeTr(I) € ((1—eu 1] — )0 = (1 — 2600, (1 — 6.
O

Claim 27. 17y(¢) = 1.
Proof. This is immediate from the initialization of y(0) in step[Iland the update of y(¢+ 1) in step[I0lof the algorithm. [J
Claim 28. For all iterations t in the while-loop, except possibly the last, v(t + 1), 7(t + 1) € (0,1).

Proof. v(t+1)>0as XeA;;) < XeF by Claim27] and except possibly for the last iteration, we have v(t+1) > 0. Also,
v(t + 1) < 1 by the non-negativity of X e A;;) and X e F', while v(¢ 4 1) = 1 implies that X e A,y = 0, in contradiction
to the assumption that A, # 0 (as X > 0 by Claim [23)).

Note that the definition of (¢ + 1) implies that

esOv(t+ 1)(1+v(t+1))
8nX(t) e F(y(t)) ’

T(t+1) =

and hence, 7(t + 1) > 0. Moreover, by Claim[26] (¢t + 1) < £ < 1. O

12



Claim 29. Moy (F(y(t))) > 0.

Proof. This follows by induction on ¢’ = 0,1,...,¢t. For¢ = 0, the claim follows from the assumption that A; # 0
for all <. Assume now that F' = F(y(t)) # 0. Then for F/ = F(y(t + 1)), we have by step [L0] of the algorithm that

F'=1—-7)F+ 74 #0. As F' = 0, we get Amax (F') > 0.
Claim 30. (07— F)~' = (=27 — (0 - 0")X) "' X.
Proof. By definition of X, we have

est

(0T — F)X = (0] — F)X — (0 — 6")X =

X = (0T —F) (5;91 - 9*)X) .

2.4.2 Number of Iterations
Define B = B(t) := (TXW(F — F)XY? (9 - 9*)X).
Claim 31. 6*1 — F' = (01 — F)"/?(I + B)(0I — F)"/2,
Proof. By (the update) step [I0, we have

0l —F =0"I —(1—7)F —7F

=0l —F+7(F—F)—(0—6")I

=01 -2 1+ ZxV2F-p)x'? - L
esb €

Claim 32. max; |A](B)| < %

Proof. By the definition of B, we have

O

I—-(0-69)X
ST (0-07)

n

(979*))() 01 — F)'/2. (X =220 - F)7Y)

(o FF =0, |Tr(X)<1and 6* <0 < (14 6:)0")

(substituting 7 and ds)

max |\;(B)| = n max’)\j (TXI/Q(F— F)Xl/2 — (60— 9*)X)’
J esh j
=" max (UT (TXI/Q(FfF‘)lef(&f&*)X) v‘
€50 vl |v]|=1
< :0( ma ITUTX1/2FX1/QU+ I‘l"li‘i‘XITUTXI/QFXl/2U+(9*9*) ﬂn?‘xlvTXv)
< :; (Tr(Xl/QFXl/Q) +Tr(X1/2FX1/2)) + "8—5
= (XeF+XeF) nds
€s0 €s
_v e
4 32
<L
5

Claim 33. 07 () > Amax(F(y(t + 1))).

Proof. By Claim[B32] I + B = I — 21 = 11, and by thus, we get by Claim[31]

1
2

I —F' = %(HI—F) > 0.

The claim follows.

Claim 34. if v > <, then Tr(B) > %

N

13

(using v,es < 1)

O

(.BZB»0forBeS"and Z € S%)
(14)

O



Proof. By the definition of B,

=
=
I
3

FTr(XY2(F — F)X"/?) — (0 — 9*)Tr(X))

m
@
s

T(XeF —XeokF)— (9—9*)) (- Tr(X) < 1 by Claim24)

\Y
3

T(X.F—X.F)—asa) (0" <0< (1+0:)0%)

m
@
s

A%

™

W

%3
N N N

[V

2

— VZ _ 232 (by definition of ~ and &,)
2 2 2

>%fg—2>%. (res<v<l)

O

Claim 35. if v > ¢, then Tr(B?) < %=
Proof. Write Y = 7X"/?FX"? and Y = X/?(1F + (9 — 0*)I) X"/? and note that both Y and Y’ are in S;. It follows by
the definition of B that

Tr(B?) = 6;—22% ((Y - ?)2)

n ~ A
= i (Tr(YQ) +Tr(V?) — 2Tr(YY))
2
< 5;7 (Tr(YQ) FTe(V?) + 2Tr(YY)) (-Y,y esn)
2
< anTm (Tr(YQ) FTr(Y?) + 24/ Tr(YQ)Tr(Y2)> (by Cauchy-Schwarz Ineq.)
2
< anTsﬂ (Tr(y)2 FTr(Y)? + zTr(Y)Tr(Y)) (-V,Y eSt)
2
n ~
- m(Tr(Y) + Tr(Y))?
2
= 627(TTr(XF) +7Tr(XF) + (0 — 0%)Tr(X))?
2
< 6%2( XeF+7XeF+(0—0%))>° (- Tr(X) < 1 by Claim24)
n2 . 2 " *
<EST02(TX.F+TX.F+559) (0" <0< (1+3,)0%)
v 552 2 ..
= (Z + 3 ) (by definition of = and ;)
14 1/2 1/2
<(Z+3—2> <1—0. (res<v <l
0
Define ®(t) := (0% (t), F(y(t))).
Claim 36. ®(t+ 1) — b(t) < — D2
Proof. Note that Claim[33limplies that 0* is feasible to the problem min{®(¢, F') : € > Amax(F")}. Thus,
D(t+1) =B (t+ 1), F') <Inbo* — % Indet(6* I — F').
SO+ —o1) < —% (Indet(0"1 — F') — Indet(6"I — F))
< f% (Indet (6T — F') — Indet (01 — F)) (0" <0)
= f% Indet (I + B) (by Claim [31))
Es "
=-=) In(1+X(B)
j=1
< f% (A\i(B) = X\;(B)?) (by Claim[0land In(1 + 2) > z — 22,Vz > —0.5)
j=1
€s
= = (Te(B) - Te(B))

14



<=2 *iom (by Claims [34] and [33))
_ Es 2
40n
O
Claim 37. Foranyt,t
1—2e5)X e A,
N &) > (1—e.)In i(t) e
(") —P(t) > (1 —es)In G- 2XeF +1In(1 —ey)
Proof. Write F = F(y(t)), 0" := 0*(t), 0 := 0(t), X := X(t), F' = F(y(t')), 0" := 0*(¢'). Then
O(t') — B(t) = In 6; - % Indet [(6°T — F)~1(0" I — F")]
9/* Es 550 * -t /% / 1
=In - — —Indet nff(efe)X X(0™1 - F") (by ClaimB30)
=In 0™ _ & -lndet 8501 —(0-6"X B + Indet [X(G'*[ — F’)}
R n n
S TR <659 - m) + Indet [X (0”1 — F')]
0= n n
(. Tr(X) < 1 by ClaimP4land 0* < 6 < (1 + §,)6%)
o' es | n " I ’ i
> - = — - s
In - -ln <(1 — 53)559) +Indet X (071 — F )] (by defintion of é)
o 0" n €s = /
_lng—* —Eslnm — Eln [detX(@ I—F)}
0™ n N »
=ln fsslnm - Ej:zllnA](X(é) I-F")
9/* n /% 1
> s s :
In - —en A zed © In < ZA 0*1-F ))) (by the concavity of In(-))
e Lo x - xF)
I (1 —es)esh ° n
0" n 0 — X o F’ .
> -y &s 77 - ~N_ o  ¢s - <
>In - —esln T ln< - ) (. Tr(X) < 1 by Claim 24)
0/* 15 /
:lne—*—Eslnm_Esln(a —X.F)
9/* /% . T
> e Es T - ~_ o  ¢&s - =
>In o € In 0 =ce0 gsln <0 yER%{ulnTy:lX . F(y)> (. 17y(") = 1 by Claim27)
0/* - . .
=1In 9—* — Es In m — Es In (0 —Xe Az(t)) (by deﬁl‘ltlon Of 'L(t))
>  min lnéfsln;fsln(fonfL )
T e>Xedyy 0 T (1 —e5)es ° i
— X o Airy (1—es)0 . _ XOAI(t)
=(1-¢5)ln TEPRET n-—p (min(-) is achieved at { = )
Xe Ai(t)
>(1—e)ln ——2 4 n(1 —e, 0> 0"
> (1 e o+ In(1 - <) (6> 6°)
(1—2e5)X @ Aiy) i
> (1 —es —_— —€s)-
>(1—e5)ln (—c.)’X e F +In(1—e¢s) (by Claim 26))
O
Claim 38. M 1. 2min(i©) 5 ming dpin(4y) > —53z, where i is the index such that y(0) = 1, .

X F(0) = ¥ °

Proof. Let X(0) =

X(0) @ Aoy = D N Aio) o uguj > Y AjAmin(Aio)) =

=1

Amax(A;7) = max; Amax(A;)

PRREP VLT u] be the spectral decomposition of X (0). Then,

)\min( 1(0)) Tr( ())

j=1
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X(0) o F(0) = 3 AAs e ujuf €30 A Amax(Ar) = Aunas(Ai) - TH(X(0)),

Note that i) < @ by Assumption (B-II). The claim follows. O
Claim 39. The algorithm terminates in at most O(nlog + %) iterations.

Proof. Lett_ = —1and,fors=0,1,2,...,lett, be the smallest ¢ such that v(t+1) < 27*V (so t,+ 1 is the value of ¢ at
which the iteration s+ 1 of the outer while-loop starts). Then fort = ts—1 +1,...,ts — 1, we have v(t +1) > 27+ = 2¢
Hence, for s = 0,

Sgto

22> B(to) — 9(0) (by Claim [36)

(1 — QSQ)X(O) L] Ai(O)

> (1 — _ .
>(1—eo)ln 1= 20)2X(0) « F(3(0)) +In(1 — &o) (by Claim[37)
> (1) ZEZ20) 41— o), (by Claim[38)
(1 —e0)?
Setting o = 1 in the last series of inequalities we get
to < 1920nIn (%) +ln§ = O(nlog). (15)
Now consider s > 1:
3 J—
—% > B(ty) — Bter) (by Claim [36)
(1 —2e)X(ts-1) @ Aigr,_y) -
> — Cs — Cs
>(1—¢s)ln (=2 2X (G 1) e Fly(toa)) +In(1 —es) (by Claim [37)
(1—2e)(1—v(tse1 + 1)) ..
=(1—¢4)l In(1 — &5 by definit f v(ts—1+1
( E)n(1785)2(1+1/(t571+1))+n( €s) (by definition of v(ts—1 + 1))
(1—2e,)(1 — 4e,) s
>(1—gy)ln ——=— %/ — &, cu(tse < = e,
> (1 E)ln(1755)2(1+455)+ln(1 €s) Cov(tso1+1)<2 4es)
> —(1—es)In(1 + 32,) — In(1 + 3e,) > —35¢.. (es<3)
Setting e, = 5 in the last series of inequalities we get
1400
fs—tam1 < =5 = 0(n/e2). (16)
Summing (I5), and (I6) over s = 1,2,..., [log 27, we get the claim. O

2.4.3 Primal Dual Feasibility and Approximate Optimality

Let ¢y + 1 be the value of ¢ when the algorithm terminates and s; + 1 be the value of s at termination. For simplicity, we
write s = sy.

Claim 40. (Primal feasibility). X = 0 and min; A; ¢ X > 1.

Proof. The first claim is immediate from Claim 23] To see the second claim, we use the definition of v(¢;) and the
termination condition in line ] (which is also satisfied even if X (t;) @ F(y(ts)) — X(ts) o Aty = 0):

X(ty) e Fly(ts)) — X(tr) @ Aigs))
X(t1) ® Ay + X(t5) @ Fly(ts)) —
S(L—es)X(tp) @ Fy(tr)) < (1+e5)X(Er) @ Aige )
=(1-es) miin X(ty) e A; (by the defintition of i(¢y))

S

(T ) (1= 26)0(t) < (1) min X(4) 0 A (2 X(t7) @ F(y(ty)) > (1 - 2.)0(t;) by Claim [26)

The claim follows by the definition of X in step 6 of the algorithm. |

Claim 41. (Dual feasibility). § > 0 and F(j) < I.
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Proof. The fact that § > 0 follows from the initialization of y(0) in step[I} Claim[6] and the update of y(¢ + 1) in step 10l
For the other claim, we have

Amax (F(§)) = 57— Amax (F(y(ts))) <1 - =2, (by Claim Z3)
O

Claim 42. (Approximate optimality). ] ¢ X < 1+§§)2 17g.

(1—-2

Proof. By Claim4] we have Tr(X (¢;) < 1, and by Claim[27] we have 17y(t;) = 1. The claim follows by the definition
of X and g in step[I6l O

Remark 3. Similar to the packing case, suppose that in step[Aof Algorithm[2] we instead define i(t) to be an index i € [m)

such that A; e X (t) < 1+¢,, and we are guaranteed that such index exists in each iteration of the algorithm. Then the dual
(14es,)?

solution § satisfies: 179 > 1 — O(e). Indeed, the proof of Claim[d0 can be easily modified to show that 0(t;) < Tz
of

which combined with the definition of ) in step[[6lof the algorithm implies the claim.

2.4.4 Running Time per Iteration

Computing 6(t). Given F := F(y(t)) = 0, we first compute an approximation A of Amax (F) using Lanczos’ algorithm

with a random start. By Claim we need A to lie in the range [Amax(F), Alm“s—"(?] To obtain A, we apply Lemma 211
TFny

with M := F" and v := . Then in O(lf/g?:) iterations we get = (vlﬂ

) (where v be the vector obtained from
Lemma2])) satisfying

~ Amax (F)

Amax(F) S A < < (14 £ A (F) < 2mex)

G- = ST-en 0

Thus, the overall running time for computing X is O(n® log n + w) Given A, we know by Claim 23] and (I7)

that *(t) € [X, %]. Then we can apply binary search to find 6(t) := 6*(¢)% as follows. Let 6, = X(1 + 6.)*, for

k=0,1,...,K = (%ﬁ‘“)l, and note that 6 > X. Then we do binary search on the exponent k € {0,1..., K}; each

step of the search evaluates g(6) := e

Tr(6x1 — F)~", and depending on whether this value is less than or at least 1, the
value of k is decreased or increased, respectlvely The search stops when the search interval [¢, u] has u < £+ 1, in which
case we set (t) = 0,,; the number of steps until this happens is O(log K) = O(log + 5-) = O(log -). By the monotonicity of
g(z) (in the interval [Amax(F), +00)), and the property of binary search, we know that 6* € [95, 0 ]. Thus, by the stopping
criterion,

Or <O°(t) <O(t) = 0u < Ory1 = (1 +95)0,

implying that 0*(¢t) < 6(¢) < (1 + d,)0*(t). Since evaluating g(6x) takes O(n*), the overall running time for the binary

search procedure is O(n* log Z-), and hence the total time needed for for computing 6(t) is O(n” log % + = \1}"’ ).

As all other steps of the algorithm inside the inner while-loop can be done in O(7 + n?) time, where 7 is the time
taken by a single call to the minimization oracle in step[7] in view of Claim[I7, we obtain the following result.

Theorem 43. For any ¢ > 0, Algorithm [ outputs an O(nlog+ + Z)-sparse O(¢)-optimal primal-dual pair in time
O((nlogh + %)(n® log 2 + 2152 1 7)) = G(2louct 4 nTloun)

€

3 Applications

3.1 Robust Packing and Covering SDPs
Consider a packing-covering pair of the form (PACKING-I)-(COVERING-I) or (PACKING-II)-(COVERING-II). In the

framework of robust optimization (see, e.g. [9,[10]]), we assume that each constraint matrix A, is not known exactly;
instead, it is given by a convex uncertainty set .A; C S’. It is required to find a (near)-optimal solution for the packing-
covering pair under the worst-case choice A; € A; of the constraints in each uncertainty set. A typical example of a
convex uncertainty set is given by an affine perturbation around a nominal matrix A? € ST

k
Ai—{Ai:—A?+ZcSTAf: 5—(61,...,5k)eD}, (18)
r=1
where A}, ..., A¥ € ST, and D C R% can take, for example, one of the following forms:
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e Ellipsoidal uncertainty: D = F(80, D) := {6 € R% : (§ — 60)TD~1(5 — o) < 1}, for given positive definite matrix
D € Sk and vector éo € RY such that E(5y, D) C R ;

e Box uncertainty: D = B(o, p) := {6 € RE : ||6 — do||1 < p}, for given positive number p € R, and vector o € R%
such that B(dy, p) C R ;

o Polyhedral uncertainty: D := {§ € R% : D§ < w}, for given matrix D € R"** and vector w € R".

Without loss of generality, we consider the robust version of (NORM-PACKING-I)-(NORM-COVERING-I), where A;, for
i € [m], belongs to a convex uncertainty set .4;. Then the robust optimization problem and its dual can be written as
follows:

zp =max TeX (RBST-PACKING-I) 25 = inf Z/ v dA; (RBST-COVERING-I
st. AjeX <1, VA €A VYie[m] i=17 A
nxn m .
X €eR , X =0 S.t. Z/ yzlAldAl -1
i=1 A;
y" is a discrete measure on A;, Vi € [m).

As before, we assume (B-I), where A1,..., A, € Uie[m] A;. We call a pair of solutions (X, y) to be e-optimal for (RBST-PACKING-I)-
(RBST-COVERING-I), if

zp>TeX > (1—6)2/ yh,dA; > (1 - €)zp.
i=17 A
As a corollary of Theorem[22] we obtain the following result.

Theorem 44. For any e > 0, Algorithmloutputs an O(¢€)-optimal primal-dual pair for (RBST-PACKING-1))-(RBST-COVERING-])
in time O("wt;?g v 4 "Tel;’g L), where ¢ == T'maxie[m/]\"‘_i E(;“}; Amax(A0) 0 d T is the time to compute, for a givenY € S%, a
pair (i, A;) such that

(4, Ai) € argmax;c () a,ea, Ai®Y. (19)

Note that (I9) amounts to solving a linear optimization problem over a convex set. Moreover, for simple uncertainty
sets, such as balls or ellipsoids, such computation can be done very efficiently.

3.2 Carr-Vempala Type Decomposition

Consider a maximization (resp., minimization) problem over a discrete set S C Z" and a corresponding SDP-relaxation
over Q C S%:

min min

2ho = { max } Ceqq” (COP) Zipp = { max } CeQ (SDP-RLX)
st. g8 st. Qe 9,
where C € S;.

Definition 1. For a € (0,1] (resp., a > 1), an a-integrality gap verifier A for (SDP-RLX) is a polytime algorithm that,
given any C € S} and any Q € Q returns a q € S such that B e qq* > aB e Q (resp., C e q¢* < aC e Q).

For instance, if S = {—1,1}" and Q = {X € S} : Xi = 1 Vi € [n]}, then a 2-integrality gap verifier for the
maximization version of is known [29].

Carr and Vempala [12] gave a decomposition theorem that allows one to use an a-integrality gap verifier for a given
LP-relaxation of a combinatorial maximization (resp., minimization) problem, to decompose a given fractional solution
to the LP into a convex combination of integer solutions that is dominated by (resp., dominates) « times the fractional
solution. In [13]], we prove a similar result for SDP relaxations:

Theorem 45. Consider a combinatorial maximization (resp., minimization) problem (COP) and its SDP relaxation (SDP-RLX)),
admitting an a-integrality gap verifier A. Assume the set S is full-dimensional. Then there is a polytime algorithm that, for

any given Q € Q, finds a set X C S, of polynomial size, and a set of convex multipliers {\q € Ry : ¢ € X}, 37 Ag =1,
such that

aQ XY Naqh (resp, aQ = Y Agaq”).

qeEX qeX
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The proof of TheoremM3]is obtained by considering the following pairs of packing and covering SDPs (of types I and
I, respectively):

27 = min Z Aq (CVX-D 2] =max aQeY +u (CVX-dual-I)
. 9e8 st. ggl oY +u<1,V¥ge S (22)
s.t. Z Aeqq = aQ (20) Y est u>0
q€S =
A >1 (21)
qgeS
AERS, A>0
2]; = max Z Aq (CVX-ID) 2jy=min aQeY +u (CVX-dual-II)
. 9es st. gl oY +u>1Yge S (25)
S.t. Z Agqq = aQ (23) Yest u>0
q€S =
PPV (24)
zeS
ANERS, A>0

It can be shown, using the fact that the SDP relaxation admits an «-integrality gap verifier, that z; = z7; = 1, and that the
two primal-dual pairs can be solved in polynomial time using the Ellipsoid method. Here, we derive a more efficient but
approximate version of Theorem43]

Theorem 46. Consider a combinatorial maximization (resp., minimization) problem (COP)) and its SDP relaxation (SDP-RLX)),
admitting an o-integrality gap verifier A. Assume the set S is full-dimensional and let ¢ > 0 be a given constant. Then
there is a polytime algorithm that, for any given Q € O, finds a set X C S of size |X| = O(Z—s log(nW)) (resp., of size

|X| = O(nlog 2 + %)), where W := maxyes, ic[n) |6i|, and a set of convex multipliers {\q € Ry 1 g€ X}, 37 1y A¢ =1,
such that

(1-0()aQ <> Aggg”  (resp., (1+0(€)aQ = > Agqq"). (26)

qeEX qeX

Proof. Let us first consider the maximization problem and the corresponding covering SDP (CVX-I). We can write

(CVXD)-(CVX=duall) in the form of (COVERING-I)-(PACKING-I), where the set of constraints [m] corresponds to S,
by setting

Y 0

A, =
? 0 u

27)

T
qq” 0 ._
0 1]’ C=

aQO} ¥
0 1

Let us fix any linearly independent subset S’ C S of S of size n. Write A := > ges qq” . Then for any Y > 0, feasible for
(CVX_duall), we have TeY < % < 5z To arrive at a bound 7 as in Assumption (B-I), we need to lower-bound

Amin(A). Let £’ be the total bit length needed to describe S’. Then we have the following bound.
Claim 47. A\pin(A4) > 7= 272671,

Proof. Equivalently, we need to show that 3> __.,(¢"v)* + v§ > v, for any unit vector (v,v0) € R"*'. Suppose for the
sake of contradiction that |vo| < /¥ and |¢"v| < /7 for all ¢ € S. Let H € R™*" be the matrix whose columns are
the vectors ¢ € S’ and h € R™ be a vector with component ¢” v in the position corresponding to ¢ € S’. Then the linear
system Hz = h has a unique solution z = v = H~'h such that each component is bounded in absolute value from above
by 2£/\/§ (see. e.g., [18, chapter 1]). Since (v, vo) is a unit vector, it follows that

L= ol* + 03 <2y +y <1,
a contradiction. O

From Claim B7} we know that assumption (B-I) is satisfied with = := 22" +1n, 4+ 1, where £ < n®log(W + 1). Let
aQ = LTDL be the LDL-decomposition of a@Q and write U := L~'. By the reduction in Appendix [BI] we can use
aQ(8) = L"D(§)L = a@Q + SL"IL, where D(8) = D + 6L"IL and § < —;5 (as z; = 1), instead of aQ without
changing the objective value by a factor more than (1 + €) (if Q is nonsingular, then we set § = 0). (Recall that [ is the
0/1-diagonal matrix with ones only in the entries corresponding to the zero diagonal entries of the diagonal matrix D, and
note that the matrix L is independent of 6.) For q € S, let p(q) := D(8)~*/?U"q. Using the transformation of variables
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Y’ := D(§)V2LYLTD(5)Y/?, we get aQ(5) oY = IeY’ and g¢” oY = p(q)p(q)” ¢ Y. Hence, we obtain a normalized form
of (an approximate version of) (CVXZI)-(CVX-dual-T), where q € S is replaced by p(q). In view of RemarkP] it is enough
to show that in each iteration ¢ of Algorithm[I] we can find efficiently a ¢ € S such that p(¢)p(¢)T ¢ Y’ +u > 1 — O(es) for

U

given Y’ = Y’(¢) = 0 and u = u(t) > 0 such that Tr(Y") +u € (1 — &5, 1) (by Claim [l where X (¢) := <éf 2) in step[@l

of the algorithm). To do this, let Y := UD(8)~*/2Y’D(§)"*/2U" and call the integrality gap verifier A on (Y, Q) to get a
vector ¢ € S such that g¢g7 ¢ Y > aQ ¢ Y. Then

p(@)p(@) oY +u=qq" oY +u>aQeY +u=aQb)eY +u—0L"ILeY =TeY +u—0L"ILeY. (28)

—1

We bound the “error term” §L7 IL e Y using the definition of Y’ = Y'(¢) := E;Lﬁ) ( D oges A(®)p(@)p(q)" —0(t)1) " in
step 6] of the algorithm as follows:

SLTITLeY = 8L IL e UD(8) "2y’ D(6) " 2U" = 6T @ D(6)'/2Y'D(8)" "% = 6D(8) " /?ID(6) /e Y =T oY’

= —ZSZ(?ﬁ (3" M@p(@p(@)” —60)1) " = i;i(tl)f- (D(8)"V2H(t)D(5) ™ —o(t)I) ", (29)
q€eS

where, for brevity, we write H = H(t) := >_ 5 M) UTqqTU. To bound 29), we need to compute the submatrix of
(D(6)Y2H(t)D(5)"*/? — 6(t)I) " corresponding to the non-zeros of I. Let the corresponding decompositions of the
matrices D(6) and G(t) := D(8) "2 H(t)D(6)*/? — 6(t)I be as follows:

D0 H, Hs G Gs (D/)71/2H1(D/)71/279(t)1 L(D/)71/2H2
s (0 ”)’ o= (HQT H3>’ = (GQT G3> ) <%H§(D')”Q Y )

5
(30)

where, for simplicity, we use I to denote the identity matrix of the proper dimension, according to the context. As
G(t) = 0, we have

0(t) < Amin (D)2 Hy(D')™/?), and M := Hs — H3 (D') "' H1(D') "' Hz > 0. 31

Using the block inversion formula:

—1

TeG(t) ' =Te(Gs—GEG1Ga) ' =T (%H3 —0(t)I — %HQT(D')_I/Q((D/)_l/QHl(D')_I/Q - G(t)[)(D’)_l/QHz)

— e (H3 —80(t)T — HE (D)~ V2 (D)2 Hy (D)~ - 9(t)1)(D’)*1/2H2) - (32)
and writing M := Hs — H3 (D')~"/?((D')"**Hy(D')~*? — 0(t)I)(D')~/* Ha, we get by (32),

a ) on

Te G(t)_l = . A, (M) — 66(t) < Amin (M) — 50(t)

(33)

Jj=

Note that M = M +0(t)HT (D')~'H1(D')~*Hs = M = 0 by (1)), and that M, D’ and H; are independent of §. It follows
that, if we set

B ] € )\min(M)
J := min { TTelTL’ 2Amin((D/)_I/QHI(D/)_UQ) } ’ (34)

then by (29), (31) and (33),

SLTTL ey < &)

n+1

TeG() " < es0(t) on gsn

S L (M) — 6000 S 1 e (35)

Using 29), 33) and T e Y’ 4+ u > 1 — &5, we get the desired inequality. Let X C S be the set of vectors ¢ € S’ such
that A, > 0 when the algorithm terminates. Since each iteration of the algorithm adds at most one element to X, we
have by Claim [39] that |X| = O(nlog® + %), where we set r = n, A := Y./, A; > 0, and use the set of matrices
{p()p(q)T : g € S’} for As, ..., A, in assumption (B-I), where S’ C S is a linearly independent subset of S. We bound )
in the same way as in the proof of Claim[T7

w < maxges Y'(0) o p(q)p(q)™ + u(0) _ Maxees Y(0) ® g¢” 4 u(0) < - maXges lg|I?

V'(0) @ % X ges P(@P(@)T +u(0)  Y(0) o3 csraq” +u(0) T Amin(X,esr 997)

< n*w? (22£/+1n +1) = nPwom),

It follows that |X| = O(f—s log(nW)) (which is also a bound on the number of iterations of the algorithm). Moreover,
by Remark 2] we have > gex Aa < 1+ O(e). Thus scaling each \q by >° , , Ay yields the sought convex combination
satisfying the first inequality in (26)).
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Now consider the minimization problem. (In in this part of the proof, we do not require S to be full-dimensional.)
We can write (CVX-II)-(CVX-dual-Il) in the form of (PACKING-II)-(COVERING-II), where the set of constraints [m)]
corresponds to S, and where A,, C and X are given by (27). By the reduction in Appendix[B.2] we can reduce (CVXII)-
to normalized form without changing the value of the objective, but we need to show that each step of
this reduction can be implemented in polynomial time. Consider assumption (C-II). Suppose that this assumption does
not hold. Then there is an € R™ such that Qx = 0 and ¢"z # 0 for some ¢ € S, implying that ¢ ¢ image(Q) :=
{Qv : v € R"}. Conversely, if ¢ ¢ image(Q), then (by Farkas’ Lemma) there exists an z € R™ such that Qz = 0 and
qx # 0. We conclude (by the same argument following assumption (C-II) in Appendix [B.2)) that for ¢ € S\ image(Q),
the primal variable A\, = 0, and hence, we may replace S by S’ := S N image(Q) in (CVYX=dual-Il). Let aQ = LT DL
be the LDL-decomposition of aQ, and write U = [U’ | U”] := L™!, where U’ is the submatrix of U whose columns
correspond to the columns of the submatrix D’ containing the positive diagonal entries of the diagonal matrix D. Let
p(q) = (D")""*(U")"q, for ¢ € S’. Then @23) becomes equivalent to " . s Aep(q)p(q)” = I. Next, we need to show
that Assumption (B-II) can be made to hold in polynomial time. For our purposes, it is enough to show a weaker version
of this assumption, as we shall see below. We begin by (implicitly) perturbing p(q)p(¢)” into A, := p(¢)p(q)* + <1, for
g € §'. By the argument following Assumption (B-II) in Appendix[B.2l £ < zj; = 1 < %, where 8 := min,es [[p(9)/*,
from which we obtain that 1 < 8 < n. Furthermore, by the same argument, the optimal value Z;; of the perturbed problem
satisfies 1 — 2¢ < Z;r < 1. Then, in view of Remark [3] it is enough to show that in each iteration ¢ of Algorithm 2]
we can find efficiently a ¢ € S’ such that A, ¢ Y’ +u < 14 O(e,) for given Y’ = Y'(t) = 0 and v = u(t) > 0

/

such that Tr(Y') + v € (1 — &5,1) (by Claim 24] where X (¢) := OY 0 ) in step [@] of the algorithm). To do this, let
u

L' be the total bit length needed to describe @ and {v1,...,vs} be a basis of null(Q) := {z € R" : Qz = 0}. Note
that, for each ¢ € [k], each nonzero component of v; is bounded in absolute value from below by 2=£ (see. e.g., [18l
chapter 1]). Given Y’ = 0 and u > 0, we apply A to (Y,Q), where Y := U'(D)"2Y"(D")"2(U")" + vk vl and
vi= 225/04(02 oY +1= 22£,04Q . U’(D')féY'(D')fé (U"NT 41, to geta g € S such that g¢” e Y < aQ e Y. We claim that
g € S'. For this, it is enough to show that ¢*'v; = 0, for all 5 € [k]. Suppose v ¢ # 0 for some i € [k]. Then |vfq| > 27%,
implying that

=

k
gq" oY =qq" o U'(D) 2V (D) 2(U)" + 7 (¢ 0i)? > (22 aQe Y +1)27% > aQe Y,
i=1

a contradiction. We conclude that ¢ € S’, and moreover that p(q)p(¢)T ¢ Y’ = q¢" ¢ Y < aQeY = (L')TD'L' oY =
TeY' < 1—u. Then, AgeY'+u < 1+<IeY’ < 1+e,, asrequired. To bound the number of iterations of the algorithm, we

need to specify which ¢’ is used initially. This is done as follows. We start the algorithm by setting Y’ = I and applying
the integrality gap verifier A to (Y, Q), as above, to obtain a ¢’ € S" such that

Ip(@))? = p(d)p(d) oY =¢d'd" oY <aQeY =aQeU' (D) (U)"

D L N R [ P =

0 0 0 0 0 O 0 0

Let X C S be the set of vectors ¢ € S such that A\, > 0 when the algorithm terminates. Since each iteration of the
algorithm adds at most one element to X, we have by Claim[[Zthat | X[ = O(nlog §; + %), where

:Amin(Ag(O)) > e/n S €
Amax(Ag) — nte/n T 2n?

It follows that |X| = O(nlog 2 + %). Moreover, by Remark[3] we have > gex Aa = 1 — O(e). Thus scaling each \q by
> grex Ag yields the sought convex combination satisfying the second inequality in 26). O

Note that, once we have a set X as in Theorem [46] its support can be reduced to O(@) using the sparsification
techniques of [8}135]. Applications of the Carr-Vempala type decomposition for SDPs in robust discrete optimization can
be found in [[13]].
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A A Matrix MWU Algorithm for (PACKING-II)-(COVERING-II)

Given positive semidefinite matrices Ay, ..., A, € S%, we consider the dual packing-covering pair (NORM-PACKING-II))-
(NORM-COVERING-II). Here is a matrix MWU algorithm.

1t 0;9(0) « 0; X(0) < 0; M(0) <~ 0; T + ¢ ?Inn

2 while M (¢) < T do

3 | P(t) = (1+e)Xi=1 ¥4 /% Update the weight matrix by exponentiation */
4 i(t) < argmin; A; ® X (t)

5 0(t) <= 1/Amax(A;(r)) /* Define the update step size */

6

7

8

9

X(t+1) « X(t) + FE5H y(t+ 1) < y(t) + 5(t) Ly /* Update the primal-dual solution */
M(t+ 1) < Amax (X, yi(t)As) /* Compute the largest eigenvalue of LHS of dual */
t+—t+1

end
10 L(t) = min; A; e X(t)
1 Output (X,5) = (X(t) y(t) )

—

L(t) » M(t)

Algorithm 3: Matrix MWU Algorithm for (PACKING-II)-(COVERING-II))

A.1 Analysis
Let F(t) = ZZI yi(t)Ai.

A.1.1 Number of Iterations
Claim 48. The algorithm terminates in at most nT iterations. Note that by Claim[36l below, L(t;) > 0.

Proof. Note that 377, A\;(F'(t)) = I e F(t). Then

zn: Aj(F(t+1)) — Xn: A(F(t) =TeF(t+1)—TeF(t)=06(t) e Ay,

—7e Ai _ Tr(Asw) _ > A (Aie) 51
Amax(AAi(t)) )\max(Ai(t)) )\max(A'L(t))

It follows that =", \;(F(nT)) > nT and thus

Amax (F(nT)) > M .

The claim follows by the termination condition in step |

Let ¢; be the value of ¢ when the algorithm terminates.

A.1.2 Primal Dual Feasibility and Approximate Optimality
Claim 49. (Primal and dual feasibility:) A; e X>1Vie [m], X =0, and S GiAs < L
Proof. For any ¢ € [m], we have

. Ao X(ty) A; e X(ty)
Aie X = = > 1.
* L(t;) min; A; e X (t7) =

Also, X (t) = ) St XL - 0, since X (¢) == 0. Thus the primal is feasible. To see dual-feasibility, note that

Thus, Amax(F(t5)) = 1, implying that >~ | §:A; < 1.

. _1 S(t)P(tHeA, .,
Claim 50. L(t) > Y41 X002,
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Proof. For any i € [m], we have for all ¢/

/ SEYP)  S(t)A; e P(t) _ 6(t') Ay @ P(t) . L

i =A; = >
Ao X(t')=A; e Te P Te P Te Pt (by the definition of 4(¢) in step[])
Summing the above inequality over all ¢’ < ¢, we get the claim. O

Claim 51.
TeP(t+1)<Te(l+ 6)F(t)(l + 6)6(t)Ai(t)A

Proof. We will use the Golden-Thompson inequality (see, e.g., [36]): for any two symmetric matrices B and C":
Tr(e®T¢) < Tr(ePe”).
Now,

TeP(t+1)=Tr (61“(1“)(F(t)+6(t)Ai<f))) <Tr ((1 +fDa+ e)‘s(t)A“f)) (by the Golden-Thompson inequality)

=Te(1+¢" W14’ DA,

O
Factl. ForO0<B <Tande >0,
(1+6)P <T+eB.
Proof. Let B = UT AU be the eigen decomposition of B, where A = diag(A1, ..., \). Then
(1+6)° — (I +eB) = UT diag ((1+E)A1,...,(1+6)A") U—UT diag (1 + €A1, ..., 1+ e\a) U

= U" diag ((1 FOM—(L+er),...,(1+e™ —(1+ e/\n)) U. (37)
Using the inequality: (1 + €)* < 1+ ez, valid for for z € [0, 1] and € > 0, we obtain that (1 4+ €)* — (1 4 €);) < 0 and the
claim follows from (37). |
Claim 52.

(14 €)°O%® < T 4 e5(t) Ay

Proof. The claim follows from Fact[ll applied with B := d(t)A;), which satisfies 0 < B < I by the definition of §(t) in
step[3] of the algorithm. O

Fact 2. For three symmetric matrices B,C, D € R™*" if B = 0 and C < D then

BeC < BelD.
Proof. Immediate from B e (D — C) > 0 which holds by the positive semidefiniteness of B and D — C. -
Claim 53. . )

Proof. We conclude from Claims [51] and 52, and Fact 2] applied with B := (1 + ¢)7®, ¢ := (1 + ¢)°W4® and D :
I+ E(S(t)Ai(t), that

TeP(t+1)< 1+6)F® o 1+66(t)Ai<t)§ 1+6)F® o I+ ed(t)A;
(t)

eS(t)P(t) ® Ay
—TeP(t) <1+ W) 4

([l
ZFI é(t’)P(t’)uAi(t,
Claim 54. e X(t) < T e P(0)e"=¥'=0 " TePG) |
Proof. Using the inequality 1 + z < e%, valid for all z € R, we get from Claim[34]
TeP(t' +1)<e oPGH . (38)
Iterating B8) for ¢’ =0, 1,...,t — 1, we arrive at the claim. O

23



Claim 55. M(t)In(1+¢) < Inn + e 20 Wb

Proof. Taking logs in Claim[34] and using that 7 e P(0) = n and

TeX(t) =Y X((1+" ) =3 "(1+eNFO) > (14 gtmaxFO)
j=1

j=1

we get

M) In(l+4€) = Amax(F())In(1+¢€) <Inn+e i M

— TeP(t)
O
Claim 56. ALI—%% > lt) _ o> 1 1.5¢ for e € (0,0.5].
Proof. Using Claims[50land[33] we obtain after rearranging terms
L(ty) _ In(1+e¢) Inn
M) ST e i)
> @ — l?_Tn (by the termination condition)
= M —€ (by the definition of T")
>1-—1.5¢ (209D ¢ > 1 1.5¢fore € (0,0.5].)
O
Claim 57. T e X(t) =1Ty(t) = Zi;lo 5(t"). Thus, the following (approximate strong duality) holds
(1-15e)Te X <17§.
Proof. The first claim follows by
TeAX(t) = % = 5(t) = 1Ty (b).
From this we get from Claim[56]
= R 1
from which the second claim follows. |

A.1.3 Running Time per Iteration

The most expensive step is the matrix exponentiation. It can be done (approximately) in time O(n?®), by computing the
eigenvalue decomposition of F'(¢) (more efficient algorithms are available if F'(t) is sparse, see, e.g. [20]).

Theorem 58. For any e > 0, Algorithm[3outputs an O(2 1€°2g *)-sparse O(€)-optimal primal-dual pair in time O(% +
nTlean) ywhere T is the time taken by a single call to the minimization oracle in step

€

B Reduction to Normalized Form

When C = I = I,,, the identity matrix in R"*"™ and b = 1, the vector of all ones in R™, we say that the packing-covering

SDPs (PACKING-I)-(COVERING-I) and (PACKING-II)-(COVERING-II) are in normalized form. We recall below how a

general packing covering pair of SDPs can be reduced to normalized form (see e.g., [22]). We denote by I the identity
matrix of appropriate dimension.

We first note that under assumption (A), strong duality holds for both pairs (PACKING-I)- (COVERING-I) and (PACKING-II))-

(CoVERING-II). Indeed, it is enough for this (see, e.g.,[27]) to show the strict feasibility of the primal (the so-called the
Slater’s condition). For (resp., (COVERING-II)), a strict primal feasible solution is given by X := §I, where
6= 2 maxl- TeA; (resp" 6= min -QIOA- )
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B.1 Reduction to Normalized Form for (PACKING-I)-(COVERING-I)

Under assumption (B-I), we may further assume that
(C-I) C -~ 0andhence C = 1.

If this is not the case, we slightly perturb the matrix C' to make it positive definite without changing the objective value
by muchl. Let ¢ = L7DL be the LDL-decomposition of C and I be the 0/1-diagonal matrix with ones only in the
entries corresponding to the zero diagonal entries of the diagonal matrix D. For § > 0, define D(§) := D + 61 = 0,
C(6) := LTD(S)L = C + §LTIL, and let 2} (§) be the common optimum value of (PACKING-I)-(COVERING-I) when C is
replaced by C(4), and X*(4) and y*(9) be corresponding optimal primal and dual solutions, respectively.

By assumption (B-I), for any feasible solution X to (PACKING-I), we have I ¢ X < 7. Also, since X = ——1 is
feasible for (PACKING-I), z; > ¢ := —<*I—. Thus, for any desired accuracy ¢ > 0, selecting § = —= gives

2] <25(0) =CeX*(0)+ 0L " TLe X*(6) =C e X*(5) + 6T e LX*(§)L" < C e X*(5)+ 46l e LX*(5)L"
—CeX"(0)+0L"LeX*(5) < CeX"(6)+Mmax(L"L) e X*(§) <C o X" (6)+ 6l 0 L"L-1eX"(5)
<CeX"(0)+drLeL" =CeX*"(§)+eC < CoX*(8)+ezj <(1+¢€)z].

It follows that X*(6) is feasible solution to (PACKING-I) with objective value C @ X*(5) > (1 — ¢€)z}. It follows also that
y*(0) is feasible for (COVERING-I) (as >, y*(6)A: = C(8) = C) with objective value 2} (5) < (1 + €)z}.

Finally, writing U := L', and replacing X by X' := D(§)2LXL"D(5)2, A; by A} := D(8§)"2UTA,UD(6) 2
and C(§) by C’ = I, we obtain an equivalent version of the perturbed (PACKING-I)-(COVERING-I)) in normalized form.
Given an optimal primal solution X’ for the normalized problem we get a feasible solution X = U D(6)‘%X /D(6)‘%U T
to the perturbed (PACKING-I) with the same objective value. Similarly an optimal dual solution for the normalized
problem is an optimal solution for the perturbed as >,y Al = I & Y, y:iA; = C(8). Note that this
reduction can be implemented in O(n® + n“m) time. Moreover, given a maximization oracle Max(-) for (PACKING-I)-
(COVERING-I)), we obtain a maximization oracle for the normalized problem as follows: given Y € S}, we return Max(Y")
with Y’ := UD(6)‘%YD(6)‘%UT. (For simplicity we ignore roundoff errors resulting from computing square roots,
which can be dealt with using standard techniques)

B.2 Reduction to Normalized Form for (PACKING-II)-(COVERING-IT)

For a matrix B € R"*", define supp(B) := {z € R" : Bz # 0}.
We may assume that

(C-II) supp(C) 2 U, supp(A:).

If this is not the case, that is, there is an ¢ € [m] such that supp(A;) € supp(C) then y; = 0 for any feasible solution y
to (PACKING-II). Indeed, the existence of an 2 € R™ such that A,z # 0 and Cx = 0 implies that y;z” A;z < y;aT Az +
D yjzT Ajz < 2T Cx = 0, giving that y; = 0. Furthermore, the existence of such z allows us to remove the ith inequality
from (CQVERING-II); given an optimal solution X to the reduced covering system, we obtain a feasible solution with the
same objective value (and hence optimal) to the original system by setting X = X'+ A;‘.””;;T . Note that (by Farkas’ Lemma
[34, Chapter 7]) we can check if (C-1I) holds by solving m linear systems of equations CT' = A;, fori = 1,...,m. This can
be done in O(n® + n“m) time, where w is the exponent of matrix multiplication, by computing the LDL-decomposition
of C.

We may assume next that

(D-II) supp(C) = R™\ {0} and hence C = I.

Suppose that (D-1I) does not hold. Let C = LT DL be the LDL-decomposition of C and write U = [U’ | U"] := L7},
where U’ is the submatrix of U whose columns correspond to the columns of the submatrix D’ containing the positive
diagonal entries of the diagonal matrix D. Then U CU = D implies that (U”)"CU"” = 0, which in turn implies that
CU" = 0 (since C = 0). The latter condition gives by (C-II) that A;U" = 0 for all 4, and consequently,

@)”

(U//)T

(U/)TArL'U/ |(UI)TAiU//
(U//)TAiU/|(U//)TAiU//

(U)" AU |0

UT AU =
0 0

. (39)

Aol -

3such a reduction has been used, e.g.,in [L1]
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It follows that

D’|0
Ay < C ZU AU<U CU=D=
Zy :)Zy [0 O}

:)Zyz U <D

1 1

:)Zyl “2(U)TAU (D)2 <. (40)

1

Thus, replacing A; by A} := (D /)" (U"HT A;U' (D)™ 2 and C by I, we obtain an equivalent dual problem in normalized
form whose optimal solution y is optimal for (PACKING-II). Also, a feasible primal solution X' to the corresponding
normalized primal problem can be transformed to a feasible solution X = U’(D )’EX (D)~ (U )T to (COVERING-II)
with the same objective value, as C e X = C e U'(D')"2 X' (D')"2(U")" = (D)~ 2 (U")"CU'(D')"% « X' = I & X', and
Ao X = AU (D) 2X/(D') 2 (U)T = (D)) (U A,U'(D')"2eX’ = AleX'. Conversely, write L” = [(Z')"|(L")"],
where L' is the submatrix of L whose rows correspond to the rows of the submatrix D’, and note by definition that
U'L' + U"L" = I. Then, given any feasible solution X to (COVERING-II), a feasible solution to the normalized primal
problem with the same objective value is given by X’ := (D')2 L' X (L')"(D')? since

Ao X' = (LY (UNTAU'L e X =(I-U"L") ' A(I —U"L")e X = A; 0 X,

and similarly 7o X' = Te (D)2 I’ X(L')T(D')% = (L')TD'L' « X = C' o X. This step takes O(n® + n“m) time. Moreover,
given a minimization oracle Min(-) for (PACKING-II)-(COVERING-II), we obtain a minimization oracle for the normalized
problem as follows: given Y € S7, we return Max(Y”’) with Y’ := U/(D/)‘%Y(D’)‘% (U7,

We may next make the following further assumption on (NORM-PACKING-II)-(NORM-COVERING-II)):

B-II') £ < Amin(A:) < Amax(4s) < 222 for all i € [m], where 8 := min; Amax(As).

(The same argument shows (B-II).) Indeed, let J := {i € [m] : A,.(4:) < "/B/ },and fori € J, let A; := A; + e—f/l,
where A, (A;) is a 1-approximation Aj,,,(A:) of Amax(A;) and B’ := min; )\max( i). Consider the following pair of
packing-covering SDP’s:

Z;7=min TeX  (NORM-COVERING-I]) Zr=max » y;  (NORM-PACKING-II)
st. AjeX>1VieJ e
X e Rnxn7 X = 0 S.t. ZylAZ < I
ieJ
yeR™, y>0.

Z on = max( z)+ e’ < 2”5 + eB < Sn/B
Let us also note that <z <Z (see e.g., [22]), a % is feasible for QNQRMMFJ&INQ_H[) and if X™ is optimal
* Ao AjeX*
for (INQRMMERLNQ_HD then forz € argmin,, Amax(Ay), we have T o X* > Amafoi) = fist > 1.
Let us note next that if X is feasible for (NORM-COVERING-II)), then it is also feasible for d_NQRMiMERLNQ;LLb
Hence, Zr; < zj;. On the other hand, suppose X is optimal for (NORM-COVERING-I])). Then, X := ;1 (f( + ﬁfnl) is
feasible for (NORM-COVERING-II)), since fori € J,

1 e B

A, e X 1 6(A,——n [) <X+ - )
_ 1 A- e X ﬁ ¢
7176( e /5’ )

2 ~ ~
! (176+£*6—>>1, (CTeX =Zz7;<z/;; <2< andTeA; >TeA;, >p3>/4)
n

1—e¢ n

Note that Amin(A;) > £ > £ while for i € J, Amax(As)
S

\Y

while fori ¢ J, we have A; ¢ X > A; @ 57-1 > o Amax(Ai) >

> 5 Alnax(Ai) > 1. Moreover, I ¢ X = 1£ (I e X + ﬁ) <

ey (I o X + %) < = (Zrr + 2ezp) g 11+_2: z};. Obviously, given a feasible solution § to (NORM-PACKING-11)), it can
be extended to a feasible solution y to (NORM-PACKING-II), with the same objective value, by setting y; = ¢; fori € J

and y; = 0 for i ¢ J. To implement this step of the reduction, we can use Lanczos’ algorithm to compute A}, (A;), for
i € [m]. The running time is O(mn?).

€
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