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Abstract In this manuscript, we consider a control system governed by a general
ordinary differential equation on a Riemannian manifold, with its endpoints satisfy-
ing some inequalities and equalities, and its control constrained to a closed convex
set. We concern on an optimal control problem of this system, and obtain the second
order necessary condition in the sense of convex variation (Theorem 22)). To this
end, we first obtain a second order necessary condition of an optimization problem
(Theorem [£2)) via separation theorem of convex sets. Then, we derive our necessary
condition by transforming the optimal control problem into an optimization problem.
It is worth to point out that, our necessary condtition evolves the curvature tensor,
which is trivial in Euclidean case. Moreover, even M is a Euclidean space, our result is
still of interest. Actually, we give an example (Example 2T]) which shows that, when
an optimal control stays at the boundary of the control set, the existing results are
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In this paper, we consider a control system described by a general ordinary differential
equation with the state restricted to a manifold, with the initial and terminal states re-
stricted to inequality-type and equality-type constraints, and with the control constrained
pointwisely to a convex set. For this control system, we study the second order necessary
optimality condition for an optimal control problem.

Before elaborating on our problem, we introduce some notions on manifolds. Let n € N
and M be a complete simply connected, n-dimensional manifold with Riemannian metric
g. Let V be the Levi-Civita connection on M related to g, p(-,-) be the distance function
on M, and T, M and T;M be respectively the tangent and cotangent spaces of M at
x € M. Denote by (-,-) and |- | the inner product and the norm over 7, M related to

g, respectively. Also, denote by TM = | T, M, T*M = |J T;M and C*(M) the
zeM xeM
tangent bundle, the cotangent bundle and the set of smooth functions on M, respectively.

Let j,k € N, T > 0, U be a subset of R™ (m € N), and f : [0,7]| x M x U — TM,
i M x M — R (i =0,1,---,5) and ¢ = (b1, ,2Px)| : M x M — R* be maps

(satisfying suitable assumptions to be given later). Set by
U={v:[0,T] — U|v(-)is measurable} (1.1)
the set of all possible controls. Consider the following optimal control problem

(OCP) Find a control u(-) and a trajectory y(-) minimizing

J(y(-),u(-)) = ¢o(y(0),y(T)),

subject to
y(t) = f(t,y(t),u(t)), ae.t €[0,T]; u(-) € U; (1.2)
and

{ $i(y(0),y(T)) <0, i=1,--- ], (1.3)

¥(y(0),y(T)) = 0.
a(), y(-) and (a(-),y(-)) are respectively called optimal control, optimal trajectory

and optimal pair.

For problem (OCP), Deng and Zhang ([5]) obtained the second order necessary con-
dition via spike variation, by applying the separation theorem of convex sets to a suitably
chosen set related to the second order spike variation. In this paper, we are concerned
with the second order necessary condition obtained by convex variation.

In optimal control theory, optimality conditions are usually obtained by two kinds of
variations of trjectories: spike and convex variations. In this paper, we call a necessary
condition obained by convex variation (resp. spike variation) a necessary condition in the

sense of convex variation (resp. spike variation). For the first order necessary optimality



condition, the condition in the sense of spike variation is always more precise than that
in the sense of convex variation, i.e. the latter can be deduced directly from the former.
However, for the second order necessary condition, it is hard to assess which condition
is better. As already explained in [B, Section 1], the second order necessary condition
only makes sense along a critical direction, in which the first order necessary condition is
trivial. Since different variations lead to different first order necessary conditions, critical
directions in the senses of different variations are distinct. Consequently the corresponding
second order necessary conditions are different. They are always complementary to each
other. Two examples in [I0] (or [4, Section 3.5]) show that, these two kinds of second
order necessary conditions can not cover each other. Our main result ( Theorem 2.2)) is
the second order necessary condition in the sense of convex variation, which can be viewed
as a complement to [5, Theorem 2.2].

For problem (OCP), when M is a Euclidean space, the second order necessary con-
dition in the sense of convex variation is given by [7l Theorem 3.1]. Comparing to it,
our main result (i.e. Theorem [Z2) has two differences: i) The curvature tensor of the
Riemannian manifold arises. This is the same case as the corresponding second order
necessary condition in the sense of spike variation (i.e. [5, Theorem 2.2]); ii) There is
another extra term (i.e. the first integral of the left hand side of inequality (2:23))), which
always makes sense when an optimal control stays at the boundary of the control set, and
provides additional informations. We explain this by Example 2.1l in which Theorem
works, while [7, Theorem 3.1] fails.

The appearance of the curvature tensor results from the second order variation of
trajectories evolved on Riemannian manifolds. The extra term (the first integral of the
left hand side of inequality (223])) comes from the use of “the second-order adjacent
subset” introduced in [I], Definition 4.7.2, p. 171]. More precisely, we prove Theorem [2.2]
by using the second order necessary condition of a solution to an optimization problem
with inequality-type and equality-type constraints (i.e. Theorem E.2]), which evolves “the
second-order adjacent subset”. With this nontrivial term, Theorem generalizes [7)
Theorem 4.1], see Remark [.T] for details.

This paper is organised as follows. The main results are stated in Section 2, the
variations of trajectories to the second order are given in Section 3, and Section 4 is

devoted to the proof of the main results.



2 Statement of the main results

2.1 Notations and assumptions

We first introduce some notions. Denote by i(z), [T (x)|, VT, R, the injectivity radius (at
the point € M), the norm of the tensor field 7 at the point x € M (see [3, (2.5)]), the
covariant derivative of the tensor field 7 and the curvature tensor ( of (M, g)), respectively.
For any x,y € M with p(x,y) < min{i(x),i(y)}, by [3 Lemma 2.1], there exists a unique
shortest geodesic connecting = and y. We denote the parallel translation of a tensor from x
to y along this geodesic by L,,. For a smooth function h : M x M — R of two arguments,
we denote by V;h(y1,y2) the covariant derivative of h with respect to the i*" argument y;

with ¢ = 1,2. Namely, we have
Vih(y1,y2)(X) = X (vi)(h(y1,92)), VX € TM.

Thus, Vih(y1,y2) € T, M. For a smooth vector valued map ¢ = (1, - - - )T M XM —
R* (k > 0), we denote the first and second order covariant derivatives with respect to the

it" argument (i = 1,2) respectively by

Vit(X) = (Vi1 (X), -+, Vithp (X)) T,

2.1
v?w(va) = (v%wl(X7Y)7 o 7v221/}k(X7Y))T7 ( )

for all X, Y € T M. The corresponding norms are given respectively by |V;1¢| = Zle |V
and |V#y)| = Zle |V21|. For the definitions of the above notions, please see [3, Section.
2].

To present the optimality conditions of problem (OCP), we need to introduce two
functions: Lagrange and Hamiltonion functions. When k > 0, the Lagrange function
L:Mx MxRYH 5 R is defined by L(y1,y2; () = Zgzoﬁigbi(yl,yg) + ng(yl,yg),
where ¢ = (L, -- ,Ej,fl)T. When k£ = 0, the corresponding Lagrange function L :
M x M x RY™ — Ris L(y1,y2; ) = S7_o lihi(y1,y2), where £ = (g, -+ ,£;) . For each
¢ € R"™+* we also denote by d; £(y1,y2; £) the differential of £ with respect to the variable
yi (i =1,2), ie. dil(y1,y2;¢) € T, M satisfies d;L(y1,y2; £)(X) = X (vi)(L(y1,y2;¢)) for
all X € TM. The Hamiltonian function H : [0,7] x T"M x U — R is given by

H(t,y,p,u) =p(f(t,y,u)), V(t,y,p,u) €[0,T] x T*M x U. (2.2)

Throughout this paper, we denote by X € T*M (resp. X eTM ) the dual covector
(resp. vector) of X € TM (resp. X € T*M), see [5, Section 2.1] for the detailed definition.
Then, we recall some definitions concerning tangent sets. For more details, we refer
to [I]. Let X be a metric space with a metric d, and K C X be a subset. The distance
between a point z € X and K is defined by distx (x) := inf{d(x,y);y € K}. Let {Kp}r>o



be a family of subsets of X. The lower limit of { K}, }x~¢ is given by
Liminf,_o+ K = {v € X; lim distg, (v) = 0}.
h—0t

When X is a normed vector space, the adjacent cone to a subset K C X at a point z € K
(i.e. x belongs to the closure of K) is defined by (see [1l, p.127])
K—=x
h
Moreover, for v € T} (x), the second-order adjacent subset to K at (z,v) is given by (see
[1, Definition 4.7.2, p. 171])

Ty () := Liminfy_o+ (2.3)

K—xz—hv
h? ’
By the definition of the lower limit of a family of subsets, one can respectively characterise

T} (z) and T[b{(z) (z,v) in terms of sequences:

Ree)

(@) == Limin fr_ o+ (2.4)

(i) v € Tk (x) if and only if, for any h, — 0% asn — +oo, there exists v, € X approaching
to v, such that x + h,v, € K for each n > 1;

(ii) Given v € Th(z), w € T[b<(2) (x,v) if and only if, for any h, — 07 as n — +oo, there

exists w,, € X approaching to w, such that = + h,v + h2w, € K for each n > 1.
The main assumptions are exhibited as follows:
(C1) U C R™ is convex and closed.

(C2) The map f(= f(t,z,u)): [0,T] x M x U — TM is measurable in t, and C' in (z,u).

Moreover, there exists a constant K > 1 such that,

|Layiy f(s,01,u1) — f(5,21,u2)| < K(p(w1,21) + |ur — uzl),
|f(s,z0,u1)] < K,
|pi(21, 2) — ¢i(1,22)| < K(p(21,%1) + p(22, #2)), i =0, , j,
[Y(z1,72) — (21, 22)| < K(p(w1,21) + p22, 22)),
for all s € [0,T], ui,ug € U, and z;,%; € M satisfying p(x;, 2;) < min{i(x;), ()}
for [ = 1,2, where x¢ € M is fixed.

(2.5)

(C3) The map f = (f(s,z,u)) is C? in (z,u) € M x U, and ¢q,--- ,¢;,1 are C? over
M x M. Furthermore, there exists a positive constant K > 1 such that

IVef(s,21,u1) = Lgy2y Va f(5,21,u2)| < K(p(w1,21) + [ur — ual),
IVuf(s,21,u1) = Lo, Vuf (5,81, u2)| < K(p(21,%1) + |ur — usl),
IV1¢i(21,72) — Lgyz, V19i(21, 22)| < Kp(z1,21), 1 =0,1,--- 7,
(V2¢i(w1,72) — Liyz, Vagi(w1,22)| < Kp(x2,22), 1 =0,1,--- 7,
(Vip(z1,2) — Layoy V1(21, 22)| < Kp(z1,21),

(

L
\Vot(z1,22) — Liyw, Vb

x1,T9)| < Kp(ze, Z2),



for all r1,%1,29,T0 € M with p(:l?l,il) < min{i(xl),i(:ﬁl)} and ,0(332,&2) < min{i(xg),
i(Z2)}, and (s,u1,u9) € [0,T] x U x U, where V, f(s,z,u) is defined by

= lim,_ o+ %(f(s,a:,u +eV)(n) — f(s,a:,u)(n)), V(n,V)eTiM x R™, 27)

with its norm
IVuf(s,z,u)| = sup{Vuf(s,z,u)(n,V); (n,V) € Ty M x R™, [n| + |V| < 1},

and V. f(s,x,u) is the covariant derivative of f(s,z,u) with respect to the state
variable x € M, and is defined by

Vaf(s,z,u)(n, X) =Vxf(s,u)(n), VnX)eT;MxTM, (2.8)
with its norm given by [3|, (2.5)].

We should mention that, for [ = 1,2 and ¢ = 0,--- ,j, by [3| Lemma 4.1], we obtain
from (Z3) and (26]) that, f and V,f are both Lipschitz continuous with respect to the
variable (z,u) € M x U, and ¢;, ¥, V;¢; and V¢ are Lipschitz continuous. These
conditions can be checked by computing the norms of V. f, V2f, V;é;, V%qﬁi, Vi and
V.

2.2 Main results

In this subsection, we fix an optimal pair (u(-),7(:)). For a function defined on [0,T] x
M x U, we denote by

olt] = o(t,y(t),u(t)), vtel0,T] (2.9)
for abbreviation. Set
Ia={ie{l,---,j}; ¢:(y(0),y(T)) = 0} U {0}, (2.10)
In=1{0,1,-- ,j}\ L4 (2.11)
Given a vector £ = (o, - ,{;, E;Z)T € R™+* we denote by p(-) the solution to

{ Viop' = —Va 0., aet e 0.1), 2.12)

p(T) = d2L(y(0),5(T); ),
with V. f given by @38). It is a covector field along §(-), i.e. p(t) € Tg(t)M for each
t € [0,T]. Furthermore, for a function ¢ defined on [0,7] x T*M x U, we set

plt. €] = o(t,5(1), p'(t),a(t)), Yt € [0,T] (2.13)

for abbreviation.
The first order necessary condition of an optimal pair in the secnse of convex variation

is stated as follows.



Theorem 2.1 Assume U C R™ (m € N) is convex, and condition (C2) holds. If
(@(-),5(-)) is optimal pair for problem (OCP) with u(-) € L*(0,T;R™) NU, then there
exists £ = (Lo, 01, ,05,0,,) " € RMITRN\ {0} such that

0, <0, ifi €Iy =0, ifi € Iy, (2.14)
and
Vo H[t, l(v(t)) <0, ae.t €0,T], (2.15)
holds for all v(-) € L*(0,T;R™) with v(t) € Ty (a(t)) a.et € [0,T], where p(-) is a
covector field along y(+) satisfying (212) and initial condition
p(0) = ~d1 L(5(0), 5(T); ), (2.16)

and V H(t,y,n,u)(V) (with (t,y,n,u, V) € [0,T] x T*M x U x R™) is defined by
1
VuH(tyn)(V) = lm < (H(tymu+eV) = Hitynw).  (217)
e— €
From the viewpoint of calculus, when the first order necessary condition is trivial in
some direction, it is necessary to find the second order necessary condition along this
direction. Thus, in what follows, we give the definition of critical direction in the sense of

convex variation.

Definition 2.1 Assume that (u(-),y(:)) is an optimal pair of problem (OCP) with
a(-) € L2(0,T;R™) NU, and that all the assumptions in Theorem [Z1] hold. A function
v() € L*(0,T;R™) is called a singular direction in the sense of convex variation, if it

satisfies
u(t) € T("](ﬂ(t)), a.e.t €[0,7T],
V1¢i(5(0),5(T))(Xu(0)) + V2 (5(0), 5(T))(Xo(T)) < 0, Vi € L4, (2.18)

Vid(5(0), 9(T))(Xo(0)) + Varb (4(0), g(T))(Xo(T)) = 0 (omit if k = 0),
where Vi1 is defined by (21), and X,(-) is a vector field along y(-) (i.e. X,(t) € TyyM
for all t € [0,T]) and verifies

Vi Xo = Vo[, Xo (1) + Vuf[H]( 0(t), ae.t € (0,T), (2.19)

with Vf and V. f given respectively by (2.8) and (2.7).
Along a critical direction v(-) defined above, the first order necessary condition in the

sense of conver variation is trival. To show this, we need a definition as follows.

Definition 2.2 Assume that all the assumptions in Theorem[21] hold, and that (u(-),
y(-)) is an optimal pair of problem (OCP). A vector = (fo, €1, -+ ,£;,£))" € RMTITR\{0}
is called a Lagrange multiplier in the sense of convex variation, if it satisfies (2.17]), and
(Z13) holds for all v(-) € L2(0,T;R™) with v(t) € Ty (a(t)) a.e t € [0,T], where p(-)
satisfies (212) and (2.14)).



Thus, we can understand the first order necessary condition in the sense of convex
variation (i.e. Theorem [21]) as follows: if (a(-),y(-)) is an optimal pair, there exists a
Lagrange multiplier in the sense of convex variation. Moreover, if v(-) € L*(0,T;R™) is a
crictical direction in the sense of convex variation, with X, () satisfying (218) and (219),
then for any Lagrange multiplier £ € R'TITF\ {0}, by (213), (212), (216), (219), (213

and integration by parts, we have

0 <V1L(H(0), 5(T); 0)(X0(0)) + VaL(5(0), 5(T); £)(Xo(T))
/ V. H[t, €] (v(t))dt <0,
which implies V, H[t,¢](v(t)) =0 a.e t € [0,T]. Thus, along direction v(-), the first order
necessary condition in the sense of convexr variation is trivial.

Then, along this direction v(-), we shall study the second order necessary condition.
To this end, associated to v(-) and X,(-), we set

Iy = Iy Ui € La; Vi (5(0), 5(T)) (X0 (0)) + V2hi(5(0), 5(T)) (Xo (T')) < 0};

I(/),E{Ovl)"' 7]}\1(/)

(2.20)

The second order necessary condition of optimal pairs is as follows.

Theorem 2.2 Assume that conditions (C1) — (C3) hold, and that (a(-),y(:)) with
a(-) € L*(0,T;R™)NU is an optimal pair of problem (OCP). Let v(-) € L*(0,T;R™) be a
critical direction in the sense of convex variation, with X,(-) satisfying (218) and (213).
Assume that there exist £(-) € L*(0,T;R™) and ¢y > 0 such that

disty(a(t) + ev(t)) < €24(t),Ve € [0, €], a.e.t € [0,T], (2.21)

and that the set B = {o(-) € L2(0,T;R™); o(t) € T, (u(t),v(t)) a.e.t € [0,T]} # 0.
Then, there exists a Lagrange multiplier £ = (Lgy, g, - - ,€¢j,€l)T € R+ {0} satis-
fying

by, =0, ifi ¢ I, (2.22)
such that

Jo' VuHe Qo(0)dt + 5 [ {V2HIE (X0 (1), X (1)

+2V Vo H [t (X, (8), v(t)) + VEH[E, £)(v(t), v(t))
—R(p'(t), Xo (), f[t], Xo(t)} dt + 5VIL(5(0), §(T); £)(X0(0), X, (0)) (2.23)
+ViV2L(5(0),5(T); £)(Xo(T), Xo(0))

+3V3L(5(0), 5(T); £)(Xy(T), Xo(T)) < 0



holds for all o(-) € B, where p*(-) satisfies (Z12) and (Z18), p'(t) (t € [0,T]) is the dual
vector of p(t), H[t, 0] is defined in (Z.3) and (Z13), for each (t,y,n,u) € [0,T]xT*M x U,

Ve H(t y,n,u)(X) =V, f(t,y,u)(n,X), VXeT,M,

VuVaH(t,y,n,u)(X,V) =

P VxH(t,y,n,u—i-sV)(X), V(X,V)eT,M xR™,
2

il
VZH(t,y,n,u)(X,X) = V2f(t,y,u)(n, X, X), VX €T,M,

s=0

VEH(t,y,n,u)(V,V) = H(t,y,n,u +sV), VVeR™,

and V;V;L(y(0),y(T);£) (i,j =1,2) is defined by [3, (5.11)].

Remark 2.1 [7, Theorem 3.1] considers a special case of problem (OCP): M is a
FEuclidean space. Theorems [21] & [22 differ from [7, Theorem 3.1] in three aspects. First,
Theorem [21) extends [7, Theorem 3.1] from a Euclidean space to a Riemannian manifold.
What comes new is that, the curvature temsor of the Riemannian manifold appears in
the second order necessary condition. Second, [7, Theorem 3.1] says that, if u(-) is an
optimal control, the first order necessary condtion is that, there exists a nontrivial vector
0= (Lyy, - ,€¢j,€l)T € RYIHEN {0} satisfying (2-14), such that the following inequality
holds:

/T Vo HIt, O (v(t))dt < 0, Yo(-) € L0, T;R™) N (U — {a(-)}). (2.24)
0

While (Z12) is of pointwise form, which is easier to be checked. Third, when there exists
a set A C [0,T] with its Lebesque measure bigger than zero, such that u(t) belongs to the
boundary of U for all t € A, the set {v(-) € L*(0,T;R™)|v(t) € Ty (a(t)) a.e.t € [0,T]}
is some times larger than L*°(0,T;R™) N (U — u(-)) (see Example [21). Consequently,
when a singular direction v(-) in the sense of conver variation satisfies v(t) € Ty, (a(t)) \
{U —A{u(t)}} fort e A, compared to [1, Theorem 3.1 |, we still have further information
about an optimal pair (see (2.23)). We shall use Example 21 below to illustrate it more
explicitly.

Example 2.1 Given T € (0,3 — \/5) and 0 > 2, consider the control system

g%l(t) = uy(t), a.e.t € (0,7), (2.95)
U2 (t) = —y2(t) + dy1 ()ua(t) — Oui ()%, a.e.t € (0,7),

where (uy(t),us(t)) € B(1) 2 {(z,9)7 € R}2? + 4% < 1} ae. t € (0,T). Set by

$0(y1(0),52(0), y1(T), y2(T)) = y2(T) and ¢ (y1(0), y2(0), y1 (T), y2(T)) = (y1(0)—1,42(0)) "
Then, the optimal control problem is to minimize ¢o(y1(0),y2(0),y1(T),y2(T)), where



(1), y2(),ur (), uz () is subject to (223) and ¥(y1(0),y2(0), y1(T),y2(T)) = 0. Con-
sider the control W(t) = (1 (t),uz(t))" = (0,—-1)T. The corresponding trajectroy is

(71(t), G2 (t) = (1 — ¢, —%t?’ + 3t? — 5t), Vt € [0,T].

Then, we shall use [7, Theorem 3.1 | and Theorem [2.2 respectively to check whether u(-)

s optimal.

Solution. It can be checked that T]g(l)((O, ~1)7") = {(z,y) |z € R,y > 0}, which is

strictly larger than B(1) — (0,—1)". We also have T;((zl))((O, D7, (1,007) = {(z,y)|r €
R,y > 3}. By the [7, Theorem 3.1(i) ](or Theorem ), there exists a unique ¢ =
(€o,01,02)T € R3\ {0} (up to a positive factor) satisfying £y < 0 and (2Z24) (or (ZI7)),
and we also have —fy = £y and ¢, = (61 — T?)ly. Without loss of generality, we as-
sume fy = —1. We observe that, for all v(-) € L>(0,T;R?) N (U — {u(-)}), the relation
fOT V. H[t, f](v(t))dt < 0 holds, which means that, [7, Theorem 3.1(ii) |(the second order
necessary condition) can not be applied to @(-). However, by Theorem 2.1 we know that
v(t) = (1,0)7 € Tg(l)(ﬂ(t)) \ (B(1) —{a(t)}) (t € [0,T]) is a singular direction. Set by
ot)=(0,4)" € T;(fl)) (a(t), (1,0)7) (t € [0,7]). The left hand side of [Z23) is reduced to
T(—1T%+ 3T +6—2) > 0, which contradicts (2ZZ3). Consequently, @(-) is not an optimal

control. [J

Then, we would apply Theorem to the following problem
(OCPE) Minimize J(u(-)) = fOT Ot y(t),u(t))dt over u(-) € U subject to (L2, y(0) =

yo and y(T) = y1, where yo,y1 € M are fixed, and f : RT x M x U — TM and
fO: R x M x U — R are given maps.

The Hamiltonian function H¢ : [0,7] x T*M x U x R — R is given by H¢(t,y,p,u,l) =
P(f(t,y, ) +L£0(t, y, w), where (£,y,p,u,€) € [0, T]x T*M x U x R. We need the following

assumption:

(C.) The maps f and fY are measurable in ¢, C? in (z,u), and there exist a constant
K > 1 and xyp € M such that

(s, 21 u) = fOs, w2, u2)| < K(p(w1,22) + [ur — uzl),
(s, 20, u1)| < K,

IV fO(s,21,u1) — Liyay Vo (8,81, u)| < K (p(21,22) + |u1 — ual),
IVufO(s,z1,u1) — VufO(s, &1, us)| < K(p(ml,xg) + |up — uQ|),

hold for all q, %1, 20 € M, uj,us € U and s € R*, with p(z1,21) < min{i(z1),4(21)}.

Then, the corresponding second order necessary condition is stated as follows.
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Corollary 2.1 Assume that conditions (C1) and (C¢) hold, that there exist a constant
K > 1 and xy € M such that the first two lines of (23) and (2.8) hold for all x1,%1 € M
with p(x1,41) < min{i(z1),i(21)}, u1,us € U and s € RY, and that (u(-),y(-)) is an
optimal pair of problem (OCPE). Then, there exist by < 0 and ¢ € T, M such that
(lo, ¢) # 0 and

VuHE [t Ly, @) (w(t)) <0, a.e.te[0,T], (2.26)

holds for any w(-) € L?(0,T;R™) with w(t) € Ty (a(t)) a.e. t € [0,T], where we have used
notion (Z9), pe,,(-) solves

{ V@j(t)péocp = _vmf[t] (péocp(t)a ) - fovzfo[t], a.e.t € (O,T),

PnoT) = o, (2:27)

and we have adopted [t, Ly, @] = (t,7(t), peye(t),u(t), lo) for abbreviation. Moreover, for
any v(-) € L2(0, T;R™) with v(t) € T{(a(t)) a.e. t € [0,T] and vector field X,(-) along g(-)
satisfying (I, X,(0) = 0, X,(T) = 0, and [T (V. /o)X, (1) + Vul (0(t)) dt <0,
there exist (Lo, @) € ((—00,0] x TJIM) \ {0} satisfying (2226) and (2:27) (with (o, p)
replaced by (Yo, $)), such that

o' VeIt Doy Gl 0yt + 3 [ (VEH o, 21X (1), Xo(0)
+2V Vo HE[t, by, §)(Xy (1), v(t)) + VEHE[L, Ly, @ (v(t), v(t)) (2.28)
(5, (8), X, (1), £It], X, (1)) ) dt <0,

holds for all o(-) € B, where p&)@(') is the solution to (Z.27) with (Lo, p) replaced by (Lo, p),
ﬁ20¢(t) (t € 10,T7) is the dual vector of pg,5(t), and for (t,y,m,u,l) € [0,T]xT*M xU xR,
the corresponding values of V., H¢, V H®, V2H®, V,V.H® and V2H¢ at (t,y,n,u,l) are
respectively defined by

d
que(t7y7777u7£)(V) = E SZOHe(tvyvnvu + S‘/v E))

Ve HO(t,y,n,u,0)(X) = Vo f (ty,u)(n, X) + (V. f°(t,y,u)(X),
VZH(t,y,n,u,0) (X, X) = V2f(t,y,u)(n, X, X) + V2Ot y,u)(X, X),

VUV H (57,0, 0(X,V) = | Gt ym,u sV O(X),
2
V2HE(t,y,n,u,L)(V,V) = %‘ _OH(t,y,n,u + sV, 1),

where (X,V) € T,M x R™.

By Theorem 22 we can use the idea in [5, Section 3.1] to prove Corollary 2] and we

omit its proof.
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For the case that U is open (not necessarily convex), [3, Theorem 3.2] gives the second
order necessary condition of optimal pairs of problem (OCPFE), which is in fact obtained

through convex variation. Thus, Corollary 2] is an complement to it.

3 Variations of Trajectories

In this section, we will compute variations of (I2]), in the sense of convex variation.

Proposition 3.1 Assume that conditions (C2) and (C3) hold, and that U C R™ (m €
N) is convex. Letu(-) € L*(0,T;R™)NU and (a(-),7(-)) satisfy (LB). Fix W € Tyo)M and
v(-) € L2(0, T;R™). Let X,(-) be a vector field along §(-) and satisfy (ZI19). Assume a set
{oc(-)}es0 € L*(0,T;R™) is bounded in L*(0,T;R™), with sup g lloc(-)l|120,7:zm) = Co-
Denote by y.(-) the solution to (I3) corresponding to the control u.(-) := u(-) + ev(:) +
e20.(-) and the initial state y.(0) = expy(o) (€Xv(0) + e2W). Also denote by Yg)f{jv() the

solution to
vg(t)Yai{I%/(Z) = fo;[t](Z, Yg):v (t)) + Vuf[ ](Za UE(t)) + Vuv:cf[t](za Xv(t)vv(t))
—3R(Z, X, (1), 5(t), Xo (1)) + 3 VA (Z, Xo (1), Xo (1))
+IV2fH(Z,v(t),v(t), ae.te (0,T],Y Z e T*M,

(3.1)
where we adopt notion (2.9), and
2
VA2, 0(0), 00)) = gl o (150, 5(0) + s0(0)) (2),
VT 1)(Z Xu0), 0(0) = S|,y Ve (150, 8(0) + s0(0)) (2 Xul0).
Then, for any o > 0, there exists €2 > 0 such that
Vet) — eXy(t) — €Y, 5, (1) < ae®, Vte[0,T],Vee [0, (3.2)
where
Ve(t) == exp;é) ye(t), tel0,T]. (3.3)

Proof. The proof is split into three steps.
Step 1. We claim that, there exists € > 0 such that (B3] can be defined for e € [0, €],
and
Ve@)l = plye(t),5(1))
eez(K+%)T<\X (0) + eW|? + 4K2HUHL2 ©o1:rm) T 4K2CQ> te[0,T7],
(3.4)

N

IN
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for all € € [0, €].

In fact, let €y € (0,1] be such that )| X, (0)| + €3|W| < i((0)), where the injectivity
radius i(yp) of the point yg is defined in [3] Section 2.1]. Then, by [3| Lemma 5.2], the
triangle inequality of p(-,-) and [3] Lemma 2.2], we have

PYe(t),5(0)) < p(ye(t), y(0)) + p(y(0), 5(0))

) (3.5)
< (14 p(wo, 7(0)) + €| X, (0)] + 2|W ek, Vit e[0,+00), Ve€0,e).

By HopfRinow theorem (see [8 Theorem. 16, p. 137]), there exists 6 > 0 such that
i(y) > 6 for all y € M with p(7(0),y) < (1+ p(x0,7(0)) + €0| Xy (0)| + 3|W|)eXT. Similar
to (B8, for any ¢, € [0, +00), we have

plye(t). 5(1)) < (2-+ 200, 5(0)) + € X, (0) + W) (X7 = e5) + p(yeld), (1), (3.6)

for all € € [0, €.

Let £ = 0 in ([B3:8). We take ¢; > 0 such that ¢ |X,(0)] —|—€%|W| = 5 , and take 77 > 0
such that (2 + 2p(zo,5(0)) + €1 X, (0)] + e%|W|>(eKT1 —-1)= 5 Thus, we can define (3.3))
over [0,77] N[0, T], and obtain by [3| (2.17) & (2.19)], [5, (2.2)] and (C2) that

GOW0.50) = Vipwe(t). 70 (£t ye®),uelt)) = Ly F &5, uel®)))
Va2 (D), 5(0) (£ (1 (1), uet)) = £11])
(). 5t

(K + )0 (ye(), 5(1)) + 4 K2([u(t)* + |oe (1)),

IN

(3.7)

for all t € [0,71]N[0,7] and € € [0, €1]. By the Gronwall’s inequality and [3l Lemma 2.2],
we obtain that (3.4]) holds for all ¢ € [0,77] N [0,7] and € € [0, ¢1].
If Ty < T,wesett =Ty in (3.8), ¢ = min{ey, ﬁ} with (Cy 5 )? = eE+)T (2\Xv(0)]2+

26%‘WP+4K2H’UH%2(O7T;R7,L)+4K2C3), and Ty > T satisfying <2+2,0(x0,§(0))+€]XU(0)\+
62]W]>(6KT2 — KTy = §. Then we can define (33]) over [0, 73] N[0, 7] for € € [0,¢], and
consequently ([B.7) holds for t € [0,75] N [0,7] and € € [0,€]. Analogously we get ([3.4) for
t € [0,T3]) N [0,7] and € € [0,¢]. Recursively, if T; < T, we take t = T} (i > 2), and set
Ti+1 > T; such that

(2 200, 5(0)) + X, ()] + W) (KTt — KTy = 0 (3.8)

Then, one can define (B3) over [0,T;41] N[0,7]. Consequently, we obtain ([3.4) for ¢ €
[0, T;41] N [0,T] and € € [0,€]. It follows from (B.8]) that there eixsts I € N, such that
Tr > T, and consequently, ([3.4) holds for ¢t € [0, 7] and € € [0, €].

Step 2. Let {e1,--- ,en} C TyyM be an orthonormal basis at 7(0), i.e. {(e;,ej) = 57 for
i,j =1,--- ,n, where 5? is the usual Kronecker symbol. Denote by {d;}I"; C _(O)M the

13



. . . 9(-) , , ()
dual basis to it. For ¢ € [0, T, set respectively by e;(t) = L (05 € and di(t) = Loy

fori =1,--- ,n, where L,E )) ) is the parallel translation along the curve y(-) and from

0)y(t
4(0) to y(t), see [3, Section 2.2] for its detailed definition, and then Vg, e;(-) = 0 and
Viwdi(-) =0 fori=1,--- ,n. We deduce from [3} (2.7)&(2.6)] that, {e;(t)}}; C Tyu)M
is an orthonormal basis, and {d;(t)}", C T35 M is the dual basis to it.

For € € [0, €] and ¢ € [0, 7], it follows from ”Step 1”7, [3, Lemma 2.1] and the definition

of exponential map (see [3l Section 2.1]) that, there exists a unique geodesic
B(0: 1) = expy (VD). V6 € [0,1], (3.9)

connecting 3(0;t) = g(t) and B(1;t) = y.(t). For 6 € [0,1], denote by Ly)s:) : Ty M —
Ts(9:1)M the parallel translation along the geodesic 8(+;t) (t € [0,77] is fixed), from y(t)
o B(0;t). By [3, (2.6)] we know that {e;(t)}i; and {Lyug:ei(t)}ie, are respectively
orthonormal bases at Ty M and T M for each t € [0,7] and 6 € [0,1]. Thus, we can

write

Z as ,telo,T], (3.10)

where {a§(t), -+ ,aS,(t)} satisfies Y1, aS(t)® = |V.(t)]?, Vt € [0,T). By the linearity of
Lg(t)ﬁ(e;t) : Tg(t)M — Tﬁ(g;t)M and [BL (2.8)] we have

L’ Za B(6;t) ez( ) ’Ly(t )B(05t) ( )’ - ‘V( )‘7 Vi e [07T]' (3’11)

Fix any ¢ € [0,7] and i € {1,--- ,n}. By [3| Lemma 2.2], Newton-Leibniz formula and

the exchange of integral order, we derive
(Vi Ves€i(t))
= F(Voe)
= & (%lez(g(t),ye(t))(di(t))> (3.12)
= Pi(t) + Vuf[t] (di(t), ev(t) + 6206(75))
o VRt Y (di),ev(t) + Eoc(t), ev(t) + o, (1)) (1 = 7)dr,
where
{t, 7} := (t,5(t),u(t) + Tev(t) + Te30.(t)), Vte[0,T)], 7€ [0,1], (3.13)
and '
Pi(t)
= —H{ VaVio(50), 5 () (ei(0), £ ye(8),ue()))

=V Vip? (G(t), () (es(t), £ (£, §(t), ue(t))
+VEPA (5 (1), ye (1)) (es (t), f[1]) — V%pQ(ﬂ(t),g(t))(di(t),f[t])}-



From the definitions of geodesic (see [3 (2.1)]) and parallel translation (see [3], Section
2.2]) and [3, Lemma 2.1], we obtain

9
00 lo

Applying [3, Lemma 2.2] and Newton-Leibniz formula to P (t), we have

0

Pi(t) = Ii(t) + I3(t) + I5(t),

where
1
10 =3 [ [V2¥3w0.56:0) (a0, /1, 5556:0)
Va0, 8(0:0) (ex(0) 710, 5| B6:1)) ] ab,
B0 == [ [TIT0.5(0:0) (e0). £ 560, 0). 35500:0))
~ VAV (0, 5(0: ) (e4(0), 0. 5(0: ), (1), 5| 5(6:0)) ]
and

1
B0 =Vl W 0.V0) + [ 00 (0500, (0) (4:(0). Vi), ot

+0.(r))db — 3 /0 1 [V2V102(0), B0 1)) (€0, 7 3 5000 £ (8-, 1)))

= VaVip (50, 50) (€0, V 2 sy f (1 uel1))) | B,

with uf(t) = a(t) + 0(ev(t) + €20.(t)),0 € [0,1]. We use Newton-Leibniz formula again to

the above three items, exchange the integration order, and get

(1) = — V330, 50) (0), S0, V(o). Ve®)) + ), (3.15)
(1) =~ VAV (1), 50) (e, T8 Vo), Ve(t)) + 5(0), (3.16)
and
Is(t)
= Vaf[tl(ei(t), Ve(t)) + eVuVa fIt](di(t), Ve(t), v(t)) (3.17)

~ 19V G0, 50 (€8, V 2150V 2 ey F (5 0(0) ) + (D),
where we have used B.10), BI1]), (3I4]), and the fact that 5(-;¢) is a geodesic,
A n 1
Ii(t) = — % Z /0 [V%v%p2(g(t)a5(93t))<ei(t)af[t]vLg(t)ﬁ(@;t)ek(t)vLg(t)ﬁ(@;t)el(t)>
k=1
= V3V (5(), 5()) (ea(t), F11) en(t), en(t)) | (1 = 0)dB i (B)a (),
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jé(t) == 3V3V1P2 (g(t)v g(t)) <ei(t)7 f(tv g(t)v ue(t)) - f[t]v ‘/E(t)v ‘/E(t))

_ Z 5/0 Va1 (4(t), B(T; t))<ei(t)af(t,ﬁ(T;t),uE(t)),

k=1
Lywyseo:ex(t), Lywpe;) 61('5)) — V3Vip*(5(t), 4(t)) <€z'(t)7 @, 9(t), ue(t)),

1
ex(t).ex()) Ja0)af (01 = P)im = 5 [ VB0 87 0) (et

0
Viﬂ(ﬂ—;t)f(t7 ) uﬁ(t))7 gﬁ(Tﬂ t)) (1 - T)dT’

or

and
Ii(t)
- ivﬁlp 05O (€. V 21500V 2 o) [ (1 80) = F (8-, ue0)])
1

o f (VT 70.080) = 9,5£1) (0. Vo))

VUV f (1 5(0),ul(0) (di(0), Velt), 0c(1) | 0

1

1
=3 | IV (0.5 g i Pt (0,

0
EB(T, t)> (1 —7)dr.
Following the same argument as that used in [3 (5.18)], we have

(Z(B(s:).V 21 5y V 2 g(ripyF (1 0)

> (3.18)
= V(0.0(2. | prin. F pn).

where (s,u, Z) € [0,1] x U x TM, and Z is the dual covector of Z.
Step 3. Recall 219), @1), BI12), BIH) - BID). For € € [0, €], by BIJ), [3] Lemma
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2.2 & Lemma 2.3] and Newton-Leibniz formula, we get

(Velt) = eXot) = V5 (8), ex(1)

= /0 t<V§(s>Ve — eV Xo = €V Yoriy €i(s))ds

= [T (a0 — X0l - V)
e /O [V (d1(5),0(6),0(6)) — T211] (44090, w000, w09 1 = 7 ¢
—5R(ei(s). Ve(s). £[s]. Ve(s)) + GR(ei(5), Xo(s), fls], Xu())
+5V2 18] (di(s), Vels), Vils) ) = S VEF[s] (di(5), Xo (). Xo(s))
eV Vo f13](di(s), V(s) = eXo(s),v(s) ) s + P30,

3.19)

where

Py(t)

t 1
:/0 { /0 [ZEVif{S,T}E (di(s),v(s), UE(S))
+ V{5, 7he(di(5),00(5),00(9) ) | (1 = T)r + é(i{(s) + Ii(s) + T(s) ) bds.

It follows from (C2)—(C4) and ([34) that | P{(t)| is bounded for t € [0, T]. By applying
Gronwall’s inequality to ([B.19]), we obtain that, there exists a positive constant C' such
that

Vo(t) — eX,(t)| < Ce?, Yt € [0,T], Ve € [0, €.

Applying Gronwall’s inequality again to ([B.I9), we obtain from the above inequality,
Lebesgue’s dominated convergence theorem, ([3.4) and (C2) — (C4) that, given any a > 0,
there exists € € (0, ¢] such that (32 holds. The proof is concluded. 0

4 Proof of Theorem

In Section [A.1] we obtain the second order necessary condition of an optimization problem
(problem (OP)), see Theorem In Section 2] we transform problem (OCP) into an
optimization problem, which is a special case of problem (OP), and prove Theorem
by Theorem

4.1 An optimization problem

Let X be a Banach space, and £ C X be a convex subset of it. Given maps <;3, X —- R
with i = 0,--- ,j, and ¢ = (P, i) : X — RF (k € NU{0}), consider the following

optimization problem.
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(OP) Find é € E such that it minimizes ¢o(e) with e € E subject to

Gi(e) <0, i=1,---,4,

b(e) = 0. e

€ is called a solution or a minimizer of problem (OP).

Set & : X — RMITE by & = (¢g, by, ,qgj,zﬁl,--- k). Given any index set
I - {0,1,"' ,j}, we denote by i)l = ((1_50,(1_51,"' ,&j,?ﬁl,--- ,T/A)k)—r, where gEZ = (JASZ if i € I,
and ¢; = 0ifi ¢ I.
Assume € € E is a minimizer of problem (OP). Set by
Ia={i€{l, - j}hdi(e) =0y u{o},
Iy={ie{l,---,j}idi(e) <O}

To state the necessary condition of problem (OP), we introduce the following condition.

(C5) ® is Fréchet differentiable at € € F, and we denote its Fréchet derivative at
_ & A A ~ AT e
e € E by DO(e) = (D(bo(e),--- ,Do;(e), D (€),- - ,Dwk(e)) , where D¢;(e)
(i = 0,1,---,7) and Dyy(e) (I = 1,---,k) are the Fréchet derivatives of ¢; and
@l at € respectively. For any x € X,

D&()(x) = (Ddo(e)(x), - , Dé;(e)(x), Din(€) (), , Diby(e) () -
For each y € X, there exists
szi)(é)(y) = (D2¢§0(é)(y)v e 7D2¢§j(é)(y)7 D2¢1(é)(y)7 e 7D2¢k(é)(y))—r € R1+j+k7

such that the following relation holds: for any a > 0 and C' > 0, there exists ¢y > 0
depending on « and C, such that

(& + ey + ) — B(e) — eDE()(y) — Db (e)(n) — %EQDzé(é)(y)l < ae’,

for all n € X with |n| < C and € € [0, €].
Lemma 4.1 Assume that ¢ € E is a minimizer of (OP) with ¢o(e) = 0, and that

(C5) holds. Lety € Ty(€) satisfy

(2) (4.2)

{ Déi(é)(y) <0, forie Iy,
Di(e)(y) =0, Ty (e.y)#0,
where D?Z)(é) = (D?[A)l(é), e ,D?/A)k(é))—r is a linear map from X to R*. Set

I = Iy U{i € 14 Déi(e)(y) < 0},
=1{0,1,--- 3\ Ij.
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Denote by
K = {D,(6)(x) + 5 Dby () )i € ThP(E,y)) € BRI+ (43)
and
K = (DY) @) + 5 D@ ) € ThP(en)) € BE
Then K and K¥ are both convex. Moreover, we set by Y = (Yo, Y1, - ,Y]-)T, with
v { Déi(e)(y). i € La,
0, i¢1a,

and by
Z = (—00,0)7 1 — {\((e) + Y); A > 0}, (4.4)

where ¢ = (ngo, by, ,qubj)T. If K and Zx{0} can not be seperated by any linear functional:
there does not exist { € RITF\ {0} such that

(Db (E)() + 5D (@)w) < 1(T,0)7, Ve e Tl (ey) V22, (45)

then, aﬁlC’[’ is a subspace of R¥, where aﬁ‘lC’[’ is the affine hull of KY (see [9, p.6]), and
the dimension of affKC¥ is bigger than zero (see [9, p. 4]). We denote it by D(K¥) .

Moreover, there exist hy,---  h Dciy41 € Tb(z)( y) and 69 > 0, such that
1 A DY
ﬁ,cmo) C Int co{ Di(e)(hn) + 5 D*(@) W)} 2T T, (4.6)
D3i(E) () + 5D*0u(e)(w) <0, 1=1,- , DK?) +1, ifi € If, (4.7)

where “Int A” and “co A” are respectively the interior and the convexr hull of a set A,
B I (00) 1is the closed ball in subspace aﬁle with center 0 € aﬁ‘le and radius dg, and

D)) (y) = (D> (@)(y), -, D2p(@)(y)) "

Proof. First, since F is convex, one can check by definition that TE(Z)(é, y) is convex,
and consequently K and K% are convex.

Second, we claim that
0€rik?, (4.8)

where 1i K¥ is the interior of set Y relative to its affine hull (see [9 p.44]). Consequently,
aff KV is a subspace of R¥. By contradiction, we assume (@S] were not true. Since the
affine hull of K¥ is closed (see [9, p. 44]), and ri K¥ is not empty (by [9, Theorem 6.2, p.
45]), it follows from [2, Lemma 3.1] that, there exists £ € R¥\ {0} such that

£ (Di(e)(w) + 5 DX(E)) <0, Vo e T (ey) (19)
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Consequently we have

(0,7 (D, (?) () + DQ@I,« &)(y) <0, VaoeT,”(ey), (4.10)

which contradicts the condition that I and Z x {0} are not separated by any linear
functional.

Third, if D(K¥) < 0, then D(K¥) = 0, due to K¥ # (. Consequently, we have
K¥ = {0}. Then, for any 3 € R¥\ {0}, [@3) holds with ¢ replaced by 3, and consequently
(@I0) holds with (0,& ") replaced by (0,8"). A contradiction follows.

Finally, there exist x1, - - 'Ly € Tg(z)(é, y) such that

- 1 - o
0 € Int co Di(e) (1) + 5 D2 W) HL T (4.11)

According to [2, Lemma 3.1], (Z x {0}) N K # 0. Then, there exist zg,21,--- ,2;j €
(—00,0), A >0and 7 € Tg(z)(é, y) such that

2 = Die)(@) + 3 D%0i(e)(y), i 6i(e) =0, DGi(e)(y) = 0;
zi — Api(€) =0, if ?Z( €) < 0; A (4.12)
2 — AD¢;()(y) = 0, if $i(e) = 0, Dey(e)(y) < 0;

0 > (1=n)(D&@Em) +1D%:E)W)) +n(Déi(E)@) +1D%6(E)W))
= Doi(e)((1 —n)zy + 1) + 3D*¢i(@)(y),

foralll=1,--- ,D(IC&) +1landie{0,1,---,j} satisfying q@i(é) =0 and Dgz@i(é)(y) =0.
Set hy = nz + (1 —n)xy, for I = 1,--- ,k+ 1. Then (1) follows, and (0] follows from
EID). O

The following results are respectively the first and second order necessary conditions

of an minimizer of (OP), and the idea of proving them partially comes from [7, Theorem
4.1].

Theorem 4.1 Assume that (C5) holds, and that € € E is a solution to problem (OP).

Then, there exists (€5 .- ,%j,ﬁg)T € RYIHRN {0} such that
A J ~
05, € (=00,0], i =0,---,j; L5 =0, ifi €In; Y L di(e) =0; (4.13)
> ¢, Déi(e —|—£TD1/)( e)(x) <0, Vo e Th(e). (4.14)
ZGIA
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Theorem 4.2 Assume that (C5) holds, that € € E is a solution to problem (OP) with

@0(& =0, and that y € Ty(€) satisfies ({-3). Then, there exists (€501 65,0 ’%j’%r)T ©
Rl—i—y-‘rk \ {O} satzsfymg m; M’
05 =0, ifi ¢ If, (1)
and 2 A b
Ziety (D@ @) + £ DYE)) + Tiegy 35, D*0i(0)() (4.16)

+3I D% @) <0, Vae T @),

Remark 4.1 Ify € Tg(é) satisfies ({-3), it is easy to see that the first order necessary
condition becomes trivial along the direction y: for any € = ({5 .- ’Eéj’{z}r)—r € RIFi+k\
{0} satisfying ({13) and @I, it holds that 3, ; €5 Déi(e)(y) + egpqz(é)(y) = 0.
Thus Theorem [{.3 gives further information of € along direction y. When € € IntE,
0e TE@)(é, y), and consequently Theorem[].2 is consistent with [7, Theorem 4.1]. When e
18 on the boundary of E, 0 € Tg(z)(é,y) is not always true, thus, compared to [7, Theorem
4.1], the first two terms of the left hand side of {{.10) are extra terms.

Since the proof of Theorem [A1] is analogous to that of Theorem 2] we only prove
Theorem and give the key point of proving Theorem EI} The set {D® i, (@) @)z €

Ty (€)} is separated from <(—oo,0)j+1 —{\o(@); A > 0}) x {0}.

Proof of Theorem

Step 1. We shall prove the case that k > 0.

First, we claim that there exists £ = ({3, ’Eéj’{z}r)—r € Rk {0} such that ([@5)
holds.

By contradiction, it follows from Lemma 1] that ([£6) and (7)) hold. Fix h; (I =
1, ,D(ICJ’) +1). Recall the definition of the second-order adjacent set (see Section 2.1).
For any e — 0%, there exists hf — h; as € — 0" such that e + ey + 62hl6 € E. Then, there
exists €9 > 0 such that é—l—ey—l—e2hj € Eforalle € [0,¢p]and [ =1,--- ,D(IC&)—I—L By the

convexity of E, for any x = Eg{cw)ﬂ vihy € co{hy,--- ’hD(IO[’)—l-l} with (v, - - ’VD(IOZ’)—H)
satisfying
D(K¥)+1 )
Y w=1 y=0 forl=1,--,DK")+1, (4.17)
=1

it holds that &+ ey + €2 S PE* e € B for all € € [0, e).
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Relation (£2]) and (C5) imply that exists €1 € (0, €g] such that

_2¢(é+ ey + €2 El[i({ﬁf’)-l—l Vlhle) . Dlﬁ(é)( l[i({C’[’)-i-l why) — %D%ﬁ(é)(y)‘
\zl P D e (hf — )

2¢(6 + ey + 62 ZD(/C )+1 h[) D"L[J(é)( lD:({Cw)-l-l Vlhlﬁ) . %D21/A1(é)(y)‘
< 50, Ve € [0, 61],

where vy, - - - " VD(ichy 41 satisfy (LI7]).
According to [@2)), (A7) and (C5), one can find €3 € (0, ¢1] such that, for any € € [0, €3],
the following relations hold: for i € I,

<zﬁz(e+ey+eQZD(’C ")
_ @y D) (D@-( o) () + S D*:(e)(v) )

1P D) (s — hl)+[¢z(e+ey+e2zl = ) (4.18)
220 (Do) + AD%iEW)) |
< 0
for i ¢ IV,

bi(e + ey + €2 ZZD({O&)H vihy)

= 0u(@)+ DA+ L u(Déilen + 1% )
+[¢z<e+ey+ezzl1 " uihg) = 64(8) — eDdi(E)(y) (4.19)
~E S (Déie)n; + 1D%6i(E)w))]

< 0.

Then, from the above relations and (4.0]), we can define a map
G : o DY) () + 5 D) )}

col DI(E) () + 5 DXh(e) )}

by
. b -
G (Do ) + D% (@) ()
- b A ) N
= g ety + G XA uhi®) + Da@E) (ST wi) + 5D (E)().
for all vy, -- VD)1 satisfying [@IT). Obviously G is continuous and co{Di(&)(h;) +

- b
%D%/)(é) (y)}lli({C )*1 is convex and compact. By Brouwer ﬁxed point theorem, there exists

* * : : 7= 1 U =
AVt satisfying (4.17)) such that G<D¢(e)(2l 1 M+ *h ) + %D%ﬂ(e)(y)) =
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Dij(e )(Zl 1 I+ vih) + 1D21/A)(é)( ), which implies ¢(e—|—€2y—|—62 El 1 I+ vih?) = 0.
Recalling (4.18]) and (|.4.._'Lﬁ) we obtain that € + exy + €5 lel vih;? satisfies (1)) and

(;50(6 + €2y + € Zl 1 )+ vih;?) < 0, which contradicts the optimality of e.
Second, from (&3] and the special structure of ([£4), we obtain (£I3]), (£I5]), and

1 ..
—D%b,;,(8)(y) < inf £1(2T,0)T =0, Vo € T\ (e, y),

(T (D,()(x) + 5 D0, inf

which implies ([EI6]).
Finally, from [I Proposition 4.2.1] and [6, Lemma 2.4] we have

T, (.y) = Tp (8,y) + Th(e). (4.20)

If ([IId) were not true, there would exist zo € Tj(€) such that
Yici s Daoi(e)(zo) + K;[Dw( €)(wg) > 0. Fix any o € T2(¢,y). Choosing A > 0 big
enough such that

Yiciy £, D9i(®)(0 + Azo) + €] D (e)(0 + Axo) + ey 305, D*01(2)(y)
+30] D*)(e)(y) > 0,

which contradicts ([AI0]), and the proof is concluded.

Step 2. For the case k = 0, there exists (¢ A

¢>j)T € R\ {0} such that

300"
ZE ﬁl<zg 21y ﬁO) "76j)T€K7 (Zo,'--,Zj)TEZ.

If it were not true, by [2, Lemma 3.1] we would have X N Z # (. Then, there exists
z e sz)(é,y), A > 0and (20, - ,2j)" € (—00,0)'7 such that (ZI2) holds. Thus, for
any i = 0,---,j, we obtain from (C5) and ([{I2) that, there exists € > 0 such that, for

any € € [0, €] the following relation
di(e+ ey + ¢*1)
—61(6) + DH(EW) + DA + S D)) + [d1(e + eyt )
= 6i(e) = eDi(E)(y) — € Di(e) () - §D2$i<e><y>}
<0,
holds for ¢ = 0,1,--- ,j, which contradicts the optimality of €. [J

4.2 Proof of Theorem

We need the following lemmas.
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Lemma 4.2 Assume U C R™ is closed. Fix u(-) € U. Let v(-) € L'(0,T;R™) be
such that v(t) € Ty (u(t)) a.e. t € [0,T]. Assume there evist a positive constant ey and
((-) € L0, T;R™) (i = 1 or 2) such that (ZZ1) holds. Fix any o(-) € L*(0,T;R™)
such that o(t) € T(b](z) (a(t),v(t)) a.e. t € [0,T]. Then, for any ¢ € (0,€0], there exists
oc(-) € L0, T;R™) such that u(t) := u(t) + ev(t) + e20c(t) € U and lim._o+ oc(t) = o(t)
a.e. t €[0,T], and

loe( i o.rrmy < 1€l Lio,rmmy + 2llo || Lio,rimm)- (4.21)

Proof Since U is closed, by [I Corollary 8.2.13, p. 317], for every e > 0, there exist

measurable functions we, z¢ : [0,7] — U such that
disty(a(t) + ev(t) + €20 (t)) = |a(t) + ev(t) + E0(t) — we(t)| a.e.t €[0,T], (4.22)
ac(t) == disty(a(t) + ev(t)) = |u(t) + ev(t) — ze(t)] a.e.t €[0,7].  (4.23)

Set o (t) = % (we(t) — u(t) —ev( )) for t € [0,7]. Then, we have u(t) + ev(t) + 20 (t) € U
a.e t € [0,T]. Since o(t) € ( (t),v(t)) a.e. t € [0,T], recalling (£22]) and ([2.4]), we
have

0= lim —|a(t) + ev(t) + o(t) — we(t)] = lm |oe(t) — o(t)], ae.te0,T]. (424

e—0+ €2 e—0t

Applying [@22]), (£23]) and (2.21]), we have, for € € (0, €],

e(loe)| = lo(t)]) < [*a(t) — Eoe(t)] = |a(t) + ev(t) + €0 (t) — we(t)]
< |u(t) + ev(t) + o (t) — ze(t)] < ac(t) + Elo(t)| < E(L(®) + |o(t)]), a.e.t€0,T],

which implies that, o(-) € LY(0, T; R™) and [@Z)), if ¢(-) € L} (0, T;R™) (i = 1,2). O

Lemma 4.3 Assume U C R™ is closed. Fiz u(-) € L*(0,T;R™) NU. Let v(-) €
L2(0,T;R™) be such that v(t) € Ty (a(t)) a.e. in [0,T]. Then, v(-) € TEZ(QT;RM)OM(T‘(’))'
Moreover, for any o(-) € L*(0,T;R™) such that o(t) € T(b]@) (u(t),v(t)) a.e. in[0,T] and
(ZZ1)) holds for some £(-) € L*(0, T;R™) and ey > 0, it holds that o(-) € TM(Q)LQ(0 . Rm)(ﬂ( )
v(-))-

Proof. First, by [I Corollary 8.2.13, p. 317], for each € > 0, there exists a measurable
map v, : [0,7] — R™ such that v(t) € % and distu—_gamyv(t) = |v(t) — ve(t)] for
almost every t € [0,T]. It follows from (23] that lim._,q+ |v(t§ —v(t)| =0 a.e. t€[0,T].

Then, we have

oe(t)] (O] < foclt) — o(8)] < [o(t) — *(@(t) — a(t))| = [o(t)].

€

We obtain from Lebesgue’s dominated convergence theorem that lim,_,¢+ v(-) = v(+) in
L?(0,T;R™), consequently we have v(-) € TZ,OLQ(O T_Rm)(ﬂ(-)).
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Then, it follows from Lemma 2] that, for any e > 0, there exists o.(-) € L?(0,T;R™)
such that lim._,o+ 0c(-) = o(-) in L2(0, T;R™) and a(-) +ev(-) + €20 (-) € UNL3(0,T;R™),

and consequently o(-) € T, b(2)2 wmy (@(+),v(+)). The proof is concluded. [
UNL2(0,T;R™)

Then, we are going to prove Theorem

Proof of Theorem First, we shall transform problem (OCP) to an optimiza-
tion problem. Assume (@(-),y(-)) is an optimal pair for problem (OCP) with u(-) €
L2(0, T;R™). For any (Y,u(:)) € Tyo)M x L*(0,T;R™), set

Q}i(Y,U(')) = ¢i (yu(0; expy(0)Y), yu(T expy(0)Y)) , i =1,--+ ],
P (Y, u()) = ¢o (1u(0; expy(0)Y ), yu(T; €xpy(0)Y ) — ¢0(5(0), 5(T)), (4.25)
V(Y u(-) =¥ (yu(0; expy)Y ), yu (T expy)Y))

where y,,(+; ) is the solution to (2)) with initial state x € M and control u(-), and exp,-
is the exponential map at z (see Section [3| Section 2.1]).

We obtain from the optimality of (a(-),y(-)) for problem (OCP) that, (0,u(:)) €
Ty0)M x U is the solution to the following optimization problem

(6_5?) Find (Y,u()) € TyoM x (L*(0,T;R™) NU) minimizes do(Y, u(-)) subject to
Gu(You() € 0 for i = Lo, d(You()) = 0 and (Vu()) € Tyo)M x (U N
L?(0,T;R™)).

Second, we shall check that condition (C5) holds. Fix (V,v(-)) € Ty M x L*(0, T; R™).

For € > 0, we denote by y(+; expy) €V, u() + ev(-)) the solution to ([L2) corresponding to

the initial state expy() €V and the control u(-) +ev(+). For i =0,1,---,j, we obtain from
Proposition BJ] that

GieV,ul) + ev() = di0,a()
=e[V161(5(0), 5(T) (V) + V20:(5(0), 5(T)) (X (T))] + o(e),

where X, () is the solution to ZI9) with X, 1 (0) = V. This implies that ¢; is Fréchet

differentiable at (0,a(-)), and its Fréchet derivative is as follows
Déi(0,a())(V,v(-) = Vigi(5(0), g(T))(V) + Vagi(5(0), g(T)(Xuy (T)).  (4.26)

Similarly we can show that 1) is Fréchet differentiable at (0, @(-)), and its Fréchet derivative
is given by

Dip(0,a(-))(V, v(-)) = Vaep(g(0), 5(T)) (V) + Vb (5(0), 5(T))(Xo,v (T)), (4.27)

where V;¢ (i = 1,2) is defined in 2.1]).
Fix any (W,0(-)) € Ty M x L%(0,T;R™). Denote by X, w(:) the solution to (ZI9)
with v(-) replaced by o(-) and X,w(0) = W. For any € > 0, we denote by yc(-) the

25



solution to (L.2)) with initial state expgg)(eV + e2W) and control a(-) + ev(:) + €2o(-).
Denote by YU)‘(,;}'V(-) the solution to (B with (o¢(-), X, (-)) replaced by (o(-), Xy v (+)).
We employ the notations V() and 5(-;t) (¢t € [0,T]) given respectively by (B3] and (3.9]).
Note that ([BI4]) still holds. Fix o > 0. It follows from Proposition Bl that, there exists
€1 > 0 such that

Vo(t) = Xy (t) + Y0V (1) + 7e(t), Yt € [0,T), € € [0,€1], (4.28)
with

Ive(t)| < ﬁé Veel0,e], (4.29)

where constant K is given in condition (C2).
Set by

V,V) + 2VaV16i(5(0), §(T))(V, Xuy (T)) (4.30)
)Xoy (T), Xy (T)) + 2V265(5(0), 5(T)) (Yor ¥ (T)),

where Yo)é”’v(') is the solution to (BI]) with o(-) =0 and W = 0, and with X,(-) replaced
by X, v (). It is easy to check that

Yo () = Yoo (1) + Xow (1), Vi€ [0,T), (4.31)

where X, () is the solution to ([2I9) with initial state X, (0) = W, and with v(-)
replaced by o(+).

For ¢ = 0,1,---,j, we obtain by Newton-Leibniz formula, exchange of integral vari-

ables, (428) and (4.31) that
Gi(eV + EW,a() + ev() + €0 () = $i(0,a(-)) — eDdi(0,a(-) (V. v(-))
=& [D8:0,8()(W,0()) + 30200, 5()(V,u()] = I,

where

€ ! . . 8 . 8 . U 7
- /0 [V36:(8(7:0), B(r: 1)) (5-8(7:0), 5-B(7:0)) = V36,(5(0). (D) (V. V)€

SEBTi0), 5-BTT)) — 292V 4(3(0), 5TV

+2V5V161(8(7:0), (s 1) (
Xy (7)) + Vior(3(r30), 6(r5 ) (5B ), 5-A(r )

— EV305(0), 5(1) (X (T), X (T)] (1= 7)dr + Ta:(510), 5(T) ((T))-
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By (14]) and ([@28]), we have

Lf =€ /01 [V%@(ﬁ(ﬂ 0), (75 T))(Ly(0)(r:0) Vs Ly()sr0) V) — Vi0i(5(0), (T))(V, V)
+ 2V Vigi(B(730), B(7: 1)) (Ly(0)s(r:0) Vs Ly (i) Xo,v (1)
— 2V V105 (5(0), 5(T)(V, X (T)) + V36i(B(730), B(7 T))(Ly )Xo (T),
Lyya(rr) Xov (T)) = V361(5(0), 5(T) (Xo,v (T), Xov (T)) 7)dT + o(e?)
+ Va¢i( ( ), 5(T)(1e(T))-

Applying Lebesgue’s dominated convergence theorem, (C2), (C3), ([£26) and @31 to
the above identity, we obtain that, there exists & € (0,¢€;] such that |L¢| < ae® for all
€ € [0,€p]. Similarly one can show that, there exists ¢y € (0, €y] such that

BV +EW, () + o) + () — 9(0,a()) — DI, 7))V, v()
— DY, 5()(W,0()) + 5 DXH(0,5()(V,v()] | < ac,

for all € € [0, €], where

D*)(0,a()(V,v()
= V2¢(§( ), (1)) (V, V) + 2V Vi (5(0), (1)) (V, Xo v (T)) (4.32)
36(5(0), §(1)) (Xov (1), Xy (T)) + 2V235(5(0), §(1)) (Yoo ™ (1)

Thus, for problem (55’/P), condition (C'5) holds.

Third, we shall use Theorem FI] to prove Theorem Il Recalling (ZI0), (ZII),
@20) and [@25), we have Iy = {i € {1,---,5} $:(0,a(-)) = 0} U{0} and Iy = {i €
{1,--- ,j}|¢§2(0,a()) < 0}. Applying Theorem [AJ] to problem (55’/P), we can find
0= Ly, Ly, Ly) € RMITRA {0} satisfying (Z14) and

Yiery Lo (V10i(5(0), 5(T))(Y) + V20 (5(0), 5(T)) (Xw,y (T)))
05 (V19 (5(0), g(T))(Y) + Va2 (5(0), (1)) (Xw,y (T))) <0,

for all (Y,w(-)) € TyoyM x Tuan(OTRm)(_(-)), where X, y () is the solution to ([2.19)
with X, y(0) = Y, and we have used 28) and [A2T7). Let p‘(-) be the solution to
@I2). Inserting (ZI2) into (£33 and integrating by parts, we can obtain from Lemma
I3 that, [ V,H[t,f(w(t)) < 0 holds for all w(-) € L*(0,T;R™) with w(t) € T} (u(t))
a.e. t € [0,7], and that (2I6]) stands. Applying needle variation to this inequality, we

(4.33)

obtain (ZI5]). Thus, ¢ is a Lagrange multiplier in the sense of convex variation.

Finally, we shall employ Theorem to prove Theorem Assume that v(:) €
L?(0,T;R™) is a singular direction in the sense of convex variation, with X,(-) satisfying
ZI8) and (ZI9), and that Z2I)) holds for some ¢y > 0 and £(-) € L%(0,T;R™). Recall
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(#30) and [@32]). It follows from Theorem .2 and Lemma L3 that, there exist a Lagrange
mulitplier in the sense of convex variation £ = (Ly,, L, ," - ,E@,EI)T € RIFI+kN\ {0}

satisfying (Z22]) and

ey o (T16:(5(0), ()W) + V26:(3(0), §(T) (X (T) + Yo+ (7))
+ew(w< (0), G(T)) (W) + Vau(5(0), ()Xo (T) + Y55 (T)) )
+} zlgue@(vw (0), FTN(Xu(0), X,(0)) + 2027164510, FT)(,(0),
X,(1)) + V364(5(0), 5(T)) (Xu(T), Xo(T))) + 3] (V3(5(0), 5(T))(X,(0), X, (0))
+2v2v1¢<y<> GT))(X,(0), X, (T)) + V3u(5(0), 5(1) (X, (T), X,(T)) <0,

(4.34)
for all (W, o) € Tyo)M x L2(0,T;R™) with o(t) € T, (a(t), v(t)) ae. t € [0,T], where
Y;0" (+) is the solution to BI) with o(-) =0 and W = 0.

Recall that p‘(-) solves [I2) with initial data @I6). We obtain from @I12), (B,
([£3T)) and integration by parts over [0,7] that

0

v

)W) + p (D) Yoy (1) + 5 (VBL@O), 5(T), £) (X0, (T), Xo (T)
+2v1v2c<<>g<T> (Xow (1), V) + V3LG0), 5(T); )(V, V)
:jb( @Dﬁ+[

= Jy VuHt eJ< ()t + % fi (VAH[L AKXy (1), X (1)
F2V, VL HIE (X v (1), 0() + V2HIE (0(t), 0(t))

R (1), X (1), f1H], Xy (1)) )t + 1,

where

= §VILE0),5(T); O)(V.V) + ViVaL(H(0),5(T); £)(Xo,v (T), V)
)'6)(XU,V(T)7XU,V(T))7

and thus ([2:23]) follows. O
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