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Abstract

In modern applications of graph algorithms, where the graphs of interest are large and
dynamic, it is unrealistic to assume that an input representation contains the full information
of a graph being studied. Hence, it is desirable to use algorithms that, even when provided with
only a (large) subgraph, output solutions that are close to the solutions output when the whole
graph is available. We formalize this feature by introducing the notion of average sensitivity of
graph algorithms, which is the average earth mover’s distance between the output distributions
of an algorithm on a graph and its subgraph obtained by removing an edge, where the average
is over the edges removed and the distance between two outputs is the Hamming distance.

In this work, we initiate a systematic study of average sensitivity. After deriving basic prop-
erties of average sensitivity such as composition, we provide efficient approximation algorithms
with low average sensitivities for concrete graph problems, including the minimum spanning for-
est problem, the global minimum cut problem, the minimum s-¢ cut problem, and the maximum
matching problem. In addition, we prove that the average sensitivity of our global minimum
cut algorithm is almost optimal, by showing a nearly matching lower bound. We also show
that every algorithm for the 2-coloring problem has average sensitivity linear in the number of
vertices. One of the main ideas involved in designing our algorithms with low average sensitivity
is the following fact; if the presence of a vertex or an edge in the solution output by an algorithm
can be decided locally, then the algorithm has a low average sensitivity, allowing us to reuse the
analyses of known sublinear-time algorithms and local computation algorithms. Using this fact
in conjugation with our average sensitivity lower bound for 2-coloring, we show that every local
computation algorithm for 2-coloring has query complexity linear in the number of vertices,
thereby answering an open question.
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1 Introduction

In modern applications of graph algorithms, where the graphs of interest are large and dynamic,
it is unrealistic to assume that an input representation contains the full information of a graph
being studied. For example, consider a social network, where a vertex corresponds to a user of
the social network service and an edge corresponds to a friendship relation. It is reasonable to
assume that users do not always update new friendship relations on the social network service, and
that sometimes they do not fully disclose their friendship relations because of security or privacy
reasons. Hence, we can only obtain an approximation G’ to the true social network G. This
brings out the need for algorithms that can extract information on G by solving a problem on
G'. Moreover, as the solutions output by a graph algorithm are often used in applications such
as detecting communities [35, 36], ranking nodes [39], and spreading influence [22], the solutions
output by an algorithm on G’ should be close to those output on G.

We assume that the n-vertex input graph G’ at hand is a randomly chosen (large) subgraph of
an unknown true graph G. Intuitively, a deterministic algorithm A is said to be stable-on-average
if the Hamming distance dijam (A(G), A(G")) is small, where A(G) and A(G’) are outputs of A on
G and @', respectively. Here, outputs are typically vertex sets or edges sets and we assume that
they are represented appropriately using binary strings. More specifically, for an integer k > 1, we
say that the k-average sensitivity of a deterministic algorithm A is

B [dham(AG), AG — {er, ... ex})] (1)
{el,...,ek}N(f)

for every graph G = (V, E), where {eq,..., e} is sampled uniformly at random from (g ), the set
of all subsets of E of cardinality k, and where G — F for a set of edges F' C F denotes the subgraph
obtained from G by removing F'. When k£ = 1, we call the k-average sensitivity simply average
sensitivity. We say that algorithms with low average sensitivity are stable-on-average. Although we
focus on graphs here, we note that our definition can also be extended to the study of combinatorial
objects other than graphs such as strings and constraint satisfaction problems.

An algorithm that outputs the same solution regardless of the input has the least possible
average sensitivity, even though it is definitely useless. Hence, the key question in a study of
average sensitivity is to reveal trade-offs between solution quality and average sensitivity for various
problems.

Example 1.1. Consider the algorithm that, given a graph G = (V| E) on n vertices, outputs the
set of vertices of degree at least n/2. As removing an edge changes the degree of exactly two
vertices, the sensitivity of this algorithm is at most 2.

Example 1.2. Consider the s-t shortest path problem, where given a graph G = (V, E) and two
vertices s,t € V', we are to output the set of edges in a shortest path from s to ¢. Since the length
of a shortest path is always bounded by n, where n is the number of vertices, every deterministic
algorithm has average sensitivity O(n). Indeed, there exists a graph for which this trivial upper
bound is tight. Think of a cycle of even length n and two vertices s,t in diametrically opposite
positions. Consider an arbitrary deterministic algorithm A, and assume that it outputs a path P
(of length n/2) among the two shortest paths from s to t. With probability half, an edge in P is
removed, and .4 must output the other path @ (of length n/2) from s to ¢t. Hence, the average
sensitivity must be 1/2 - (n/2) = Q(n). In this sense, there is no deterministic algorithm with
nontrivial average sensitivity for the s-t shortest path problem.



We also generalize our definition of average sensitivity to apply to randomized algorithms. Let
A(G) denote the output distribution of A on G. Let depm(A(G), A(G')) denote the earth mover’s
distance between A(G) and A(G’), where the distance between two outputs is measured by the
Hamming distance. Specifically, dpy(A(G), A(G")) is equal to minp [E(x7y)wp [ditam (2, y)]], where
D denotes a distribution over pairs (z,y) of outputs of A such that the left and right marginals of
D are equal to A(G) and A(G’), respectively. Then, for an integer k > 1, the k-average sensitivity
of a randomized algorithm A is

E [dEM (.A(G), A(G — {61, . ,ek}))] (2)
fer,mex}~(%)

where {ej,...,ex} is sampled uniformly at random from (g ) Note that when the algorithm A is
deterministic, (2) matches the definition of the average sensitivity for deterministic algorithms.

Remark 1.3. The k-average sensitivity of an algorithm A with respect to the total variation
distance can be defined as E{eh---,ek}N(f) [drv (A(G), A(G — {e1,...,ex}))], where drv (-, ) denotes
the total variation distance between two distributions. It is easy to observe that, if the k-average
sensitivity of an algorithm with respect to the total variation distance is at most v(G), then its
k-average sensitivity is bounded by H-~(G), where the H is the maximum over Hamming weights of
all solutions output (with nonzero probability) by running 4 on G = (V, E) and on all the graphs

in {G—{e1,...,ex} : {e1,...,ex} € (E)}

Example 1.4. Randomness does not help improve the average sensitivity of algorithms for the
s-t shortest path problem. Think of the cycle graph given in Example 1.2, and suppose that
a randomized algorithm A outputs the s-t paths P and @ with probability p and ¢ = 1 — p,
respectively. Then, the average sensitivity is p-1/2-(n/2) +q-1/2-(n/2) = Q(n).

1.1 Basic properties of average sensitivity

Our definition of average sensitivity has many nice properties. In this section, we discuss some such
properties of average sensitivity that are useful in the design of our stable-on-average algorithms.
We denote by G the (infinite) set consisting of all graphs. Given a graph G = (V, F) and e € E,
we use G — e as a shorthand for G — {e}. We use n and m to denote the number of vertices and
edges in the input graph, respectively.

Bounds on k-average sensitivity from bounds on average sensitivity. This is one of the
most important properties of our definition of average sensitivity. It essentially says that a bound on
the (1-)average sensitivity of an algorithm can be used to obtain a bound on the k-average sensitivity
of that algorithm for £ > 1. In other words, it is enough to analyze the average sensitivity of an
algorithm with respect to the removal of a single edge.

Theorem 1.5. Let A be an algorithm for a graph problem with average sensitivity at most f(n,m).
Then, for any integer k > 1, the algorithm A has k-average sensitivity at most Zle fnym—i+1).

In particular, if the average sensitivity of an algorithm is bounded from above by a nondecreasing
function of the number of edges, then its k-average sensitivity is at most k£ times the upper bound
on its average sensitivity.



Sequential composition. Another useful feature of our definition of average sensitivity is that
one can obtain a stable-on-average algorithm by sequentially applying several stable-on-average
subroutines. The following two sequential composition theorems formalize this feature.

Theorem 1.6 (Sequential composition). Consider two randomized algorithms Ay : G — S1,Asg :
G x 81 — So. Suppose that the average sensitivity of Ay with respect to the total variation distance
is 1(G) and the average sensitivity of As(-,S1) is ﬁésl)(G) for any S1 € S1. Let A: G — Sy be a
randomized algorithm obtained by composing Ay and Az, that is, A(G) = A2(G, A1(G)). Then, the

average sensitivity of A is H - 71(G) + Eg,~A, (@) [Bésl)(G)] , where H denotes the maximum over

Hamming weights of all the solutions output (with nonzero probability) by running A on G and all
of the graphs in {G —e:e € E}.

Our second composition theorem is for the average sensitivity with respect to the total variation
distance. This is also useful for analyzing the average sensitivity with respect to the earth mover’s
distance, as it can be bounded by the average sensitivity with respect to the total variation distance
times the maximum over Hamming weights of solutions output, as in Remark 1.3.

Theorem 1.7 (Sequential composition w.r.t. the TV distance). Consider £ randomized algorithms
A; 0 G x H;_:ll S; = S fori e {1,...,4}. Suppose that, for each i € {1,...,¢}, the average
sensitivity of A;(+,S1,...,5i—1) is v (G) with respect to the total variation distance for every Si €
S1,...,8i-1 € Si—1. Consider a sequence of computations S1 = A1(G), Sy = A2(G, S1),...,5 =
Ay(G,S1,...,S1-1). Let A : G — S be a randomized algorithm that performs this sequence of
computations on input G and outputs Sy. Then, the average sensitivity of A with respect to the
. . ) ¢
total variation distance is at most Y ,_, vi(G).

Parallel composition. It is often the case that there are multiple algorithms that solve the same
problem albeit with different average sensitivity guarantees. Such stable-on-average algorithms can
be combined via parallel composition, where we run these algorithms according to a distribution
determined by the input graph. The advantage of parallel composition is that the average sensitivity
of the resulting algorithm might be better than that of the component algorithms.

Theorem 1.8 (Parallel composition). Let Ay, ..., Ay be algorithms for a graph problem with av-
erage sensitivities B1(G), ..., Be(G), respectively. Let A be an algorithm that, given a graph G,
runs A; with probability p;(G) for i € {1,...,L}, where 3°,ce; npi(G) = 1. Let H denote the
maximum over Hamming weights of all solutions output (with nonzero probability) by running A
on G and on all the graphs in {G —e : e € E}. Then the average sensitivity of A is at most

Zie{l,...,e} pi(G) - Bi(G) + H Eenr [zz‘e{l,...,z} lpi(G) — pi(G — e)‘] .

In this paper, we use the above theorem extensively to combine algorithms with different average
sensitivities.

1.2 Connection to sublinear-time algorithms

We show a relationship between the average sensitivity of an algorithm and the query complexity
of a sublinear-time algorithm [37, 15, 46] that simulates oracle access to the solution output by
the former algorithm. Roughly speaking, we show, in Theorem 1.10, that the average sensitivity
of an algorithm A is bounded by the query complexity of another algorithm O, which we call a



solution oracle, where O queries the edges of the graph G and simulates oracle access to the solution
produced by A on input G. We first formalize the notion of a solution oracle.

Definition 1.9 (Solution Oracle). Consider a deterministic algorithm A : G — S for a graph
problem, where each solution output by A is a subset of the set of edges of the input graph. An
algorithm O is a solution oracle for A if O satisfies:

e O has access to a graph G = (V, E), which is represented as adjacency lists, via neighbor
queries, where each query is of the form (v,7) for v € V and i € [|[V|] and the answer is the
i-th neighbor of vertex v in its adjacency list (and a special symbol if i is larger than the
degree of v),

e given an edge e € E as input, O queries G and outputs whether e is contained in the solution
obtained by running A on G.

The solution oracle O of a randomized algorithm A first generates a random string = € {0, 1}T(|VD

and then runs the solution oracle O of the deterministic algorithm A, obtained by fixing the
randomness of A to 7.

Note that an analogous definition can be made for algorithms that output a subset of vertices.

Theorem 1.10 (Sublinearity implies low average sensitivity). Consider a randomized algorithm
A G — S for a graph problem, where each solution output by A is a subset of the set of edges in the
input graph. Assume that there exists a solution oracle O for A such that O makes at most q(G)
queries to G in expectation, where this expectation is taken over the random coins of O and over
input edges e € E. Then, A has average sensitivity at most q(G). Moreover, given the promise that
the input graphs satisfy |E| > |V|, the statement applies also to algorithms for which each solution
1 a subset of the set of vertices in the input graph.

We use Theorem 1.10 to design a stable-on-average matching algorithm (Theorem 6.5) based
on a sublinear-time matching algorithm due to Yoshida et al. [46].

Closely related to Theorem 1.10 is Corollary 1.12, which says that if a graph problem has a local
computation algorithm (LCA), then one can design a stable-on-average algorithm for that problem.
LCAs, whose definition we give below, were introduced by Rubinfeld et al. [43] and has been widely
studied ever since [1, 10, 16, 24, 26, 27, 28, 29, 30, 40, 42]. For more information on LCAs, we refer
the interested reader to an excellent survey on the topic by Levi and Medina [25].

Definition 1.11 (Local Computation Algorithm (LCA)). Consider a graph problem P : G — S,
where the output to the problem is a subset of edges of the input graph. Let § : N — [0,1] and
q,7 : N— N. A (q,r,0)-LCA for P is an algorithm L that, given query access to a graph G = (V, E)
(as in Definition 1.9), first generates a random string 7 € {0,1}"(VD, and satisfies:

e given an input e € E, the algorithm £ makes at most ¢(|V'|) queries to G and answers whether
e is part of a solution to the problem P on graph G, and

e the answers of L to all possible input edges are consistent with a single feasible solution to P
on G.

For every graph G, the probability (over the choice of random string) that there exists an input
edge for which £ makes more than ¢(|V]) queries is at most 6(|V]).



We mention that £ is not allowed to perform any preprocessing on the graph. Additionally, the
same set of edges is queried by £ when the same edge is given as input multiple times.

Note that one can have an analogous definition of LCAs for graph problems where each solution
is a subset of vertices. We have the following result which is a direct corollary of Theorem 1.10.

Corollary 1.12 (LCAs imply stable-on-average algorithms). Consider a graph problem P : G — S.
Let 6 : N — [0,1] and ¢,r : N = N. If P has a (q,r,0)-LCA L, then, there exists an algorithm A
for P, that on input G = (V, E), has average sensitivity at most q(|V|) + |E| - 6(|V]).

Theorem 1.10 and Corollary 1.12 cement the intuition that strong locality guarantees for solu-
tions output by an algorithm imply that the removal of edges from a graph affects only the presence
of a few elements (edges or vertices) in the solution, which in turn implies low average sensitivity.
On the contrapositive side, Corollary 1.12 implies that a lower bound on the average sensitivity of
algorithms for a problem implies a lower bound on the query complexity of an LCA (with failure
probability o(1/n?)) for the same problem, where n denotes the number of vertices. Exploiting
this result, we show that every LCA for 2-coloring has query complexity €2(n), thereby answering
an open question raised by Czumayj et al. [6]. We believe that this connection has the potential to
shed more light on fundamental limits of LCAs and is of independent interest.

1.3 Stable-on-average algorithms for concrete problems

We summarize, in Table 1, the average sensitivity bounds that we obtain for various concrete
problems. We use n, m, OPT to denote the number of vertices, the number of edges, and the
optimal value.

All of our algorithms run in polynomial time, and for & > 1, upper bounds on k-average
sensitivity of these algorithms can be easily obtained using Theorem 1.5. Except in the case of
our algorithm for the minimum spanning forest problem, our stable-on-average algorithms are
all randomized. Our lower bounds hold for any (randomized) algorithm to solve the respective
problems with the specified approximation guarantee.

For the minimum spanning forest problem, we show that the classical Kruskal’s algorithm [23]
has average sensitivity O(n/m), which is at most 1, and is quite small considering that Kruskal’s
algorithm is deterministic and that the spanning forest can have Q(m) edges. We also show a
matching lower bound of Q(n/m) for the minimum spanning forest problem, implying that the
average sensitivity of Kruskal’s algorithm is optimal. In contrast, we show that Prim’s algorithm
can have average sensitivity {2(m) for a natural (and deterministic) rule of breaking ties among
edges.

For the global minimum cut problem, we show that every algorithm that outputs the exact
mincut has to have average sensitivity Q(n). However, by allowing for a multiplicative approx-
imation guarantee of 2 + € for ¢ > 0, we design a global minimum cut algorithm with average
sensitivity nOom). If OPT = Q(logn), the average sensitivity of our algorithm is O(1), which is
quite small. We also prove a nearly tight lower bound on the average sensitivity of any algorithm
that guarantees a purely multiplicative approximation to the minimum cut size. In particular,
when OPT is o(log n), our lower bound matches, up to a polylogarithmic factor, our upper bound
for 3-approximating the minimum cut size.

Our lower bound of ©(n) on the average sensitivity of algorithms that output the exact global
minimum cut also applies to the minimum s-t cut problem. In contrast, we show that it is possible



Table 1: Our results. Here n, m, OPT denote the number of vertices, the number of edges,
and the optimal value, respectively, and € € (0,1) is an arbitrary constant. The notation O(-)
hides polylogarithmic factors in n. Approximation guarantees are multiplicative unless specified
otherwise.

Approximation  Average

Problem Output Cruarantee Sensitivity Reference
T
2+4¢€ nO (et Sec. 4.1
Global Minimum Cut Vertex set 1 Q(n) Sec. 4.2
< 00 Q <ggéTT2> Sec. 4.2
Minimum s-¢t Cut Vertex set  additive O(n?/3) O (n2/ 3) Sec. 5
1/2 1 Sec. 6.2
Maximum Matching Edge set 1 e ) ((o;T) Hgl(€2)> Sec. 6.3
1 Q(n) Sec. 6.4
Minimum Vertex Cover Vertex set 2 2 Sec. 6.2
2-Coloring Vertex set — Q(n) Sec. 7

to achieve average sensitivity of O(n2/ 3) for the minimum s-t cut problem by allowing for an additive
O(n?/3) approximation.

We show that the average sensitivity of every algorithm that outputs the exact maximum match-
ing is Q(n), implying that some approximation is essential to obtain nontrivial average sensitivity.
We also propose two stable-on-average approximation algorithms for maximum matching. Our first
algorithm has approximation ratio 1/2 and average sensitivity at most 1. This result immediately
implies a 2-approximation algorithm for the minimum vertex cover problem with average sensitivity
at most 2. Our second algorithm for maximum matching has approximation ratio 1 —e and average

~ 2
sensitivity O <(OPT/5—:3)1/(1+Q(€ ))> for every constant ¢ € (0,1).
In the 2-coloring problem, given a bipartite graph, we are to output one part in the bipartition.

For this problem, we show a lower bound of (n) for the average sensitivity, that is, there is no
algorithm with nontrivial average sensitivity.

Implications on the query complexity of LCAs. Recall that, by Corollary 1.12, the average
sensitivity lower bound for a problem implies an identical lower bound on the query complexity of
an LCA (with failure probability o(1/n?)) for the same problem. This implies that every LCA for
exact maximum matching, global minimum cut, and minimum s-t cut has query compleity Q(n).
Additionally, every LCA giving a purely multiplicative approximation guarantee for the global
noPT
OPT?
2-coloring has query complexity (n), which answers an open question raised by Czumayj et al. [6].

minimum cut has query complexity (2 . Additionally, as mentioned earlier, every LCA for



1.4 Discussions on average sensitivity

Output representation. Average sensitivity is dependent on the output representation. For
example, we can double the average sensitivity by duplicating the output. A natural idea for
alleviating this issue is to normalize the average sensitivity by the maximum Hamming weight H of
a solution. However, for minimization problems where the optimal value OPT could be much smaller
than H, such a normalization can diminish subtle differences in average sensitivity, e.g., O(OPTl/ 2)
vs O(OPT). It is an interesting open question whether there is a canonical way to normalize average
sensitivity so that the resulting quantity is independent of the output representation.

Sensitivity against adversarial edge removals. It is also natural to take the maximum,
instead of the average, over edges in definitions (1) and (2), which can be seen as sensitivity against
adversarial edge removals. Indeed a similar notion has been proposed to study algorithms for
geometric problems [33]. However, in the case of graph algorithms, it is hard to guarantee that the
output of an algorithm does not change much after removing an arbitrary edge. Moreover, by a
standard averaging argument, one can say that for 99% of arbitrary edge removals, the sensitivity
of an algorithm is asymptotically equal to the average sensitivity, which is sufficient in most cases.

Average sensitivity w.r.t. edge additions. As another variant of average sensitivity, it is
natural to consider incorporating edge additions in definitions (1) and (2). If an algorithm is
stable-on-average against edge additions, then in addition to the case of not knowing the true
graph as we have discussed earlier, it will be useful for the case that the graph dynamically changes
but we want to prevent the output of the algorithm from fluctuating too much. However, in contrast
to removing edges, it is not always clear how we should add edges to the graph in definitions (1)
and (2). A naive idea is sampling k pairs of vertices uniformly at random and adding edges between
them. This procedure makes the graph close to a graph sampled from the Erdds-Rényi model [9],
which does not represent real networks such as social networks and road networks well. To avoid
this subtle issue, in this work, we focus on removing edges.

Alternative notion of average sensitivity for randomized algorithms. Consider a ran-
domized algorithm A that, given a graph G on n vertices, generates a random string = € {0, 1}T(")
for some function r : N — N, and then runs a deterministic algorithm A, on G, where the algorithm
A, has 7 hardwired into it. Assume that A, can be applied to any graph. It is also natural to
define the average sensitivity of A as

E |E [ditam (Ax(G), Az (G —e))] | - (3)
In other words, we measure the expected distance between the outputs of A on G and G — e when
we feed the same string 7 to A, over the choice of m and edge e. Note that (3) upper bounds (2)
because, in the definition of the earth mover’s distance, we optimally transport probability mass
from A(G) to A(G — e) whereas, in (3), how the probability mass is transported is not necessarily
optimal.
We can actually bound (3) for some of our algorithms. In this work, however, we focus on the
definition (2) because the assumption that A, can be applied to any graph does not hold in general,
and bounding (3) is unnecessarily tedious and is not very enlightening.



1.5 Overview of our techniques

Global minimum cut. For the global minimum cut problem, our algorithm is inspired by a
differentially private algorithm! for the same problem by Gupta et al. [14]. Our algorithm, given
a parameter € > 0 and a graph G as input, first enumerates a list of cuts whose sizes are at most
(2+4¢)-OPT; this enumeration can be done in polynomial time as shown by Karger’s theorem [18].
The algorithm then outputs a cut from the list with probability exponentially small in the product
of the size of the cut and O(1/e-OPT). The main argument in analyzing the average sensitivity of
the algorithm is that the aforementioned distribution is very close (in earth mover’s distance) to a
related Gibbs distribution on the set of all cuts in the graph. Therefore the average sensitivity of
the algorithm is of the same order as that of the average sensitivity of sampling a cut from such a
Gibbs distribution, where the latter sampling task requires exponential time. We finally show that

the average sensitivity of sampling a cut from this Gibbs distribution is at most n@1/€OPT),

Minimum s-t cut. The first stage of our algorithm consists of solving an LP relaxation for the
minimum s-t cut problem in a stable way, for an appropriately defined notion of sensitivity. Given
a graph G = (V, E) and vertices s,t € V, the relaxation contains variables d({u,v}) € [0,1] for
each {u,v} € (‘2/), where these variables can be thought of as representing a pseudometric over the
vertices. The constraints include triangle inequalities, and also a special constraint d({s,t}) = 1.
The objective is to minimize the sum of the variables associated with the edges in G. Intuitively,
if d({s,v}) is large in a solution to the linear program, then the vertex v falls on the ¢-side of the
s-t cut represented by the solution.

Our stable LP solving strategy works by solving a related LP that is identical to the original
LP, except for a regularization term added to the objective function. This regularization term is
n~1/3 times the £3 norm of the vector of variables (d({s,v}) : v € V), where we use ||d||s to denote
this norm. It is easy to show that the value of the optimal solution to the regularized LP is within
an additive O(n?/3) of the value of the optimal solution to the original LP. We also show that for
all e € F, the solutions output by our LP solver graphs G and G — e are close to each other with
respect to || - ||s. Here, we use the fact that the regularized objective function is strongly convex
with respect to || - ||s-

Given a solution to the (regularized) LP relaxation, our rounding procedure samples a threshold
7 € [0,1] uniformly at random and outputs the set S consisting of all vertices u € V such that
d({s,u}) < 7. The approximation guarantee of this algorithm follows from the fact that we are
rounding based on a near optimal solution to the linear programming relaxation. To analyze the
average sensitivity of the algorithm, we first show that the earth mover’s distance (with respect
to Hamming distance) between the outputs of the rounding procedure for inputs d,d’ € |0, 1](‘2/)
is bounded by the ¢; distance between the vectors (d({s,v}) : v € V) and (d'({s,v}) : v € V).
Combining this with the bound on the average sensitivity of our LP solving strategy, we obtain our
final bound on the average sensitivity for our algorithm to approximate the minimum s-t cut.

Maximum matching. Our stable-on-average %—approximation algorithm for the maximum match-
ing problem first considers a uniformly random ordering of the edges in the input graph, and then
greedily adds edges to the matching according to that ordering. In the context of dynamic dis-
tributed algorithms, Censor-Hillel et al. [5] showed that at most 1 edge changes in the matching

"We compare and contrast the definitions of average sensitivity and differential privacy in Section 1.6.



(in expectation) due to the removal of a uniformly random edge, where the expectation is taken
over the edge removed and the ordering of edges. This result immediately implies that the average
sensitivity of this randomized greedy matching algorithm is at most 1. In addition, it implies a
2-approximation algorithm for minimum vertex cover with average sensitivity at most 2.

There are several components to the design and analysis of our stable-on-average (1 — ¢)-
approximation algorithm. Our starting point is the observation (Theorem 1.10) that the existence
of a sublinear-time solution oracle O (see Definition 1.9) for an algorithm A implies that A is stable-
on-average. We use Theorem 1.10 to bound the average sensitivity of a (1 — &’)-approximation
algorithm A for the maximum matching problem, where ¢’ = Q(g). Specifically, A constructs
a matching by considering augmenting paths of increasing length, and augmenting the (initially
empty) matching iteratively, where the paths of each length are considered in a uniformly random
order. Yoshida et al. [46] constructed a sublinear-time solution oracle that, given a uniformly

random edge e € FE as input, makes O <AO(1/ (5/)2)) queries to G in expectation and answers

whether e is in the matching output by A on G, where the expectation is over the choice of input
e and the randomness in A, and A is the maximum degree of G. Combined with Theorem 1.10,
this implies that the average sensitivity of A is O (Ao(l/ )).

Next, we transform A to also work for graphs of unbounded degree as follows. The idea is to
remove vertices of degree at least gp from the graph and run A on the resulting graph. This
transformation affects the approximation guarantee only by an additive & OPT term, since the
number of such high degree vertices is small. However, this thresholding procedure might itself
have high average sensitivity, since the thresholds for G and G — e can be very different for all
ec k.

We circumvent this issue by using a Laplace random variable L as the threshold, where the
distribution of L is tightly concentrated around —gsr. We use our sequential composition theorem
(Theorem 1.6) in order to analyze the average sensitivity of the resulting procedure, where we con-
sider the instantiation of the Laplace random threshold as the first algorithm, and the remaining
steps in the procedure as the second algorithm. The first term in the expression given by Theo-
rem 1.6 turns out to be a negligible quantity and is easy to bound. The main task in bounding the
second term is to bound, for all € R, the average sensitivity of a procedure A, that, on the input
graph G, removes all vertices of degree at least z from G and runs the augmenting paths-based
matching algorithm. The heart of the argument in bounding this average sensitivity is that given a
solution oracle O with query complexity g(A) for an algorithm A, we can, for all € R, construct a
solution oracle O, for the algorithm A,. Moreover, the query complexity of O, is at most O(x2q(z)).
By Theorem 1.10, this is also a bound on the average sensitivity of A,. Using this, we bound the

2
second term in the expression given by Theorem 1.6 as Ez, [O(L%*q(L))] = O ((E,S},T)O(l/(e ) )>.

An issue with the aforementioned matching algorithm is that its average sensitivity is poor for
graphs with small values of OPT. We observe that, in contrast to this, the algorithm that simply
outputs the lexicographically smallest maximum matching has average sensitivity O(OPT2 /m),
since the output matching stays the same unless an edge in the matching is removed. We obtain
our final stable-on-average (1 — ¢)-approximation algorithm for the maximum matching problem
by running these two algorithms according to a probability distribution determined by the input
graph. Using our parallel composition theorem, we bound the average sensitivity of the resultant

algorithm as O ((OPT/53)1/(1+Q(52))>‘




2-coloring. To show our 2(n) lower bound on the average sensitivity for 2-coloring, consider the
set of all paths on n vertices and the set of all graphs obtained by removing exactly one edge from
these paths (called 2-part-paths). A path has exactly two ways of being 2-colored and a 2-path
has four ways of being 2-colored. A path and 2-part-path are neighbors if the latter is obtained
from the former by removing an edge. A 2-part-path has at most four neighbors. The output
distribution of any 2-coloring algorithm A on a 2-part-path can be close (in earth mover’s distance)
only to those of at most 2 of its neighboring paths. If A, however, has low average sensitivity, the
output distributions of A have to be close on a large fraction of pairs of neighboring graphs, which
gives a contradiction.

1.6 Related work

Average sensitivity of network centralities. (Network) centrality is a collective name for
indicators that measure importance of vertices or edges in a network. Notable examples are closeness
centrality [2, 3, 44], harmonic centrality [31], betweenness centrality [11], and PageRank [39]. To
compare these centralities qualitatively, Murai and Yoshida [34] recently introduced the notion of
average-case sensitivity for centralities. Fix a vertex centrality measure c; let cg(v) denote the
centrality of a vertex v € V in a graph G = (V| E). Then, the average-case sensitivity of ¢ on G is
defined as

5.(0) = , & Foel)ocolt)

)

where e and v are sampled uniformly at random. They showed various upper and lower bounds for
centralities. See [34] for details.

Since a centrality measure assigns real values to vertices, they studied the relative change of the
centrality values upon removal of random edges. As our focus in this work is on graph algorithms,
our notion (2) measures the Hamming distance between solutions when one removes random edges.

Differential privacy. Differential privacy [7] is a notion closely related to average sensitivity.
Assuming the existence of a neighbor relation over inputs, the definition of differential privacy
requires that the distributions of outputs on neighboring inputs are similar. The variant of differ-
ential privacy closest to our definition of average sensitivity is edge differential privacy introduced
by Nissim et al. [38] and further studied by [17, 14, 20, 21, 19, 41]. Here, the neighbors of a graph
G = (V,E) are defined to be {G — e} .. For ¢ > 0, we say that an algorithm is e-differentially
private if for all e € E,

exp(—e) - Pr[A(G —e) € §] < Pr[A(G) € S] < exp(e) - Pr[A(G —¢) € §] (4)

for any set of solutions S.

Differential privacy has stricter requirements than average sensitivity. Firstly, differential pri-
vacy is a worst-case sensitivity notion. Moreover, since differential privacy guarantees that the
probabilities of outputting a specific solution on G and G — e are close to each other, the total
variation distance between the two distributions A(G) and A(G — e) must be small. The earth
mover’s distance between two output distributions can be small even if the total variation distance
between them is large, and therefore, even if an algorithm is not differentially private, it could
still be stable-on-average. Despite these differences, our stable-on-average algorithm for the global
minimum cut problem is inspired by a differentially private algorithm for the same problem [14].
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Generalization and stability of learning algorithms. Generalization [45] is a fundamental
concept in statistical learning theory. Given samples z1, ..., 2, from an unknown true distribution
D over a dataset, the goal of a learning algorithm L is to output a parameter # that minimizes
expected loss Byup[l(z;0)], where £(z;0) is the loss incurred by a sample z with respect to a
parameter 6. As the true distribution D is unknown, a frequently used approach in learning is to
compute a parameter 6 that minimizes the empirical loss % -3 1 0(2;;0), which is an unbiased
estimator of the expected loss and is purely a function of the available samples. The generalization
error of a learner L is a measure of how close the empirical loss is to the expected loss as a function
of the sample size n.

One technique to reduce the generalization error is to add a regularization term to the loss
function being minimized [4]. This also ensures that the learned parameter § does not change
much with respect to minor changes in the samples being used for learning. Therefore, in a sense,
learning algorithms that use regularization can be considered as being stable according to our
definition of sensitivity.

Bousquet and Elisseeff [4] defined a notion of stability for learning algorithms in relation to
reducing the generalization error. Their stability notion requires that the empirical loss of the
learning algorithm does not change much by removing or replacing any sample in the input data.
In contrast, in our definition of average sensitivity, we consider removing random edges from a
graph and measure the change in the output solution rather than that in the objective value.

1.7 Organization

We show our stable-on-average algorithms for the minimum spanning forest problem, the global
minimum cut problem, the minimum s-f cut problem, and the maximum matching problem prob-
lems in Sections 3, 4, 5, and 6, respectively. Our lower bounds on the average sensitivity of
algorithms for the global minimum cut problem and the maximum matching problem can also be
found in Sections 4, and 6, respectively. We show a linear lower bound for the 2-coloring problem
in Section 7. We discuss general properties of average sensitivity in Section 8.

2 Preliminaries

For a positive integer n, let [n] = {1,2,...,n}. Let G = (V, E) be a graph whose vertex set is V'
and edge set is E. We denote by G the (infinite) set consisting of all graphs. We often use the
symbols n, m, A to denote the number of vertices, the number of edges, and the maximum degree
of a vertex, respectively, in the input graph. We use OPT(G) to denote the optimal value of a
graph G in the graph problem we are concerned with. We simply write OPT when G is clear from
the context. For an edge e € E, we denote by G — e the graph obtained by removing e from G.
Similarly, for a subset of edges F' C E, we denote by G — F' the graph obtained by removing every
edge in F' from G. For a subset of edges F' C E, let V(F) denote the set of vertices incident to an
edge in F. For a positive integer k < |E|, we use the notation (f ) to denote the set of all subsets
of F of cardinality k. For a subset of vertices S, let G[S] be the subgraph of G induced by S. We
denote by R the set of non-negative real numbers. For vectors x,y € R™, we use (x,y) to denote
the inner product of & and y.
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2.1 Exponential Mechanism

The ezponential mechanism [32] is an algorithm that, given a vector & € R™ and a real number
n > 0, returns an index ¢ € [n] with probability proportional to e~ Just as the exponential
mechanism is useful to design differentially private algorithms, it is also useful to design stable-on-
average algorithms. Lemma 2.1 formalizes this statement.

Lemma 2.1. Let n > 0 and let A be the algorithm that, given a vector * € R"™, applies the
exponential mechanism to x and n. Then for any t > 0, we have
logn t

Pr |z(i) > OPT + +-| <e™,
inA) noo

where OPT = min;ep, x(i). Moreover, for all &' € R”, we have
drv(A(z), Ax')) = O (n- |l — ='||1) .

The proof of Lemma 2.1 is deferred to Appendix A. By setting n = log n/e and replacing t with
tlogn, we get the following:

Lemma 2.2. Let € > 0. There exists an algorithm A. such that, given a vector x € R™ outputs
i € [n] such that
Pr [x(i) > OPT +e(1+t)] <n
i~ Ac ()

for any t >0, where OPT = min;cp, x(i). Moreover, for all ' € R™, we have

drv(Ac(a), Ad(a)) = O (Hw ) ”) |

3 Warm Up: Minimum Spanning Forest

To get intution about average sensitivity of algorithms, we start with the minimum spanning forest
problem. In this problem, we are given a weighted graph G = (V, E,w), where w : E — R is a
weight function on edges, and we want to find a forest of the minimum total weight including all
the vertices.

Recall that Kruskal’s algorithm [23] works as follows: Iterate over edges in the order of increasing
weights, where we break ties arbitrarily. At each iteration, add the current edge to the solution if it
does not form a cycle with the edges already added. The following theorem states that this simple
and deterministic algorithm is stable-on-average.

Theorem 3.1. The average sensitivity of Kruskal’s algorithm is O(n/m).

Proof. Let G = (V,E) be the input graph and T be the spanning forest obtained by running
Kruskal’s algorithm on G. We consider how the output changes when we remove an edge e € E
from G.
If the edge e does not belong to T', clearly the output of Kruskal’s algorithm on G — e is also T'.
Suppose that the edge e belongs to T'. Let T} and T, be the two trees rooted at the endpoints
of e obtained by removing e from 7. If G — e is not connected, that is, e is a bridge in G, then
Kruskal’s algorithm outputs 77 UTy on G —e. If G — e is connected, then let ¢’ be the first edge
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considered by Kruskal’s algorithm among all the edges connecting G[V (T1)] and G[V (T»)], where
V(T;) is the vertex set of T; for 7 € [2]. Then, Kruskal’s algorithm outputs 73 UT> U {e'} on G —e.
It follows that the Hamming distance between T and the output of the algorithm on G — e is at
most 2.

Therefore, the average sensitivity of Kruskal’s algorithm is at most

-0+%-2:0<%). 0

m — |T|

Indeed, it is not hard to show a matching lower bound.

Theorem 3.2. The average sensitivity of a (possibly randomized) algorithm for the minimum
spanning forest problem is Q(n/m).

Proof. Let A be an algorithm for the minimum spanning forest problem, and let G = (V, E) be a
connected graph with n vertices and m edges. For each e € E, let u. be the probability distribution
over F(G) x F(G — e) such that dpm(A(G), A(G — €)) = E(Fr)op. [FAOF|, where F(G) is the
set of spanning forests of G. Note that the marginal distribution of . on the first coordinate is
identical for all e € E. Let p. r be the distribution over F(G —e) defined as (the second coordinate
of) the distribution p. conditioned on the first coordinate being F'. Then, we have

E [dev(AG), A(G—e€)]=E E [|FAF|= E E E |FAF]

e~FE e~E (F,Fe)~pe F~F(G)e~E Fe~pie
1
Z E |FAF.| Z E |FAF||> E |=Y E 1
FN]:(G GEFe He, F F ]:(G EFFe He, F FN]:(G) mGEFFeNNe,F
-1
Stoa(l)

m m

where in the second inequality we used the fact that e € F and e & F. O

In Appendix B, we show that Prim’s algorithm, another classical algorithm for the minimum
spanning forest problem, has average sensitivity {2(m) for a certain natural tie breaking rule. We
mention that this lower bound holds even for unweighted graphs.

4 Global Minimum Cut

For a graph G = (V, E) and a vertex set S C V, we define cost(G, S) to be the number of edges in
E that cross the cut (S,V'\ S). Then in the global minimum cut problem, given a graph G = (V, E),
we want to compute a vertex set ) C .S C V that minimizes cost(G, S). In this section, we discuss
upper and lower bounds on the average sensitivity for the global minimum cut problem.

4.1 Upper bound

In this section, we show the following.

Theorem 4.1. For € > 0, there exists a polynomial time algorithm for the global minimum cut
problem with approximation ratio 2 4+ € and average sensitivity nO1/e0PT)
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Algorithm 1: STABLE ALGORITHM FOR GLOBAL MINIMUM CUT
Input: undirected graph G = (V, E), ¢ > 0

1 Compute the value OPT;

Let a + % denote a parameter;

Enumerate all cuts of size at most (2 4+ 7¢)OPT + 2¢;

Sample a vertex set S (from among the cuts enumerated) with probability proportional to
exp(—a - cost(G, 9));

5 return S.

=W N

Let OPT be the minimum size of a cut in G. Our algorithm enumerates cuts of small size and
then output a vertex set S with probability exp(—a - cost(G, S)) for a suitable . See Algorithm 1
for details.

The approximation ratio of the Algorithm 1 is 2 + 9e: It clearly holds when OPT > 1, and it
also holds when OPT = 0 because we only output a cut of size zero (for ¢ < 1/2). The following
theorem due to Karger [18] directly implies that it runs in time polynomial in the input size for
any constant € > 0.

Theorem 4.2 ([18]). Given a graph G on n vertices with the minimum cut size ¢ and a parameter
a > 1, the number of cuts of size at most « - ¢ is at most n®* and can be enumerated in time
polynomial (in n) per cut.

We now show that Algorithm 1 is stable-on-average.

Lemma 4.3. The average sensitivity of Algorithm 1 is at most

B(G) = % - n(HR/OPT (9 4 70) OPT + 2¢) + o(1).
As we have OPT < 2m/n, the average sensitivity can be bounded by n@/eOPT) “and Theo-
rem 4.1 follows by replacing ¢ with /9.

Proof. 1f OPT = 0, then the claim trivially holds because the right hand size is infinity. Hence in
what follows, we assume OPT > 1.

Let A denote Algorithm 1. Consider an (inefficient) algorithm A’ that on input G, outputs a
cut S C V (from among all the cuts in G) with probability proportional to exp(—a - cost(G, S)).
For a graph G = (V, E), let A(G) and A’(G) denote the output distribution of algorithms A and
A’ on input G, respectively. For G = (V,E) and S C V, let pg(S) and pf(S) be shorthands for
the probabilities that S is output on input G by algorithms A and A’, respectively.

We first bound the earth mover’s distance between A(G) and A'(G) for a graph G = (V, E).
To this end, we define

Z = Z exp(—a - cost(G, 9)), and Z' = Z exp(—a - cost(G, S))
SCV:cost(G,S)<OPT+b SCV

where b = (1+7¢)OPT 4 2¢. Note that Z < Z’ and the quantity Z /Z_,Z is the total probability mass
assigned by algorithm A’ to cuts S C V such that cost(G,S) > OPT + b.
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Now, we start with A'(G). For each S C V such that cost(G,S) < OPT + b, keep at least
Z - pz(S) mass with a cost of 0 and move a mass of at most pj;(S) — % - pl(S) at a cost of
n-(pi(S) — % - p(S)). For each S C V such that cost(G, S) > OPT + b, we move a mass of pj;(S)
at a cost of n - p;(S). The total cost of moving masses is then equal to:

7
de (A(G), A'(G)) <n- 3 Pa(S) <1 - 7) . > 5 (S)
SCV:cost(G,S)<OPT+b SCV:cost(G,S)>0PT+b
n(Z2'— 7
SCV:cost(G,S)<OPT+b
< 2n (2" — Z)'
= 72,

Let ny stand for the number of cuts of cost at most OPT + ¢ in G. By Karger’s theorem
(Theorem 4.2), we have that n; < n?>T2/OPT_ Then, we have

ARSA
7 < Zexp(—at) ny —mne—1) < (exp(a) — 1) Zexp —at)n

t>b t>b
< (exp(e) — 1)n? - Y " n?/OFT . exp(—at)
b
2 . , n-(b+1)/=0PT
< (exp(a) — 1)n .Zn_ /EOPT < (exp(a) — 1)n* - 1_ ,—1/z0PT
b "
_ (. (2+1/)/OPT 1) (1 1 . n?
= (n - T ijeoPT — 1) 051)/z0PT
2
< (2+1/6)/OPT L I
<n <1 + logn ) nGi1/0PT

3+(2+1/e)/OPT
~o( )=o)
n(b+1)/eOPT ndtl/e
The last inequality above follows from our choice of b. Therefore, the earth mover’s distance
between A(G) and A'(G) is dpm (A(G), A'(G)) < O(—572)-

In addition, we can bound the expected size of the cut output by A’ on G as follows. The
total probability mass assigned by algorithm A’ to cuts of size larger than OPT + b is equal to

Z IZ_,Z =0 (ﬁ) Hence, the expected size of the cut output by A’ on G is at most OPT + b +
m- O( 4+1/s) (2+7€)OPT+2E+O( 4+1/s)

We now bound the earth mover’s distance between A’ (G) and A'(G — e) for an arbitrary edge
e € E. Let Z; denote the quantity ) gy exp(—a - cost(G — e, S)). Since the cost of every cut in

G — e is at most the cost of the same cut in G, we have that Z' < Z! and therefore,

exp(—a - cost(G,S)) _ exp(a-cost(G —e,S)) Z. z!
7 = 7! "7 =Pa-el5) 5

e

pg(S) =

We transform A’(G) into A’(G — e) as follows. For each S C V| we leave a probability mass of
at most p,_,(S) at S with zero cost and move a mass of max{0,p(S) — pi;_.(S)} to any other
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point at a cost of at most n - max{0, pi(S) — pz_.(S)} <n- (% — 1) pe(S). Hence,
Zl
a6 - (5-1)- E o (51
SCV

By the triangle inequality, the earth mover’s distance between A(G) and A(G — e) can be
bounded as

dem (.A(G), A(G — e)) < dgm (.A(G), A/(G)) + deMm (.A,(G), A/(G — 6)) + deMm (.A/(G —e), A(G — 6))

zZ! 2e

Hence, the average sensitivity of A is bounded as:

B(G) = EEdEM(A(G),A(G —e)) <0 (ﬁ%) tn- E (% _ 1>

e~E

e€eE SCV:e crosses S

()
~0 (nffl /€> P Y oo cost(G e, 8) — exp(—a - cost(@, 5))
()

n(exp(a) — 1)
+ mZ’ Z Z exp(—a« - cost(G, S))
e€eE SCV:e crosses S

_0 ( 2e ) n n(exp(rz) -1) Z cost(G, S) - exp(—a -2?st(G, S))
SCV

The summation in the second term above is equal to the expected size of the cut output by
algorithm A" on input G. We argued that it is at most (2 4 7¢)OPT + 2¢ + O(—777z). Hence, the
average sensitivity of A is at most

(2+1/2)/OPT o
no L (241/2)/OPT | en -
—n € ((2+7€)OPT—|—2€)+O< PEFSyE
= 2 p@F1/R/OPT (24 76) OPT + 2¢) + o(1)
m
as OPT > 1. O

4.2 Lower bound

In this section, we show that the average sensitivity of the algorithm given in Section 4.1 is almost
tight. Specifically, we show the following.

Theorem 4.4. Any algorithm for the global minimum cut problem with no additive error (and
possibly an arbitrary large multiplicative error) has average sensitivity Q(nl/OPT/OPTz) if OPT =

o(v/n).
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Proof. We first show a lower bound for the case OPT = 1. Let A be an arbitrary algorithm for the
global minimum cut problem with no additive error and let G = ([n + 1], E) be a path on n + 1
vertices, where E = {(i,7 + 1) : ¢ € [n]}. Note that for any i € [n], the graph G — (3,7 + 1) is
disconnected and .4 must output a vertex set [i] or [n+ 1]\ [i]. For a vertex set S C [n+ 1], let pg
be the probability that A on G outputs S. Then, the average sensitivity of A on G is

E_ldem(A(G), A(G —e))] = % Yo Y ps-min{dmm(S, i), dran (S, n+ Y\ [} (5)
i€[n) SCn+1]

Note that if two sets S, T C [n + 1] satisfy |S| < |T| —n/10 or |S| > |T'|+ n/10, then dpam(S,T) >

n/10 holds. Hence, we have dyam(S,[i]) > n/10 for at least a 4/5-fraction of i € [n|. Similarly,

we have dpam (S, [n + 1]\ [7]) > n/10 for at least a 4/5-fraction of i € [n]. It follows that we have

min{dygam (S, [7]), dgam (S, [n + 1] \ [i])} > n/10 for at least a 3/5-fraction of i € [n]. Then, we have

3 n 3n
> = — =Q(n).
(B)> 157 D ps =735 =00n) (6)
SC[n]
We now consider the case t := OPT > 2. Consider a multigraph G; = ([n + 1], E}), where E;
contains ¢ copies of the edge (i,7 + 1) for every i € [n]. For k = (tn)l_l/ ! the k-average sensitivity
of A on G without replacement is

E [dev(A(G), A(G —{er, ... er}))]
{enmerd~(5Y)
> E [dem(A(G), A(G —{e1,...,er})) | A(G —{e1,...,exr}) has two components] x

fernmer ()

Pr [A(G —{e1,...,er} has two components)] . (7)
{eren ()

The first factor of (7) is exactly equal to (5), which is (n) by (6). Now we bound the second factor.
For every i € [n], the probability that we cut all the edges between i-th and (i + 1)-th vertices
is (]Z) / (tf) from the property of the hypergeometric distribution. For every distinct 4,5 € [n], the
probability that we cut all the edges between i-th and (i + 1)-th vertices and all the edges between
j-th and (j + 1)-th vertices is (ft) / (tﬁ) By the inclusion-exclusion principle, the probability that

G — {e1,...,ex} has exactly two components is at least
(D) () 2\ (kY (n\ n (k) 2\ 0t _ (my o b
i (-5 @) -0)iai) e t-nion

) 2\ 1 n\ n 1 >3 1>1 0 1
= N _—— _— _— _— — — —_— = _—
k) tn 2)n—A4tt2n? T A4t 12 T 4t t)’

where we used the fact that 2 < t = o(y/n). Hence, we have (7) = Q(n/t). By Theorem 1.5, the
average sensitivity § of A on G must satisfy

) 1-1/t n
B-tn) M = (),
which implies 8 > Q(n!/t/t?). O

The proof of the following theorem is implicit in the first part of the proof of Theorem 4.4.

Theorem 4.5. Any algorithm that exactly outputs the global minimum cut has average sensitivity
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5 Minimum s-t Cut

In this section, we design a stable-on-average algorithm for the minimum s-t cut problem. We say
that a pair {u,v} € (‘2/) is cut by S CVifue SandveV\S, or vice versa. The cut size of a
vertex set S C V in a graph G = (V, E) is the number of edges e € E cut by S. In the minimum
s-t cut problem, given a graph G = (V, E) and two vertices s,t € V, we want to find a minimum
s-t cut, that is, a vertex set S with s € .S and t € S that has the minimum cut size. We show the
following.

Theorem 5.1. There exists a polynomial time algorithm for the minimum s-t cut problem with
additive error O(n?/?) and average sensitivity O(n?/3).

In Section 5.1, we describe our LP relaxation for the minimum s-t cut problem and introduce a
notion of average sensitivity for algorithms that solve the LP. We then provide a stable-on-average
LP solver in Section 5.2 and discuss a rounding procedure in Section 5.3. We prove Theorem 5.1
in Section 5.4.

5.1 LP Relaxation and Average Sensitivity

Our algorithm is based on an LP relaxation for the minimum s-t cut problem. For each pair of
vertices {u,v} € (‘2/), we introduce a variable d({u,v}), which we regard as a distance between u
and v. Roughly speaking, d({u,v}) is 1 if v and v are on different sides of an s-t cut. d({u,v}) is
0 otherwise. For notational simplicity, we often write d(u,v) to denote d({u,v}). Intuitively, the
distance between s and t should be at least one, and the distance d(-,-) should satisfy the triangle
inequality. Our LP relaxation is the following.

minimize LPg(d) := Z d(u,v),
{u,v}€FE
subject to d(s,t) =1,

d(u,v) < d(u,w) + d(w,v), Y{u,v,w} € (‘;)
0<d(u,v) <1. V{u, v} € (Z)

It is easy to check that LP (8) is indeed a relaxation for the minimum s-¢ cut problem. Let S C V
be an s-t cut. Then for each {u,v} € (‘2/), we set d(u,v) = 1if {u,v} is cut by S, and set d(u,v) =0
otherwise. It is clear that Z{um}eE d(u,v) = [{{u,v} € E: {u,v} is cut by S}| is the cut size of S
and that d satisfies all the constraints.

Now, we introduce a notion of the average sensitivity of an algorithm for solving (8). First, for
a vertex s € V, we define a norm || - ||s as ||d||s := /> ,cv d(s,v)%. Then, we define the average
sensitivity of a (deterministic) algorithm A for solving LP (8) as

E [AG) = AG = e)|s-
e~E
We use the norm || - ||s instead of the standard ¢ norm because our rounding procedure uses only

d(s,v) (v € V) (see Section 5.3 for the details of the rounding procedure), and the former norm
gives a better approximation guarantee than the latter.
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5.2 Stable-on-Average LP Solver

In this section, we give a stable-on-average solver for LP (8).

Theorem 5.2. For any n > 0, there exists a polynomial-time algorithm for solving LP (8) with
1%
2

average sensitivity O(1/,/1) such that the output d € [0, 1]( ) satisfies

Y d(e) < OPT + %
eckE

where OPT s the optimal value of LP (8).

Given a parameter 17 > 0, our algorithm solves the following regularized LP and then returns
the optimal solution.

minimize LPL(d) = 3 d(u,v)+g|yd|y§

{u,v}eFE
subject to d(s,t) =1,
4 (9)
d(u,v) < d(u,w) + d(w,v) V{u,v,w} € 5 )
0<d(u,v) <1 V{u,v} € <‘2/>,

The only difference from LP (8) is that we have a regularization term 7|/d||?/2 in the objective
function. Note that LP}, is n-strongly convex with respect to the norm || - [|s. Theorem 5.2 follows
from Lemmas 5.3 and 5.4, given below.

Lemma 5.3. Let d*,d € [0, 1](‘2/) be the optimal solutions to LPs (8) and (9), respectively. Then,
we have

Y ode< Y d*(e)+%.

{u,v}el {uv}eFE

Proof. We have

>odle) =Y d(e) = (Z d(e) + gndnz) - (Z d(e) + gnd*nz) + 3 ()2~ 1l?)

eeE eeE ecE eeE

< g ()% — [1d|1?) (by the optimality of d for LP (9))
e

< §||d [®
nn

< > (by d*(s,v) <1 for any v € V)

as desired. O

Lemma 5.4. Let G = (V, E) be a graph, {u,v} € E be an edge, and let d and d' be the optimal
solutions to LPs (9) for G and G' := G — {u, v}, respectively. Then, ||d —d'||s = O(1/\/7).
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Algorithm 2: Rounding procedure for the minimum s-t cut problem

1 Procedure THRESH(x)

Input: x € [0,1]"
2 Sample 7 from [0, 1] uniformly at random;
3 return the set {v e V :x(v) > 7}

Proof. By the n-strong convexity of LP{, with respect to || - ||s, we have
LPL(d') — LP{(d) > (VLP{(d),d — d) +q||d - d| > n|d - d'|3,
where the second inequality holds because d is an optimal solution. Similarly for LPZ;,7 we have
LP{,(d) — LPL,(d) > nld — d'||2.
Therefore, we have
2n)|d — d'||? < LPY(d') — LP},(d) + LP},(d) — LPY,(d')
=> (de)—d(e)+ Y (de)—d(e)=d(u,v)—d(uv) <1

eckE ecE\{u,v}

Hence, we have ||d — d'||, < O(1/\/7). O

5.3 Rounding Procedure

Suppose we have obtained a solution d to LP (8). Then, we will round the vector z := (d(s,v)),cy €
[0, 1]V using a thresholding procedure THRESH (Algorithm 2), which returns a set of vertices v € V
such that d(s,v) is at least a threshold 7 sampled from [0, 1] uniformly at random. We can also
interpret THRESH(z) as follows. Let vy,...,v, be the ordering of V' such that z(v;) > 2z(v;41) for

every i € [n — 1]. Then, THRESH(z) outputs the set {v1,...,v;} with probability z(v;) — z(vit+1)
for i € [n + 1], where we define z(v,+1) = 0 for a dummy vertex v, 1.
First, we analyze the solution quality of THRESH.

Lemma 5.5. We have
E[The cut size of THRESH(z)] < Z d(e),
ecE

where z = (d(s,v)),cy -
Proof. For each edge e € E, the probability that it is cut by S is
2(u) — 2(v)| = |d(s,u) — d(s,v)| < d(u,v),
where u,v € V are the endpoints of e. The claim follows by the linearity of expectations. O

Now, we bound the average sensitivity of THRESH when only one coordinate differs.
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Lemma 5.6. Let x € [0,1]" and @’ € [0,1]" be such that

2 () = {w(u)—i—A if u=w,

x(u) otherwise,

for somev eV and 0 < x(v) <1— A. Then, dgy(THRESH(x), THRESH(2')) < 2A.

Proof. We can assume A > 0 as otherwise we can switch the roles of & and x’. Starting with the
vector xy = x, we iteratively construct xy € [0, 1]V from xp_q as

min { =’ (v), min xp_1(w } if u=wv,
mk(u): { ( ) wGV:mk,l(w)>mk,1(v){ k 1( )}

xp—1(u) otherwise.

Let ¢ be the smallest integer such that x,(v) = «’(v). Note that for every k € [¢], there is an
ordering vy,...,v, of V such that both xy_1(v;) > @®r_1(vi+1) and xg(v;) > @k(vi41) hold for
every i € [n — 1]. Note that 3o [[&r — Tp-1/1 = A.

Now we show that for each k € [¢] we have dgy(THRESH(xy ), THRESH(k—1)) < 2||@r —@k—1]:1-
Let v1,...,v, be an ordering of V' with the property mentioned above, and let S = {v1,...,v;—1}
and S’ = {v1,...,v;}, where i € [n] is such that v; = v. Then, the only difference in the output
distributions of THRESH(x)) and THRESH(xy_1) is that the former outputs S with probability
@k (vi—1) — xk(v;) and S” with probability @y (v;) — @k (vi+1) whereas the latter outputs S with
probability @y_1(vi—1) — r—1(v;) and S’ with probability @;_1(v;) — @k—1(vit1). It follows that

div(THRESH (), THRESH(2,—1)) < 2(k(vi) — @—1(v:)) - dam (S, S')
= 2(mk(v) — wk_l(v)) . dHam(Sy S/) = 2H:Bk — wk_lﬂl.

Then, we have

dey (THRESH(z), THRESH(2')) = dgy (THRESH(xg), THRESH(x))

< Y dpn(THRESH(z), THRESH(z-1)) < > 2|2k — 1|1 = 24, O
kel ke[l

Corollary 5.7. dgy(THRESH(z), THRESH(2')) < 2||& — /||; for , 2 € [0,1]V.

Proof. The inequality can be obtained by iteratively applying Lemma 5.6 to each coordinate of the
vectors. n

5.4 Putting Things Together

\4
Our algorithm is given in Algorithm 3. It simply computes a solution d € [0, 1](2) to LP (8)
using the algorithm given in Theorem 5.2 with parameter n = n~'/3, and then rounds d using the
procedure THRESH.
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Algorithm 3: Algorithm for the minimum s-t cut problem
1 Procedure MINCUT(G, s, t,€)
Input: A graph G = (V, E), two vertices s,t € V.
2 Solve LP (8) using the algorithm given by Theorem 5.2 with parameter n = n~1/3, and
let d € [0, 1](‘2/) be the solution obtained;
3 |z (d(s,0)) ey
4 return THRESH(z).

Proof of Theorem 5.1. Let A be Algorithm 3. First, we consider the approximation guarantee of
12 4

A. Let d* € R(2) be an optimal solution to LP (8). By Theorem 5.2, we get d € [0, 1](2) satisfying

the constraints in LP (8) such that

3 d(e) < OPT + % = OPT+0 (n?/%).
eck
By Lemma 5.5, the expected cut size of the output set is the same.
Now, we consider the average sensitivity of A. Let G = (V, E) be a graph, and let d € [0, 1](‘2/)
be the solution to LP (8) computed by A on G. For each edge e € E, let d. € [0, 1](‘2/) be the
solution to LP (8) computed by A on G — e. Then, we have

eINEE dem(A(G), A(G —e)) < eINEE dem (THRESH((d(s,v)) ey ), THRESH((de(5,0)) yey))

< 26FE 1(d(5,v)) ey — (de(5,0)) ey Il1 (by Corollary 5.7)
=2vn EE |d — de]|s

=0 ( %) (by Theorem 5.2)
=0 <n2/3) . O

6 Maximum Matching

A vertex-disjoint set of edges is called a matching. In the maximum matching problem, given
a graph, we want to find a matching of the maximum size. In this section, we describe several
algorithms with low average sensitivity that approximate the maximum matching in a graph.

6.1 Lexicographically smallest matching

In this section, we describe an algorithm that computes a maximum matching in a graph with
average sensitivity at most OPT?/m and prove Theorem 6.1, where OPT is the maximum size of a
matching.

First, we define some ordering among vertex pairs. Then, we can naturally define the lexico-
graphical order among matchings by considering a matching as a sorted sequence of vertex pairs.
Then, our algorithm simply outputs the lexicographically smallest matching. Note that this can
be done in polynomial time using Edmonds’ algorithm [8].
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Algorithm 4: RANDOMIZED GREEDY ALGORITHM
Input: undirected unweighted graph G = (V, E)
1 Sample a uniformly random ordering 7 of edges in E;
2 Set M < 0;
3 Consider edges one by one according to 7 and add an edge (u,v) to M only if both u and v
are unmatched in M;
4 return M.

Theorem 6.1. Let A be the algorithm that outputs the lexicographically smallest maximum match-
ing. Then, the average sensitivity of A is at most OPTz/m, where OPT is the maximum size of a
matching.

Proof. For a graph G = (V, E), let M(G) C FE be its lexicographically smallest maximum matching.
As long as e ¢ M, we have M(G) = M(G — e). Hence, the average sensitivity of the algorithm is
at most

~ LOPT+([1-—"— . O
m m

m

OPT < OPT> 0_OPT2

Remark 6.2. Consider the path graph P, = ({1,...,n}, E), where E = {(i,i+ 1) : i € [n — 1]}.
The average sensitivity of the above algorithm on P, is Q(OPTTQ)
average sensitivity is tight.

. Hence the above analysis of the

6.2 Greedy matching algorithm

In this section, we analyze the average sensitivity of the randomized greedy algorithm (Algorithm 4)
that outputs a maximal matching. It is evident that Algorithm 4 runs in polynomial time and that
the matching it outputs has size at least % the size of a maximum matching in the input graph.

Theorem 6.3. Algorithm 4 is a %—appmm’matz’on algorithm for the maximum matching problem
and has average sensitivity at most 1.

Proof. For a permutation 7 of edges in E, let M,(G) denote the matching obtained by running
Algorithm 4 on a graph G. Using [5, Theorem 1], we get that for every e € E(G), it holds that
Er [Ham(M,(G), M, (G — e))] < 1. This implies that the average sensitivity of Algorithm 4 is at
most 1. ]

A vertex set S C V in a graph G = (V, E) is called a vertex cover if every edge in E is incident
to a vertex in S. In the minimum vertex cover problem, given a graph G, we want to compute a
vertex cover of the minimum size. It is well known that, for any maximal matching M, the vertex
set consisting of all endpoints of edges in M is a 2-approximate vertex cover. The following theorem
is immediate from Theorem 6.3.

Theorem 6.4. There exists a 2-approximation algorithm for the minimum vertex cover problem
with average sensitivity at most 2.
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6.3 Matching algorithm based on augmenting paths

In this section, we describe a (1 — ¢)-approximation algorithm for the maximum matching problem
with average sensitivity O (OPT?C1 /€%> for ¢ = O(1/?) in Theorem 6.11. The basic building
block is a (1 — €)-approximation algorithm (Algorithm 5) for maximum matching that is based on
iteratively augmenting a matching with greedily chosen augmenting paths of increasing lengths. In
Theorem 6.5, we show that the average sensitivity of this algorithm is A1/ 52), where A is the
maximum degree of the input graph. We obtain Theorem 6.5 by applying Theorem 1.10 to a result
by Yoshida et al. [46].

We then apply Theorem 6.6 to Theorem 6.5 in order to get rid of the dependence of the average
sensitivity on the maximum degree and obtain Theorem 6.10. We then combine (using Theorem 1.8,
the parallel composition theorem) the algorithm guaranteed by Theorem 6.10 with the algorithm
guaranteed by Theorem 6.1 to obtain Theorem 6.11.

6.3.1 Greedy matching algorithm based on augmenting paths

In this section, we present an approximation algorithm that starts with an empty matching and
then iteratively improves its size with augmenting paths of increasing lengths. We show that the
average sensitivity of this algorithm can be bounded using Theorem 1.10.

Algorithm 5: GREEDY AUGMENTING PATHS ALGORITHM
Input: undirected unweighted graph G = (V, E), parameter ¢ € (0, 1)
1 My + @;
2 forie {1,2,...[ - 1]} do
3 Let A; denote the set of augmenting paths of length 2i — 1 for the matching M;_1;
4 Let A} denote a maximal set of disjoint paths from A;, where A} is made from a random
ordering of Aj;;
5 Mi — Ml_lﬁA;

6 return M[%-ﬂ-

Theorem 6.5. Algorithm 5 with parameter ¢ > 0 has approxrimation ratio 1 — & and average
sensitivity AO(1/52)’ where A is the mazimum degree of the input graph.

Proof. For all k > 0, it is known that |My| > kiﬂ - |M*| [13], where M* denotes a maximum
matching in G. Hence, the matching M [Lo1] is a (1 — €)-approximation to M*.

Yoshida et al. [46, Theorem 3.7] show that for all £ > 0, determining whether a uniformly
random edge e ~ E belongs to M, can be done by querying at most AOG?) edges in expectation,
where A is the maximum degree of G. Applying Theorem 1.10 to this result, we can see that the
average sensitivity of Algorithm 5 with parameter ¢ > 0 and input G is A9/ 52), where A is the
maximum degree of G. O

6.3.2 Stable-on-average thresholding transformation

In this section, we show a transformation from matching algorithms whose average sensitivity is a
function of the maximum degree to matching algorithms whose average sensitivity does not depend
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on the maximum degree. This is done by adding to the algorithm, a preprocessing step that removes
vertices from the input graph, where the removed vertices have degree at least an appropriate
random threshold. Such a transformation helps us to design stable-on-average algorithms for graphs
with unbounded degree. Let Lap(u, ¢) denote the Laplace distribution with a location parameter
1 and a scale parameter ¢.

Theorem 6.6. Let A’ be a randomized algorithm for the maximum matching problem such that
the size of the matching output by A" on a graph G is always at least a - OPT for some a > 0. In
addition, assume that there exists a solution oracle O (see Definition 1.9) for A" makes at most
q(A) queries to G in expectation, where A is the maximum degree of G, and the expectation is
taken over the random coins of A" and edges e € E. Let § > 0 and T be a non-negative function
on graphs. Then, there exists an algorithm A for the maximum matching problem with average
sensitivity

B(G) <0 (W + exp (—%)) -OPT +E [(2L - 2)2q(L)] ,

where L is a random variable distributed as Lap(7(G),67(G)) and Kg = max.cp(q) |7(G)—T(G—e)|.
Moreover, the expected size of the matching output by A is at least

a-OPT - 1-0W(0OPT/2)) - 7(G)

The following fact will be useful in the proof of Theorem 6.6.

Proposition 6.7. Let L be a random variable distributed as Lap(u, ). Then, Pr[L < (1 —e)u] <
exp(—ep/p)/2. Similarly, Pr[L > (1 +¢)u] < exp(—eu/d)/2.

Proof of Theorem 6.6. The algorithm A is given below.

Algorithm A: On input G = (V, E),
1. Sample a random variable L according to the distribution Lap(7(G), d7(G)).
2. Let [G]L, be the graph obtained after removing from G all vertices of degree at least L.
3. Run A’ on [G]L.

We first bound the average sensitivity of .A. We can think of A as being sequentially composed
of two algorithms, where the first algorithm takes in a graph G = (V, E) and outputs a number
L ~ Lap(7(@G),d7(G)). The second algorithm takes both L and G and runs A’ on [G].

Let L. for e € E denote a Laplace random variable distributed as Lap(7(G — €),67(G — e)). Using
Theorem 1.6, we get that the average sensitivity of A4 is bounded by

OPT: E ldrv(L, L)l +E| E_|dom(A([G]0), A(G = e]1))]

Claim 6.8. For x € R, Ecg [dEM (A/([G]x),A/([G - e]x))] < (2z - 2)2Q(x)-
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Proof. Fix € R. 1In order to bound the term Ee~g [dem(A'([Glz), A'(|G —€l2))], consider
the following algorithm A’. On input G = (V, E), the algorithm A/ first removes every ver-
tex of degree at least z from G and then runs A’ on the resulting graph. Hence, the quantity
Ee~r [div (A'([G)z), A'([G — €]2))] denotes the average sensitivity of A

In order to bound the average sensitivity of A/, construct a solution oracle O, for A, as follows.
The oracle O,, when given access to a graph G = (V| E) and input e sampled uniformly at random
from FE, does the following. It first checks whether at least one of the endpoints of e has degree
at least x. If so, it returns that e does not belong to the solution obtained by running A’ on G.
Otherwise, it runs O with access to [G], and e as input and outputs the answer of O.

We can analyze the query complexity of O, as follows. Call an edge e € E alive if both the
endpoints of e have degree less than z. Otherwise, e is dead.

The oracle O, can check whether an edge e = (u,v) is alive or not by querying at most 2z — 2
edges incident to e. In particular O, examines the neighbors of v and v one by one, and, as soon
O, encounters z — 1 distinct neighbors (excluding w or v themselves) for either u or v, O, can
declare e to be a dead edge.

If the edge e € F input to O, is a dead edge, therefore, O, queries at most 2z — 2 edges and
returns that e cannot be part of a solution to running A’ on G.

If the input edge e € F is alive, then we know that it is a uniformly random alive edge. By the
guarantee on O, we then know that O makes at most g(x) queries to the alive edges in expectation
over the randomness of A’ and the choice of the input alive edge, since the maximum degree of
[G], is at most x. In order for the oracle O, to simulate oracle access to [G], for the purpose of
answering queries made by oracle O, for each alive edge e queried by O, the oracle O, has to query
each edge incident to e in G and determine which among these are alive. Since e is alive, both
endpoints of e have degrees less than x. Hence, O, need only check whether at most 2z — 2 edges
incident to e are alive or not. This can be done by querying (2z — 2)2 edges in F in total.

Combining all of the above, the expected query complexity of O, is at most (2z — 2)2q(x),
where the expectation is taken over the edges of e € F and the randomness in A,.

Therefore, by Theorem 1.10, we get that the average sensitivity of algorithm A, is bounded by
(22 — 2)%q(z). O

We now bound the quantity Ee~g [dTv(L, Le)].

Claim 6.9. For any e € E, we have

doy(L, L) < O (ﬁ +exp <—%>> .

Proof. Let fr, fr.: R — R be the probability density functions of the Laplace random variables L
and L., respectively. Let 7 = 7(G), 7. = 7(Ge), and K = K. Then

1 |z—7|
fr(x) 257 €XP (_ 5 > Te v — 7| |x—7]
= = —~exp —
0T oT

fre(@) Loy <_M> T

20Te

( T—Te> <T\$—Te]—7'e\x—7'\>
1——=)exp )
T 0T Te
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A direct calculation shows that for 0 < x < 2max{r, 7.}, we have

(%) (o) < 7 = (7)o (o)

This implies that for all S C [0, 2max{7, 7 }],

<1 _ §> exp (%&) _1<PiLeS]—PiL, €S| < <1+ §> exp ((S(fifm) Y

By Proposition 6.7, the probability that L (and L. as well) falls in the range [—o0, 0]U[2 max{T, 7, }, o0]
is bounded by exp(—1/d). Hence, total variation distance between L and L. is

(7)o () (7)o (=) w2 (55)
() (et o (o)

(-3 (w0 ) e (5)
:¥+%+0<5%L_2K)2> +2exp <_§>
<sm o (5) <0 ()

oo (1)) :

Therefore, the average sensitivity of A is bounded as

B(G) = E@E dem (A(G), A(G —¢))

<0 <ﬁ + exp (—%)) -OPT +E [(2:1: —2)%q(x)] .

We now bound the approximation guarantee of A. By Proposition 6.7,

pefi< (1w (%)) @] < oo

Therefore, with probability at least 1 — 1/OPT, only those vertices with degree at least (1 —
dIn(OPT/2))-7(G) are removed from G. The number of such vertices is at most (1—6ln(OFr’r'L|'/2))-T(G)'
Therefore, with probability at least 1 — 1/OPT, the size of a maximum matching in the resulting
graph is at most = 6ln(0|:7’7}|' DECE) smaller than that of G. With probability at most 1/OPT, the
size of a maximum matching in the resulting instance could be smaller by an additive term of at
most OPT. Hence, the expected size of a maximum matching in the new instance is at least

OPT = A SmopPT@/2) ~[G) -

The statement on approximation guarantee follows. O
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6.3.3 Average sensitivity of the greedy augmenting paths algorithm with thresholding

Theorem 6.10. Let ¢ € (0,1) be a parameter. There ezists an algorithm with approzimation ratio

1 — ¢ and average sensitivity
€ m o(1/e%)
1 (ssg57) .
© <1 —c 0g”> “\ZopT

Proof. The algorithm guaranteed by the theorem statement is as follows.

Algorithm A.: On input G = (V, E),

1. Compute OPT.
2. f OPT < % +lorm< %, then output an arbitrary maximum matching.

3. Otherwise, run the algorithm obtained by applying Theorem 6.6 with the setting 7 := 7(G) =
opt and 6 = ﬁ to Algorithm 5 run with parameter ¢’, where ¢’ = £ — 30%.

Approzimation guarantee: If OPT < % +1orm < 2—15, the approximation guarantee is clear.

Otherwise, since Algorithm 5 outputs a maximal matching whose size is always at least (1—¢’)-OPT,

the size of the matching output by A. is at least (1 —¢&’) - OPT — % — (1 —¢'), which is

2lnn
at least (1 —¢) - OPT by the setting of ¢’ and the fact that 7111(?122/2)

Average sensitivity: If OPT < % +lorm< é, the average sensitivity of A. is bounded by O(%),
since the size of maximum matching in G is small and it can decrease only by at most 1 by the
removal of an edge.

We now analyze the average sensitivity of A, for the case that OPT > % 4+ 1 and m > %
Let ¢ = O(1/€?). The average sensitivity of the algorithm resulting from applying Theorem 6.6 to
Algorithm 5 is bounded as:

Ko 1 Cor 9?40 L el
O<5(T_KG)+exp< 5)) OPT—F/0 2z —2)"-x 557 exp< 57 dz. (10)

To obtain the above expression, we used the fact (from [46, Theorem 3.7]) that ¢(x) < z¢ when
x > 0 and ¢(z) = 0 otherwise.
The second term of (10) can be bounded as:

° 1 |l — 7| & 1 r—T
21 — 2)%2°— — dz =4 o2 _ — d
/0 (22 —2)° 20T exp< oT ) v /T R exp< oT ) v

c+2
B 1 o 1\ o ern '+ (1/6)F 1 m \O(/e)
— exp <5> (67) r<c+3,5>_(57) (c—|—2).k§:% = _(53OPT>

1
<1

where I'(+,-) is the incomplete Gamma function and we have used the fact that I'(s + 1,z) =
stexp(—z) > i_o :132C /k! if s is a non-negative integer. Moreover, each term in the summation §¢*2 -
(c+2)13°6H8 (143) is o(1). Hence, the summation is O(glg)

In order to bound the first term of (10), note that

Kg = max I7(G) — 7(G — e)]

ec
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m m—1

32162%( eOPT(G) —1 eOPT(G —e) — 1‘
<3 m m—1 m—1 _ m
= o Hax {eOPT(G 1 cOPT(G) -1 2(OPT(G) —1)—1 =OPT(G) — }
B 1 e(m — OPT(G)) + 1
- omax {EOPT(G 1’ ((OPT(G) — 1) — 1) - (OPT(G) — )}
3

e(m —OPT(GQ)) +1
T ZOPT(G) -1 max{ e(OPT(G) — 1) — } '

The inequality above uses the fact that for numbers u, v, w > 0 such that v < v and w(v—1)—1 > 0,
we have that — < —u-l

1 = w-1)-1"
Since % is a nonincreasing function of OPT and OPT > % + 1, we have that

g(m —OPT) +1
e(OPT—-1)—-1

< em.

Hence, K¢ < eOF’% max {1,em} = 5095%, since m > % and therefore, we have that 7 — Kg >

7(1 — 9¢). Hence, the first term of (10) can be upper bounded by

Kg 1 9em 1 2Ilnn OPT
O —————— —— -OPT =0 . .
<5¢(1—9e)+exp< 5>> <sOPT—1 10 ol )
€
= — 1 .
(7= )
Hence, the average sensitivity of the algorithm obtained can be bounded by:

ﬁ(G)zmax{o (%) 0<1% logn>+<€30%)o(1/e2)}

€ m \O0(1/e?)
:O<1_€logn>+(7> . O

e3OPT
6.3.4 Average sensitivity of a combined matching algorithm

In this section, we combine the algorithms guaranteed by Theorems 6.1 and 6.10 in order to get a
matching algorithm with improved sensitivity.

Theorem 6.11. Let ¢ € (0,1) be a parameter. There ezists an algorithm with approzimation ratio

1 — ¢ and average sensitivity
SO
£ c+1
€c+1

OPT(G)#+1

for ¢ = 0(1/?%).
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Algorithm 6: COMBINED ALGORITHM TO (1 — £)-APPROXIMATE MAXIMUM MATCHING
Input: undirected unweighted graph G = (V, E)
1 Compute OPT.;

2 if OPT < 2c or m < 2¢ then
3 L return an arbitrary maximum matching in G.

4 else
5 Let f(G) « OPT and 9(G) + ﬁ -logn + (630%)6;

6 Run the algorithm given by Theorem 6.1 with probability % and run the

algorithm given by Theorem 6.10 with the remaining probability.

Proof. Let ¢ = O(1/€%). The algorithm guaranteed by the theorem is given as Algorithm 6.
The bounds on approximation guarantee and average sensitivity are both straightforward when
OPT < 2c or m < 2c.

The approximation guarantee in the case when OPT > 2¢ and m > 2c¢ is also straightfor-
ward since Algorithm 6 is simply a distribution over algorithms guaranteed by Theorem 6.1 and
Theorem 6.10.

We now bound the average sensitivity of Algorithm 6 when OPT > 2¢ and m > 2¢. Let p(QG)

denote the probability %. By Theorem 8.2, the average sensitivity is at most

O0(f(G)) - 9(G) + 0y(G)) - f(G)
f(G) +9(G)
We first bound the quantity Ee~g [|p(G) — p(G — e)]].
Claim 6.12. For every graph G = (V, E) such that OPT > ¢+ 1, and for every e € E,

+20PT - E [|p(G) = p(G —e)l]. (11)

(1— %) 9(G) <g(G—e) < <1+ ﬁ) -9(G).

Proof. We first prove the upper bound. We know that

g(G - 6) <14 (af’(énl:’_'l'l—l)) o (af’ngT)c <14 <a3(gbl:’_'l'1—l)2nc_ (a3gLPT)C

— elogn me L —
9(G) -2 T eopTe e3cOPT®

1\° 1 ¢ c
S - ) < ).
(-5) (romr=) = (- =)

Note that the last inequality holds whenever OPT > ¢, because (1 + z)" < 1+ T=r—Tyz for
r €0, 15) and r > 1.

v r—1

For the lower bound,
c —1 \¢ c —1 \¢
9(G —¢) (1 ~ (=6p7)" — (Fom7) ) S (1  (=6p7)" — (Fomr) )
— 1 c - c
9(@) TES + b FTOPT®

1\° c
=11- — >1—-—. O
m m
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Claim 6.13. For every graph G = (V, E) and every e € E,

16)- (1= gog ) < fE - < 5(@) - (14 -1 ).

Proof. To prove the upper bound,

f(G—e) m B 1
i = () - (),
For the lower bound,

f(G—e) _ (OPT -1 2 m 2> OPT —1 2>1 2 -
f(G) —< OPT > '<m—1> —< OPT ) = OPT’

Claim 6.14. For every graph G = (V, E) such that OPT > 2¢ and m > 2¢, and for every e € E,

2c 5c
NN [y [p— —e) < A1+ == .
96 (1 gor—s ) <G =) <910 (14 g —, )
_ 2 3t 4 _ eyt 2
Proof. Note that (1 OPT) <1+ opt and (1 m) <1+ for OPT >4 and m > 2c. We
1 —1
alsohave(l—kﬁ) 21—ﬁamd<1+ﬁ) zl—ﬁforOPTz%andsz.

Combining all of the above,

B g9(G —e)
S (e s e v s
9(G (1+ﬁ_c)

).
= (f(G) +g(G)) -min{1— 2.1 2=}
< p(G)- (Hﬁ) -max{l+%,1+%}

g(c)(u%).

Using similar calculations, we can see that

p(G—e)zp(G)-(1—%>-min{1—opﬁ_c,1—ml_l}zp(G)-<1—%>. 0

Thus, for all e € E, we have that |p(G) — p(G —¢€)| < max{ﬁ, %} p(G) = gCP”T((_’"l. Hence,
5¢p(G)

Eeusllo(G) — p(G — )] < SHSL
Therefore, the average sensitivity of Algorithm 6 is at most

O(f(@)) - 9(G) + O(g(G)) - f(G)
f(G) +9(G)

i (f(G)C/(C“)g(G)”(C*”) acicy

+20PT - E [I(G) = p(G —e)]]

9(G)EHDF(GYel D OPT
@D T (G
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-0 (f (G) c/( c+1 )1/(C+1)> + 0(1/52)

OPT2 ¢/(c+1) . ) me 1/(c+1)
G log n)'/(c+1) 4 <W> +0(1/¢%)

2¢/(c+1) 1/(c+1) 2¢/(c+1) c/(c+1)
o ((OPT < e logl/(+1) 5 - OPT m )>> +O(1/€2)

I
Q

me/e)  \1—¢ me/(et D) 3e/(er ) OpTe/ (et

OPT/(e+l)

1/(c+1) c/(c+1
=0 ¢ ) log!/ (1) p 4 OPT-/terD

~~ 2
23¢/(c+1) > +0(1/¢%)

—o|opTe/let) [ [ ey log!/ (1) p 4 _ b O
1—z 23c/(ern) | |-

To obtain the first term of the expression resulting from the first equality, we divide both the

1—¢

1 c
numerator and denominator by f(G)<tT - g(G)<t1. The second term of the first equality above
follows since OP.'T.T < 2 as OPT > 2c.

6.4 Lower bound

In this section, we show a lower bound of Q(n) for the problem of exactly computing the maximum
matching in a graph.

Theorem 6.15. Every algorithm that exactly computes the mazimum matching in a graph has
average sensitivity (n).

Proof. Let n € N be even. Consider the cycle C,, on n vertices. C,, has exactly two maximum
matchings M; and Ms of size n/2 each. Both M; and My consist of alternating edges of the cycle.
Let A be an algorithm that outputs M; with probability p and My with probability 1 —p. Assume,
without loss of generality, that p > % For every edge e € M, the unique maximum matching in
the odd-length path G — e has Hamming distance n — 1 from M1 Thus, for each e € My, the earth
mover’s distance between A(G) and A(G — e) is at least “5=. Hence, the average sensitivity of A
is at least %ZeeMl 2l = Q(n). O

7 2-Coloring

In the 2-coloring problem, given a bipartite graph G = (V, E), we are to output a (proper) 2-coloring
on GG, that is, an assignment f : V' — {0, 1} such that f(u) # f(v) for every edge (u,v) € E. Clearly
this problem can be solved in linear time. In this section, however, we show that there is no stable-
on-average algorithm for the 2-coloring problem.

Theorem 7.1. Any (randomized) algorithm for the 2-coloring problem has average sensitivity Q(n).

Proof. Suppose that there is a (randomized) algorithm A whose average sensitivity is at most fn
for § < 1/256. In what follows, we assume that n, that is, the number of vertices in the input
graph, is a multiple of 16.

Let P,, be the family of all possible paths on n vertices, and let Q,, be the family of all possible
graphs on n vertices consisting of two paths. Note that |P,| = n!/2 and |Q,| = (n — 1)n!/4.

32



Consider a bipartite graph H = (P, Q,; E), where a pair (P,Q) is in F if and only if @ can be
obtained by removing an edge in P. Note that each P € P, has n — 1 neighbors in H and each
Q € 9, has four neighbors in H.

We say that an edge (P,Q) € E is intimate if dgm (A(P), A(Q)) < 83n. We observe that for
every P € P, at least a 7/8-fraction of the edges incident to P are intimate; otherwise

1
eng(p) [dEM (.A(P),.A(P — e))] > 3 86n = fn,

which is a contradiction, where E(P) denotes the set of edges in P.

We say that a graph Q € Q,, is heavy if both components of ) have at least n/16 vertices, and
say that an edge (P,Q) € E is heavy if @ is heavy. We observe that for every P € P,,, at least a
7/8-fraction of the edges incident to P are heavy.

We say that an edge (P,Q) € E is good if it is intimate and heavy. Observe that for every
P € Py, by the union bound, at least a 3/4-fraction of the edges incident to P are good. In
particular, this means that the fraction of good edges in H is at least 3/4. Hence, there exists
Q* € Q,, that has at least three good incident edges; otherwise the fraction of good edges in H is
at most 2/4 = 1/2, which is a contradiction.

Let f1,..., f4 be the four 2-colorings of @Q*. As QQ* has three good incident edges, without loss of
generality, there are adjacent paths Py, P, € P, such that both (P, Q*) and (P, Q) are good, and
there is no assignment that is a 2-coloring for both P; and P,. Without loss of generality, we assume
that fi, fo are 2-colorings of P;, and f3, f4 are 2-colorings of P,. Note that diyam(fi, fj) > n/16 for
i # j because @ is heavy. Let ¢; = Pr[A(Q*) = f;] for i € [4]. As the edge (P, Q) is intimate, we
have

86n > dem (A(P1), A(Q")) > 1% (|PrlA(PL) = fi] — 1] + |Pr[A(P) = fo] — 2| + g3 + a)

- 1% (|PrlA(P) = fi] — a1| + [PrLA(P) = fo] — @o] +1— 1 — o)

and hence we must have ¢; + g2 > 1 — 1283. Considering dgni (A(FP,), A(Q*)), we also have
g3 + q4 > 1 — 1283. However,

l=qg+q@+at+qu>1-1283)+ (1 —1283) =2 — 2563 > 1

as 8 < 1/256, which is a contradiction. O

8 General Results on Average Sensitivity

In this section, we state and prove some basic properties of average sensitivity and show that locality
guarantees of solutions output by an algorithm imply low average sensitivity for that algorithm.
8.1 Bounds on k-average sensitivity from bounds on average sensitivity

In this section, we prove Theorem 1.5, which says that, if an algorithm is stable-on-average against
deleting a single edge, it is also stable-on-average against deleting multiple edges. We restate the
theorem here.
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Theorem 1.5. Let A be an algorithm for a graph problem with average sensitivity at most f(n,m).
Then, for any integer k > 1, the algorithm A has k-average sensitivity at most Zle fnym—i+1).

Proof. We have

E [dEM(-A(G)v‘A(G_ {617"' ,Ek}))]
{er,ment~(%)

5{ } =) ZdEM (G—{e1,...,ei-1}), A(G —{e1,....&}))
= E_|deu(AGLAG —{e}) +  E  [den(A(G — {e1}), AG — {er,e2))) +
ek ea~E\{e1}
+ E [dEM(.A(G—{61,...,€k_1}),A(G—{61,...,€k})>...H}

ep~E\{e1,...ex—1}

<fum)+ E [BG—{ah+ E [5G {eneh+

+ E [B(G—{61,...,ek_1})...]H

ex—1~E\{e1,...ex—2}
k
SZf(n,m—i—i— 1).
=1

Here, the first inequality is due to the triangle inequality. O

8.2 Sequential composition

In this section, we state and prove our two sequential composition theorems Theorem 1.6 and
Theorem 1.7.

Theorem 1.6 (Sequential composition). Consider two randomized algorithms Ay : G — S1,Asg :
G x 81 — So. Suppose that the average sensitivity of Ay with respect to the total variation distance
is v1(G) and the average sensitivity of As(-,S1) is ﬂésl)(G) forany S1 € S1. Let A: G — Sy be a
randomized algorithm obtained by composing Ay and .A2, that is, A(G) = A2(G, A1(G)). Then, the
average sensitivity of A is H-71(G) + Eg,~4, (¢ [62 (G )] , where H denotes the mazximum over

Hamming weights of all the solutions output (wzth nonzero probability) by running A on G and all
of the graphs in {G —e :e € E}.

Proof. Consider G = (V, F) and let e € E. We bound the earth mover’s distance between A(G)
and A(G — e) as follows. For a distribution D, we use fp to denote its probability mass function.
We know that for all S; € S; and Sy € Sy

F(A1(G), 496,51 (S1,52) = fa,(c)(S1) - fas(c,s1)(S2),

where (A;(G), A2(G, S1)) denotes the joint distribution of A;(G) and A3(G,S1). Fix S; € .
For each Sy € Si, we transform probabilities of the form f(4, (@), 4,(c,51))(51,52) to fa, (@) (S1) -
fAs(G—e,5,)(S2). This incurs a total cost of f4, () (S1) - dEM(.Ag(G S1), A2(G — e, S1)). We can
now, for each S; € &1 and Sy € Sy, transform the probability f4,(q)(S1) * fa,(G—e,5:)(S2) into
fay(G—e)(S1) - fag(G—e,51)(S2) at a cost of at most dpv(A1(G), A1(G —e)) - H, where H denotes the
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maximum Hamming weight among those of solutions obtained by running A on G and {G — e}.cp.
Thus, the earth mover’s distance between A(G) and A(G — e) is at most

drv(A1(G), A1 (G —¢€))-H+ < fAl(G)(Sl) - dgM (.AQ(G, S1), A2(G — e, Sl)) dsi.

Hence, the average sensitivity of A can be bounded as:

E [dem(A(G), A(G —€))] <H- E [drv(AL(G), AL(G = €))]

ey

+ E [/ fa16)(51) - den(A2(G, 51), A2 (G — €, 51)) dSl]
S1€81

e~FE
<SH%(G)+ E  [dem(A2(G, S1), A2(G — e, 51))]
S1~A1(G)
= H’yl(G)—l- E |: E dEM(.AQ(G, Sl),AQ(G—e,Sl))]
S1~A1(G) le~E

=@+ E_[#M©@)].
S1~A1(G)

We are able to interchange the order of expectations because of Fubini’s theorem [12]. O

The following theorem states the composition of average sensitivity with respect to the total vari-
ation distance.

Theorem 1.7 (Sequential composition w.r.t. the TV distance). Consider £ randomized algorithms
A; 0 G x H;_:ll S; = S fori e {1,...,4}. Suppose that, for each i € {1,...,¢}, the average
sensitivity of A;(+,S1,...,5i—1) is v (G) with respect to the total variation distance for every Si €
S1,...,8i-1 € Si—1. Consider a sequence of computations S1 = A1(G), Sy = A2(G, S1),...,5 =
Au(G,Sy,...,S-1). Let A : G — S be a randomized algorithm that performs this sequence of
computations on input G and outputs Sy. Then, the average sensitivity of A with respect to the
. . ) ¢
total variation distance is at most Y ,_, vi(G).

Theorem 1.7 can be immediately obtained by iteratively applying Lemma 8.1.

Lemma 8.1. Consider two randomized algorithms Ay : G — S1, Az : G x &1 — Sy for a graph
problem. Suppose that the average sensitivity of Ay is v1(G) and the average sensitivity of Aa(-,S1)
is v2(G) for any S1 € Si, both with respect to the total variation distance. Let A : G — Sy be a
randomized algorithm obtained by composing Ay and As, that is, A(G) = A2(G, A1(G)). Then, the
average sensitwity of A is v1(G) + v2(G) with respect to the total variation distance.

Proof. For a distribution D, we use fp to denote its probability mass function. Consider a graph
G = (V,E). Note that

fa)(S2) :/s fasG,50)(52) fa, (@) (S1) dSh.

Then we have that, for e € FE,

d1v (A(G), AG — )
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1
_ _/ fas(c,50)(52) fa, (@) (S1) dsl_/ Fas(Ge.50)(S2) far (o) (S1) dS1| dSo
2 Js, |)s
1
5/ / Jax(a,51) (S2)<fA1 1(51) = fay(G—e) (S )) ds;—
/S(ff‘ﬂG—e,Sl)(S?) fasc,sy) (52))fA1 o (S1) dSi| dSs
1
< 5/81 f.A1 ( 1) — fA1 (51 )| dSy - / fAz(G51 (Sy) dSy+
/31 fay(G—e)(S1) dST - 3 /32 F g (G—e,51)(52) = fan(c,s,)(S2)| dS2
1
- 5/31 fa16)(51) = fay(G-e)(S1)| dS1+
1
/ fayG-e)(S1) dSy - 5/ Jao(G—e,91)(52) = fasG,5,)(S2)| dS2
S S

= drv (A1(G), A1 (G - ¢)) +/S fay(G—e)(S1) - dry (A2(G, S1), A2 (G — e, 51)) dSi.

Hence, the average sensitivity of A with respect to the total variation distance can be bounded
as,

E [drv(A(G),A(G —¢€)] < E [drv(Ai(G), Ai1(G —€))] +

e~E e~E

eNE |: f.A1 ( ) : dTv(.AQ(G, Sl),AQ(G - 6,51)) dSl

/ Fs (G- (S1) dS1 - 732(G) = (G) + (). 0

8.3 Parallel composition

In this section, we prove Theorem 1.8, which bounds the average sensitivity of an algorithm obtained
by running different algorithms according to a distribution in terms of the average sensitivities of
the component algorithms. We restate the theorem here.

Theorem 1.8 (Parallel composition). Let A1, ..., Ay be algorithms for a graph problem with av-
erage sensitivities B1(G), ..., Be(G), respectively. Let A be an algorithm that, given a graph G,
runs A; with probability p;(G) for i € {1,..., L}, where 3°,ce; npi(G) = 1. Let H denote the
maximum over Hamming weights of all solutions output (with nonzero probability) by running A
on G and on all the graphs in {G —e : e € E}. Then the average sensitivity of A is at most

Zie{l,...,@} pi(G) - Bi(G) + H Eenr [Zie{17...,€} lpi(G) — pi(G — e)\] .

Proof. Consider a graph G = (V, E). For a solution S, let p“(S) denote the probability that S is
output on input G by A. Let pZ-G(S ) denote the probability that S is output on input G by A;. For
every solution S, we know that p(S) = >icig Pi(G) pH(9).

Let A(G) denote the output distribution of A on G. Fix e € E. We first bound the earth
mover’s distance between A(G) and A(G — e). In order to transform A(G) into A(G — e), we first
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transform p%(S), for each solution S, into e Pi(G) - p¥7¢(S). This can be done at a cost of at
most > ;1 Pi(G) - dam(Ai(G), Ai(G —e€)).

We now convert Zz’e[e] pi(G) - pZG (S), for each solution S, into Zie[ﬁ} pi(G —e) - pZG °(9) at
a cost of at most 2H - %Zie[é} |pi(G) — pi(G — e)|, where %Zz’ew] |pi(G) — pi(G — e)] is the total
variation distance between the probability distributions with which A selects the algorithms on
inputs G and G — e. Hence, the average sensitivity of A is at most

2 PG BUG) HH E D 1pi(G) = pi(G =€)l |- O

i€[() i€l
We separately state the special case of Theorem 1.8 for £ = 2.

Theorem 8.2. Let Ay and Ay be two algorithms for a graph problem with average sensitivities
B1(G) and B2(G), respectively. Let A be an algorithm that, given a graph G, runs Ay with probability
p(G) and runs Ag with the remaining probability. Let H denote the mazimum Hamming weight
among those of solutions obtained by running A on G and {G —e}ccp. Then the average sensitivity

of Ais at most p(G) - B1(G) + (1 — p(G)) - B2(G) + 2H - Eenr [Ip(G) — p(G — €)]].

8.4 Sublinearity implies low average sensitivity

In this section, we prove Theorem 1.10, which show that the existence of a sublinear-time solution
oracle (Definition 1.9) for an algorithm A implies that the average sensitivity of A is bounded by
the query complexity of that oracle.

Theorem 1.10 (Sublinearity implies low average sensitivity). Consider a randomized algorithm
A G — S for a graph problem, where each solution output by A is a subset of the set of edges in the
input graph. Assume that there exists a solution oracle O for A such that O makes at most q(G)
queries to G in expectation, where this expectation is taken over the random coins of O and over
input edges e € E. Then, A has average sensitivity at most q(G). Moreover, given the promise that
the input graphs satisfy |E| > |V|, the statement applies also to algorithms for which each solution
1 a subset of the set of vertices in the input graph.

Proof. We prove the theorem for the case that solutions output by A are subsets of edges of the
input graph. It can be easily modified to work for the case that the solutions output by A are
subsets of vertices of the input graph in which case, we will use the technical condition that n < m.

Without loss of generality, assume that A uses r(n) random bits when run on graphs of n
vertices?. Consider a graph G = (V, E) that O gets access to. For e € E and a string = € {0,1}7(")
let Q¢ » denote the set of edges in E queried by O on input e, while simulating the run of A with
7 as the random string. The set Q. denotes the set of edges €’ such that the status of e in the
solutions output by A with randomness 7 on inputs G and G — ¢’ could be different. For each edge
¢/ € E and string 7 € {0, 1}T("), define R, - as the set of edges e € E such that ¢’ € Q.

By definition, for each = € {0,1}""), we have Y ecr | Bex| = ocp |Qex|- Hence we have:

S S Real= Y S Qe

7€{0,1}r(n) e€E n€{0,1}r(n) e€E

21f r(QG) is the length of the random string used for G, we can simply set 7(n) = max{r(G) : G = (V, E),|V| = n}.
If we do not need r(n) bits for some particular graph G on n vertices, we can just throw away the unused bits.
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and
E E |Re,7r| = E E |Qe,7r| <q(G),
n~{0,1}7(") e~E 7~{0,1}7(0) e~E
where the last inequality follows from our assumption on O.

For m € {0, 1}’"(") and e € I, the set R., contains the set of edges whose presence in the
solution could be affected by the removal of e from G. Therefore, it is a superset of the set of edges
contained in the symmetric difference between the outputs of A on inputs G and G — e when run
with 7 as the random string.

Let Ha-(G,G") denote the Hamming distance between the outputs of the algorithm A on
inputs G and G’ when run with 7 as the random string. As per this notation, for each e € E,

E H.A,T('(G7 G — 6) < E |Re,7r|-
me{0,1}7(n) me{0,1}7(n)
The following claim relates the quantity on the left hand side of the above inequality with the
average sensitivity of A.

Claim 8.3. The average sensitivity of A is bounded as

BG)< E E  Hax(G,G —e).
e€E(G) re{0,1}7(")

Proof. Fix G € G and e € E(G). We first bound the earth mover’s distance between A(G) and
A(G — e), where A(G) and A(G — e) are the output distributions of A on inputs G and G — e,
respectively. For S € S, let pg(S) and pg—.(S) denote the probabilities that .4 outputs S on G
and G — e, respectively. We start with A(G). Consider a string 7 € {0,1}7(). Let S € S denote
the output of A on input G when using the string 7 as its random string. Let S’ denote the output
that is generated when running A on input G — e with 7 as the random string. We move a mass of
%(5)’5”). Moving masses
corresponding to every string m € {0,1}"(™ this way, we can transform A(G) to A(G — e). The
total cost incurred during this transformation is E, . {0,137 Hax(G,G —e). Therefore the earth
mover’s distance between A(G) and A(G —e) is at most E (g 13- Hax(G, G —e). Therefore the
average sensitivity of A is B(G) < Eeer(c) Ercio1)rm Hax(G, G — e). O

ﬁ (corresponding to the string 7) from pe(S) to pa(S’) at a cost of

Therefore, the average sensitivity of A is:

BG)S E E  Hax(G,G-e)< E  E |Rer| <q(G). O
e~E re{0,137() e~E re{0,137()
We now prove Corollary 1.12 which says that the existence of an LCA (Definition 1.11) for a
graph problem implies the existence of a stable-on-average algorithm for the same problem.

Corollary 1.12 (LCAs imply stable-on-average algorithms). Consider a graph problem P : G — S.
Let 6 : N — [0,1] and ¢,r : N = N. If P has a (q,r,0)-LCA L, then, there exists an algorithm A
for P, that on input G = (V, E), has average sensitivity at most q(|V'|) + |E| - §(|V]).

Proof. Assume without loss of generality that each solution in S is a subset of edges of its preimage
with respect to P. Consider the algorithm A that, on input G = (V, E), constructs a solution to P
by running £ on each edge e € E and combining the outputs of £. It is clear that £ is a solution
oracle (Definition 1.9) for the algorithm 4. Hence, the average sensitivity of A is upper bounded
by the expected number of queries made by £, which is at most ¢(|V]) + |E| - §(|V]). O
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A Average Sensitivity of Exponential Mechanism

In this section, we prove Lemma 2.1.

Proof of Lemma 2.1. Let t > 0 be a parameter. Note that any index i € [n] with (i) > OPT +
log n/n + t/n has probability at most e~!/n of being sampled by A. Hence, by a union bound, for
every t > 0

1 t
Pr [a}(z) > OPT + S0 —} <e .
i~ A() n n

Next, we analyze the distance between the output distributions. Let x, ' € R™ be vectors, and
let Z = Zie[n] e~2(0) and 7' = Zie[n] e "®'()) Without loss of generality, we assume that Z > Z'.
First, note that for all ¢ € [n] such that (i) > x'(i), we have

0 < e () _ gmnli) — o—na (i) (1 _ e—n(m(i)—m’(i))) < ne ™ O (z(3) — &' (7).
Hence for any ¢ € [n], we have

70 — 0] < max {ne= 0 (@' (i) — (), ne ™™ O ((i) ~ 2/(7)) |

< yla(i) — &' (i) max{e ™D, e O} < (i) — 2/ (3)] (70 4 D).

Then, we have

2 Z le=2(0) _ ') < 1 Z (i) — a'( (e—nm(i) +e—nm’(i)>

ze[n ZE[n
n _ nZ+ 2" . .
<L na (i ne'(i)\ — N2 T4 ) _ !
7 ?é%zx | (7) (7)] 62[: (e e > 7 ?é%z)}( |z (i) — ' (1)
< 2= —a'[|x. (12)

Then, the total variation distance between A(x) and A(2’) is at most

Z exp(—nx(i))  exp(—nx'(i)) (Z 7 Z’>‘

exp(—nz(i)  exp(—na (z))\ 3

: A z' : zZ Z A
i€[n] i€[n]
Z exp( n:c _exp(—nz'())  exp(—nz'(i) (Z -2
N Z Z A
ze[n
‘s Z Z'1
() —nx’ (3)
Z‘e" —e 7 Z/Zexp —nx'(
ze[n i€[n]
Z ‘e () _ o= O] < gz — @'||;. O
ze[n
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B Average Sensitivity of Prim’s algorithm

In this section, we show that Prim’s algorithm (with a simple tie-breaking rule, as described in
Algorithm 7) has high average sensitivity even on unweighted graphs. This is in contrast to the
low average sensitivity of Kruskal’s algorithm that we discussed in Section 3.

Algorithm 7: PRIM’S ALGORITHM
Input: undirected graph G = ([n], F)
Let T « {1};
while there exists a vertex not spanned by 7" do
Let E’ be the set of edges with the smallest weight among all the edges in E that have
exactly one endpoint in T
4 Add to T, an edge from E’ that has lexicographically smallest T-endpoint among all
edges in E’, breaking further ties arbitrarily.

W N =

5 return Output 7.

,1/273' n/2+1

n/2—2

n/2—1e n

Figure 1: The graph family {G},,con-

Lemma B.1. The average sensitivity of Prim’s algorithm is Q(m).

Proof. Consider the graph family {Gy}, oy in Figure 1. For a large enough n € 2N, consider
running Algorithm 7 on G,,. The tree T output will consist of the edges (i,i+1) for all i € [n/2—2],
the edges (n/2 —1,5) for all j € {n/2+1,...n}, and the edge (n/2,1).

If we remove an edge (¢/,i' 4+ 1) for i’ € [n/2 — 2] from G,, and run Algorithm 7 on the resulting
graph, the tree, say Ty, output will consist of all edges of the form (i,7 + 1) for i € [n/2 — 1]\ {#'},
all edges of the form (n/2,j) for all j € {n/2 +1,...n}, and the edges (n/2 4+ 1,n/2 — 1) and
(n/2,1). The Hamming distance of T} from T is equal to n/2.

Since a uniformly random edge removed from G, is of the form (4,7 + 1) for ¢ € [n/2 — 2] with
probability 37:1//2—2__21, the average sensitivity of Algorithm 7 is at least 5 - %, which is at least

& — 1= Q(m) for the family {Gn},eon i
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