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Singular limit for reactive diffusive transport through
an array of thin channels in case of critical diffusivity
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Abstract

We consider a nonlinear reaction—diffusion equation in a domain consist-
ing of two bulk regions connected via small channels periodically distributed
within a thin layer. The height and the thickness of the channels are of order
€, and the equation inside the layer depends on the parameter e. We consider
the critical scaling of the diffusion coefficients in the channels and nonlinear
Neumann-boundary condition on the channels’ lateral boundaries. We derive
effective models in the limit € — 0, when the channel-domain is replaced by an
interface ¥ between the two bulk-domains. Due to the critical size of the diffu-
sion coefficients, we obtain jumps for the solution and its normal fluxes across
3., involving the solutions of local cell problems on the reference channel in every
point of the interface X.
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1 Introduction

In this paper we consider reaction-diffusion processes in a microscopic domain €2,
consisting of two bulk-domains Q} and 7, which are connected via small period-
ically distributed channels Qi‘/fe obtained by scaled and shifted reference elements
Z*. The height and the thickness of the channels, as well as the periodicity of the
channels, are of order €, where the parameter € is small compared to the size of the
bulk-domains. Within the microscopic domain 2. we consider a reaction-diffusion
equation with nonlinear reaction-kinetics and nonlinear Neumann-boundary condi-
tion on the lateral boundary of the channels. This boundary condition describes for
example reactions taking place at the boundary of the channels or exchange with the
surrounding medium. Within the channels we assume low diffusivity of order e. The
aim is the derivation of a macroscopic model with effective interface conditions in the
singular limit ¢ - 0. We only consider the case of a scalar equation. However, the
results can be easily extended to systems of equations.

Reaction-diffusion transport in domains connected by thin channels plays an im-
portant role in many applications. We are particularly interested in applications in
biology and biomedicine, where, for example, the exchange between cells and extra-
cellular space occurs through pores in the cell membrane, or where cell layers such
as the blood-brain barrier or the blood-air barrier control the exchange of chemical
substances, ions, fluids, or cells (e.g., immune cells) between compartments of the



Figure 1: Left: Endothelial barrier assay: Human endothelial cell monolayer culti-
vated on ibiPore glas membrane separating the upper and lower microchamber. Right:
Geometry of the supporting porous membrane. Bar: 10 pym, diameter of the single
pore: 3um. With the kind approval of ibidi GmbH.

organism. Quantifying the barrier function of such layers in dependence also on mi-
croenvironmental influences (pH, hypoxia) leads to extremely challenging problems.
First experimental investigations in this direction are performed with the help of in
vitro devices consisting of microchambers separated by cell layers cultured on porous
membranes see e.g. Figure[l] These so called organs-on-chips simulate structural and
functional features of in vivo cellular layers, see e.g. [I§] for a lung-on-chip microdevice
reproducing key structural and functional properties of the human alveolar-capillary
interface. Other important applications where reaction-diffusion transport through
small channels play an important role are membranes perforated by tiny pores and
filters used in engineering sciences, see e.g. Figure [I} In all these applications non-
linear effects on the boundary of the channels play an important role. We note that
in the mentioned applications the geometry and the bio-chemical and bio-physical
processes can be considerably more complicated than in our model. However, even
for relatively simple models, just taking into account reaction and diffusion processes,
numerical simulations are very expensive. Therefore, macroscopic approximations of
the solutions, obtained in the limit € — 0, are highly demanded and the methods de-
rived in our paper are an essential step for the treatment of more complex problems.

Figure 2: Two rolled up, nested gold (Au)-membranes with ordered pores. (©)Claudia
Biittner, Max-Planck-Institut fiir Mikrostrukturphysik, Halle (Saale). With the kind
approval of science2public - Gesellschaft fiir Wissenschaftskommunikation.



In the singular limit ¢ - 0 we obtain two bulk-domains Q% and Q~, which are
separated by the interface X. The crucial point is the derivation of the interface
conditions across X in the macroscopic model. These interface conditions carry infor-
mation about the microscopic processes in the channels QJ*WE We obtain a jump for the
solution and its normal fluxes across 3, involving the solution of local cell problems of
reaction-diffusion type on the reference element Z* in every point of the interface X.
This coupling between the microscopic variable from Z* and the macroscopic variable
from X arises due to critical scaling for the diffusion in the microscopic model, and
leads to additional difficulties in the limit process. Here, the most challenging step is
to pass to the limit in the thin channels, where we have to cope simultaneously with
the singular limit and the periodicity of the channels. For this we use the method
of two-scale convergence for thin channels and their oscillating surface, which was
defined in [3] and is closely related to the two-scale convergence in thin heterogeneous
layers introduced in [23], see also [20] for homogeneous thin structures. Due to the
specific scaling in the microscopic equation in the channels, the macroscopic two-scale
limit of the microscopic solution is depending on both, the macroscopic variable T € 3
and the microscopic variable y € Z*.

As a first step in the derivation of the macroscopic model we derive e-dependent
a priori estimates for the microscopic solutions, which imply (weak) two-scale con-
vergence for the solutions in the thin layer. These compactness results are enough
to pass to the limit in the linear terms of the microscopic equation, but not for the
nonlinear terms, especially on the boundary of the channels. For those terms we need
strong two-scale compactness results. Using the unfolding method for thin channels,
which gives us an equivalent characterization of the two-scale convergence, we prove a
general strong two-scale compactness result of Kolmogorov-Simon-type based on error
estimates for the discrete shifts of the microscopic solution. An additional difficulty
in our problem arises due to the fact, that because of the low regularity assumptions
on the data and the nonlinear boundary condition the time-derivative of the micro-
scopic solution is only a functional on a function space defined on the whole domain
Q.. Therefore, it is not straightforward to obtain the existence of the time-derivative
of the unfolded sequence together with suitable a priori estimates. To overcome this
problem we use a duality argument to show that the time-derivative of the unfolded
sequence in the channels exists and can be controlled by the time-derivative of the
microscopic solution on the whole domain. To exhibit the form of the macroscopic
model in the limit ¢ - 0, we construct test-functions adapted to the structure of
the transmission problem and which are admissible for the definition of the two-scale
convergence in the channel domain. These test-functions lie in a function space which
we show to be dense in the space of macroscopic solutions.

First homogenization results for problems with a geometrical framework related to
our setting were given in [25]. In [8, 9], the Stokes-equation was considered in two-bulk
domains separated by a sieve of thickness zero. Contributions to the homogenization
of the Laplace equation in domains connected by thin channels have been given in
[10, 24, 26|, 27], where the asymptotic behavior of the solution is investigated for differ-
ent ratio of the thickness of the layer and the radius of the cylindrical channels. The
more challenging problem concerning the ion transport through channels of biological
membranes was announced in [22]. The homogenization of an elliptic Steklov type
spectral problem in domains connected by thin channels was considered in [I}, 12]. In
[21] a homogenization problem for diffusion-advection processes for oxygen transport
through skin layer (heterogeneous thin layer) and fat tissue (heterogeneous bulk do-



main) is considered. The problem is linear and the case of high diffusivity of order ¢!
was investigated. The case of transport through channels for moderate and high diffu-
sivity, again for linear problems with Neumann boundary conditions, can be found in
[3]. More precisley, the diffusion in the channels is of order €¥ with € [-1,1). In this
case, the two-scale limit of the microscopic solution in the channels is not depending
on the microscopic variable y € Z*. In the present paper we treat the critical case
v =1 of small diffusion (leading to a coupled micro-macro model), and additionally
take into account nonlinear reaction-kinetics in the bulk-domains and in the channels,
as well as on the boundary of the channels.

Reaction-diffusion problems through a thin layer instead of channels were con-
sidered in [I6] 17, 23]. In [23] continuous transmission conditions between the bulk
and the layer and nonlinear reaction kinetics are considered. The results are based
on uniform L%-estimates for the solution and L2-estimates for the time-derivative.
In [I7] a nonlinear interface condition between the thin layer and the bulk domains
is considered, leading to (H')-regularity for the time-derivative. In our paper we
extend those results to channels with continuous transmission conditions to the bulk
domains, nonlinear boundary conditions, especially on the channels lateral bound-
aries, and low regularity for the time-derivative (operators on function spaces defined
on the whole microscopic domain €).), in the critical case of low diffusion in the chan-
nels, see also [I3]. For this purpose we derive general strong two-scale compactness
results of Kolmogorov-Simon-type which allow us to avoid the use of L*-estimates.

The structure of the paper is as follows. In Section [2| we introduce the micro-
scopic model with its underlying geometrical structure, and give the definition of a
weak solution and the necessary function spaces. Further, we prove existence and
uniqueness of a unique solution and establish a priori estimates for these solutions
and their shifts. In Section [3] we give the definition of the two-scale convergence
and the unfolding operator for thin channels. Further, we derive weak and strong
two-scale compactness results associated with the specific scaling in our microscopic
model. Finally in Section [ we derive the macroscopic model.

1.1 Highlights and original contributions

In this paper we address the dimension reduction and homogenization of a reaction-
diffusion model in a domain consisting of two bulk regions connected by an array of
thin channels with critical scaling of order € of the diffusivity in the channels. This
scaling leads in the limit € = 0 to a macroscopic model with effective interface trans-
mission conditions which couple the micro and macro variables. We derive general
strong two-scale compactness results of Kolmogorov-Simon-type, which are needed
also for more complex nonlinear problems involving transmission processes through
channels, arising e.g. from bio-medical or engineering applications. The main results
of the paper are:

- Existence of a microscopic solution with uniform a priori estimates with re-
spect to € and estimates for the differences between the shifted solution and the
solution itself, see Section [2.3}

- Commuting property between the unfolding operator and the generalized time-
derivative based on a general duality argument, see Lemma [7] and Proposition
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- A general strong multi-scale compactness result of Kolmogorov-Simon-type un-
der low regularity assumptions on the time-derivative, see Theorem

- Derivation of a macroscopic model including effective transmission conditions
across X, where the jump of the solution and its flux across X is coupled to local
cell problems of reaction-diffusion type, see Theorem |3

- Density result for a class of test functions adapted to the micro-macro structure
of the macroscopic model, see Proposition [4

2 The microscopic model

Let € > 0 be a sequence of positive numbers tending to zero such that e ! € N and let
H > 0 be a fixed real number. Let n € N;n > 2. For x € R”, we write z = (Z,x,) €
R" ! xR. Let Q be a subset of R" defined as

Q:=%x(-H,H),

where ¥ ¢ R"! is a connected and open domain with Lipschitz-boundary.

We consider the domain €2, c €2 consisting of three subdomains: the bulk regions
QF and 7 which are connected by channels periodically distributed within a thin
layer constituting the domain QM | see Figure |3l The bulk regions are given by:
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Figure 3: Microscopic domain €. for Figure 4: Standard channel domain
the case € = £ and n = 3. Z* in the standard cell Z.
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O =Yx(e,H), Q.=Xx(-H,—¢).
Furthermore, we denote by

S::ZX{E}v S;:EX{_6}>



the bottom and the top of 27 and Q_, respectively. The thin layer separating the two
bulk domains is given by

OM = % x (—¢€).

To define the channels, which are periodically distributed within Qé\/f , we first define
the standard cell

Z:=Y x(-1,1):= (0,1)" ! x (-1,1)
with the upper and lower boundaries
S*:=Y x {x1}.

Let Z* ¢ Z be a connected and open Lipschitz domain representing the standard
channel domain, see Figure [4] such that

Sy ={yedZ" 1y, = =1}

is a Lipschitz-domain in R"™! with positive measure. Let the lateral boundary of the
standard channel be denoted by

N:=90Z"~(Sfus;).

We assume that this lateral boundary has a non-zero distance to the lateral boundary
0Z \ (8*uS7)) of the standard cell Z. The domain consisting of the channels is then
given by

Qf{e = €(Z* + (k,0))
kel,

where I, = {k e Z"' : ¢(Z+(k, O)) c QM1 The interfaces between the channel domain
and the bulk domains are defined by

Sto= U e(SE+ (k,0)).

kel,
The microscopic domain €, is thus defined by
Q=07 uQ uQ usi us; ..

We assume (). to be Lipschitz. The boundary of €. is given by 9, = N U OnQ2,
where

Nei= J (N +(k,0),  OnQ =00\ Ne.
kel

For a function defined on 2., we usually add superscripts +,—, M to denote its restric-
tion to the sub-domains QF, Q7 and Qi\{e respectively. Finally, we define the domains

Q" =2x(0,H), Q :=%Xx(-H,D0).

which are separated by the interface .
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subset G ¢ R™ with m € N we use the following notation for v € LP(G) and v € Lp,(G):

Let p € [1,00] and p’ denotes the dual exponent of p, i.e., = 1. For a suitable

(u,v)g ::qu(z)v(z)dz,

and for p = p’ = 2 we just obtain the inner product on L?(G). For a Banach space
X we denote its dual by X’ and by (-,-)x/, x the duality pairing between X’ and X,
i.e.,for z' € X' and z € X we write

(2',2)xr x = 2" (x).

With the subscript per we indicate function spaces of functions defined on subsets of

R™ which are periodic with respect to the first (n — 1) components. For example we

write Cper(Z*) for the space of functions C(Z*) periodically extended in g-direction.
For two values a* € R and a~ € R we use the notation

Zai =at+a".
+

2.1 The microscopic model

We study the following reaction-diffusion problem for the unknown function u. =
(uf,uM uZ): (0,T) x Qe — R:

Ouf — D*AuY = f*(ul) in (0,7) x QF,

la
latué\/[ -V- (eDM (f)VuM) = 1ge(uéw) in (0,7) x QM (1a)
€ € €

€ *,€9

with the boundary conditions

Vui-v=0 on (0,7") x OnSQe,

—eDM(%)VuéW-V:he(uy) on (0,7) x N, (1b)
where v denotes the outer unit normal with respect to 2., and the initial conditions

ue(0) =u.; on Q. (1e)
At the interfaces S¥

%> We impose the natural transmission conditions, i.e., the conti-
nuity of the solution and of the normal flux, namely

ut = uM on (0,T) x S5,
1d
DiVujV:eDM(m)Vu?/[-u on (0,7) x S (1d)

; *,€9

where here v denotes the unit normal on Si . (with respect to de) We emphasize
that we consider constant diffusion coefficients D* in the bulk-domains 2 just for
an easier notation. The results can be easily extended to more general problems, for
example oscillating diffusion coefficients.



2.1.1 Assumptions on the Data

(A1) We assume D* >0 and DM : Z* - R™" with DM e L>°(Z*)™" Y-periodic and
coercive, that means for almost every y € Z* and all £ € R" it holds for ¢y > 0
independent of y and £ that

DM(y)E-€> €]

(A2) For the reaction rates in the bulk domains we assume f € C([0,77] x Q x R) is
globally Lipschitz-continuous with respect to the last variable.

(A3) For the reaction rate in the channels domain we assume g.(t,z,z) = g (¢, £, z) for
(t,2,2) € (0,T)xQM xR, with g € C°([0,T]x Z* xR) Y-periodically extended in
the second variable. Further, we assume that g is globally Lipschitz-continuous
with respect to the last variable.

(A4) For the reaction rate on the lateral surface of the channels we assume that
he(t,x, z) := h(t,f,z) for (t,x,2) € (0,T) x N. x R, with h € C°([0,T] x N x
R) extended Y-periodically with respect to the second variable, and globally
Lipschitz-continuous with respect to the last variable.

(A5) For the initial conditions, we assume that

u; (m) for x € QF,
uei(z) = uM (z,2)  for xe QM
u; () for z € Q

e L2(Q)x L3(%,C°%(Z*))x L*(Q7). Especially, it holds that
#(2)
€

2.2 Weak solution of the microscopic problem

Where(uz, w;tuy)

1

e

< uM ey < C.
L2@,) [ 2w, 0079)) <€

In this section we define a weak solution of the microscopic model . Therefore, we
introduce Hilbert spaces with inner products adapted to the scaling in the equation

for uM in the channels. First of all, we define

L.:=L*(Q) = L*(Q) x LQ(Q{Q{E) x L2(Q),

together with the inner product
1
(weyve)ﬁg = (wmve)ﬂz + (weave)ﬂg + g(wave)Qﬁ/{E-

The second equality in the definition of £, means that we always identify L?(Q.) with
the product space on the different compartments. Further, we define

= {(ulultug) e HY(QD) x HY Q) x HH(Q) = uf =ul on S5},
with the inner product

(We, V), = (We,ve )z, + (Vawe, VUe)Q: +(Vwe, vve)QQ +e(Vwe, VUe)de'



Of course, it holds H. = H'(£2.) in a topological sense. The associated norms on L,
and H. are denoted by | |z, and |- [#.. We immediately obtain the Gelfand-triple

He o Lo H (2)

Hence, for v. € L2((0,T),H)NnH((0,T),H.) the time-derivative d;v. is characterized
by the identity (see [28, Prop. 23.20])

T T
| oo msdt == [ (000 e vt 3)

for all ¢. € H, and ¢ € D(0,T).

Definition 1. We say that u. = (ul,uM u2) is a weak solution of the microscopic

model , if
ue € L*((0,T), He) nH'((0,T), Hy),

for all ¢ € H it holds the variational equation

(Orte, bedone . + 3 (D Vg, Voie)g, + (DM (g) Vi, v@)QM "
A

1

= V(P ) 06) g + (96 (u"), 0 )que = (he(l'), 6c)

and ue fulfills the initial condition . This condition makes sense since u. €
CO([0,T7, L), see [28, Prop. 23.23] and ue,; € L. by Assumption|(A5)

Let us specify how the weak formulation in Definition[I]is related to the scaling for
the time-derivative in the classical formulation in . Under the additional regularity
assumptions (which is not necessary for our analysis) d;u € L2((0,7), H*(2*)’) and
Oyu € L2((0,T), H (Q},)") for a weak solution u, we obtain from the Gelfand-tripel
and the definition of the inner product on L. (see also (3))

1
(Ortic, pe)rr 1. = D AOUE, D) (aey 11 (02) + g<6tueM, Ge) 51 (M) H1(QM,)-
+

However, in our case the time-derivative O;u. is a functional defined on the whole space
He, i.e.,a space of functions defined on the whole domain €2, and it is not straight-
forward to restrict such functionals to H'(Q¥)" and H'(Q)". For the derivation of
the strong compactness results in the channels we have to control the time-derivative
in the domain Q%e. Therefore, we introduce the space of functions with zero traces
on the interface between the channels and the bulk-domains

HYG = {oM e H () ul|s: =0},
together with the inner product

1
(wéw’véw)ﬂmo = 7(wéwvveM)QM + E(Vwéw’ Vvéw)QM )
€, € *,€ %€
and the associated norm denoted by | - [ . This leads to the Gelfand-triple ’H% >
L2(QY) - (HY))'. By extending functions ¢} e H} by zero to Q, we obtain for
uc € L2((0,T),He) n HY((0,T),H.) (see )



T(E)M My tdt——fT MYy . o (t)dt

[ @l My a0 o0t == [ (e 22w ()
L TN "(t)dt
el AR P G

and since ¢pM e((()tuy,qﬁé‘/[);ﬂﬂe is continuous on 7{%, we get using [28, Prop.
23.20]

(Orug”, 62" gty e, = €lOrue, 6 )y .
and thus

|0ul | 2enryr < €ll O, - (5)

2.3 Existence of a weak solution and a priori estimates

In this section we give the existence result for the microscopic model and show a
priori estimates depending explicitly on the parameter e. These estimates form the
basis for the derivation of the macroscopic model.

Proposition 1. There exists a unique weak solution of the microscopic model .

Proof. The claim follows from the Galerkin-method and a Leray-Schauder fixed-point
argument, together with a priori estimates similar as in Lemma [I} Since this is quite
standard we skip the details. O

In the next lemma, we state the a priori estimates for the microscopic solution ..
Therefore, we make use of the following tracee-inequality: For all 6 > 0 there exists
C(0) >0, such that for all ¢} ¢ H'(Q}") it holds that

C(0
NG

This result is easily obtained by decomposing Q. into microscopic cells e(Z* +(k,0))
for k € I., using a scaling argument, and the usual trace estimate on 92*.

)
|62 2wy < =16 L zagan ) + OVEITEX |2y ©

Lemma 1. The solution u. of the microscopic model (1| fulfills the following a priori
estimate for a constant C' >0 independent of €
|0suel L2 0,1),300) + l1uel L2 0,1y ) < C-
Especially, we obtain
Hatue ||L2((0,T),(7~L¥U)’) < Ce.

Proof. We test the variational equation with u. to obtain with the coercivity of
DM

1d

= llue

2dt

2+ Y D*IVui]7aasy + cocl Vul' 132 qar
> ,

(7)

€Y (P20 + (el ), = (el )
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We only consider the boundary term on N, in more detail, since the other terms can
be treated in a similar way. The Lipschitz-continuity of h. and the trace-inequality
(6) imply for 6 >0 (remember |N| < C)

|(h€(ué\/[),u£/[)Ne| <CI+ul ooy lud |2 vy < C(L+ [t [12n,))

1
<) (14 =0 s ) + 061762 e

For 6 > 0 small enough the last term can be absorbed from the left-hand side in the
inequality . Integration with respect to time and the Gronwall inequality implies
the estimate for u, in the norm of L?((0,T),H.)). For the estimate of the time-
derivative we just test equation (4) with ¢. € H, and ||z, < 1:

(Ortie, Geday m. == 2 (D*VUE, Ve) . — € (DM ( ; ) vull, que)

+ € QM.

F T ()60 g + = (021, 0) gy — (b, 00)

+

<o SIvutlscan 9Ly * v Ly 196, o,

+

+

1
Yo (Ipell iz + lufll L2ae) | del L2z ) + g||¢e||L1(QQ{€)

+

w20 el L20any + 1l vy + ud |L2(N6>|¢6|L2<NE>)
<C (1 + ucl2e.) [ fel 2.
<C(1+ Jlueln.)

where we used similar arguments as above and again the trace inequality @ This
implies almost everywhere in (0,7)

|0ruelae;, < C (1 + Juc]a.) -

Integration with respect to time and using the estimates already obtained at the
beginning of the proof we obtain

|0¢uel L2 ¢0,7),202) < C.
The last inequality in the Lemma follows from (). -

To pass to the limit in the nonlinear terms of , we need strong two-scale com-
pactness results. Due to the critical scaling of the equation in the channels, the
two-scale limit u))! of 4 is depending on a macroscopic variable 7 € ¥ and a mi-
croscopic variable y € Z*, see Theorem [2| Hence, usual compactness arguments, for
example a direct application of the Aubin-Lions lemma, fail. More precisely, extend-
ing the functions uM to the whole thin layer Q*, such that the a priori estimates
from Lemma (1| remain valid, and transform QM to the fixed domain ¥ x (-1,1) will
not give a uniform bound for the sequence of the gradient with respect to € and there-
fore the Aubin-Lions lemma is not applicable. To overcome this problem we use the
unfolding operator for thin layers and apply a Kolmogorov-type compactness result

11



to the unfolded sequence. This argument is based on error estimates for the difference
of discrete shifts of the microscopic solution. We introduce the following notation:

For an arbitrary set U c R™ and a function v, : U - R, we define for [ € Z™ the
shifted function

v (z) = ve(z + €l).

Here, if not stated otherwise, we extend v, by zero to R™. Then, we define the
difference between the shifted function and the function itself by

S1ve(z) = 6ve(x) = vl (x) = ve(x) = ve(x + €l) = ve ().

If it is clear from the context we neglect the index [ and just write dv.. Now, for
0 < h « 1 we define

Yp={zeX : dist(9%,z) > h},
and
Qepi=Qcn (Syx (-H,H)), QFf,:=Q,nQ%

We emphasize that in the definition of {) ; channels can be intersected by the bound-
ary of ¥y x (-H, H) and we would loose the Lipschitz-regularity of Q5. Therefore
we use the domain Qﬁh defined in the following. Let

I p = {15 eZ" i e(Y+k)c Eh}, S = int( U e(?+ E)) ,
kel p
and
ﬁi/,[e,h = Qi\/[e n (ih X (_67 6))7 Q:,h = ih X (G,H), A;h = il\h X (_H7 _6)'

The top and the bottom of the channels in ﬁ*,e,h are denoted by S* and the lateral

*,¢,h?

boundary of the channels by ]/\76, n- Then we define
Qe = Q:,h U ﬁ;h U ﬁﬂ/,[e,h U 5:,6,}L U g;,s,h'
On this domain we define the function space

Heno = {Ue ¢ Hl(ﬁe,h) : UG|8§nX(—H7—e) = Ue|aihx(e,H) = O} cHe,

where we consider H, 5,0 as a subset of H, by extending functions from # 5 o by zero
to the whole domain .. In a similar way we define

[-:e,h = L2(§€,h) = LQ(Q:,}L) X LQ(QiV,Ie,h X LQ(Q;h) c ‘C€7
what leads to the Gelfand-triple
Heno = Len = Hipo

We emphasize that on L. ) we consider the same inner product as on L., just by
extending function in L, j, by zero to the whole domain (..
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Lemma 2. Let u. be the solution of the microscopic model . Then, for every
0<h << 1, there exists a C = C(h) >0, such that for all | € Z"' x {0} with |el| < h it
holds that

1

e (1 HL‘”((O,T),LZ(QQQ »nt \/EHV(S“eHLz((&T)@iV,ﬁ,

2h 2h)

(8)

SC (6 + ”5'&5(0)‘ Len + Z Héuf HLQ((O,T)Xﬁi h)) .
" )

Proof. We have uclg_, ule|§€ € H'((0,T),H. ) and for all ¢ € Hcpo it holds
almost everywhere in (0,7") that

xr
(Oeduc, Genrr , o Heno® 2 (DFVOUL, Voen)g, +e (DM ( ) véup!, we,h)w

€
*,6,h

= Z (fi((u::)l) - fi(u:ek)a Qse,h)ﬁ:h + % (ge((ué\/[)l) - ge(ui\/l)7¢e,}z)§iv{€’h
- (hs((“y)l) - he(ué\/[), ¢€’h)1'\7€,h, .

Now, let 7 € C§°(ih) be a cut-off function with 0 <7 <1 and 1 = 1 in Sy, and
HV:ﬂ?HLm@h) <C =C(h). As a test-function in the equation above we choose ¢, =
n%0u. and obtain with the coercivity of DM

1d

M “2
2dt

2
H775U€H2£e,h, + zi: D* ||77V(5U:||L2(§ih) + COEHUV(SU6 L2(@QM )
2
) {_2 (D*Vug nou; Vn)gs  + (6/*(uf),n 5“5)%}
~ 9 (DM (E) V(Suy, néuéwvn)
€

- (5h6(u£/[), n%ui”)mh

=y [Iél +I§2] + i[%
+ J=3

1
+ E (6ge(uy),n26uéw)§M

*,e,h

oM
Q*,e,h,

Integration with respect to time gives us for almost every t € (0,7)

2 2 M2
I (12, + 3 10 e + I s oy

t 5
< Cf {2[1:1 + I, ]+ nyj}dn S IEe+IM,
0 T ’ ’ j=3 ’ n ) 5
with

1
— 2 M . _ M 2
I:,G T ||775U§(0)||L2(§:h), Ie,7 T g”ﬁéue (O)HL2(§¥e,h)'

We start to estimate the term IZ;. For 6 > 0 we obtain

t
/(; IE1dt < ClnVoug | 2o iyxas ) 10U |2 0.0y<0 )

<C(0)]oug] +0lnvoug],

2
L2((0,4)x0% ) ((0.5)x0z% )’

13



for a constant C(#) > 0 depending on #. In a similar way and using the a priori
estimate from Lemma |1} we obtain for I, EA/:I;

t
M M M
./0 Ie,sdtSCGHV‘SUe “L?((O,t)xﬁivfiyh)unéue ||L2((o t)xQM

en)

HL2((O £)xQM,

3
<C( [vouM H775“ HL2((0t)><QM ,L))

}L

<cfe L - h)).

For 1, GJV{,) we use the Lipschitz-continuity of h., the trace-inequality @, and again the
a priori estimate from Lemma [I] to obtain for 6 > 0

[ Iej\gdt<0||775u HLZ ((0,t)xN. 1)
C( )

C’
(e )Hné MHLQ((O DM ) +Ce + Oe||nviu;,

InouM )+ Ce|ou )+ Oe|nvoul

22 oy ) 2o ) 22 comdnr, )

M
”LZ((O XMy

For I, and I, ﬁ we obtain directly from the Lipschitz-continuity of f* and g.

¢
/0 Z 2+I4dt<CH5UGHL2((Ot)£€h)
+

Choosing 6 > 0 small enough, the desired result follows from the Gronwall-inequality.
O

Remark 1. The error term 17, arises due to the cut-off function n in the proof of
Lemmald Hence, with the method used above we are not able to get rid of the norms of
out on the right-hand side of inequality . For specific boundary conditions, like zero
Dirichlet-boundary conditions, or in case of a rectangle X2, zero Neumann-boundary
conditions or periodic boundary conditions on the lateral boundary, it is easily possible
to extend the solution u. in T-direction and obtain an estimate of the form

c.)-

However, the interior estimate in Lemmal[d is enough to obtain strong two-scale com-
pactness results in the channel domain and the method presented in the proof has the
advantage that it is applicable for more general boundary conditions.

[0uel L2¢co,7y,2.) < C (e +

3 Two-scale convergence and the unfolding opera-
tor for thin channels

In this section we define the two-scale convergence for thin channels and give some
weak two-scale compactness results based on a priori estimates in L2((0,7"),H.).
Further, we derive strong two-scale convergence results based on error estimates for
the discrete shifts as in Lemma [2| Therefore, we make use of the unfolding operator
and a Kolmogorov-type compactness result. We start with the definition of the two-
scale convergence for channels, see also [3].

14



Definition 2. Let pe[1,00) and p’ the dual exponent of p.

(i) We say the sequence v, € LP((0,T) x fos) converges (weakly) in the two-scale
sense to a limit function vy € LP((0,T) x 3 x Z*), if

li 1fo (t )w(t’x)ddt
im ~ ve(t, , T, — | dx
e~0e Jo JaM €

T
- [ [ [ otz )it ay) dydadt,
0 X JZ*

for all ¥ € L' ((0,T) x 3, Cper(Z*)). The sequence converges strongly in the
two-scale sense (in LP) if it holds that

. _1
e o] Lo o,m)x0) = [VollLr 0.1y 55 27)-

(ii) We say the sequence v. € LP((0,T) x N.) converges (weakly) in the two-scale
sense to a limit function vo(t,%,y) € LP((0,T) x X x N) on N, if

. T _x T _ _ _
llfé[) ﬁvevs(t,x)w (t,x,z) dadt—fo fEfNUO(t,x,y)w(t,x,y)dayda:dt,

for all ¢ € LP ((0,T),C(Z, Cper(N))). The sequence converges strongly in the
two-scale sense (in LP) on N, if it holds that

Li_{% HU6”LP((0,T)xN€) = HUO HLP((O,T)xExN)-
We just say a sequence converges in the two-scale sense, if it converges in the two-scale
sense in LP.

In the following Lemma we give some weak two-scale compactness results in the
microscopic channels, based on a priori estimates of the microscopic solution.

Lemma 3. Let pe (1,00) and p’ the dual exponent of p.
(i) Let ve be a sequence of functions in LP((0,T) x QM) such that

_1
€ 7 el Lo (o,myx01) < C.

Then, there exists vg € LP((0,T) x X x Z*) such that, up to a subsequence, v
two-scale converges to vg.

(i) Let ve be a sequence of functions in LP((0,T), Wl’p(Qﬂffe)) such that

_1 1
€ 7 v HLP((O,T)xQ{:{E) +er [ Voe HLP((O,T)xQQ{E <C.

Then, there exists vy € LP((0,T) x X, WLP(Z*)), such that up to a subsequence
ve = vy and eVve — Vyvg in the two-scale sense.

(i1i) Let ve be a sequence of functions in LP((0,T) x N.) such that
lvell Lo 0,y Ny < C-
Then, there exists vy € LP((0,T) x X x N), such that ve — vy in the two-scale

sense on Ne.
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Proof. Statements |(i)| and were shown in [3, Theorem 4.4] for p = 2. The general
case works the same lines. To prove we notice that

_1
e 7 (v | 2o (0. myx20 ) + 1€V Vel Lo 0.7y <021, )<C.

Hence, there exist vy € LP((0,T) x ¥ x Z*) and & € LP((0,T) x X x Z*)", such that
up to a subsequence

Ve = Vg in the two-scale sense,

eVue = & in the two-scale sense.

By integration by parts we obtain for all ® € C5°((0,T) x X x Z*)"

T
fo L L* voVy - ®(t,Z,y)dydzdt
. T _x _x
:llm[ / Ve [6Vf'¢(t7x,7)+Vy‘@(t,x,7)]dl'dt
e~0J0o QM € €
T T
:—limef f Vv€~¢(t,:f,f)dxdt
=0 Jo JaY, €
T
== [ f f 50 : q)(ta i‘vy)dyd'fdta
o JxJz+

which yields the desired result. O

Lemma/[3]and the a priori estimates for the microscopic solution from Lemmal[l] are
enough to pass to the limit in the linear terms in the channels Qﬂ/fe in the variational
equation . To pass to the limit in the nonlinear terms, we need strong two-scale
convergence. To establish these convergence results, we use the unfolding operator
for channels defined below. This operator is closely related to the unfolding operator

in thin domains, see for example [23] and [7].

Definition 3. Let (G,G) € {(Q),Z"),(Ne,N)}. Then for pe[1,00) we define the
unfolding operator

Te: LP((0,T) x G.) » LP((0,T) x ¥ x G),
i en ([ )-5)

where [-] denotes the integer part of -.

Here, for an easier notation, we use the same notation for the unfolding operator for
different domains of definition as for the usual unfolding operator for domains defined
in [6]. It should be clear from the context in which sense it has to be understood.
Further it makes sense to use the same notation for the unfolding operator on Qi”e and
N, since the unfolding operator commutes with the trace operator in the following
sense: For v, € LP((0,T), Wl’p(Qi\{E)) it holds that

N.)-

7-6(Ue)|N = 7;(/06

We summarize some properties of 7:

Lemma 4. Let pe[1,00). Then it holds that:
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(i) Forve,e LP((0,T) x QM) and w. € L ((0,T) x QM), where p' denotes the dual
exponent of p, we have
1
(Teve, Tewe) 0,1y x5 2+ = ;(Ueawe)(O,T)in‘/fev
_1
I 7cve ”LP((O,T)XEXZ*) =er HU€”LP((O,T)><Q£/{€)7
and for ve € LP((0,T), Wl’p(Qﬂ/{e)) it holds that

vyﬁve = eﬁvve-

(ii) For ve € LP((0,T) x N.) and we € L ((0,T) x N.), where p’ denotes the dual
exponent of p, we have

(7;1}67 ﬁwe)(O,T)xeN = (ve7 wé)(O,T)xNe )

I Tevell Lo (0, 7yxsxnvy = Vel Lo (0, 7)xn.)-

Proof. These results are obtained by a simple calculation. For the main ideas of the
proof see [6]. O

We have the following relation between the two-scale convergence and the unfold-
ing operator.

Lemma 5.

(i) The sequence v, € LP((0,T) x Q*ME) for p € (1,00) converges weakly/strongly
in the two-scale sense in LP, if and only if Teve converges weakly/strongly in
LP((0,T) x ¥ x Z*) to the same limit.

(i) The sequence ve € LP((0,T)xN,) forpe (1,00) converges weakly/strongly in the
two-scale sense in LP, if and only if Tcv. converges weakly/strongly in LP((0,T)x
Y x N) to the same limit.

Proof. This result was obtained for p = 2 and weak convergences in [4] for bulk
domains. However, the proof can easily be extended to our setting. The strong
convergence results follow from the properties of the unfolding operator in Lemma

21\ O

The following Lemma shows, that the strong two-scale convergence is sufficient to
pass to the limit in the nonlinear terms.

Lemma 6. Let g and he satisfy the Assumptions|(A3) and|(A4)
(i) Let ve be a sequence in L*((0,T) x QM) such that

1
ﬁ”UeHLQ((O,T)in‘?,) <G,

€

and v, converges to vy € L2((0,T) x X x Z*) strongly in the two-scale sense in
L? for pe[1,2]. Then it holds that

ge(ve) = g(vg)  in the two-scale sense.

17



(ii) Let v, be a sequence in L?((0,T) x N,) such that

[vell z2(0,myxn.y < C,

and v, converges to vy € L>((0,T)x ¥ x N) strongly in the two-scale sense in LP
on N, for pe[1,2]. Then it holds that

he(ve) = h(vg)  in the two-scale sense.

Proof. We’ only prove the second result, since the first one follows in a similar way.
Let ¢ € LP ((0,T),C(X, Cper(N))), v" € C°((0,T) x X, Cper(IV)) for n € N such that
V" > vg in L2((0,T) x £ x N), and we define v”(¢,z) := v" (¢, 7, %)

fOTfNehE(US)(b(t’j’%)dadt:fonNe [he(ve)_he(vg)]¢(t@é)dgdt
+ ﬁT fNé he(v?)ﬂs(t,i“, %) dodt =2 I3 + Ico.

For the first term /1 we use the Lipschitz continuity of h. and the properties of the
unfolding operator to obtain (with Tcu(¢,Z,y) = o™ (t, € [f] + €7, y))

(el < Cllve = v | o 0,myxN,) = ClTeve = Teve | Lo 0,7y x5x )
< C(| Teve = vol Lo 0.1y x2x ) + [V = ™ | Lo (0,7)xmx )

+ 0" = Tevl | o 0.1y x5x VY ) -

The first term convergence to zero for e - 0, due to the strong two-scale convergence
of v. and Lemma [f] The second term goes to zero for n — oo, and the last term
vanishes for € - 0, due to the dominated convergence theorem of Lebesgue, since
Tevl - v™ almost everywhere in (0,7) x £ x N. Let us estimate I, o:

IE,Qz[fOTfNE he(ug)gﬁ(t,@f)dgdt—fOTfZfjvh(u”)gﬁ(t,f,y)dayd:zdt]
+f0TfoN[h(v")—h(vo)]¢daydidt+/OT[Z[Nh(UO)quaydidt.

The term in the brackets converges to zero for € — 0, due to the oscillation lemma, see
[3, Lemma 4.3]. The second term vanishes for n — oo, due to the Lipschitz continuity
of h. This gives the desired result. O

To establish the strong two-scale convergence of u we will show the strong con-
vergence in L? of T.uM. This requires to control the dependence on the time-variable.
Since the time-derivative of u. respectively u* only exists in a weak sense, in fact
we have dyu e L2((0,T), (7—[% "), it is not obvious in which space 9;T;u lies and
how its norm can be estimated with respect to €. To overcome this problem we use
a functional analytical argument. We consider the L?-adjoint of 7¢, the so called
averaging operator U, to obtain a representation of 9,7, via the averaging operator.
Therefore, we have to restrict the domain of definition for 7. and U.. This idea was
already used in [I7] and here we put in a more general framework. First of all, let us
give a general functional analytic result:
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Lemma 7. Let V, W be reflexive, separable Banach-spaces, and Y, X Hilbert-spaces,
such that we have the Gelfand-triples

VoYV, WoXoW,

with continuous and dense embeddings. Here, we identify Y and X with their dual
spaces Y' and X' via the Riesz-representation theorem. Let A € L(Y,X) and we
denote by A* € L(X,Y) the adjoint operator of A. If A*(W) c V with |A*w]|y <
Clw|w for all we W, and u € L*((0,T),Y) n H ((0,T),V"), then it holds O;Au €
L2((0,T), W) with

(OLAu, wywr w = (Oyu, A"w)yr vy for all w e W.
Here we apply the operator A pointwise to u with respect to t € (0,T).

Proof. This is just a consequence of the definition of the adjoint operator and the
generalized time-derivative. In fact, we have to show, see [28], Prop. 23.20], that there
exists F' e L?((0,7),W") such that for all w € W and v € D(0,T) it holds that

T T
—f (F7w>w',W¢dt:f (Au,w)xv'dt.
0 0

We have for all we W and ¢ € D(0,T)

fOT(Au,w)Xw'dt: /OT(u,A*w)yw'dt:—fOT<8tu,A*w)V/,V1/Jdt.
Due to our assumptions, we have almost everywhere in (0,7)
{Oru, A"w)vr v | < |Opul v/ | A" w]v < Cl0pulv wlw.
Hence, w = —(0yu, A*w)yr v € L*((0,T), W'), which gives the desired result. O
Let us define e '/, as the L?-adjoint of T¢, i.e.,let
Ue: L*((0,T) x £ x Z*) - L*((0,T) x Q),

such that

1
(Teve, ¢)(O,T)><Z><Z* - E(UE’ u€¢)(o,T)xQ§{€ ’

for all v € L2((0,7) x QM) and ¢ € L*((0,T) x £ x Z*). It is easy to check that

leg(d))(t,a:):/}/¢(t,e(2+[§]),({§},%))d§ for (t,x)e(O,T)in\i,

and z = [z] + {z}, but we will not use this explicit formula for U (¢).

Corollary 1. For all ¢ € L*>((0,T) x ¥ x Z*) it holds that
Hued’HLz((o,T)in\{E < \/E|\¢|\L2((0,T)x2xz*)~

Proof. This follows by a simple duality argument, see also [14, Corollary 2.15] for
more details. O
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Concerning the regularity of U.(¢) with respect to the spatial variable, we have
that
Ue: L*((0,T) x £, H (Z*)) » L*(0,T), H ("))
with
eVUA(9) =U(Vyp) forall p e L*((0,T) x X, H' (Z*)). (9)
This result uses the fact that Z* is not touching the lateral boundary of Z and can
be shown by similar arguments like in the proof of [I7, Proposition 6]. We emphasize
that the situation gets more delicate if the channel Z* touches the lateral boundary
of Z and in that case one has to restrict to function spaces with vanishing traces on
0Z, see also [17].

Next, we apply Lemma @ to obtain a representation of 9;T;u* by means of the

dyu} and U.. However, since we have just Opul e L((0,T),(H2)"), we have to

restrict the operator U.. We define

Ho={ve H(Z*) : v|s: =0} c H'(Z").
and consider

U L*((0,T) x £, Ho) > L*((0,T), H2P).

Remark 2. We emphasize that in the definitions of the unfolding operator T. and
the averaging operator U. the time-variable acts as an additional parameter. More
precisely, both operators may be defined for the time-independent case and then for
time-dependent spaces pointwise with respect to t € (0,T). Hence, in the following we
use the same notation for the unfolding operator T, as an operator on L2((0,T) x
Qiﬂ) and L2(Qﬂ/{6), and in the same way we proceed for the averaging operator Ue.
Especially, C’orollary and equation @ also hold for time-independent functions.

Proposition 2. Let v, € L*((0,T),L*(2Y)) n H'((0,T),(HX)"). Then we have
Tove € HY((0,T), L3(S, Ho)") with

1
(0:Teve(t), D) L2(2 40 ), L2(B o) = E(atve(t)aue¢>(7—té%)’,7—[é% (10)

for all ¢ € L*(2,Ho) and almost every t € (0,T). Additionally, we have

1
10:Tevel 20,7y, 225 300y < Z1000el 20y, 320, - (11)

Proof. In Lemma [7| we choose (here we first consider 7. as a stationary operator, see
Remark [2)) :

V=HM, Y=L*QMN), W=L*SH), X=L*ExZ*), A=T.

Then we have T; € L(Y,X) and A* = e 'Y € L(X,Y). Hence, the conditions of
Lemma E are fulfilled and we obtain 9;Tcve € L*((0,T), L*(2,Ho)") with (I0). For
the estimate we choose ¢ € L?(3,Ho) with [¢]r2(s2,) < 1 and obtain

1
(01 Teve, P)r2m 70y, 125, 0) = (Ove;Ued) a2ty 1,

1 1
< EH@UE I ey 1 UeBll 3401, < g”at”e RV

where the last inequality follows from (@ and Corollary [1] (see also Remark . O
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Lemma 8. For all ¢ € L*((0,T) xQY,), 0 < h < 1, and £ e R™™" with |¢| «< h, it
holds for € small enough that

- 2 1 Z 9
|Tepe(,-+€,7) - 7;¢6||L2((0,T)><22h><z) e {0,1}n-1 ”(Sl(bE”LQ((OvT)X@K n)
je{0,1}m~ ”

withl:l(e7f_,j):j+[§].

Proof. The idea of the proof can be found in [23 page 709] for a thin layer and can
be extended in an obvious way to our setting. O

In the next theorem we formulate a general strong two-scale compactness result
for sequences v, € L?((0,T), H 1(91\46)) and their traces v|n,. This result allows us
to pass to the limit in the nonlinear terms in (4). Similar ideas have been used in [17,
Theorem 7.5], where however, they were carried-out for the sequence of solutions of
a microscopic problem in a thin layer with oscillating diffusion coefficients.

Theorem 1. Let v € L*((0,T), H'(QY,)) n H'((0,T), (H,)") such that
(i) we have the estimate

1 1
;Hatve|\L2(<0,T),(mfo>') + ﬁHUEHLz((o,T)XQg{E) + Ve[ Vve] 2 0myxa,y < C,

€

(ii) for all0<h <1 and l € Z"' x {0} and |el| < h it holds that
1

el-0
\/EH(Sve HLQ((O,T)XQ){VYIQ}L) + \/EHV&JE HLQ((O,T)XQ)]KQ

h)—>0.

Then there exists vo € L2((0,T) x ¥, HY(Z*)) such that up to a subsequence it holds
forpe[1,2) and Be(3,1)

Ve = Vo in the two-scale sense,
eVUe = Vyo i the two-scale sense,
Teve = v strongly in LP (%, L*((0,T), H?(Z")).

Especially, we have v, - vy strongly in the two-scale sense in LP and v¢|n. — vo|n

strongly in the two-scale sense on N, in LP.

Proof. The weak two-scale convergences of v. and eVv, follow directly from Lemma
and the estimates in The strong two-scale convergence of v, and v,|y. in LP follow
from the strong convergence of Tcv, in LP(%, L2((0,T), H?(Z*)) by the embedding
HP(Z*) = L*(N), and Lemma [5 So it remains to prove the strong convergence of
Teve. Therefore, we use the Kolmogorov-type compactness result [I5, Corollary 2.5]
for the sequence

Teve € L*(S,L*((0,T), H'(Z*)) > LP(2,L*((0,7), H? (27))).

We have to check the following three conditions:
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(K1) For every A c ¥ measurable, the sequence
vA(t,y) = / TevedT
A

is relatively compact in L2((0,T), H?(Z*)).
(K2) For 0<h « 1 and £ e R"! with || < h it holds that

_ -0
sup | Teve (- +€,-) = Teve HLP(E;L,L2((O,T),H5(Z*))) — 0.

(K3) For 0 < h « 1 it holds that

h—0
sup || Teve| Lo (55, L2((0.1), 58 (2%))) — O

Let us start with We obtain from the Holder-inequality since p < 2 that

2-p 2-p
|Tevel Lo sz, z2(0,m), 18 (20))) < CIRIZ [ Tevel L2 sz, 200,y (20))) < ClRI 27,

where the last inequality follows from |(i)|and the properties of the unfolding operator
from Lemma [4] This gives|(K3)| To prove |(K1)| we first notice that we have

v e L2((0,T), H(Z*)) n H((0,T),H))
with
(at’U:‘, ¢>H6,7‘lo = <6t7::ve; XA(’i)(rb('y)>L2(Z,Ho)',L2(E,'H0) (12)

for all ¢ € Ho. In fact, since x4 (z)¢(+) € L*(3, Ho) and 9; Teve € L2((0,T), L*(X,H{))
by Proposition [2) we obtain for every ¢ € D(0,T)

T A , T ,
\/O (Ue 7¢)L2(Z*)w dt = ‘[0 (72067XA('Q)QS('Q))LZ(sz*)w dt
T
=~ /O (0:Teve, xa(2)B(y) ) L2(241y), 12 (2 10) YL,

what implies . Obviously, due toand Lemma the sequence v;“ is bounded
in L?((0,T), H'(Z%)). Proposition and the estimate of 0, v, in imply the bound-
edness of 9;T.v2 in L2((0,T),L*(X,Ho)’), from which we immediately obtain the
boundedness of dyv in L2((0,T'),H() using (12)). Since H'(Z*) = H?(Z*) is com-
pact for 2 <3< 1 and H?(Z*) < H} is continuous, the Aubin-Lions lemma, see [19],
implies Now, we choose 0 < h < 1 and obtain for |¢| < h with Lemma

| Teve (-, + &,7) = Tevel L2(san 22 ((0,7), 11 (24)))

1
e N N T L 0 T )
je{%m (\/g L2((0.T)@M, ) L2((0.T)@M )

for [ = 5+ [g’] Due to assumption (ii), the right-hand side converges to zero for

€

€, - 0. Next we show that this convergence implies in fact the uniform convergence
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in [(K2)| with respect to e, see also [23, p.710-711] or [I1], p.1476-1477]. Let 0 < p. Due
to our previous results there exist 0 < €g, dg, such that for all € < ¢y and |¢| < § it holds
that

[ Teve(,- + &) = Tevel Lo(sn, 20,7y, 15 (24))) < P- (13)

Since € ! € N, there are only finitely many elements ¢; with ¢ = 1,..., N, such that
€y < €;. For every ¢; there exists a 0 < §;, such that is valid for € = ¢; and all
€] < 6;. Choosing 6 := max;—o__ n{6;}, inequality holds uniformly with respect
to € for all |¢| < §. This implies The result follows from [I5, Corollary 2.5]. O

4 Derivation of the macroscopic model

The aim of this section is the derivation of the macroscopic model for € — 0 with the
methods developed in Section [3] which are based on the a priori estimates for the
microscopic solutions established in Section [2.3] First of all we give a convergence
result for the sequences in the bulk-domains:

Proposition 3. Let u. be the sequence of solutions of the microscopic problem .
Then there exists u € L*((0,T), H'(2*)) such that up to a subsequence

XU = ug strongly in L*((0,T) x QF),
ul(oz,x€) > ugls strongly in L*((0,T) x ¥),
xo:Vu: = Vug weakly in L*((0,T) x QF).

Proof. This result was shown in [23] Proposition 2.1 and 2.2] for time-derivatives dyu?
in L2((0,T) x Q*). In our case, we have that 9;u¥ are functionals on the space

{opr e H'(QF) : ¢F =0 0on ¥ x {xe}}.

However, the methods from [23] can easily be extended to our setting and we skip the
details. O

In the next theorem we give the convergence results for the sequences in the
channels.

Theorem 2. Let u. be the sequence of solutions of the microscopic problem . Then
there exists ul! € L?((0,T) x X, H*(Z*)) such that up to a subsequence it holds for

pe(l,2)

M oud! strongly in the two-scale sense in LP,

eVuéw - Vyuév[

u
in the two-scale sense,

ué‘/f|N€ - ué\/f|N strongly in the two-scale sense in LP.

Additionally, u™ and uM|y. also converges weakly in the two-scale sense in L*. Fur-
ther, u}! fulfills the following boundary condition on the top and the bottom of Z*:

ud' (t,Z,y) = ug (t,%,0)  for almost every (t,Z,y) € (0,T) x ¥ x S, (14)

i.e.,ud! is constant on S*.
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Proof. For the convergence results we only have to check the conditions in Theorem

Condition |(i)| is just Lemma (1} For we use inequality from Lemma [2| To
show that the initial terms in (8) tend to 0 for e/ — 0 we use [5, Lemma 4.3], and the

Assumption [(A5)|[ on the initial conditions. We have

5 2 1 SuM (== ’
lsuc O], =+ i

€

Sufl?, g -
vy, "2 )

The second term obviously tends to zero for el — 0. For the first term we have

ot (g, o)
L,

Since € [%] +el+ej-T 4200 the right-hand side converges to zero for el — 0, see
[B, Lemma 4.3]. The last term on the right-hand side in goes to 0, because
of the strong convergence of u* from Proposition [3| and the standard Kolmogorov-
compactness result.

It remains to show the equation on SE. Therefore we choose functions ¢ ¢
C*=((0,T) x X x Z*)™ such that ¢(t,x,-) has compact support in Z* u S} u S, and
extend this function by zero to Z and then Y-periodically in g-direction. From the
two-scale results for uM and the strong convergence of u*(-z, +€) we obtain by inte-
gration by parts

T M 1 T M T
f f f v, ul ¢dydzdt = lim - f / v ¢(t,£,f)d:cdt

0 JxJz* e~0e Jo JM €
lim 1fo uMy qS(t z x)d:cdtJrszf u*¢(m ”5) vdodt
= - — . , Ly — € s by T | o
0| eJo Jom Y € — Jo Js:, €

T M T +

- v, - ddydzdt f ff vdo, dzdt.

[ Stz S [ [ [ vt

Using again the integration by parts formula gives us the desired result. O

2
<
L2(Sli‘ffﬁ’h)

L2(S,xZ*)

z ~ 2
uf” (e [f] +el+ egj,y) - ufw(f,y)
€

dxdy.

Next, we will state the macroscopic model, which is solved by the limit function
uo = (ug, ud!,ug) from Proposition and Theorem The appropriate solution space
is L2((0,T),H), where H is given by

H o= {u=(u" o) e HY(QY) x LH(S,HY(Z")) x H' (V) :
uFly = uM|Sf on ¥ xSi},
with the inner product

(u, @) = Y (u*, 0% ) prioxy + (WM, M s ze + (Vyu™, Vo™ sz (15)

For the derivation of the macroscopic problem in the limit € — 0, we have to exploit
the convergence properties of the microscopic solutions u.. Especially this requires
to choose in the variational equation test-functions adapted to the structure of
the transmission problem and whose restrictions to the channel domain is admissible
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for the definition of two-scale convergence. In fact, in general, for u € H the function
uM(z, f) is not well-defined in iné and N,.. Therefore, we consider the subspace H*
of H of smooth functions

M 1o O () x O (5.0(77)) « O () n .
The following density result holds.

Proposition 4. The space H™ is dense in H with respect to the norm induced by
(15).

Proof. First of all, we have the orthogonal decomposition
H=H=oH> . (16)

We will show that 7> = {0} and therefore H = *. Due to (16), for u = (u*,u™, u) €
H=" we have for all ¢ = (¢*,¢M,¢7) e H®

(WM, ™) L2 11 (20 + D (UF, %) (s = 0. (17)
+

Especially, it holds for all oM ¢ C$*(%,C*(Z*)) with ¢ = 0 on S* that (choose
¢ =(0,6",0) in (I7))

(UM,¢M)2xZ* + (VyUM, Vy¢M)ExZ* =0.
This implies V,u € L2(Z, H(div, Z*)) and A,uM =u™. Hence, we have v, u -v €
L2($,H 2 (8Z")) and the divergence theorem implies that for all $M € C5° (2, C(Z*))
with ¢ =0 on S* it holds

(Vyu v, ™M) 0. (18)

L2(S,H % (02%)),L2(S,H3 (02%))

By density, see [2, Theorem 3.1], equation is also true for all p™ € L2(2, HY(Z*))
with ¢™ = 0 on S%. Using again and the divergence theorem, we obtain for
arbitrary ¢ = (¢*, M, ¢7) e H*®

(v u v, ™M) (19)

_ £ o+
LQ(E,H_%(8Z*)),L2(Z,H%(BZ*)) - Zi:(u a¢ )Hl(Qi).
Now, let us define the function

= yn?ﬁ_l(b*—(i’ao) - yn2_ 1¢_(f70)

It holds that (¢*, ™, ¢7) € H® and ¢™ — M = 0 on S%. Hence, due to and

we have

= > (u*, %) pi(asy

oM (z,y):

:(vaM'V7M¢+(i‘70)_yn71¢7(570)> 1 1 :
2 2 L2(S,H™2(82%)),L2(S,HZ (9Z+))
By density of C*(Q#*) in H'(Q*), the equation above holds for all ¢* € H(Q*).
Using again , we get for all ¢ € H and especially for ¢ = u. Now, the
divergence theorem applied to the left-hand side of with ¢™ = 4™ and using
AuM = uM implies u = 0. O
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Theorem 3. The limit function ug = (ug,ud!,ug) from Proposition@ and Theorem
[3 is the unique weak solution of the following problem:

Ug € LQ((()?T)vH) N Hl((O’T)’,H,)

and
Oul — D*Au = f*(uf) in (0,T) x Q*, (20a)
-D*Vug-v* =0 on (0,T) x 9Q* \ X, (20b)
ug(0) = uf in QF, (20c)
with the interface conditions
udls = up' s on (0,T) x ¥ x S, (20d)
D*vVu§-v* = /st DMy, ult - vMdo on (0,T) x X, (20e)

where v* is the outer unit normal on 0Q*, and v™ is the outer-unit normal on 0Z*,
and ud! solves the local cell problem

vy’ = Vy - (DMVyup") = g(ug”) in (0,T)xNx 2%, (20f)
~DMg,ul" v = h(ud!) on (0,T)x X x N, (20g)
up’ = uM in¥xZ*. (20h)

In other words, ug is a solution of the following problem: For all ¢ = (¢*,¢M,¢7) e H
it holds almost everywhere in (0,T)

<6tu0a¢>7'[',7'[ + Z(Divuév vqsi)ﬂi + (Dnyu(J)wa vyd)M)ZxZ*
+

21
S (), Yo + (@), s - () s

and the initial condition ug(0) = (uf,uM,u;) (which is well-defined since it holds

77 1 b
ug € C°([0,T], L2(Q") x L3(X x Z*) x L?*(Q7))). Here, the weak equation is
formally obtained in the usual way by testing the strong formulation with ¢ € H,
integrating with respect to Q* resp. X x Z*, and using integration by parts.

Proof. From Proposition and Theoremimmediately follows that ug € L2((0,T),H).
Let ¢ € C5°([0,T),H*°) and choose as a test-function in

¢ (t, T, xn —€) for xeQf,
de(t,x) =M (t,:?, f) for x € QQ{E,
¢ (t,T,x, +€) for xeQr.

Integration with respect to time, integration by parts in time, and Proposition [3| and
Theorem [2] together with Lemma [6] imply for € - 0

> {—(Uﬁa ed*) (0,1)x0 + (D*Vug, v¢i)(O,T)><Qi}
+

- (u(])v[aat¢M)(O,T)xeZ* + (Dnyug/IaqusM)(O,T)xeZ*

= Z {(fi(ug)a ¢i)(O,T)><Qi + (u::’ ¢i(0))ot}

+ (g(ué\/[)7¢M)(0,T)xExZ* - (h(u(])\/[)7¢M)(O,T)xE><N + (uz]‘wa¢M(O))EXZ*'
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By density, see Proposition [4] this equation also holds for all ¢ € C5°([0,T"),H). Es-
pecially, this equation implies O;ug € L2((0,T),H") and uo(0) = (u},uM,u;). Hence,
ug is a weak solution of the macroscopic model in the theorem. Uniqueness follows
by standard arguments. O

We emphasize that a regular solution of satisfies the strong formulation in
the theorem. This is obtained in the following way: We first choose as test-functions
¢ in functions from C§°([0,7T),H) with compact support in Q* respectively in
Z*. This immediately yields the equations respectively . Afterwards, we
test the weak formulation with functions of the form (0, ¢",0) € C3°([0,T),H)
with supp(¢™ (z,-)) n (S%) = @ to exhibit the nonhomogeneous Neumann-boudary
condition (20g)) on ¥ x N. Finally, to derive the transmission conditions (20e]), we test
the weak formulation with functions of the form (¢*,¢™,0) € Cs°([0,T),H), with
¢* #0 on X, to obtain the transmission condition

D+Vug-y+:ﬁ+ DMy, ult - vMdo on (0,T) x X

and analogously with functions of the form (0,¢™,¢~) e Cg°([0,T),H), with ¢~ # 0
on ¥, to obtain the second transmission condition in (20e). We emphasize that the
interface conditions (20d)) have been derived in Theorem

Remark 3.

(i) By choosing test-functions in with ¢* = ¢~ on ¥ (and ¢™ for example
constant with respect to y, i. e., o™ = ¢* = ¢~ in Z*) we obtain in a weak sense
the following relation for the jump of the normal fluxes:

(D*Vuy -Dvu ) vt = Z[Si DMy, ult-vMdo on (0,T) x X.
+ *

Formally this is obtained by subtracting the two equations in (20e€)).

(ii) We only considered a single concentration u. : (0,T) x Q. - R. However,
the result can easily be generalized to systems and vector-valued functions . :
(0,T) x Q. - R™. In this case, the nonlinear reaction-kinetics have the form
F:[0,T] x Q. xR™ > R™ and have to be uniformly Lipschitz-continuous with
respect to the last variable. The main difference lies in the derivation of the a
priori estimates. However, this can be done by adding up the single equations,
see for example [17)] for more details.

(i4i) For the sake of simplicity we just considered constant scalar diffusion D* in
the bulk-domains. It is obvious that we can also consider a diffusion tensor
D* € R™" positive and symmetric. However, we can also consider oscillating
diffusion coefficients D* (%) with D* € L=((0,1)™)™™. In this case one can
use standard homogenization theory in the bulk-domains to obtain a reaction-
diffusion problem in the macroscopic bulk-domains QF with effective diffusion
coefficients.

(iv) We emphasize that our method is not restricted to the specific form of the mi-
croscopic problem , but the methods developed in Section@ can also be applied
to other problems for which the a priori estimates from[1] and[3 are satisfied.
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