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Kalman-Bucy filtering and minimum mean square estimator under
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Abstract. In this paper, we study a generalized Kalman-Bucy filtering problem under uncertainty. The
drift uncertainty for both signal process and observation process is considered and the attitude to uncertainty
is characterized by a convex operator (convex risk measure). The optimal filter or the minimum mean square
estimator (MMSE) is calculated by solving the minimum mean square estimation problem under a convex
operator. In the first part of this paper, this estimation problem is studied under g-expectation which is a
special convex operator. For this case, we prove that there exists a worst-case prior P? . Based on this P?"
we obtained the Kalman-Bucy filtering equation under g-expectation. In the second part of this paper, we
study the minimum mean square estimation problem under general convex operators. The existence and
uniqueness results of the MMSE are deduced.
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1 Introduction

It is well-known that Kalman-Bucy filtering is the foundation of modern filtering theory (see Bensoussanﬁ],
Bian and Crisan B], Liptser and Shiryaev ], Xiong M]) It lays the groundwork for further study of
optimization problems under partial information in various fields. For example, Duncan and Pasik-Dunan
ﬁ], Huang, Wang and Zhang @], (Oksendal and Sulem @], Tang B] studied the optimal control (game)
for partially observed stochastic systems; Lakner [26], Bensoussan and Keppo M] considered the utility
maximization problem under partial information in mathematical finance and so on.

Let’s first recall the classic Kalman-Bucy filtering theory. The model is described as follows: under the

probability measure P,
dx(t) = (B(t)z(t) + b(t))dt + dw(t),
z(0) = xo,

dm(t) = (H(@t)z(t) + h(t))dt + dv(t),
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where z(+) is the signal process, m(-) is the observation process, w(-) and v(-) are two independent Brownian
motions. The coefficients B(t), H(t), b(t), h(t) are deterministic uniformly bounded functions in ¢ € [0, 7],
xo is a given constant vector. Set Z; = o{m(s);0 < s < t} which represents all the observable information
up to time ¢. The Kalman filter Z(¢) of z(¢) is

2(t) = Eplz(t)| Z:]
where Ep[-] denotes the expectation with respect to the probability measure P. It is well-known that the
optimal estimator Z(t) of the signal x(t) solves the following minimum mean square estimation problem:

min  Epllz(t) — ||*.
CELZ, (Q,P)

So Z(t) is also called the minimum mean square estimator, or MMSE for short.

In this paper, we suppose that there exists model uncertainty for the system (I)). In other words, we
don’t know the true probability IP and only know that it falls in a set of probability measures P which is called
the prior set. For continuous-time models, Chen and Epstein [§] first proposed one kind of model uncertainty
which is usually called drift uncertainty. Later Epstein and Ji proposed more general uncertainty models
(see [14] and [15] for details), Guo |19] introduced some basic scientific problems concerning the estimation,
control, and games of dynamical systems with uncertainty and shared some related theoretical progress. In

this paper, we introduce the following drift uncertainty model: for every PY € P, consider

.
g8
=
~—
I

(B(t)x(t) + b(t) — 01(t))dt + dw (t),

(1.2)

where w?* and v?2 are Brownian motions under P and 6 = (0;,602) € © is called the uncertainty parameter.
When 6 changes, the distribution of the solutions z(-) and m(-) of the above equations also change. The
question now is how to calculate the Kalman filter in such an uncertain environment. A natural idea is to
calculate the worst-case minimum mean square estimation problem:

min sup B (1) ~ 1) (13)
which is to minimize the maximum expected loss over a range of possible models. Recently, Borisov [6] and
[7] studied this type of estimator for finite state Markov processes with uncertainty of the transition intensity
and the observation matrices. Allan and Cohen [1] investigated the Kalman-Bucy filtering with a uncertainty
parameter by a control approach. Moreover, in the past decade, much research has been discussed depending
on the technique of H filter, see [9]-|10] and so on. Different from this paper, the design goal of H filter
is to guarantee that the filtering error system is asymptotically stable, while achieving a prescribed Ho
performance level. From another perspective, (3] can be rewritten as a minimum mean square estimation

problem under a sublinear operator:

min £(]z(t) 4]



where £(-) := suppocp Epe[] is a sublinear operator. Recently, Ji, Kong and Sun [21] and [22] studied
Kalman-Bucy filtering under sublinear operators when the drift uncertainty appears in the signal process
and the observation process respectively. The related literatures about the minimum mean square estimation
problems under sublinear operators include Sun, Ji [32] and Ji, Kong, Sun [23] in which they considered
these problems on L (2, P) and LP({, P) respectively.

However, when we study some problems, especially financial and risk management problems, we need
to use a more general nonlinear operator: the convex operator or convex risk measure. For example, in the
last decade, the concept of convex risk measure (a special convex operator) has been extensively studied in
various fields (see Follmer, Schied [17], Arai, Fukasawa |2] et al). So it is an interesting problem to solve
the minimum mean square estimation problem under the convex operator. Unlike sublinear operators, the
lack of positive homogeneity results in an extra penalty term in the expression of convex operators. For the
convex operator p(-), that is to say, p(-) can be represented as

p(-) = sup [Epo[] — a(P?)],
Poep
where a(P?) is a penalty function defined on a probability measure set. If p(-) is sublinear, the a(P?) takes
values in {0,00}. The main difference between this paper and the previous ones is how to deal with the
penalty term.

In this paper, we first generalize the Kalman-Bucy filtering to accommodate drift uncertainty in both

signal process and observation process and the attitude to uncertainty is characterized by a convex operator

(convex risk measure). In more details, we consider system ([2]) and calculate the MMSE by solving
minsup(Eps [a(t) = ¢ + a0.s(P")] = miné, [la(®) =
P

where
Eql] = S}Dlg[Epe[H %]+ 0.t (P)] (1.4)

is called g-expectation introduced by Peng [29]. In our context, &[] is a special convex operator and (I4)
is it’s dual representation obtained in El Karoui et al [13]. Under some mild conditions, we prove that there
exists a worst-case prior P?". Based on this P?" we obtained the filtering equation by which the MMSE &
is governed.

The convex g-expectation is just a special convex operator. It is worth studying the minimum mean
square estimation problem under the general convex operator. In the second part of this paper, we solve
the following problem (For the convenience of readers, we misused some notations in the introduction and
Section [I):

min p((|(t) - ¢I®)
where p(-) is a general convex operator (convex risk measure). The existence and uniqueness results of the
MMSE under the general convex operator are deduced.

The paper is organized as follows. In Section 2, we give some preliminaries and formulate our filtering
problem under g-expectations. In Section 3, the worst-case prior P?" is obtained and the corresponding
Kalman-Bucy filtering equation (B8] is deduced. We study the minimum mean square estimation problem
under general convex operators L% (IP) and obtain the existence and uniqueness results of the MMSE in

Section 4.



2 Preliminaries and problem formulation

Let (Q, F,P) be a complete probability space on which two independent n-dimensional and m-dimensional
Brownian motions w(-) and v(-) are defined. For the sake of generality, they are not standard. The means
of w(-) and v(-) are zero and the covariance matrices are Q(-) and R(-) respectively. We assume that the
matrix R(-) is uniformly positive definite. For a fixed time T > 0, denote by F ={F;,0 < ¢t < T'} the natural
filtration of w(-) and v(-) satisfying the usual conditions. We assume F = Fp. For any given Euclidean
space H, denote by (-,-) (resp. || - ||) the scalar product (resp. norm) of H. Let AT denote the transpose of
a matrix A. For a R"-valued vector © = (21, - -, 2,)7, |2| := (Jz1],- - -, |2n])T; for two R™-valued vectors x
and y, x <y means that x; <y; for i = 1,-- -, n. Through out this paper, 0 denotes the matrix/vector with
appropriate dimension whose all entries are zero. For 1 < p < 0o, denote by LE(0,T;H) the space of all the
F-adapted H-valued stochastic processes on [0, T] such that

T
E / ||f(7’)|pd7’] < 00, Vf € Lg(0, T; H).
0

The Kalman-Bucy filtering theory is based on a reference probability measure P for the system (LTJ).
However, if we don’t know the true probability measure P and only know that it falls in the set P which
is a suitably chosen space of equivalent probability measures, then it is naturally to study the worst-case

minimum mean square estimators (MMSE).

2.1 Prior set and g-expectation

In order to characterize uncertainty, we introduce the prior set P and g-expectation which is a special convex
operator.

Let 6(-) = (61(-),02(-))T be a R™"*™-valued progressively measurable process on [0,7]. For a given
constant p, let © be the set of all R"*™_valued progressively measurable processes 6 with |0;(¢)] < u, 0 <
t <T. Define

dP"
P = {P"|

FO(T) = exp ( /eT B duw(t _—/ 16, (¢ \dt—/ 6 (£)do(t —1/0T|92(t)||2dt).

Due to the boundedness of §, the Novikov’s condition holds (see Karatzas, Shreve [25]). Therefore, P?
defined by (I?:I:I) is a probability measure which is equivalent to probability measure P and the processes
wi (t) = w(t) + fo 01(s)ds and v%2(t) = v(t) + fo 02(s)ds are Brownian motions under this probability

= f9(T) for § € ©} (2.1)

where

measure P? by Girsanov’s theorem. The set @ characterizes the ambiguity and P is usually called the prior
set.
Then, we introduce g-expectation and it’s dual representation (see |29] and [13]). In the following we will

see that g-expectation is a powerful tool for studying uncertainty.

Definition 2.1 we call a function g : Q x [0,T] x R x R™ — R a standard generator if it satisfies the

following conditions:



e (9(w,t,21,22))tef0,) is an adapted process with

T
E/ lg(w, t, 21, 22)2dt < oo
0
for all z; € R™ and z9 € R™;

o g(w,t, z1,29) is Lipschitz continuous in z1 and z2, uniformly in t and w: there exists constant p > 0

such that for all z1,Z1 € R™ and 29,22 € R™ we have
|g(w7t521722) - g(w7t521;22)| S ,U(”Zl - ’21” + ||22 - 22H),
e g(w,t,0,0)=0 for allt > 0 and w € Q.

For a standard generator g, the following backward stochastic differential equation (BSDE for short)

—dY () = glt, Z1(t), Zo(t))dt — ZT (t)dw(t) — Z()du(t), t € [0,T)]
Y(T) =¢

with terminal condition £ € L% (€, P) has a unique square integrable solution (Y (t),
Z1(t), Za(t))ee(o,r) (see [29]). Peng [29] calls Y (t) := &£,(&|F:) the (condition) g-expectation of & at time ¢.

Definition 2.2 A standard generator g is called a convex generator if g(w,t, 21, 22) is conver in z1 and z2

for z1 € R™ and zo € R™. The g-expectation with a convex generator is called the conver g-expectation.

Now we give the dual representation of the convex g-expectation through the prior set and the concave
dual function of g.
Let

G(w’ t’ 91’ 92) = inleE]R",Z2€Rm [g(wa ta 21, 22) + <Zla 91) + <22, 92>]’
(wetel0,T],6, € R", 0, € R™)

be the concave dual function of g(w,t, z1, 22).
EI Karoui et al. [13] (also see Delbaen et al. [11]) established the following dual representation for

g-expectation: for a Fg-measurable random variable £, the g-expectation at time ¢ can be represented as

& (| F) = PSBHPP[EPe [€1Fe] + aes (P7)] (2.2)
where .
ar.s(P%) == Epo [/ G(r,01(r),02(r))dr|F], 0 <t <s<T. (2.3)

Remark 2.3 It is easy to check that E,(-|F;) is a special convex operator (see ({{.1])). Moreover, if we let
the standard generator g(t,z1,22) = p(|z1| + |22|), then the corresponding dual function of g(t,z1,22) and
penalty term ay s(PY) are simultaneously equal to 0. Then the above convex operator E,(-|F;) degenerates to

a sublinear operator.



2.2 Problem formulation

We formulate the Kalman-Bucy filtering problem under uncertainty. For every 6 € ©, under the probability

measure P? € P

dz(t) = (B(t)z(t) + b(t) — 01(t))dt + dw’ (t),

#0) =, (2.4)
dm(t) = (H(t)z(t) + h(t) — 02(t))dt + dv¥2(t),

m(0) =0,

where z(-) € L2(0,T;R") is the signal process and m(-) € LZ(0,T;R™) is the observation process. The
coefficients B(t) € R"*™, H(t) € R™* ™ b(t) € R", h(t) € R™ are deterministic uniformly bounded

functions in ¢ € [0,T], zo € R™ is a given constant vector. Set
Z =o{m(s);0 < s <t}

which represents all the observable information up to time t. We want to calculate the MMSE of the signal

x(t) by solving the following worst-case minimum mean square estimation problem:

inf E(lz(t) — ¢)|1?) = nf sup [Epo ([|lz(t) — ¢(t)[?)
C(t)eLZ (Q,PR") C()eLz, “(QP.R") Poep (2.5)
+ap,¢(P?)]

where L2ZT€(Q, P,R™) is the set of all the R™-valued (2 + ¢) integrable Z;-measurable random variables and

O0<e<1.
Definition 2.4 If &(t) € LZ(Q,P,R") satisfies

E(llz(t) — 2(®)II°) = inf Eg(llz(t) = <),

C(HELL(Q,BR")

then we call £(t) the minimum mean square estimator (MMSE) of x(t).

3 Kalman-Bucy filtering under g-expectation

In this section, we calculate the minimum mean square estimator Z(t) of the problem 23] for ¢ € [0,T].

Without loss of generality, all the statements in this section are only proved in the one dimensional case.

Lemma 3.1 The set {dd%? . PP € P} € LME(Q, F,P) is o(L*E(Q, F,P), L'5(Q, F,P))-compact and P

s convex.

Proof. Since 0 is bounded, by Theorem in the Appendix, the set dd—?: . P? € P} is bounded in
norm || - [|; 2. From Theorem 4.1 of Chapter 1 in Simons [31], we know that the set dd—I; : P% € P}is
o(LY*2(Q, F,P), L'*5(Q, F,P))-compact.



Let 61 = (6,01)T and 62 = (62,62)T belong to ©. f? and f? denote the corresponding exponential
martingales: for ¢ € [0, T,

0 =l [ 6ihuts) — 5 [ @160+ [ ot - 5 [ @7a

which satisfies
df? (t) = % (£) (0} () dw(t) + 05 (t)dv(t)), i = 1,2.
Let A\; and A2 be nonnegative constants which belong to (0,1) with A; + Ay = 1. Define

A  MOLOF ()02 (D)7 ()
91 (t) - lAlfe (t)Jr/\zer( ) )
A MO (D A0 (1) £ (t)

W RS WLI0)

It is easy to verify that

AP () + A fP (1) = (SO (1) + A f7 () (6 (1) dw(t) + 63 (1)dw(t)).

Since fei( t) >0, i = 1,2, the process 0* = (63,6,)T belongs to ©. Therefore, it results in that P is convex.
This completes the proof. m

Lemma 3.2 The penalty term aO,T(P‘g) is a concave functional on P.

Proof. Let 8 = (61,01)T and 62 = (62,62)7 belong to ©. f¢" and f%° denote the exponential martingales
respectively as in Lemma [3.J] By Lemma B.] the exponential martingale ()\1 + )\2 ) is generated
by 0* = (67, 602). It yields that

aor(AMP? + A P”) =E[(A £ (T) + \af? (T)) / ! G(t, 00 (), 00 (1))dt].
0

Since G(t,-,-) is a concave function, we have

a07T()\1P‘91 + )\2P92)
1 2 T N ol
> B[S (D) + 2l D)y 5ot iy anpr O 01 (2). 64(1)

I G, 03(1), 63(4)) ]
=E[(fy Mf (G 01(1),05(6) + Jy Aaf (DG(,63(1), 63(1)))d]
=E\ SO (T) [y Gt,61(t), 03(t))dt] + B O (T) Jif G(t, 63 (¢
02(t))dt] = Aao.r(P?") + Aaao.r(PP).

Therefore, the penalty term a(P?) is a concave functional on P. This completes the proof. m

Remark 3.3 It is easy to check that for any t € [0,T], ozoﬁt(P‘g) is a concave functional on P and

a0 (P!) = E[f(T) - / G(5,01(5), 02(5))ds] = B[f°(t) - / G(5,01 (5). Ba(s))ds].
0 0



Lemma 3.4 Suppose that the stochastic processes (gm(t))tcjo,r),m = 1,2, ... and (f*(t)):ejo,1) are exponen-

tial martingales respect to the filtration F and (g (T) — f*(T)) M 0. Then for any 0 <t < T, we
have
2
(O (0) = 0; (1) 250, i = 1,2,

where 0™ (t) = (07*(t), 05 (t)) € © and 0*(t) = (07 (t),05(t)) € © are respectively generators of (gm(t))iepo, 1), M =
1, 2, and (f*(t))tE[O,T] .

Proof. Denote the generator of g, () by 0™ = (07*,05"), i.e., for 0 <¢ < T,

0n(t) = exol [ 07 due) =5 [ )Pas+ [ opints —5 [ o5 )P,

2(QFp
We want to prove that (6™) converges to 6*. Since g,,(-) and f*(-) are martingales and g,,(T) rern,

2
¢
f*(T), it is easy to verify that g, (t) M

f*())?, we have

f*(¢) for any t € [0,T]. Applying It6’s formula to (g, (t) —

d(gm (t) — £*(1))?

= 2(gm(t) = £ () [(gm ()07 (8) — F*(£)07 (1)) dw(t) + (gm (1)05" ()
—f*(£)03 (1) dv(®)] + (gm ()07 (t) — f*(£)07 (1)) dt + (gm (1)05" (2)
—f*(£)03(t))*dt.

Taking expectation on both sides,

E[(gn(T) = (D)) = Elfy (9 (007 (2) = £*(£)67 (1))2d1]

(3.1)
HE[fy (gm (D05 (8) — F*(£)05(£))?].
Since n}gxlmE[(gm (T) — f*(T))% = 0, it yields that
T
Jim B[ 0007 (0) = (007 )Pt = 0. = 1.2 (3:2)

Note that
ELfy (gm(6)07(£) — f* ()07 (£))dt]

=E [, [(f*(£) = gm ()05 (£))% + (g (£))2 (05 () — O7(£))?

+2(f(t) = gm(£))gm ()07 (£)(07 (1) — 07" (2))]dt.

L*(Q,F,P)
1

Because g, (t) f*(t) and 6 is bounded, we have

lim E[(f*(t) — gm(£))* (07 (£))*] = 0;

m—0o0

lim E[(f*(t) = gm(t))gm (007 (£)(07(t) — 07"(1))] = 0.

m—o0



Therefore, lim E[(gm(£))2(0%(t) — 07(£))2] = 0. Tt results in that (gm(£))2(6%(t) — 67(¢))2 = 0. Since

m—0o0
2
Im(t) LN f*(t), we have (05 (t)—07(t))? %5 0. Due to the boundedness of , we obtain (01 (t)—07()) rern,
0. Similarly, we can obtain (05 (t) — 65 (¢)) LT 0. This completes the proof. m
In the following, we prove that the worst-case prior P?" exists.
Theorem 3.5 For a given t € [0,T], there exists a 0* € © such that
&) — ()]
C(HELL(2P.R)
= sup inf [Epo[(x(t) — C(t)?] + ao.:(P?)] (3.3)

POeP ((H)ELT (QPR)

= inf [Epo- [(2(t) — ¢(1))*] + a0 (PT)].
C(HELL(QBR)
Proof. Firstly, we prove the first equality. According to Lemmas B and B2 the original robust estimation
problem (23] satisfies minimax theorem [.Il Therefore, the first equality is verified.

Secondly, we prove the second equality. Choose a sequence {6}, n = 1,2, - - such that

lim inf [Epon [(2(t) — ¢(£))%] + o (P?")]
n—o00 C(t)GLZZtE(Q,IP’,]R) (3 4)

= sup inf [ev0,e(P?) + Epol(2(t) — ¢(1))?]]-
POeP (()ELT (QPR)

Set f0"(T) = ””;—]f. By Komlés theorem A.3.4 in [30], there exists a subsequence { f"* (T)}x>1 of {f7" (T)}n>1
and a f*(T) € L*(Q, F,P) such that

. 1 0"k o opx
Jim — ST = (7)), P as.. (3.5)
k=1
1 = ,n —a.s
Let g.,,(T) = - Z fO(T). We have g, (T) Pras, f*(T). By Theorem 5.3 in the Appendix, for any given
k=1

constant p > 1 and m, we have E(gm(T))* <M where K = (1+ 2)p and M = exp((K? — K)p*T). Then,

+2 0 Fp
we have {|gm(T)|1+§ :m=1,2,-- } is uniformly integrable. Therefore, it results in that g, (T) L c@FAp,

F*(T) and f*(T) € L'+%(Q, F,P). According to the convexity and weak compactness of the set dd—I; :PY ¢
. * " *
P}, there exists a 6* such that 2— = f*(T).
Then we prove that the probability measure P?" with respect to obtained generator 0* satisfies B3).



Based on ([34) and 31]), we have

S N GO C(£)%] + a1 (P?)]
PocpC(t)eL “(Q2,P,R)
= lim i [E[PT(T)(() — ((6)2) + ao(PO)]
oo (e LT (2PR)
= Qim b [E[FT(D)(() - ()% + aod(PP)]
—00 g(t)enLI (Q,P,R) (3-6)
= nf BT () ~ ()] + a0 (PP

i1 CELZ(QPR)

lim inf inf LSTEP(T) () — C(8)%) + ao (PP+)]

Mmoo ((HELT(QPR) T T

IN

< lminf inf  [Blgn(T)((t) — (1)) + a0 (PP"))
m—00 q(t)eL“f(Q P,R)

where the last inequality is due to the concavity of a(-). By [B.6) and Lemma B4, it results in that

sup inf [Epo[((t) = C(£))?] + a0 (P?)]
Pécp C(t)ELZZ,tC(Q,P,R)

> rerd g B 0 = €O+ ca(P)
C(HELZT(Q,P,R)

— inf [E[ im g, (T)(z(t) — ((£))?]
C(tyeL e(Q,P,R) m—oo

T) fy G(r, 05 (r), 05 (r))dr]]

= i [E[ lim g (T)(x(t) — (1) (3.7)
¢(eLyte(QpR) Mo

FE[ Tim (g (T) [ G(r, 07(r), 05 (r))dr)]

m— o0

> lim sup inf [Elgm (T)(z(t) — C(t))Q]
m—00 g(t)eL“E(Q P,R)

T) Jy G(r,07(r), 05" (r))dr]]

> sup inf [Epo[(x(t) = ¢(£))%) + ao,:(P?)]
POEP (()ELLT (QPR)

where the second inequality is based on the upper semi-continuous property. Therefore,

sup inf [Epo[(x(t) = ((1))?] + ot (P?)]
PoeP ((ELL (UPR)

= Inf [Epo- [((t) = C(£))*] + a0t (P77)]-
C(HELZ (QPR)

By minimax theorem (Theorem [5I]in the Appendix), we obtain

sup inf [Epo[(2(t) — C(£))*] + a0 (P?)]
Pécp C(t)ELZZtC(Q,P,R)

= inf sup [Epe[(z(t) — ¢()*] + a0, (P?)]
C(HELET (QUPR) Poep

10



which implies that

inf  &[(@(t) — ()]
C(H)eLZ“(2,P.R)

= inf sup [Epo[(2(t) — ((t))*] + ao,+(P")]
((t)eLZte(Q,IP’,]R) Pocp

= inf  [Epee[(2(t) = ((1)%] + a0, (P7)).
C(HELL(QPR)

This completes the proof. m

—

For the obtained 6*(t) = (07 (t),05(t)) in Theorem B set 65 (t) = Epo- [0](¢)| 2], i = 1,2.

Theorem 3.6 The MMSE i(t) of problem [2.3)) equals Epe-[x(t)|2:] and satisfies the following equation:

o~ —

dz(t) = (B(t)Z(t) +b(t) — 07(1))dt + (P(t)H(t) — =(t)03(t)
+a(t)03 (D) R(£)~dI(t), (3.8)

.i'(O) = Xy,

-

where 0* is obtained in Theorem [T, x(t)05(t) := Epe« [x(t)05(t)| 2] and the so called innovation process
I(t) :=m(t)— fot (H(s)&(s)+g(s) —05(s))ds, 0 <t < T is a Z¢-measurable Brownian motion. The variance
of the estimation error P(t) = Epe- [(z(t) — 2(t))?] satisfies the following equation:

—_— —

PO = Epe [(P(H(t) — x(8)05 () + ()05 (£)) R (t) (H(£) P(t) — 03(1)(t)
+03 (D2 (1))] + 2B po- [~ ()07 (1) + ()05 (1)] + 2B()P(t) + Q(1), (3.9)

Proof. For the obtained optimal 6*(t) = (0;(t),05(¢)) in Theorem BH, the system (24) and problem
@3) can be reformulated correspondingly under P? . In more detail, on the filtered probability space
(Q, F, {Fi}o<t<r, P?"), the processes x(-) and m(-) satisfy the following equations:

dz(t) = (B(t)z(t) +b(t) — 05 (t))dt + dw? (t),
0 = (3.10)
dm(t) = (H(t)z(t) + h(t) — 03(t))dt + dv®2 (t),
m(0) =0
We solve the minimum mean square estimation problem
e g B 010 = GO+ a0 () (3.11)
Since a07t(P9*) is a constant, we only need to consider the following optimization problem:
it [Bpoe [(@(t) - C())2) (3.12)

C(HELL " (UPR)
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In [27], Liptser and Shiryaev studied the optimal estimator of the following problem:

i 2
C(t)eLZZItI(lsfz,Pe* JR) Epo- [(x(t) = ¢(1)]- (3.13)

By Theorem 8.1 in |27)], the optimal estimator &(t) = Epe- [x(t)| Z:] satisfies (B.8]). Since B(t), H(t), b(t) and
h(t) are uniformly bounded, deterministic functions and 6* is bounded, by Theorem 6.3 (see Chapter 1 in
[35]), the solution Z(t) to (B.8)) also belongs to L2ZT€(Q,]P’, R). It yields that &(¢) is the optimal solution of
problem [B.I2) at time ¢ € [0,7]. This completes the proof. =

Corollary 3.7 If 0*(t) is adapted to Z;, then &(t) satisfies the following equation:

di(t) = (B(t)&(t) + b(t) — 07 (t))dt + P(t)H(t)R(t)"'dI(t),

(3.14)
£(0) = o,
where P(t) satisfies the following Riccati equation:
WL = BOP() + P()B(1)T — POH(OTR() ™ H(P() + Q). 15)
P(0) =0.
Define
Alt,s) = expf;(B(T)—P(T)H(T)2R’1(T))dT )
Z(t) is governed by
dz(t) = (B(t)z(t) +b(t))dt + P(t)H(t)TR(t)~dI(t), (316)

where

I(t) = m(t) — /O (H(s)Z(s) + h(s))ds.

Corollary 3.8 If the optimal 6*(t) adapted to subfiltration Z;, with equations BI6) and BI), then the

optimal estimator &(t) for any time t € [0.T] can be expressed as

() = 3(t) + /0 (P(s)H(s)R~"()03(5) — 07 (s)) A(t, 5)ds. (3.17)
where Z(t) is defined by equation ([B.10).

Remark 3.9 So far, we have only proved the existence of the optimal 0* from the mathematical theory.
Since the complexity of the problem is considered in this paper, it is still a problem to be solved how to

calculate the optimal 0*. In the future, we plan to study the numerical solutions to the robust estimation

3.
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4 MMSE under general convex operators on L'-(P)

In section Bl we boil down the calculation of the Kalman-Bucy filter under uncertainty to solving a minimum
mean square estimation problem under the convex g-expectation. The worst-case prior P?" is obtained and
the corresponding filtering equation (3.8) is deduced.

It is an interesting question whether there are similar results for general convex operators. So in this
section, we investigate the minimum mean square estimation problem under general convex operators on

L%.(IP) and obtain the existence and uniqueness results of the MMSE.

4.1 General convex operators on L’ (P)

For a given probability space (2, F,P), we denote the set of all F-measurable p-th power integrable random
variables by LP(Q, F,P). Sometimes we use L%(P) for short. Let C be a sub o-algebra of F. L%(IP) denotes
the set of all the p-th power integrable C-measurable random variables. In this paper, we only consider the
case that 1 < p < 2.

Let M denote the set of probability measures absolutely continuous with respect to P. For P € M,
we will use f¥ to denote the Radon-Nikodym derivative fli—g and Epl-] to denote the expectation under P.

Especially, the expectation under P is denoted as E[]. For a sub o-algebra C of F and P € M, define
& =E[fF[C].

Definition 4.1 A convex operator is an operator p(-) : L%(P) — R satisfying

(i) Monotonicity: for any &, & € L%(P), p(&1) > p(&2) if & > &
(ii) Constant invariance: p(§ + ¢) = p(§) + ¢ for any & € L%-(P) and c € R;

(i) Convexity: for any &, & € L% (P) and XA € [0,1], p(A& + (1 — A)&2) < Ap(&r) + (1 — N)p(&2).
Definition 4.2 A convex operator p(-) is called normalized if p(0) = 0.

Remark 4.3 In this paper, we will always assume the convex operator is normalized. Moreover, if we define

P (&) = p(=£), then p'(-) is a convex risk measure on L%(P).

If p(-) is a convex operator, then by Proposition 2.10 and Theorem 2.11 in [24], for any random variable
& € L% (P), there exists a set P such that p(-) can be represented as

p(&) = sup [Ep[¢] — a(P)],
Pep

where a(P) = sup.c 4, Er[C], Ay = {¢ € LE(P); p(¢) < 0} called acceptance set, P: = {P € M;
¥ e L%L(P), a(P) < co}. Moreover, D := {fF; P € P} is norm-bounded in L%(P) and o(L%(P), L% (P))-
compact, where o(L%(IP), L%.(IP)) denotes the weak topology defined on L% (IP) and % + % = 1. The set P is

called the representation set of p(-). Since «(-) is a convex function defined on M, P is a convex set.

Remark 4.4 Note that o(P) = supcca, Ep[(] = supcey, E[fP¢]. By abuse of notation, we sometimes

write a(f¥) instead of a(P).

Definition 4.5 The set P is called stable if for any element P € P and any sub o-algebra C of F, ;—i still
C
lies in the set D.
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Definition 4.6 A convex operator p(-) is called stable, if its representation set P is stable.

Definition 4.7 A convex operator p(-) is called proper if all the elements in its representation set P are

equivalent to IP.

For a given £ € L4}P(IP’), when we only know the information C, we want to find the minimum mean
square estimator of £ under the convex operator p(+). In more detail, we will solve the following optimization

problem:
Problem: For a given £ € L4}-p(IP’), find a7 € Lgp(P) such that

p6 —)> = inf p(&—mn)* (4.1)
WELCP(P)

The optimal solution 7 of (@I is called the minimum mean square estimator and we will denote it by
p(E[C).

Remark 4.8 If we set C = Z; and p = 1+ § with € € (0,1), then Lgp(IP’) is just the space LQZJ;C(Q,IP’, R™) in
subsection [2.2.

4.2 Existence and uniqueness results

In this section, we study the existence and uniqueness of the minimum mean square estimator for problem

A1l We first give the following assumption.

Assumption 4.9 The convex operator p(-) is stable and proper.

4.2.1 Existence

Lemma 4.10 For any given real number v > 2, if £ € LY (P), then we have sup Ep[fg] < 0.
Pep

Proof. Since {fF; P € P} is normed bounded in LL(P) and 1 < p < 2, we have
sup Ep[¢ 7] = sup E[f76%] < sup [|£7||Lall€ % |20 < sup |7 za(llE]|zon)” < oc.
Pep PeP PeP pep

This completes the proof. m

Lemma 4.11 Suppose that Assumption[f.9 holds. Then for any P € P, £ € L'2(P) and sub o-algebra C of
F, there exists a P € P such that Ep[¢] = E[Ep[¢|C]].

Proof. It is obvious that

BLEP[£1]) = Elg il = EIEle p1c]) = Elep]

By Definition E5] there exists a P € P such that ‘fi—ﬁ = ;—i which implies that Ep[¢] = E[Ep[¢|C]]. This
Cc

completes the proof. m
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Proposition 4.12 Suppose that Assumption[{.9 holds. If € Lé_?(]P’), then there exists a constant M such
that for any probability measure P € P,
nf [Bpl€ -0 —aP) =  f [Bel€—n)?) - a(P)],
nEL(P) neLZ ™ (P)

where Lgp’M (P) denotes all the elements in Lgp(P) which are norm-bounded by the constant M.

Proof. Set G = {Ep[£|C]; P € P}. For any P € P, we have E[(Ep[¢|C])?P] < E[Ep[¢?P|C]]. By Lemma 1Tl

there exists a P € P such that Ep[¢?P] = E[Ep[¢2?P|C]]. By Lemma EI0, there exists a constant M; such
1

that suppep Ep€?] < M;. Then G € LM (P) where M = M2 . Since 1 < p < 2, it is obvious that

GcLF® c | | Lgtm

0<e<2

By the project property of conditional expectations, for any P € P and n € Lg"’e(P) with € € (0, 2], we have
that

Ep[(¢ — Ep[E[C)*] < Ep[(€ —n)?]
which leads to

_int1Bpl(€ ~)’) —a(P)] 2 inf [BpI(E o] —a(P)]

On the other hand, the inverse inequality is obviously true. Then the following equality holds for any P € P:

inf [Ep[(§ —n)?] — a(P)] = inf [Ep[(§ - )% — a(P)].
neL’ (P) ne

Since G C L Mp) ¢ LZ(P), it follows that

inf [Ep[(6 —n)?] ~a(P)] = inf [Ep[( —n)?] - a(P)].
nel; (P) nGch’ (P)

This completes the proof. m
By Proposition [£12] it is easy to see that

sup inf [Ep[(€ —n)*] —a(P)] =sup inf [Ep[(€ —n)*] - a(P)].
PePneLP(P) PeP neLP M (P)

Lemma 4.13 «(-) is a lower semi-continuous (L.s.c.) function on the topology space (D, o(L%(P), L%(P))).
Proof. For any fixed random variable ( € A,, define (¢, f©) = E[fF(] where f” belongs to D. Then
¢(¢, ) is a continuous function on the topology space (D, o(L%(IP)

,L%.(P))). Since a(fF) = sup¢ea, P(C fF), based on lower-semicontinuous definition B.1.1 in Pham [30],

then a(P) is a Ls.c. function on the topology space (D, o (L% (P), L%(IP))). This completes the proof. m
For ¢ € L4}P(IP’), ne Lgp(P) and P € P, define

& m, f7) = E[f7(€ —n)’] — alf7).

Lemma 4.14 For any random variables £ € L4Fp(]P’) and n € Lgp(]P’), 1(&,m,-) is an upper semi-continuous
(u.s.c.) function on the topology space (D,o(L%(P), L%(P))).
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Proof. Since ¢ € LY¥(P) and n € L (P), then (¢ —n)? € L5 (P) which implies that E[fF (¢ — )] is a
continuous function with respect to f on the topology space (D, o(L%(P), L%-(P))). By LemmaLT3, a(-)
is a Ls.c. function on the topology space (D, (L% (P), L (P))). Thus, I(,7,-) is an u.s.c. function on the
topology space (D, o(L%(P), LY (P))). This completes the proof. m

Proposition 4.15 Suppose that Assumption[{-9 holds. Then for a given £ € L?_P(Q, IP), there exists a Pep
such that

inf [Ep[(€—n)*]—a(P)]=sup inf [Ep[(£—n)*—a(P),
neLZ” ™ (P) PePneL ™ (P)

where M is the constant given in Proposition [{.12

Proof. Define

B=sup inf [Ep[€—n)*-a(P)=sup inf [E[f7(€ )% - a(f7)]
PePneLl ™ (P) fEeD el ™ (P)

Take a sequence {ff; P, € P},,>1 such that

inf B (E - 0)?) - alfP)] 2 8- o

neLZM(p)

Since D is a weakly compact set, we can take a subsequence {f i };>1 which weakly converges to some
fI5 € L%(P). Therefore, P € P and there exists a sequence {fpi € conv(fPri| fPrie, ...)}i>1 such that fﬁi
converges to f P i L%(P)-norm by Theorem (4] in the Appendix.

For any n € Lgp’M(IP’) and i € N,

T E|f7 (&= n)? = £7(€ =) < Y (I(F™ = 7)o 1€ = m)?[|oge) = O,

which leads to
Jim B[f7(¢ —n)*] = E[f7(¢ —n)?).

On the other hand,

a(fP) —a(fP)| =] sup E[fF¢] — sup E[f¢]| < sup E[|(fF — fP)]]

CeA, CeA, CeEA,

< CSH/I? [|(fF — fP)||Lq(IP)||C||Lp(IP)-

P

Then,

lim [E[[f7 (¢ — n)?] — a(f7)] = E[f (€ — n)?] — a(f7)].

i—00

Since

B[P (- —a(fP)] > inf  [E[fF(E—7)? - al(fP)]

AeLg M (P)

for any 1 € LZ»" (P), we have that

lim [E[fﬁi (€ —n)?]—a(ff)] > limsup  inf  [E[f7 (€ —7)?] — a(f)].

i—o0 i—oo FELZPM(P)
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It yields that
inf, 200 g [ELF 7 (€ = 1)) — ()

= inansz’M(P) Hmi—mo[E[fﬁi (£ _ ,,7)2] — a(fpi)] (42)

> T sup,_, oo inf 20 B (€~ )2 — a(FP).

P,

As af-) is a convex function and fP € conv(fPri, fFri+1, ), we have

limsup inf  [E[fP(¢ )% — a(f7)] > 8. (4.3)
i—oo  fFEL ™ (P)

Combining (£2) and [{3)), we obtain the result. m

Corollary 4.16 Suppose that Assumption [{.9 holds. Then for a given § € L4}-p(IP’), there exists a P € P
such that

inf [Epl(€ —n)’] —a(P)] = sup inf [Ep[(€—n)*] - a(P)].
neL" (P) PePneLl(P)

Proof. Choose P as in Proposition 18 By Propositions .12 and E.T5] the following relations hold

sup inf [Ep((€—n)*] —a(P)]=sup inf [Ep[(§—n)*] - a(P)]

PeP neLlP(P) PeP ne LM (P)
= inf  [Bpl€—n)?l—aP) = inf [Bp[(§—n?—aP)
neLZPM(P) neL:’ (P)

This completes the proof. m

Theorem 4.17 (Existence theorem) Suppose that Assumption[{-9 holds. Then there exists a 1) € L(ij(IP’)
which solves problem (&1)).

Proof. For given ¢ € LY (P), n € L (P) and P € P, it is easy to check that I(,-, fF) is convex on L2 (P)
and [(§,n,-) is concave on LL(P). As D is o(L%(P), L (P))-compact and I(&,7,-) is u.s.c on the topology
space (L% (P), o(LL(P)

, L%.(P))) by Lemma .14l we have

inf  max[Ep((§ —n)?] — a(P)) = max inf [Ep[(€ —n)?] - a(P)];

neLe (p) PEP PEP peL?r (P)
inf max|F —n)?] — @(P)] = max inf F —m? - a(P
L ma(Be((€ )~ a(P) = s il Bp{€ ~0)") ~a(P)

by Proposition .15 Corollary and Theorem 5.1l in the Appendix. With the help of Proportion [£12]

nei% max[Ep[(§ —n)*] - a(P)] = neLigng(P) max[Ep[(§ —n)*] — a(P)).

Therefore, we can take a sequence {n,;n € N} C Lgp M(P) such that

p(& —nn)? <ﬁ+2in,
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where (3 := infneLgp(P) p(€—n)2. Since Lgp’M(]P’) is a weakly compact set, we can take a subsequence {7y, }ien

of {nn}nen which weakly converges to some 7} € Lgp’M(IP’). By theorem [5.4] in the Appendix, there exists a

sequence {7j; € conv(7n,, M.y, - ) bien such that 7; converges to 7 in L (P)-norm. Then

p(& =)= p(& — i + 7 — 1)?
= suppep Ep((§ — ) + (i — 7)? +2(& — 7:) (7 — )] — (P)]
< suppep[Ep[(§ — 1:1)?] — a(P)] + suppep Ep[(7; — )
+2(& = ) (1 — )]
= p(§ = 11:)* + suppep Ep[— (i — 0)* + 2(€ — 7)) (7 — )]
< B+ 5 +2suppep [1f ]| Lallili — il pan (14 (1€ =l L20).

As ([#4) holds for any i > 1, we have that p(¢ —%)? =5. =

4.2.2 Uniqueness

In this subsection, we prove that the optimal solution of problem (1) is unique.

Proposition 4.18 Suppose that Assumption[{.9 holds. If 1) is an optimal solution of problem (@Il), then
there exists a P € P such that ) = Es[€[C].

Proof. If 7} is an optimal solution of problem (4IJ), then there exists a P € P such that

sup [E[fp(§ —1)*] — a(P)]
PeP

= r}glgg[E[fP(f —0)?] — a(P)]

- neiL%g(P) max[E[fp (& = n)’] - a(P)]

= max inf Bl n)?*] = a(P)]

= inf [E[fP(€ 0’| - a(P)]
neLg” (P)

by Corollary .16 Theorem [£I7and Theorem E.1lin the Appendix. Thus, by Theorem[£.2]in the Appendix,
(7, P) is a saddle point, i.e., for VP € P,n € L(ij(IP’), we have

E[fP(¢ — 1) — a(P) < E[fP(¢ - 7)%] — a(P) < E[fP (€ — n)?] — a(P).

This shows that if 7) is an optimal solution, then there exists a P € P such that 7 = E4[¢|C] by the

project property of conditional expectations. m

Theorem 4.19 (Uniqueness theorem) Suppose that Assumption[].9 holds.
Then, the optimal solution of problem (A1) is unique.
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Proof. Suppose that there exist two optimal solutions 7j; and 7j2. Denote the corresponding probabilities in
Proposition I8 by P and P, respectively. Then #; = Ep [§]C] and 72 = Ep [€[C]. For A € (0,1), set

P*= AP, + (1 - NP,

dP,
Ap, = AEW[—dPA Ic],
dPs
Ap, = (1= N)Epa [WM'

It is easy to verify that A\p + Ap = 1 and Epa[€[C] = Ap i + Ap fp. Noticing that Ep [ — 7;|C] = 0,
i = 1,2, then we have the following inequality (Details of the calculation can be found in Lemma in the
Appendix):
Epr[(€ — Epa[€[C])%] — a(P)
—Epal(€ — Apyii — Apy )] — a(PY)
=Epx[(Ap, (€ =) + Ap, (€ — )% — (P?)
=Epa[Ap (6 —11)% 4+ Ap, (€ —112)% = Ap Ap, (1 — 712)*] — (P?)
=AEp [(€—m)? = Ap, (€ —)% — (€ — )% + (I —12)%) + A%, (i1 —72)?]
H(1 = NEp,[Ap (€= M) = (€ —12)* = (M —112)%) + (£ —712)* + A} (71 — 712)°]
—a(P)
=AEp [(§ = )] + AEp [N (i —2)%]) + (1 = N Ep,[(§ —12)°] — a(P)
H(L= NEp 2, (i — i)?)

Set = infneL(Z:p(P) p(& —n)?. By the above equation and the convexity of a(-),

Epr[(§ = Epr[€C])%] — a(P?)
>AEp [(€ = )?] + (1= NEp,[(€ = 712)%] — Pa(Py) + (1= Na(Py)]
FAEp N2 (i = 02)?] + (1 = N Ep, N2 (i — 2)?] (4.5)
=B+ AEp [N} (7 —12)°] + (1 = N Ep, [N}, (I —12)°]
>p.

On the other hand, since (7, Pl) is a saddle point, we have

Epx[(€ — Epa[€C))%] — a(P?) < Epa[(€ — i)?] — a(PY) < Ep [(€ —)*] — a(P1) = 6.

It yields that Epx[(& — Ep[€|C])?] — a(P?) = 3. By [@H), we deduce that 7; = 72 P-a.s.. m
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4.2.3 Properties of the minimum mean square estimator

Finally, in this subsection, we will list some properties of the MMSE p(¢|C).

Proposition 4.20 If a convex operator p(-) is stable and proper, then for any £ € L4}P(IP’), we have:
i) If C1 < &(w) < Oy for two constants C1 and Ca, then C1 < p(€|C) < Coq;
it) p(=¢|C) = —p(€IC);
iti) For any given 1o € LZ(P), we have p(€ +no|C) = p(€]C) + 1o;
i) If & is independent of the sub o-algebra C under every probability measure P € P, then p(¢|C) is a

constant.

Proof. i) If C1 < £(w) < Cq, then for any P € P, C; < Ep[¢|C] < Cs. According to the proof of Theorem
I3 p(¢|C) € {Ep[¢|C]; P € P} which leads to Cy < p(£|C) < Co.

ii) Since

p(€ —p(ElC)* = inf pe—m)?= inf pE+n)?= inf p(-€-n)?
n€L:’ (P) n€L:’ (P) n€L’(P)

c

we have

p(—=¢ = (—p(€lC)))> = inf p(—=€—n).

neLg (P)
By Theorem {19, —p(£|C) = p(—£[C).
iii) Note that

p(&+1m0 — (0 + p(E|C))* = p(€ = p(€|C))* = inf p(€—m)*= inf p(&+m —n)*
neL” (P) neL’ (P)

By Theorem T3] we have ng + p(£|C) = p(€ + no|C).
iv) If £ is independent of the sub o-algebra C under every P € P, then Ep[¢|C] is a constant for any

P € P. Since p(&|C) € {Ep[€|C]; P € P}, we know that p(¢|C) is a constant. This completes the proof. m

5 Appendix
For the convenience of the reader, we list the main theorems used in our proofs.

Theorem 5.1 (Fan [16] Theorem 2) Let X be a compact Hausdorff space and Y be an arbitrary set.
Let F be a real valued function defined on X x Y such that, for every y € Y, F(x,y) is a l.s.c(lower-

semicontinuous) on X. If F is convex on X and concave on Y, then

min sup F(z,y) = sup min F(x,y).
iy sup (z,y) sup miy (z,y)

Proof. Refer to Theorem 2 in [16]. m

Theorem 5.2 (Zalinescu [37] Theorem 2.10.1) Let A and B be two nonempty sets and f from A x B
to R|J{oo}. Then f has saddle points, i.e., there exists (T,7) € A X B such that

Vee A VyeB: [f(x,y) < f(Z,9) < f(T,y)
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if and only if

f f — -
ynele(fE y) = max inf flz,y) = %gsupf(z y) = ilelpf(:c ,Y)-

Theorem 5.3 (Girsanov [18]) We suppose that ¢(t,w) satisfies the following conditions:

(1) &(-,-) are measurable in both variables;

(2) o(t,-) is Fi-measurable for fized t;

(3) fOT |p(t, w)|?dt < oo almost everywhere; and 0 < c¢1 < |p(t,w)| < c2 for almost all (t,w), then exp[alt(o)]
is integrable and for a > 1

[(a —a)

(0® —a)
2 2

exp (t = s)ci] < Elexplac(¢)]] < exp [ (t = s)c3] (5.1)

where Ct(p) = f; o(u, w)dw,, — é f; & (u, w)du

Theorem 5.4 (Koésaku Yosida [36]) Let (X, ||-||) be a Banach space and {xy, }nen be a sequence in X that
converges weakly to some x € X. Then there exists, for any € > 0, a conver combination 2?21 oz, (aj >
0, 25—y aj = 1) such that |lx — 377, ajal| < e.

Lemma 5.5 Let i1 = Ep [€|C], ils = Ep [€[C], P> = APy + (1 = NPy, Ap = AEp [24]C], Ay =
(1= NEpr[452|C]. Then we have

pr[(g - /\151771 - >\p27?2>2] - O‘(PA>
=AEp, [(€ = )*] + (1= N Ep, [(€ = i2)°]
+AEp, [)\?52 (M —M2)?] + (1= N Ep, P\?sl (i — 12)*] — a(P).

Proof.
Epa[(§ = Ap i — Ap,7i2)?] — a(PY)
=Epr [(Ap, (€ =) + Ap, (€ — )] — a(P*)
=Epx [N (€ =) + N5, (€ = 112)? + 2Xp Ap, (€ — M) (€ — )] — a(P?)
=Epx [Ap, (¢ + g, (€= )% = Ap Apz (M —12)*] — a(P?)
=AEp [Ap, (€ — )2] +(L=NEp, Np (€ = )] + AEp [Ap, (€ = 72)°]
+(1- ) 5, N, (€ = 112)°] = AEp [Mp Ap, (i — 712)°] (5.2)
— (1= NEp, Ap Ap, (= 2)?] — a(PY)
=AEp, [(€ )%+ (1= NEp, [(€ = 1)%] = (1 = N Ep, [\p, (€ — )]
+AEp [(€ = 12)%] = AEp [Ap, (€ = 712)*] + (1 = N Ep [(€ — 712)?]
= ABp [Ap, (€ = )] = (1 = NEp,[\p, (€ = 112)*] = ABp [Ap Ap, (M1 — 712)°]
= (1= NEp,[\p Ap, (i = 72)"] = a(P?).
Since
(1= NEp[(€ =m)*) = (1= NEp [(Ap, +Ap,)(E 1)’
and

AEp [(€ = M2)] = AEp [(Ap, + Ap,) (€ —02)?],
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it results in that
B2) = Ep Mg, (6 — fl2)? — Ap, (€ — Mn)?+ (1 — MNEp, [Mp (€ — in)? — Ap (€ — f12)?]
— AEp [Ap Ap, (M — 12)*] — (1 = N Ep [Ap Ap, (l — 712)?] + AEp, [(€ — 711)?]
+ (1= NEp,[(€ — 12)*].

Firstly, we calculate the items with respect to the expectation AF B, [-], the following relations hold:

Ap, (€2 15 — 26712) — Ap, (€2 4117 — 26i1) — Ap Ap, (7 — 712)°
=Xp, (2711 (72 — ) + 26(M — 72)] + NG, (M1 — 72)°
=Xp, [2(6 = i) (i — 7)) + A, (i — i2)*.

Since A Py (71 —72) is C-measurable and (€ —17j1) is orthogonal with o-algebra C under probability measure
]51, it results that

AEp [Ap,2(6 = M) (i — 02)] = AEp [Ap, (M — 12)| Ep, [2(€ — 71)] = 0.

Secondly, we can also similarly calculate the items with respect to the expectation (1 —\)E 2, [[]. Finally,

the equation (B.2]) can be expressed as

Epa[(€ = Ap, i1 — Ap,ii2)?] — a(PY)
=AEp, [(€ = )*] + (1= N Ep, [(€ = )]
+AEp, [N}, (M = 012)°] + (1= N Ep, [}, (71 — 12)°] — o(P).

This completes the proof. m
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