2009.07547v3 [cs.LG] 31 May 2021

arxXiv

GRASSMANNIAN DIFFUSION MAPS BASED DIMENSION
REDUCTION AND CLASSIFICATION FOR HIGH-DIMENSIONAL
DATA *

KETSON R. M. DOS SANTOS', DIMITRIS G. GIOVANIS, AND MICHAEL D. SHIELDSf

Abstract. This work introduces the Grassmannian Diffusion Maps, a novel nonlinear dimen-
sionality reduction technique that defines the affinity between points through their representation
as low-dimensional subspaces corresponding to points on the Grassmann manifold. The method
is designed for applications, such as image recognition and data-based classification of constrained
high-dimensional data where each data point itself is a high-dimensional object (i.e. a large matrix)
that can be compactly represented in a lower dimensional subspace. The GDMaps is composed of
two stages. The first is a pointwise linear dimensionality reduction wherein each high-dimensional
object is mapped onto the Grassmann manifold representing the low-dimensional subspace on which
it resides. The second stage is a multi-point nonlinear kernel-based dimension reduction using Dif-
fusion maps to identify the subspace structure of the points on the Grassmann manifold. To this
aim, an appropriate Grassmannian kernel is used to construct the transition matrix of a random
walk on a graph connecting points on the Grassmann manifold. Spectral analysis of the transi-
tion matrix yields low-dimensional Grassmannian diffusion coordinates embedding the data into a
low-dimensional reproducing kernel Hilbert space. Further, a novel data classification/recognition
technique is developed based on the construction of an overcomplete dictionary of reduced dimension
whose atoms are given by the Grassmannian diffusion coordinates. Three examples are considered.
First, a “toy” example shows that the GDMaps can identify an appropriate parametrization of struc-
tured points on the unit sphere. The second example demonstrates the ability of the GDMaps to
reveal the intrinsic subspace structure of high-dimensional random field data. In the last example, a
face recognition problem is solved considering face images subject to varying illumination conditions,
changes in face expressions, and occurrence of occlusions. The technique presented high recognition
rates (i.e., 95% in the best-case) using a fraction of the data required by conventional methods.

Key words. Grassmann manifold, diffusion maps, dimension reduction, data classification, face
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1. Introduction. Dimensionality reduction techniques play a fundamental role
in the interpretation and characterization of high-dimensional data in computationally
intensive data-driven applications such as data compression [5, 15], data classification
[49, 51], uncertainty quantification [16, 37, 17, 46], and biological sciences [41, 30, 29],
just to mention few of them. Although linear dimensionality reduction techniques
(e.g., principal component analysis (PCA) [25]) suffice to extract features of the ele-
ments of a dataset, they fail to capture the intrinsic nonlinear geometric structure of
the dataset itself. To circumvent this limitation, kernel-based techniques have been
successfully employed in several applications by taking advantage of the data sim-
ilarity expressed on a connected graph on the data. Among these techniques one
can include isometric mapping, also known as Isomap [39, 4]; local linear embedding
(LLE) [34, 11]; T-distributed stochastic neighbor embedding (t-SNE) [42]; kernel prin-
cipal component analysis (Kernel PCA) [35]; Laplacian eigenmaps [7]; diffusion maps
(DMaps) [9]; and vector diffusion maps (VDMaps) [36].

Existing nonlinear dimensionality reduction techniques consider that high-dimen-
sional data lie on a low-dimensional manifold embedded in a Euclidean space. There-
fore, to reveal this embedded low-dimensional structure, one can resort to kernel-based
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techniques such as diffusion maps [9]; where the spectral decomposition of the transi-
tion matrix of a random walk performed on the data is used to determine a new set of
coordinates embedding this manifold into a low-dimensional Euclidean space. But, for
certain classes of problems, the manifold on which the data lie is not well-characterized
in Euclidean space. Instead, certain data sets (particularly very high-dimensional data
sets such as images and numerical simualtions with many degrees of freedom) have
structure that is inherently constrained to lie on a submanifold of a Reimmannian
manifold.

Recent works have begun to consider that nonlinear dimensionality techniques can
benefit from incorporating metrics beyond conventional Euclidean distance metrics.
For example, an extension of DMaps, known as vector diffusion maps (VDMaps) [36],
includes the information about orthogonal transformations of neighboring points into
the definition of similarity. Although VDMaps uses orthogonal transformations to
align the data, similarity is still based on the Euclidean distance. The authors of [36]
suggested that the Grassmannian distance could be considered; however, they note
that using the Grassmannian distance in a Gaussian kernel could yield a non positive
semi-definite kernel matrix [23]. In this work, we demonstrate how a Grassmannian
metric can be employed in the DMaps to explore the intrinsic structure of data con-
strained to lie on a submanifold of the Grassmann manifold (i.e. a Grassmannian
diffusion manifold).

In summary, the Grassmann manifold [18, 52] is a collection of all subspaces (of a
particular dimension) of a vector space. Of particular importance is that the Grass-
mann manifold is endowed with a metric. Structured data, such as those from images
or those from physics-based models, are often constrained to a particular submanifold
of the Grassmannian. That is, there are only certain structured subspaces on which
the data can lie given the constraints on the data. Several applications using Grass-
mann manifold projections are found in the literature; including the works by Turaga
et al. [40], where statistical inference on the Grassmann manifold is investigated for
enhancing the performance of activity recognition, video-based face recognition, and
shape classification techniques. Moreover, Harandi et al. [22] used the Grassmann
manifold theory to address problems in sparse coding and dictionary learning. Gio-
vanis and Shields [16, 17] introduced a computationally efficient surrogate modeling
scheme based on Grassmann manifold projections for prediction of high-dimensional
stochastic models in an uncertainty quantification setting.

In general, topics related to manifold learning and data similarity have been ad-
dressed by several authors. In this regard, Lin and Zha [26] focused on the formulation
of the dimensionality reduction problem as a Riemannian geometry problem. In par-
ticular, a Riemannian normal coordinate chart is implemented, and a simplicial recon-
struction of the manifold is performed. Therefore, a map from the high-dimensional
into a low-dimensional space is computed such that the radial geodesic distances are
preserved. Fan et al. [13] introduced a semi-supervised manifold learning technique
known as Multi-Manifold Discriminative Analysis (Multi-MDA) to explore the infor-
mation encoded by the geodesic distance. Feng et al. [14] has developed a global lin-
ear algorithm for dimensionality reduction, known as Maximal Similarity Embedding
(MSE), which utilized the cosine metric to capture the intrinsic geometry of neighbor
data aiming at the maximization of the global similarity. Wu et al. [50] introduced
the Neighboring Similarity Integration (NSI) for the analysis of image manifold under
the probability preserving principle. Zhao et al. [54] propose a technique, referred
to as multi-view manifold learning with locality alignment (MVML-LA), to learn a
low-dimensional space containing a relevant information about the input data. Their
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main motivation was based on the fact that current manifold learning methods cannot
be easily applied to multiple feature sets.

Herein, a novel dimensionality reduction technique is introduced for revealing
the underlying geometric structure of a dataset on a Reimannian submanifold. The
technique has two steps, the first is a linear pointwise dimensionality reduction via
projection of the data onto the Grassmann manifold. Next, a multipoint nonlin-
ear dimensionality reduction is conducted based on spectral analysis of the transi-
tion probability matrix of a random walk on the Grassmann manifold via diffusion
maps with an appropriate Grassmannian kernel. This novel technique is particularly
suitable for the classification and dimensionality reduction of high-dimensional data
whose structure is constrained on a Grassmann manifold (e.g., images, videos, nu-
merical simulations). Therefore, this technique is developed to be complementary to
the existing ones such as DMaps and VDMaps, where no pointwise projections onto
the Grassmann manifold are considered and measures of affinity in Euclidean spaces
are sufficiently revealing. Moreover, a novel data classification/recognition is intro-
duced using elements of sparse representation and the construction of an overcomplete
dictionary composed by the Grassmannian diffusion coordinates.

2. Grassmannian Diffusion Maps. The proposed Grassmannian Diffusion
Maps (GDMaps) is a two-stage dimension reduction specifically developed for prob-
lems where each data “point” is a high-dimensional object (vector, matrix, tensor).
Identifying the geometric structure spanning a dataset composed of such points poses
distinct challenges, specifically because the traditional notion of distance (i.e. a
Euclidean metric) between these high-dimensional objects is difficult to interpret and
may not even have useful meaning in illuminating the concepts of proximity or similar-
ity [2]. Understanding the distance between these high-dimensional objects requires
a deeper geometric interpretation. This geometry is formalized through analysis of
the high-dimensional data points on the Grassmann manifold. Hence, the first stage
is to project the data onto the Grassmann manifold, details of which are provided in
Section 3.

Datasets composed of high-dimensional data with low-rank structures are known
to possess an intrinsic connected geometric structure on the Grassmannian [45, 44].
That is, the data reside on a submanifold, the low-dimensional characterization of
which is the objective of this work. In other words, the Grassmann manifold onto
which we project the data contains a vast expanse of points that are geometrically
unrelated to the dataset, and therefore are of no interest. We aim only to characterize
the portion of the Grassmann manifold that meaningfully spans the dataset. For this,
we apply the diffusion maps, which embeds the submanifold into a Hilbert Space. The
diffusion maps, however, require us to specify a notion of distance on the Grassmann
manifold, and from it derive a valid kernel. These topics are specifically discussed in
Sections 4 - 5. Finally, after establishing a Grassmannian kernel, a spectral decompo-
sition of the transition probability of a random walk constructed on a connected graph
over the points on the Grassmannian enables the embedding of the submanifold and
provides a convenient low-dimensional representation of the data set that can be used
to interpret, classify, and otherwise analyze the dataset. This embedding is discussed
in detail in Section 6.

Again, it is important to emphasize that the proposed GDMaps represents a
natural extension of the DMaps, and the generalized VDMaps, for problems where
the dataset is composed of high-dimensional objects whose geometry is not well-
characterized in Euclidean spaces. It is not meant as a replacement for the DMaps
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or VDMaps for problems, such as the classical swiss roll, where proximity on the
manifold can be well-characterized using Euclidean metrics.

For the sake of clarity in its use and implementation, we begin by introducing the
GDMaps algorithm. We then detail the mathematical foundations upon which the
approach rests.

2.1. Grassmann manifold projection. The first stage of the proposed di-
mension reduction is to project the data onto the Grassmann manifold. Practically
speaking, this involves identifying the numerical basis on which the data lie. Consider
the data matrix X; € R™*™ having rank p (generally p < n,m). A number of tech-
niques exist for identifying a basis for X; including the singular value decomposition
(SVD) and QR decomposition. The resulting space spanned by this basis is a point on
the Grassmann manifold and represents the projection of the data onto the manifold.
Here, the SVD is preferred because it provides bases for both the column space and
the row space of X;, which allows for feature recognition in both dimensions of the
array.

More specifically, consider the compact SVD

(2.1) X; =¥;%;®!

where ¥; € R"*P are the left singular vectors, ®; € R™*P are the right singular
vectors, and 3; € RP*P is a diagonal matrix contain the p singular values. The
matrices ¥; and ®; define points on the Stiefel manifolds V(p,n) and V(p,m), and
provide a (non-unique) representation for the points &; and )Y; on the Grassmann
manifolds G(p,n) and G(p,m) defined as the spaces spanned by ¥; and ®;. These
matrices serve as the projection of the X; onto the Grassmann manifold, and represent
the dimension reduced data on which we further operate. Definitions and properties
of the Stiefel and Grassmann manifolds, including the essential operations on data on
the manifold are presented in Section 3.

2.2. Diffusion Maps: Discrete embedding of Grassmannian subman-
ifold on Euclidean space. Given a set Sy = {X;}¥, of i.i.d. random high-
dimensional samples X; € R™ " with probability distribution f,, and their pro-
jections onto the Grassmann manifold G(p,n) given by the set Gnx = {X;},, one
can construct a graph on G(p,n) where the nodes are given by G and the weights
on the edges are determined by a positive semi-definite Grassmannian kernel k :
G(p,n) x G(p,n) — R. Essentials for defining and selecting a Grassmannian ker-
nel are discussed in Sections 3.3 and 4 where we review the definitions of distances,
metrics, and kernels on the Grassmannian.

The transition matrix of a random walk Wy = (Sy, f, P) performed in this graph
can be constructed from the kernel normalization. First, a diagonal degree matrix
D € RYXN s constructed as follows

N
(2.2) Dy =Y k(X X)).

j=1
from which one can obtain the stationary distribution of the random walk as
D
> k=1 Dk

Next, a set of coordinates embedding the points on G(p, n) into an Euclidean space
is obtained from the spectral decomposition of the transition matrix P of random
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walk Wy. To obtain this transition matrix, the kernel matrix k;; = k(X;, X;) must
be normalized as follows

ki;
(24) Rij = J ,
DiiDj,
and P;; is given by
Kij
D k=1 Fik

From the eigendecomposition of P, we retain the first ¢ eigenvectors {¢};_,, with
¢ € RV, and their respective eigenvalues {\;}{_,. The Grassmannian diffusion
coordinates for the element X; € Sy are then given by

(2.6) E; = (&o,--,&q) = (MNo¥jos - s MYjq)

where 1), corresponds to the position j of ¢,. Moreover, the Grassmannian diffusion
distance for the discrete embedding of the Grassmann manifold in the Euclidean space
is given by

N 2
2 1
(2.7) 05 = 1Pl = Piillpyon) = { 2 [Pl = il l)kk} 7
k=1 '

which can be interpreted as

N 3
(2.8) 55 = { Z A [ir, — i) } :

k=1

One can easily see that the Grassmannian diffusion distance can be determined as the
Euclidean distance between the Grassmannian diffusion coordinates as given by

(2.9) 8% = 1= — 5%

The mechanization of the Grassmannian diffusion maps is presented later in Al-
gorithm 2.1.

3. Grassmann manifold: Definitions. The elements of differential geometry
discussed in this section are essential for the development of the Grassmannian dif-
fusion maps technique. In particular, the high-dimensional data considered herein
are represented by matrices (data in vector or tensor form can be reshaped to ma-
trix from), and their projection on the Grassmann manifold are represented by their
underlying subspace structure. In this regard, to formalize the representation of a
point on the Grassmann manifold it is necessary to define both the Stiefel and the
Grassmann manifolds.

Consider the ambient space R", a p-plane is the subspace of dimension p with
0 < p < n, and a p-frame is an ordered set of p mutually orthonormal vectors in R™
[3, 52]. The Stiefel manifold V(p,n), which is induced by the orthogonal group O(n)
of n x n orthogonal matrices, is defined as follows.

DEFINITION 3.1. The Stiefel manifold V(p,n) is the set of p-frames in R™ such
that V(p,n) = {¥ € R™P ; ¥TT = 1,}.
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Algorithm 2.1 Grassmannian Diffusion Maps (GDMaps)

Require: a set of N high-dimensional data Sy = {Xj,...Xy} with X; € R**™,

and the dimension p of the Grassmann manifold.

1: foriel,...,N do

2:  Compute the compact Singular Value Decomposition: X; = ¥,;%,;®

¥, € V(p,n) and ®; € V(p, m).

3: end for

4: For every pair [¥;, ¥,] and [®;, ®;] compute the entries k;; of the kernel matrices
ki; () and k;; (®), either e.g. Eq. (4.2) or Eq. (4.4).

5: If necessary, compute a composite kernel matrix k (¥, ®). For example:

k (\I’, ‘I’) = kij (\I’) + kij (‘P) or k (\I’, @) = kij (\I’) o kij (@), where o is the Hada-
mard product.

T

;i » where

6: Compute degree matrix D € RV using k (¥, ®) as in Eq. (2.2).
7. Compute the normalized kernel matrices using Eq. (2.4) for k (¥, ®).
8: Estimate the transition matrix P using Eq. (2.5).
9: Obtain the eigenvectors and their respective eigenvalues from the eigendecompo-
sition of P, and determine the truncation index gq.
Ensure: diffusion coordinates Z1, ..., 2y, with E; € R,

where I, € RP*P is the identity matrix and ¥ € R"*P is an orthonormal matrix.
Moreover, V(p, n) is a compact manifold with dimension given by dim [V(p,n)] = np—
%p(p +1) [52]. Furthermore, the Stiefel manifold is a homogeneous space represented
as a quotient space [52, 53], such that

O(n)
O(n—p)’

The right action of O(p) on V(p,n) induces a homogeneous space with dimension
p(n — p) known as the Grassmann manifold [52], whose definition is given next.

(3.1) V(p,n) =

DEFINITION 3.2. The Grassmann manifold (or Grassmannian) G(p,n) is a set of
p-planes in R™ where a point on G(p,n) is given by X = span (W) with € € V(p,n).

Moreover, X is identified as an equivalence class of n X p matrices under orthogonal
transformation of the Stiefel manifold [52, 53], such that.
O(n) V(p,n)

O(n—p)O(p)  Op)

For a better comprehension about the nature of both manifolds, if p = 1 the Grass-
mann manifold G(1,7) is a generalization of the projective space P"~! corresponding
to the set of lines passing through the origin of the Euclidean space [23]. Further,
a point X = span (¥) € G(p,n) is invariant under the right action ¥R € V(p,n)
such that span (¥) = span (¥R), where R € O(p) is a p x p orthogonal matrix [52].
Hence, ¥ and YR designate the same point on the Grassmann manifold which is
an equivalence class represented by either point on the Stiefel manifold. Practically
speaking, this means that any matrix X € R"*™ can be projected onto a Grassmann
manifold G(p,n) through an orthonormalization process where only p directions are
kept and that the point on G(p,n) is unique despite the non-uniqueness of the or-
thonormalization process.

1

(3.2) G(p.n)
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3.1. Grassmann manifold: Tangent space and geodesic path. Due to the
smoothness of G(p,n), one can define tangent vectors at a given point X € G(p,n) as
an equivalence class of differentiable curves v(t) passing through X'. In this regard, a
tangent space TxG(p,n) is defined as follows [27, 45, 38].

DEFINITION 3.3. The tangent space TxG(p,n) is the set of all tangent vectors in
X, such that

(3.3) TxG(p,n) = {T € R™? . TT¥ = 0}.

The tangent space TxG(p,n) at any point X is a flat inner-product space, which
means that vectors can be defined connecting points in the tangent space, while such
vectors cannot be defined directly on the manifold itself. Moreover, any such vector
connecting points in the tangent space can be projected onto the manifold onto a
curve known as the geodesic, v(t) on G(p,n), defined as follows.

DEFINITION 3.4. The geodesic curve (t) : I — G(p,n), is a differentiable curve
on G(p,n) that is locally length-minimizing with respect to a Riemannian metric.

where I is an interval in R. Further, the vectors tangent to (¢) are covariantly
constant, where V57%(t) = 0 [55]. In simpler terms, the geodesic is the shortest path
along the manifold between two points Xy and A7.

To develop a map from the manifold to the tangent space and vice-versa, let’s
first restrict the interval I € R to I = [0, ], yielding a geodesic segment joining ~(0)
to y(t). Therefore, using the Einstein summation convention and the Levi-Civita
connection, one can make the covariant derivative of 4 equal to zero. Thus, one can
obtain the following geodesic equation [24, 38]

(3.4) A+ TR =0,

where Fﬁl, are the Christoffel symbols. Due to the local existence and uniqueness
theorem for geodesics, one can say that given a point Xy € G(p,n) and a vector
X, € Tx,G(p,n), the geodesic exists and it is unique, such that v(0) = Ap and
4(0) = X,. This can be proven using the theory of ordinary differential equations
[24, 33].

3.2. Grassmann manifold: Exponential and logarithmic maps. Consid-
ering that the Grassmann manifold G(p,n) is connected and complete as a metric
space, one can define an exponential map expy : TxG(p,n) — G(p,n) from the tan-
gent space to every point X € G(p,n). Consider two points Xy = span(¥,) and
Xy = span(¥;) in G(p,n), and a tangent space Tx,G(p,n) with T' € Tx,G(p,n). One
can map T to (1) = &}, where 7(0) = Xy and 4(0) = Ap (see Fig. 1) [16, 38]. As X}
is represented by the orthonormal matrix Wy, one can write the exponential map as

(3.5) expy, () = ¥;.

Expressing I' by its thin singular value decomposition I' = USV”, one can obtain
the following expression after some mathematical manipulation [6].

(3.6) Utan (S) VT = (¥, — Oo0L¥,) (¥Fw,) .

Defining the matrix M = (\111 — \IIO\IIOT\Ill) (\IIOT\Ill)_l and its thin SVD by M =
USVT, the logarithmic map logy : G(p,n) — Tx+G(p,n), which is only invertible in
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Tx,9(p,n)

expy, (T

Figure 1: Exponential map of a point ' € TxG(1, 3) to the Grassmann manifold
G(1,3).

the area close to Xp [38], is given by
(3.7) log,(®;) = Utan~! (S) V7.

The geodesic y(t) parameterizes the curve connecting ¥y and ¥, on ¢t € [0,1]
with 7(0) = ¥y and v(1) = ¥; such that the their respective projections in the
tangent space are connected by a straight line. It can thus be represented by the
projection of this line in the tangent space through the exponential mapping, where
T is expressed by its thin singular value decomposition T' = USVT [6]. Therefore,
one can write y(t) as

(3.8) ~v(t) = span [(¥( Veos(tS) + Usin(tS)) V'] .

3.3. Grassmann manifold: Distances and metrics. Points on the Grass-
mann manifold are intrinsically connected by smooth curves along which one can
define a proper notion of dissimilarity given by the distance. This quantity is esti-
mated from the principal angles between points on the Grassmann manifold, defined
as follows.

DEFINITION 3.5. Considering u; € span (¥,,) and v; € span (¥,) on G(k,n) and
G(l,n), respectively, and letting p = min(k,1); the principal angles 0 < 67 < Oy <

-+ <0, < /2 are recursively obtained from cos(;) = max max ulv,; where u; and
u; A2

v; are orthonormal vectors.
The cosine of the principal angles 6; € [0, 7/2] between the subspaces span(¥,,) and
span(¥,) can be computed from the singular values of ¥T W, as:

(3.9) vy, =UusvT,

where U € O(k), V € O(l), S = diag(o1,02,...,0p), with p = min(k,!), and the
principal angles 6; = cos™!(c;) [28]. In fact, it has been shown that any measure of
distance on the Grassmann manifold must be a function of the principal angles as
stated in the following theorem (repeated from [47, 52]).

THEOREM 3.6. Any notion of distance between k-dimensional subspaces in R™
that depends only on the relative positions of the subspaces, i.e., invariant under any
rotation in O(n), must be a function of their principal angles. To be more specific, if
a distance d : G(k,n) x G(k,n) — [0, 00) satisfies d(Q-Wo, Q- W) = d(¥o, ;) for all
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d(Po,¥q) € G(k,n) and all Q € O(n), where Q - ¥y := span(Q¥y) € G(k,n), then d
must be a function of 0;(¥o, ¥1),i=1,.... k.

Perhaps the most common distance, the geodesic (or arc-length) distance dgp n) (®o, 1)
between two points Xy = span (¥g) and X; = span (¥1) on G(p,n), corresponds to
the distance over the geodesic v(t) parameterized by ¢ € [0,1], and it is given by
[47, 52, 16]

(310) dg(p,n) (‘1107 lIll) = ||®||2’

where ® = (01,6-,...,0,) is the vector of principal angles. This notion of distance,
using the arc-length metric, between two subspaces in G(2,3) is represented on the
unit semi-sphere in Fig. 2. Several definitions of distance/metrics on G(p,n) can be
found in the literature (see [52] for detailed information) and are listed in Table 1.

Figure 2: Geodesic distance between subspaces Xy and X; of R? on G(2,3).

Table 1: Distances/metrics on the Grassmann manifold

Principal angles Orthonormal basis

Asimov 0, cos || @Tw, ||y
1/2 211/2

Binet-Cauchy (1 — [TV, cos?6;) [1 — (det®lwy) ]
Arc-length (>F_, 6%) 1/2 lcos™ 12| F
Chordal (Sh,sin?0)” L) wow] — @]
Procrustes (230, sing%)l/2 |®oU — ¥, V|
Projection sind,, [ To®l — w, W1,
Spectral 2sin97p |[TU — ¥, V|2

When defining a distance, it is often important that the distance be provided in
terms of a metric, which formalizes the notion of distance on the Grassmann manifold,
defined as follows.

DEFINITION 3.7. A metric on the Grassmann manifold is a function d : G(k,n) x
G(k,n) — [0,00) where [0,00) is the set of non-negative real numbers and for all
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Xo = span (Wy),X; = span(¥;), Xy = span (P2) € G(k,n), the following three
conditions are satisfied:

1. d(Xp, X1) =0 Xy = Xy (identity of indiscernibles)

2. d(Xy, Xy) = d(X1, Xy) (symmetry)

3. d(Xo, X1) < d(Xy, Xo) 4+ d(Xa, X1) (triangle inequality)

The formalism of a metric on the manifold is useful for the definition of distance.
It can be seen, for example, by observing that d(Xp, X;) = sinf;, also known as
max correlation distance or spectral distance [53], is not a metric on the Grassmann
manifold because it can be zero for a pair of distinct subspaces. Clearly this is
undesirable.

4. Grassmannian kernels. The notion of a metric on the Grassmann manifold
is useful as an assessment tool to evaluate the proximity of points (subspaces) on the
manifold. However, it is not sufficient as a tool for achieving an additional dimension
reduction on a collection of points on a manifold as is necessary, for example, for
clustering and classification of points on the manifold. This additional dimension
reduction requires embedding the points on the manifold into a higher-dimensional
“feature” space (the so-called “kernel trick” common to many nonlinear dimension
reduction methods). For this, a kernel is required. Defining a Grassmannian kernel
enables the Grassmann manifold to be embedded in a reproducing kernel Hilbert
space (RKHS) that encodes the notion of similarity. Here, we begin by defining
Grassmannian kernels, which follows from the following general definition of a kernel.

DEFINITION 4.1. A real symmetric map is a real-valued positive semi-definite ker-
nel if Zijcicjk(xi,xj) <0, withx € X and ¢; € R.

Consequently, one can define a Grassmannian kernel as

DEFINITION 4.2. A map k : G(p,n) x G(p,n) — R is a Grassmannian kernel if it
is invariant to the choice of basis and positive semi-definite.

In kernel-based dimensionality reduction techniques, there are many commonly
used kernels defined on Euclidean spaces. The Gaussian kernel is perhaps the most
popular and is given by,

X, — X.[2
(4.1) (X, X,) = exp (_llyllz) 7

4e

where X; and X are data points in the ambient Euclidean space, and ¢ is the length-
scale parameter. It could be tempting to simply substitute the Euclidean norm in the
definition of the Gaussian kernel by a metric on the Grassmann manifold. However,
this procedure yields a non positive semi-definite, although symmetric, kernel [23].

Several families of Grassmannian kernels, with different characteristics, are pro-
posed in the literature (see [20, 21, 23]); however, the most popular positive semi-
definite kernels are the Binet-Cauchy and Projection kernels corresponding to the
Pliicker and projection embeddings, respectively as discussed next.

4.1. Binet-Cauchy kernel: Pliicker embedding. The construction of the
Binet-Cauchy kernel is based on the Pliicker embedding P : G(p,n) — P(APR™). It
embeds the Grassmann manifold G(p,n) into the projective space P (AP R™), where
the exterior product APV is the k-th product of a vector space V. This property is
used to determine an inner product over P (AP R™) using the ¢-th compound matrix
Cy(¥) of a matrix ¥, which are the minors of ¥ of order ¢ arranged in a lexico-
graphic order [23]. Next, considering the Binet-Cauchy theorem [43, 23], and the
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points X; = span (¥;) € G(n, k) and X; = span (¥;) € G(n,!l), one can use the ¢-th
compound matrix Cy(¥TW;) = C, (¥ )TC (¥;) to determine the inner product for
the Pliicker embedding as kbc(lIlZ,\Il ) =Tr [C (U)TCy(¥;)] = Tr [Co(BT )] =

det (lIl;‘F\Il]) However, the sign of det(-) can change when columns of ¥, are per-
muted, a problem circumvented by taking the square value of det (\IIZT\IIJ) Thus, one

can write kp.(¥;, ¥;) = det (‘I!ZT\IIJ)2 In fact, several families of kernels are construc-
ted based on the Binet-Cauchy theorem. It includes the polynomial generalizations
lpe(T;, W) = [B+ det (T T,;)]” (see [23] for a detailed description). Herein, the
adopted definition of the Binet-Cauchy kernel is given by

2
(4.2) koo (Wi, W) = det (P ®;)

whose relation with the principal angles is given by [20, 23]
(4.3) kpe(¥;, ¥ ;) H cos? (0k).

4.2. Projection kernel: projection embedding. The projection kernel is
defined straightforwardly using the projection embedding IT : G(p,n) — R™*™ which
is given by IT (¥) = W7 This map corresponds to a diffeomorphism, a differentiable
mapping with a continuous differentiable inverse, from the Grassmann manifold to
the set of rank p symmetric orthogonal projection matrices. Therefore, a natural
definition of inner product for the projection embedding is given by (¥;, ¥;)n =

Tr [H ()" 11 (\IIJ)} = ||®7®;||%. As for the Binet-Cauchy kernel, several families

can be obtained using the projection embedding, however, herein the projection kernel
is defined as

(4.4) hor (W3, 95) = || 9795,

whose relation with the principal angles is given by [20, 23]
(4.5) kpr (W5, 5) Zcos (Ok).

4.3. Kernel selection. Selecting an appropriate kernel requires a detailed analy-ii
sis of the effect of the dimensionality of the Grassmann manifold on the magnitude
of the kernel matrix entries. This analysis is presented for the projection and Binet-
Cauchy kernels in Appendix A. The lemmas introduced in Appendix A are important
for the selection of the most appropriate kernel because it is demonstrated that as
p increases up to n/2, the Binet-Cauchy kernel tends to the identity matrix, which
is undesirable for the applications in this paper. On the contrary, the off-diagonal
entries of projection kernel grow like p?, making it less sensitive to changes on the
dimensionality of the Grassmann manifold. Thus, the projection kernel is employed
throughout this work.

5. Grassmannian diffusion maps based data classification. In this sec-
tion, a novel data classification technique considering an overcomplete dictionary of
the Grassmannian diffusion coordinates is presented. This technique uses the sparse
representation to determine a linear and compact combination of the elements in a
dictionary of testing data. It has the advantage that the data’s intrinsic geometry is
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explicitly considered when points on the Grassmann manifold are embedded into a
low-dimensional Euclidean space. Moreover, the dimensionality of the obtained lin-
ear system is reduced in comparison to conventional approaches [48]. Therefore, one
can try to find an appropriate sparse representation of a given object by solving a
convex optimization problem in the ly-norm sense; however, this problem is NP-hard.
On the other hand, solving it in the ls-norm sense may not yield a sparse solution.
To circumvent this limitation, the optimization problem is relaxed and solved in the
l1-norm sense [8, 48].

Consider a test sample X7 and a training set Ty = {Xi}f\il, where each sample
in Ty is assigned to a class k. We begin by constructing an extended dataset Ty, =
{Xy,...,Xny,Xr}. Using GDMaps on Ty 1, we obtain the Grassmannian diffusion
coordinates E; corresponding to the elements X;. Next, the diffusion coordinates
of each element in the k-th class are arranged as the columns of a matrix Ay =
Bk, Ern,] € RNe where N is the number of elements in class k, and ¢
is the truncation index used to define the dimension of the diffusion space. This
approach assumes that any test sample given by its diffusion coordinates =, will lie
in the linear span of the training samples in a given class such that

(5.1)

[

T = Ck18k 1+ Ch Ny BE, N

where ¢, ; € R with j = 1,..., N,. Therefore, the dictionary A can be constructed
by concatenating the matrices Ay, such that

(5.2) A=[Aq,...,Ay,] € RN,
yielding the following underdetermined (N > ¢) linear system:
(5.3)

[

T:AC7

where the constant vector ¢ = [0,...,0,¢k1,..., kN, 0, ..., 0]7 € RY has non-zero
entries in the positions associated with the k-th class. It is evident that, in general, no
unique solution, ¢, exists for this underdetermined system; however, if ¢ is sufficiently
sparse, the exact solution can be recovered with high probability [48]. Moreover, real-
life data can be corrupted with noise; thus, we seek an approximate solution of the
linear system in Eq. (5.3) by solving the following optimization problem

(5.4) ¢ = argmin||c||; subject to ||[Ac—Er|3 <e,
or its unconstrained form,
(5.5) ¢ = arg min||Ac — Er[3 + Bllc]|,

where € is the error tolerance and 3 is the regularization constant. With the vector
of coefficients ¢, one can perform the classification either by assigning the maximum
entry of ¢ to its associated class or by identifying the class yielding the smallest error in
the approximation [48]. Clearly, different methods can be employed when performing
this task. We propose to use the subspace structure in the Grassmannian diffusion
space to compute a residual as

(5.6) r(k) = [|A (T} 0 &) — Erlf2.

The classification is performed by finding &k that minimizes r(k), where the entries
of I} € R? corresponding to the k-th class are equal to one and the rest are zero,
and o is the Hadamard product. The mechanization of this classification technique is
presented in Algorithm 5.1.
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Algorithm 5.1 GDMaps based data classification using sparse representation

Require: a set of N high-dimensional data Ty = {Xy,... Xy} with X; € R™*™
the dimension p of the Grassmann manifold, and a test sample X, € R™*™,

1: foriel,...,N do

2. Compute the thin Singular Value Decomposition: X; = ¥;%;®7; where, ¥, €

V(p,n) and ®; € V(p, m).

3: end for

4: Compute the thin Singular Value Decomposition: X, = \IITET@% where, ¥ €
V(p,n) and ®1 € V(p, m).

5. For the augmented sets ¥ = {¥y,..., Oy, ¥y} and & = {Py,..., PN, Pr}
compute the entries k;; of the kernel matrices k;; (¥) and k;; (®) using either Eq.
(4.2) or Eq. (4.4).

6: If necessary, compute the composite kernel matrix k (¥, ®). For example:

k (\Il, ‘P) = /{Jij (‘I’) + kij (‘i’) or k (\Il, ‘P) e /{Jij (‘I’) o /{Jij (q)), where o is the Hada-
mard product.

7: Compute the diffusion coordinates E1, ..., 2y, Er as in Algorithm 2.1, with E; €
RY.

8: Concatenate the Z;’s of each class k as columns of a matrix A € RI*Nk,

9: Create the matrix of training diffusion coordinates A = [Ay,..., Ay, ] € RV

10: Normalize the columns of A and the test sample Z1 to have unit lo-norm.

11: Solve the convex optimization problem:

¢ = arg min||c||; subject to ||Ac—Er||2 <€
or alternatively
¢ = ang min||Ac — Erl[3 + llcls

12: Compute the residuals for each class k: 7(k) = ||A (I} o &) — Er||2

Ensure: k(X7) = arg mkin r(k)

6. Examples. In this section, three problems are considered to assess the per-
formance of the Grassmannian diffusion maps in revealing the intrinsic geometric
structure of a dataset for classification purposes. Herein, the projection kernel (Eq.
(4.4)) is adopted because it is not as sensitive as the Binet-Cauchy kernel to changes
in the dimensionality of the Grassmann manifold, as demonstrated in the Appen-
dix A. In the ensuing analysis, both the conventional and Grassmannian diffusion
maps are considered for comparison. The algorithms of both techniques are im-
plemented in the UQpy software [32](Uncertainty Quantification with python: https:
/ /ugpyproject.readthedocs.io/en/latest/), a general purpose Python toolbox for mod-
eling uncertainty in physical and mathematical systems.

6.1. Structured data on the unit sphere in R?. Consider a collection Sy =
{X,;}X, of N = 3,000 points defining two cone-like structures in R? as presented in
Fig. 3a. In this problem, every point in the set Sy is composed of three coordinates
(71,2, 23) that lie on a surface constrained by the relation sin(¢) = cos?(#) in spher-
ical coordinates with radius r uniformly distributed in the interval [0,2]. The set of
random points on this constrained manifold are shown in Fig. 3a, where the color
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map is determined by the magnitude of each point \/z% + 23 + x32. By imposing these
constraints, we can see (Figure 3b) that the points are constrained to lie in subspaces
that form a one-dimensional curve on G(1,3), i.e. the unit sphere in R3.

This example demonstrates that the Grassmannian diffusion maps can identify the
intrinsic structure of points on G(1, 3) given by the subspaces spanned by ¥ € V(1, 3)
(Fig. 3b). As G(1,3) is represented by the unit sphere in R3, the affinity between
points on it is given by the principal angle between pairs of unit vectors in R3.

(2) (b)

Figure 3: Example 1: a) Elements of Sy in R3 colored by their magnitude. b)
Projection of the elements of Sy onto the Grassmann manifold colored by their
magnitude in the ambient space.

Figs. 4a and 4b show the diffusion coordinates for the conventional diffusion maps
with a color map determined by the first and the second diffusion coordinates, respec-
tively. On the other hand, Fig. 4c and 4d show the diffusion coordinates for the
Grassmannian diffusion maps with a color map determined by the first and the sec-
ond diffusion coordinates, respectively. One can easily see that a radial symmetry is
identified by the Grassmannian diffusion maps. This is an expected outcome due to
the geometry of the data in the ambient space.

The performance of both conventional diffusion maps and the Grassmannian dif-
fusion maps are assessed in Figs. 5 and 06, respectively. In both cases, the first two
nontrivial diffusion coordinates define the color maps. For the conventional diffusion
maps, both the first and the second diffusion coordinates are mapped in the ambient
space R? according to the canonical directions, as observed in Figs 5a,c. However,
when the same diffusion coordinates are mapped on the Grassmann manifold G(1, 3)
they appear shuffled, and no logical parametrization can be extracted from it, as
observed in Figs 5b,d. This means that the conventional DMaps successfully iden-
tifies a low-dimensional representation of the data in the ambient space, but this
low-dimensional representation does not reflect the underlying subspace structure of
the data as it is constrained on the manifold.

On the other hand, for the Grassmannian diffusion maps, the first and the second
diffusion coordinates in the ambient space R? (Figs. 6a,c) and on the Grassmann
manifold G(1, 3) (Figs. 6b,d) are clearly structured to align with the intrinsic subspace
structure of the data on G(1,3).
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Figure 4: Example 1: Diffusion coordinates: a) Conventional DMaps with color map
defined by 7 and b) 19, ¢) Grassmannian DMaps with color map defined by ¢, and

by d) Po.

6.2. Robust classification of high-dimensional random field data. In this
example, the performance of the Grassmannian diffusion maps in the classification
of high-dimensional random field data is investigated. We employ k-means on the
obtained diffusion coordinates in order to cluster the data according to the most
important features in the ambient space.

Consider the elements of a dataset Sy = {Xy,...,Xy}, with N = 3,000, gen-
erated with a prescribed rank p = 5, where X, € R™*™ with n = m = 40, is given
by

(6.1) Xy = UpA UL,

where Ay € RP*P is a diagonal matrix whose the elements are i.i.d. random numbers
with uniform distribution in the interval (0, 1], and the entries of U, € R™*? take the
following functional form

(k) 2 27T(j+Lk) .
(6.2) ul) = \/;cos [n (-1,

with j = 0,...,p, and ¢ = 0,...,n — 1. Further, T and Ly are uniform discrete
random variables assuming integer values in the interval [0,n —1] and [1, 5| +1—p],
respectively. Note that the samples T, and L, are the same for every column of
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(a) (b)

1
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1 1
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0

0
11
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1 ﬁ
0
-1 "
0
11
Figure 5: Example 1: Conventional diffusion maps: a) color map for v in the

ambient space, and b) on the Grassmann manifold. ¢) color map for v, in the
ambient space, and d) on the Grassmann manifold.

U, meaning that each element of Sy is a realization of a two-dimensional ran-
dom field having a stochastic basis. Our objective is thus to cluster these ran-
dom fields according to their stochastic basis. Fig. 7 shows two realizations of
X where A; = diag(0.444,0.828,0.775,0.913,0.981), Ly = 20, and T3 = 3; and
A, = diag(0.614,0.800,0.184,0.519,0.961), Lo = 38, and 15 = 6.

The conventional DMaps and the GDMaps techniques are compared by their
ability to reveal the underlying subspace structure of the elements in the set Sy. To
explore this, the first three diffusion coordinates obtained using the conventional and
the Grassmannian diffusion maps are presented in Fig. 8a and in Fig. 8b, respectively;
where every point defined by the diffusion coordinates corresponds to an element in
Sn. In the k-means, we adopt 15 clusters corresponding to the 15 distinct values of Ly,
in the integer-valued distribution since, from Eq. (6.2), we would expect Ly to have a
strong influence on the shape of the points projected onto G(5,40). We see that the
conventional diffusion coordinates are highly dispersed and their dispersion adversely
influences the clustering. This becomes clearer when the clusters are mapped back to
the parameter space (T} x Li) in Fig. 9a, where the shuffled colors indicate that the
classification does not segregate based on the subspace characteristics of the elements
of Sy defined by T} and L.

On the other hand, Fig. (8b) shows that the Grassmannian diffusion maps reveal
clearly delineated clusters identifying the subspace geometry of the elements in Sy.
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(a) (b)

Figure 6: Example 1: Grassmannian diffusion maps: a) color map for ¢, in the
ambient space, and b) on the Grassmann manifold. ¢) color map for ¢, in the
ambient space, and d) on the Grassmann manifold.

TOWS

0.00

—0.08

columns columns

Figure 7: Example 2: Two realizations of random field elements in Sy.

This behavior is evident in Fig. 9b, where the clusters are mapped back onto the
parameter space (T X Lj) and identify the elements belonging to the subsets defined
by each Ly with k=1,...,15.

6.3. Sparse representation-based face recognition. In this example, faces
of different subjects are identified using the sparse representation based classification
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Figure 8: Example 2: k-means applied on the first three diffusion coordinates (15
clusters): a) Conventional and b) Grassmannian diffusion maps:
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Figure 9: Example 2: Clusters of the diffusion coordinates mapped to the parameter
space (T} x L) (a) Conventional diffusion maps (b) Grassmannian diffusion maps.

technique of section 5. The face images used in this experiment were retrieved from the
AT&T Database of Faces (AT&T Laboratories Cambridge). This database contains
a set of 400 face images of 40 subjects, corresponding to 10 face images for each
subject, with variation in the illumination, changes in the facial expressions (e.g.,
open and closed eyes, smiling and not smiling faces), and considering occlusions (e.g.,
glasses). Moreover, they were taken against a dark and homogeneous background and
the subjects had some limited freedom for side-to-side movement. All images are in
grey scale and were resized to dimension 200 x 200.

In this experiment, Algorithm 5.1 and a modified version substituting steps 1-6
by the Gaussian kernel and conventional DMaps, are used for face recognition. The
training set is composed by N = 360 face images (40 classes with 9 face images of
the same subject in each), and the test set is composed of 40 face images of distinct
subjects. First, considering one face image from the test set (Fig. 10b) and assuming
that p = 4 encodes the important features of each face image, we apply both the
conventional and the Grassmannian diffusion maps truncating the dimension of the
diffusion coordinates to g = 20.



GRASSMANNIAN DIFFUSION MAPS 19

§

@A
EA0OEE

i

i
B LU
)

i
FI s

3D

ar B2
\‘Z’H :
o) $

) pi
)

%
Al

[alufalo

r"—;,

HEOD
%
DAERDE
H

(a) (b)

Figure 10: Example 3: a) One face image of each subject representing each of the 40
classes and b) Test face image.

Facial recognition is performed using either the approximated solution € of the
underdetermined system or the residuals r(k). Both the constrained and uncon-
strained convex optimization problems are considered. From Figures 11 and 12 we
can clearly see that the present method informed by the conventional diffusion maps
cannot recognize the test face image using either & (Figs. 11) or r(k) (Figs. 12) as
the identification criterion. This observation is valid for both the constrained and
unconstrained problems.

On the other hand, Figs. 13 and Fig. 14 show correct facial recognition using the
GDMaps-based method using either ¢ (Fig. 13) or 7(k) (Fig. 14) as the identification
criterion for both the constrained and unconstrained optimization problems. It is
worth noting that the solution € from the constrained problem for the conventional
diffusion maps is not compact. Moreover, the condition number of the transition ma-
trix of the Markov process in the conventional diffusion maps is 849 times larger than
the one observed in the Grassmannian diffusion maps, which makes the Grassmannian
diffusion maps more stable than its conventional counterpart.
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g 03 & o0

—_ —

= 02 2 0,075

35 0.075
0.1 I 0.050
0.0 l I - 1 0.025
—0.1 0.000

0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350

Subjects

Figure 11: Example 3: Conventional diffusion maps — Entries of ¢, with colors
defining the 40 classes, for the a) constrained and b) unconstrained minimization
problems.

Finally, the performance of the facial recognition for both the conventional and
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Figure 12: Example 3: Conventional diffusion maps — Residuals r(k) using the a)
constrained and b) unconstrained minimization problems.
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Figure 13: Example 3: Grassmannian diffusion maps — Entries of ¢, with colors
defining the 40 classes, for the a) constrained and b) unconstrained minimization
problems.

the Grassmannian diffusion maps is assessed for all 40 subjects in the test set. The
approach employing the conventional diffusion maps only correctly identified 2 sub-
jects when the constrained minimization is employed, and just 1 subject when solving
the unconstrained minimization problem. This poor performance can be justified
by the low condition number of the transition matrix of the Markov process in the
conventional approach.

Figure 15 shows how the recognition rate changes for different values of p in the
GDMaps, where we observe that high recognition rates are obtained even considering
p = 1. In the best cases, a recognition rate of 95% was achieved for p = 12,13
and 14. Moreover, we observed that the recognition rate tends to diminish for larger
p (p > 50 for instance); indicating that the rank of the images is low and that
higher dimensions are associated with noise and/or non-structural features of the
images. Thus, the use of large values of p is not justified in this of application.
Moreover, the computational performance of the present technique is comparable with
the performance of the existing sparse representation-based classification method [48].

Concluding remarks. In this paper, a novel dimensionality reduction tech-
nique, referred to as Grassmannian diffusion maps, was developed based on the con-
cepts of Grassmann manifold and diffusion maps aiming at the characterization and
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Figure 14: Example 3: Grassmannian diffusion maps — Residuals r(k) using the a)
constrained and b) unconstrained minimization problems.
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Figure 15: Example 3: Grassmannian diffusion maps — Recognition rate as a
function of p for the recognition approach informed by the GDMaps.

classification of high-dimensional data in low-dimensional spaces. We demonstrated
that an element of a dataset residing in a high-dimensional ambient space can be repre-
sented by a subspace constrained on the Grassmann manifold. The proposed GDMaps
method is composed of two main steps, a pointwise linear dimensionality reduction
and a multipoint nonlinear kernel-based dimensionality reduction. In the pointwise
dimensionality, each element of a dataset is projected onto a Grassmann manifold
where only the most relevant features defining the subspace where the data lie are
retained. The subsequent multipoint dimensionality reduction applies the diffusion
maps over the points on the Grassmann manifold to reveal the underlying structure
of the points (subspaces) on the Grassmann manifold. Therefore, instead of using
the information in the ambient space, which can be more susceptible to data corrup-
tion and external factors (e.g., noise, illumination level in images), the Grassmannian
diffusion maps uses the information provided by the underlying lower-dimensional
subspace of each data point. We further propose an algorithm to leverage the pro-
posed GDMaps for classification of high-dimensional data. Along with a presentation
of the proposed method, we provide the relevant details underpinning the method; in
particular a careful investigation of kernels on the Grassmannian is presented to place
the GDMaps on a firm foundation.
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The performance of the Grassmannian diffusion maps was assessed in three ex-
amples. The first one contained a theoretical experiment to verify the ability of the
GDMaps to identify a structured connection among points known to lie on a con-
strained submanifold of the Grassmann manifold, represented by the unit sphere in
R3. It was shown that the Grassmannian diffusion maps can identify a well-defined
parametric structure of the data when they are projected on the Grassmann mani-
fold G(1,3). In the second example, a classification experiment with high-dimensional
random field data was performed. The Grassmannian diffusion maps was applied to a
dataset of matrices formed by oscillatory functions with random phase and frequency.
A k-means was used to cluster the Grassmannian diffusion coordinates corresponding
to matrices composed of oscillatory functions with same frequency. The third example
presented a practical application of both the Grassmannian diffusion maps and the
Grassmannian diffusion maps-based data classification using sparse representation.
It was demonstrated using the AT&T Database of Faces (AT&T Laboratories Cam-
bridge) that the Grassmannian diffusion maps is robust in identifying 40 face images
subject to varying illumination conditions, change in face expressions, and occurrence
of occlusions. Moreover, the developed technique presented high recognition rates
(95% in the best-case) using low-dimensional data.
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Appendix A. Grassmannian kernel dimensionality. Some properties
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kernel matrix, is analyzed based on the distribution of the principal angles between
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same Grassmann manifold. Next, a more detailed analysis is presented for both the
projection and Binet-Cauchy kernels.

The lemmas presented in this section are developed considering two subspaces
X; = span (¥;) and &; = span (¥;) chosen from the invariant uniform distribution
on G(p,n). The entries of the kernel matrix are denoted by k;; = k(¥,;, ¥;), where
for an ensemble of random subspaces the expected value is denoted by /%ij.

A.1. Projection kernel. The following lemmas show that the expected values
of the entries of k,,(¥;, ¥,) have a well-defined functional relationship with both p
and n.

LEMMA A.l. Given two random subspaces X; = span (¥;) and X; = span (¥;)
on G(p,n), if i = j the entries in the diagonal of ky,.(¥;, ¥ ;) are given by ki; = p.

Proof. The proof of lemma A.1 is trivial because cos?(;) =1 fori = 1,...,p in
Eq. (4.5). d

On the other hand, if i # j, the following lemma holds.

LEMMA A.2. Given two random subspaces X; = span (¥;) and X; = span (¥;)
on G(p,n), if 1 < p < n the expected value k;j(p,n) of the off-diagonal entries of
kpr (®;, W) has the following functional form

(A1) By = 2

Proof. Consider a fixed subspace X; = span(¥;) and a subspace X; = span(¥;)
chosen from a uniform distribution on the Grassmann manifold given by

and
(A.3) ;= {‘g} 7

where I, is a p x p identity matrix, 0,,—, , is a (n — p) X p null matrix, A € RP*P and
B € R("~P)*P are i.i.d. Gaussian matrices, since the Gaussian distribution is invariant
under orthogonal group transformation [1]. The orthonormalization of \ilj is given
by ¥; = \ilj (ATA + BTB). Thus, 0 = cos?(6;), with i = 1,...,p, are equal to

the eigenvalues values {\;}?_, of (ATA +BTB) /* ATA (ATA +BTB) /% Or
equivalently given by the eigenvalues of W = (L~1)TATAL ™!, where ATA+BTB =
LTL is the Cholesky decomposition of ATA + B7B. As L has a beta distribution
Betay[p/2, (n — p)/2], the joint probability density function (PDF) of {\;}!_;, when
n > 2p, is given by [31, 12, 1]

WPQ/QFP n/2 u 1 L(n—2p—1
(Ad) f(M1,..,0p) = F%(p/Q)Fp((E’L/])))/Q) gl)\i—)\ﬂil:[l,\i /2(1—)\i)2( ),

where T'),(+) is the multivariate gamma function [31, 1]. Therefore, the PDF of the
largest principal angle between the subspaces X; and X; randomly chosen from G(p, n)
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can be obtained (see [1] for a detailed presentation). At this point, our interest is
focused on the case p = 1, whose PDF of the cosine square of the unique principal
angle is given by

(A.5) fN) = ey

where I'(+) is the gamma function, A = cos?(f;). The mean and variance are given by

(A.6) BN =,
and

_ 2n—1)
(A7) Var[\] = 2 12)

Assuming that 7 ¥; = USVT, where S = diag ([o1,...,0p]), and considering that
W; and ¥; are orthonormal matrices, one can use the following identity

D
(A.8) > o =Tr (0,0 W07
i=1

Considering that Z = 1111\11?111]\11? one can write Eq. (A.8) for every realization £ of
W, such that

(A.9) _Z o7 (8) = Z Zii().

Taking the expectation of both sides of Eq. (A.9) one can obtain

(A.10) D E62O)] =Y E[Zik(9)].

p p
i=1 k=1

From the definition of Z one can obtain

P
(A.11) Zipp(§) = Z LT
=1

where W, . ;) corresponds to the element (k,1) of ;. Therefore, as the columns of
P, are orthonormal vectors in R™, the components of the vector ¥ (. ;) are equal to
the cosine of the direction angles ay, between W; and the component in the coordinate
axis k with K = 1,...,n. It is clear that the dot product of unit vectors uniformly
distributed on the sphere S" has a beta distribution; thus, assuming that ¥; . ;)
are ii.d. one can find that (¥, ;) +1)/2 ~ Beta[(n—1)/2,(n—1)/2] [19]. As
E [‘I’Mk,l)] = 0, the variance of W ;) is given by

1
(A.12) Var [‘I’j,(k,z)] =E {'I’i(k,l)} -

Moreover, if the columns of ¥; are orthonormal vectors in R", the components of the
vector W, (. ;) are equal to the cosine of the direction angles ay between ¥; and the
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component in the coordinate axis k with k = 1,...,n. Therefore, \Il? ) = cos?(ay).
Thus, one can observe that the results presented in Egs. (A.5 - A.7) are valid for

A = cos?(ay,). Therefore, from Eq. (A.11) one can show that

(A.13) E[Zi()] = 2.

Substituting Eq. (A.13) in Eq. (A.10) one can easily show that
(A.14) Fiy(pn) = Y E[2()] = T 0

A.2. Binet-Cauchy kernel. From Eq. (4.2) the Binet-Cauchy kernel corre-
sponds to the product of the square of the singular values of lIllT\IJJ In this regard,
the values of the off-diagonal elements of ky.(¥;, ¥;) are governed by those singular
values larger than zero and lower than one. Therefore, one can start this analysis
assuming that the following lemma holds.

LEMMA A.3. Given two random subspaces X; and X; on G(p,n), if p > n/2 the
multiplicity of the principal angle 8 = 0 between them is equal to 2p — n.

Proof. Assuming that X; = span (¥;) and X; = span (¥;), and considering that
the multiplicity of the principal angle 8 = 0 between &; and X} is equal to dim(X;NA}),
one can use the following expression

(A.15) dim(&X; N &;) = dim(A&;) + dim(&) — dim(&; + &),
or alternatively,
(A.16) dim(X; N &) = rank(®;) + rank(¥;) — rank([¥,, ¥,]). |

As X;, X; € G(p,n), rank(¥;) =

ra k(lIl ) = p. Moreover, rank([¥;, ¥;]) = n, since
p > n/2. Therefore, dim(X; N X;) =

The result presented in lemma A.3 is useful to show that p = n/2 corresponds to
the largest value of p where all the singular values of W7 W, are strictly less than
1. Therefore, the number of positive singular values smaller than one is equal to p if
1<p<n/2;and n—pifn/2 < p < n. Thus, one can conclude that when p = n/2, the
expected value of the off-diagonal entries k;;(p,n) of kp.(¥;, ¥;) is minimal. Next, a
lemma for the diagonal elements of the Binet-Cauchy kernel matrix k. is presented.

LEMMA A.4. Given two random subspaces X; = span (¥;) and X; = span (¥;)
on G(p,n), if i = j the entries in the diagonal of ky.(¥;, ¥;) are given by k;; = 1.

Proof. The proof of lemma A .4 is trivial because cos?(;) =1 fori = 1,...,p in
Eq. (4.3). O

One can start the analysis of the off-diagonal entries of the Binet-Cauchy kernel
matrix from the trivial cases. Considering two random subspaces &; and & one can
easily show that for p = 1, the expected value of the off-diagonal entries of the Binet-
Cauchy kernel is given by k;;(p,n) = 1/n, as in the projection kernel. On the other
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hand, for p = n, which is an extreme case used for theoretical purposes only, one can
observe that k;;(p) = 1 because all the principal angles are equal to zero. Therefore,
in the extreme cases both kernels have similar behavior. More generally, one can
show that the expected values of the off-diagonal entries of the Binet-Cauchy kernel
can be obtained using the joint probability density function in Eq. (A.4); however,
this calculation is cumbersome. Alternatively, one can define an upper bound for
the expected value of the off-diagonal entries of the Binet-Cauchy kernel matrix as
presented in the following lemma.

LEMMA A.5. Given two random subspaces X; = span (¥;) and X; = span (¥;)
on G(p,n), the expected value k;;(p,n) of the off-diagonal entries of ky.(¥;, ¥;) has
the following upper bound

(£) f1<p<’
_ n 2
n 2

Proof. Considering the matrices ¥; and W;, presented in the proof of lemma
A.2, as bases of both subspaces &; and Xj, respectively; and using the inequality of
arithmetic and geometric means (AM-GM inequality) [10] one can observe that

(A.18) (_H EW(&)}) < B

From lemma A.2 one can say that E[o?(¢)] with i = 1,...,p is equal to p/n. Thus,
one can write

P

(A19) (_H E[cr%(s)]) <

Therefore, the expected value of the off-diagonal entries of the Binet-Cauchy kernel
has an upper bound given by

SIs

(A.20) Eij(p, n) < (B)p,

n

if p < n/2. On the other hand, if n/2 < p < n, the upper bound is given by

(a.21) w < (2)

n

In fact, Eq. (A.21) holds because for n/2 < p < n only n — p singular values are in
the interval (0,1) and contribute to the product in the left-hand side of Eq. (A.18).0



	1 Introduction
	2 Grassmannian Diffusion Maps
	2.1 Grassmann manifold projection
	2.2 Diffusion Maps: Discrete embedding of Grassmannian submanifold on Euclidean space

	3 Grassmann manifold: Definitions
	3.1 Grassmann manifold: Tangent space and geodesic path
	3.2 Grassmann manifold: Exponential and logarithmic maps
	3.3 Grassmann manifold: Distances and metrics

	4 Grassmannian kernels
	4.1 Binet-Cauchy kernel: Plücker embedding
	4.2 Projection kernel: projection embedding
	4.3 Kernel selection

	5 Grassmannian diffusion maps based data classification
	6 Examples
	6.1 Structured data on the unit sphere in R3
	6.2 Robust classification of high-dimensional random field data
	6.3 Sparse representation-based face recognition

	References
	Appendix A. Grassmannian kernel dimensionality
	A.1 Projection kernel
	A.2 Binet-Cauchy kernel


