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A CLASS OF STOCHASTIC GAMES AND MOVING FREE BOUNDARY
PROBLEMS

XIN GUO, WENPIN TANG, AND RENYUAN XU

ABSTRACT. In this paper we propose and analyze a class of N-player stochastic games that include finite
fuel stochastic games as a special case. We first derive sufficient conditions for the Nash equilibrium
(NE) in the form of a verification theorem. The associated Quasi-Variational-Inequalities include an
essential game component regarding the interactions among players, which may be interpreted as the
analytical representation of the conditional optimality for NEs. The derivation of NEs involves solving
first a multi-dimensional free boundary problem and then a Skorokhod problem. Finally, we present an
intriguing connection between these NE strategies and controlled rank-dependent stochastic differential
equations.

1. INTRODUCTION

Recently there are renewed interests in N-player non-zero-sum stochastic games, inspired by the
rapid growth in the theory of Mean Field Games (MFGs) led by the pioneering work of [23] 32} [33 [34].
In this paper, we formulate and analyze a class of stochastic N-player games that originated from the
classic finite fuel problem. There are many reasons to consider this type of games. Firstly, the finite fuel
problem [7], 8l 26] is one of the landmarks in stochastic control theory, therefore mathematically a game
formulation is natural. Secondly, in addition to the interest of stochastic control theory [4, 9l 11} 40} [41],
its simple yet insightful solution structures have had a wide range of applications including economics
and finance [2] [10} 12} [36], operations research and management [19] 29] [31], and queuing theory [28].
Thirdly, prior success in analyzing its stochastic game counterpart has been restricted to the special
case of two-player games [13| 21] 22], 27, 30, 87] or without the fuel constraint [14] 20].

In this paper, we will analyze a class of N-player stochastic games that include the finite fuel stochastic
game as a special case. The class of stochastic games presented in this paper goes as follows. There are

N players whose dynamics X; = (X}, -, X}Y) are governed by the following N-dimensional diffusion
process:

dX{ =bi(X,_)dt + 0i(X,-)dB, + d&;T —d&j~, X{_=a', (i=1,---,N), (1.1)
where B := (B',--- , B") is a standard N-dimensional Brownian motion in a filtered probability space

(Q, F,{Fi}t>0,P), with drift b := (b1, - - - ,by) and covariance matrix o := (o1, - - - , 0N ) satisfying appro-
priate regularity conditions. Player i’s control (€7, £%7) is of finite variation. Each player has access to
some or all of M types of resources. Players interact through their objective functions h?(X}, -+, X}V),
as well as their shared resources which are the “fuels” of their controls. The accessibility of these
resources to the players and how these resources are consumed by their respective players are governed
by a matrix A := (a;;);; € RN*M. For instance, when M = 1 and A = [1,1,---,1]T € R¥*L this
game (Cp) corresponds to the N-player finite fuel game where the N players share a fixed amount of
the same resource. When M = N and A = Iy, this is an N-player game (Cq) where each player has
her individual fixed amount of resource. In general, this matrix A describes the network structure of
the N-player game.

The goal for player 7 in the game is to minimize

IE/ eiathi(tha e )XtN)dt7
0
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over appropriate admissible game strategies, which are specified in Section [2] Note that this N-player
game cannot be simply analyzed with an MFG approach as the network structure would collapse if an
aggregation approach was applied.

We will analyze the NEs of this stochastic game. We first derive sufficient conditions for the NE
policy in the form of a verification theorem (Theorem , which reveals an essential game element
regarding the interactions among players. This is the Hamilton—Jacobi-Bellman (HJB) representation
of the conditional optimality for NE in a stochastic game. To understand the structural properties of the
NEs, we proceed further to analyze this stochastic game in terms of the game values, the NE strategies,
and the controlled dynamics. Mathematically, the analysis involves solving first a multi-dimensional
free boundary problem and then a Skorokhod problem with a moving boundary. The boundary is
“moving” in that it moves in response to both changes of the system and controls of other players.
The analytical solution is derived by first exploring the two special games Cp and Cq. Analyzing these
two types of games provides key insights into the solution structure of the general game. Finally, we
reformulate the NE strategies in the form of controlled rank-dependent stochastic differential equations
(SDEs), and compare game values between games Cp and Cy.

Main contributions. (i) In the verification theorem for N-player games, we obtain the form of the
HJB equations for general stochastic games with singular controls. Unlike all previous analysis that
focused on two-player games, we show that in addition to the standard HJBs that correspond to
stochastic control problems, there is an essential term that is unique to stochastic games. This term
represents the interactions among players, especially the ones who are active and those who are waiting.
This critical term was hidden in two-player stochastic games and was previously (mis)understood as a
regularity condition.

(ii) The structural difference between games and control problems is further revealed in the explicit
solution to the NEs for N-player games. In a control problem, a free boundary depends on the state
of the system; in stochastic games, however, the “face” of the boundary moves based on the action
of herself and interaction among players in the game (Figure . Note that this free boundary for
stochastic games with an infinite time horizon moves in a different sense from the one in [I1] for finite
time control problems where the boundary is time dependent. Rather it moves due to changes of the
system and the competition in the game.

(iii) This difference is further highlighted in the framework of controlled rank-dependent SDEs. To
the best of our knowledges, this is the first time a stochastic game is explicitly connected with rank-

dependent SDEs in a more general form. This new form of rank-dependent SDEs presents a fresh class
of yet-to-be studied SDEs (Section [7.2)).

(iv) We recast the controlled dynamics of the game solution in the framework of controlled rank-
dependent SDEs. Compared with the well-known rank-dependent SDEs, rank-dependent SDEs with an
additional control component are new. We establish the existence of the solution by directly constructing
a reflected diffusion process. (See Section for further discussions.)

(v) Finally, stochastic games considered in this paper are resource allocation games. Resource allocation
problems have a wide range of applications including inventory management, resource allocation, cloud
computing, smart power grid control, and multimedia wireless networks [16}, (17, [35, 39]. However, the
existing literature has been unsuccessful in analyzing the resource allocation problem in the setting of
stochastic games. Besides the technical contributions, our analysis provides a useful economic insight:
in a stochastic game of resource allocations, sharing has lower cost than dividing and pooling yields the
lowest cost for each player.

Related work. There are a number of papers on non-zero-sum two-player games with singular con-
trols. By treating one player as a controller and the other as a stopper, Karatzas and Li [27] analyze
the existence of an NE for the game using a BSDE approach. Hernandez-Hernandez, Simon, and Zer-
vos [22] study the smoothness of the value function and show that the optimal strategy may not be
unique when the controller enjoys a first-move advantage. Kwon and Zhang [30] investigate a game of
irreversible investment with singular controls and strategic exit. They characterize a class of market
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perfect equilibria and identify a set of conditions under which the outcome of the game may be unique
despite the multiplicity of the equilibria. De Angelis and Ferrari [I3] establish the connection between
singular controls and optimal stopping times for a non-zero-sum two-player game. Mannucci [37] and
Hamadene and Mu [21I] consider the fuel follower problem in a finite-time horizon with a bounded
velocity, and establish via different techniques the existence of an NE of the two-player game. Very
recently, [20] compare the N-player game versus the MFG for the fuel follower problem. All these works
are without the fuel constraint and are essentially built on one-dimensional stochastic control problems.
Furthermore, except for [20], all of these papers are restricted to the case of N = 2. To the best of our
knowledge, our work is the first to complete the mathematical analysis on an N-player stochastic game
based on an original two-dimensional control problem.

In our work the controlled dynamics are recast in the framework of controlled rank-dependent SDEs.
Rank-dependent SDEs without controls arise in the “Up the River” problem [I] and in stochastic
portfolio theory [15], including the well-studied Atlas model [5, 24].

Notations and organization. Throughout the paper, we denote vectors/matrices by bold case letters,
e.g., x and X. The transpose of a real vector z is denoted as . For a vector z, ||z|| denotes its Io
norm. For a matrix X, || X|| denotes its spectral norm.

The paper is organized as follows. Section [2| presents the mathematical formulation of the N-player
game. Section [3| provides a verification theorem for sufficient conditions of the NE of the game and
the existence of Skorokhod problem for NE strategies. Section {4]studies game Cp and Section |5|studies
game Cg. With the insight from these two games, Section [] analyzes the general N-player game C.
Section |7| compares games Cp, Cq and C, discusses the game values and their economic implications,
and unifies their corresponding controlled dynamics in the framework of the controlled rank-dependent
SDEs.

2. PROBLEM SETUP

Controlled dynamics. Let (Xf)tzo be the position of player 7,1 < ¢ < N. In the absence of controls,
X, = (X},---,X}N) is governed by the stochastic differential equation (SDE):

dX; =b(X;)dt +o(X)dB;, Xo_ = (z',---,2"), (2.1)

where B := (B',--- B") is a standard N-dimensional Brownian motion in a filtered probability
space (Q, F,{Fi}i>0,P), with the drift b(-) := (bi(:),--- ,bn(-)) and the covariance matrix o(-) =
(0ij(:))1<ij<n-  As will be explained later in Section we consider a weak formulation of the
stochastic game. To ensure the existence and the uniqueness of the SDE, b(-) and o (-) are assumed to
satisfy the condition:

H1. b(:) and o(-) are bounded and continuous, and o(-) is uniformly elliptic, i.e., there exists
a > 0 such that 7o (x)o " (x)6 > al¢f?, for all z € RY, ¢ € RN,

Assumption H1 ensures the existence of a weak solution to (2.1) [42]. Here and throughout the rest
of the paper, the infinitesimal generator L is
o 1 . 0?
L= Zi:bi(m)axi +5 ;(a(x)a(a;) Vi gmimm (2.2)

T

where o(x)o(x)” is assumed to be positive-definite for every z € RV,

If a control is applied to X}, then X} evolves as
dX} =b;(X;_ )dt +0(X;_)dBy +deT —del-,  Xi_ =4, (2.3)

where o; is the 7" row of the covariance matrix o. Here the control (€1, €7) is a pair of non-decreasing
and cadlag processes. In other words, (€7, €7) is the minimum decomposition of the finite variation
process £ such that & := &' — ¢,
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Game objective. The game is for player i to minimize, for all (¢°+,£97) in an appropriate admissible
control set, over an infinite time horizon, the following objective function,

E / e thi(XE - XNt (2.4)
0

Here o > 0 is a constant discount factor. In this game, players interact through their respective
objective functions h(z) : RN — R*.
H2. Each h'(z) is twice differentiable, with k < ||[V2h(z)|| < K for some K > k > 0.
N
For example, h'(z) = h(x! — #) with h(-) > 0 is a distance function between the position of player
i and the center of all players.

Note that in the objective function , there is no cost of control. With this formulation, the
explicit solution structure of the NE for game is neat and insightful. It is entirely possible to
consider an N-player game with additional cost of control. For instance, one might study the game
formulation of [26] with a proportional cost of control. We conjecture that the solution structure would
be similar although the analysis will be more involved. This will be an interesting problem for future
analysis.

Admissible control policies. Denote & as the cumulative amount of controls/resources consumed
by player ¢ up to time ¢. When ¢! is of finite variation, then there is a unique decomposition such that

&= §§+ 51& , hence §t =&t + ft_ Here ¢+ and £~ are non-decreasing and cadlag processes which
can be further decomposed in a differential form,

et = d(§75)° + AgT, (2.5)
where d( tH[)C is the continuous component and Agt = fi — {}f is the jump component of dfgi.

Equivalently, we can write £, = (&) + Y, A&

Meanwhile, we consider a weak formulation of the stochastic game. (See [43] Chapter 2, Section 4.2]
and [I8] Section 5] for more discussions on weak formulations of stochastic control problems). That is,
(B¢, t > 0) is an N-dimensional Brownian motion with some filtration (F;, ¢ > 0), and the admissible
control set Sy(z,y) for the N-player game is

Sn(z,y) =€ : & elyfor 1<i<N, Z/ aijYy t‘k T<y 1<j< M,
Zk 1 @ik Yy
(2.6)
P (Agg‘Agf ” 0) —0forall t >0 and i # k}
where
= {(£+,§_) &1 and € are Fy-progressively measurable, cadlag, non-decreasing,
E [ / e—atdgf] <ooand & =& = 0},
0
and
Y] =y — Z/ ai; Y —r———déi€Ry and Yj =y, (2.7)
i= Zk paiYy

with a;; =0or1for1 <¢< Nand1l<j<M, ijlaij >0foralli=1,---,N, and Zfilaij >0
forall j=1,---, M.

Here is the intuition for the admissible control set Sy (z,y). In this game, each player ¢ will make
decisions based on the current positions of all players and the available resources. In addition to this
adaptedness constraint, the admissible control set Sy(z,y) specifies the resource allocation policy for
each player. For M different types of resources, define A := (a;;);; € RV*M to be the adjacent matriz
with a;; = 0 or 1. Then A describes the relationship between the players and the types of available
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resources, with a;; = 1 meaning that resource of type j is available to player i, and a;; = 0 meaning
that resource of type j is inaccessible to player i. The condition Z;‘il aj;;j >0 forali=1,--- N

implies that each player ¢ has access to at least one resource, and the condition Zf\i 1 a;; > 0 for all
7 =1,---, M indicates that each resource j is available to at least one player. When player ¢ would
like to exercise control, she will consume resources proportionally to all the resources available to her.
She will stop consuming once all the available resources hit level zero. This results in the form of the
integrand in the expression of . Note that the denominator is always no smaller than the numerator
hence the integrand is well-defined with the convention 8 = 0.

Take an example of N = 4, M = 6, with the matrix A defined as in Figure[l] The resource allocation
policy is illustrated in Figure with the amount of available resource 3! and y? of type one and two

respectively. When player one wishes to apply controls of amount A, say A < y' +12, she will consume
yl
) y1+y2
Ayfiin from resource two. Finally, the condition P(A&AEF # 0) = 0 for all ¢ > 0 and i # k excludes
the possibility of simultaneous jumps of any two out of N players, which facilitates designing feasible
control policies when controls involve jumps. This condition is not a restriction, and instead should be
interpreted as a regularization. See also [6l, 20, B0]. When there are multiple players who would like to
jump at the same time, one can simply design a proper order, for instance by indexing the players and

their jump orders, so that they will move sequentially.

resources randomly from type one and two. So player one will take A from resource one and

Player Asyley?
Player O O @ ® gt ,@\ y?
11.0.0.0.0 S, N
A 8’8’(1)’8’(1)’(1) Resource
y Uy, Uy, Uy U,y Resource [1] [2] [3] [4 4 4
0,0,0,1,0,0 e =

(2) Relationship. (b) Resource allocation pol-
icy.

FicURE 1. Example of adjacent matrix A, relationship between the players and re-

sources when N =4 and M = 6.

Game formulation and game criterion. Let & := (¢1,--- ,¢V) be the controls from the players.
Let z := (z!,--- ,2™) and y := (y',--- ,y™). Then the stochastic game is for each player i to minimize
o
Ji(z,y:) = E / e—Ohi(X,)d, (2.8)
0

subject to the dynamics in (2.3)) and (2.7) with the constraint in (2.6). There are two special games of

particular interest. One is a game where all players pool their resources such that

N
Zféo <y < oo. (2.9)
i=1
When N =1, this is a single player game corresponding to the finite fuel control problem which is well
studied in [8, 26]. We call this game a pooling game Cp. Clearly in terms of the adjacent matrix A,
this corresponds to M =1, and A = [1,1,---,1]T € RN Another is a game where players divide the
resource up front such that
g <y (2.10)
where 7 is the total amount of controls that player i can exercise. This game is called Cyq, with M = N,
and A = In. Finally, we refer the game with a general matrix A as game C.
We will analyze the N-player game under the criterion of NE. Recall the definition of NE of N-player
games.
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Definition 2.1. A tuple of admissible controls §&* := (€, &N*) is a NE of the N -player game (@,
if for each & € U}, such that (§7,¢") € Sn(z,y),
J @,y &) < T (zy; (677,6Y),

where g—i* = (51*’ T 7€i_1*7€i+1*7 T aé.N*) and ({—z*’fz) = (51*7 T afi_l*afivé-“_l*? e 7§N*) Con-
trols that gwe NEs are called the Nash Equilibrium Points (NEPs). The associated value function
J (z,y;€6) (i =1,2,--- | N) is called the game value for player i.

3. NE GAME SOLUTION: VERIFICATION THEOREM AND SKOROKHOD PROBLEM

In this section, we present general strategies to get the NE solution. First we derive heuristically the
quasi-variational inequalities (QVIs) for the value function (Section |3.1)), which is then used for deriving
sufficient conditions of an NEP via a verification theorem (Section. We emphasize that both the
QVIs in Section [3.I]and the verification theorem in Section [3.2/hold for general diffusion processes given
in . For explicitness, we assume further that

H1'. b, =0, 1=1,2,---, N, and o=1y.
Z;’V:Ixj
N

Moreover, we assume that h'(z) := h (x’ - ) , such that

H2'. h is symmetric, h(0) > 0, h” is non-increasing on R, and k < h” < K for some 0 < k < K.

These additional conditions are only used to facilitate the construction of the NEP, as well as solving
the corresponding Skorokhod problem presented in Section [3.3

One basic example for h under assumption H2' is a quadratic function h(x) = ax? + b with a € [k, K]
and b > 0. Our assumption also holds for a more general class of functions. Take i an even function such
that h”” = f, where f is an even function, non-increasing on R, and bounded between k and K. There
are many such functions f. A particular example is f = a (constant), which will give h(z) = az? + b
(quadratic function). Another possible example is f = b + ¢ exp(—dx?) with ¢ > 0 and d > 0. In the
original finite fuel problem [8], the authors treated the quadratic cost h(x) = 22. Later Karatzas [26]
noticed that the results can be extended to any cost function which satisfies Assumption H2'.

3.1. Quasi-variational Inequalities. We first derive heuristically the associated QVIs of game value
under the notion of NE (see Definition for game . The key idea is to utilize the conditional
optimality condition introduced in Definition [2.I] Namely, player i solves a single agent optimal control
problem with optimal solution £ when other agents are applying £ ~%*. To start, we define the following
partition of RY x RY. Denote A; C RN x RY as the i" player’s action region and W := (RN x R¥)\ 4;
as her waiting region. Let A% := U;;A; and W_; := N2 W;. Then players’ actions are as follows:
player i controls if and only if the process (X¢,Y) enters A;. This partition is usually defined through
the quasi-variational inequalities and is also part of the solution to be derived. Next, define the intervene
operator I' as

M k
Tiv'(m,y) =Y —f——vl(x,y), (3.1)
k=1 Zs:l ajsys Y
for (z,y) € RY x RY and i,j = 1,2,--+,N. Here v}, := 9% (i = 1,2,--- N and k = 1,2,---, M).
Suppose player j takes a possibly suboptimal action A&F > 0, then by the resource allocation policy
[2:7). for player 4,

ol M .
vi(z,y) <ot |z 2l + ATy — Aijly AR C]L\jMy AET | (3.2)
Zkzl ajkyk Zk:1 ajk:yk

By letting A&+ — 0, we have
0 < —Tjv'(z,y) + v, (z,y). (3.3)
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Next, we provide the heuristics for deriving the QVIs. Let A&’ := A¢(z,y) be the control of player i
with joint state position (z,y). When (z,y) € W_;, we have A&/ = 0 for j # i. Thus the game for
player i becomes a classical control problem with three choices: A& = 0, A4t > 0, and AEH~ > 0.
The first case A¢! = 0 implies, by simple stochastic calculus, —av® + h? (z) + Lv* > 0. By a similar
argument as in , the second case A&“t > 0 corresponds to —I';v* + vii > 0 and the third case
A&~ > 0 corresponds to —I';v° — vi,. > 0. Since one of the three choices will be optimal, one of the
inequalities will be an equation. That is, for (z,y) € W_;,

min { —av’ + b (z) + Lo*, —T' + ok, —Ti' — vk, } =0. (3.4)

When (z,y) € Aj, player j will control with the amount of control being (A7), A& ~) # 0. There-
fore,

A A o , gl M A
Vi@, y) <ol (277 2 + ATy — Ajﬂy =y C]L\jMy - AEH | (3.5)
> k=1 AjkY > k=1 05kY
VEy) <ol |27 ) — ATy — MJ RRRE ]\j - AE~ |, (3.6)
> k=1 AjkY > k=105kY
and one of the inequalities in (3.5))-(3.6)) will be an equality. This leads to the following condition
min {—Fjvj + vij, ~Tj07 — vij} =0. (3.7)
) ] i e i _] .7 ]7+ — ajlyl P ajMy]W > ]7+)
For playel.“ i # j, we should have v*(z,y) = v (a: Lyl + ATy (224:1 ard® ST A&
when A&7 > 0 is optimal for player j, and
i — i (g pi — Ag— gy — (vt _apy ) j,—) G- is onti
vi(z,y) = v (.’L‘ ,ol — A&y (Zi\ilag‘wk’ VS A& when A&>~ > 0 is optimal for

player j. This holds due to the “no simultaneous jump” condition ({2.6). Intuitively, this implies that
player ¢ has no incentive to jump when player j jumps. Thus,

—Djv' +vt; =0, on {(z,y) e RN x RY | —I‘jvj—f—vij =0},
—Tjv' —vl, =0, on {(z,y) e RY xRY | —T;0/ —o’; =0}

J

(3.8)

Note that by letting A&»* — 0, equations (3.4),(3.7) and (3.8) describe the behavior in W; and near
boundary 0W;. Moreover, we can show that (3.4),(3.7) and (3.8) are consistent with the jump behaviors
in A;. To see this, — Z;‘il %v;j +v’, = 0 has a linear solution v'(z,y) = a (j:x,- + Zé\il aijyj) +
b for some a,b € R. And it is easy to check that if 224:1 aiy® > A >0,

k=1 YikY

Y B 771 4
YV TSN b S agy?
M - M )
> p=r @ikyF — A > h=1 @ikY"
which means that the allocation policy (jump direction) outside the waiting region is linear. Hence the

the non-infinitesimal jump also satisfies the HJB equation (3.4) in A4;. The consistency property also
holds for (3.8). In summary, we have the following QVIs:

min {—owi + R () + Evi, —T0' + U;@-, —I' — ’Uii =0,

on Mj; {{—Fjvj + vij > 0} N {—Fjvj - vij > 0}} ; (3.9a)
—Tjv' +v!, =0, on {~Tjv/ + vij = 0}, (3.9b)
~Tj0" — vl =0, on {—Tjv/ —v?; = 0}. (3.9¢)

The above conditions are consistent with the conditional optimality of NE for each player and describe
interactions between the player in control and those who are not; these conditions ensure that all players
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control optimally and push sequentially the underlying dynamics until reaching the common waiting
region.

3.2. Verification Theorem. Next we present a verification theorem which gives sufficient conditions
of an NEP. Given functions v* (with sufficient regularity), we define the action and waiting regions (A;
and W;) in terms of v* (i =1,2,--- ,N) as the following:

Ai=AF UA;, (3.10)

where A = {(z,y) e RY xRY | —Tp' —v!, =0} and A7 := {(z,y) e RN xRY | —Tyo' +0!, =0}
Moreover, W; = (RN x RY)\ A; and W_; = N W;.

Theorem 3.1 (Verification theorem). Assume H1-H2 hold and further assume A; N A; = 0 for all
i £ j where A;, W; and W_; are defined according to (3.10). For each i =1,---, N, suppose that the
ith player’s strategy £ € Uy satisfies the following conditions

(i) & = (51*7 T 7§N*) € Sn(z,y).
(it) v'(-) satisfies the QVIs (B.9).
(iii) For any §i'€ Ul such that (€7%,¢) € Sn(z,y), P(X;™* XY e W) =1 forallt >0,
where (X[, X}, Yy) is under (€, ).
(iv) vi(z,y) € C2(W_;) and v* is convex for all (z,y) € W_;,
(v) E UOT e 2t (vl (X;™, Xt",Y,g))2 dt} < oo for all T > 0 where (X;™, X},Y}) is under (67, &%) €
Sn(z,y) such that (iii) holds.

(vi) For any (X;%, X}, Y:) under (6,6 € Sn(x,y) such that (iii) holds, v'(x,y) satisfies the
transversality condition

limsupe °TE [vi (Xt_i*,Xf,Yt)] =0. (3.11)

T—o0

(vii) For j #i,t>0, and (X7, X},Yy) under (€77, €,

. /[0 Sl weap (3.12)

and in addition, for (X},Y}) under &*,

i — /[0 . Ly e Ai}dg;*. (3.13)
Then &* is an NEP with value function v' a solution to . That is,

vi(@,y) < Ty (€77,€)),
for all € € Uy such that (§7*,&Y) € Sy, and v'(z,y;€*) = J' (=, y; (6, &M)).

Proof. Tt suffices to prove that for all (6%, &) € Sy(z,y), and for each i = 1,--- , N,

JH @,y &%) < Tz, y; (€7, €Y).
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Recall (2.1]) and (2.7). From condition (zi7), under control (f_“‘,ﬁz) € Sn(z,y), (X;i*,X,f,Yt) eWwW._;
a.s.. Applying Ito-Meyer’s formula [38, Theorem 21] to e~*% (X, ™, X}, Y,) yields

Ele™" (X", X1, Y1)] - v'(2,y)

T T N ,
= IE/ e (Lv' — aw') dt + ]E/ e~ Z v',;dB] + / e (v, Lodet — dfj* )
0 = [0,7)

Jj= 1]#@

s B [T XY (4 dgd ) B [ e g o)
0,7

J=1,j#i [0,T)

N M
_E / e (X XY ) (T ) +E YD et [ At =S ol AN = S AYE |
0.1)

0<t<T j=1 k=1

where I'; and I'; are deﬁned in . Here Av' := vi(X;i*,Xf,Yt) — vi(X;_i*,Xf_,Yt_), Uij =
v (X XY ), vl =) (X"* Xj_ Y ), AX] = X)" - X, AX] = X} — X}_, and AY}} :=
Yk Y}: on the RHS of above equatlon for1 <i,j < Nandl <k < M. By [3, Theorem3.2.1], condition
(v) implies that the it6 integral f e ot Z] LU ,dB/ is a martingale. Hence E [f e ot Z] vl dBJ} =
0. The convexity condition in (iv) implies E Y, e (Av* —Zk# Ua:k AXf*—vxiAXt M AY/) >
0. Next we have

E / et (vl deit — vt dehT) — / e (X7, XY ) (dg;?* i dgj*)
[0,T) [0,T)

J= 1ny

- E/ e [l (X7, X1, Yy ) — T (X7, X, Y )] deg ™
[0,T)

+ E / e [—vl (X X[, Y ) — T (X2, X, Y )] dgy™ >0
[0,T)

The last inequality holds due to conditions (ii) and (iv). More precisely, v'(x) satisfies the HJB equation
(3.9al) in W_;. Along with (iv), we have the following with probability one,

e (X, XY ) =T (X, X, Y ) >0
_chi (Xt_—i*7Xti—’Yt_) - Fivi(Xt_—i*a Xti—aYt—> >0

For each j # i, almost surely, we have d{g * # 0 only when (X,,Y;) € OW_; N OA;. Along with the

condition (i7) and (3.9b])-(3.9d)),
E/ e (Wl (X, X{ Y )dgl ™t — ol (X2, X, Y ) del™T)
[0,7)
—IE/ e Tl (X, X7, Yy) (dfj* * g 7)
[0,7)
_ IE/ o [of, — Tol] (X%, Xi Y o)del ™t + [0, — Tjof] (X%, X, Y)del™™
[0,7)
Condition (i7) also implies L' — v’ > —h. Combining all of the above,
T
e TR (X%, X5, Y1)+ E / e h (X", X]) dt > ' (z,y). (3.14)
0

By letting T' — oo, the inequality (3.14)) and condition (vi) lead to the desirable inequality.
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The equality in (3.14) holds for & = ¢* by (3.13), and P ((X;‘,Y;f) eny lwi) —1 forallt>0and
the “no simultaneous jump” condition in the admissible set (2.6), where (X7,Y;) is the dynamics under
& O

Suppose the game value v* (i = 1,2,--- , N) that satisfies the verification theorem (Theorem are
given, the next step is to construct the corresponding NE strategies. This is by solving a Skorokhod
problem, discussed in the next subsection.

3.3. Skorokhod Problem. Here we present necessary tools to construct the NE strategies under
the additional Assumptions H1’-H2'. The key to the analysis is the weak construction of a reflected
Brownian motion in a general domain, due to Kang and Williams [25]. To proceed further, we need a
few vocabularies.

Let G = NjezG; be a nonempty domain in R"*, where Z is a nonempty finite index set and for
each i € Z, G; is a nonempty domain in R™*". For simplicity, we assume that Z = {1,2,---, I}, with
|Z| = I. For each i € Z, let m; : R™™™ — R™""™ be the unit normal vector field on G; that points into
G;. And denote r;(-) : R"*™ — R"*™ as the reflection direction on dG;. Fix b € R™ and o € R"*" as
the constant drift and covariance of the diffusion process without reflection. Let v denote a probability
measure on (G, B(G)), where B(G) is the Borel o-algebra on G.

A Skorokhod problem is to find a reflected diffusion process in G such that the initial distribution
follows v, the diffusion parameters are (b,o), and the reflection direction is r; on face 9G;. For each

reflection direction r; (i € Z), denote r;r == (ri1,- - ,7in) as the vector of the first n components
of r; and denote r; := (T4n41, - ,Tin+m) as the vector of the next m components of r;. Note that
T, = Tik+n Dy the usual index rule (k = 1,---,m). Specific to the stochastic game, the following

definition is a straightforward modification of [25, Definition 2.1].

Definition 3.2. A constrained semimartingale reflected Brownian motion (SRBM) associated with the
data (G,b,0,{r;}_,,v) is an {F;}-adapted, n-dimensional process X defined on some filtered probability
space (Q F.{F:},P) such that:
(i) P-a.s., X; = Wt+ZzeIf[0t (Xs,Ys)dni for allt >0,
(ii) underP, W is an n- dzmenswnal Fi-Brownian motion with drift vector b, covariance matrix
o and initial distribution v, ‘
(iii) dY; = zeIf[o t) i (X4, Y)dni and Y7 >0 for j=1,2,--- ,m,
(iv) for eachi € I, n' is a one-dimensional process such that P-a.s.,
(a) n' is continuous and nondecreasing with ny =0,
(0) 1t = [0 Lix. ¥ yeocinocydnt for all t >0,
(v) P-a.s., (X+,Y}) has continuous paths and (X1,Y:) € G for all t >0,

Here X is the controlled diffusion process and Y, is the resource levels. The domain G restricts the
dynamics of both X; and Y.

For each (z,y) € R"™™ let Z(z,y) = {i € Z : (z,y) € 0G;}. Let U.(S) denote the closed set
{(z,y) € R""™ : dist((z,y),S) < €} for any € > 0 and S C R"*™. If § = 0, set U.(S) = 0 for any
€ > 0. We list the following assumptions on domain G and reflection directions {r;,i € Z}:

A1. G is the nonempty domain in R"*" such that
G = NiezGi, (3.15)

where for each i € Z, G; is a nonempty domain in R*™™  G; # R™* and the boundary
3Gz is Cl.

A2. For each € € (0,1) there exists R(e) > 0 such that for each i € Z, (z,y) € 0G; N IG and
(z',y') € G satisfying ||(z,y) — (2',¥y)|| < R(¢), we have

<ni(x7y)? (xlay/) - (:z:,y)> Z _6”('7"7?4) - (xlvy/)H'
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A3. The function D : [0,00) — [0, 00] is such that D(0) = 0 and
D(e) = sup sup{dist ((z,y), Niez, (0G; N OG)) : (x,y) € Nicz,Uc(8G; N OG)},
IoEI,Zo;ﬁ@

for e > 0 satisfies D(e) — 0 as € — 0.

Ad4. There is a constant L > 0 such that for each ¢ € Z, r;(-) is a uniformly Lipschitz continuous
function from R™™™ into R™*™ with Lipschitz constant L and |r;(z,y)|| = 1 for each
(z,y) € R*T™,

A5. There is a constant a € (0,1), and vector valued function ¢(-) = (c1(-), -+ ,cr(-)) and

d(-) = (di(-), -+ ,d;(")) from OG into RL such that for each (z,y) € 0G,

T,y

() Cicziog) i(@:9) = 1 minkery) ( Licziny) (@ y)mi(@.y),ru(@,9)) = o,

(11) ZieI(z,y) di(mvy) = 17 minkEZ(m,y) <Ziel’(z,y) di(z’y)ri(z’y)’nk(mvy)> > a.
Theorem 3.3. Given Assumptions A1-AS5, there exists a constrained SRBM associated with the data
(G,b,0,{r;,i € Z},v).

The proof of Theorem is easily adapted from [25, Theorem 5.1], where one constructs a sequence of
approximation (random walks) to the constrained SRBM and use the invariance principle to establish
the weak convergence.

4. NASH EQUILIBRIUM FOR GAME Cp

This section analyzes the NE of game Cp. Section derives the solution to the HJB equations.
Section [£.2] constructs the controlled process from the HJB solution. Section (4.3 derives the NE for the
game Cp. Recall that in game Cp, A = [1,1,--- ,1]T € RV*! and the unique resource

N
Yi=y—Y & and Yo =y, (4.1)
=1

4.1. Solving HJB equations. Define

. . o)
Ec’l::xl%:\fé_ll for 1 <i <N, (4.2)
to be the relative position from z' to the center of (27);4;. For game Cp, if A; N A; = 0, the HJB
system simplifies to

‘ N-1..\ 1. . .
min{ —av' + h (N?c"> + 5 Z Vyjgis —Vy + Vs, =V — Vi 0 =0,
j=1
(HJB-C}) for (z,y) € W_,,
_vzi/ _ Uﬁci — 0, for (z,y) € .Aj,j # 1,
[~y + 5 =0, for (z,y) € A}, j #i.

Now we look for a threshold function fn : Ry — R such that
fn €CLRL,R), fiy(x) <O0forz >0, limgfn(z) =00,

and there exists a unique zp > 0 such that fx(zo) = 0. (4.3)
It is easy to see that for such fy(z) satisfying condition (4.3, z — fn(2) = &' — y has a unique positive
root when ' > fy'(y), denoted as x%.. We consider an even extension of fx(x) to (—o0,0) by defining
fn(x) = fy(—2) for < 0. Then by symmetry, z + fy(z) = #* + y has a unique negative root when
< — fjf,l(y), denoted as 2. See Figure [2|for an illustration. In particular, we have fy(z%) > 0 when
y > 29 + 2" and 7' > 0. Similarly fy(z*) > 0 holds when y > —z¢ — 2’ and Z* < 0. Such an fy is
constructed later in (4.14) and condition (4.3]) is verified in Lemma
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Then the action region A; and the waiting region W; of the it" player are specified as

Af =EfnQi, A7 =E NQ ,A=AUA7, and W;:=RY xRy)\ 4, (4.4)
where
Ef = {(z,y) e RN xRL: 7 > fy'(v)}, B = {(z,y) e RY xR% : 7" < —fy' ()}, (4.5)
with
E;'l = {(z,y) €Ey>3 +a0}, E:Q:: {(@,y) € B 1y <d +a0}, (4.6)
B = {(z,y) € E; 1y >—i"— 20}, E;Q::{(m,y)EEj:y<—§:i—azo}, (4.7)

and {Q;}, disjoint and convex partitions of R¥ xR, such that Q;NQ; = (E;rUEi_)ﬁ(E;TUEj_)ﬂ(?WNE
for i # 7, UV Q; = RY x Ry and ap + (1 — a)g € Q; for all a € [0,1] if p € Q; and q € Q; for some
j=1,2,---,N. Condition Q; N Q; = (Ef UE; )N (EjJr UE;)NOWng for i # j implies that player
i and player j can not jump simultaneous but may apply continuous control (on the boundary of the
common waiting region) at the same time. We can define the following mapping

(($Z>x:- + Z]]\?ﬁ:l )afN('rzr)> ) if (may) € QZ mEi—t_la
m_i,xi—y,o , if (x,y EQiﬂEj_,

ey = W0 e @inky (1)
((-’t‘%ﬁlﬂz),fzv(mz)), it (z.) € Qi By,
(e, +1).0). it (z,4) € Qi EL.

Mapping I1(-) is well-defined on U;A; since {Q;}; are disjoint. Note that, II(-) translates (z,y) to the

boundary of Eifl, ie, 0F = {(z,y) e RN xRy : y= fn (3"),0 <2 <z} when (z,y) € Q; N Eifl,

and translates (z,y) to the “zero resource” plane {(z,y) € RY x R, : y =0} when (z,y) € Q; N E;Q,

both along the direction (0,0,---,—1,0,---,—1) € RN*! nonzero i-th and (N +1)-th components. Let
Wyp = {(@.) € RV - [7] < f3(y) with y >0, 1 < i < N}U{(z.y) €RY xRy : y=0} (49)

=Nisi (B UES)",

be the common non-action region and assume that partitions {Q; fil satisfies the following assumption:

H3-C,. For any (z,y) € U;A;, II(z,y) € WnE.

Condition H3-Cp, implies that if (z,y) € A;, then the dynamics will be in region Wy g after player
i’s control. For the special case of N = 2, we can take Q1 = {(21,%2,9) € R? x Ry |1 — 29 > 0} and
Q2 = {(71,72,y) € R2 xR, |r2 — 21 > 0}. Thus Assumption H3-Cy, is easily satisfied. The verification
is deferred to Appendix B.

We seek a solution vi(z,y) € C2(W_;) such that if |7%| < f5'(y), it is of the form,

, _ i [2(N—1

v'(5, ) = pn (&) + Aw () cosh (a: (N)“) , (4.10)

where
& N-1 N-—-1
pn(z) ::IE/ e h x4+ —=—DB: | dt, (4.11)
) N N

with B; being a one-dimensional Brownian motion. Note that py(z?) is a solution to —av? —|—h(¥$i) +
%Z;\le U;jzj = 0, which corresponds to the waiting region, and cosh ( W%’) is a solution to

—av'+ Zé\le v!; ; = 0. If there is no resource, then v*(z,y) = pn ('), so Ay(0) = 0. The following
lemma summarizes basic properties of py, which can be verified by straightforward calculations. The
proof is hence omitted.
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Lemma 4.1. Under Assumption H1'-H2', pn(z) defined in (4.11)) satisfies:
P(z) >0 and pR(z) <0 forz >0; pn(z)=pn(—2) and £ <pf(z) <E for 2 e R(4.12)

The smooth-fit principle states that, along the boundary y = fn(2Y) between the continuation set
W_; and the action set A;, v has certain regularity properties across the hyperplane. Now applying
the smooth-fit prlnc1ple we get wa = vyy = —U;l at the boundary y = fy(z') with z* > 0. This
follows from U i v, =0 and we expect v' € CQ(W,Z-). To see this, we differentiate the form

twice, and the condltlons U s+ v =0and v, ;, + v;iy =0 at the boundary y = fn(7°) lead to

rigt
b

A']v(fzv(x)):—psv(m)cosh(x M];”a)ww) Q(NNl)ah< 2<N];1>a> i
=In W (4.13)

1) = o i () o (o V)

z=fy"(y)

As a consequence,
, P ()~ s ah)
N(z) = o : (4.14)
p?’v(x)\/%tanh <x Na> — Py (2)
and
N ) 2(N — 1)« N 2(N — 1)«
! _ /!
An(y) = py(x) 3N —1)a sinh (x — N > pN(x)72(N “Ta cosh (ac —~N o
w:fN (y)
(4.15)

Lemma 4.2. Under Assumptions H1'-H2, fxn defined in (4.14)) satisfies condition (4.3)). Moreover,
the curve y = fn(x) intersects {x > 0} at x¢ such that An(fn(x0)) = 0 and xq is the unique positive

root of
20 (o2 ) A (419

N N P (2)

Proof. First we prove that fy is decreasing on R;. Recall the expression of f} from , and we
claim that f}(z) < 0 when z > 0 and lim, | f},(2) = —oco. To see this, p/y(z) — 2(N Na p%( ) > 0 for

z >0 by Lemma Denote ¢(z) = pi(2), /% tanh (z W) —ply(2). It is easy to see that
q(0) = 0. Moreover, ¢'( P ( ,/ — tanh <Z\/ > + (= COSh2 (z\/lm —pi(z) <0
N

for z > 0 and ¢/(z) = 0 for z = 0. This is because p’;(z) < 0 (z > 0) by Lemma cosh(z) > 1
(z > 0), and cosh(z) = 1 if and only if z = 0. Let s(z) = ply(x) — Z(N%)ap&( x). So fN( ) =s(x)/q(x).
It is clear that for z > 0, f)(z) < 0 (since s(z) > 0 and ¢(z) < 0). Now we consider the asymptotics
of s(z) and q(z) as * — 0". By Taylor’s expansion,

YO 3 Ta \/ N_La (0)2 + o(z) = ofz).

Since p(x) < 0 for z > 0, we have s(z) > py(x %r(0)z+o(z). Therefore, fy(x) = s(x)/q(z) —
as z — 01. This implies that fy(z) — co as z — 0+. Similarly, z + fy(z) = Z + y has a unique
negative root since fy(—z) = fn(x).
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We then prove the unique positive root of (4.16]). Define r(z) = ) where pn(x) is defined in (4.11)).

Py (2)
O L U

Note tht r0) = 40 = e ] B Asmemtion B2 () =0, & < (0 <
e~ th/ t

Y

K
«a

111

and r'(z) = Pz )p@,(z();)%’?'v(z)y. Along with Lemma we have r(0) = oo and 7/(z) < 0. Furthermore,
N

since k < b < K and I > kx + ¢ for some constant ¢, we have lim,_, 7(z) = 0. Moreover, define
f(z) =1/ M tanh ( W), then it is easy to check that f(0) =0, f/(x) > 0 for z > 0, and

lim, 0o f(x) = w Therefore, f(x) = r(x) has a unique positive solution. O

4.2. Controlled dynamics. Given the candidate game value to (HJB-C)), we derive the corresponding
NEP by showing the existence of a weak solution (X, Y;) to a Skorokhod problem with an unbounded
domain, where the boundary of the domain depends on both the diffusion term X; and the degenerate
term Y.

Recall the region Wy g defined in (4.9) and note that Wy g is unbounded in RN+ with 2N boundaries.
Fori=1,2,--- , N, define the 2N faces of WnEg as

F,={(z,y) € MWnE | (z,y) €OE}}, Fin={(z,y) € MWnE | (z,y) € OE; }.

Then the normal direction of each face is given by (i =1,2,--- ,N)
1 1 1 1
B (S
n; c7,< N_17 1) N_17 ) N_17 I N (fN)())’
1 1 1 1
. - o . 1 ..
N C”N(N—l’ 'N-1" "N-1"'N- (fN)())’
with the i*" component to be +1. ¢;, cy4; are normalizing constants such that |n;|| = ||nyy|| = 1.

Denote the reflection direction on each face as
r; :C;(O, 5_17"' 707_1)) N4 :C/]V+i(05"' 717"' 707_1))
with the i component to be £1. ¢}, ¢y, are normalizing constants such that ||| = |ry|| = 1. NE

strategy is defined as follows.
Case 1: (X(¢_,Yp_) = (x,y) € Wyg. One can check that Wy defined in and {r;}? defined
above satisfies assumptions A1-A5. (See Appendix A for the satisfiability of A1-A5). According to
Theorem there exists a weak solution to the Skorokhod problem with data (WN E, {rl}fivl, bo,x e m)
Case 2: (Xo_,Yo_) = (z,y) € WnE, that is, there exists i € {1,---, N} such that (Xo_,Yp_) € A;.
(1) If (z,y) € AF ﬂE;fl, then 7' > f;,l( ) and y > ' +x¢. In this case, player i will move immediately
Zk;ﬁz

from X{_ = 2% to X} = xi—i— at time 0, where 27, is the unique positive root such that z— fx (z) =
#' — y. This will reduce the 1n1t1a1 resource from Yy_ =y to Yy = fy(2%) > 0. fn(z.) > 0 holds since

y > x0 + Z; when (z,y) € Ejl Other players’ dynamics remain unchanged, i.e. Xj_ = Xg = 27 for

j#iand 1 < j < N. By Assumption H3-Cyp, we have (Xo,Y)) = ((m’ Zk#’ +x+) fN(x+)> =

(Xo-,Yo-) € Wne. (2) If (z,y) € AT N EZZ, then #° > fy'(y) and y < # + xo. In this case, player
7 will move immediately from Xg_ =z’ to Xé = 2! — y and the initial resource Yy_ = y is decreased
to Yp = 0 at time 0. Other players’ dynamics remain unchanged, i.e., X = Xé; = g7 for j # i and
1 < j < N. By Assumption H3-Cyp, we have (Xo,Y) = ((z7%, 2" — y),0) = II(Xo-,Yo-) € WnE.
(3) Similarly, if (z,y) € A7 N E;;, then 7 < —f&l(y) and y > —2° — 29. And player i will move
Zk;éz‘ a*
N1

immediately from X§ = z° to Xé =zt + at time 0, where z’ is the unique negative root

such that z + fy(z) = & +y, and Yo_ = y is now Yy = fy(z’) > 0. Other players’ dynamics
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FIGURE 2. Demonstration of the initial control when (Xo_,Yo-) = (2,y) ¢ WnE.

remain unchanged, i.e., Xg = Xg_ = a2/ for j # iand 1 < j < N. By Assumption H3-Cp, we
. ok . .
have (Xo,Yy) = <(m—2,2]@ﬁf+m%),fN(mz)> = I(Xo-,Yo-) € Wrp. (4) If (z,y) € A7 N Ep,,

then &’ < — f]\_fl(y) and y < —%" — 2¢. In this case, player i will move immediately from X§ = z°
to X = 2" + y and this will change Yp_ = y to Yy = 0 at time 0. Other players’ dynamics remain
unchanged, i.e., Xg_ = Xg = aJ for j # i and 1 < j < N. By Assumption H3-Cp, we have
(X0,Y0) = ((z7% 2" +),0) = I(Xo-,Yo-) € WnE.

4.3. NE for the N-player game. Combining the results in Sections [I.I] and [£.2] and based on the
verification theorem developed in Section [3, we have the following theorem of the NE for the N-player

game (2.8) with constraint (4.1).

Theorem 4.3 (NE for the N-player game Cp). Assume H1'-H2' and H3-Cp. Define u' € RN xR, —
R by

pr(E) + An () cosh (a? ) e < 5 ), andy =0,
u' | (272 + Zk’ﬂ ) fN(DC+)> if (z,y) € Ei—",_l’
u'(@,y) = il (@@, —y>,o) if (@.y) € By, (4.17)
ut (27, Zk;’” + b, fn(ah) if (®,y) € E; 7,
u? ((:1:_ 2" +9),0) if (x,y) € By,
and define vi : RN x R, — R as
( u'(z,y) if (z,y) € W-i,
vt (29,00, + St fN<a:i>> f@,y) € AF N E, for j £,
vi(x,y) = v (z77, 27 — y,0) if (x,y) € A] N ES, for j #1i, (4.18)
(xZ# +al (@) i ) € A7 NE;, for 2
| v (277,27 +y,0) if (x,y) € A} OEJ2f07’j7éZ

where
o A; and W; are given in (4.4), and Eﬁl and Eij[2 are given in (4.6)- (4.7) with fn(-) defined by

(@.14)-(4.16), and fn(z) = fn(=x) for z < 0.



16 XIN GUO, WENPIN TANG, AND RENYUAN XU

o T is defined by ([1.2), and An(-) is defined by -
e 7' is the unique positive root ofz — fn(z ) = 7' —y when T* > fN (y), and z* is the unique
negative oot of z + fn(z) = T +y when i < — f5(y).

Then v' is the game value associated with an NEP £* = (¢, [ ¢N*). That is, v'(z,y) = Jé,p (x,y;€").
Moreover, the controlled process (X*,Y™) under € is given in Section .

Proof. First, u’(z,y) € C2(RN x R,) by construction: the C? regularity near y = 0 follows from ,
and the facts that fy'(y) — zo as y — 0 and An(fx(w0)) =0. To see that z — fy(z) = & — y has
a unique positive root, it suffices to prove that fy is decreasing on R;. This fact is shown in Lemma
Now let us check conditions (i)-(vii) in Theorem

(i) Based on the analysis in Section when (z,y) € Wyg, the NE strategy is a solution to the
Skorokhod problem specified in Case 2, which is a continuous process. When (z,y) ¢ Wy g, the
initial push specified in Case 1 satisfies the “no simultaneous jump” condition. Note when the
fuel is used up, the dynamics X; will become uncontrolled and move freely without control.

(ii) Now we check condition (ii) in the verification theorem, i.e., v* defined in satisfying the
QVI . It consists of the following three steps. The idea is to apply the Implicit Function
Theorem and the calculation follows the lemma in [8], p.58].

Step 1 is to verify that v’ defined in (4.18)) satisfies

N
]:

for (z,y) € W_; and that the inequality is strict for (z,y) € A; and the equality holds in Wi g.

Since py (i) is a solution to —av’ + h (523) + 1 ZJ ;.5 = 0 and cosh <1 /2(1\’]\[1)04551>

is a solution to —awv® + 3 ZJ 1 Vi = 0, pN(Ei) + An(y) cosh (Ei\/ W) satisfies —av® +

h (8 + 5 Z] 1055 = 0. Therefore holds for (z,y) € WnE with equality.
Denote p = (w, 2) with w € RY and z € R+. When p € A N E;fl, we have v'(p) = v'(q)

Zk;éz

={(z,y) |y = 5" (532)} along the direction (0,0,---,—1,0,---,—1) € RN+ with all
components zero except the i-th and (N + 1)—th components being —1. Note that when p =
(w,2) € Ei‘fl, we have z > Wi + xg and fn(w’) > 0. (See Figure . By the Implicit Function
(g )+fN(w+)”i' (@)

i) = Uhigi(9), the last equality holds since vj, . = —vj,,

on y = fn(Z"). To see this more clearly, Denote p = (w,z) with w € RV and y € R, such that
p € AN E},. And also denote ¢ := (w™*,w’ — 0,z — 6) such that z — 0 = fx(@w; — ). Then

we have v (p) = vi(q) by the definition of vi. Taking the derivative of z — § = fn(w; — 6) with

where q := ('w ,wh + 7fN(U)+)> = II(p) translates p to the boundary of E;", i.e

zzz

Theorem, v’, ,(p) =

respect to w; leads to ——_ = fn(w; —0) ( — 88—9> and hence aag = %. Then
. i . .
vii(p) = g:j)z (w ' w' —0,z—0)
a0\ . T a0
= (1 - Gwi) v(w T w' = 0,2 —0) — vy (ww' — 6,2 —0) B,

00
awi

900N\ i i i (=i i
= (1_8101)” (ww' =0,z —0) +u(ww' -0,y —0)

Lw T wt — 6,2 —6).

= ’le
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The second last equation holds since vi,- + v; =0on W;N Z;r. Similarly,

vrlxz(p) = Ow: (w 7w 6 Z — 0)
0 i i i a0
— < > Vi L w _072_9)_Uxiy(w , W _H’Z_H)awi
- ( > J?gjl iieyzfe)‘kvmmz( _i,wie,ze)gji
= v, z,('w —60,z—10). (4.20)

The second last equation holds since vx igi T v;iy =0on W;nN X;r .
Similarly, we have v, ;(p) = v, ;(q) for j # i. To prove this, take the derivative of z — 6 =
fn(w; —8) with respect to w; for j # i and j < N, we have _W = fn(w; —0) <—ﬁ — 86151-)7

and hence adzf = ﬁ%. Therefore,

o'

vy, (p) = 6wj(w ,w'—60,z—0)
= —v(w ' w -0,z — 9)883] — vy(w*i, w' — 0,z — 9)883] + ol (w T w' — 0,2 —0)
= v (w ' —0,2-0).

The last equation holds since v;i + v; =0on W; N ﬁj_ . Similarly, we have

. ovt . L.
Upigs (@) = 615; (w™* w' =0,z —0)
. o 90 o 90 o
= —vw " w -0,z — 0)% — ijy('w Lw' =0,z — G)ij +ol, s ww' — 0,2 —0)
= v, ww —0,2-0)=1, (q).
The second last equation holds since v*, ; + v;jy =0on W; N Zj_ .

Therefore when p = (w, 2) € A N E}},

N
i N-1, 1 i
—aw (P)+h< N p)+22vmjxj(p)

j=1
4 N—-1.\ 1<, N-1, N-1,

= (-av'@+h <N6’> + Q;v;m (@) +h ( ~ ﬁ) —h <N§Z>

N
. N—1_ 1 .

> anila) 4 (V) 4 5 Sk

j=1
, SN g , SN pd 4
in which ¢’ = ¢’ — =5 — and p' = p' — =I5 — = @". The last inequality holds since

p' > ¢ > 0and h is convex and symmetric to 0. Now for q € an, we have —av'(q)+h (N 1 ~’)+
%Z;V:I v, ;(q) = 0. Therefore, —av’+h (%ﬂ)—i—% Zjvzl vl >0 forp = (w,2) € WZﬁE;S.
When p := (w, 2) € A N E:Q, we have v'(p) = v'(q) where g := (w™",w’ — 2,0) =II(p) trans-
lates p to {(z,y) € RY x R, | y = 0} along the direction (0,0,---,—1,0,---,—1) € RN*+L,

In this case, vi(p) = py(w' — z) + An(0)cosh (@7 —z) W) by definition. Hence
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—avi(p) +h (M) + 4 Z i1 v!; ;(P) = 0 holds by straightforward calculation. Similar anal-
ysis holds for p := (w, ) €A .

Step 2 is to show

0;7 + v; <0, and — U;i + v; <0, for (z,y) € W_;, and (4.21)
. - N
U;if vy - 0, for (z,y) € A] ) (4.22)
—vl; +v, =0, for (z,y) € A;.
Let us first check (4.22)). Whenp := (w, z) € AjﬂEifl, denote q := (w wh + Zk’éj ,fN(w+)> =

II(p) which translate p to the boundary of E;", i.e., 0E; := {(z,y) | y = fn (&)} along the di-

rection (0,0,---,-1,0,---,~1) € RN*1 Then by the definition of (4.18), v’(p) = v'(q) = u'(q),
i _ 1 i f(wh) i Sy (wh)
U (P) = Ty (@) T @) and ) = — = plrel (@) - vl ). There

fore, v;ﬁ(p) + vi(p) = 0. When p := (w,z) € A7 N E;fg, we have vi(p) = v'(q) where
q = (w”,wZ - z,O) = II(p) translates p to {(z,y) € RY x R, | y = 0} along the direction

(0,0,---,—1,0,---,—1) € RN+, In this case, v(p) = py (W' —2)+An(0) cosh <(1E1 — 2)\/ 2(NNl)a>

by definition. Then v’,(p) + v;(p) = 0 holds by straightforward calculations.  Similarly,
—v;i —H};‘: 0 for (z,y) € A; . As for (4.21)), by symmetry it suffices to check the first inequality
for 0 < 7 < fy'(y). In this case,

v; +’U;i = Ay (y) cosh (:E’ W) + py (& ) + An(y) sinh (3}1\/2(]\]]; 1)0‘) \/2(N]; L

gm0m<ww)2wgwﬁ_mmﬁw—mw>

(0T o 0 - ) <o

The second to the last inequality holds since py is a concave function and p/%(fy'(y)) > 0. The
last inequality holds since p)y (7°) > 0, |#°| < fx'(y), and p%(f5'(y)) > 0.

Step 3 is to check

{—%—%=& for (z,y) € AT,j #1,

y " Va S (4.23)
—v, +vy; =0, for (z,y) € A;,j #i.

By symmetry it is sufficient to check the first gradient condition. When p := (w,z2) € A;r N

By +., denote q : ('wj, wl + DRER ,fN(wi)> = II(p) which translates p to the boundary of
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E+, ie., 8E+ ={(z,y) |y = f]\_[1 (5:3)} along the direction (0,0,---,—1,0,---,—1) € RNV+!
Wlth all components zero except the j-th and (N + 1)-th components being —1. Then by
s i i i i n@) i
the definition of (4.18]), we have v'(p) = v'(q), vt (p) = — f’ (qj)vx] (q) + lfjjvcl,(vq((;j)vy(q), and

‘ i N (@ itz i i
vy(p) —1 f, =7 (57) Vs (q)— lfl},( (q)J) y( ) where ¢ = ¢ —%. Therefore, v! ; (p)+vy(p) = 0.

When p := (w,z2) € .A+ N E;’2, we have v'(p) = v'(g) where ¢ := (w7, w/ —2,0) = I(p)
translates p to {(z,y) € ]RN xR, | y = 0} along the direction (0,0,---,—1,0,--- ,—1) € RV+L,

In this case, v'(p) = py (W’ — 2) + An(0) cosh ((@j —z) 2(N];1)Q> holds by definition, and

v, (p) + v, (p) = 0 by straightforward calculations.

(iii) By the construction of Case 1 and Case 2, when (z,y) ¢ W_;, there is a push at time 0 to
move the joint position to some point (Z,7) € OW_; such that AYy < y. when (z,y) € W_y,
(67, ¢ forms a solution to the Skorokhod problem in ﬁj#(E; UE;)C. It is easy to verify that
Ny (£ U E;“)C C W-_; and the Skorokhod problem with M;;(E; U E;“)C has a weak solution.
When the fuel is used up, the dynamics X; will become uncontrolled and move freely without
control. Therefore condition (7i7) is satisfied.

(iv) Solution satisfies the smooth-fit principle in Section therefore, v* € C2(W_;). Let
us define a two-dimensional auxiliary function

v(z,y) = pn(x) + An(y) cosh (:U W) )

We first show that o(z,y) is convex when |z| < fy'(y) and then show that v*(z,y) defined in

([4.18)) is convex in W_;.

Step 1 is to show that ¥(xz,y) is convex when |z| < fy'(y). By straightforward calculation,

a2, y) = P (2)+ 20202 Ay (y) cosh ( 2<N];1>“>,axy<x,y>= AN Al (y) sinh <x\/2“2;”“),

and Uy, (z,y) = A% (y) cosh <$\/ 2(NNl)a> . When 0 < z < f5*(y), plugging ([@13) into the for-

mula for vz, (z,y) we have,

Bualrn) = @)+ Ay @)y 2 sin <fN1<y> W};”@) o <x 2<N—l>a>

N
Py (1)) cosh (fN1<y> WJ;”“) cosh (x 2<N];1>a> |

Given Lemma {4.1] H Py (z) is concave when x > 0. Therefore for y > 0,

Pyt (@) 2 o (0) + o (' W)) (' (1) = 0) = R (fy W) 3 ().

The last equality holds since h/(0) = 0 from Assumption H2’. Combining the fact that sinh(z) >
0 and cosh(z) > 0 when z > 0, we have
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Taa(2,y) > m&uﬁw»m%wwanh (le(y) W) cosh GW)

v

—1

Y

() — (" () cosh (fzv1<y> \/W) cosh <$W>

pv(z) + P (z cosh(

oD ) o

= p(x) [1 + zsinh(2) cosh(z) — COSh2(Z)] >0 (4.25)

=W

(4.24) holds since p’, is non-increasing (Lemma and ¢;(z) := zsinh(z) — cosh(z) is non-
decreasing when z > 0. (4.25)) holds since g2(z) := 1+z sinh(z) cosh(z)—cosh?(z) is non-negative
when z > 0. To see this, g2(0) = 0 and

g5(2) = cosh(z)[z cosh(z) — sinh(z)] + zsinh?(z) > 0, when z > 0.

On the other hand, denote g3(z) := —p/y(z) cosh <z W) +0%(2) 1/ 5rxgy= sinh (z W),

then g5(z) = —4/ ijv( ) sinh (z 2(N_1)a> +p7%(2) 4 /ﬁ sinh (z _1)a> . From

Lemma we have p/y(z) > 0 and pij(z) < 0 when z > 0, and hence g5(z) < 0 when
z > 0. Along with the fact that fy(z) < 0 when z > 0 from Lemma we have A7 (y ) =

g4 fﬁl(y))m > 0. Therefore vyy(z,y) > 0. Finally we show that Uz Uy — (Vay)? > 0

when 0 < z < f&l(y). To see this, denote z = f;]l(y),

Vg Uy — (Vy)? = (p’](,(a:) + 2(N]; Do An(y) cosh (m 2(N]; 1)a> ) (A'](,(y) cosh <1: 2(N]; 1)a> )

_< 2(N]; Da A () sinh (x 2(N]; l)a) )2

2(N]; Do (—p?v cosh (z Q(N]; 1)a> + Py 2(N]X Da sinh (z 2(NJ; 1)a>) X

(p?v cosh (x 2(]\]];1)0[> — ply cosh <z W)) > 0.

1
T1T1

Similar result holds when — f{,l(y) <z < 0 by symmetry.
Step 2 is to show that v*(z,y) defined in (4.18)) is convex in W_;. We take player one as an
Zk 29‘%

example to show v!(x,y) = (#1,y) is convex in W_; where 71 = z1 — . The convexity

of other players’ value functions can be verified similarly. When (z,y) € W_l, we have |z1| <y
hence v(Z1,y) is non-negative definite. By chain rule, for 2 < k # j < N,

(xuy) = :[]/xx(-%hy)) 7}:(:1:% (m7y) = _ﬁaxx(jl)y)a ley(m)y) = :ny(:ilvy% Uyy(may) = fﬁyy(fﬁl,?/)a

U;km]- (a:,y) = (Nil)zfﬁa?x(i'lay)v Vgqizy, (xay) = _ﬁ%/mm U:cky(z7y) = _ﬁfﬁxy(jlvy)‘
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Denote H(z,y) := VZv'(z,y) € RVFDX(N+D) a5 the Hessian matrix of v at some point
(x,y) € W_1. Then for any d = (by,--- ,by,c) € RVFL,

N 2 N
1 ~ 1 ~ ~ =
dTH(:z;,y)d = <b1 — 7N 1 E bk> Vex + 2 (bl — 7N 1 E bk> C?}xy —+ Cz’Uyy = eTH(xl,y)e Z 0,
k

(vii)

=2

where e = (b1 — Zszz b, c) and H(&1,y) = V20(Z1,y). The last inequality follows from

the convexity of ©(Z1,y) when |#;| < y. Therefore v! is convex in W_;.

Denote W_;(y) = {(z,2) : (z,2) € W—_; and 2z < y}. (X; ™, X}, V) € W_;(y) holds a.s. when
(&7, &) € Sy(m,y). This is because 0 < Y; < y a.s. V¢t > 0 under (£, *, &) € Sy(z,y). First,

we show that vfcj is bounded for (z,z) € E:’l NW_i(y), (z,2) € E;; N W_i(y) and (z,2) €

B(y) = W-i(y) N {(z,2) : [#| < f'(2)}. For (z,2) € Bly), |#| < fy'(2) < f'(y) <
since fﬁl is non-increasing. This implies that #' is bounded in B(y). By the definition of
An(z) in ([£.10), An(z) is bounded in B(y). Hence v%, is bounded on B(y) (k = 1,2,--- ,N).
Following Step 2 in (ii), there exists ¢ € 0B(y) such that v (q) = vr(x,2) (k =1,2,--- ,N)

for (z,2) € E;rl N W_;(y). Similar result holds for (z,2) € E;; N W_;(y). Hence vl s
bounded on (z,z) € E;’l NW_i(y) and (z, 2) € E;; N W_;(y). Second, v'(z,0) = py(3%) holds
since Ax(0) = 0 (Lemma . By the definition of v* and following Step 2 in (ii), we have
vl (x,z) = vl (e 2" —2),0) (k=1,2,--- ,N) and 0 < &' — z < &' for (z,2) € EZE NW_i(y).
From Lemma 0 < py(&" — z) < ply(&"). Hence v, (x,2)| < |piy(2")| for (x,2) € E;’rl N
W_;(y) and the same result holds for (z,z) € E;, N W_;(y). Combine above analysis with
Lemma there exists a constant C(y) > 0 such that |[v,(z,2)| < C(y) + |[ply(Z")| < Cly) +

E1%| for (z,2) € W_;(y). Hence by Tonelli’s Theorem, E UOT e 2ot (vt (X;i*,Xf,Yt)fdt] <

xJ

Co (CQ(y) + (z* — %)2 + 92+ T) < oo for some Cy > 0 and (v) is satisfied.
Recall the definition of W_;(y) in (v) and the fact that (X; ™, X}, Y;) € W_;(y) when (& *,&}) €

Sy(z,y). Following the same argument as in (v), there exists C(y) > 0 such that |vi(z, 2)| <

C(y) for (z,2) € B, N W_;(y), (z,2) € E;; N W_;(y) and (z,2) € B(y) := W_;(y) N {(z, 2) :
] < fy'(2)}. In addition, vi(x,0) = px(i) holds since Ay(0) = 0 (Lemma[£.3). By the
definition of v%, vi(z, z) = v!((z % 2" — 2),0) and 0 < 7' — 2 < 7' for (z,2) € E;‘Q NW_i(y).
From Lemma 0 < pn (3 — 2) < pn(3Y). Hence vi(z, z) < py(F?) for (z,2) € EZTQ NW_i(y)
and the same result holds for (z,2) € E;, N W_;(y). Combine above analysis with Lemma
o(@,y)| < pn(E)+C(y) < pn(0)+£(3)2+C(y). Given (7,¢) € Sn(@,y), ¥y & +E0 <y

N 2
holds a.s.. Therefore E [(X’T — Z]]Z;’)fT>

= i Simwi\t o ~
< Co | (= e +y*+ T ) for some Cy >

Zj;éi X%"*

0. Hence limsup e °TE |py ( Xi — joe = 0 and the transversality condition (vi) holds.
T—o00
This condition is satisfied by the property of the Skorokhod problem and the initial jump

described in Section 4.2l
O

5. NasH EQUILIBRIUM For GAME Cy

In this section, we study the NEP of the N-player game Cy. That is A = Iy € RV*V and

Vi =y —& with Yi =9 (5.1)
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Recall that the major difference between game Cp, and game Cy is that, in the former all N players share
a fixed amount of the same resource, while in the latter each player has her own individual fixed resource
constraint. This difference is reflected in (HJB —C,,) and (HJB — Cy) in terms of their dimensionality,
and in each player’s control based on the remaining resources. In particular, (HJB — C}) and the state
space (z,y) of Cp are of dimension N + 1, whereas (HJB — Cq) and the state space (z,y) of Cq are
of dimension 2N. Moreover, in game Cy, the gradient constraint is —’UZ + v, for player . In contrast,
in game Cgy, each player controls her own resource level, the gradient constralnt becomes —vyi + vxi for

player i. So if A; N A; = (), the HIB equation for vi(x,y) in game Cy is as follows.

. N-1_\ 1< . ‘ .
min —avH—h(Ni’) +§Zv;jﬂ, v +v$z,— yi —v. p =0,
(HIB-Cy) - for (z,y) € W_,
—vyj —v'; =0, for (z,y) € AT, j #1,
—v + 05 =0, for (z,y) € A7, j #i.

Note that the control policy of the i*" player only depends on (z,%%) in W_;. As seen in Section
for the controlled process of type Cp, upon hitting the boundary of the polyhedron, the polyhedron
will expand in all directions. While for the controlled process of type Cg, only one direction of the the
polyhedron will move once hit.

To proceed, similar to Section [4] define the action region A;€ RY x Rf and the waiting region W;
of the i*" player by

.A;r = E:r NQs,, A =E NQ; ,A = A:r UA ,and W;:= RY x Rf\Ai, (5.2)
where
B = () €RY x @)Y :7 > [ 00}, By = (@) € RY x (R)Y: 7 < —fy'(4)} . (53)
with
Eifl = {(x,y)EE*'yi>§3i—|—mo} E;FQ ={(z,y) €E} 1y’ <3 +m}, (5.4)
E, = {(zy) €E —& —m}, E,={(xy) B 1y <—-& -}, (5.5)
and {Q;}, convex partitions of ]RN x Ry such that @;NQ; = (B UE; )N (E;r UE;)NOWnE for

i# 7, UN,Q; =RY xRy, and ap+ (1 —a)g € Q; for all a € [0,1] if p € Q; and ¢ € Q; for some
j=1,2,---  N. We can define the following mapping

<(zi,x+ Zk’ﬂ ), (" fn (= )> if (z,9)€QnNE],

M(z.y) = (7, xz— y'), (¥, 0)), if (z,y) € QiN Ef,, (5.6)
@i, B o), (i, e >>) it (@.9) € QinFp,
\ (z 2" +9y"), (¥ " 0)), if (z,9)€QiNE,,

in which the threshold function fy(:) is defined in , % is the unique posmve root such that
z— fn(2) = 2" — y* and 2" is the unique negatlve root such that 2+ fn(z ) = &' + y*.Note that, I1(-)
translates (z,y) to the boundary of E;" . le. GEZ L= {(z,y) e RV XRY © i = fit ('),0 < &' < z0}
when (z,y) € Q; ﬂE;rl, and translates (z,y) to the “zero-resource” plane {(z,y) € RY xRY : y =0}
when (z,y) € @;N EZ 5, both along the direction (0,---,—1,0,---,—1,---,0) € R?" with nonzero i-th
and (N + i)-th components. Let

Wye = {(z,y) € RY xRY : |7| < fy' (") for 1 <i < N}U{(z,y) eRY xRY 1y =0}, (5.7

and assume {Q;} , satisfies the following assumption:
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H3-C4. For any (z,y) € U;A;, Il(z,y) € WnE.
Condition H3-Cyq implies that if (z,y) € A;, then the dynamics will be in region Wy g after player i’s
control.
We now investigate control of player i which only depends on (z,y*) in W_;. That is, for |7¢| < f]\_,l(yi),

vi(x,y) = py(T) + An(y') cosh (:EZ 2(]\7];1)04) , (5.8)

is a solution to (HJB-Cy), where py(-) is defined by (4.11)), and Ay (-) defined by (4.15).
The next step is to construct the controlled process (X,Y’) corresponding to the HJB solution (5.8)).
Note that Wy is an unbounded domain in R?YN with 2N boundaries. For i = 1,2,---, N, define
the 2N faces of WyE
F={(z,y) € Wng | (x,y) €9E}, Fiun={(z,y) € WnE | (z,y) € 9E; }.
The normal direction on each face is given by
B 1 1 1 I IR
n, = CZ<N_17 "N — 1 N _1 7N_1707 70a(fN)(y)707 70>7
1 1 1 1 ,
- R 1. — Y | —\ (0 .
NN+ CN+’L< N_1’ N1 N_-1’ ) N_1707 aOa(fN) (y)aoa 70>

with the i" component to be £1 and the (N + i)' component to be (fy')(y'). ¢ and ey are
normalizing constants such that ||n;|| = ||[ny4i]| = 1.

Denote the reflection direction on each face as
r; :C; (07 707_1707"'0;07"' 707_1707"' 70)7rN+i :C/]V+i (07 7071707"'0;07"' 707_1707"' 70)7
with the i component to be +1 and the (N + )" component to be £1. ¢, and ¢ ; are normalizing

constants such that ||r;|| = ||rny4i|| = 1. The NE strategy is defined as follows.

Case 1: (X(o-,Yo-) = (z,y) € Wng. One can check that Wy defined in (5.7) and {r;}?"] defined

above satisfies assumptions A1-A5. Therefore, there exists a weak solution to the Skorokhod problem

with data (WNE, {ri}?ivl,b,a,:l: € WNE). See Appendix A for the satisfiability of A1-AS5.

Case 2: (Xo_,Yo- ) = (z,y) ¢ Wnpg. There exists i € {1,---, N} such that (Xo_,Yo_) € A;. (1)

D kti a
N-1

If (z,y) € AF NE Zl, then player i will move immediately from XJ = ‘a:i tQ Xy =2 +
at time 0, where !, is the unique positive root such that z — fy(z) = &' — y'. This will reduce of
player i’s resource from YO =1y to YO = fn(z Jr) > 0. Other players’ dynamics and resources remain

unchanged, i.e., X(j) = X] = 27 and YOJ = YJ =yl for j #4iand 1 < j < N. By Assumption
H3-Ca, we have (Xo.¥o) = (@ %ot + Z20), (17" (o) ) = T(Xo- Yoo) € W, ()1

(z,y) € A:r N EZTQ, then player ¢ will move immediately from Xé_ =z’ to Xi= x* — 9% and her resource
changes from Y =y’ to Y¢ = 0 at time 0. Other players’ positions and resources remain unchanged,
ie., Xg = Xg_ = zJ and YOj = ij_ =yl for j #iand 1 < j < N. By Assumption H3-Cq, we
have (Xo,Yo) = (", 2" = ¢, (¥7,0)) = I((X0-,Y0-)) € Wyg. (3) Similarly, if (z,y) € A7 N E;,

then player ¢ will move immediately from X;_ = 2* to X = 2*. + zj\“%f at time 0, where x* is the
unique negative root such that z + fN( ) = &' + y'. This will reduce her resource from Y§ = y to
Y¢ = fn(xt) > 0. Other players’ dynamics and resources remain unchanged, i.e. X(J) = X] =2/

and Y] YJ =yl for j #iand 1 < j < N. By Assumption H3-Cq, we have (X,Y() =
<( 72 Zk# +(IZ ) ( Z,fNN(xZ))> = H((Xo_,Yo_)) € WnE. (4) If (x,y) S .A ﬂE 29 then player

i will move immediately from X{_ = 2’ to X} = 2' + ¢ and her resource reduces from Y¢_ = y* to
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Yoi = 0 at time 0. Other players’ dynamics and resources remain unchanged, i.e., Xg = Xg_ =z
and Yoj = YO{ =yl for j #iand 1 < j < N. By Assumption H3-Cq, we have (Xo,Y() =
((x_i7 't + yi)v (y—z" 0)) = H((Xo_,Yo_)) € m

In summary, the NE for the N-player game with constraint Cy is stated as follows.

Theorem 5.1 (NE for the N-player game Cg). Assume H1'-H2 and H3-Cq. Define v’ € RN xR, —
R as

p(F) + A (y) cosh (~ 2%)) if |7 < fy'(v), andy =0,

u’ <w"',xi 4 Tl ,fN(m+)> if # > fy'(y) and y > & + o,

u’(z,y) - u’ (:z:_i zt —y, 0) if & > f]\_,l(y) and y < & + o, (5.9)
i (o7 B et ) i <S5 ) andy > 3+
u? (.'z:_ ,z' 4+ y,0) if i < —fnt(y) and y < =3 + o,
and define v* : RN x RJI — R as
Ui(mayi) if (z,y) € W_y,
vt <$_j :IJZr + Zk# (¥ In( )) if (xz,y) € AJAr ﬂEJ~r for j # 1,
vi(2,y) = v (@7, 2 —y%( ,0)) if (x,y) € AT N E}, for j #1i, (5.10)
vt <.’1:_j zk# ,( —J fN ) if (xz,y) € .A NE; for j #£1,
(a:J:L‘]—i—yJ(_J 0)) f(x,y) € Ay NE;, forj #i,

where

o A; and W; are given in (5.2)), Ef 1 and Eﬁ are giwen in (5.4)-(5.5) with fn(-) defined by (4.14])-
[£16),and fy(z) = fN(— ) for z <0.
o 7' is defined by (4.2), and An(-) is defined by ([£.15)).
o 2’ in (5.9) is the unique positive root of z — fN(z) = 2" —y when ' > f;]l(y), and z* is the
unique negative root of z + fn(z) = " +y when ' < —f]?,l(y).
o a:ﬂr in (5.10) is the unique positive root of'z — fN(z) =7/ - Yyl if 0 > f&l(yj), and 27 is the
unique negative root of z+ fn(z) ="+ if ¥ < —fg,l(yf).
Then v' is the game value associated with an NEP €* = (€%, ---  ¢N*). That is, v'(z,y) = Jicd (z,y;€").
Moreover, the controlled process (X*,Y™*) under € is given in this section: Case 1 if (z,y) € WnE,
and Case 2 if (z,y) ¢ WnE.

The proof of Theorem [5.1] is similar to that of Theorem [4.3] and hence omitted.

6. NASH EQUILIBRIUM FOR GAME C

In the previous two sections, we have dealt with two special games Cp and Cq. Analysis of these two
games provides important insight into the solution structure of the general game C. Namely, the NE
strategy depends on the positions of players and their remaining resource levels. With these two special
cases in mind, now recall that in game C,

N .
) Q; ,YJ . . .
dy} = -3 = _dé and Y] =¢'>0. (6.1)
ZZ; Zl]cwzl ai Y
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For the HIB equation (HJB — C), the gradient constraint is more complicated than the two special
cases Cp and Cq. When A; N A; = 0,

N
. 1 . o o
min { —av'+h+ 3 E Vi D" vy, =" — U}} =0,

j=1

(HJB_C) for (x7y) € W—ia
—F 7} 1 —0 fOI' (-’E,y)EAjJ?éZ»
_FJU + 'U$j = O, fOI' (x,y) S -'4;7.7 # i.

In particular, if A = [1,1,---,1]T € R¥*! then (HJB — C) becomes (HJB — C,); and if A = I, then it is
(HJIB — Cy).

Similar to Section {4} define the action region A;€ RY x R and the waiting region W; of the i'" player by

A =E'nQ;, A7 =E nQ; , A=A UA, and W, =RN xR\ 4, (6.2)
where
M
Ef =@y e RV x R 7 > {3 [ D aiy’ | ¢ { z,y) RV x ROM 13" < —f3" [ D ayy
6.3)
with
M M
Ef, = ((xy) €E: Zaijyj >34 0, { z,y) € B : Za”y <F 4z, (6.4)
Jj=1 j=1
M
E, = S(=@y ek : Zaijyj > iz p, E,=q(z,y) € E : Zaijyj < —i'—xy 5, (6.5)
— =

and {Q;}Y, are convex partitions such that Q; N Q; = (E;” UE; )N (E]+ UE;)NOWNE for i # j. We then

define
(BRI

(z,9)

((:1: Zquaiqu,yi), it (z,y)€QnE,
(z,9)
(

zx, eQimE;Lp

H(.’L‘,y) =

<(x1,2k# +x),y1—>7 it (z.y) € QiNEiy,

((x ‘ot +Zq 1 @igy?), Y2 )a if

in which the thrgshold fupction fN(-‘) is deﬁned in (4.14)-(4.16), z*, is the unique positive root suph that z—
fn(z) = & — y* when 3 > f&l(yl), x® is the unique negative root such that z + fy(z) = Z° + y* when

i < —fx'(y?). Here y} € RY with the j-th component being (y}); = y/ — % (E;M:l aiqy? — fN(m;)),

xay) € leE;27

aiqy?

yil eRY with the j-th component being (y%); = v/ — a;;y7, y- € RY with the k-th component being (y'); =
Yyl — it (Zé\il aiqy? — fN(xl_)) y% € RY with the j-th component being (y2); = ¥/ —a;;y7. Note that,

q 1 @iqy?

II(-) translates (2,y) to the boundary of E}, i.e., 0E} := {(z,y) : Z;Ml aijy’ = fx' (&) ,0 < & < w9} when
(z,y) € Q; ﬂE;’rl, and to {(z,y) : a;;y’ =0,Yj =1,2,--- , M} when (z,y) € Q; ﬂEZ 5, both along the direction

1 M
a; a
<07"'7_13"'0;_ Mﬂy.a'”v Jé[My>ERNXRi/I
Zj:l aijy! Z; 1 @iy’

with the i-th component being —1. Denote
M
Wye =14 @y) e RV xRY @' < f3' [ D aiyy’ |, 1<i< NyU{(@y) eRY xRY 1y =0}, (6.7

and assume the partition {Q;}}¥, satisfies following assumption:
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H3-C. For any (z,y) € U;A;, Tl(z,y) € WyE.

Condition H3-C implies that if (z,y) € A;, then the dynamics will be in region Wy g after player ¢’s control.
From the analysis in Sections [4] and [5] and the “guess” that the control policy of player i only depends on
(x,zj]vil a;;y7) when in W_;, we get for [7%] < f&l(zjjvil aiy?),

M
Ui(m7y) = pN(ii) + AN Z aijyj cosh (fl 2(]\[];1)0(> ’ (68)

Jj=1

is a solution to (HIJB-C'), where py(-) is defined by (4.11)), and An(-) defined by (4.15).
The next step is to construct the controlled process (X,Y’) corresponding to the HJB solution .

Note that Wy is an unbounded domain in R* with 2N boundaries. For i = 1,2, --- , N, define the 2N faces
of WNE

Fi={(z,y) € WnE | (z,y) €0E}, Fiin={(z,y) € WnE | (z,y) € 0E; }.

The normal direction on each face is given by

1 1 —1 j —1 j
ni o= ¢y b am;(fN ) Z;aijyj airs - (Fn7) Zaijy] aim |
NNy = CN+44 7;5 ala"' 77;7(]‘11;1)/ Zazyj i1y 7(f]:71)/ Za1yj a; )
N-1 N -1 L Lt
with the i'" component being 41, and ¢; and cy; the normalizing constants such that |n;|| = ||nx || = 1.
Denote the reflection direction on each face as
1 M
a; a;
- C;<07...7_1,...0;_ﬂ,...’_W)
> j—1 @igy? > j—1 iy
1 M
/ i1y aiMYy
*™4+i = Cngi |0 L O 7—M_>
( Zj:l aijy’ Zj:l aijy?
with the i*" component to be £1. ¢} and ¢y, ; are normalizing constants such that [|r;| = ||ry4i]| = 1. The NE

strategy is defined as follows.
Case 1: (Xo_,Y(_) = (z,y) € Wng. One can check that Wypg defined in and {r;}2Y, defined above
satisfies assumptions A1-A5. Therefore, there exists a weak solution to the Skorokhod problem with data
(WNE, {ri}?Y, b0,z € WNE). See Appendix A for the satisfiability of A1-A5.

Case 2: (X¢_,Yo-) = (z,y) ¢ Wng. There exists ¢ € {1,---,N} such that (X ,Yo ) € A (1) If
Zk#z

(z,y) € AZ Ej'l, then player i will move immediately from X{_ = 2 to X0 = :v+ + at time 0, where

', is the unique positive root such that z — fx(z) = &' — (Eé\il aiqy?). This will reduce the resources from

Yo_ =y to Yy = y; with the j-th component of y; is (y1); = 3/ — EA‘}# (Zéwl aiqy? fN(:v’Jr)) > 0.
q

—1 @iqy?

Other players’ dynamics remain unchanged, i.e., X} = X} = 2* for k # i and 1 < k < N. By Assumption
H3-C, we have (Xo,Yo) = ((x_i,xj_ + Tt '),y+> — (Xo_,Yo ) € Wyp. (2) If (z,y) € A" N ES,

then player ¢ will move immediately from X§ = 2° to X} = 2% — Zgil aiqy? and resource j is changed from
Y{ =4l to Y] =y — a4’ at time 0. Other players’ dynamics remain unchanged, i.e., X§ = X} = z* for
k#iand 1 <k < N. Under Assumption H3-C, we have (X(,Y) = II(Xo-,Yo_) € WNE (3) Similarly, if

Zk#z

(z,y) € A, NE;, then player i will move immediately from X§_ = a2’ to X{ = 2* + at time 0, where .

is the unique negative root such that z + fy(z) = & + (Zq | Gigy 7). This changes the resources from Yo_ =y
to Yo =y_ where j-th component of y_ is (y_); = ¢/ — % (Zé\il aiqy? — fN(fEi)) > 0. Other players’
g=1 %iq

dynamics remain unchanged at time 0, i.e., X} = X} = ¥ for k # 4 and 1 < k < N. By Assumption H3-C,
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we have (X0,Y) = <( - Zk# +at ),y_> =I(Xo-,Yo-) € Wyg. (4) If (2,y) € Af N EJ,, then player

i will move immediately from X} = 2% to X} = 2% + Zé\il aiqy? and resource j is reduced from Y& =7 to
Yy =47 — a;;y7 at time 0. Other players’ dynamics remain unchanged at time 0, i.e., X§ = X} =2 for k # i
and 1 < k < N. By Assumption H3-C, we have (Xo,Y o) =(Xo_,Yo-) € WnE.

The NE for the N-player game with constraint C' is stated as follows.

Theorem 6.1 (NE for the N-player game C). Assume H1'-H2' and H3-C. Define v’ € RN x R, — R as

PN (&) + An(y) cosh (% “NN““) if 1] < f5'(y), andy =0,
. u’ (z‘z,mﬂr + E]’ffjlx 7fN(3;‘l+)> if i > fy'(y) and y > 3 + o,
wiwy) = ul (7% 2 — y,0) if & > fy'(y) and y < & + o, (6.9)
. . zk . ~ . s
ut <$Zv D xl—va(l"Z_)) if 3 < —fy'(y) and y > —7" — a0,
ul (74 2" + y,0) if & < —fx'(y) and y < =3 — o,

and define v* : RV x Rf\f — R as
€ szv

e AFNE}, forj#i,

if (x,

(z,y)
i(gmi 0 Sk 1
v <-'L' y TL + =R ay+) f (z,y)
ey =4 o (a7~ (DI k) i ) € AT N B f (6.10)
z‘(_,v—j7zk#d+gg Y- ) f (z,y) € NE;, forj #1i,
(z,y)

v
vl ((m*jwj + (Zé\il aquq),y%) if (x,y) € Ay NEj, forj #1,

where

o A; and W; are given in , EX 1 and Ez 5 are given in (6.4)-(6.5) with fn(-) defined by (4.14)-(4.16)),
and fn(x) = fx(—2) for x <0.

o 7' is defined by (4.2)), and An(-) defined by (4.15)).

o ' in is the um’que positz’pe root of z— fn(2) =T —y if ¥ > fy'(y), and 2 is the unique negative
root of z+ fn(2) =2 +y if &' < ff]\_,l(y)

. :Ui in (6.10)) is the unique positive root of z — fy(z) = 27 — Ziw:l ajpy® if ¥ > f&l(ztﬁl a;qy?), and
2’ is the unique negative root of z + fn(z) = ¥’ + 224:1 ajpy® if ¥ < —f&l(zg/il ajqy?).

o The k-th component of y' in (6.10) is (y} ), = y* — ﬁ”‘iy (Zéw:l ajqy? — fN(xi)) , and the k-th

q=1%ja¥?
. M
component of y* is (yL ) = y* — % (Zqzl ajqy? — fN( _)) .
q
o The k-th component of yﬁ_ n is (y+)k = y* — ajxy”, and the k-th component of y2 is (y>)r =

y* - ajkyk~
Then v* is the value associated with a NEP &€* = (&Y, &éN*). That is, vi(z,y) = J&(z,y;£"). Moreover, the
controlled process (X*,Y*) under €* is a solution to a Skorokhod problem as described in Case 1 if (z,y) € WnE,
and described as Case 2 if (z,y) ¢ WnE-

The proof of Theorem is similar to that of Theorem and hence omitted. To demonstrate the similarity,
we provide the proof for the convexity of the value function v* in W_; here.

Proof. We take player one as an example to show v!(z,y) = (%1, Z]Nil aljyj) is convex in W_1. Other players’
Z;#L

value functions follow similarly. Recall Z; = x; — . Similarly we define ; = Z,iw:l ai;y’. When (z,y) €
W_1, we have |%1]| < ¢ or 1 = 0. Hence v (Z1,71) is posmve semi-definite. By the chain rule, for 2 < k # j < N
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and 1 <q#p< M,
Uilzl (:z:,y) = aﬂcw(jhgl)a CESE (a:,y) = _ﬁﬁww(jlygl)v Vz1yq (w,y) = Q1q %Jwy(jlagl)v

Vypyq (z,y) = alpqlquy(jlagl)av;kzj (a:,y) = ﬁﬁzz(‘%lvgl)v Vzpyq (a:,y) = _ﬁalqﬁzy(‘%hgl)

Denote H(z,y) := V*v'(z,y) € RWN+M)X(N+M) a5 the Hessian matrix of v at some point (z,y) € W_1. Then
for any d = (by,--- , by, 1, ,cpp) € RNEM,

N N
2 1 2
d' H(z,y)d = bjUz — N1 g b1bgUsa + 7(]\[ —1)e E by + 7(N SEYE 5 b;bk Uy
k=2 k=2 2<j£k<N

M g N M M
+2 Z b1 CqQ14Vzy — N_1 Z Z brCqQi1g Uy + (Z a14Cq) Uy
q=1 k=2 q=1 q=1

;N 2 . X M M 2
(bl TN 1 ,;Qbk> Uga + 2 <b1 TN -1 Z bk) (; alch> Ugy + (; alch> Vyy

k=2

= eTH(#1,y)e >0,

in which e = (b1 - ZQLQ b, Zé\il alch> and H(i1,y) = V?3(Z1,y). The last inequality holds since 4(Z1, y)

is convex when |Z;| < y which is a result in the proof of Theorem 4.3 (Step 1 of (iv)). Therefore v! is convex in

W_i1. (]

7. COMPARING GAMES C),, C4 AND C

In this section, we compare the games Cp, Cq and C. We will first compare their game values and discuss
their economic implications. We will then discuss their difference in terms of the NEP. Finally, we discuss their
perspective NEs in the framework of controlled rank-dependent SDEs.

To make the games comparable, let us assume y = Zf;l y?. Let us also consider a special sharing game Cj
which can be connected with both Cq and Cp:

Cs: M=Nanda;;=1fori=1,2,---,N.

7.1. Pooling, Dividing, and Sharing. Denote the game value and waiting region for each player ¢ as Uép and
ch ? respectively for game Cj. Similar notations are defined for Cq and Cs.

Proposition 7.1 (Game values comparison). Assume H1'-H2'. For each (z,y) € RN xRY, denote y = Zfil Yt
If (z,y) € Wic”, and (z,y) € Wicd N WiCS, then,

vép(-’lf,y) < va(m,y) < Uéd(z,y), i=1,2,---,N.

Proof. The comparison is by direct computation. Indeed, recall that in case Cp, when (z,y) € WZC . vép (x,y) =
pn (ZY) + An(y) cosh (El 2(NNl)a> , for i = 1,2,--- N, where 7% is defined in (4.2) and Ay is defined in

(@15). Similarly, in case Cgq, when (z,y) € W, v, (€,y) = pn(T) + An(y') cosh (EZ 2(NNl)a> , for each

i=1,2,---,N. And in case Cs, when (z,y) € W*, ve (x,y) = pn(T')+ AN (Zjvzl aiij) cosh (Ei W) ,
for each i = 1,2,---, N. By elementary calculations, A’y (y) < 0. Therefore, when y = Zjvzl Y, (z,y) € Wic”,
and (z,y) € WE* N WS,

ve, (@, y) < e, (@,y) < vg,(2,y).
The first inequality holds because y = Zfil yt > Zi\;l a;;y7 and the equality holds if and only if a;; = 1 for

each j = 1,2,--- ,N. The second inequality holds because a;; = 1 and the equality holds if and only if a;; = 0
for each j # 1. O
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FIGURE 3. Comparison of projected evolving boundaries for Cp, Cq, C when N = 3.

This result has a clear economic interpretation. In a stochastic game where players have the options to share
resources, versus the possibility to divide resources in advance, sharing will have lower cost than dividing. Pooling
yields the lowest cost for each player.

Define the projected common waiting region
M
Wie@y) =1 @y) e RN x RO @] < f3' | D aijy! | for 1<i <N 3 U{y =0}

for any fixed resource level y. Then Wy g (y) is a polyhedron with 2N boundary faces. Figure [3a) shows a pooling
game Cp. After one player exercises controls, all the faces of the boundary move. Figure corresponds to a
dividing game Cyq. After player ¢ exercises controls, her faces of F; and F;; y move. Here i = 1, N = 3. For
a sharing game C, shown in Figure after one player exercises her controls, the faces of the players who are
connected with her will move, while the faces for other players remain unchanged. Here i = 2 and player 2 and
3 are connected.

7.2. NEs for the games and controlled rank-dependent SDEs. In the previous sections, the controlled
dynamics is constructed directly via the reflected Brownian motion. This class of SDEs can also be cast in the
framework of rank-dependent SDEs. Indeed, the controlled dynamics of NE in the action regions of the N-player
can be written as a controlled rank-dependent SDEs:

Fi
Rl

N al 4

] . . . ; a; ‘YSJ,
dX{ = Y lpix, v )=rox,v,) (51"“ +ojdB +dgl™ - dgf ) e
= =1 2p—1 QiR Y

with (€%F,£%7) the controls, F* : RN x R4 — R a rank function depending on both X and Y, FV < ... < F(V)
the order statistics of (F")1<;<n, and §; € R, 0; 2 0. In game Cp, the controlled dynamics in the action regions

satisfies the SDEs with F, (z,y) = |2 — 2#1 |, &; =0 and o; =0 for each i = 1,--- N, and

&+t =0 foreachi=1,---,N—1 and &VF £0.

In game Cy, ng (z,y) = |2° — Z”” fN (y%)|. For the general game C, the controlled process in the action

regions is governed by the rank-dependent dynamics with Fg (z,y) = |2° — Zji — 3! (Z] 1 aiy7)| with fx
a threshold function defined in (4.14)-(#.16) and §;, o; and £5F satisfying the same condition as before.

Note that the special case without controls, i.e., F*(z,y) = 2 and £%* = 0, corresponds to the rank-dependent
SDFEs. In particular, the rank-dependent SDEs with §; =1, o = ---dx = 0 is known as the Atlas model. To the
best of our knowledge, rank-dependent SDEs with additional controls or a general rank function F¢ has not been
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studied before. There are various aspects including uniqueness and sample path properties that await further
investigation and we leave them to interested readers.
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APPENDIX A

Taken=N,m=M and I = 2N, and Z = {1,2,--- ,2N} in Definition We then check the satisfiability for
Assumptions A1-A5 for game C. Cp, and Cy are two special cases.

A1 Assumption A1 is trivially satisfied by definition. We write

2N
G =5 ﬂjzlGj,

where G; = {(z,y) € RV*M |3 < £y (Zj‘il a,;jyj)} and Gy yi = {(z,y) € RNV+M| 30 > — fit (ZjM:l a,-jyf)}
fori=1,2,---,N. The boundary of G; is smooth since f{,l is smooth.

A2 Assumption A2 is satisfied since f{,l is smooth and decreasing. It satisfies the uniform exterior cone
condition. At any boundary point (xo,y0) € 0G;, we can put a truncated closed right circular cone Vg, )
satisfying Vig, yo) NG = {(Z0,¥0)}

A3 Assumption A3 can be shown by contradiction. The proof is inspired from that of [25, Lemma (A.2)] which
is for bounded region with tightness argument. We modify the proof via a shifting argument.

Suppose that Assumption A3 does not hold. Since there are only finite many subsets Zyp C Z = {1,2,--- ,2N}
such that Zy # 0, there is an € > 0, a nonempty set Zy C Z, a sequence {e,} C (0,00) with €, — 0 asn — 00, a
sequence {(,,y,)} C RV*M guch that for each n, (€,,y,) € Njez,Ue, (0G;NOG) and dist((Zn, Yn), Njez, (0G;N
0G)) > e. Note that dist((x,y),Njez, (0G; N OG)) = dist((x — al,y),Njez, (0G,; N OG)) for any a € R and
(x,y) € RV*M_ Here 1 € RY is a vector with all ones. Intuitively, this is because for any fixed ¥, the projection
of G onto z-space is a polyhedron unbounded along the directions of +1 € RN, This is consistent with the model
where we only look at the relative distance between positions. Mathematically speaking, recall that

0G; = [ (x,y) e RVTM

M

~i _ p—1 i

x —fN E aijyj ,
j=1

OGNy = A (x,y) e RNVTM

M

~i -1 j

x ——fN E A5y
j=1
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For a given point p = (z,y), denote dj := dist((z,y),dGy) for k = 1,2,--- ,N. Then there exists a point
q = (w, z) such that

W o= f&l Zaijzj , t.e.,qé€ G

g—p = dini(g), or q—p=—dini(q).

where ny(q) is the normal direction of surface 9Gy, at point ¢:

1 1 _ , _ .
ni(@) = ﬁ,”w—l,“'aﬁ;(f]vl)/ Zaiij an, - (fy) Zaijzj aim

Denote p = (x — al,y) and ¢ = (w — al, z). Then it is easy to check that

i € aG), (7.1)
q—p=q—p=dni(q) = dini(q). (7.3)

. N o (w-a . N
(7.1) holds since (w* —a) — % =" — Zleif’, . ) holds since the last M elements, representing
the resource levels, are the same for ¢ and ¢, and ([7.3)) holds by definition and .

By (7.3) we conclude that dist((z — al,y), 0G)) = dj. Similar results hold for k = N +1,--- ,2N. Therefore we
have

dist((z, ), ﬂjEIoan NOG) = dist((xz — al,y), ijIOan NoG).

Therefore, for each (x,,y,), there exists a, € R such that ||z, — a,1|] < 1. Denote &, = z, — a,1. Hence
(Z1,Yn) is a bounded sequence in RN M and dist((Z,,,¥x), Njez, (0G; N OG)) > €. WLOG, we may assume that
(Z1,Yn) — (x,y) as n — oo for some (z,y) € RVNTM_ It follows that (z,y) € Njez, (0G,; N OG), since for each
j € IOa

dist((z,y), 0G; N 0G) < [[(Zn,yn) — (@,y)|| + dist((@n,yn), 0G; N OG) < [[(Zn,Yn) — (2,y)] +€n = 0,

as n — oo. This contradicts with the fact that (Z,,,y,) — (&,y) and dist((Z,,Yn), Njez, (0G; N IG)) > €

A4 On each face j = 1,2,--- ,2N, r; is a function of y, which is bounded. Moreover, r; is smooth and Dyr;
is bounded. Therefore, r;(-) is uniformly Lipschitz continuous function. Note that when the adjacent matrix
A = {arj 1<k j<n is an identity matrix or matrix with all ones, r; is constant on 0G; for all i € [.

A5 Denote g := fg,l. First we show that g is a non-negative decreasing function on [0, yiotal] Where Yiotal 1=
Zjvil y/ is the total resource. =~ We have proved in Lemma that fi(z) < 0 for z > 0. So there exists

0 < l::(ytotal) < K(ytotal) < oo such that —oo < —f((ytota]) < fy(z) < —l;(ytotal) < 0 when z € [z,Z]. Here
1

2z = g(Ytota) > 0 and T = ¢(0). Note that ¢'(-) = W, therefore T < g (w) < —m when
w € [0, Ysotal]. Now let k(yiotal) := m and K (ysotal) 1= ff(ytttal)'

It is straightforward that all the latter M components in n; and r; are non-positive (1 < j < 2N). By simple
1

calculation, we have < < —1  and \/I < < Lforalll <4< N. Similar
\/N¥1+K2(ymm1)N = 7= \/ﬁ NAL S6G S 5 <j<

to the definition of 'rj and T, denote nj as the first N components in n/ and n; as the latter M components

in n/. Since face i and N + i are parallel to each other (i = 1,2,---, N), there are at most N faces intersecting
with each other. It suffices to consider (z,y) such that |Z((z,y))| = N. For these points, consider ¢; = + and
di =% (i=1,2,--- ,N). Therefore, for i* € {i, N +i} withi=1,2,--- N,

SN n 1, - . 1, o 1
Ta"i* > N<ni*"ri*> = Nci*ci*<ni*7ri*> = —cj-Cing Zamy 2 ~ k(Ytotal)-
1+ (N + 1)K (yeotal)
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Similarly, for ¢* € {{, N +4} withi=1,2,---, N,

V

Zzz‘vzl Tix r, _ 1, / / = j 1
T,ni* Z N(ni*,r”> = N(ni*,'r‘i*> = —C,L-*Ci*g Za”y = Vil k(ytotal)‘
j=1 \/m + (N + 1)K (Ytotal)

APPENDIX B

Verification of H3-C,, when N = 2. When N = 2, we have B} = E5 , B = Ef and Wyg = {(2,22,y) | [2'—
2| < [Nt u{y = 0} We set Qi = {(z1,22,9) € R* x Ry |21 — 22 > 0} and Qo = {(21,22,y) €
R? x Ry |29 — o1 > 0}. In this case, A; = Efr and A, = E;r When (z,y) € A;, there are two possibilities:
either (z,y) € Ay N EY, or (x,y) € Ay N Ef,. If (x,y) € Ay N Ef,, then ¢ = (2% + 21,22, f(z})) with 2} the
unique positive root such that z — fx(z) = 2! — 22 — y. Then it is easy to check that ¢ € 9Wyxg. To see this,
(22 +a2l)—2? =2 = fy' (fn(ad). If (z,y) € A NET,, then ¢ = (z' —y,2%,0). Then g € W since y = 0.
Similar analysis holds for (z,y) € Ay by symmetry.
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