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MEAN FIELD LIMITS OF PARTICLE-BASED STOCHASTIC REACTION-DIFFUSION
MODELS

S. ISAACSON, J. MA AND K. SPILIOPOULOS

ABSTRACT. Particle-based stochastic reaction-diffusion (PBSRD) models are a popular approach for study-
ing biological systems involving both noise in the reaction process and diffusive transport. In this work we
derive coarse-grained deterministic partial integro-differential equation (PIDE) models that provide a mean
field approximation to the volume reactivity PBSRD model, a model commonly used for studying cellular
processes. We formulate a weak measure-valued stochastic process (MVSP) representation for the volume
reactivity PBSRD model, demonstrating for a simplified but representative system that it is consistent with
the commonly used Doi Fock Space representation of the corresponding forward equation. We then prove the
convergence of the general volume reactivity model MVSP to the mean field PIDEs in the large-population
(i-e. thermodynamic) limit.

1. INTRODUCTION

The dynamics of many biological processes rely on an interplay between spatial transport and chemi-
cal reaction. At the scale of a single cell, experiments have demonstrated that many such processes have
stochastic dynamics. Particle-based stochastic reaction-diffusion (PBSRD) models are a widely used ap-
proach for studying such processes, explicitly modeling the diffusion of, and reactions between, individual
molecules. PBSRD models are appropriate for studying chemical systems in cells containing up to hundreds
of thousands to millions of molecules, over timescales of days. They are more macroscopic descriptions than
millisecond-timescale quantum mechanical or molecular dynamics models of a few molecules [S09], but more
microscopic descriptions than deterministic 3D reaction-diffusion PDEs for the average concentration of each
species of molecule. One PBSRD model that has been widely used to study biological processes is the vol-
ume reactivity (VR) model of Doi [TS67, D76a, D76b]. In this model positions of individual molecules are
typically represented as points undergoing Brownian motion. Bimolecular reactions between two reactant
molecules occur with a probability per unit time based on their current positions [D76a, D76b]. Unimolecular
reactions are typically assumed to represent internal processes, and as such are modeled as occurring with
exponentially distributed times based on a specified reaction-rate constant.

Due to their mathematical complexity and high dimensionality, PBSRD models are almost entirely stud-
ied by Monte Carlo simulation approximating the underlying stochastic process of molecules diffusing and
reacting. The computational expense of such methods can greatly limit the size of chemical systems (in each
of number of molecules, number of reactions, or physical domain size) that can be studied. One approach
to overcoming this challenge is to use more coarse-grained mathematical models that accurately capture
the dynamics of the underlying PBSRD model in appropriate physical regimes. Deterministic and stochas-
tic partial differential equation (PDE/SPDE) models are often postulated as coarse-grainings of PBSRD
models in certain large-population or thermodynamic limits where the population size becomes unbounded
but species concentrations are held fixed. However, for the PBSRD models commonly used in biological
modeling, e.g. the VR model and the contact reactivity model, there is limited rigorous work identifying
and proving the existence of such deterministic coarse-grained limits (i.e. law of large numbers).

To facilitate the development of rigorous coarse-grainings of PBSRD models, our work begins with formu-
lating the dynamics of the diffusing and reacting molecules as measure-valued stochastic processes (MVSPs).
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These processes describe the evolution of the concentration fields of each chemical species as a sum of § func-
tions in each molecule’s position. A weak formulation of the dynamics of these processes is then derived,
giving the action of the processes on an arbitrary test function. The subsequent equations for the time-
evolution of the pairing between a test function and the MVSP then involve both continuous noise processes
that account for the diffusion of individual molecules, and state-dependent Poisson-random measures that
encode the timing and occurrence of chemical reactions between molecules. We establish in a simplified, but
representative, case that the MVSP is equivalent to the commonly used Doi Fock Space representation for
the forward equation of the VR model.

We then investigate the large population limit of the MVSP dynamics in which the initial number of
molecules of each chemical species becomes unbounded, but the concentrations of each species are held
fixed. The latter can be achieved by considering molar concentrations, and treating Avogadro’s number
and/or the domain volume as a large “system size” parameter. As we work in free space, here we consider
the limit where Avogadro’s number can be considered a large parameter. Such limits are typically considered
one of the primary physical regimes in which PDE or SPDE models for biological systems arise as physical
approximations to the underlying process of molecules diffusing and reacting [AT80, LLN19, HCDWS19].

To rigorously determine the limit of the VR model, we will generalize the martingale problem approach
for studying solutions to stochastic differential equations developed by Stroock and Varadhan [EK86, SV06]
to our weak MVSP representation. Adaptations of this method have been successfully used to study large-
population limits in stochastic models for population dynamics, evolutionary dynamics, interacting particle
systems, and financial models [GSS13, GSSS15, DH96, DH09, DIRT15, IT15, MS02, SCS88]. We first
identify a macroscopic system of partial integro-differential equations (PIDEs) whose solution corresponds
to the large population limit of the MVSP, and then rigorously prove the convergence (in a weak sense) of
the MVSP to this solution.

Our approach is unique in using a bottom-up hierarchy to rigorously derive from spatial PBSRD models
new macroscopic PIDEs that correspond to the true large-population limit, and which correctly account for
chemical interactions between particles. This is in contrast to the standard macroscopic reaction-diffusion
PDE models of chemical reaction systems used at the cellular scale [NTS08, MNKS09]. The latter are typi-
cally obtained by formally modifying reaction-rate equation ODE models for non-spatial chemical reaction
systems by simply adding Laplacian terms to model molecular diffusion.

To illustrate our main result, consider the special case of the reversible reaction A + B < C reaction.
Let v denote a system size parameter (i.e. Avogadro’s number, or in bounded domains the product of
Avogadro’s number and the domain volume). We assume all molecules move by Brownian Motion in RY,
with species-dependent diffusivities, DA, DB and D respectively. Let K] (z,y) = Ki(x,y)/v denote the
probability per time an individual A molecule at  and B molecule at y can react, with my(z|z,y) giving
the probability density that when the A and B molecules react they produce a C molecule at z. We define
KJ(z) = Kz(z) and ma(z,y|z) similarly for the reverse reaction. Finally, denote by A(t) the stochastic
process for the number of species A molecules at time ¢, and label the position of ith molecule of species A

A(t)
® C R4, The random measure

23s(e-a)

corresponds to the stochastic process for the the molar concentration of species A at = at time t. We can
similarly define B7(z,t) and C7(z,t). In this work we study the large population (thermodynamic) limit
where v — oo and A7 (x,0) converges to a well defined limiting molar concentration field (with similar limits
for the molar concentrations of species B and C). We prove, in a weak sense, that as v — oo,

at time ¢ by the stochastic process Q;

(A7(z,t), BY(2,t),C7 (2,t)) = (A(z,t), B(z,t),C(z,1)),
where

O A(z,t) = DAAA(x, t) — Ki(z,y)A(z,

. s f 5
I

OiB(z,t) = DPAB(x,t) / Ki(x y)fl(y, (z,t) dy +

z)ma(z,y|2)C(z,t) dy dz.

2)ma(z,y|2)C(z,t) dy dz.



0:C(x,t) = DAC(z,t) — Ko(2)C(2,t) + Ki(x,y)ym1 (2|2, y)A(x, t) B(y, t) dv dy.
R2d

Our main result, Theorem 5.5, establishes this rigorous limit for the VR PBSRD model of general chemical
reaction systems involving first and second order reactions. To simplify the (already detailed) exposition,
we impose one constraint, assuming that the reaction network structure is such that the total concentration
of molecules in the system has a strict upper bound. Theorem 5.5 therefore does not cover reaction systems
containing reactions that can lead to unbounded population growth, ruling out creation reactions like @ — A
and A — 2A. We note, however, that we expect our basic approach should be adaptable to such systems, but
would require the introduction and analysis of a stopping time for when the total population of molecules
reaches some threshold (see the discussion of Remark 5.2). This is similar to one approach used for proving
the classical large-population limit of non-spatial stochastic chemical kinetic systems [DK15].

Upon completion of this work we became aware of the recent publication [LLN19]. In [LLN19] the authors
study the rigorous large-population limit for a subset of the reactions we allow in our VR PBSRD model,
restricting to reactions of the form A + B — C + D. This ensures that the total number of particles is
preserved for all time in their system, allowing [LLN19] to formulate a strong-form pathwise representation
for the evolution of the stochastic processes for particle positions and types. Particle diffusion and particle-
particle reactions are then represented through separate but coupled equations. This formulation enabled
the authors to use relative entropy methods to prove propagation of chaos. In contrast, we consider general
reaction networks as are needed to model many biological processes, in which the number of particles in the
system changes over time. We therefore work with a weak formulation, studying the empirical distribution
of particle position and type directly. As such, while [LLN19] could leverage relative entropy methods and
large deviations estimates to establish their results and even get quantitative estimates, we will work with
the general martingale problem formulation.

The large-population limit was also studied in [O89] for PBSRD systems involving only birth reactions
(A — 2A), death reactions (A — @), and first-order conversion reactions (A — B). For such linear reaction
systems the resulting mean-field, large-population limit is a system of linear, local reaction-diffusion PDEs.
Our high level formulation for the system dynamics more closely follows [O89], which also studied a weak
MVSP representation for the reaction and diffusion of particles. We stress, however, that a key difference in
our work is in allowing for general second order reactions, i.e. reactions of the form A+ B — - .-, where the
reaction dynamics critically depend on spatial interactions between two individual reactant particles. Such
reactions are prevalent in most cellular signaling processes, and common in many chemical network models
for biological systems. By including bimolecular reactions, formulation of the underlying equations describing
the particle dynamics is complicated by the need to model the two-body interactions between particles, and
to model the placement of reaction products in space given the positioning of reactants. The resulting large-
population limit becomes a system of nonlinear and non-local partial integral differential equations. Allowing
for both changing particle numbers and bimolecular reactions results in the mathematical formulation of the
problem, as presented in Sections 2 and 3, being more involved than in [O89], necessitating a number of
technical estimates (given in Appendix B).

An interesting future research direction is to obtain quantitative convergence results for general reaction
networks with uneven inputs and outputs, i.e. for reaction networks (like the ones studied in this paper)
where the total number of particles are not conserved in time. To do so, generalizations of the propagation
of chaos techniques used in [MMW15] and [LLN19] seem likely to be necessary, as such techniques largely
rely on conservation of the total number of particles in time, see also the related discussion in [LLN19]. We
leave this question for future work.

The paper is organized as follows. In Section 2 we describe the problem in more mathematical terms,
introducing basic notation for specifying chemical reaction systems, for describing system state as a MVSP
for the (number) density of particles in the system, and for representing reactant (product) configuration
spaces that encode possible positions of individual reactant (product) particles involved in a reaction. In
Section 3 we define reaction kernels specifying the probability per time a reaction involving specific reactants
can occur. For each reaction type we also specify a placement density. These give the probability density
that product particles of a reaction between one or more reactants are placed at specific positions. We
then introduce the stochastic equation describing the evolution of the empirical measure (MVSP) of the
chemical species in path space. In Section 4 we summarize the basic assumptions we make about the form
of the reaction rate functions and product placement densities. In Section 5 we present our main result,
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Theorem 5.5, describing for general reaction networks the evolution equation satisfied in the large-population
limit by the empirical measures for the molar concentration of each species. We also present a number of
illustrative examples showing the derived large-population limit for specific chemical systems. In Section 6
we prove that the MVSP formulation we study is equivalent to the more commonly used Fock-space (i.e.
Kolmogorov forward equation) representation popularized by Doi [D76a, D76b], focusing on the simplified
case of the reversible A + B < C reaction. Finally, in Section 7 we give the proof of Theorem 5.5. The
appendix includes proofs of a number of technical estimates as well as the existence, uniqueness and regularity
statement for the forward Kolmogorov equation of the A + B = C reaction system studied in Section 6.

2. NOTATION AND PRELIMINARY DEFINITIONS

We consider a collection of particles with J possible different types. Note, in the following we will
interchangeably use particle or molecule and type or species. Let § = {S1,---,S5;} denote the set of
different possible particle types, with p; € 8 the value of the type of the i-th particle. In the remainder, we
also assume an underlying probability triple, (€2, F,P), on which all random variables are defined.

The goal of this paper is to study the process that molecules diffuse in space R? freely and undergo at most
L possible different type of reactions, denoted as Ry, --- , Rp. We describe the Ryth reaction, £ € {1,..., L},
by

J J
DS =D BuS;,
j=1 j=1

where we assume the stoichiometric coefficients {ay;}7_, and {3¢;}7_, are non-negative integers. Let alt) =

(e, o, -+ ,apy) and B = (Be1, Be2, -+, Beg) be multi-index vectors collecting the coefficients of the
fth reaction. We denote the reactant and product orders of the reaction by |a(e)| = Ele ag; < 2 and

|ﬁ(€)| = ijl Be; < 2, assuming that at most two reactants and two products participate in any reaction.
We therefore implicitly assume all reactions are at most second order. This is motivated by the observation
that the probability three reactants in a dilute system simultaneously have the proper configuration and
energy levels to react is very small, so that trimolecular reactions are very rare [DD03]. In biological
models, such reactions are often considered to be approximations to sequences of bimolecular reactions. For
subsequent notational purposes, we order the reactions such that the first L reactions correspond to those
that have no products, i.e. annihilation reactions of the form

J
ZO&@jSJ‘ — (Z),
j=1

for L e {1,..., i} We assume the remaining L — L reactions have one or more product particles.

Let D' label the diffusion coefficient for the ith molecule, taking values in {D1,..., D}, where D; is the
diffusion coefficient for species S;, j = 1,---,.J. We denote by Q} € R? the position of the ith molecule,
i € Ny, at time t. A particle’s state can be represented as a vector in P =R x 8, the combined space
encoding particle position and type. This state vector is subsequently denoted by Ql def (Q, pi).

We now formulate our representation for the (number) concentration, equivalently number density, fields
of each species. Let F be a complete metric space and M (E) the collection of measureson E. For f : E — R
and p € M(E), define

(fo) = / __I(@n(as).

We will frequently have £ = R?. In this case we omit the subscript E and simply write (f, u). For each
t > 0, we define the concentration of particles in the system at time ¢ by the distribution

N(t)

()
(2.1) vi= 0= 0qi0n;
i=1 i=1

where, borrowing notation from [BM15], N(t) = (1,v4)p represents the stochastic process for the total
number of particles at time t. To investigate the behavior of different type of particles, we denote the
4



marginal distribution on the jth type, i.e. the concentration field for species j, by
v{ () = (- x {S;}),

a distribution on R, N;(t) = <1, Vg > will similarly label the total number of particles of type S; at time ¢.

For v any fixed particle distribution of the form (2.1), we will also use an alternative representation in terms
of the marginal distributions 17 € M (R?) for particles of type j,

J
(2.2) v=> 15 € M(P).
j=1
In addition to having notations for representing particle concentration fields, we will also often make use
of state vectors for all particles in the system. With some abuse of notation, for v; given by (2.1) denote by

(23)  H@) = (@780, (@MW 1), (@715, (@M 8)),0,0, )
a state vector of the full particle system. Here, for each type j =1,...,J, the particle index maps {o; (k) iv (1t)
encode a fixed ordering for particles of species j, Q%) < ... < Q"J i) arising from an (assumed) fixed

underlying ordering on R?. In H(v;), we order all particles of type 1 by the ordering on R? first, followed
by particles of type 2, then type 3, etc. As particles of the same type are assumed indistinguishable, there
is no ambiguity in the value of H (1) in the case that two particles of the same type have the same position.
H'(v;) € P will label the ith entry of the vector H(Vt). We denote by

(2.4) How}) = (@7, @™ ™, 0,0,-)

an analogous position-only state vector for type j particles, using the same ordering on R%, with H, Q( ) € R

labeling the ith entry in Hg(17).
With the preceding definitions, we last introduce a system of notation to encode reactant and particle
positions and configurations that are needed to later specify reaction processes.

Definition 2.1. For reaction R,, define the reactant index space

®
= (N\{op'* T,
with the convention that if ‘a(l)‘ =0 then 1) = @ is the empty set. In describing the dynamics of vy, we

will sample vectors containing the indices of the specific reactant particles participating in a single £-type
reaction from 1. For i € 1) o particular sampled set of reactant indices, we write

. (1 (J
i= (10, D) D i),

where 25 D € 4 labels the rth sampled index of species type j. Here we use the convention that if cg; = 0 no

indices are included in i for particles of type j (as they do not participate in the Lth reaction as a reactant).
Note, as we assumed that |a®)| = Z;-le ag; < 2, in practice ay; € {0,1,2} and i correspondingly identifies
zero, one or two reactant particles.

Definition 2.2. For reaction Ry, analogous to our definition of I, we define the reactant position space

o®
X(e):{w:(:zgl),-u,x(l) a:g‘]) x| 2) e RY, foralll<]<J1<r<agj}*(Rd)‘ y

Q) s ’ aeJ

Similar to the last definition, when ag; =0 partzcles of species/type j are not involved in reaction £, and hence
not included within possible reactant position vectors. For @ € X a sampled reactant position configuration
for one individual Ry reaction, :E,(ﬂj ) then labels the sampled position for the rth reactant particle of species
J

j=1
also naturally defines an associated Lebesque measure.

7 tnvolved in the reaction. Let dox = (/\ (A2 da¥ ))) be the corresponding volume form on X, which

Definition 2.3. For reaction Ry with L+1 < ¢ < L, i.e. having at least one product particle, define the
product position space

. . BY
_{y ( (1)7 7yé[377y§])7 79[(32)|y(J)ERd fOTaflllS]SJulSrSBé]}:(Rd)l I
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Analogous to Definition 2.1, when B¢; = 0 species j is not a product for the £th reaction, and hence there
will be no indices for particles of species j within the product position space. Fory € Y o sampled product
(9)

position configuration for one individual Ry reaction, y;”’ then labels the sampled position for the rth product

particle of species j involved in the reaction. Let dy = (/\] 1(/\ﬁ“ )) be the corresponding volume

form on Y, which also naturally defines an associated Lebesgue measure.

Definition 2.4. Consider a fized reaction Ry, with i € 1) and v corresponding to a fized particle distribution
given by (2.1) with representation (2.2). We define the £th projection mapping PO : M(P) x 1) — X g5

O, i1 i1 g ipy (T
PY(vi)=(Hg (v'), - Hy""(v),--- Hg (v7),--- ,Hy" (v7")).

When reactants with indices 1 in particle distribution v are chosen to undergo a reaction of type ¢, P(e)(u, 1)
then gives the vector of the corresponding reactant particles’ positions. For simplicity of notation, in the
remainder we will sometimes evaluate P with inconsistent particle distributions and index vectors. In all
of these cases the inconsistency will occur in terms that are zero, and hence not matter in any practical way.

Definition 2.5. Consider a fized reaction Ry, with v a fixed particle distribution given by (2.1) with rep-
resentation (2.2). Using the notation of Def. 2.1, we define the allowable reactant index sampling space
QO W) c1® as

. ] =0,
OV(w) =9, <a><> G) < (1. O] =

{Z—( )E]I |z <ig’ < (1,17)}, |a ‘—OégJ—Z,

{1= (4 (J) )) eI |z < (1,09) ,igk) < (1,v%)}, ’a(l)‘ =2, ay=amx=1 j<k.

Note that in the calculations that follow QY (v) will change over time due to the fact that v = v; changes
over time, but this will not be explicitly denoted for notational convenience.

Definition 2.6. Consider a fized reaction Rg, with v any element of M (P) having the Tepresentatwn (2.2).
We define the (th reactant measure mapping N9 [ -] : M(P) — M (X®) evaluated at & € X©) via \O[v](dx) =

@7y (@790 (dat))).

Definition 2. 7 For blue reaction Ry, define a subspace X® c x® by removing all particle reactant position
vectors in XU for which two particles of the same species have the same position. That is

XO = (é)\{:cEX |x —:v,(j)forsomelgng,lgk;érgagj}.

3. GENERATOR AND PROCESS LEVEL DESCRIPTION

¢
Let us consider the time evolution of the process Ve = Eij\il(t) (5@- which gives the spatial distribution of

all particles (i.e. number density or concentration). Here N¢(t) = <1, ve > _ denotes the total number of
P

particles at time ¢ and ¢ = (%, 7) is a two-vector consisting of a scaling parameter, v, and a displacement
range parameter, 1. In the large population limit we consider v plays the role of a system size, and is
considered to be large (e.g. Avogadro’s number, or in bounded domains the product of Avogadro’s number
and the domain volume) [DK15]. On the other hand, 7 is a regularizing parameter allowing us to be able to
consider and rigorously handle delta-function placement densities for reaction products (a common choice
in many PBSRD simulation methods). We will further clarify these parameters later on, focusing on the
(large-population) limit that v — oo and n — 0 jointly, denoted as ¢ — 0.

To formulate the process-level model, it is necessary to specify more concretely the reaction process
between individual particles. For reaction Ry, denote by K, (x) the rate (i.e. probability per time) that
reactant particles with positions & € X® react. As described in the next section, we assume this rate
function has a specific scaling dependence on . Let m;/(y | ) be the placement density when the reactants
at positions z € X react and generate products at positions y € Y. We assume this placement density
depends on the displacement range parameter 7, and that for each @ and fixed n > 0, m}/(- | ) is bounded.

Stochastic particle dynamics involve both diffusive motion and chemical reactions. In describing particle
motion we will make use of {W/"},en,, a countable collection of standard independent Brownian motions
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in R?. To describe a reaction R, with no products, i.e. 1 < ¢ < l~/, we associate with it a Poisson
point measure dNy(s,,0) on Ry x I) x Ry. Here i € I¥) gives the sampled reactant configuration, with

i&j ) labeling the rth sampled index of species j. The corresponding intensity measure of dN, is given by

dNy(s,4,0) = ds (/\] 1 (/\a“ (Ek>0 5k(zr )))) df. Analogously, for each reaction R, with products, i.e.

L+1 < < L, we associate with it a Poisson point measure dN¢(s,4,y,01,02) on Ry xI) x YO xR, xR,.
Here i € 1Y) gives the sampled reactant configuration, with z(J ) labeling the rth sampled index of species

j. y € YO gives the sampled product configuration, with y(J ) labeling the sampled position for the rth
newly created particle of spec1es j. The corresponding intensity measure is given by dNy(s,,y,61,02) =

ds (A= (AT (Sino 6GY)) ) ) dy oy bz,

The existence of the Poisson point measure follows as the intensity measure is o-finite (see Chapter I - The-
orem 8.1 in [NW14] or Corollary 9.7 in [KOl]) Let dNy(s,4,y,61,02) = dNy(s,4,y, 01, 92) dNy(s,3,y,01,0o)
be the compensated Poisson measure, for L +1 < ¢ < L. For any measurable set A € I) x Y x R, x Ry,
Ne(-,A) is a Poisson process and Ny(-, A) is a martingale (see Proposition 9.18 in [K01]). Similarly, we
can define ng(s,i,H) = dNy(s,4,0) — dNy(s,3,0), for 1 < £ < L. In this case, given any measurable set
A eI® x R, we then have that Ny(-, A) is a Poisson process and Ny(-, A) is a martingale.

With the preceding definitions, we now define the dynamics of uf via a weak representation. We consider
test functions denoted by f € CZ(P), which we define to mean f(-,S;) € CZ(R?) for each j. The time

evolution for the process < 1, l/f> _ can then be represented by
P

<f,ut> <f,y0 +Z/ \/—8f(Hl ))dWi + / Z Dlan (H'(v5_))ds

i>1
L t J ey
+ // / fvl @ . —<f,V§—>A
Zz:; o Jiw Jr, < lerz‘: (HT] v$?).S;) 5 p
“Licanws )y % Lo<iy (PowS ) ¢Ne(s:4,6)
J Qyj J 5(1
3.1 e ) 5.0 — (s
(3.1) '1‘2//(15)/Y(£)/]R2 <f Vg ;; (Hu S).5,) +]21; <>S)> fivg >p

X Licawws )y X Loo<iy (Pows_ i)y X Lossm? (v PO (S 0))yANe(s, 8.y, 01, 02).

Formula (3.1) captures the dynamics of our particle system.Recall that N;(s) = (1,v$) p denotes the total
number of molecules at time s, and D’ labels the diffusion coefficient for the ith molecule, taking values
in {D1,...,D;}, where D; is the diffusion coefficient for species S;, j = 1,---,J. The diffusion of each
particle is modeled by the two integrals on the first line of (3.1). The second and third lines model reactions
with no products, while the fourth and fifth lines model reactions with products. The integrals involving the
Poisson measures Ny, model the different components of the reaction processes, and correspond to sampling
the times at which reactions occur, which reactant particles react, and where reaction products are placed.
When the ¢th reaction happens for £ = L+1,--- , L (and analogously for £ =1, - L) with probability per
time given by the kernel K, the system 1oses reactant particles and gains product particles. Sampling of
possible reaction occurrences according to K} occurs through the corresponding indicator functions on the
third and fifth lines. The corresponding loss and gain of particles is encoded by the sums of delta functions
on the second and fourth lines of (3.1). Product positions are sampled according to the placement density

my (y | P(l)(ysc_,i)) through the indicator function on the fifth line. The indicators over elements of the

sets Q(e)(ysc_) ensure that reactions can only occur between particles that correspond to a possible set of

reactants. Note, the particle labeled by ¢ in (3.1) will change dynamically as reactions occur. For this reason,

particle positions are accessed through the use of the state vectors, H* and H, é, as is also done in structured

population models [BM15]. Well-posedness properties of the model equation (3.1) are further discussed in

Section 5, see also Chapter 6 of [BM15] for related results in regards to the formulation and well-posedness.
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We will subsequently assume that N;(t) = <1, 1/§> is uniformly bounded in time in Assumption 5.1. The
stochastic integral with respect to Brownian motion in (3.1) is then a martingale (for a fixed ¢). Taking the
expectation, we obtain for the mean that

. (L), )
BU(f.of) ) = BU(7S) )+ B[ X Do s

+iE[/t Z <f’ Vs— iai H¢$ (CJ S)>_<f’ysc—>p XKJ (P(Z)(Vsc—vi)) dS]

£=1 0 ie(l(f)(ugf) j=1lr=1
L t J oy J B
DT DS A (S5 LTINS 3 3L X
= W H i ( >7),85)
¢=L+1 PO (V5 ) j=1r=1 j=1lr=1
(3.2) = (£050) ) % K7 (OGS ) xm] (y| POWE0)) dyds]

4. ASSUMPTIONS ON REACTION FUNCTIONS AND PLACEMENT DENSITIES

In studying the large population limit that v — oo, we will constrain our choices of reaction kernels and
placement densities through the following assumptions. Special cases of our choices include a variety of

kernels and placement densities that are commonly used in modeling and simulation [D76b, EC09, LE11,
IS13, 1Z18, DYK13].

Assumption 4.1. We assume that for all 1 < ¢ < L, the reaction rate kernel K(x) is uniformly bounded
for all x € X, We denote generic constants that depend on this bound by C(K).

Assumption 4.2. We assume that for any n > 0, L+1<(¢<I, y € YO and z € XO, the placement
density mj(y | ) is a bounded probability density, i.e. [y, m](y|x)dy = 1.

As previously mentioned, we want to allow for placement densities involving delta-functions. To do so in
a mathematically rigorous way we introduced the smoothing parameter 7, through which we can define a
corresponding mollifier in a standard way, as given by Definition (4.1). This is needed for (3.1) to be well-

defined, since expressions like {6, < m; (y PO, z))} are non-sensical when 7 = 0 and the placement
density is a Dirac delta function.

Definition 4.1. For z € R, let G(z) denote a standard positive mollifier and G, (z) = n~%G(z/n). That
is, G(x) is a smooth function on R? satisfying the following four requirements

) G(z) =20,

(2) G(z) is compactly supported in B(0,1), the unit ball in R,
(3) fRd dr = 17

(4) 1

taken in the space of Schwartz distributions.

The allowable forms of the placement density for each possible reaction are given by Assumptions 4.3-4.6:

Assumption 4.3. If Ry is a first order reaction of the form S; — S;, we assume that the placement density
m}(y|x) takes the mollified form of

mi(y|z) = Gyly — @),
with the distributional limit as n — 0 given by

me(y|z) = 0. (y).

This describes that the newly created S; particle is placed at the position of the reactant S; particle.

Assumption 4.4. If Ry is a second order reaction of the form S; + S, — S, we assume that the binding
placement density my(z | z,y) takes the molliﬁed form of

(] ,y) sz X Gy (2 = iz + (1= a)y))
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with the distributional limit as n — 0 given by

I
me(z|@,y) =Y pi % 8 (z = (asw + (1 - az)y)),
i=1

where I is a fized finite integer and ), p; = 1. This describes that the creation of particle S; is always on the
segment connecting the reactant S; and reactant Sy particles, but allows some random choice of position. A
special case would be I =2, p; = %, a1 =0 and as = 1, which corresponds to placing the particle randomly
at the position of one of the two reactants. One common choice is taking I = 1, py = 1 and choosing oy to
be the diffusion weighted center of mass [IZ18].

Assumption 4.5. If R, is a second order reaction of the form S; + S, — S; + Sy, we assume that the
placement density my(z,w|x,y) takes the mollified form of

my(z,w|z,y) =px Gy (z—2) @Gy (y —w) + (1= p) X Gy (z —w) @ Gy (y — 2),
with the distributional limit as n — 0 given by
me(z,w | 2,y) =P X Oz ((2z,w)) + (1 = p) X I(gy) (w,2)) .

This describes that newly created product S; and S, particles are always at the positions of the reactant S;
and Sy particles. p is typically either O or 1, depending on the underlying physics of the reaction.

Assumption 4.6. If R, is a first order reaction of the form S; — S; + Sk, we assume the unbinding
displacement density is in the mollified form of

I
mi(z,y|2) = p(lz —y) > _pi x Gy (z = (iz + (1 — a)y)),
i=1
with the distributional limit as n — 0 given by
I

me(z,y|2) = plle —y) D pi x 8 (2 = (uw + (1 — a)y))
i=1
with Y, p; = 1. Here we assume the relative separation of the product S; and Sy, particles, |x — y|, is sampled
from the probability density p(|x —y|). Their (weighted) center of mass is sampled from the density encoded
by the sum of § functions. Such forms are common for detailed balance preserving reversible bimolecular
reactions [1218].

We further assume some regularity of the separation placement density, p(r), introduced in Assump-
tion 4.6:

Assumption 4.7. For Assumption 4.2 to be true, we’ll need

/R pllwl)dw =1

Since p is a probability density and non-negative, this implies the tail estimate

/ riLp(r)dr < e,
r>R
which we will use in subsequent calculations.

Finally, to study the large-population limit of the population density measures, we must specify how the
reaction kernels depend on the scaling parameter (i.e. system size parameter) 7. Motivated by the classical
spatially homogeneous reaction network large-population limit [DK15], we choose

Assumption 4.8. The reaction kernel is assumed to have the explicit v dependence that
K} (@) = 71" K (@)
foranyx € X, 1< < L.



When interpreting the scaling parameter v as Avogadro’s number, or in bounded domains as the product of
Avogadro’s number and the domain volume [DK15], such scalings can be derived by requiring the formal well-
mixed (i.e. infinitely fast diffusion) limit of the volume reactivity PBSRD model to match the corresponding
classical spatially homogeneous stochastic chemical kinetics model. See Appendix A for an illustrative
example of how the chosen scalings arise in this case.

Recall that |a(®)| represents the number of reactant particles needed for the /-th reaction. As we assume
|o¢|€ < 2, we obtain three scalings for the three allowable reaction orders:

. |a(l)| = 0 corresponds to a pure birth reaction. By Assumption 4.8, the scaling is ; i.e. a larger
system size implies more births. In a well-mixed model this would imply that as v and the initial
number of molecules are increased, we maintain a fixed rate with units of molar concentration per
time for the birth reaction to occur.

° |a(€)| = 1 corresponds to a unimolecular reaction. By Assumption 4.8, there’s no rescaling as it’s
linear. We assume the rates of first order reactions are internal processes to particles, and as such
independent of the system size.

e |a®| =2 corresponds to a bimolecular reaction. By Assumption 4.8, the scaling of reaction kernel
is v7'. As the system size increases it is harder for two individual reactant particles to encounter
each other.

5. MAIN RESULT AND EXAMPLES

We now formulate a weak representation for the time evolution of scaled empirical measures uf’j = %I/f J
with j =1,---,J and p; = —uf = E}le uf’jdgj. ,utc’j physically corresponds to the molar concentration
field for species j at time ¢.

For a test function f € C? (R?) and for each species j = 1,---,.J, let us define the generator

(L)) = DjAq f().

We'll focus on proving the convergence as ¢ — 0 of the marginal distribution vector

,1 ,2 ,J
(/J‘tc 7M§ 7"'7/1'15{ )

We make two final assumptions before stating our main result. First, to simplify the analysis we assume the
total molar concentration is bounded as ¢ — 0:

Assumption 5.1. We assume that the total (molar) population concentration satisfies Z'j]:l <1,u§’j> <

C(u) for all t < oo, i.e. is uniformly in time bounded by some constant C(u). In the remainder we abuse
notation and also denote generic constants that depend on this bound by C(u).

Remark 5.2. If we define the stopping time

(5.1) ¢ =inft> XJ:<1 m3 > Clu) b,

Assumption 5.1 essentially requires that P (TC = oo) =1 for all (. We have chosen to use the condition
of Assumption 5.1 instead of introducing the stopping time ¢ in order to simplify some of the arguments,
notation, and presentation. Because of Assumption 5.1, our main result, Theorem 5.5, does not apply to
reaction networks that include zeroth order birth reactions (i.e. reactions of the form @ — S;). Similarly,
reactions of the form S; — S; + Sy would be excluded since they also allow the possibility of unbounded
population growth. In order to include such reactions, one would need to introduce a stopping time like (5.1)
for when the total molar population concentration first exceeds C(u), and study its limiting behavior asm — 0.
Though we do not show it here, we conjecture that in these cases the large-population limit of Theorem 5.5 will
hold till time t ATy, where Ty is any finite time over which the solution to the limiting mean-field equations
is well defined (see [IMS21a]). For large-population limits of non-spatial stochastic chemical kinetic systems
a stopping time-based approach is carried out in [DK15], while for related structured population models a
stopping time-based approach is used in [BM15].

Note, assuming a fixed, finite number of each particle at t = 0, Assumption 5.1 would, for example,
always hold in systems with fully reversible reactions that do not create particles from nothing. These include
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reactions of the form S; +S; < Sy +5;, S;+5; < S;+ Sk, S;+95; < Sk, 25; < S, S; <+ S;, etc. Reversible
reactions like @ <+ S;, S; <+ S; +5;, or S; < 25; would again be excluded since they involve the creation of
new particles from nothing.

Remark 5.3. Let us now discuss the well-definiteness of the process {v¢}i>o (equivalently {us}i>0) as
defined via (3.1). For general reaction-networks, one cannot expect (3.1) to be well-posed for all times as,
for instance, one could have finite time blow-up (consider, for example, the standard ODE model for the
reaction 25; — 35;). On the other hand, for most biologically-motivated systems one does not expect almost
sure blow-up in finite time. In fact, for systems with the pure conversion reactions S; +S; < Sy + S,
one can check that our formulation is analogous to the formulation of [LLN19], where well-posedness of the
pre-limit Markov system is indeed established. Instead of trying to prove for which combinations of reaction
kernels and networks one has well-posedness, an open problem even for deterministic reaction-diffusion PDE
models, we have made Assumption 5.1.

While we do not prove well-posedness of {Vf}tzo here, a basic approach one could take to try to establish
it is as follows. We first note that between the times that two consecutive reactions take place, the number of
particles in the system is fived, and each particle moves independently by Brownian motion. When a reaction
occurs the number of particles changes, with the positions and types of reactants and substrates updated
based on the sampling, reaction and placements rules of (3.1) (see also the description after equation (3.1)).
Assumption 5.1 guarantees that the total population concentration stays bounded. The Markov property holds
because the sampling and placement rules at the next reaction time, say 7, depend only on the state of the
system at time T—. Hence, Assumption 5.1, together with the boundedness and reqularity Assumptions 4.1
and 4.2, is expected to lead to a well-defined process {v¢}i>o (equivalently {us}io).

As also indicated in Chapter 6 in [BM15], instead of Assumption 5.1 it should be sufficient to know that
for every T < oo we have the integrability condition E [SuPte[o,T] Ej:l <1, Vtc’j>p] < oo for an appropriate
p > 1 (together with appropriate boundedness and regularity of reaction kernels and placement densities). A
potential method for establishing this would be to build the process step by step. An outline for this process is
indicated in the related results of Chapter 6 in [BM15] (see Theorem 6.4 there), where one builds the solution
up to the time that the total population concentration reaches a certain threshold, and then proves that the
sequence of jump times goes almost surely to infinity as the aforementioned threshold tends to infinity. We
have chosen to make the stronger Assumption 5.1 in part to simplify some of the arguments for the a-priori
bounds that are needed in order to prove our main convergence result, Theorem 5.5.

We reiterate though; it is an open question to characterize all the possible general spatial reaction-networks
for which (3.1) is well-posed. In the remainder we assume that we have a reaction-network for which this is
the case, and, with that assumed, our goal is to establish the limit of {Mf}tzo as ¢ — 0.

Finally, we assume convergence of the initial molar concentrations of each type at t = 0 as v — oc:

Assumption 5.4. We assume that the initial distribution ,ug’j — {é weakly as ¢ — 0, where {g) s a
compactly supported measure, for all 1 < j < J.

We are now ready to state our main result. Let Mp(R?) be the space of finite measures endowed with
the weak topology and Dy, ra)[0,T] be the space of cadlag paths with values in M r(R?) endowed with
Skorokhod topology.

Theorem 5.5. (Main result) Recall that ¢ = (1/7v,n) and assume that in the prelimit v < oo and
n >0 Let T < Ty < oo be given with Ty to be specified later on. Assume Assumptions 4.1-4.7 for
the reaction kernels and placement densities, scaling Assumption 4.8, Assumption 5.1 (hence the initial
total population concentration is assumed to be bounded), Assumption 5.4, and that the reaction-network

is such that {(us*,- - ,utc’J)}te[QT] € D@jZIMF(Rd)([O,T]) is well-defined (see Remark 5.3). Then, the
sequence of measure-valued processes {(ué",--- ,uf’J)}te[oﬁT] € D®3_1:1MF(W)([O,T]) is relatively compact
in D®3121MF(Rd)([O,T]) for each j = 1,2,---,J. It converges in distribution to {(&, -+ &)} e €
C®:1_I:1MF(Rd)([O,T]) as ¢ — 0, where the limit is taken such that n > 0 for each finite v. Fach & is
respectively the unique solution to

(rety=(r.g)+ [ ((£,7)(@), €1 dn) ds
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_Z/ /Xma Ke(z (Zf )A“’M( ) ds
Bej a

K 1
(5.2) + Z ~/O~/§§(’-7) a(l)!Kg /Ym Zf Y| my (y| ) dy — Zf O ) XO[e ] (da) ds.
e=L+1 r=1

Here Ty is the mazimal time up to which the deterministic system (5.2) has a well defined solution.

Remark 5.6. In the companion paper [IMS21a] we study well-posedness and regularity of the limiting system
(5.2) and we present numerical studies related to the behavior of the pre-limit and limit systems. It is proven
in [IMS21a] that (5.2) always has an appropriate local in-time solution (i.e. there exists some 0 < Ty < 00)
and global in-time solution (i.e. Ty = o0) is established for specific reaction networks. We refer the interested
reader to [IMS21a] for details.

Remark 5.7. Given that weak convergence to a constant implies convergence in probability, we get that
Theorem 5.5 actually implies convergence in probability. Namely, for any § > 0:

éllgp [d®3]:1MF(Rd) ((IUJC)la e 7#C)J)7 (515 e ,gJ)) > 5:| =0,

where dgg_ vy may @ the metric for D®3_1:1MF(R¢1)[O,T], see for example Section 3.2 of [CSY20] for an expo-
sition in an analogous situation.

Proof of Theorem 5.5. Let ¢ be the P—law of (uS!,---, us7), ie.
WC(A) =P [(/Lglv T ,‘qu]) € A] )

forall A € B(D@jZIMF(Rd)([O, T1)). This means that for all ¢ € (0,1)? we have that 7¢ € M(D®3f:1MF(Rd) ([0, T])).

By the relative compactness of Theorem 7.7 we get that every subsequence 7¢* has a further sub-sequence
7¢m which converges weakly. Lemma 7.1 says that any limit point 7 of 7%m is such that = = O(er 7y
where & satisfies the evolution equation (5.2). Lemma 7.10 proves uniqueness of solutions to Eq (5.2).
Therefore, by Prokhorov’s theorem 7¢ converges weakly to 7, where 7 is the distribution of (¢!,---,¢7),
the unique solution to (5.2). That is to say that (u¢!,---, us”) converges in distribution to (¢!,---,¢&7).
Lemma 7.6 proves that for each j =1,---,J, {f{}te[oﬂ € Chpre)([0,T]). This concludes the proof of the
theorem.

O
Remark 5.8. If the limiting measures (£} (dx), - - , &/ (dz)) have marginal densities (i.e. molar concentra-
tions) (p1(x,t),--- ,ps(x,t)), then the marginals are expected to solve the following reaction-diffusion partial

integro-differential equations (P]DES) in a weak sense.

Oipj(x,t) = DjAgpj(w,t) — ( ,Z/GW) Ky(x) (Hk T2 pr (20 t)) di)

ﬁe;

L
69+ Y qm [, @ (], 5z<y£j>>me<y|ce>dy) (e o, 1) de
T IS

(=L+1

Remark 5.9. We note that we have slightly abused notation in Eq. (5.3). In particular, the expressions

fém(jgj)) cee digj) and f5z(y£j)) cee dy,(«j) are used to represent replacing xg) and y(J) with x through the

formal action of the d-function. That is to say for a given function f,

8o () f(29)) dz) = f(x).

Rd

Similarly, for simplicity of notation we have written

/ 5:(y)mu(y | &) dy,
cY®)
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where the integrand formally contains products of shifted §-functions when using the specific choices of place-
ment densities given by Assumptions 4.3 through 4.6. To write the precise and rigorous version of such
expressions, we use the substitution

y 5z —y)d(y — &) dy := 6(x — &).
In Appendiz E we show how the nested integrals on the second line of (5.3) simplify using this identity
for several choices of my that appear in the following examples.

To illustrate our main result, we now present a few examples to illustrate the limiting PIDEs for basic
reaction types:

Example 5.10. A system with birth and death reactions for one species, A. Let R1 be the death reaction
A — 0 with probability per time K] (x) to happen for a particle at x. Since Ry involves only one reactant
and one species, ay1 = 1. As there are no products, 11 = 0. Let Ro be the birth reaction ) — A with
constant probability per time KJ to happen. When one birth event occurs, the position of the new A particle
is sampled from the placement density ma(x). For Ro there are mo reactants, so az1 = 0. One product A
particle is generated, so Ba1 = 1. There are two types of reactions in total, L = 2, but reaction R1 has no
products so L=1.

Let the spatial number distribution for particle A at time t be v>' € M(RY), with v& = v&'8s, € M(P).
In this ezample, we would have AV [1¢](dx) = v&'' (dz). By (3.1) v¢ satisﬁes

(106}, = (1) + / (a8 VD G (HIGS )aiws + / Z DzaQQ (H (S )ds

— 76 i , X1, , x 1 i ) dN- ) '79
/0 /(N\{O}) /R+ <f <HQ<V:‘3>,51>>13 fi< (a8t X Losay g sty MVi(5:4,0)

t
(5.4) +/ / / <f, 6(x751)>15 X 1{91SK;} X 1{92§m;}(m)}dN2(8,$,91,6‘2).
0 JRYJRy JRy

If the limiting spatial distributed measure for species A has marginal density p(x,t), by Remark 5.8 it
must solve the following reaction-diffusion equation in a weak sense:

(5.5) Op(z,t) = D1Agp(z,t) — K1(x)p(z,t) + Kama(z).

Remark 5.11. Note that Theorem 5.5 does not apply to reaction networks including zero order birth reac-
tions. We conjecture it can be extended to allow zero order reactions on some deterministic time interval
[0, Ty] by introducing and analyzing the limiting behavior of the stopping time (5.1), assuming that the place-
ment density for birth mj(z) is in L*(R?), and assuming that mJ does not depend on 1, i.e. mJ(x) = ma(z).

The latter conditions ensure the product particle is most probably placed within a compact subset of R?.

Example 5.12. A system with three species, A, B and C that can undergo the reversible bimolecular reaction
A+ B2 C. Let Ry be the reaction A+ B — C, with K (x,y) the probability per time one A particle at
position x and one B particle at position y bind. Once reaction Ri fires, we generate a new particle C
at position z following the placement density mq(z|z,y). For Ri, the reactants are particle A and B, so
a1 = aja =1 and ayz = 0. The product is particle C, so that 511 = B12 = 0, while f13 = 1.

Let Ry be the reaction C — A+ B, with KJ(z) the probability per time one C particle at position z
unbinds. Once reaction Ra fires, we generate a new A particle at position x and B particle at position y
following the placement density mo(x,y|z). For Rao, the reactant is a C particle, so a1 = aza = 0 and
o3 = 1. The products are A and B particles, so that Ba1 = Baa = 1, while fa3 = 0.

Let the spatial number distribution for A particles at time t be Vtc’l € M(RY), the spatial number
distribution for B particles at time t be Vtc’Q € M(R?) and the spatial number distribution for C par-
ticles at time t be Ve e M(Rd) Then v¢ = V&8s, + 205y + 13053 € M(P). We have that
MO (de) = vE (dxgl)) (dx@)) and X [Lf](dx) = Vf’?’(dxgg)). V¢ then satisfies

s (i)
(5.5), = (1.%) +Z/ (ot ), VD G (HIGE )aws + /O > DzaQ2 (Hi (0 ))ds
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s 1U§1 -0 J (62 +5z,S >AXIi L6l
//1\1\{0})2/Rd/ﬂh/R+ (H( ):S1)  C(HL (v$),S2) T U(#:88) /5 7 <105 )}

X L)y X Loy <iq (08,13, 62))) X Voamy (o115 61, 1, (v62))y AV1(5, 4, 5, 2,61, 02)

t
+/ / / / <f,5 , + 0 , ) L83 > o x1 L83
0 JN\{0} JRIxR JRy JR, (25 (v:52) (HGwe™)58) ) p {k<(1082%)}

(56) X 1{91SK;(H6(V§L3))} X 1{02§><m;’(m,y\Hé(fo’))}dN2(S’ k, x,Y, 917 92)

If the limiting spatially distributed measures for species A, B and C have marginal densities (p1(x,t), p2(z,t), ps(x,t))
respectively, by Remark 5.8 they must solve the following reaction-diffusion equations in a weak sense:

on(e.0) = Didapn(a.0) ([ et dy) e+ [ o) ([ mateionty) paGent) ds

Rd

01t t) = Dt a(t) = ([ KaCo)on (o)) i) / Ko(e) ([ matolo)is ) pate.)

Oep3(z,t) = D3 ps(z,t) — Ka(2)ps(z,t) + /nw Ki(z,y)mi(z|z, y)p1 (2, t)p2(y, t) dz dy.
(5.7)

Example 5.13. A system with two species, A and B, that can undergo the reversible dimerization reaction
A+ A= B. Let Ry be the reaction A+ A — B with K| (x,y) the probability per time one A particle at
position x and another A particle at position y bind. Once reaction Ry fires, we generate a new B particle
at position z by sampling from the placement density my(z|x,y). For Ry, the reactants are two A particles,
so a11 = 2 and aya = 0. The product is one B particle, so that f11 =0 and B12 = 1.

Let Ry be the reaction B — A + A, with KJ(z) the probability per time one B particle at position z
unbinds. Once reaction R fires, we generate two new A particles at positions x and y by sampling from the
placement density ma(x,y|z). For Ra, the reactant is one B particle, so aa; =0 and cse = 1. The products
are two A particles, so that S21 = 2 and [2o = 0.

Let the spatial number distribution for A particles at tz’me t be I/tC e M(Rd) and the spatial number
distribution for B particles at time t be ve? € M(R?). Then v¢ = v 1(5 L+ 12050 € M(P). We have that

AD e (da) = v (dxgl))uf’l(dxél)) and X[V (dx) = Vf’z(dxgz)). e then satisfies

(7.6, = (1.5) +Z/ <o A\/2—6£( )W + / Z Dzac22 e ))ds

P
i>1

t
7_6 i > -4 J s 1) 2 X 1,. . ,
“ /<N\{o}>z . /R /R (=Bmgusn 0 = sy oo+ 0w ), X Licysuasy
X

Los<ah (15,81, 1,5 0)) X Lo <my (211508, 15,510y AN (3,5, 2, 01, 62)

t
+/ / / / fa(sz, +6 R -0 62 R x 1 62
0 JN\{0} JRIxRe JRy ]R+ < (@,81) T Oy, S1) = O(m ( 57)752)>P (k< (1,08:2)}

(58) dN2(37k7$79791792)'

1{91gK;(Hg(u§f))} {02<m2 (wylHE (v52))}

If the spatially distributed measures for species A and B have marginal densities (p1(x,t), p2(z,t)) respec-
tively, then from Remark 5.8 they must solve the following reaction-diffusion equations in a weak sense:

on(o.t) = Dipn(ot) — ([ Kot ay) o) +2 [ Kale)

1
atp?(zvt) = DQAZPQ(th) - KQ(Z)pQ(th) + 5 / Kl('rvy)ml (Z|Ia y)pl(xa t)pl(ya t) dx dy
R2d
(5.9)

ma (@, y|z>dy) pa(.t) d

R4 R4
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6. EQUIVALENCE BETWEEN MEASURE VALUED FORMULATION AND FORWARD KOLMOGOROV EQUATION

In this section, we demonstrate equivalence of the measure-valued stochastic process formulation (3.1) to
the forward Kolmogorov equation representation of the volume-reactivity model popularized by Doi [D76a,
D76b]. For ease of notation, and brevity of presentation, we restrict attention to the special case of the
reversible A + B & C reaction, i.e. Example 5.12. Though we do not show here the general case, we note
that this reversible example includes the key complicating components; two-body particle interactions and
changing (total) numbers of particles. It is therefore illustrative of other reactions that may only involve
particle creation (e.g. @ — A), or involve interactions but preserve particle numbers (e.g. A+ B — C + D
or A — B).

Denote by K] (z,y) the probability per time a particle of type A at x and a particle of type B at y
react, and by KJ(z) the probability per time a particle of type C at z dissociates. We let m{(z | z,y) be the
corresponding placement density for the A + B — C' reaction, producing a particle of type C at z, given a
particle of type A at x and a particle of type B at y. Similarly, mJ(z,y | z) is the placement density for the
C — A + B reaction, producing a particle of type A at x and a particle of type B at y given a particle of
type C at z respectively.

6.1. Weak MVSP Formulation for the A+B <= C Reaction. The weak MVSP representation is given
by (5.6). Taking expectation we obtain for the mean

BI(7,) ) =BI{£.15) ] + Bl / Z DS )as]
(1081 (1,08%)

/ Z Z/ =0 w),80) ~ Oy C2)S>+‘5*“5*>

><K7(Hg2 &), HL (0 ))m’f(z|Hé( ), B (0 ))dzds]
(1,08:%)

WV

/ Z 2d fé(xsl 0.5 ~ (S(HIC c3)53)>P

e R

x Ky (H (v C’3)) mg (x y|HQ( )) dz dy ds]

= El{1.08),) 4L (£705)as

+IE/ /de Fla,81) = f(y,S2) + f(z,83) K7 (z,y) m? (2|, y) v&* (dz) 152 (dy) dz ds)]

(61) P[50 700,82 £ 89) K3 ) mile, 12 dody 2(02) s

In Eq (6.1), we denote Lf(Q,S;) = D;jAqf, for all j = 1,2,3. As we shall demonstrate soon, this is
consistent with what we expect from the forward equation (6.2).

6.2. Doi Forward Kolmogorov Equation for the A + B <= C Reaction. We use a notation consistent
with that introduced by Doi [D76a, D76b]. Suppose A(t) is the stochastic process for the number of species
A particles in the system at time ¢, with B(¢) and C(t) defined similarly. Values of A(t), B(t) and C(¢) will
be given by a, b and ¢ (i.e. A(t) =a). When A(t) = a, we will let Q¢ (t) € R? label the stochastic process
for the position of the {th molecule of species A. gf* will denote a possible value of Q%(¢). The species A
position vector when A(t) = a is then given by

Q" (t) = (Q1(t), ..., Q5() € R™.
Similarly, g® will denote a possible value of Q*(t),
Q“(t) = q" = (qf,---,4q)-
Q(1), Qb (1), Q°(t), Q-(t), ¢°,, q5, q° and q° will all be defined analogously. The state of the system is

then a hybrid discrete-continuous state stochastic process given by (A(t), B(t), C(t), @AY, QFW, Qc(t)).
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With this notation, denote by p(**)(q®, q°, q¢,t) the probability density that A(t) = a, B(t) = b and
C(t) = ¢ with Q*(t) = q%, Q"(t) = q° and Q°(t) = q°. We assume that particles of the same species are
indistinguishable, that is for 1 <1 < I’ < a fixed

(a,b,0) (qtllv" '7qlafl?qlaaqzl+la' "7ql%715q?;aq?;+15' s aqqubvqcat)

_p(mb)C) (q%w' -=QZ1717‘I7/=(121+17- '-7(17/717(1217(17417-- '7qguqb7qcat) )

with similar relations holding for permutations of the molecule orderings within q® and q¢. With this
assumption the p(*%) are chosen to be normalized so that

p

[ olNe oo o}

(a,be) (a b c c b ol
ZZZ{alblcl Rda/Rdb/Rdcp (%, 4", q% t) dq®dq’dq”| = 1.

a=0 b=0 c=0
Here the bracketed term corresponds to the probability of having a given number of each species, i.e.

1 a c a C C a
Pr[A(t):a,B(t):b,C(t):c]zW/Rd /R/R P (q*,q", q°,t) dq° dq" dq".

Let P(t) = {p(®»®Y(q%, q°, q°, t)} %, c—o denote the vector of all the probabilities. The forward equation
(see [IZ18]) is given by the coupled system of PIDEs that

(6.2) HP(t)=(L+RT+R)P(t).

Here the linear operators £, Rt and R~ correspond to diffusion, the forward association reaction and the
reverse dissociation reaction respectively. The diffusion operator in the (a,b, ¢) equation is given by

(6.3)  (LP()(apo)(a" 4" g 1) <D12A +D22Ab +D32A ) @b)(q*, q",q°, 1),

where Agp denotes the d-dimensional Laplacian acting on the q/ coordmate, and Agy and Age are defined
similarly. (Recall Dy, Do, D3 are the diffusivity of species A, B. and C respectively.) To define the reaction
operators, RT and R~, we introduce notations for adding or removing a particle from a given state, g®. Let

qaUm = (qtllv"'vqgam)a qa\qzl = (qila'"7qla—1aqzl+17"'7qg)a
which correspond to adding a particle to species A at x, and removing the [th particle of species A respec-
tively. With these definitions, the reaction operator for the A + B — C association reaction in the (a, b, ¢)
equation is
(6.4)

(RYP(t))(ap.0)(a",a" a"1) (ZZK” a’ q,) )P(“’b’c)(qa,qb7q°,t)

=1 m=1
(&

+ Z [/de m(qC |z, y) K (x,y) plt e (g Uz, g Uy, ¢° \ qfl,t)dmdy:|,
=1

while the reaction operator for the dissociation reaction C — A + B in the (a, b, ¢) equation is

(6.5) (R™P(1))(ape)(q",q",q° 1) (ZK” qn> (@0:9(q% q", q°, 1)

+ Z Z U (af' anlz) K3 (z)p“ 71 (g \ qf' @" \ g 4" U 2, 1) dz} ,

=1 m=1
This representation is consistent with the classical second quantization representation of Doi [D76a, D76b].
Suppose the initial condition P(0) = Py = {poa b C)}a p.e—o 18 fixed, and we have (ao, bo, co) particles of
A, B and C respectively at time zero. We consider the evolution of P(t) as a vector in a L? Fock Space
F = L*(X) equipped with inner product defined by (C.1), where
agVbo+co
X — @ Rlatbto)

a,b,c>0
a+b+2c=ap+bo+2co
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Remark 6.1. For the A+ B = C reaction, the quantity A(t) + B(t) + 2C(t) = ag + by + 2¢ is always
conserved. For our erxample, X is therefore a finite sum of Fuclidean spaces over a,b,c € Ny such that
a-+b+2c=ag+ by + 2¢.

To simplify the calculation of regularity results for (6.2) for comparison to the forward equation, in this
section we make

Assumption 6.2. We assume the reaction kernel function K (x,y) for the A+ B — C reaction only depends
on the separation of two reactant particles, |x—yl, denoted as K (z,y) = K(|x—y|). Furthermore, we assume
K(jw|) € L*(R?), w € R4,

Assumption 6.3. We assume the function p(|w|), w € R?, defined in Assumption 4.6 for the C — A+ B
reaction, is in L?(R?).

Under these two assumptions the following regularity theorem holds, for which the proof is given in
Appendix D.

Theorem 6.4. Given Assumptions 6.2 and 6.3, there exists a unique global mild solution to (6.2), P(-) €
C([0,00); H*(X)). That is, P(t) satisfies

¢
P(t) = e“ Py + / e(t*S)E(RJrP(s) + R~ P(s))ds,
0

with the initial condition P(0) = Py € HY(X). Further, if p(()a’b’c) > 0 for each (a,b,c), and satisfies the

normalization condition

oo o0 o0

1 (a,b,c) a b _c c b al| _
ZZ [Q'b'c'/ﬂQda\/]%db/Rdcpo (q,q7q)dq dq dq:|_17

a=0b=0 c=0

then P(t) is always non-negative for all t > 0 and the same normalization condition holds,
- - - 1 a (& a (& (& a
> > —/ / / P (q% ", q°,t) dg° dg®dq"| = 1.
9—0 b—0 =0 alblc! Rda JRdb JRde

Note, as a + b+ 2c is conserved, see Remark 6.1, the above summation is only over a finite set of indices.

6.3. Equivalence of the two approaches. Now, we are in position to compare the two approaches as
described in Sections 6.1 and 6.2. For this purpose we have Proposition 6.5 and Proposition 6.6 whose proofs
are deferred to Appendix C.

Proposition 6.5. For any M € N, any function o € C>°(RM) and any set of functions { fm}M_, € CZ(P),

the evolution equations satisfied by E[p (<f1, Vf> . <f2, l/f> PEEEIS <fM, l/f> )] are the same when derived
p p p

using either the formulation of the weak measure-valued process representation, or the formulation based on

the forward Kolmogorov equation. This implies that these two approaches produce the same statistics.

By Proposition 6.5 we know that the measure-valued formulation and the forward Kolmogorov equation
yield the same statistics, at least when the statistics involve smooth test functions. We next derive equations
for the mean particle spatial field density of different species at time ¢ in Proposition 6.6. Note that Propo-
sition 6.6 can be viewed as a special case of the equations derived in Proposition 6.5 by formally setting
M =1,¢=1and fi = du,s,), f/1 = d(y,5,) OF fi = (2 s,) respectively for representing the spatial field
density for species A, B, and C. Using the weak measure-valued process representation, we do not show here
but expect that one can make this rigorous by introducing appropriate mollifiers and taking the mollification
to zero afterwards. For simplicity, we instead use the formulation via the forward Kolmogorov equation,
which for deriving the mean density fields in Proposition (6.6) does not require the introduction of mollifiers.

Proposition 6.6. Let A(x,t), B(y,t) and C(z,t) denote the spatial field number density in the particle
model at time t for species A at position x, B at position y and C at position z respectively. Under the
assumptions of Theorem 6.4, the evolution equations for their expectations at time t satisfy

OE[A(z,1)] = D18 E[A(z,1)] - » K| (z,y) E[A(z,t)B(y, t)] dy
17



+/Rd [ 9 ma (x,y|z) K;(z)dy} E[C(z,t)]dz,
OiE[B(y,1)] = DaAyE[B / K7 (2.) ElA(z, 1)Bly. )] da

+/Rd [ ™2 (z,y|2) KS(Z)de] E[C(z,1)]dz,

OE[C(z,t)] = DsA:E[C(2,1)] — K7 (2) E[C(2, )] +/de 1 (zlz,y) K (z, y)E[A(z, t) B(y, t)] dz dy.
(6.6)

7. DETAILS OF THE PROOF OF THEOREM 5.5

The purpose of this section is to prove the various lemmas and theorems cited in the proof of our main
result, Theorem 5.5. Without loss of generality we assume that L = 0 in this section. The case when L > 0
follows by similar arguments as we now give in the L = 0 case.

To rigorously determine the large-population limit of the MVSP, we use the martingale problem approach
for studying solutions to stochastic differential equations developed by Stroock and Varadhan [EK86, SV06].

The proof is organized as follows. In Subsection 7.1 we provide the path level description of uf’j , analogous
to (3.1) for Vf , and in Subsection 7.2 we derive equations for its expectation. Assuming that the large-
population limit exists, its identification is presented in Subsection 7.3. Then, in Subsection 7.4 we prove
that the limit exists by proving that the sequence of measures is appropriately tight. We conclude in
Subsection 7.5 by proving that the limit equation has a unique solution. Collectively, these results imply
Theorem 5.5.

7.1. Path level description. Using that we can write the marginal distribution (molar concentration) of
species j as

18 (dz) = Opgt, (o (), G € {1, T},

we have, analogously to (3.1), the coupled system

<fa U§7j> = < Z/ {i<y (1,087 }\/ﬁBQ (H'( WLS NAW; + / il ?f (”Y,ng))d

7,>1

gy ﬁ@]
) - j . 6 -
/ /(E) /YU-’) /}R2 <f s Z H&g) i) + - Z m> Ms

r=1
(7.1)
1{iesz<f>(w§7)} x 1{91§K2(P(’f)(7#§7,i))} {92<m (y | PO (yp ))}de(SviayvelaGQ)v
for je{l,...,J}.
In this formulation, one important fact is that for fixed ¢, ~ <1, u§ﬁ> is finite by assumption, which

provides exchangeability of the sum and Lebesgue integral.
7.2. Taking expectations. By taking expectation on (7.1) we obtain

tv<1’”§ > 82f

]E[<fa Nf’j>] = E[<f7 Mg’j>] +E[% ; Digzoz Q2 (H' (vu?))ds / /Y( o Z

0 €Q® (yué_

aj Bej

Zf Hy (yu$)) +Zf D)) < K7 (POus_ ) < me (P (3 0)) dy ds),
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;HS

[<f,u0u +E//R” Z JaQQ D15 (i (@) ]

i=1
L auj
‘ZE/ 2 <Zf(Hé‘ Wﬁj))) K7 (PO 0) ([t (yPO6us ) dy) as
T e sy \r=1 Y
Bej
/ > K (PO0m) / > 1Dy | md (yPO (i 0)) dy | dsl,
07 $€QO (yué ) YO\ 5

- E[<fv W57 + | / ((£,£) (@), 1S (d)) s
L o
_ ;E[/ /X( . Z <Z_} f(xgﬁ)) K () py (8 4(d) ds],

+;L1E[/ /. 0 S /. BZf )| ) dy | Spe () ds]
= B(f, 1§ )] + ] / ((£3)(w), 89 ) ) ]
—ZE [ o (Zf ) (@) XOpS_](dw) ],
+ZE [ @ [ (> B £ | i (1) dy | XOpS_ (i) ds]
=E[<f,u§’j>]+E[ / (6,1 w)7u§’](dw)>d81

S [ | [, (2 B £69) | mi ] 2) dy—if(x@) N dz)ds],

(7.2)

where in the third equality we use the assumption that fY([) mj(y|z) dy = 1. For the second to last equality
Yica® (v ) P s oy () 10 fze Sty AO [ ](dx) using
the definition of u$7(dz) and A¥[-] (see Definition 2.6), and removing probability zero sets where two

particles with the same type are simultaneously located at the same spatial location (see Definition 2.7).
Note, by definition the allowable reactant index sampling space Q) (see Definition 2.5) orders indices for

particles of the same species. In converting from integrals involving the positions of individual particles (i.e.
573(@)(7;567,@') (dx)) to integrals involving product measures (A [u$_](da)) we need to remove the ”diagonal”
indices by means of integrating on X® (see Definition 2.7) and normalizing by the total number of index
orderings, (a(O!).

we switch integrals of the form [,

7.3. Identification of the Limit. Inspired by Eq (7.2), we expect that if the weak limit, as ¢ goes to zero,
of the marginal distribution vector uf = (uf’l, uf’Q e ,uf"]) exists and is unique, then it will satisfy the
analogous equation. For this purpose, denote &; := (£},£2,- - ,&/) to be the corresponding limiting particle
distribution on R7*4 and &, = ZJ, ﬂ ds; to be the corresponding limiting particle distribution on P. Then

Jj=1
for each 1 < j < J, the following must be satisfied,

(re)=(r.e)~+ / (1) (w). o) ds
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Bej Qg

L t 1
(7.3) +;/0 /§§<@) mKe /Y@) Zf me (y|x) dy — Zf @) | AO[,](d) ds

r=1 r=1

Existence of the limit is shown in the tightness Section 7.4, while uniqueness is shown in Section 7.5.
Let S be the collection of elements ® in B(®7_; Mp(R?)) i.e., bounded functionals) of the form

(7.4) P(p) =@ ((f1 ), (f2, 1) - (fir, 1))

for some M € N, some ¢ € C®°(RM) (f,. 1) = ({frm, 1) -+, (f1m. p”)) where each {f;m} € CZ(R?)
forj=1,---,Jand m =1,--- M. Then S separates points in ®3’:1MF(R‘1) (see Chapter 3.4 of [EK80]
and Proposition 3.3 of [CSY20]). As long as the limiting process exists and is unique, to identify the limit,
it thus suffices to show convergence of the martingale problem for functions of the form (7.4).

For ® € S of the form (7.4), p := (u',p* -+, p7) € @/_ Mp(R?) and p = Z;-le pés, € Mp(P) with
each p/ € Mp(R?), define

defZ Z ((from) s (fos 1) o (fars 1)) { (Lofjms i)

5I(m 1)«J+j

m=1 j=1
L 1 ﬁ@] aj ‘
+ ; ‘/X([) (X(@[Ké /(z) Zl fg, J) my (y | :13) dy — Zl fj,m(l'gqj)) )\(f) [M](dm) }

(7.5)

We claim that A, which is the generator of the system described by (7.3) for 1 < j < .J, will be the generator
of the limiting martingale problem.

Lemma 7.1 (Weak Convergence). For any ® € S and 0 <ry <rg---<ry =s<t <T and {¢,}}V_, C
B(®3]:1MF(Rd)), we have that

+ w

(7.6 i 1] 0(0a) — 0u$) ~ [ (A0 ar f TT S, ] =0
s w=1

Proof. For each j =1,---J, we can rewrite Eq (7.1) as

(Ff?y = (1087 ) + M7 + Al
where

a1 = [, an) a

L Be; o,
(7.7) +ez_;/0t /s”g(f) Q%KZ x /W) Zl (y9) 7 (y|x) dy — Zf ”)) )\(e)[ug_](dw) s,
and

MY = Z/ (i< (18 \/——g2 H' (ypé?)) AW
7=
g | Bo |

+Z/ /(e) /w> /Rz <fvﬂs_ ——; H& wsj)+ ;5 <a)> < u§f>

(7.8) Lisea® sy X Lonsict (PO (is_ip)y 1{923mg(y\p<f>(w§7,,-))}dNe(s,i,y,91,92),

is a square integrable martingale (See Proposition 2.4 in [NW14]) with quadratic variation

(MY, = / ( e UACIAS >>)2ds
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aj Bej

+Z/ /Y(m”y Zf 7”5’] +;fyr

{i em@) (vué )}

x K] (7’“) (ws_,i)) x my (yIP“)(wﬁ_,i)) dy ds,

1o (95
< <2D3<ax) ’“S>d8

1
* Z / L. 112, oyt + ) K7 (PO S )

{i em@) (vué)}

m (| P (yus_.3)) dyds,

OISy o :
1 ) Z||f||md><a@+m]> [= ¥ & (Poaa)a

{€Q® (yuS )}

;
CD Iy :
A0 + ol |f||cb<Rd)Z [ P,
{zem@)(ws )}
(7.9)
CONUS Ny, OO, e
Cy (R )C(M)+ ( ) || ||Cb(R )C(M).

- Y Y
The quadratic variation is therefore uniformly bounded and goes to 0 as ¢ — 0 (v — o0) since f and its

partial derivatives are uniformly bounded.
Now define M = /7 + DI where

fig _ / % ) i
et] - Z/ {z<y IHCJ } 2D 8@ H 7/1‘5 J))dW

1>1
(7.10)
is the continuous martingale part and
Qg Be]
@ﬂ] _ / / / / , - 5 < C,j>
Z @ Jyw Jr2 ! MS_ ; Hg 4 J) Z ) s
(7.11) X Liicaw (vus )y = Lio, <y (PO (vus_ o)) 1{92@2@\7><f><w§,,z'>)}de(S=i’yﬁl’@?)’
is the martingale part coming from the stochastic integral with respect to the Poisson point processes. Here
for simplicity of notation, we let
o 1 g 5@
£, f,us? 5.4 01.0-) = ¢Ji _ — 5 5 < C,j>
g (7 yY,01, 2) fu/l's— 7; H&;)’Wf’j + - Z @) y Mg

Licawus )y ¥ Lo, <KV(7’“>(W§ DN X oa<m? (1 PO s )

Zf( it ws’])Jer( @)

(7.12) {iesz<@>(w§,)} x 1 {0, <K} (PO (vué_ )} {92<m (I PO(ué_0))}

which represents the jumps and is uniformly bounded by (’)(%) With some abuse of notation we shall write

g"f+ for the vector (g% fm ,gé’f’”g"]). Then (7.11) becomes

ZDf’] Z/ / / / fon? (s, y,91,92)ng(s 1,y,01,02).
@ Jyw Jr2
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Now we apply Ito’s formula (See Theorem 5.1 in [NW14]) to ®(p$). We obtain for 6 = (61, 65),
_ Oy

5I(m71)*J+j

@06)—@0@»—/(A@xurmu-/ (CFrob)  (Facps) o (o i) defn

m=1 j=1

M
t (9290

I2 .

S m= 1] 1 -7 (m=1)xJ+j

¢, . ¢
/ /“) /YMJ /R2 fluHT gé,fl,u (T,l,y,ﬁ),...,<fM,u$>—i—g‘}’fM’“ (r,z,y,@))

((FropS) s (fos €)oo (far S))) dNo(r, 3, y, )

1B (o g ¢, .
/ /(@) /Y(e) /]R2 fl’uT eflyli (Svlayve)v"'7<fM7/‘l’$>+g£1fM1H (S,Z,y,@))

((f1, N$> (f2, N$> S N$>) d<efj’m’j>r

M J
— o ((fro ) (o) o (far, ) = D0 D ghamn” i,yﬁ)ﬁ ((Fromd) s (i)
m=1 j=1 m—
AN, (s,i,y,0)
ﬁ;;;/%mwﬁmwmm@mmwm
Bej
1
o wme@ | [ (S i) ) o 12) e o)y | X s
5
= Yo ag
k=1
(7.13)

We now use the Skorokhod representation theorem (Theorem 1.8 in [EK86]) which, for the purposes of
identifying the limit and proving (7.6), allows us to assume that the aforementioned claimed convergence of
uf = (uf’l, u§’2 S uf"]) holds with probability one in the topology of weak convergence of measures. The
Skorokhod representation theorem involves the introduction of another probability space, but we ignore this
distinction in the notation. To show (7.6), it is then sufficient to prove that the left hand side of (7.13) goes
to zero in probability. With this goal in mind we proceed with proving convergence in probability to zero
for AS(t) for k = 1,--- 5.

By Lemma B.2, we immediately have that

lim sup E[AS(t)] = 0.

¢—0tefo,1)
In addition, notice that AC( t) and AC( t) are square integrable martingales. In fact, by (7.9), (7.12) and the
fact that the jump size is uniformly bounded by (9( ), we have that

lim sup E|AS(t) + AS(t)]> = 0.
¢—0¢ef0,1)
For similar reasons, we also have by (7.10) that
lim sup E|AS(t)] =0,
€—=0¢e0,1]
and by (7.12) that

lim sup E[AS(¢)| = 0.
€—=0¢e0,1]

We then have that the left hand side of (7.13) goes to zero in probability, concluding the proof of the lemma.
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7.4. Tightness. Recall that Mp(R?) denotes the space of finite measures endowed with the weak topology,
and denote by M l'p(Rd) the space of finite measures endowed with the vague topology. In this section, we

prove tightness of the measure-valued processes {Hf’j}te[o,T],j =1,2,---,J on Dy, (raey[0, 7], the space of
cadlag paths with values in M r(R?) endowed with Skorokhod topology. Towards this aim, we first show
that the processes {uf’g}te[O)T],j =1,---,J, are tight on ]D)M%(Rd)[(), T].

7.4.1. Tightness in Dy ray[0,T]. It suffices to show that the real-valued processes {<f, uf’j>}, j=1,---,J,

for any test function f(z) € C2(R%), which is dense in Cp(R?), are tight in Dg[0, T, see [S89]. In establishing
this we use the Rebolledo Criterion [AM86] (Lemma 7.4) and the Aldous Condition [D78] (Lemma 7.3).

Lemma 7.2. For any T >0 and § > 0 , there exists constants C and C' such that for any pair of stopping
times (o,7) with0 <o <7 <0+ <T, we have

E[(M/T)_ —(M7T7) 1< C6.
and
E[lA77 — AP < C'6%,
forj=1,---,J and AT | M5 follow the definitions (7.7), (7.8) respectively.
Proof. Following (7.9), we can obtain that

;HS

E[(M7)_ — (M) ] = / > ( (Hl(wﬁ’_j)))ZdS]

aj Bej

+ZE/ /Y(W Zf S (yué)) +;fyr

{ie Q“) (vmé_)}
% 17 (POpé_a)) < m] (y| PO (us_. 1)) dy s,
_ OBl = ollf 2y e
B Y

C(Dj) + C(K)L),
< Co.

From (7.7), we obtain

fid fid
E[|AL7 — A7) |/ (£, )(z). S (d) ds+ //Mww

5(1 Qg

| L |10 | i o) dy = 3250 | Nl ) s
r=1
L ..
<2 [ (Il us’J(dw>dS|2]+2E[|;/ [, ke @
=1v
Bej )

<\ L | w2 ) dy + 3010 | O o) dsf
r=1 r=1

< C(Dj)llfllcol(Rd>C(u) E[jr — o] + C(K)IIfIIQCg<Rd)LQC(u)4E[IT —o]?]
< C'82.
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Lemma 7.3 (Aldous condition). For any T > 0,1 >0, e2 >0, j =1,2,---,J, there exists § > 0 and ng
such that for any sequence (0n,Tn), ey Of pairs of stopping times with o, < 1, < T,

sup P{| (f, 7 ) = (f; ) | > 2,70 < 00 + 0} < e

n>ng
Proof. This follows as for 7, < g, + 0.
sup P{|M]7 — MIJ| + |A]7 — ALI| > eo}

n>ng

1 4 , 4 4
< sup 2—2E[<Mf’J> - <Mf’3>g + |A£7’f - A£j|2] (by Markov inequality)

n>ng €32 "
2
< ?(05 +C'6%) <e; (by Lemma 7.2 and when § sufficiently small)
2

O

Lemma 7.4 (Rebolledo Criterion). For eachj =1,--- ,J, the sequence of real-valued processes {<f, uf’j>}46(0)1)2
is tight in Dg[0,T] .

Proof. By assumption, we always have <1,u§’j>, j =1,---,J are uniformly bounded. Since f € CZ(R?),

we have

sup E[ sup |<f7u§’j> ] <oo
ISt tefo.T]

holds. Combined with the Aldous condition from Lemma 7.3, we obtain that, for each j = 1,2,--- | J, the
sequence of real-valued processes {< fousd >}<€(011)2 is tight in Dg[0, T] by the Rebolledo Criterion [AMS6].
O

7.4.2. Tightness in Dy, re)[0, T]. By the next Lemma 7.5, we're able to control the mass of measures outside
of compact sets so that we can go from tightness in D/ (re)[0,77] to tightness in Dy, (re)[0, 7.

Lemma 7.5. There exists a sequence of C2(RY) functions { fm(z)}m>0, in particular, fo =1, such that

fm(x) =0 when ||z|]] <m -1

fm(z) =1 when ||z|| >m
(7.14) 0< fin(z) <1 when m—1<||z|]| < m.
and furthermore, supp,>q ||fm(2)llc2ma) = SUPp >0 SUPLera <2 [D* fm(2)| < 00. For such sequence of
functions { fm () }m>o0,
(7.15) lim limsupE | sup <fm,utc’j> =0.
m—oo ¢ 40 t€[0,7)

forallj=1,2,---J.

Proof. Following [BMW12], consider the function 1(s) = 6s° — 15s* +10s® € C?([0, 1]). One can check that
$(0) = 1—1(1) = 9¢'(0) = ¥'(1) = ¥"(0) = ¥"(1) = 0. Now we define our functions { f,(z), * € R, m > 1}
as fm(z) =0V (||z|]| = (m — 1)) A 1). The derivatives of f/ s are uniformly controlled by the derivatives
of 1, thus this choice satisfies our conditions. For any € > 0, by Assumption 4.7, there exists a large enough
integer-valued radius R such that fr> R p(r)r¢~ldr < . As a consequence, for m sufficiently large

(st = (o) + 2289+ | () (@), a0)

Bej o

+i/t/ 1 Ky (x) / Zf () | m? (y|z) d _Zf @) | AO[E | (da) ds
= Jo Jxw ol ! v \ ;3 e oY Y = s ’

. . . t .
< <fm7#§d> + M+ ||fm||c§(Rd)/O <1{m—1gumu<m}7#§f(d1?)>
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Bej

Lot
1
—K (J) n d (f)
+gz_;/o /s”w) a®! /(,Z) > fmly my (y|z) dy | O[S ](d) ds,

r=1

< (o) 4 M+ sy [ (a2 )

L t Bej
1
E Ko ( (J) n d NG da) ds.
+é_1/0/§w> o e ( /w ;f ) | mi (y|z) dy [u$_)(dw)

(7.16)

Taking supremum over time and then expectation on Eq 7.16, we get

Bl sup (fnopf ) < BI(fmo 7))+ Bl sup [+ g Bl s / (Fues )42 ()

t€[0,T] t€[0,T]
5(1

| S / /X(e) alt KZ /Y(@) Z fm(y mg (y|z) dy A [,ug,](dw) ds].

tEOTZ 1 —

B, 7))+ EL sup 3779+ ol ae B s / (Fnea @) (@)

tel0,T
t

+ sup E[ sup C <fm_1_R(x),u§f(d:E)> ds] + C2T (e + Cn),
1<i<J  tefo,7]  Jo

( by Lemma B.1 studying the different cases of allowed reactions)

< E[ sup <fm,u§’j>]+E sup ’Mfmj’
te[0,7) te[0,T]

T .
€ [ sup Blsup (1o n(e)uS (o)) dt+ CaT (e + C),
0 1<i<J s€[0,t]
(7.17)
where €' = 2LC(K) (C(1) V 1), €1 = 2C V||l gz zey) and Gz = 2LC(K)C() |l ey

Let Yqﬁnvg = sup; <<  E [Supte[O,T] (<fm,,ut<’j>)}. By construction, we always have Y;" e < Y L <

YQQ’C. Due to the uniform boundedness of || fy,[|c2(re), we have that E (M) = (’)(;), uniformly for each
1 < j < J and for all m based on Eq (7.9). Without loss of generality, let’s consider the subsequence where
m is divisible by R+ 1. Then Eq (7.17) gives

T
Y <YM+ sup E[ sup IMf’”|]+01/ Mg 4 CT (e + O,
1<j<J  tel0,T)

<Y +2 sup 4/E (MFnd) +Cl/ (DLt 4 CyT (e + Cn)
1<5<J

( by Jensen’s inequality and Doob’s inequality )

m 1 T e
<Y, ’<+Cg—+02T(a+C77)+Ol/ v DL gy
val 0

m 1
<Y, ’<+03W+OQT(5+CW)
r R+1), ! 2(R+1
+01/ (- (B CLon= sor (e+cn)+cl/ Y2 Can )t
0 ﬁ 0
. 1
=Y, ’C+C’3W+C'2T(E+Cn)
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1 T t e
+OT ( —(R+1),¢ + C3— + CoT(e + O??)) + (01)2/ / v, 2(R+1)’Cdt1)dt
ﬁ 0 0

m 1 - 1
<Y+ Coz + CaT e+ Co) + T (YO (D€ Coz + CaTe + Cn))

T t t
m— 1 ! m—
+(C1)? / / (% 2(R+1)’<+03\ﬁ +CoT(e+ Cn) + Cy / Yy D )t e
0 0

1 R+1),
=Yg + C3— + CoT (e + Cn) + C1 T ( SEEDC L Oy 1 T (e + C )
o 5 O 7( n)+C \/— 2T( n)

(CiT)? ([ m—2(R41).¢ s [T Y mma(R)c
+ Y, +C3—=+CoT(e+Cn) | + (Ch) Y, S dtodtydt
\/7 o Jo Jo

2!

m/(R+1)—
(ClT) ( —(RH1),C ) (O T)ym/(BHD .
< v 4Oy 4+ CoT(e+Cn) ) + )7 y0,
2 (W 77+ OO ) -
[m/(2R+2))]

(C\T)' (yym-(rr1ig 1
< ; T (Y + C3ﬁ + CoT(e + Cn)

m/(R+1)—1 (ClT)l

I

+

1 C T m/(R+1)
(YO (R“lc+03—+chs+Cn) L S 0.6
I=|m/(2R+2)|+1 el (m/(R+1))!
T

Lm/(2R+2)]

m—|m/2]—-(R+1), (O )
< R+1).¢ 1
(Yb +C3ﬁ —i—CgT(E—i—Cn)) ( E T

=0

1 00 (C1T)l (OIT)m/(RJrl) 0.¢
+ (YOO’C + C3—=+ CoT'(e + Cn)> > : + Y
el I=|m/(2R+2)|+1 i (m/(R+1))!

m—|m/2]— 1
< (YO oo ZHE Gy Coz+ i (e + Cn)) T

1 o O T l CT m/(R+1)
+ (YOO’C—l—Csﬁ—i—CzT(a—i-Cn)) ( > (G\T) ) +( i 7) Y.<,

= ! m + !
I=|m/(2R+2)]+1 i ( /(R 1))
(7.18)

From Eq (7.18), we're able to obtain

lim limsup sup E [ sup (<fm’“§’j>)]

Mm—=0oo ¢ _0 1<j<J te[0,T)

m—|m/2]— ) 1
< lim limsup [(Yo Lm/2]=(B+1).C | 037 + CT (e + Cn)) e T
v

m—0o0 C%O

00 T T/ (R+1)
fpeeeeancen) (| £ ) e

I=|m/(2R+2)|+1

orm—|m — i = CT ! CT m/(RJrl) ~
IR CT (79 4 0r2) ( s @ ) L (cyny

= CyTe“ Te + lim
m— oo | |
- I=|m/(2R+2)|+1 i (m/(R+1)!

( where we denote Y} = limsup ¥;"¢ )
¢—0

= CQTGCITE.
(7.19)
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Here, in the second last row of Eq (7.19), inside the squared bracket, the first term vanishes as
lim Y7o Um/2=EED i limsup sup E K< m—|m/2]— ) C’j>)}
m—oo 0 m—o0 C—>Op1§j§p,] f [m/2]—(R+1)s Mo

= sup lim limsupE [(<fmem/2J*(R+1)’Mg)j>>}

1<G<T M0 (50

(720) = sup lim E<fm—\_m/2j—(R+l)7§g> =0.

The exchange of limits and supremum is allowed as the supremum is taken over the finite set {1,---,J}. We

can get the third line of Eq (7.20) from the second line because of Assumption 5.4 that the initial distribution
,ug’J converges weakly to &), for all 1 < j < J. Finally, we obtain the limit as zero using Assumption 5.4
on the &’s, i.e. that they are compactly supported. For the second term, Y, the initial concentration is

l
bounded, whereas (E;’im /4] 41 @) is the remainder of exponential function expansion, which will go

to 0 as m — oo. For the last term, as Y2 = lim SUP¢_,0 SUP1<j< g E {supte[O)T] (<1, ufj>)} is bounded by

C(u), the whole third term will vanish as m — oo.
Note, 'y and C3 do not depend on 7, R or €. This implies

o ()

is less than an arbitrary small number CyTe“ Te, ie. the limit is zero, for all 1 < 7 < J. O

lim limsupE
m— 00 C*)O

Let (&,€2,---,&/) denote the weak limit of a subsequence of (u¢, S, -+, u$7) in Dy, (reay([0,T1) as

¢ — 0, where we abuse notation and let (,utc’l,,utc’z, e ,,uf"]) also denote the corresponding subsequence.

Then

Lemma 7.6. {ff}te[o,T] is continuous process from [0,T] to both M}(R?) and Mg(R?) for each j =
1,2, . J.

Proof. By construction, see for example the proof of Lemma 7.1 and in particular (7.11)-(7.12), we have that
- - C
sup sup | <f, uf”> - <f, u§f> | <=
t€[0,T] fECFR™), |||l Lo <1 v
holds for some constant C' independent of 4. In addition, by Proposition 5.3 in Chapter 3 of [EK86], the
mapping v+ sup,e(o. 7y | {(f, ) — (f,v4-) | is continuous on Dy (ga) ([0, T) for each f € Cf (RY). Then, by
Theorem 10.2 in Chapter 3 of [EK86], we obtain as we take ¢ — 0, that {g{}te[w is continuous process
from [0, T] to Mp(R™). Next, we'll show that {&/}icp0,7] € Darp(re)([0,T]), is a continuous process from
[0,T] to Mg (R%). To this end, we need to be able to control what happens to the total mass of the measures
(see also [BMW12]).

Adapting the notations in Lemma 7.5, let’s define compactly supported functions fy,,» = fm(1 — fr).

Notice that fy, , will converge monotonically to f,, as r — co. Then

(7.21) E{ sup <fm,ru§g> =lmE( sup <fm,T,uf’j> <liminfE | sup <fm7utc’j> < oo
te[0,T] ¢—0 t€[0,T] ¢—0 te[0,T]

by the continuity of the mapping v — sup;c(o 1) (f, v4), giving the first equality, and monotonicity of fy, » <
fm, providing the second inequality.
From Eq (7.21), taking the limit » — oo first and using monotone convergence theorem, we’ll get

E| sup <fm,€;?> <liminfE | sup <fmhut§j> < 00
te(0,7] ¢=0 te[0,7]

which implies

(7.22) E( sup <1,§{>> < 0.
t€[0,T]
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Using Lemma 7.5, it follows that

7.23 lim E| sup {fm, &) | =0.
(7.23) Tim_ <te[m<f st>>

This gives that there exists subsequence of sup;¢(g 7 <fm, §§>, m > 0, such that sup,¢(o 7y <fm, §t>

almost surely, {&/},<r is a tight sequence almost surely and {¢/ beeqo,r) is in CM/F(Rd)([O,T]). Due to the
latter fact and due to (7.23), {ff}te[o,T] is in Cpy, (ray ([0, T7]) as well. O
Theorem 7.7 (Tightness). The measure-valued process {,utc’j}te[o);p] is tight in Dy, re)[0,T], for each
j=1,2,---,J.
Proof. Referring to Meleard and Roelly [MS93], to prove tightness in Dy, ge)[0,7], it suffices to prove
<1, uf’j> converges in law to <1, §§> in D ([0, 7)), where note that & is the limit point of ¢ in Dary ray [0, T1,
which also lies in Cyy,,(ra([0,T]) by Lemma 7.6.

Let F be any globally Lipschitz continuous bounded function from R to R. Then

lim sup |E[F(<1,M§’j>) - F(<1,§§>)]|

¢—0

<l timsup [EIF((1, 467 )) = P foo i)+l imsup [ELF((1 = fons ) = F((1 = S ] )]

m—=00 ¢ 40

+ lim [EIF((1 = fun, &) = F((LE D
=0,
(7.24)

where on the righthand side of Eq (7.24), the first and third term become 0 as a result of Lemma 7.5, while
the second term vanishes due to the continuity of the mapping v — sup;cpo 77 (1 — fm,v:) by noting that
1 — f,, is compactly supported. 0

7.5. Uniqueness of Limiting Solution. We've established tightness of the measure-valued processes
{uf’]}te[oﬂ, for all 1 < j < J (See Theorem 7.7). We now show that the limiting measure is unique.
For a measurable complete metric space E, v € Mp(FE), define the norm || - || 5/, (g) on Mp(E) as

Wl e () = sup [(fiv)el,
fEL=(B),If||L <1

which is the variation norm of finite measures. Using density argument, one can show that this is equivalent
to (See step 4 of Theorem 3.2. of [BMW12])

Wl v1e () = sup [fivigl
FECE(B),||fllLe<1

For our purpose, we'll use test function f € CZ(E). The following two results then imply uniqueness:

Lemma 7.8. Let E = (RHY™ be a product space of RY, n > 1. Let p*,--- ,u™ € Mp(R?), v!,--- o™ €
Mp(RY) and @7, pt, @ ,v° be product measures on E. Then

@y 1’ = @ v Inarmy < D (11 = Ve ey x ) (L 7)) x Ty (1,07))
i=1

Proof. For any f € L*(E), ||f||lr~ < 1, we have

n
| (fs @i p’ — @'y o | = |<faz - i) @ (uf —VZ)®(®?—1+1VJ))> B
i1

E

ST (@) @ (1 = v @ (7= 1107)) . |,
=1
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(7.25) < (1 = Vllagpqrey X TS (1, 07y X T,y (1,07))
=1

The last inequality is due to the assumption that || f|[z~(z) < 1 and using the definition of signed measure

norms.
Since Eq (7.25) is true for all f € L>®(E), ||f||z=~ < 1, Lemma 7.8 is proved.

O
Corollary 7.9. Let E = (Rd) be a product space of RY, n > 1. Let ut,--- ,u™ € Mp(R?), vt , ,1/" €
Mp(R?) and @1y, @7, be product measures on E. If there exists M > 0, such that | (1, i’ and
|<1,Vi>| <M foralll <i<n, then

n
| @y i = @y ey < MY 6" = V| agp ety
=1

Proof. This is a consequence of Lemma 7.8 using the fact that <1, ui> or <1, Vi> are uniform bounded by
M. O

Lemma 7.10 (Uniqueness). The solution to (5.2) is unique in Cpy, ray([0,T]).

Proof. Suppose we have two different set of solutions to (5.2), {(&}, &2, -+ , &/ ) }eeo,ry and {(§}, &7, - -+ &) bejo, 1
with the same initial condition (£5,£3,---,&)) = (§5,&3,- -+ ,&]). In Eq (5.2), if we use a test function of
the form of ¢ (z) € Cp*(Ry x RY), it becomes

(v el = (vo. ) + /Ot (Outbs + (L300,)(2), €] (da)) ds

Bej g

w) w3 [ [ @ ([ (S0 ) metle) ay -39 | AOleldmas
— Jo ) a(f)! Y e s s\Lyp s

Let Pj¢,t > 0, be the semigroup generated by £;, j = 1,2,---,J. Choose ¥s(x) = P;1—sf(z), respectively
for each 1 < j < J , where f € CZ2(RY), ||f||z~ < 1, then Eq (7.26) becomes

‘ ‘ L t Bej oy ‘
(1.6) = (Piaf.e) + Z/O /X(f) i /w S P o WD) | me(y|x) dy =Y Priof(@)
=1 ' r=1 r=1

(7.27) x Ky () \O[g,](dx) ds.

From Eq (7.27), we obtain the following estimates for <f, §t §t> By (7.22) we have that

M=1vV sup LEVIVI{1,E)] < oo,
{t€l0,T],j=1,2,--- ,J} | < t> | | < t> |
which then gives
L Bej o
) Po,i—sf(yy m ) dy — Pet—s xﬁ”
{rd-¢ ;/ St \ L | 2 Pees ) | el =3 Praeas o)
Ko (@) (AD[g, ] (dw) - A<E>[§‘s1<dw>)|ds,
L
« +
93 s [INOIe) - XOE
; ag; + 6
Lj Ly Qi ¢~
<o)y Mt / 1@, (972,68 — &Ly (9248 lary ey ds,
=1 ’
"o+ B [ ® -
(7.28) <o)y LG [t ST el = Ellag ey d
(=1 : 0 i=1,,J
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where the last inequality is due to Corollary 7.9 since <1, §;> or <1, §§> are uniformly bounded by M for all
1 <i < J. In the second to the last equality of Eq (7.28), we have used the following estimates.

5@ Qgj
| g)| / Z,PZ t— sf ]) my (y | w) dy - leg,t_sf(xﬁj)) Kg (w) |
Bej o ‘
= |0¢(€)' /(m Z Pea-sf( (J))| me (y| @) dy + Zl |Pf,t—sf(x£‘]))| Ko ()|

aygj + Bej
< —gmr O

(7.29) (here we use the fact that ||P;f||rec < 1 and / my (y|x) dy =1)
Y©

Based on Eq (7.28), we obtain

J L

o + Be W®
SN = &l ey < O(K ZZ u),J/M' ‘12 el € = &l sy oy ds,
j=1

=1 j5=1

B g a1, i g
T e Z 1! — Ellagy ey ds

Applying Gronwall’s inequality, we get ijl el — & Mp@d)y = 0 for all £ € [0,T], which proves the
uniqueness of solution, concluding the proof of the lemma. O
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A ¥ DEPENDENCY OF REACTION KERNELS

In this section we demonstrate one way in which the claimed 7 scaling given in Assumption 4.8 arises
for bimolecular reactions. We ignore the zeroth order case as our main result, Theorem 5.5, does not allow
for such reactions. In the first order case the reaction rate kernel, K7(x), is usually interpreted as an
internal property of molecules, giving the probability per time an individual reactant particle can undergo
the reaction. As such, it would not be expected to depend on 7. In contrast, the reaction rate kernel for a
bimolecular reaction is often calibrated to agree with a known well-mixed reaction rate constant in the limit
that the system is forced to be well-mixed (i.e. the limit that particle diffusivities are taken to be infinite),
which ultimately gives rise to the v dependence.

Consider an isolated system containing only two particles that can undergo a bimolecular annihilation
reaction of the form A + B — @. Assume we are considering the reaction within a bounded domain Q ¢ R?
with hypervolume |©2|. In modeling chemical reaction systems, one is often given a spatially-homogeneous,
well-mixed, macroscopic reaction rate, Ky, with units of (molar concentration)! =% (time) ! for a reaction
of order a. The corresponding reaction rate used in a spatially-homogeneous well-mixed stochastic chemical
kinetics model is then K = (7|Q|)' =% Ky, with units of (time)~!. For our second order reaction K gives the
probability per time for the pair of A and B molecules to react and annihilate in the well-mixed stochastic
model.

Consider the PBSRD model’s dynamics until the two reactants annihilate. Let p(x,y,t) denote the
probability density the particle positions are  and y respectively at time ¢, and no reaction has yet occurred.
Then

Ip
ot
with reflecting no-flux boundary conditions for @ or ¢y in 9. In the formal well-mixed limit that the particle

diffusivities are taken to be infinite, we expect that p(z,y,t) = p(t). Letting P(t) = p(t)|Q|° denote the
30

—(@,y,t) = (D*Ag + DPAy)p(z,y,t) — K7 (z,y)p(x,y,t), TEQ ye, t>0,



probability the reaction has not yet occurred, we then have

dP 1
—=—|— K7 dxdy | P(t).
s (mf | K@y y> 0
To match the well-mixed stochastic model we would then require that

1 % me
W - K'(z,y)dedy =K = —

v
If we assume that K7 (x,y) = v K (z,y), then we immediately obtain the scaling given in Assumption 4.8,
ie. f=—1.
More concretely, consider the widely used Doi interaction K7 (x,y) = Mo (|x — y|) [D76a, D76b]. We

find that
 Kynm |

Y RNQ2J
where R = {(z,y) € R??| |z — y| < e}. As Q — R? we formally expect
Kym
v | Bel ,
where | B:| denotes the hypervolume of the ball of radius e. This demonstrates that the scaling of Assump-
tion 4.8 persists in freespace.

A=

B Mass CONTROL LEMMAS FOR DIFFERENT CASES OF REACTIONS
The goal of this section is to prove the following key estimate.

Lemma B.1. Recall the definition (7.14) of the functions f,,. For the £-th reaction, 1 < € < L, let n be
sufficiently small, € > 0 and R € N as in Assumption 4.7. Then, the following estimates hold for m large
enough,

t 1 Bej ‘
E[ su — Ky (x O | m? x) d AO148 1(dx) ds
e [ L w0 | mi w1z dy | 3OS 100w

t .
<20(K)(C() v 1) swp Bl sup [ (fronla) (do) ds] + 2CU)CG fnllegien T €+ o).
1<i<J  tel0,T]J0

To do so we first prove some intermediate results and the proof of Lemma B.1 will then follow at the end
of this section.

Lemma B.2. For any n > 0 small enough, L+1 < (<L, yecY®, xcX®, and f € CE(Y(Z)), there
exists a constant C' such that

o W) (my(y =) —me(y | ) dy| < Cl[fllczvmym,

giwven Definition 4.1 on the choice of positive mollifier and Assumptions 4.3 - 4.7 on the placement densities.
Proof. This is essentially a result from the definition of mollifiers. We’ll discuss this estimate for each of
the following different cases of reactions. The upper bound is always some constant of the order of n times
1 fllep vy
Case 1: Reaction of the form S; — 5;.
Plugging in the definitions of m;/(y | x) and me(y | ) from Assumption 4.3, we will get

[, 1) il =) = mitwl =) dyl = | [ 10)Gy =) dy = fo)

Y

=1 [ ) = 1) Gy =)y
<1/ W) = 1@y =)
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<] 1fllerman x Gy(y — =) dy
B(z,n)

< I lley @ayn-
Case 2: Reaction of the form S; — S; + Sk.
Plugging in the definitions of m;/(y | ) and me(y | ) from Assumption 4.6, we will get

| » fy) (mi(y|z) —me(y|z)) dyl
I
1300 x| [ P mdollin = )Gy (o = G + (1= ) din i
=1
- /de Fy,2)p(lyr — y2[)d (2 — (asyr + (1 — ai)y2)) dyr dy2] | (Let w=1y1 —y2)
I
1300 x| [ Fw b oGy (o = s = ) durde
i=1 R2d
= [ f s o~ aso — ya) dudia |
I _
= |;pz X _/de(|w|) (/Rd (f(w+y2,y2) — flw+ 2 — w,z — w)) Gy (x — w — Ya) dyg) dw]
; -
< |;pl X _/Rd p(jw|) </B(Iaiwm) |f(w+y2,y2) — f(w+ 2z — w, z — osw)| x Gy (x — cyw — y2) dy2> dw]

I
<Y pix / p(lwl) (/ fller meayn x Gy (2 — ciw — y2) dyz) dw]
i—1 R4 B(z—a;w,n)

<|Ifllc1®2ayn  ( by noting that / p(Jw|) dw =1 in Assumption 4.7 .
Rd

Case 3: Reaction of the form S; + S, — S;.
Plugging in the definitions of mj(y|x) and m,(y | ) from Assumption 4.4, we will get

| fly) (mi(y | @) — me(y | @) dyl
Y&

I
= |Zpi X { » fW)Gy (v — (w1 + (1 — aq)x2)) dy — floszr + (1 — ag)z2) | |
i=1

I
- |Zp1 . /Rd (f(y) = flogzy + (1 = a4)w2)) Gy (y — (qiwy + (1 — ag)a2)) dy
1;1
< |;pi X /B(aiwl"l‘(l—ai)mg,'q) |f(y) = flaizs + (1 - ai)$2)|Gn (y — (i1 + (1 — a;)x2)) dy|

I
<12 pix / 1 Fllepayn x G (y = (qimy + (1 — ci)as)) dyl
i=1 B(aszi+(1—ai)z2,n)

< Ifllep@ayn

Case 4: Reaction of the form S; + S, — S; + ;.
Plugging in the definitions of m;/(y | ) and me(y | ) from Assumption 4.5, we will get

[, 1) ] =) = mi(y| ) dy

=|p x URM T, 92)Gy(y1 — 21)Gy(y2 — x2) dy1 dya2 — f(1, 22)
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S x| [ TG = 006~ 22) din e~ Sz, )|
R2
=lpx [ nsm) = F02)) Gl = 20)G vz — 22) dys d
RZ
+(1—p)x / (f(y1,92) — f(z2,21)) Gy(y2 — 21)Gyp(y1 — x2) dy1 dyo|
R2d
<|px / |f(y1,y2) — f(z1,22)|Gy(y1 — 21)Gy(y2 — x2) dyr dy2
B((mlva)v\/in)
L (1-p)x / F s 52) — F(22,21)|Goyl2 — 21)Cop51 — 2) dy d
B((m%wl)v\/ﬁn)
<lpx [ 1 1los ety X V20 X o1 — 1)Giy (g2 — 22) diyn dys
B((w1,22),V2n)

+a-px [ 111y ey X V30 X Golys — 21)Gr (31 — 2) dys dya)
B((z2,x1),v2n)

< \/§||f||C§(R2d)77'

O
Lemma B.3. If the {-th reaction is a reaction of the form S; — S, then
(B.1)
t 1 B ‘ t .
[ L aake@ | [ tn) | metyle) dy | XOUS (o) ds < O) [ (fnla).n (de) ds
0 JXw ot Y0 —1 0

Proof. By plugging in the specific form of the reaction rate and placement density as in Assumption 4.3, we
have

Bej

! 1 _
J; o mme@ | [, | 25 ) metw12) dy | X0 i

[ [ wto ([ smtsato ) (i as
0 R4 R4

— [ [ Kala) (e o) ds
0 R4

< 00) [ (o). (a)) s

O

Lemma B.4. If the (-th reaction is a reaction of the form S; — S; 4+ Sk, where i and k could be j, then for
the choice of € > 0 and R € N in Assumption 4.7, we have for m large enough,

' 1 K - (9) d AO148 1(dx) d
L Lo ame@ | [ (S m) el dy | XU Jawas

<20(K) [ (fnernle).n$(d)) ds + 200 | fnllogen Clote

Proof. Let € > 0 and R € N be such that Assumption 4.7 is satisfied. By plugging in the specific form of
the reaction rate and placement density as in Assumption 4.6, we have

Bej

! 1 _
Ji o e @ { [, | 35 ) mew12) dy | XU i

< [ [ ) ([ ) + e mity 21 ) dds ) 1 ) s
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= [ [ K ( [ )+ )l = =) sz ~(oay + (1~ )2 >>dydz> ) s
SC(K)/O <(/|y—z|gR(fm( ) + fm(2)) plly — 21) sz — (ciy + (1 — i)z ))dyd2> ,uﬁ’i(dw)> ds.

t I )
o) | <( [ )+ D) plly =D Yoo (e (1)) dy dz> ,u§f<dar>> ds.

i=1

t I .
< C(K) / << /| Ml = ) Sl — oy + (1= )2)dy dz> 1 (dx>> ds.

i=1

t I )
+ 200 ullegesy [ <sz- ( | p<|n|>5<x—am—z>dzdn>,u§f<dx>> ds.
i—1 n|>R JzeR4
< 2O(K)/0 <fmlR(a:) (/ <Rm2(y,z|x)dydz> ,ug’i(da:)> ds.
+ CO) fonl 2ty / <sz ( / L Inl)dn> uﬁf(d$)> ds.

t

<20(K) [ (Furon(o). i (d0)) ds +2C0 |l g Clae

Lemma B.5. If the {-th reaction is a reaction of the form S; + Sy — S;, then
Bej

/0 /X(e) ﬁKé (/u) (Tz_: Frn(y¥ )mé (y| )dy) AO (S )(dx) ds

< OG0 [ ()b + (o). ¥ ) s

Proof. By plugging in the specific form of the reaction rate and placement density as in Assumption 4.4, we
have

5(1

/ / qre (/ (Zf y“’)me (y| >dy) AO[S ) (dx) ds
<< ) ([ fnteimete o )is) o)) ) as
/<<< y mem sl >d> uﬁ’i<dx>>,u§vk<dy>> ds.

<< P (fm—1(2) + frn-1(y)), 1 ’_i(da?)>,u§’_k(dy)> ds.

/0 (<fm ! >> + <fm71(y),u§’_k(dy)>) ds.

Lemma B.6. If the {-th reaction is a reaction of the form S; + Sy — S; +S,, where i,k,r could be j, then

o\o

O

Bej

/0 /}”WJ ﬁK@ (/YM) (TX_: mw? ) me (y] )dy) )‘(l)[ﬂg—](dw) ds
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<0G [ ({fme)on ) + {Fnla) s ) ) .

Proof. By plugging in the specific form of the reaction rate and placement density as in Assumption 4.5, we
have

Bej
//X(ua Ke(@ (/W) (Zf (J))me(y|:c) dy) AO (S ](dx) ds

r=1

(/R (fm(2) + fm(w)) me(z,w | z,y)dz dw) ,ug«i(dx)> 7u§,fc(dy)> ds
/R =)+ ) (0% 80 (20)) + (1= D)  8ay (w,2))) d dw) Yl (dw>> ’uﬁv_’“(dy>> ds

Now we are in position to give the proof of Lemma B.1.

Proof of Lemma B.1. We have that

Bej
su (J) x %) o) ds
te[OpT]/ /X(IZ) a(é)' (/Y(’f) (Zf ) 7 (y|x) dy) A [ _](dx) ds]

r=1
Bej
- tGS%I?T/ /xw a(g), (/W) (; fm(y¥ )me (y|x) dy) AO[pé_ ] (de) ds]

Bej
tES%];;/ /xm PIGI (/Y(E) (Z_: Imly ) (mi (y| @) —me (y]x)) dy) AO [ ](de) ds]
Bej
tESlfl)Ef / /X“J a(e)| (/Yu) (Z Imly ) me (y| @) dy) A0 [ui](dw) ds|

r=1
+2C(K)C(W)| fmllcz@aeyCnT (by Lemma B.2)
t
<20(6)(C( V1) sup B sup [ (f1onle), i (de) ds
1<i<J  tef0,1]Jo
+ 2C(K)|| fmllozrayC (1) Te + 2C(K)C ()| fin |02 (may CnT (by Lemma B.3 - B.6)
t
—20(K)(C(w) v 1) sup Bl sup [ (fnosonl), i (d)) ds] + 2C(K)C )| e T (Cr -+ ).
1<i<J  tel0,T]J0
concluding the proof of the lemma. O

C PROOFS OF PROPOSITIONS 6.5 AND 6.6.

Let us recall the forward equation (6.2). For both proofs of Propositions 6.5 and 6.6 we need to define an
appropriate L? space. In particular define an appropriate L? (Fock) space, F, with inner product for two

b, b
functions, G1 = {g(a °) (9%, 4", 4°)}2% c—o and Gy = {géa’ ’C)(qavqbvqc) ab.e=01 88

oo oo oo

(C.1) (G1.G2)p =) D> )~ al bl ! / g (q",q".q)95"" " (¢", ¢". ¢°) dq” dg" dg”,

a=0 b=0 c=0 (““’*C)d
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we can interpret 7* = £+ R* + R~ as the adjoint of the generator, T, for the process

(@M (1), QM (1),Q°V(t), At), B(t), C(1)).
Formally, we find
(TG, (a", 4", 9°) = (£LG),,.(9",d",q°)

a

b
+> > m! (zlqf', %) K7 (i, q5,)g"" " (g \ qf', ¢"\ ¢}, ¢° U 2)dz
d
=1 m=1 VR
— K7 (g, d%) g(“’b’c)(q“7qb,qc))
C

+ Z( m3 (@, ylan) K3 (a7)g T (g U, ¢ Uy, a0\ g7, D)dedy
R

(C2) ~ K3(45)9“ " (a".q",a"))

Note that here £* = L.
Next we present the proofs of the two propositions.

Proof of Proposition 6.5. For simplicity of notation, without loss of generality, we will show the equivalence

for the evolution of E[yp ( < 7 I/§>P)]. The same procedure follows for the more general multi-dimensional

case E[p (<f1, I/E>P , <f2, Vf>15 AR <fM, Vf>ﬁ)]. By the definition of Vf and adopting the notation of this
section,
A(t) B(t) C(t)
e _ B(t) C(t)
Elp ((£.06),)] =Ele | @050+ 3 1@ 0, 52+ 3 (@)% |
1= i =

oo o oo

a b c
S ID ISP I DIVICICIESD SHCIES SN
a= =0 i=1 j=1
:€)

0b=0c k=1
x plab
(C.3) = (G, P())p

where we define g<avb=c>(qa,qb,q6) = (X0 fla. $1) + X0y F(a, S2) + X £(af 53)). For such a
form of g(@%°)(q%, q°, q°), plugging into Eq (C.2), we have

a b
(TG, (@ 4" 4% (DlzmszAbngch)so > @S+ Y f(d)Se) +
i=1 j=1

(a",q",q°,t) dq" dq" dq°,

f(qgv 53)
1

C

k

—Dlzw quz,sl Zf(qs,sz>+ (a5, 83) | [Vae f1(af)I?
7j=1 k=

1

a a b c
+DIZS0/ Zf(qf,51)+2f(q§,52)+ f(qg753) Aq?fl(q;l)
=1 =1 j=1 k=1
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b a
+D» ¢ ( Flad, S) + Y (gl S) + Y f(af, Ss) Vg f2(d))

b a
+D22<p’(_ Flaf, S0+ f(a) S2) + qk783>Ab.f2 q))

j=1 i=1 j=1
+D3) " F@, S1) + > F(alS2) + > f(a5, Ss) | [Vag fa(ap)]
k=1 i=1 j=1
c a b
+ D3> @ | D F@l )+ f(al S) + Y f(aE,Ss) | Aqg fs(ai
k=1 i=1 j=1

a b c
— ( F(ad S+ f(g} S2) +Zf(q/‘é753)>] x m] (zlgf', a7,) x KY(qf’,an)dz)

i=1 j=1 k=1
i=1 j=1 k=1

a b c
4 ( f@ )+ f(ahS) + > flaf, 53))] x mg (z,y|q,) * Kz”(qi)dwdy>

i=1 j=1 k=1

Rewriting E[¢p (<f, Vf>ﬁ)] in Eq (C.3) as an integral equation, we obtain

Ble ((£.4£) )1 = (G P, = (G. PO), + | 0.(C. P(s))y ds
= 5o ((£.6), )1+ [ (G 0P, s

=5l ((£.6), )1+ [ @ T"PO)p ds (o Ea62)

— 5o ((£.6), )1+ [ (76 P, ds

=Elp ((£.56),))

Jj=1

t (s) B(s)
+E[/O o ((£:v5)p) {DleAQf Q' (s).81) + D2 > Mg, F(Q7 (), 52)

C(s) A(s)
+ D3y A f(Q7 (), S3) | + " ((£,08) ) % [D1 3 Vo F@1(s), 1)
k=1 =1

Jj=1 k=1
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B(s) C(s)
+ D2 Y [V, F(QF(5),S2)> + D3 D [V, F(QF (s )753)|2] ds|

a b c
/de [so (Z F@h S+ > (@l S2) + > flaf. Ss) + f(=,S1) + f(y, S2) — (g5, Ss)
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+ t > > ([, x1@ ez epmt (11,50 )
% (o ((1,08) 5 = F@1M(5),81) — FQE(5), 82) + £(2,55)) — @ ((£,05) ) ) d2) ds]
+E[ Ci_) ([, K@) (w5105 )
(C5) % (i ({108 p + Fla, $0) + £y, 52) = F@QSW(5), 80)) — 0 (£, 5) ) ) dedy) ).

From the measure-valued formulation in Eq (5.6), we obtain the following integral equation for E[¢ ({ f,v¢) t> 5l
by applying It6’s formula on Eq (5.6),

sl ((506), )1 = B (5§ VB[ o (0080 S DO (10) a
(1,08

) =)o ?
FgEL R S (VIR (100£)) ) e

eBU[ [ e () (s ) - 1052, + 12, 59)

><1{i<<1 vy X Lc(ragryy X Mov<ry (g 08, 1L 08201 X Moo <m o1, 081, 1], 08 *2>>}>

f’ s> ) S,’L,],Z 91792)]

/ /N\{O} /R /R (F08) 5+ (FlasS0) + fly,52) = FHE(/E), 85))

Lipcweo)y X Yo<rg a6 X Lios<my wy 5 (05 >>})
_<P(<faus>p) dN2 S k €z y791592)]

= Elp ((£.4) )1 +El / @ ((£4)p Z ADZan ('wS)) as
(1,v5)

[/Oga (£.05)5) _Z ( (i<u§_>))2ds1

t <1)V§L1> <17USCL2> . 1 ; 2 . 1 ; 2
FEL[SS 3 [ RO, BY0E) 5 )
x| ((F08) 5+ (—UHLWED), 81) = FIHH(E2), 82) + £(2,8)) ) = @ ((f.05) )] dzds]
)

<1,V§f’

—i—E[/O

K3 (HE (%) < m3 (e, ol H (v5))
(C6)  x [o((Fv8)p+ (Sl 80) + £y, S2) = FHEWS?), $3)) ) = ¢ ((f,5) )] dodyds].

R2d

=

We observe that the integral equation for E[p (< 1 uc) t> 15] is the same when derived from the forward
equation (C.5) and from the measure-valued formulation (C.6). O

Proof of Proposition 6.6. We use the forward Kolmogorov equation to prove the proposition. We are inter-
ested in finding an equation for the average concentration field for A, B and C molecules, i.e. E[A(x,t)],
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E[B(y,t)] and E[C(z,t)] from forward equation. This is defined by
A(t)

25( ~a))

oo oo oo

- ZZZ alblcl Z/( o )d —x)p»)(g", q", q°,t) dq" dq" dq°
a=0b=0 c=0 atbte
o0 o0 o0

_ ZZZ — WC' / P09 (g1 U, g, g, 1) dgo~L dg dg”.

a=0b=0 c=0 R(a=1+bte)d

Similarly, for molecule B and C, we have

oo o0 o0

=220 =T b “ i / P Nq",q" " Uy,q", 1) dq" dg" " dg".

a=0 b=0 c=0 R(a+b—1de)d

oo o0 o0

Zzza'b' c—1)! / p“"(q% q’, 4 Uz, 1) dg" dg” dg°".

a=0 b=0 c=0 R(a+b+e—1)d

In deriving this equation we will need to use the correlation in the A and B fields, given by
A(t) B(t)
BlA(z. 0By 0] =B Y5 (@10 - )5 (@71 ~y))
=1 j=1

oo X0

Z Z Z al blcl Z Z / $)5(‘I§ -9) P(a’b’c)(qa, q’,q°, t)dq® dq® dq°

a=0 b=0 ¢=0 i=1 j=1 (“)d
oo oo oo
=X Z o / Pt (g Uz, gt Uy, q°,t) dg* ' dg" " dg°.
b — 1) C. JRr(at+b+c—2)d

a=0 b=0 c= 0
Using these definitions, and assuming the probability densities vanish at infinity, we find that

oo o0 0

O,E[A Z Z Z =1 'b' . / (L+RT+ 73_)P)a)b7c (@* 'Uwx, q°, q% t)dq* " dq’ dq°.

a=0 b=0 ¢=0 R(a—1+btc)d
= (I) + (II) + (I11),

where

Z = 1 PE / (LP),,.(¢" " Uz, q" q° 1) dg" " dg" dg°

0 e R(a—1+btc)d

oo a—1
D Age + D A D Age | pl@®9(g* 1 U t
—0 a_l'b'0'~/ﬂQ(al+b+c)dl( 12 + 22 ah, T 32 q)]ﬂ (q :I}q q°,1)

c =1 m=1 n=1

&8
Mg

9
Il
o
o
I

IP”18
Mg

Il
=]

0 b
+D1Agp! ™" (g Uz, g’ g, t)] dq"~" dq" dg°

= D1AGE[A(z, )]

where on the second to last line, the first term becomes zero due to integration by parts and the fact that
probability density vanishes at infinity (recall that by Theorem 6.4 p € C([0,00); H?(X))). Similarly,

[ olNe oo o}

ZZZ (a—1 WC;/ (R*P),, . (a" ' Uz.q" q°,t)dg" " dq" dg".

a=0 b=0 ¢=0 Rla—1+bte)d
0o o0 0 1 b
:ZZZ*( 1)'b' |/ ZK T qm ab,C)(qa—l Uilt,qb,qc,t) dqa—l dqbdqc.
a — c0.C JR(a—1+bt0e)d
a=0 b=0 c=0 m=1
o o0 0 1 a—1 b
- - _ K (a,b,c)( a—1 U t
S A [ S S s e
a=0 b=0 c=0 =1 m=1
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c

+ {/M m1 (g5 1€, m) K] (& m)pl ettt (g Uz U g ¢ Un, g\ g, t)dﬁdn}} dq*~" dq" dq°.
R

n=1
=" ZZZ .b, a / [b x | K] (2,y)p " (" e, g Uy, ¢ t) dy] dg*~' dg" " dq°.
0 b—0 o= 0 R(a+b+c—2)d Rd
0o a—1 b
+ Z Z 'b' ] { / Z Z K] (Q?,qfn) P(a’b"c)(qafl U :Il,qb,qc,if)dqa*1 dqb dq°®
a=0 b=0 c— 5 ( ¢ Rle=ttorea)d 720 et
a b+1
+ > a, b K’Y a7 b X
\/l%(a#»b#»c)d /]Rda b+1 — mzlml( |ql qm) 1(ql qm)
p(a+1,b+1,c—1)(qa U, qb+1, g !, t)dz dq° dqb+1 dqc—l}
=— | Ki(e,y)E[A,1)B(y, )] dy
R
0o oo o0 a—1 b
_ K , m (a,b,c) a—1 Uz, b, C,t d a—ld bd c
azogczo a—l bl c! /R(a 1+b+c)d;7nzl ql q (4 7’4" t)dg a9 4q
0o oo o0 a b+1
+ ZZZ al b+1 C_ 1 , / Z K ql ,qm (a+1,b+1,c71)(qa Uw,qbﬂjch,t) dqa dqb+1 dqcfl
a=0b=0 ¢ A Ry
==/ K7 (z,y)E[A(z,t)B(y, t)] dy.
R

In the third equality of (II), we exchanged the orders of integrals and sums using that
b

/DWZK” x,qb,)p' " (q" ' Ux, ¢, ¢, t) dg’

b
Z K7 (x,q5) " (q" ' Uw, (¢’ \ ¢}) U dh, g% t) dg, d(q” \ q},)
1 Jrvd

b

S| K] (my)p (¢ Ua,q" Uy, ¢, t) dy dg"!

m—1 Rbd

(Here we replace ¢, by y and q°\ ¢°, by ¢°~* due to that particles of the same type are indistinguishable)
=bx [ K (z,y)p ") (q" ' Um,q¢" Uy, q° ) dydg" ",
Rbd
Similar ideas also apply to the third term and to deriving (IIT). In the second to last equality of (II), we
used that fRd m1(z|x,y)dz = 1 and the second and third term cancel by shifting indexes. Similarly

oo oo o0

(IIT) = Z Z Z T 'b' . /R (R_P)a,b,c (@ 'Uwx, ¢° q%t)dg* " dg® dq°

(a—1+4b+e)d

oo oo 0

=3

a=0 b=0 c:O

|

a—

> URd ma (g ", qb|z) K3 (2)p bt (¢ M\ g U, "\ )y, g U 2, t) dZ] } dq*~" dq" dq°

11=1

(a—1+b+c)d

{— > K3 (go)p! " (q" U, g gt t)
n=1

_|_

M8 %%@imw

/d mo (z,q5,|2) KJ (z)p@~ 1070t (g 1\ ¢t Ua,g" \ ¢}, q° U 2, t) dZ}
R
1

oo

oo
b=0 c:O N Riafote= R

o
Il
=)
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b K2 (a—1,b—1,c+1) a—1 _b—1 ey ) dud
+ZZZO a—l 10! ¢! {/R(Hbﬂm [dem2(fﬂay|z) 5 (2)p (q g ,q Uz, ) Yyaz

a=0b=0 c

dg® tdg® ' dg° + / (a—1)b
R(a+b+c—3)d

x [/ my (€, m|z) K3 (z)pe 071t ("2 Uz, ¢, q° U 2,t) d€ dn dZ] A dqc}

o0 o0 o0
==Y / KJ(2)p "9 (q* ' U, q",¢° Uz, t)dzdq"~' dq® dg°*
=il a - 1 'b' c — 1) R(at+bte—2)d JRd

oo o0 o0

+zzza.b.c./
a=0 b=0 c=0

NSt

a=0 b=0 c= O
dqa qub—l dqc

_ /R { [ ma(ayl) K;(z)dy} E[C(z,t)|dz.

[ _ ma (@, ylz) K3 (z)p( @bt (g7, ¢°q° U 2,1) dydz} dq® dq" dq°
R

(a+b+c)d

|: K; (Z) p(a—l,b—l,c-l-l) (qa—2 Uz, qb—l7 qc U Z,t) dZ:|
R4

(a+b+c—3)d

In (IIT), we used that [z., mo(z,y|z)dx dy = 1. In the second to last line, the first and third term cancel
by shifting indexes.
In summary, the average concentration of species A satisfies

OE(A(, )] = DiAB(A. 1) - [ KS (@.9) BlA(e,0)B(y. )] dy

] e ol K5 )y Bl 0

Following similar arguments, one can derive equations for the average concentration of each species, given
by (6.6) as claimed. This concludes the proof of the Proposition.
O

D PROOF OF THEOREM 6.4

Proof of Theorem 6.4. Due to the linearity of the equation, the proof of existence and uniqueness is standard
here, so we only present a sketch of the argument for completeness.

Notice that the operator £ defined in (6.3) generates a contractive analytic semigroup on F', denoted by
{ew}tzo. Now, since by Lemma D.1, R, R~ are Lipschitz continuous, existence of a unique local mild
solution to (6.2), P € C([0,tp); F) follows by the standard Picard-Lindel6f theorem for equations with values
in Banach spaces if the initial condition satisfies Py € F'.

Next we establish global existence of a unique mild solution. The boundedness of the linear operators
R*T,R~ by Lemma D.1, together with the contraction property of the semigroup t — e**, implies that

(D.1) ||P<>|\F<|\Po||F+c/ |P(s)][ ds

and a subsequent Gronwall lemma yields the bound || P(t)||r < || Po||ze®®. This bound allows us, by choosing
to small enough, to extend the solution from the interval [0, tp) to the interval [0, 00). Hence, a unique global
mild solution P € C([0, 00); F') exists.

We actually have stronger regularity for the solution, P(t). This is a direct consequence of the contraction
and regularization properties of the semigroup {e**};>¢. Indeed, since P(t) is in L?(X), Lemma D.1 gives
that RT(P) and R~ (P) are both in L?(X). If, in addition, the initial condition Py € H'(X), then the mild
form of the solution together with standard parabolic estimates (see estimates 3.1 in Chapter 1.V, Section 3
of [LSU68]), gives that P € C([0,00); H*(X)).
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Note, P(t) can be viewed as a probability density. Indeed, we have that if Py > 0, P(t) is, by Lemma D.3,
always non-negative for all ¢ > 0. Second, if P, satisfies the normalization condition,

oo o oo

1 (asbye) ( a b _c c b ga| _
;Z [a!b!c!/Rda/l%db/Rdcpo (q ,q7q)dq dq dq ] _17

b=0 c=0
then the same normalization condition holds for P(t),t > 0,

oo X0

1
_ (ab,e) (qa b c ¢ b ogoal _
Zzz{a!b!d/l;da/ﬂw/édcp (q’q’q’t) dq" dq dQ] L,

a=0 b=0 c=0

by Lemma D.2. This concludes the proof of the theorem. O

Lemma D.1. We have that the operators RT and R~ are bounded linear, Lipschitz continuous operators
on F. Namely, for G = {g(®*°)(q*, ¢°, q°)} =0 € T,

IRY(G)|F < ClIG||F,
IR™(G)llr < C|G|lF,
[RY(G1) = RT(G2)|r < C|G1 — G2,
(D.2) [R™(G1) = R™(Ga)||r < C||G1 — Gel|p-

Proof. We'll only show the first two estimates hold. The Lipschitz conditions on R™ and R~ follow directly
from RT and R~ being bounded and linear. Assume that the initial number of particles are ag, by and
co for species A, B and C respectively. We then have that the following upper bounds hold for all times
0<a<ag+cy:=0amaz, 0<b<byg~+co:=bpmaesr and 0 <c < agAbg+co:=Cmaz-

By definition of the norm on Fock Space and the definition of R™, we have that

R @I =3 e |

a=0 b=0 c¢=0

2
((R+P)a_’byc (qaa qba qc)) dqa dqb dqc7

(a+b+c)d

oo o0 o0

a b
1 a a,o,c a C
=3 R /mewd <— <§ Y K7 (qf ,qfn)> g“*)(q", q",q% 1)

=1 m=1

0
c 2
c K’Y (a+1,b4+1,c—1)( a b c ¢ Ndad da® d bd c
+ del(qnlw,y) L (x,y)g (¢"Ux,q" Uy, q°\ q;,,t)dxdy q" dq’ dq°,
R

0o 00 00 1 )
< mawbmamc K (a,b,e)(qya b C ¢ ) da® d b da®
_ZZZ albl el w/]R(a‘Fb+C)d (a ( )g (q ,q,q, ) q aq aq

PSS Lo <Z [ ik @)

n=1

2
(D.3) x glettttleDige g q* Uy, ¢°\ ¢, t)dwdyD dq" dq" dg".

Without loss of generality, let us assume 0 < «; < 1in Assumption 4.4. Now denote C1 = (@mazbmaz C(K ))2 <
00, and substitute the specific form of

I
ma(gsle,y) = pi x 0(q5 — (ix + (1 — aw)y))
=1

into (D.3). We obtain

oo o0 o0

c I
1
IR* @)l < Gl + Y>> o | (Z [/Rdzpi * K (2,)
a=0b=0c¢=0 n=1 /R =

2
x 6(g5 — (v + (1 — ay)y)) x gLt bg  Ua,q" Uy, ¢\ g5, t)dwdyD dq" dq" dg".
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s S5 S [ (S[L e (-

=0 b=0 c=0

I o e : c
x gletlbtle=D(gq UE(qn—(l—ai)y),quy,q \qn,t)dyD dq” dq" dq°.

co o0 0O 1 c
1
2 ¥ c
. K - — (1 — i ,
/]R(a+b+c 1)d ;pl 1;/1;1 <|:/l<§d ! <ai (qn ( @ )y) y>

<G|G|%+ Z
1 2
glathbrle(goy — (@, — (1-ai)y), Uy, q°\ ¢, t)dy} dqii) dq® dq" dg° \ q¢.

0b=0 c:O

oo o0 o0

<Ol||G”F+ZZZa'b' =) /me UdZ Z/ (/ <1i(qﬁ—(1—ai)y)—yl)2dy>

a=0 b=0 c¢=0
X
Rd

_ 1
g(a+1.,b+1,c 1) (q“ U ~ (@5 — (1 — a;)y) ,qb Uy,q°\ ¢, t)
1

2
dy) dq., dq" dq" dq° \ q..

co o0 0O I

<CGi|IG|% + / f(/ ail~(7z2dz)
1” ||F azog CZO al b' C _ 1)' Rla-Hb+o—1)d ;p RY 1 (l |)
c 1 2
> glettttbel (g U — (g5 — (1 - w)y) ,¢" Uy, q°\ @, t || dy | dg;, dg* dg®dq° \ qi;.
el R4 Rd (67

oo o0 o0

<cl||G||F+ZZZa'b' e 1! /

a=0 b=0 c¢=0 R

L

oo o oo

<01||G||F+Zzza|b' =y Udzpz ([ ki (=1* a)

=0b=0 c=0

I
ot 2
S ( JRELE dz)
(a+b+c—1)d i—1 Rd

- 1
glattbile=) (q“ U—(g; — (1-a)y) ,q" Uy, g%\ ¢, t)
1

2
dqi) dy dq® dg” dg° \ g.

2
glatttrlel) (g* Uz, ¢ Uy, q°\ g5, t)’ dw) dy dq® dq” dq° \ g,

oo oo oo

Tabc
<GIGIE+ Y (/ &7 (=) dz)

aObOcO

% / (‘g(a-l-l,b-i-l,c—l) (qa-l-l,qb-l-l,qc—l,t)‘ ) dg®+! dg®+! dge1.
R(a+b+ct+1)d

< C1||G|F + Col|G7 = (Cr + Co) |G s
(D.4)

where Cy = I X @mazbmazCmaz (f]Rd f(iy (|z|)2 dz) < oo by Assumption 6.2.
Similarly, by definition of the norm on Fock Space and the definition of R™, we have that

oo X0

I\R—(G)wazgggalw /med (®-6),,, (@"d" q)) i da® da°.
_ 00 00 0 - ¢ ¢ (@bc)( o b e
- az:%)gz al /%(aﬂwc)d ( (; K;(q")> 9 (q ,q ,q ,t)

S|

b
m=1

2
+> > [/ ma (gf', 4, |z) K3 (2)g"* 071 (g% \ qf, 4" \ ¢}, ¢° U 2, 1) dZD dq" dq" dq°,
=1
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0o oo 0o 1 )
< mamC K (a,b,e)(qa b cC t ) da® d bd c
- Z Z Z a! bl C' /R(a+b+c)d (C ( )g (q 7q 7q ) ) q q q

0o o0 00 a b
1
+ m .q02) K
;;;a!b'c' /R(a+b+c)d <l 1mzl |:/ 2 ql q | ) 2( )
2
(D.5) x gle b het (g \ gf q" \ )y, q° U 2, 1) dZD dq" dq" dq°.

Now denote C5 = (¢maeC(K))* < 00, and substitute the specific form of

I
ma (qf', g5 1z) = p(lai — a8, )Y pi x 6 (2 — (g + (1 — ai)gl,)) ,
=1
into (D.5). We obtain
R < C4)G @ qb|z) K]
IR™(G)F < CslIGIF+D D> = au;' c! /mwm M2 (a7 an,12) K3(2)

a=0b=0 c=0 = 1

0o oo 00 b
<C3”G”F+Zzza'b'c'/(a+b+c>d (abzz [/ e ql?qmlz) ki(2)

a=0 b=0 c=0 =1 m=1

2
gL (g0 \ gf g\ @b, q° U 2, t) d2] > dq" dq" dg°.

b I
2 . a __ b
> C(K) [/Rd;pzw(lm )

=1 m=1

oo oo oo a

< C3||G||F + ZZZ b — 1) /R(a+b+c)d <

aObOcO

2
x 6 (2 — (aigl + (1 — a;)gh,)) xg® 1071t (g"\ ¢f' q"\ ¢’,.q° U 2,1) dZ} ) dq" dq" dg".

b
>0 i xollad —ab))

=1 m=11i=1

oo oo oo

< CllGlE + |
3| ”F ch 0 b— 1) R(a+b+c)d <

a=0

a

2
x ‘g(“‘l’b‘l’c“)( \a',a"\ &%, q° U(azqf+(1—ai)qfn),t)‘ ) dqf dq’, dg" \ qf dq" \ ", dq“.

<G+ Yy a_lfjg_l,,zpz/ (oll — 9
b=0 c=0

=0 (a+b+c)d

2
x ‘g(“’l’b’l’”l) (@ a" " g U (aiz + (1 — ay)y), t)‘ ) de dy dq"~" dg"~ " dg°.

0o o0 0O K)Qab I
< Cs]|G|% + 2></ w|)?
3“ ||F azog - O ' (b . 1)' C! ;pz Rla+btcyd (p(| |)

2
% ’g(afl,bfl,chl) (qaflvqbflvqc U (csw + y),t)} > dw dy dg®~' dg"~" dg°.

oo o0 o0

<Ol + 3 e D zpz (/[ il o)

aObOcO

<[ p
R(a+b+071)d

(where z = q;w + y)

< C3l|GE + Cul|Gll% = (Cs + Co) |G|,

(a—1,b—1,c+1) (qaflvqbflvqc U z,t)’ ) dzdq* ' dg* ' dq°.
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(D.6)

where Cy = I x C(K)?amazbmaz(Cmaz + 1) (fga p(lw])? dw) < oo by Assumption 6.3. O

Lemma D.2. Assume that the solution P € C([0,00); H*(X)) to (6.2) exists and is unique. If the normal-
ization condition holds for the initial condition Py, i.e. that

oo o oo

ZZZ [@'b'C'/da/Rdb/Rdc (abc (¢*.4",q°) dchqbdq“] =

a=0 b=0 c=0
then we have that the normalization condition holds for P(t) for allt > 0, i.e. that

oo o0 o0

(D7) ZZZ [a' el Jpaa /Rdb /WC "9 (¢*.q",q" t) dg° dq" dqa} =1

a=0 b=0 c=0

Proof. By assumption, we have that the normalization condition holds for the initial condition. Furthermore,

we have
1
- (@5¢) (g% a® ac. 1) da® da® da®
_a!b!c!AdaAdbAdcp (¢“.q",q",t) dg° dg" dq
- 5
- Y @bhe) (ga b af 1) dat da® da®
—a!b!C!/Rda/l%db/]Rdcatp (qvqaqa) q aq aq

(LP) dq®dg®d
a;'b'c|‘/Rda/]Rdb Rde abc(q q q7) 1 1 q:|

ZZZ [a.b' Lo L R (et da dq“]

a=0 b=

SRS

Dlﬁg WK
NERNNE:

OM8 117 1M

2
Il
=]
b=
Il
=)

2
Il
=]
o
Il
=)

0 b

e
Il

M
e

+

oo o0 o0

+Y 3N [a'b' 5 /da /Rdb . (R™P),, 0" (q",q",q,) dg* dq’ dqa} .

a=0 b=0 c¢=0

Note, in the last equality the first term is zero using the divergence theorem and that P € C([0, 00); H*(X)).

The second term is
oo oo o0

1 + a b c c b a
-0 |:a' bl c! /Rda ‘/]Rdb /Rdc (R P)a,b,cv (q 44 7t) dq dq dq :|

oo o oo

=>>.2 a'b' a l » /Rdb /Rdc (Z > K] (4., ) (@b<)(g*, q", q°, t) dg° dq" dq"

a=0 b=0 c=0 =1 m=1

) / /d Z[ _m(ggle, y) K () ple e (g “va,qbUy,qc\qri,t)dwdy]dchqbdq“]
Réae Rae R

a=0b=0 c

_|_

co o0 0O a b
a b a,b,c a b _c c b a
_Z Za'b'cl [ Rd(atbte) (ZZK; (ql’qm)> p( )(q ,4°,4%1)dq° dq’ dq

a=0 b=0 c=0 =1 m=1

[

_|_

d( e /d mi(q¢ |z, y)dqi} K7 (z,y) ple e (gt Uz, ¢" Uy, q°\ ¢, t) dg° \ dq’ dg” U dy, dg® U dw]
a c R
n=

oo o0 o0

a b
_ a b a,b,c a b _c c b a
_Z Zalblcl VRMMC) (E D KD (qz,qm)> p*)(q",q", q°,t) dg° dq" dq

a=0 b=0 c=0 =1 m=1
a+1 b+1
KW’ aJrl7 b+1 (a+1,b4+1,c—1) u,-l—l7 b+1, c_l,t d c—ld b-l-l7 d a+1
+/Rd<a+b+c+1> 7(a+1)b+1 ;mzz )p (¢**',q" ', q" 1 1) dg“ " dg"", dg
o0 oo oo
- lalblc'/ (Z > K7 (af' )p(“’b’c)(q“,qb,q”,t) dq° dq" dq"
a=0b=0 c=0 Re(atote) 1 m=1
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1 a+1 b+1

V a+1 b+1 (a+1,b+1,c—1)( a+1 _b+1 _c—1 c—1 b+1 a+1
(a+1) (b+1)!(c—1)!Ad<a+b+c+1>;;Kl () D (@“".q",q" ", 1)dq°" dq""", dq
=0,

by using the symmetry of p(®>¢) with respect to permutations of the ordering of particle positions for particles

of the same type. A similar calculation shows that the third term is zero. Thus, the time derivative of the
left-hand-side (D.7) is always zero. Combining with the normalization condition for the initial condition, we
have that (D.7) is true for all ¢ > 0. O

Lemma D.3. Assuming there exists a unique solution P € C([0,00); H?(X)) and Py > 0, the solution
components pl@:c) (qa, q’. q¢, t) are always non-negative for all t > 0.

Proof. First, we consider g(@?:) (q q°, qc,t) satisfying the following decoupled linear PDEs with initial

condition ¢(**9) (g, ¢",*,0) = p""” (g, 4", ) > 0,

6 —_ a C a C
(D.8) ag(“’b’c)(q% a".q°,t) = (L+RT +R7)g"““"(q", q",q" 1),

where we define

R'lf‘g(a,b,c)(q q q° t (Z Z K’Y ql 7qm >g(a,b,c)(qa7qb7qc,t)

=1 m=1

and
Rl—g(a,b,c)(q q q° t <Z K’Y qn ) ab,c)(qa,qb,qcvt)'

Since 0 < Ky < C(K) and 0 < K] < C(K), we can then obtain via a comparison argument for semilinear
equations that the solution to Eq (D.8), g(®t°) (qa, q’, q°, t) > 0.
Let us further define

c

REg“P (g, q" q°t) = [/M mi (g5 |z, y) K] (w,y) g0 (g  Uw, ¢" Uy, q°\ g, t)dwdy],
R

n=1

and
a b

Ry 9" (g% ¢’ qt) =>_ > [/ ma (qf', ab|z) K3 (2)g" 74 (¢ \ qf',¢"\ @b, 4° U 2, 1) dz]
=1 m=1

We then set Rt = Rf + R;r and R~ = R{ + R5. Due to the positive mapping property of the operators
R; and R, , we shall have for the function g(avb*c) (qa, q°, q°, t) that

a a C a C a C
59" (a" q" a5 1) < (L+RT+R7)g " (g% ¢, q"1).

Hence, again utilizing the comparison principle for semilinear PDEs, we obtain that

0 < gl@" (g% q° q°t) < p'**) (g%, q", ¢ 1),

i.e. the non-negativity of our solution, concluding the proof. O

E PLACEMENT DENSITY INTEGRALS IN (5.3)

In this appendix we expand out the formal notation used for the inner integrand in the integrals

1= wk@ ([ s ml@) ) (G ) da
zeX(®) yeY®

for several choices of the placement density, m,.
For a first order reaction of the form S; — S, by Assumption 4.3 we have

me(ylz) = d(z —y),
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so that in the equation for p;(z,t), I becomes

I'= | Ki2) (

Rd

5z — y)o(y — %) dy) pild ) di

R4

= | Ku@)d(x - &)pi(, 1) di
]Rd

— Ke(a)pi(a, 1),
The first order reaction term that appears in (5.5) is of this form.
For a second order bimolecular reaction of the form S; + S, — S;, by Assumption 4.4 we have

N
me(z|@,y) =Y pu X 8 (z = (e + (1 - an)y)),

n=1

so that in the equation for p;(z,t), I becomes

N
I= - Ko(%1,%2) (/Rd 5z —y) (an X0 (y— (anZ1+ (1 — an):ig))> dy) pi(Z1,t)pr(Za,t) dZy dZs

n=1

N
= /. Ko(Z1, %) (Z Pn X 6 (z — (aniy + (1 — a@@))) pi(Z1, ) pe(Z2, t) dFy dis

n=1
= /2d Ko(Z1,Z2) me(x|Z1, Z2)pi(Z1,1) pi (T2, t) dZ1 dTo.
R

The second order reaction term that appears in the equation for ps(z,t) in (5.7) is of this form. Note, I
can be further simpliﬁed to eliminate any J-function terms, giving

I= Z /Rng(aln(:zr—(l—an)xg) )pi(a—ln(x_(1_an)52),t>pk(5:2,t)d@.

Finally, for a two—product reaction of the form S; — S; + S, by Assumption 4.6 we have
N

me(,y12) = p(lz —y)) Y pa x 6 (z = (anz + (1 — an)y)),

n=1

so that in the equation for S;, I becomes

= [ K@) ( / (<|x—y2| anxau—(anw(l—an)yz))) dy2> pi(#.1) di

n=1

N
I'= | K) < 6(x —y1) < (ly1 = w2l) an X 6 (T — (anyr + (1 — an)yz))> dyldy2> pi(Z,1) dz
Rd R2d

= [ Ki) (/Rd m($7y2|5ﬁ)dy2) pi(Z,t) dz.

R4

The first order reaction term that appears in the equation for p;(x,t) in (5.7) is of this form. Note, I can
be further simplified to eliminate any o-function terms, giving

Z =) Ke(i)p(lx__ai) pi(#,t) di.

n:l
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