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ON THE TWO-DIMENSIONAL QUANTUM CONFINED STARK
EFFECT IN STRONG ELECTRIC FIELDS

H. D. CORNEAN, D. KREJCIRIK, T. G. PEDERSEN, N. RAYMOND, AND E. STOCKMEYER

ABSTRACT. We consider a Stark Hamiltonian on a two-dimensional bounded domain
with Dirichlet boundary conditions. In the strong electric field limit we derive, under
certain local convexity conditions, a three-term asymptotic expansion of the low-lying
eigenvalues. This shows that the excitation frequencies are proportional to the square
root of the boundary curvature at a certain point determined by the direction of the
electric field.

1. INTRODUCTION

1.1. Physical motivation. There has been a lot of theoretical and experimental work
on the properties of quantum confined semiconductor devices. These systems exhibit
interesting features that may find applications in nano-technology (see e.g. [9, 10]).
Physically, the confinement may be achieved through an interface with the vacuum or
an hetero-junction, i.e., by interfacing the semiconductor with an isolator or with another
semiconductor of larger gap [9]. The most prominent semiconductor devices are the so-
called quantum wells, quantum wires and quantum dots, where the material is confined
in one, two and three orthogonal directions, respectively. In the presence of symmetry
along the non-confined directions the description of the system is reduced to the study of
a Hamiltonian in dimension one, for quantum wells, and in dimension two for quantum
wires (see e.g., [9, Chapter 8|).

An interesting phenomenon is the behavior of the energy levels of the system when
a uniform electric field is applied; this is known as the quantum confined Stark effect
[16] (see also [19] and references therein). In a simplified model one may consider in-
dependently electrons or holes. Then, in the so-called effective mass envelope function
approximation [17], the effective Hamiltonian describing the quantum confined Stark
effect is formally given by
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where h is Plank’s constant divided by 27, m > 0 is the effective mass of the electron
(or hole), —¢q is the charge of the particle (electron or hole), F is the electric field, and
Veont 18 some confining potential. In the simplest case one models the confining potential
as infinite potential walls, i.e., one considers the first two terms of the Hamiltonian in
(1.1) restricted to the domain of confinement with Dirichlet boundary conditions. The
quantum confined Stark effect modeled as in (1.1) with Dirichlet boundary conditions
have been considered, for instance, in [5, 16] for quantum wells, in [21, 23, 25, 22, 14, 10]
for quantum wires, and in |24, 19] for quantum dots.

In this work we are interested in the study of the low-lying eigenvalues of the following
two-dimensional Hamiltonian restricted to an open set Q — R?:

W o
H = —%(aﬁay) +qFx, (1.2)
acting on a dense subspace of the square integral functions L?(Q) with Dirichlet boundary
conditions. This is a model Hamiltonian to describe the energy levels of a quantum wire
with cross section €2 in the presence of an electric field perpendicular to the non-confined
direction. Notice that we have chosen coordinates such that F is parallel to the z-axis.
1
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The low-lying eigenvalues of this operator have been studied, partially numerically, for
different geometries in several papers such as in |21, 23| for squares, in [25] for rectangles,
in [22, 14, 18] for disks, and in [10] for annuli.

From now on we will work with domains satisfying the following conditions, see Fig-
ure 1.

Assumption 1.1. The set €2 is open, bounded, and connected. We assume that there
exists a unique point Ay € 02 such that the first component of A is given by
Tmin = inf = min z.
(I,y)EQ (x,y)eﬂ
We also assume that 0f) is smooth near Ag, and that the curvature at Ag, denoted by
Ko, 1s positive.

Let us describe the notion of curvature we use in this paper. Consider a smooth
counterclockwise parametrization s — ~y(s) by arc-length of the boundary near Ay =
~(0). If n(s) is the outward pointing normal to 02 at y(s), the curvature k(s) at vy(s) is
defined through the relation 7”(s) = —k(s)n(s). We have k(0) = ko > 0.
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FIGURE 1. The domain €.

Then we can provide a three terms asymptotic expansion for the individual eigenvalues
of H in the limit of strong electric fields. Our main result, Theorem 1.2, implies that for
qF > 0 the n-th eigenvalue of H behaves in the limit of strong electric field as

1 1
(¢Fn)*\*® qFko ) 2
E, = qFxmn + ( o 21 + (TL — %)h - + ﬁ(Fl/g) , (1.3)

where z; &~ 2.338 is the absolute value of the smallest zero of the Airy function.

In particular, we find an interesting behaviour of the energy splitting in terms of the
geometry of €2 which is proportional to the F 12 Such an equidistant splitting for the
eigenvalues in the strong electric field regime has been observed in [14] for disk shaped
using partially numerical methods (see Figure 7 from [14]). However, its dependence on
the curvature does not seem to have been reported before. Heuristically the third term
in the expansion may be explained as follows: under a strong electric field the particle is
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pushed towards z,i, and behaves as an harmonic oscillator in the direction perpendicular
to the field with elastic constant proportional to the curvature at xpi,. Let us mention
here that a physics-oriented paper is in preparation. Our first investigations in this
direction suggest that the spectral splitting (1.3) might be experimentally accessible.

1.2. Main result. Let € be as in Assumption 1.1. Notice that by factorizing ¢F > 0
in the expression of H in (1.2) we have
h

. —lpr _ _p2(72 2 _
L= F)H = @0+ 0) + a0, b= e (1.4)

We define ., as the unique self-adjoint operator defined through the quadratic form

Du(p) = 2 fﬂ Veo(e)? de + Lxlcp(:v)!de, e HI(Q).

The operator %, has domain contained in H}(2) and acts as in (1.4). This is the
Dirichlet realization of the Stark Hamiltonian. We want to describe the first eigenvalues
of this operator in the limit A — 0. We obtain (1.3) from the following result. Denote by
(An(h))n>1 the eigenvalues of %, in increasing order, where each eigenvalue is repeated
according to its multiplicity.

Theorem 1.2. Let n€ {1,2,...}. Then, we have as h — 0

4
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Aa(R) = Tmin + 21h3 + h(2n — 1), /% + oh3).

Remark 1.3. Various extensions of our main theorem can be considered.

i. It is possible to prove asymptotic expansions in powers of h'/6 of the low-lying
eigenvalues by using a formal series analysis.
ii. In our generic geometric situation, we could even prove that the eigenfunctions admit
WKB expansions.
iii. Our strategy may be adapted to deal with a finite number of non-degenerate minima,
and it would even be possible to investigate tunnel effects when these minima have
symmetries.

The proofs of such extensions can be adapted from a recent literature developed in the
context of the Born-Oppenheimer approximation (see for instance [20, Chapter 11], or
the generalizations [13, 15], and also [11] where tunnelling estimates are also considered).

Remark 1.4. If we replace the potential x by ix in the Hamiltonian and one looks at the
real part of the eigenvalues the second term in the asymptotic expansion has a factor 1/2
(see e.g., [7, 12, 4, 1]). Concerning the analysis in the case of imaginary electric fields,
the reader might also want to consider [8, 2, 3].

The rest of this article is organized as follows: In Section 2 we show that low energy
eigenfunctions and its derivatives are exponentially well localized around xni,. We use
this to find an effective Hamiltonian .//ZL, whose low energy eigenvalues are those of H
modulo an exponentially small error, this is done in Section 3. This operator is expressed
in tubular coordinates and acts on a tiny domain around x,;; with Dirichlet boundary
conditions. In the last section we provide asymptotic upper and lower bounds for the
eigenvalues of /Zlvh .

2. LOCALIZATION NEAR THE POTENTIAL MINIMUM

The following proposition states that the eigenfunctions associated with the low-lying
eigenvalues are localized in x near Ty;y.
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Proposition 2.1. Let M > 0. There exist €,C, hg > 0 such that, for all h € (0, hg), for
all eigenvalues A such that X < Ty + Mh%, and all corresponding eigenfunctions 1,

3
J ea\x—xmin|?/h‘¢‘2dx < C’|¢”2 ) (21)
Q

and s
f el mmminl 2 p 7y Pdx < R (22)
Q

Proof. We write the Agmon formula, for all ¥ € Dom(.%},) and all bounded Lipschitz
functions ®:

(L, 2 Mpy = 2p,(e/M)) — |e® MV Dy |2

Let ¢ be an eigenfunction corresponding to an eigenvalue A < xyin + M hi. We get
j RV M2 + (2 — X — [VO[2)|e®/Mp|2dady = 0, (2.3)
and thus "
L RV M2 + (x — 2min — MAY3 — [V@[?) e/ dady < 0. (2.4)

Now, we choose ® = e|x — :cmin|3/2 and drop the first term above to get that
9
J ((1 - 452> (* — Tmin) — Mh2/3> /My 2dady < 0.
Q
We take € such that 1 — %62 > 0 and fix R > 0 such that

<1—252>R—M=1. (2.5)

We write

(<1 - 252) (* — Tmin) — Mh2/3> |e®/hyp|2dady

< ((1-32°) 0~ i) = 2022 ) e Pasay
|2—Zmin| < Rh2/3 4

and get (using (2.5)):

hQ/SJ |€q)/h1/)|2dl'dy
|x_$min|>Rh2/3

9
< f <<1 - 52> ( = Zmin) — Mh2/3> /P 2dady
|x_xmin|>Rh2/3 4

< Mh”gf 2y 2 dady < ChY3|y)% .

| —2min| < Rh2/3

Jxa:min | 2Rh2/5

This proves (2.1). Next we prove (2.2). First observe that repeating the calculation
above without dropping the first term in (2.4) we get that

f B2\ e/l dady < Ch23|p2.
Q

Next, fix 0 < € < €. We have that

eé|x—xmin|%/h(hvw) _ —?EM eé\x—xmin|%/hw LAY (eé|x—xmin%/hw> _
2
Using the triangle inequality, (2.3), (2.1) and the estimate

3
sup v/t e~ (E=2/h < Ch%,
=0



we complete the proof of (2.2). O

We denote by CB(Ap,n) the complement of the open disc B(Ay,n).
Corollary 2.2. Let M,n > 0. There exist c,, Cy, hg > 0 such that if h € (0, ho), then any

etgenfunction Y corresponding to an eigenvalue A < Ty + Mh satisfies the estimates

j [P < G/ 3|2
QnCB(Ao,n)

and

j Vy[2dx < Cye=on™ o]
QnCB(Ao,n)

Proof. The set Q nCB(Ap,7) is compact. The map Q nCB(4g,n) 3 (z,y) — T — Tmin is
continuous and positive, thus it has a positive lower bound. The conclusion follows from
Theorem 2.1. O

3. TUBULAR COORDINATES AND LOCALIZED OPERATOR

We can now reduce our investigation to a neighborhood of Ay.

Ya

Tmin

FI1GURE 2. The local tubular coordinates

3.1. Tubular coordinates. We use tubular coordinates in a neighborhood of Ay (see
for instance [6]). Due to Assumption 1.1 there exist d1,02 > 0 such that (see Figure 2)

Ws = (—01,01) x (0,02) 3 (s,t) — 7(s,t) = v(s) — tn(s) € 7(Ws)

induces a diffeomorphism. Here, n is the outward pointing normal and « is the natural
length-parametrization of the boundary 0€; we set 4(0) = Ag. Denoting by 6(s) the
turning angle at the point v(s) € 02 we may write n(s) = (cos6(s),sinf(s)), the tangent
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vector 4/(s) = (—sinf(s),cosf(s)), and the curvature x(s) = 6'(s). The Jacobian of
T = (11, T2) = T1€1 + T2€2 IS given by
m(s,t) =1—k(s)t. (3.1)
We fix d9 > 0 so small that the map 7 induces a local diffeomorphism between a rectangle
and the tubular neighborhood of the boundary. In view of the definition of Ag we have
n'(0)-e1 =0, ~(0)-e1=0, ~"(0)=—ren(0) = rpey, (3.2)
where ko = k(0).
3.2. Spectral reduction to a localized operator. For 0 < < 61, d2 we define .7, 5 to
be the Dirichlet realization of —h?02 —h?02 +x on L*(T(Ws)) with W5 = (—6,6) x (0, 6).
We denote by A,(h,0) the corresponding eigenvalues of %}, 5. By using the decay
estimates of Theorem 2.1, we get the following:

Proposition 3.1. For every fited n = 1 there exist k, K > 0 such that
An(h,8) — Ke™®h < A (h) < Au(h,0) .

Proof. The second inequality is a direct consequence of the min-max variational principle
since the form domain of .%}, s is included in the one of .%5,.

We now prove the first inequality but only for n = 1. Let 1 be a unit eigenvector of
£, corresponding to its groundstate Aj(h). Let 0 < x5 < 1 be a smooth cut-off function
such that xs(7(s,t)) = 1 if |s|, ¢ < §/2, and xs(7(s,t)) = 0 if [s| = 36 or t > 34. Then
Xs¥1 belongs to the domain of %} 5 and since the support of the derivatives of xs is
away from Ag, from Corollary 2.2 we have

Ixstrl =1+ 6(e™™), [(Vxs) V| = 6", [(Lhs = M(h))xstr]| = 6(e™™).

Then the min-max principle implies:
Xot1s Lhsxs) _

Ai(h,6) < < Ai(h) + 0.
Ixsv (2
If n > 1, one can construct n quasi-modes for .23 5 out of the first n eigenmodes of .},
by using a similar argument. O

Therefore, we can focus on the spectral analysis of .23, 5. The operator .2, 5 is unitarily
equivalent to the Dirichlet realization of

My, = —h*m P 0sm ™ 0y — h2m T oyma, + T1(8,t),

acting on L?(Ws, m(s,t)dsdt).
By Taylor expansion near (0,0), we have

2
7(s,t) =v(0) + s7'(0) + %’Y”(U) — t(n(0) + sn/(0)) + O(|s|> + [ts*)
Thus, in view of (3.2), we have in particular that
71(8,t) = Tamin + %52 b+ O(|s) + [ts?]) . (3.3)

Note that for § small enough, there exists aw > 0 such that for all (s,¢) € (—6,6) x (0, §):
T1(8,t) = Tmin + afs? +1).

Proposition 3.2. Let M > 0. There exist £,C,hg > 0 such that, for all h € (0, hg), and

for all eigenfunctions ¥ corresponding to eigenvalues \ of My with X < Tyin + Mh%, we
have:

3
f e My 2dsdt < O], (3.4)
Ws

3
f MR b Pdsdt < CR23y)2 . (3.5)
Ws
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Proof. 1f ¢ is small enough then m(s,t) ~ 1 and & — iy ~ t. Therefore we can directly
use the strategy of Proposition 2.1 applied for the eigenfunctions of .73, 5, but in both
(3.4) and (3.5) we need to choose an ¢ which is smaller than the one in Proposition 2.1
in order to control the linear growth in ¢ of m(s,t) — 1 and dsm(s,t). O

Therefore, the operator .#}, can be replaced by
/Z/\;: = —W’mto.m™0s — h>m~toymao, + T1(s,t),
with Dirichlet boundary conditions, acting on LQ(W57h, m(s,t)dsdt), with
Wi = (=0,6) x (0,h57"),

for some 7 € (0, %) with corresponding quadratic form

(b, M)y = (m_2|h65¢]2 + |hdw)? + Tl(s,t)\w\2>mdsdt. (3.6)
W,

Let p,(h) be the asociated (ordered) eigenvalues of My,. The decay estimates of
Proposition 3.2 are still satisfied by the eigenfunctions of .#; with eigenvalues A <

Tmin + M h. By using this exponential decay, there exist C,hg > 0 such that, for all
he (07 h0)7

pn(h) = e < N (. 8) < pn(h). (3.7)

Thus, modulo an exponentially small error, the asymptotic analysis of A, (h) is reduced
to that of pu,(h).

By shrinking the spectral window, we can even get a localization with respect to the
s variable, as stated in the next proposition.

Proposition 3.3. Let M > 0 and n € (0,%). There exist €,C,hg > 0 such that,

for all h € (0,ho), and for all eigenfunctions v of //?;; corresponding to eigenvalues
A < T + h%zl + Mh we have:
f =Myl *dsdt < Clly|?.
Ws.h

Proof. The proof follows the same lines as that of Proposition 2.1. We let ®(s) = £5%/2
and write the Agmon formula:

[ (o mose® o+ hoe® of? + (s, ] o
Ws.h

. \V<I>|2)|e‘b/h1/)|2)mdsdt ~0.
First, we drop the tangential derivative:

f (1™ + 715, )™l — (A+ [VBP)]e™ ] ) mdsdt < 0.
Ws.h

We observe from (3.3) that there exist k > 0 such that 71(s,t) = Zyin + t + ks. Intro-
ducing the last inequality in the above integral we get:

J <|h8teq>/h¢|2 +t|eq>/h¢|2)mdsdt
W, h

+ f (=X + Zuin + ks — |V®[?)|e®M)? mdsdt < 0.
Wis.h
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On W, for sufficiently small A , there exists C' > 0 such that m(s,t) > 1 — Ch2/3—n,
By using this in the above integrals we have that

(1- Ch2/3_’7)J

(|hate%|2 + t|eq’/hw|2)dsdt
Ws.n

+ J (= + Zuin + ks — [V®|2)|e®M)? mdsdt < 0.
Ws.h

Then, with a possibly larger constant C' we have that

(1— Ch2/3"7)J

Ws.n

+ J (=X + T + h321 + ks — [VB[2 — Ch3)[e®/ )| mdsdt < 0.
Ws.h

(|h6teq’1j}|2 + t]e®/hyp|? — h§z1|e®/h1/)|2)dsdt

By using the min-max principle and the Dirichlet bracketing (only with respect to t, s
being fixed), we have

f (|hate%|2 + t]e®/ Py — h%z1|e¢/h¢|2)dsdt >0.
Ws.h
Therefore,
j ((—A 4 Zanin + Rz + ks? — | V|2 — C’h%_")|e‘b/th|2>mdsdt <0,
Ws,h
so that, using the assumption on the location of A, we obtain

f (=Mh + ks* — |VO|* — Ch%_”)]eq’/th]Q)mdsdt <0.
Ws,h

Now if n € (0, %) is kept fixed and A is small enough, then:

f (ks? — |[V®|? — 2M)|e® M) ?mdsdt < 0,
Ws.h

and

j ((1; — )82 — th) le®/hyp|2dsdt < 0.
W.n
For € small enough, the conclusion follows as in the proof of Proposition 2.1. O

This shows that the eigenfunctions of “low energy” are localized near Ag at a scale
hY/2 in the s direction, and at a scale h?/3 in the ¢ direction.

4. PROOF OF THE MAIN THEOREM

In view of Equation (3.7) and Proposition 3.1 our main result Theorem 1.2 is a direct
consequence of the next proposition that provides the asymptotic behavior of the low-

lying eigenvalues, pu,,(h), of the operator /Z/\;; defined in the previous section.
Proposition 4.1. Let n e {1,2,...}. Then, as h — 0 we have

4
3

tn(h) = Tmin + 2hs o+ h(2n — 1), /% + O(h3).

In the remainder of this section we show the above proposition by obtaining suitable
upper and lower bounds.
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4.1. Upper bound. To get the upper bound in Theorem 1.2, it is sufficient to use
convenient test functions in the domain of /ZL and apply the min-max principle.

Consider a smooth function y with compact support equal to 1 near (0,0) on a scale
of order h'/27% in the s direction, and on a scale of order h%3~% in the ¢ direction, for
some 0 € (0,n). Let us introduce the following family of test functions

Prn(s,t) = X(s,) fun(s)an(t)
where
i fon(s) = h_ifn(h_%s) and (fn)pen o} is an L?(R)-normalized family of eigenfunc-
tions of the harmonic oscillator —h?02 + %2 s* (rescaled Hermite functions),
. ap(t) = h_%Ai(h_%t — 21) where Ai is the L?(R") normalized Airy function and
—z1 < 0 is its first zero. In particular, we have that ay(t) satisfies
(—h207 + t)an(t) = 21> an(t)
for t > 0 with Dirichlet boundary conditions.

An explicit computation shows that for any n € N there exist constants €,¢ > 0 such
that

3
J egs2/h|fn7h(s)|2ds <c, J e ap (1) 2dt < c. (4.1)
R R+
Using this we immediately see that we find ¢, co > 0 such that
12 [ennl>>1-c Jf |onn(s,)* dsdt = 1 — coh®?, (4.2)

We are interested in estimating the matrix elements (¢, j, (j//\;; — Tmin)Pn,h)- First, we
notice that the support of x — 1 and the supports of the derivatives of x are located in a
region where either h_1/2|5| > Ch~% or h=2/3t > Ch~?, thus all the integrals entering the
matrix element which contain such derivatives will be of order A~* due to the exponential
localization of the f,,’s and of Ai. Second, the operators hds and hd; acting on f, p’s
and ay, respectively will generate a factor of at most /3, and each integral contains two
such factors; thus each term in the scalar product has an order of magnitude of at most
h?3. Third, if we replace the function m in (3.1) by 1, the error contains an extra factor
¢t which due to the decay of aj, may be replaced by h??. Together with the a-priori decay
of h?/3 coming from the derivatives, this error term will grow at most like h%/3.

Moreover, replacing 71(s,t) — Zpin with %52 + t will produce an error like h%/2. Thus
we may write:

~ - K .
<90n’,h7 (‘//lh - $min)90n,h> =h? fR (asfn,hasfn’,h + ?032fn,hfn’,h> ds

+ 5n,nff (16san|* + tlap|?) dt + O(RY3)
Ry

=0 ((% — 1)hy | % + Zlh2/3> + O(h'3). (4.3)

Using similar arguments, the Gram-Schmidt matrix elements {p,/ p,¢n.p) Will equal
On + O(h*3). Thus if N is fixed and h is small enough, the subspace

Span Soj,h
1<j<N

will have dimension N and we may find an orthonormal basis {t,, 5 }_; such that

N

Unh = D Ciny €= Onj+ o(h*?).
j=1
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Thus the matrix elements (), p, (/Z/\;; — Zmin)Vn,h) Will obey the same estimate as in
(4.3), which via the min-max principle imply

Mn(h) < Zmin + Zlh% + h(2n — 1)\/§ + ﬁ(h

4
3), 1<n<N.

4.2. Lower bound. Let N > 1 and consider a family of eigenfunctions (v;5)i1<j<n
associated with the eigenvalues (p;(h))1<j<n. We let

&x(h) = span ;, < L*(Wsp, mdsdt).
1<j<N

Note that the decay estimates of Propositions 3.2 and 3.3 can be extended to ¢ € &y (h).
Let us choose any 1 € &y(h) with norm one. Because m(s,t) < 1, we have the
important inequality

1= f |¢|2mdsdt < H@Z)H%Q(W&h;dsdt) . (4.4)
Wsh '

We also have

pin (h) = (b, 0y = . (mlhowp|? + m~ hos|? + mri(s, t)|[?) dsdt.  (4.5)

We recall that m(s,t) = 1 — k(s)t so that, using (3.5) in the second inequality below,

(M, 1) > f (|howp* + |hos)* + mri (s, t)[¥]?) dsdt — C t|hVs | *dsdt
W(;,h W&,h

> J (|0 |? + [hosp|? + mri (s, t)[1h]?) dsdt — ChY2,
Ws,h

= Tmin + f (1o + [hdsb|* + m(T1(s,t) — Tamin) [0]?) dsdt — ChY?
Ws.n

2

> Toin + J (|hat¢|2 + |hostp|* + (t + n05> W) dsdt — Ch*/3
Ws,h 2

e j (15%] + |2)) | Pdsdt,
Ws.h

the last integral can be estimated to be of order h*3 as well using the exponential decay
in the s and t variables (Propositions 3.2 and 3.3). Then, there is a C' > 0 such that

2

(M) = oin + f <|h6tw|2 + |hosp* + <t+ /-eo";> |¢|2> dsdt — Ch*3.

Ws.n

Now using the inequalities in (4.5) and (4.4) we have:
2
JW (!h&th + |hdsY)? + (t + 5032> yw?) dsdt < pn(h) — &min + ChY3 (4.6)
51

< (v () = Zanin + CRY®) 9] qr) -

On the left hand side of the above identity we recognize the quadratic form associated
to the operator

I, Q1 +1Q 7,
where o, = —h%0% +t on L?((0, +o0), dt) with Dirichlet boundary conditions and 4, =
—h20? + RO% on L?((—o0,0),ds). The spectrum of .o, and %, is given by

Sp(dh)z{znhQ/?’,n)l}, sp(44,) = {(Qn—l)h %,n?l}.
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Thus, for h small enough, the N-th eigenvalue of o, ® 1 + 1 ® .74, denoted by v (h),
is given by
K0

vn(h) = z1h?3 + (2N — 1)h TR (4.7)

Notice that the set &y(h) is contained in the form domain of o ® 1 + 1 ® 7, and,
seen as a subset of LQ(W(;,;Z; dsdt), still has the dimension N for h small enough. This is
because the 1;;’s are almost orthogonal in the “flat” space, up to an error of order h?/3.
Thus, by the min-max principle, we have

((Hh®1+104)0,v)
vy(h) < sup

Yeén (h) ”@b”%2(dsdﬁ

L5 < (un (h) — 2o + CRY3), (4.8)

where in the last inequality we used (4.6). This implies the desired lower bound and
concludes the proof of Proposition 4.1.
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