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A LAGRANGIAN APPROACH FOR AGGREGATIVE MEAN FIELD
GAMES OF CONTROLS WITH MIXED AND FINAL CONSTRAINTS

J. FREDERIC BONNANST, JUSTINA GIANATTI}, AND LAURENT PFEIFFER’

Abstract. The objective of this paper is to analyze the existence of equilibria for a class of de-
terministic mean field games of controls. The interaction between players is due to both a congestion
term and a price function which depends on the distributions of the optimal strategies. Moreover,
final state and mixed state-control constraints are considered, the dynamics being nonlinear and
affine with respect to the control. The existence of equilibria is obtained by Kakutani’s theorem,
applied to a fixed point formulation of the problem. Finally, uniqueness results are shown under
monotonicity assumptions.

Key words. Mean field games of controls, aggregative games, constrained optimal control,
Lagrangian equilibria

AMS subject classifications. 49K15, 49N60, 49N80, 91A07, 91A16

1. Introduction. In this article we consider a Nash equilibrium problem in-
volving a large number N of agents, each of them solving a deterministic optimal
control problem involving control-affine nonlinear dynamics, final state constraints,
and mixed state-control constraints. The agents may only differ from each other by
their initial condition. The interaction between the agents is induced by a price vari-
able and a congestion term, which are determined by the collective behavior of the
agents. Our mathematical analysis focuses on an equilibrium problem which models
the asymptotic limit when N goes to infinity and when each isolated agent is sup-
posed to have no impact on the coupling terms (the price variable and the congestion
term). Therefore the problem falls into the class of mean field games (MFGs), which
have received considerable attention in the literature since their introduction in the
pioneering works by Lasry and Lions [26, 27, 28] and Caines, Huang and Malhamé
[23].

Our work addresses two main difficulties. The first difficulty of our model is the
interaction induced by the price variable. In the cost function of each agent, the price
penalizes linearly the control variable. It is defined as a monotonic function of some
aggregative term that can be interpreted as a demand. Here it is the average value
of the controls exerted by all agents. This kind of interaction is similar to the one
in Cournot models in economics, where companies without market power compete
on the amount of some product. Our model is representative from games in energy
markets involving a large number of small storage devices and some endogenous price
depending on the average speed of charge of the devices. See for instance [2, 18, 29,
31]. The second difficulty is the presence of mixed control-state constraints and final
state constraints. They appear naturally in applications in electrical engineering: for
example, when the storage devices must be fully (or partially) loaded at the end of
the time frame. In the appendix, we motivate the use of mixed constraints with an
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example involving gas storages.

In most MFG models proposed in the literature, the agents interact only through
their position (their state variable). Mean field game models with interaction through
the states and controls are now commonly called MFGs of controls. The terminologies
extended MFGs and strongly coupled MFGs are also employed. Let us review the
articles dedicated to such models. In [20], a stationary second order MFG of controls
is studied. A deterministic MFG of controls is considered in [21]. An existence result
has been obtained for a quite general MFG model in [16]. A uniqueness result is
provided in [5]. The works [24, 25] analyse the existence and uniqueness of classical
solutions in the second order case. An existence result is provided in the monograph
[17, Section 4.6], for MFGs described by forward backward stochastic differential
equations. The particular price interaction investigated in this article has been studied
in [7] in the second order case and in [22] in the case of a degenerate diffusion and
potential congestion terms.

Most MFG models consist of a coupled system of partial differential equations
(PDEs), the Fokker-Planck equation and the Hamilton-Jacobi-Bellman (HJB) equa-
tion. The presence of final and mixed constraints in the underlying optimal control
problem makes it difficult to characterize the behavior of a representative agent with
the classical HJIB approach. We therefore rely on a Lagrangian formulation of the
problem, rather than on a PDE approach. More precisely, our equilibrium problem
is posed on the set of Borel probability measures on the space of state-control tra-
jectories. The Lagrangian approach has been employed in several references dealing
with deterministic MFGs. Variational MFGs are studied in [4]. The article [30] deals
with minimal-time MFGs. The three articles [12, 13, 14] deal with state-constrained
MFGs and with the connection between the Lagrangian and the PDE formulations.
In [15] MFGs with linear dynamics are considered and in [1] state-constrained MFGs
with control on the acceleration are studied.

At a methodological level, the common feature of almost all studies dedicated to
MFGs of controls is the introduction of an auxiliary mapping, which allows to put
the equilibrium problem in a reduced form that can be handled with a fixed point
approach. In the PDE approach, the auxiliary mapping allows to express the control
of a representative agent at a given time ¢ in function of its current state x, the
equilibrium distribution (of the states) and the gradient of the value function (see
for example [17, Lemma 4.60], [16, Lemma 5.2] or [7, Lemma 5]). This relation is
in general not explicit, contrary to MFGs with interaction through the state variable
only. In the probabilistic approach of [21, Assumption G|, the auxiliary mapping
depends on ¢, z, and a pair of random variables (X¢, P;), whose distribution coincides
with the distribution of pairs of state-costate of all agents in the game. In [17, Lemma
4.61], the auxiliary mapping directly depends on the distribution of (X, P;). Our
roadmap is the same as the one used in the references mentioned above: we introduce
an auxiliary mapping (of the same nature as the one in [17]) which allows to write
the equilibrium problem in a reduced form which is then tractable with a fixed point
argument. After reformulation, the equilibrium problem is posed on the set of Borel
probability measures on the space of state-costate trajectories.

Our article is one of the very few publications dealing with first order MFGs of
controls and Lagrangian formulation for these problems. (i) The article of Gomes
and Voskanyan [21] is the closest to our work. Their analysis relies in a quite cru-
cial manner on some regularity properties of the value function associated with the
underlying optimal control problem (Lipschitz continuity, semiconcavity) which are
easily demonstrated in their framework without constraints. Those properties are not
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needed in the Lagrangian framework. They could probably be established, but under
stronger qualification conditions than those in force in the present work. Incidentally,
the initial distribution of the agents must have a density in [21], which is not the
case in the present work. (ii) Carmona and Delarue have an existence result, for an
MFG of controls posed as a forward-backward stochastic differential equation, see [17,
Proposition 4.64]. This model relies on Pontryagin’s principle, which is a sufficient
condition only under convexity assumptions on the underlying optimal control prob-
lem (see the assumption SMP [17, page 161]), which we do not need. Let us mention
that their other result [17, Proposition 4.64] concerns the second order case. (iii) In a
recent work, Graber, Mullenix and Pfeiffer have obtained the existence of a solution
for an MFG of controls formulated as a coupled system of possibly degenerate PDEs.
This work is restricted to the potential case, when the local congestion term is the
derivative of some convex function. It also relies on a periodicity condition on the
data functions, which we do not need here. (iv) Recently in [32], the authors study the
existence of a Lagrangian equilibrium for an MFG of controls, following a variational
approach instead of solving a fixed point problem, as proposed here.

The paper is organized as follows: In Section 2 we present the problem that we
address here, referred to as MFGC. We introduce the main notation and we define
the notion of Lagrangian equilibria for MFGC that we use throughout this work. In
Section 3 we study the optimal control problem associated with an individual player,
providing optimality conditions and regularity of solutions. Defining an auxiliary
notion of equlibria, by a fixed point argument, in Section 4 we prove the existence of
Lagrangian equilibria. In Section 5, under additional monotonicity assumptions we
analyze the uniqueness of solutions.

2. Description of the aggregative MFGC problem.

2.1. Preliminaries. Let (X, d) be a separable metric space. We denote by P(X)
the set of Borel probability measures on X. Given p € [1,+00), it is defined P,(X)
as the set of probability measures g on X such that

[ dtwaorduta) <+,
X

for some (and thus any) zo € X. The Monge-Kantorovich distance on P,(X) is given
by
1
P
dy(p,v) = inf {/ d(z,y)Pdr(z,y)|
me€ll(p,v) |Jx

where II(p, v) denotes the set of probability measures on X x X with first and second
marginals equal to u and v respectively. In this paper, we work with p = 1. For all
wu, v € P1(X), we have the following formula (see [19, Theorem 11.8.2]):

dy(p,v) —sup{/f Ydu(x /f Ydv(z) | f: X—>R151L1psch1tz}

We recall the definition of narrow convergence of measures. We say that the
sequence (fin)nen C P(X) narrowly converges to u € P(X) if

n—r oo

fim [ fe)den(o) = [ 1@, vFe ).

where CP(X) denotes the set of all continuous and bounded real functions defined
on X. Throughout this work we endow the space P;(X) with the narrow topology.
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As a consequence of [3, Proposition 7.1.5], for any compact set K C X, we have for
all p > 1, P(K) = Pp(K) and d, metricizes the narrow convergence of probability
measures on the set P(K). In addition, P(K) is compact.

2.2. MFG equilibria and main notation. We start by defining the optimal
control problem that each agent aims to solve, assuming that the price and the distri-
bution of the other players are known. The problem takes the form of a constrained
minimization problem parameterized by the initial condition zg € R”, the agents
distribution m € C([0,T]; P1(R™)) and the price P € L>(0,T;R™).

Let T := HY0,T;R") c C(0,T;R") be equipped with the supremum norm,
denoted by || - [|so- Given xg € R™, we define I'[zo] by

Dlzg] = {y €T : 7(0) = x0}.

We take L%(0,T;R™) as the control space, which we denote by . We denote by
K[zo] the feasible set that is defined by

”'ygt)) =a(y(®)) +b(y(t)v(t), fora.e. te (0,T),
0) = xo,
Klzol =< (v,v) €T xU: Z(v(t),v(?f)) <0, for a.e. t € (0,T),
91(v(T)) =0,
92(7(T)) <0

The dynamics coefficients are a: R™ — R™ and b: R” — R™*™ (note that b;(z) € R"
will denote the i-th column of b(z)). The final equality and inequality constraint
functions are, respectively, g1: R®™ — R™91, and go: R® — R™2, and the state-
control constraint function is ¢: R™ x R™ — R". Now we define the cost functional
Jm,P]: T xU — R as

T
Jm, P](y,v) = /0 (L(y(#), v(t) + (P(t),v(t)) + f (v (), m(t))) At + go(+(T), m(T')).

Here L: R™ xR™ — R represents the running cost of the agents, f: R™ xP;(R") — R,
the congestion function, and go: R™ x P;(R™) — R is the final cost. Therefore, the
optimal control problem that each agent addresses is

2.1 Min  J|m, P|(v,v).
(21)  Min  Jm,Pl(.0)

The set of optimal trajectories for this minimization problem is denoted by
(2.2) Lm, P,xo] = {3 € T'[xo] : Fv €U, (7,v) is a solution to (2.1)}.

2.2.1. Lagrangian MFGC equilibria. In the previous paragraph, we have
described the optimization problem, for a particular player, given the price and the
agents distribution. We describe now how the price is related to the collective behavior
of all agents and give a Lagrangian description of our mean field game.

Let mg € P1(R™) be the initial distribution of the agents. We fix a price function
¥: R™ — R™, which is assumed to be bounded. For ¢t € [0,T], the mapping e; :
I'x U — R™ is given by e;(y,v) = v(t). We define the set

P (D xU)={n e P (T xU) : egn =mo}.
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Given 1 € P (I' x U), we define the cost functional J7 = J[m", P"], where the
coupling terms m": t € [0,7] — m; € P1(R™) and P" € L*(0,T;R™) are given by

(2.3) my =edn and P7= \I/(/ vdn(’y,v)).

I'xu

The continuity of the mapping ¢ — mj will be ensured by Lemma 4.2. In the
definition of P", [. ., vdn(y,v) is a Bochner integral with value in L?(0,T;R™)
(which is well defined since n € P1(I" x )) and the mapping ¥: 6 € L*(0,T;R™) —
P[0] € L>=(0,T;R™) denotes the Nemytskii operator associated with the price func-
tion ¢: R™ — R™, defined by ¥[0](t) = ¥(0(t)), for a.e. t € (0,T).

Given zo € R™ and 1 € P (I’ x U), we denote by I'[zg] the set of optimal
state-control trajectories associated with the cost J” and set of constraints K[zg]:

[fwo] = {(9,9) € Klao] : J7(5,0) < J"(7,0) ¥(3,v) € Kool }.

DEFINITION 2.1. We call Lagrangian MFGC' equilibrium any distribution n €
Pimo (T X U) supported on optimal trajectories, i.e.

supp(n) € |J Tl

zEsupp(mo)

The main objective of this paper is to prove the existence of a Lagrangian MFGC
equilibrium, under the assumptions described in the following subsection.

2.3. Assumptions. For a given normed vector space X, we denote by Bx (R)
the closed ball of radius R and center 0. When the context is clear, we simply write
B(R). Given R > 0, we denote V(R) = conv{(z,v) : |z| < R, ¢(z,v) < 0}. Finally,
1 stands for a vector of all ones, of appropriate dimension, and inequality between
vectors means component-wise inequality.

We consider the following assumptions:

(H1) Convezity assumptions
(i) There exists C' > 0 such that for all z € R", the mapping L(z,-) is
strongly convex with parameter 1/C and for all (z,v) € R™ x R™,

L(z,v) > (1/C)|v|* = C.

(ii) For all z € R™ and i = 1, ..., n., the mapping ¢;(z, ) is convex.
(iii) The mapping ¢ is monotone, i.e. (¥(y) — ¥ (z),y —x) > 0, for all z and
y in R™.
(H2) Regularity assumptions
(i) The mappings L and c¢ are twice continuously differentiable.
(ii) The mappings a, b, go, g1, and g2 are continuously differentiable.
(iii) For all m € Py(R™), the mapping f(-,m) is continuously differentiable.
The mappings f and D, f are continuous with respect to both variables.
(iv) The mapping ¢ is continuous.
(H3) Boundedness and growth assumptions
(i) Let R > 0. Then there exists C(R) > 0 such that, for all (z,v) € V(R),

Do L(z,v)| < C(R)(L+[v]?),
[DyL(z,v)] < C(R)(1 + [v]).
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(ii) Let R > 0. Then there exists C'(R) > 0 such that, for all (z,v) and
(z,0) in V(R) + B(1),

( )7

[ Dye(z, U)|+|D c(v,z)| <
| < C ‘xv) (a:,f;)|

|Dyc(x;v) = Dye(,0)
(ili) There exists C' > 0 such that for all z € R™,
la(z)] < C(1 +[z]) and  [b(z)] < C(1 + [z]).

(iv) The support Ky of mg is bounded.
(v) There exists C' > 0 such that for all zg € Ko, m € C(0,T;P1(R")) and

(v,v) € K[zo],
/ FOY(E), () + go(y(T),m(T)) > —C

| Do f(y(t), m(t))|| Lo 0,7mm) < C.

(vi) The mapping 9 is bounded.
(H4) Feasibility assumptions
(i) Let R > 0. Then there exists a constant C(R) > 0 such that, for all
z € B(R), there exists v € B(C(R)) satisfying c(x,v) < 0.
(ii) There exists C > 0 such that for all zy € Ko, m € C(0,T;P(R™)) with
m(0) = my, and for all P € L>°(0,T;R™) satisfying

(2.4) [Pl o= o,mmm) < sup [¢(8)],
ocr™

there exists (yo,v0) € K[z] such that J[m, P](yo,v0) < C.
(H5) Qualification assumptions
(i) There exists C > 0 such that for all zy € Ky, (vy,v) € Klzo], and
21 € R": | there exists a pair (y,w) € HY(0,T; R") x L>(0,T;R™)
solution of the linearized state equation

m

§(t) = (Da(y(t) +Y_Dbi(v(1))vi (1) y(t) + b((t))w(t),

i=1

such that Dgy (v(T))y(T) = 21, and
1yl 0,rmey < Claa|  and  lwl|peco,rmn) < Clal.

(ii) There exists C' > 0 such that for all g € K¢ and (,v) € Klxo], there
exists (y,w) € HY(0,T;R"™) x L>=(0,T; R™) satisfying (2.5) such that

Dgi(v(T)y(T) =
92(¥(T)) + Dga(v(T))y(T)
c(y(t),v(t)) + De(y(t), v(t)) (y(t), w(t))

1/01

<
< —1/C1.

In addition, ||y||H1(0,T;R") S C and Hw”LOO(O,T;R") S C.
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(ili) There exists C' > 0 such that for all (z,v) € R" x R™ satisfying c(z,v) <
0, and for all w € RH @)l

| Ducria (@) w| > (1/C)|u],

where I(z,v) = {i =1,...,n¢: ¢i(z,u) = 0}.
(iv) Given R > 0, let x € B(R), and let v € R™ be such that c(z,v) < 0.
Then there exist C' > 0, e > 0, and w € B(C) satisfying

c(x,v) + Dye(z,v)w < —¢el.

In addition the constants C' > 0 and ¢ > 0 only depend on R.

Remark 2.2. Let us comment on the nature and the motivation of some of the
assumptions introduced above.

1. The first step of our analysis consists in finding a bound in L? for the optimal
controls associated with problem (2.1). This bound must be uniform with
respect to m, P, xg. We proceed with the standard approach from the calculus
of variations, which requires:

e the existence of a feasible pair (v, v) with a uniformly bounded cost: this
is ensured by (H4)-(ii).

e a lower bound of the cost function J[m, P](~,v) which holds for any
feasible pair: this is ensured by (H1)-(i) and (H3)-(v). This also requires
a bound on P, which is why we also impose that i is bounded with
Assumption (H3)-(vi).

2. Assumptions (H5)-(i) and (H5)-(ii) together are qualification conditions (for
the mixed and final constraints) in the form of Mangasarian-Fromovitz qual-
ification conditions (see [11, Section 2.3.4]). They were employed in a similar
context in [9, Section 3].

3. Assumptions (H5)-(iii) and (H5)-(iv) are both qualification conditions for the
constraints ¢(z,v) < 0 for a fixed value of z, this is why those qualification
conditions only involve partial derivatives of ¢ with respect to v. They are
used in particular in Lemma 3.1 and Lemma 3.2. They respectively take the
form of linear independence qualification conditions and inward pointing con-
ditions. Assumption (H5)-(iii) was used in [8, Equation 2.30] and Assumption
(H5)-(iv) was used in [10, Definition 2.5] for example, in similar contexts.

Remark 2.3. 1. As was pointed out above, some of the assumptions are used
to derive a priori bounds on the optimal controls associated with problem
(2.1). However, if the set of feasible controls is bounded, these bounds are
much easier to obtain and some simplifications can be done. Assume that
there exists a constant C' > 0 such that for any (z,v) € R” x R™, ¢(z,v) <
0 = |v] < C. Then it is easy to verify that for any xy € Kj, for any
(v,v) € K[zo], it holds

Voo, ren < C and  ||v]| pooo,7mn < C,

increasing if necessary the value of C. In this case, the following simplifica-
tions can be considered:
e Assumptions (H3)-(i) and (H3)-(ii) are satisfied.
e Assumption (H3)-(v) can be ignored. We already have that ~(t) takes
values in a bounded set. Moreover, one can require in this assumption



8 J.F. BONNANS, J. GIANATTI, AND L. PFEIFFER

that m(t) lies in a set of probability measure with support included into
a bounded set; such a set is compact for the topology of dy. Therefore
the bounds follow directly from the continuity of f, D, f, and go.

e [t is not necessary to impose that v is bounded.

e Assumption (H4)-(ii) boils down to a feasibility assumption (the bound
J[m, P](v0,v0) < C is then automatically satisfied).

2. The verification of Assumption (H4)-(ii) is made easier when f is known to
be bounded. Then it suffices to assume that there exists C' > 0 such that for
all o € Ko, there exists (y0,v0) € K[zo] with |lvol|2(0,7.m) < C. In such a
case, it is easy to deduce a bound of vy in L°°(0,T;R") and finally a bound
of J[m, P](v0, vo), with the help of Assumption (H3)-(i).

3. In some situations, one can find a convex set X C R" such that for any
zo € Ky, for any (v,v) € K[z, for any ¢t € [0,T], v(t) € X. In this case,
the variable x appearing in Assumptions (H1)-(i), (H1)-(ii), (H4)-(i), (H5)-
(iii), (H5)-(iv) can be restricted to X’ := (X + Bgn(6)), where ¢ is chosen
arbitrarily small. The statements of Lemma 3.1 and Lemma 3.2 remain true
for z € X.

Remark 2.4. For the sake of simplicity in the presentation of this article, we
consider time-independent data, but most of the results remain valid if the above
assumptions hold uniformly with respect to time.

3. The optimal control problem. In this section, we study the optimal control
problem (2.1) that an individual player aims to solve. Throughout this section, we
fix a triplet (m, P,x0) € C(0,T;P1(R™)) x L>(0,T;R™) x Ky such that (2.4) holds.

3.1. Some technical results. The next lemma is a metric regularity property,
obtained from the Mangasarian-Fromovitz qualification condition (H5)-(iv), which
implies Robinson’s qualification condition (see [11, Section 2.3.4]). Thus the lemma
is a particular case of the Robinson-Ursescu stability theorem [11, Theorem 2.87].

~ LeEmMA 3.1. Let R > 0. There exist 6 > 0 and C > 0 such that for all (v,%,7) €
B(R)? x R™ such that ¢(%,9) <0 and |z — | < J, there exists v € R™ such that

c(z,v) <0 and |v—20 <Clz -7

Moreover, for fized  and v, v can be constructed as a continuous function of .

Proof. Let R > 0. The constant ¢ used below, as well as all constants C' >
0, depend only on R. Let (z,%,7) € B(R)? x R™ be such that ¢(Z,7) < 0. By
Assumptions (H5)-(iv), there exist w € R™, C' > 0, and & > 0 such that
c(Z,0) + Dye(Z,0)w < —e  and  |w| < C.
Let 6 € [0,1] and let vg = ¥ + fw. We have
(3.1) c(x,vg) = c(&,0) + 0Dyc(Z, 0)w + ap + be,

where
1
ag = / D,c(Z+ s(x — ),0 + sbw)(z — &)ds,
0

1
by = 9/ [Dyc(Z + s(z — &), 0 + sbw) — Dy (2, 0)|wds.
0
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By Assumption (H3)-(ii), we obtain
lag| < Clz — 2| and |by| < COH(|z — Z| +6).
It follows from (3.1) that

c(z,v9) = (1 —0)c(Z,0) + 0[c(Z,0) + Dyc(Z, 0)w] + ag + be

(3.2) < =0+ Clx — z| + CH.
Let us define 6 = % and 0 = w, where C' is the constant appearing in the

2
right-hand side of (3.2). We assume now that | —Z| < 6 and we fix v = vy. It remains
to verify that ¢(z,v) < 0. Note first that § < QTCJ < %, by definition of §. It follows
from (3.2) that

0
c(z,v) < —fe + (CO) 0+ Clo — F| < —= + Clz — & = 0,
< 2
<e/2

which concludes the proof. a

LEMMA 3.2. (i) For all x € R™ and for all r € R™, there exists a unique pair
(v,v) € R™ x R" such that the following holds:

(3.3) DUL(aj,v)T + 7+ Dy, v)TV =0, v>0, and (v,c(z,v))=0.

We denote it (v[z, 7], v]z,r]). B
(i) Let R > 0. The mapping (z,r) € B(R) — (v[z,r],v[z,r]) is Lipschitz continuous.
(iii) There exists C > 0 such that for all x € R™, for all r1 and ro in R™, it holds

1
<U2—U17T2—T1>+6|U2—U1|2 <0,

where v; = v[z,r;], for j =1,2.

Proof. (i) Let (x,7) € R™ x R™. Consider the optimization problem:

(3.4) viell}&fm L(z,v) + (r,v), subject to: c¢(z,v) <O0.
As a consequence of Assumption (H1)-(i), the above cost function is coercive. By
Assumption (H4)-(i), there exists vg such that c(x,vg) < 0. Therefore, (3.4) pos-
sesses a solution v. As a consequence of the qualification assumption (H5)-(iii), the
optimality conditions exactly take the form of (3.3). This proves the existence part
of the first part of the theorem. Now take a pair (v,v) satisfying (3.3). Then, by
the strong convexity of L(x,-) and by the convexity of the mappings ¢;(z,-), v is the
unique solution to (3.4) and v is the associated Lagrange multiplier, it is also unique
as a consequence of (H5)-(iii).

(ii) Let us prove the Lipschitz continuity of v[-, -], v[-,-]. We mainly rely on results
of [11]. We first reformulate (3.3) as a generalized equation: given (x,r), the pair (v, v)
satisfies (3.3) if and only if

(3.5) 0€ ®(v,v;z,7)+ N(v),

where ®(v,v;z,7) = (DvL(CL',U)T + 7+ Dye(x,v) v, —c(x,v)) € R™+7e and N(v) =
{(0,2) € R™tme 2 <0, (z,v) = 0}, if v > 0, and N(v) = ) otherwise. By [11,
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Proposition 5.38], (o,7) is a strongly regular solution of (3.5) (in the sense of [11,
Definition 5.12]). Note that the required sufficient second-order optimality conditions
follow from the strong convexity of L(xz,-) and the convexity of ¢;(x,-). It follows
then from [11, Theorem 5.13] that v[-,-] and v[,-] are locally Lipschitz continuous,
and therefore Lipschitz continuous on any compact set, as was to be proved.

(iii) Let us subtract equality (3.3), for 71, from equality (3.3), for r2, and consider
the scalar product of the result with v — v;. We obtain

(DyL(z,v2) — Dy L(z,v1))(ve — v1) +{ra — 11,02 — 1)
(a)
- <D'UC(I5 1}2)(1)1 - vQ)a V2> - <DUC($,’01)(’02 - vl)v V1> = Oa
(b) (c)

where v; = v[z,r;], for j = 1,2. To conclude the proof, we just need to bound from
below the term (a) and to bound from above (b) and (¢). By Assumption (H1)-(i), we
have (a) > %|v2 — v1]?, for some constant C' > 0 independent of x, r1, and 73. Using
the complementarity condition, the convexity of ¢ with respect to its second variable
(Assumption (H1)-(ii)), and the nonnegativity of v4, we further obtain that

(b) = <C(Ia UQ) + Dvc(xva)(’Ul - 1)2), V2> < <C(Ia 1)1), V2> <0.
Similarly, (¢) < 0. This concludes the proof. O

Remark 3.3. The twice differentiability of L and ¢, required in Assumption (H2)-
(i) is only used for the application of [11, Proposition 5.38] in the proof of Lemma
3.2. Tt is sufficient to assume that L and c are continuously differentiable if ¢ does
not depend on z (i.e. if we just have control constraints instead of mixed state-control
constraints). In that case, the Lipschitz continuity is deduced from [11, Proposition
4.32].

3.2. Estimates for the optimal solutions. The goal of this section is to de-
rive some a priori bounds for solutions (7,¢) to the optimal control problem (2.1)
and for the associated costate and Lagrange multipliers. They will be crucial for
the construction of an appropriate set of probability measures on state-costate tra-
jectories. We follow a rather standard methodology. The coercivity of L, together
with other feasibility and bound conditions allows to show the existence of a solution
and to derive a bound of ¥ in L2(0,T;R™). Then we provide first-order necessary
optimality conditions and a bound on the associated costate p, with the help of the
qualification conditions. We finally obtain bounds of 4 and p in W°°(0, T; R") and
v in L*(0,T; R™).

We recall that throughout this section the triplet (m, P, zg) is fixed and satisfies
(2.4). Note that all constants C used in this section are independent of (m, P, xg).

PROPOSITION 3.4. The optimal control problem (2.1) has (at least) one solution.
There exist two constants My > 0 and C' > 0, independent of m, P, and xq, such that
for all solutions (7,v) to (2.1),

(36) ||’_YHL°°(O,T;]R”) S Ml and H6||L2(O,T;]Rm) S C.

Proof. The constants C' > 0 used in this proof only depend on the data of the
problem. Let (vo,v0) € K[zo] satisfy Assumption (H4)-(ii). Let (vk,vk)ken be a
minimizing sequence. Without loss of generality, we can assume that

J[m, Pl(yk,vk) < J[m, Pl(70,v0), Vk€N.
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Using Assumption (H1)-(i), the boundedness of P, and Assumption (H3)-(v), we
deduce that

C 2 J[m7P](707U0) 2 J[map](’YmUk)
1 1
2 5””16”%2(0,T) = CllvllLror) —C = 5||Uk||%2(O,T) -C,

for some independent constants C. It follows that vy is bounded in L2(0,T;R™).
By Gronwall’s lemma and Assumption (H3)-(iii), there exists a constant C' > 0 such
that [|v&[| Lo (0,7;rn) < C. The state equation further implies that ||vx || g1 0,7z < C.
Extracting a subsequence if necessary, there exist (y,7) € H(0,T;R™) x L2(0, T; R™)
and a C' > 0 such that

19z 0,78y < € and  ||9]| 20, 7rm) < C

and such that (yx,vr) — (¥,9) for the weak topology of H'(0,T;R") x L?(0,T;R™).
Since H'(0,T;R") is compactly embedded in L>(0,T;R"), we deduce that v con-
verges uniformly to 7.

Let us prove that ¢(3(t),o(t)) < 0 for a.e. t € (0,T). Let ¢ € L>(0,T;R") be
such that ¢(t) > 0 for a.e. t € (0,7). We have

T T
/0 (p(®), c(7(8), 0()))dt = ay, + by, + /0 (p(t), ey (t), vi (1))t < ax + b,

where, skipping the time arguments

T T
ag = /O <907 C(:Ya 1_}) - C("_)/, vk)>dt and by = /O <90’ C(:Y’ vk) o C(’Yk’vk)>dt'

Note that all these integrals are well-defined as a consequence of Assumption (H3)-(ii).
Also by Assumption (H3)-(ii), we easily verify that D,c(3(+),v(+)) € L?(0,T;R"x™).
Therefore, by the convexity of the mappings ¢;(x, ) in Assumption (H1)-(ii),

T
a < [ (0. Docr(e), o®) o(0) — uit)dt — o,
0 o0
By Assumption (H3)-(ii), we also have
|bk| < O|\<P|\L°°(0,T;Rnc)||7k - ”_YHLOO(O,T;R“) k:; 0.

It follows that for all ¢ > 0, fOT<g0,c(ﬁ(t),6(t))>dt < 0. Therefore, c¢(¥(t),v(t)) <0,
for a.e. t € (0,T). With similar arguments, we prove that (3,7) is feasible and that

J[mvp](:)/al_)) < khm J[map](’ykvvk)v
—00

which concludes the proof of optimality of (7, 7). Repeating the above arguments, we
show that any solution to (2.1) satisfies the bound (3.6). O

We next state optimality conditions for the optimal control problem. The proof
of the following proposition is deferred to the appendix in Section A. In the rest of
the section, we write c[t] instead of ¢(5(t),o(t)) (for a specified pair (7,7)). We use
the same convention for a, b, go, g1, and gs.
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PROPOSITION 3.5. Let (3,0) be a solution to (2.1). There exists a quintuplet

(P, Ao, A1, Ao, v) € WH2(0, T;R™) x R x R™1 x R™2 x L>(0, T; R™)

such that (p, \o) # (0,0) and such that the adjoint equation
(3.7)
{ p(T)"=XDgo[T] + A Dgi[T] + A3 Dga[T]

—p(t) "= Mo Do L[t] + Ao D f[t] + p(t) " (Dalt] + >, Db;i[tlvi(t)) + v(t) T Dyclt],
the stationary condition
(3.8) NoDyL[t] + MNP (t) T +p(t) Tb[t] + v(t) T Dyeft] = 0,
and the following sign and complementarity conditions
)\0 Z 07
(39) )\2 > 07 <)‘2792(/7(T))> = 07
v(t) 20, (c(3(t),0(t),v(t)) =0, forae te(0,T)
are satisfied. Moreover, if \g # 0, then p € Wh(0, T; R").

The goal of the last two results in this subsection is to obtain uniform bounds for
the optimal solutions and their associated multipliers.

PROPOSITION 3.6. Let (3,0) be a solution to (2.1). There exists a quintuplet
(p, Ao, A1, A2, V) satisfying the optimality conditions of the above proposition and such
that Ao = 1. Moreover, for such a quintuplet, we have
ol Loe 0,7mmy < Mo
for some constant My independent of (7,0) and (p, Ao, A1, A2, V).

Proof. The proof essentially relies on the qualification conditions (H5)-(i) and
(H5)-(ii). All constants C' used in the proof are independent of (p, Ag, A1, A2, ) and
(%,0). Let (y,w) satisfy the linearized equation (2.5) (for (v,v) = (¥,7)). By integra-
tion by parts we have

T
(p(T),y(T)) = / B, (1) + W), 5t
T
— / (D L[] + Dy f)y(t)dt

0

T T

- / p()T (Dalt] + Y™ Db (1)) y(t)dt — / V() Dacltly(t)dt
T
))y(t)dt+/ p(t) Tb[tlw(t)dt.

0

T
+ [ b0 (Dal) + S, Do
0

The second and the fourth integral cancel out. Injecting the optimality condition
(3.8) in the last integral, we obtain:

()T = = Ao [ (DL, w(t) + (Ple). w(t) + D flu(®))

T
(3.10) - /0 v(t) " Delt](y(t), w(t))dt.
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The main feature of this formula is that the right-hand side is independent of p. Let
(y, w) satisfy Assumption (H5)-(ii). By (H3)-(i), (H3)-(vi) and (H3)-(v) we have

T
Jo (DLIt(y(#), w(t)) + (P(t), w(t)) + Dxf[t]y(t)) dt
T _ T _
< Cllyllss Jy 1+ [P(O)dt + Cllwllos fo (1 +[0(2)])dt < C,
where the last inequality holds by Proposition 3.4 and (H5)-(ii). By (H5)-(ii) and the
complementarity conditions (3.9) we obtain

T T
/0 v(t) T Delt](y(t), w(t))dt = / o(t)T (elt] + Delt)(u(t), w(t))) dt

< - 1 vl
v Rne)-
< o 1Vl 1iRne)

Therefore,

1
(3.11) (p(T),y(T)) 2 =Cho + EHVHLl(O,T;R"c)-
Moreover, we deduce from the terminal condition for p that

(p(T),y(T)) = MDgo[Ty(T) + (A1, Dg:1[Ty(T)) + (A2, Dg2[Ty(T))
= XoDgo[T]y(T) + (A2, g2[T] + Dgo[Ty(T))

1
12 < Cho — =l
(3.12) < Cho = 7l

The last inequality holds by (H2)-(ii), Proposition 3.4 and (H5)-(ii). It follows
from (3.11) and (3.12) that

(313) |A2| S O>\O and ||V||L1(0,T;Rnc) S O>\O
Now, let us consider (y,w) satisfying (H5)-(i) with z; = A1/|A1]. We have

lyll=@©rpm < C and  [w]e=rrm) < C.
Since Delt] is bounded in L>*(0,T;R"<*("#™) (by Assumption (H3)-(ii)), we have

(3.14) [ Del1(y (), w( )l Lo o,5mne) < C.
Formula (3.10), together with the bound on ||[v||z1(0,7;rne) and (3.14) yields
(3.15) (p(T),y(T)) < Cho.

It follows from the terminal condition and the estimate on |Az| that

(p(T),y(T)) = XoDgo[Tly(T) + (A1, D1 [T]y(T)) + (A2, Dg2[T)y(T))

(3.16) > —Cho+ |\
Combining (3.15) and (3.16), we deduce that
(3.17) [A1] < Cho.

If Ao = 0, then \y = 0, A2 = 0, and ¥ = 0. Thus p(T) = 0 and p(t) = 0 a.e.
and therefore p = 0, in contradiction with (p, Ao) # (0,0). We deduce that \g > 0.
The optimality conditions being invariant by multiplication of a positive constant, we
deduce the existence of a quintuplet satisfying (3.7)-(3.8)-(3.9) and Ao = 1. Bounds
of [A1], [A2], and [|v|| £ (o, 7;rne) directly follow from (3.13) and (3.17). Then we obtain
a bound of |p(T")| and finally a bound of ||p|| (0, 7;r») With Gronwall’s lemma. O
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DEFINITION 3.7. Given a solution (y,0) to (2.1), we call associated costate any p
for which there exists (Ao, A1, A2, V) such that the optimality conditions in Proposition
3.5 hold true and \g = 1.

In order to obtain more regularity on (¥, ¥), we need to express the optimal control
as an auxiliary function of the state and costate, which is deduced from Lemma 3.2.

LEMMA 3.8. Let (7,0) and (p, Ao, A1, A2, V) be as in Proposition 3.6. There exists
C > 0 independent of (7,0) and (p, Ao, A1, A2, V) such that

9] Lo 0,757y < C5 Vo0, 7mmy < C.
In addition, there exist constants Mz > 0 and My > 0, such that

(3.18) 171 Lo 0,75mmy < M3, |||l oo 0,73mm) < M.

Proof. Tt follows from the optimality condition (3.8) and Lemma 3.2 that

(3.19) o(t) = v[3(t), P(t) + b(5(t)) "p(t)],
' v(t) = v[(t), P() +b(7(£) Tp(t)]

Lemma 3.2 further implies that [|7]|pe,rrm) < C and |[v||pe(o,r;rne) < C. The
estimates (3.18) follow. 0

4. Existence of MFGC equilibria. In this section, we prove the main result
of the paper. We first construct the auxiliary function announced in the introduction.
Then, applying Kakutani’s fixed point theorem, we prove the existence of an auxiliary
MFGC equilibrium (defined in Subsection 4.2), which will imply the existence of a
Lagrangian one.

4.1. Auxiliary function. We set B = B(M;) x B(M3) C R™ x R", where M;
and M are given by Lemma 3.4 and Proposition 3.6, respectively.

LEMMA 4.1. (i) Let p € P(R™ x R™) be such that supp(u) C B. There ezists a
unique P € R™ such that

(11) P=o( [ ol P @) ddute.).

where v[-, -] is the mapping introduced in Lemma 3.2. In the sequel, the unique solution
to (4.1) is denoted by P[u].
(i) The mapping u € P(B) — P|u] is uniformly continuous.

The mapping P is the auxiliary function which will allow us later to define a new
notion of equilibrium. Let us motivate its introduction. In the above lemma, the
probability measure p represents the distribution of the agents with respect to their
state and costate at a given time ¢. At equilibrium, an agent with state x and costate ¢
utilizes the control v[z, P(t) + b(x) " q], by Pontryagin’s principle. Therefore the price
relation (2.3) leads to the fixed point equation P(t) = ¢( [ v[z, P(t)+b(z) " ¢qldu(z, q))
introduced above.

Proof of Lemma 4.1. Let us first prove the existence of a solution. Let C' > 0
denote a bound of |¢| (Assumption (H3)-(vi)). Consider the map

x: P € Brn(C) — 1/)(/Bv[x,P + b(I)Tq]d,u(x,q)) € B (0).
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By Lemma 3.2, the mapping v[-, -] is continuous. Therefore, by the Schauder fixpoint
theorem, there exists P € Bgm(C) such that P = x(P), which proves the existence
of a solution to (4.1).

Let us prove next the uniqueness and the uniform continuity. Let g and ps
be in P(B). Let P, and P, denote two solutions of (4.1), for pp = p1 and p = o,
respectively. For j = 1,2, consider the maps

v;: (2,q) € B = v[z, P; +b(x) ql.
Note that by construction, P; = w(fB vjd,uj). Let us first note that there exists a
constant C' > 0, independent of p7, po, v1, and ve such that
llvjllLe()y <C and wvj is C-Lipschitz.

This is a consequence of Assumption (H2)-(ii) and Lemma 3.2. This implies, together
with the monotonicity of ¢ (Assumption (H1)-(iii)) that

vagd,ug fB'Uld,UQ fB Vg — Ul)du2>
= (Pz Py, (2 —v1)dpg) + (h([gordus) — ([goidus), [5(ve —v1)dps) .
=:(a) =:(b)
Lemma 3.2 yields

(a) < /B<v2(x, q) = vi(z,9), (P2 + b(z) "q) — (P + b(z) " q))dpa(z, q)

1
S o 6/ |U2(I,q) —Ul(I,q)|2dﬂ2(I,q)-
B

Let C denote a bound of ||v1 | g (p). Since ¢ is continuous, it is uniformly continuous
on B. Therefore, there exists a function w: [0,00) — [0, 00) such that for all z and
y in Brm(C), [¢¥(y) — ¥(z)] < w(ly — z|), such that w(0) = 0 and such that w is
right-continuous at 0. We have

(b) < w(|fgordps — valdM2|)’ /B(v2 - Ul)dm’-

Using further the Lipschitz continuity of v; and Cauchy-Schwarz inequality, we deduce
that

) < () ( [ 102 = oPt)

Since 0 < (a) + (b), we deduce that

2
/ [vg — v1|*dpa < (CW(Cdl(MlaﬂQ))) =:@0(dy (p1, p2))-
B
Finally, we have
= w(|va2d,u2 - fB”ldUl )
et i — gl
< w(@(di(p1, p2) + Cdi(pa, p2)).-

If 4y = po, then P = P,. The uniqueness of the solution to (4.1) follows. The
uniform continuity of P also follows, which concludes the proof. 0
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4.2. Auxiliary MFGC equilibria. In order to analyze the existence of La-
grangian MFGC equilibria, we propose here a new notion of equilibrium, that we call
auxiliary equilibrium. We set

I = H0,T;R") x H*(0,T;R").

We equip I’ with the supremum norm, defined by max(||v|lso, [|P|le) for a given pair
(v,p) € I'. We denote it (by extension) ||(7,p)||c. For any zo € R", we define

Dlwg] = {(v,p) €T : 7(0) = o}
Given t € [0,T], we consider the mappings é;: I — R" and € I — R" x R™ defined
by é:(v,p) = v(t) and é¢(~,p) = (v(t),p(t)), for all (y,p) € I'. We denote
Prno (D) = {k € P1(T) : éofik = mo}.
We consider the following compact subset of I,
(4.2) Tp = {(7,p) €T : |[7]lco < Mi, [[plloc < Mo, [[F]l2 < T2 Ms, [|pll2 < T2 Ma},

where My, Ms, M3 and My were introduced in Proposition 3.4, Proposition 3.6 and
Lemma 3.8. ~ ~
Given a distribution x € P (') with supp(x) C I'g, we set for t € [0, 7]

my = éfk € PR™), pf =éfk € PR™ x R™).
LEMMA 4.2. Let k € Py, (T) with supp(x) C Tp. Then ¥ and pf are 1-Hélder

continuous w.r.t. t € [0,T].

Proof. Recalling that B = B(M;) x B(M;) C R" x R", since supp(x) C I'p, we
obtain supp(uf) C B and supp(nf) C B(M;) for all t € [0, T]
For all s,t € [0,T] we have

di(pg, ps) = sup (z,q)(dpg — dpf)(z,q)

pELip,; (R xR™)

f,#
— s / — o(1(5), pls)) ] (7, D)

@€Lip, (R™ xR™)

IN

/F max{|y(t) = y(s)l, [p(t) — p(s)|}dr(7, p)

T2 max{Ms, M }|t — s|=.

IN

The last inequality holds by the assumption supp(k) C I'p. Similarly the result
follows for my. a

~ Givenk € P(I'), by the above lemma, we obtain " € C([0, T]; P1(R™)). Setting
Pt e L>(0,T : R™) given by

(4.3) P (t) = Plu;],

where P is defined in Lemma 4.1, by Lemma 4.1 and Lemma 4.2, we obtain Pr e
C(0,T;R™). Defining the functional J* := J[m", P*], we can counsider the set of
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optimal trajectories and associated adjoint states T"[xo] given by

I [xo] = {(ﬁ,p) € T[zo] : 7 € D", P, 20] and p is an associated costate with ﬁ},

where the meaning of “associated costate” is given in Definition 3.7 and I'[f"*, P*, zo]
was defined in (2.2).

DEFINITION 4.3. A measure t € Py, (T) is an auziliary MFGC' equilibrium if

supp(k) C U [z].

zEsupp(mo)

We now establish the relationship between the notion of Lagrangian and auxiliary
MFGC equilibria. Given x € P(I'p), let V*: I' — U be defined by

VE(p) =0 |7, PY b))

where the r.h.s. is the Nemytskii operator associated with the auxiliary mapping
introduced in Lemma 4.1. Let 71: I' = T be such that 71 (v, p) = 7. Then, we define
nlk] = (71, VF) ik € P1(T x U).

LEMMA 4.4. Let k € P(T) be an auziliary MFGC equilibrium. Then, n[x] €
Py (T x U) is a Lagrangian MFGC' equilibrium.

Proof. For the sake of simplicity we note 7 instead of n[x]. The main point is to
prove that P® = P" where P" was introduced in (2.3). By the definition of 7, it is
supported on regular curves, thus

P(t) = o frq v@dn(r))
= v Jrv [, P50 + () Tp(1)| di(y,p))
= (S v [ P(0) +b(@) g dii(2.0)) = P,

The last equality follows from (4.1) and (4.3). It is clear that " = m/, then J" = J*
(J" is defined in Section 2.2.1). Since k is an auxiliary MFGC equilibrium, any
(%,P) € supp(k) defines an optimal pair (§, V*(7,p)) for J7. We conclude that 7 is a
Lagrangian MFGC equilibrium. 0

In Section 4.4 we show the existence of auxiliary MFGC equilibria, applying
Kakutani’s fixed point theorem. The next technical section provides some convergence
results to prove that the assumptions of Kakutani’s theorem hold.

4.3. Convergence properties.

~ LeEMMA 4.5. Let (k)ien be a sequence contained in P (T') such that supp(k') C
I'p for all i € N. Assume that (k");en narrowly converges to k. Then,

sup dl(ﬁl?i,ﬁl?) —0 and  sup dl(ufi,,uf) — 0.
te[0,T] te[0,T]

Proof. We start proving that for any &, <~ € Py (f‘ B) we have

(4.4) sup di(mf,mf) < di(k,k), and  sup di(uf,py) < di(R,R).
te[0,T te[0,T
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We show the result for uf and pf, and then the result for mf and mf is straightfor-
ward. By the Kantorovich-Rubinstein formula, for any ¢ € [0, 7] we have

d(uf i) = sup / (@, A — 1), q)
@ELip, (R" xRn) JR" xR™

sup [0 pO0E - R)p) < i)
@€Lip, (R» xR") JT

In the last inequality we use the fact that given ¢ € Lip,(R" x R"), the mapping
(v,p) = o(v(t),p(t)) belongs to Lip, (I'), for all ¢ € [0,T].
Since (k");en C P1(I'p) narrowly converges to k, by [3, Proposition 7.1.5], we

obtain d; (k%, k) — 0. The conclusion follows with (4.4). 0

LEMMA 4.6. Let (k')ien C P, (T'), K € Ppy(T) be such that supp(x?) C T'p for
all i and supp(k) C I'p. Assume that k* narrowly converges to k. Let (z)ien C Ko
be a sequence such that z; — T and let (vi,pi)ien C T [xi] (defined in section 4.2)
be a sequence such that (vi,p;) — (3,D) uniformly on [0,T]. Then (y,p) € T*[z].

Proof. We have to prove that there exists v € L%(0,T;R™) such that (¥,v) € K[z]

and
J(3,0) < J%(y,0) V(v,v) € K[z,

In addition, we have to prove that p is the costate associated with (¥, 7), in the sense
of Definition 3.7. v

Since (74, pi)ien C T [2;], there exists for all i € N a control v; € L?(0,T;R™)
such that (y,v;) € K[z;] and (v;,v;) is optimal for J* . By Proposition 3.4, since
(x:)ien C Ko, we have || (t)]|co < M7 and ||v;]|2 < C, for all 4 € N. Therefore, there
exists ¥ € L%(0,T;R™) such that, up to a subsequence, v; — v. By Lemma 3.8, the
sequence (7;);cy is a bounded sequence in H'(0,T;R™), since y; — 7 in C(0, T;R"),
it follows that 4 € H' and 4; — 7 in L%(0,T;R™). In addition, by (H2)-(ii), (H3)-(iii),
the uniform convergence of ~; to ¥ and the weak convergence of v; to ¥ we obtain

a(vi) + b(yi)vi = a(y) +b(3)v, in L*(0,T;R"),

which implies that J(t) = a(¥(t)) + b(¥(¢))v(¢), for a.e. t € (0,T). It is clear that
~(0) = z. o

Furthermore, for all i € N there exists (A}, Ay, v;) € R™91 x R™92 x L>°(0,T;R™)
such that (3.7), (3.8) and (3.9) hold for (v;,v;, p;) and A\j = 1. By the proof of Propo-
sition 3.6, we obtain that (A}, \%);en is bounded, then there exists a subsequence, still
denoted (A}, \);en, that converges to (A1, Az).

By Lemma 3.2 and (3.8), we deduce

vi(t) = v [36(0), P (0) + b () Tpi®) | vilt) = v [(8), P (1) + b)) Tra(t)]

By our assumptions, Lemma 4.1 and Lemma 4.5, the sequences (v;), (p;) and (P
are bounded and they converge to ¥, p and P*, uniformly over [0, T|. By Lemma 3.2,

the mappings v[-, -] and v[-, -] are Lipschitz continuous over bounded sets, then
(4.5) vilt) > 5(t) = v [3(8), P*(5) + b(3(8) A1)
and

vit) = w(t), where 5(t) = v [5(t), B*(t) + b(3(0)) p(0)]
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uniformly over [0, 7. In addition by Lemma 4.5, sup;c(o 1 d1 (g, mE) — 0. There-
fore by (H2) and (H3), we can pass to the limit in (3.7). By similar arguments we can
pass to the limit in (3.8) and (3.9). Finally we can conclude that (p, 1, A1, A2, ) satis-
fies the adjoint equation, the stationary condition and the complementarity condition

for (7, 0). }
Now, we prove the optimality of (¥, o) for J®. First we show that

(4.6) JE(3,0) = lim J* (75, v:).
71— 00

By the uniform convergence of the sequence (v;), Lemma 4.5 and (H2) we have

T _ T ) . -
|1 (o yae = [ Gme) at and go (()m) = g0 (3(0),105).
0 0
Skipping the time arguments, we have

/OT [<Pﬁi,vi> —(P", @>} dt = /OT [<15”' — P® ;) + (PR v — @>} at.

By Lemma 4.1, Lemma 4.5, the uniform convergence in (4.5) and the boundedness of
the sequences (P*') and (v;) we conclude that fOT<P~”"i,vi>dt — fOT<I3R, v)dt. By (H2)-
(i) and the uniform convergence of (v;) and (v;) to ¥ and ¥, respectively, we deduce
that fOT L(~;,v;)dt — fOT L(#,v)dt. Combining the above estimates, (4.6) follows.

Now, let (§,0) € K[Z] be an optimal solution for J* and initial condition Z.
By (H5)(i)-(ii), Robinson’s constraint qualification (see [11, (2.163)]) holds at ¢. By
[11, Theorem 2.87] and (H2) we conclude that there exists a sequence (9;)ien C
L>(0,T;R™) such that ||0; — 9]|c — 0, and the sequence (%;)ien, given by

{ Ai(t) = a(%i(t)) + b(F:(t)d:(t), for a.e. t € [0,T]
%i(0) = =
is such that (9;,9;) € K[x;]. In addition, by our assumptions and Gronwall’s Lemma

we deduce that (%;)ien is uniformly bounded in L>(0,7;R") and [|4; — §[lec — 0.
By the optimality of (v;,p;) € I'*'[2;], we have

(47) jﬁi ("yi,’Ui) < jﬁi ("%,’01) Vi € N.

Since ||0; — 9]jco — 0 and |5 — ¥]|oc — 0, arguing as above we obtain,

(4.8) Hm J5 (5, 9:) = J5(5,9).

i—00
By (4.6), (4.7) and (4.8), we deduce

J5(3,0) = lim J* (v, 0;) < lim J* (3, 0;) = J*(3, 0).
11— 00

i—00

Then, (¥,7) is optimal, which finally proves that (,7) € T*[z]. 0

4.4. Existence results. In this section, we characterize auxiliary MFGC equi-
libria as fixed points of a set-valued map. Applying Kakutani’s fixed point theorem,
we prove the existence of such equilibria.
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By [3, Theorem 5.3.1] (Disintegration Theorem), for any x € Py, (f>3 there exists
a mo-a.e. uniquely determined Borel measurable family {k;},er» C P(T') such that

supp(ky) C Tlz], mo—a.e. x € R™,

and for any Borel mapping ¢: I’ — [0, 400],
[ etrmantn = [ ([ etnp)de.p)dmo(a).
T n INEY

Following the lines of [12], we define the set-valued map E : Py, (T') = Py, (T) as

E(k) = {k € Ppy(T) : supp(iz) C T%[z], mo—a.e. € R"}.

It follows that  is an auxiliary MFGC equilibrium if and only if k € F(k).

THEOREM 4.7. There exists at least one auxiliary MFGC' equilibrium.

Proof. Arguing as in [12, Lemma 3.5], for any £ € P, (') the set E(x) is a
nonempty convex set. By Proposition 3.4, Proposition 3.6 and Lemma 3.8 we have

E(K) C Ppy(TB), VK € P, (I),

where I'p was introduced in (4.2). By Lemma 4.6, and [12, Lemma 3.6], we conclude
that the map E: Py, (T') = Pon, (T) has closed graph.

Finally, since the set T'p is a compact subset of I', we obtain that Py (fB) is a
nonempty compact convex set. Then, we can apply Kakutani’s fixed point theorem,
to deduce that there exists & € Py, () such that & € E(&). O

Remark 4.8. Let us comment on the impossibility to employ a similar fixed point
approach directly based on the notion of Lagrangian equilibria (Definition 2.1). Con-
sider a probability distribution 7 of state-control trajectories. From the definition of
P", there is no regularity property (with respect to time) to expect, since the controls
in problem (2.1) are taken in L2(0,T;R™). Consequently, it is not possible to use
relation (3.19) to derive any regularity property for the optimal controls with respect
to the criterion J[m", P"] and thus it does not seem possible to construct an appro-
priate compact set of probability distributions of state-control trajectories, on which
some fixed point relation could be defined.

5. Uniqueness. As usual in the MFG theory, by adding some monotonicity
assumptions we can obtain uniqueness results.

DEFINITION 5.1. A function ¢: R™ x P(R™) — R is monotone if
[ (et = ol ma) d (s~ ma) () 2 0, Vs, ma € PEY).
It s strictly monotone if it is monotone and
[ otammn) = plama) a s = ma) () =0,

if and only if o(x,m1) = w(x, m2) for all z € R™.

An example of strictly monotone function can be found in [12].
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THEOREM 5.2. Assume that f and go are strictly monotone and 1 is also strictly
monotone (i.e. for all x and y € R™ with © # y, (Y(y) — Y(z),y —x) > 0). Let
M,N2 € Pmo (T X U) be Lagrangian MFGC' equilibria for mg, then P™ = P and
Jm = Jnz,

Proof. Let us define u’(z) = inf (. ,)exz) J7 (7, v), i = 1,2. Let (v, v) € supp(n1),
then

u'(7(0)) :/0 (L(y(t),v(t)) + (P™(t),v(t)) + f(y(t), m")) dt + go(v(T), m7),

T
u?(7(0)) S/O (L(y(8), v(8) + (P (1), (1)) + f(v(t),m{*)) dt + go(y(T), m7?).

Integrating w.r.t. 1 we obtain

/F W (0) = R 0)dm (7.0 / y / (P™=(t) — P (), o(t))dtdns (7, 0)

> / (90(Y(T), ) — go((T), m2)) dps (,v)
I'xU

T
s [ G - o .m) dtn .0,

By the definition of m™ we obtain
[ @@ = nan + [ [ - P, emaane0
n I'xu
> [ ool = go(o. ) dmi 0

/ /n (@, m{") = f(x,m{*)) dmi" (x)dt.

Arguing in a similar way for 72, we deduce
T
/ / (PP (8) — P (1), v(t))d(m — n2) (7, v}t
0 I'xU
> / (g0, miZ) — goar, m))d (m — mP) ()

(5.1) / [ ) = femp) d (= mP) ()

By the definition of P" we deduce

T
/ / (P2(t) — P (), o(6))d(m1 — m2) (3, 0}t
0 I'xU

T
—/0 <1/) (fvdna(y,v)) —w(fvdm(%v)),fvdm(%v)—fvdnz(%v)>dt



22 J.F. BONNANS, J. GIANATTI, AND L. PFEIFFER

and the r.h.s. is non-positive, by Assumption (H1)-(iii). In addition, since f and g
are monotone, we deduce that the three terms in (5.1) vanish. Since f and go are
strictly monotone we obtain for all x € R™ and a.e. ¢t € (0,T),

fQ@,m{") = fx,m/*) and  go(z,my) = go(w,my’).

By the strict monotony of 1) we have

/vdnl(ﬂy,v) = /’Ud’l]Q(")/,U), a.e. t € (0,7T),

which in particular implies P* = P"?. The result follows. a

Remark 5.3. As noted in [12], if we assume that ¢ is strictly monotone, go is
monotone and f satisfies

[ () = £ ma)) d(my = ma) (2) <0 = oy = ma

then, following the ideas of the above proof, we obtain P™ = P" and m™ = m'?.

6. Conclusion. We have proved the existence of a Lagrangian equilibrium for
an MFG of controls with final state and mixed state-control constraints, and a class
of nonlinear dynamics. Using auxiliary mappings and a priori estimates on optimal
state-costate trajectories, we have reformulated the problem as a fixed point problem
on a compact set of probability measures on state-costate trajectories. As explained in
Remark 4.8, this reformulation was necessary, in the absence of smoothing properties
of the price interaction.

A future direction of research may concern the characterization of the equilibrium
with a system of coupled partial differential equations (HJB equation and continuity
equation), as it is done for example in [14]. In this reference, a feedback control is
constructed thanks to the differentiability of the value function, itself obtained with
the strict convexity of the Hamiltonian. This last property is however lost (in general)
in the presence of mixed state-control constraints. Another difficulty would arise from
the treatment of final-state constraints. The recent work [6] may contain useful tools
in that direction; this article deals with optimal control problems with final-state
constraints: it provides a characterization of the value function as well as sensitivity
relation.

In some future work, one could also address the extension of our aggregative MFG
model to the case of pure state constraints, as those considered in [12]. As we already
pointed out, our analysis relies in a crucial way on some a priori estimates on the
costate, whose evolution is not impacted by the price variable. Proving the regularity
of the costate, in the presence of pure state constraints and a merely measurable price
function, seems however to be a great challenge.

Appendix A. Proof of optimality conditions.

We provide in this section a proof of the optimality conditions stated in Propo-
sition 3.5. An important difficulty is the fact that optimal controls are not a priori
known to be bounded (we are not able to prove the boundedness of optimal controls
without having the optimality conditions at hand). It is therefore not possible to for-
mulate the optimal control problem as an abstract problem satisfying a qualification
condition in L*° and to derive easily optimality conditions, as it is done in [10] for
example. It turns out that the optimal control problem can be naturally formulated
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as an optimal control problem for which the dynamic constraint takes the form of a
differential inclusion. This enables us to use the associated optimality conditions, re-
ferred to as extended Fuler-Lagrange conditions in the literature. More precisely, our
analysis is based on [33, Theorem 7.5.1], which covers the case of unbounded controls
and requires few regularity assumptions.

We first introduce two definitions of cones, used for the expression of the opti-
mality conditions for problems with differential inclusions. Given a closed subset K
of R and = € K, we call proximal normal cone of K at = the set NZ(z) defined by

NE(@)={peR":3C >0,Vy € K, (p,y —a) < Cly — z|*}.
That is, p € NE(z) if and only if, for some C' > 0,
(A1) z € argmin {(—p,y) + Cly— af? : y € K}.

The limiting normal cone Nk (z) is defined by

(Ikvpk) — (‘va)a as k — o0

Ng(x) = ERZ‘Hx , such that: .
x(®) {p (i, Pi e w, € K, pr, € NE(zz) Yk €N

Proof of Proposition 3.5. Step 1: reformulation of the optimal control problem.
Let us fix a solution (¥,v) € HY(0,T;R"™) x L?(0,T; R™) to (2.1). In order to alleviate
the notation, we first define

L(t,z,v) = L(z,v) + (P(t),v) + f(z,m(t)),

for all (z,v) € R"*™ and for a.e. t € (0,T).

We work with an augmented state variable y = (y(),y?) y(®) ¢ Rrtm+1
We consider a set-valued map F: [0,7] x R*T™m+L = R+m+L defined as F(t,y) =
{{(t,y(l),v,z) : (v, 2) €R™ xR, e(yM,v) <0, z > O}, where for (z,v,z) € R+l

5(1)(1%, x,v,2) = a(x) + b(x)v, 5(2) (t,x,v,2) = v, 5(3) (t,x,v,2) = z(t,x,v) + z.

The component ¢V coincides with the dynamics of the original state variable. The
second component has a technical purpose, it allows in particular to prove easily
that F(t,y) is closed (which would be delicate otherwise, since the controls are not
necessarily bounded). The third component allows to put the problem in Mayer
form. The initial condition associated with the new state variable is defined by %o =
(20,0,0) € R*t™+1 Let K C R2(®*+™+1) he given by

K = {(vi,ys) € R2HED sy = g0, g1 (y§”) =0, g2 (y;l)) < 0}.

We define ®: R2tm+1) 5 R by d(y,,yp) = go(y;l)) + y;g). The optimal control
problem (2.1) can finally be reformulated as follows:

(A.2)

€ F(t,y(t)), for a.e. t € (0,T),

. . J(t) € Fit,
f [0} T biect to:
yer iy @W(0),y(T)), subject to { (4(0), y(T)) € K.

More precisely, the trajectory g, defined by
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is a solution to (A.2). Denoting £ = ¢, we note that £(t) = &(t, (1), v(t),0).

Step 2: verification of the technical conditions of [33, Theorem 7.5.1]. It is easily
verified that for a.e. t € (0,7, F(t,y) is non-empty and convex, as a consequence
of Assumptions (H1)-(i), (H1)-(ii), and (H4)-(i). It is also easily verified that F is
measurable and has a closed graph. It remains to show that there exist n > 0 and
k € L*(0,T) such that

(A.3) F(t.9) N (5(t) +nk(t)B(1)) € F(t,y) + k(t)]7 — y|B(1),

for a.e. t € (0,7) and for all y and § such that |y — g(¢)] < n and |§ — g(t)| < n.
Let t € (0,T), let y and § be such that |y —g| < 0/2 and |[§ — g| < 0/2, where
§ is given by Lemma 3.1, with R = ||J||p(o,rrn). Let k(t) = 1+ [0(¢)]*. Let
€€ F(t,§)N(4(t) +k(t)B(1)). Let & € R™ and 2 € R be such that € = £(t, 5V, 9, 2),
c(M, ) < 0 and z > 0. Since |€ — £(t)| < k(t), we deduce that

€3 — €D (1) = |5 — v(t)] < k().
Therefore

- - _ . 1 1 3=

61 < [p— B(0)| + 19(0)] < F(E) + 3 + S50 < SR
We also have |y — M| < |y — 4(t)| + |§ — §(t)| < 6. Thus by Lemma 3.1, there
exists v € R™ such that c¢(y™M),v) < 0 and |v — 3| < Cly™M — V| (note that all
constants C' involved for the verification of (A.3) are independent of (t,7,9,y,v)).
Let &€ = &(t,y™M, v, 2). We have € € F(t,y). It remains to bound |¢ —£|. We first have

€W = €W < Jaly™) = a@)] + [bly™)] - v = 3] + [b(y™) = b(G )] - 19|
< Cly =gl + v =) (1 +[o()]*)
< Cly — glk(t),

by (H2)-(ii). The same estimate can be established for |[¢(3) — £®)] (with the help of
Assumption (H3)-(i)) and for |[¢2) — £2)|, thus

(A.4) € — €] < Cly — glk(t).

The inclusion (A.3) follows, taking k(t) = Ck(t) and 1 = min (6/2,1/C), where C is
the constant appearing in the right-hand side of (A.4).

Step 3: abstract optimality conditions and interpretation. Applying [33, Theorem
7.5.1], we obtain the existence of p € W1(0, T; R *+1) and Ag > 0 such that:

() (7, o) # (0.0) i

(i) —p(t) € conv{g: (g, —p(t)) € Nawire (#(2), EE)}

(i) (2p(0).5(1)) € 2o VB((0). 5T & N (3(0), T,
where Gr(F(t,-)) = {(y,€) : £ € F(t,y)}. We let the reader verify that the condition
(iii) (together with Assumptions (H5)-(i) and (H5)-(ii)) implies the existence of A\; €
R™1 and Ay € R™2, Ay > 0, such that

PO T = XoDgo(g™(T)) + A Dgr (5D (T)) + AJ Dga(y™V(T)),
PR = 0,
3) (T)T Ao,

and such that (g2(7"(T)), A2) = 0. For the interpretation of the adjoint equation

(condition (ii)), we need to examine the limiting normal cone of the graph of F(t,-).
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Let y € R™™F et & € F(t,y), and let (¢,—p) € New(r(t.))(¥:€)- Let ye — ,
é-kr = §(t7y](cl)7vkr7zk) — 57 é-k: S F(tuyk:)7 (qkupk) — (qup) be such that (Qka_Pk) S
N(I;r(F(t,»))(yk7 &k). By definition of the proximal normal cone, see (A.1), (yg, &) is for
some C' > 0 (depending on k) solution of the minimization problem

3

Min (4=, 52) + f2,€9)) + Cly = il + I¢ = &f?).
ol 32 (1= 6€0)) + Ol =+l — &)
In view of the expression of the multimapping F', this holds if and only if, for some
(g, 2) € R™ X R, (yr, vk, 2) € RPT™FTL x R™ x R is solution of

Min 571 (=gl 50) + (6 aly™) + by M)
- ;

9 -
+oi o) + B, Lty ™, v) + 2) + Clly — ul? + 1€ — &),
s.t. c(y(l),v) <0 and z > 0.
Since this problem is qualified, we obtain the existence of vy € R™, v;, > 0, such that
the following stationarity and complementarity conditions hold:

e Stationarity with respect to z: pgf) > 0.
e Stationarity with respect to v:

A5) M) T + )T + oI DLy, vk) + vy Doyt o) = 0.

e Stationarity with respect to y(1:

(@) + )T (Daly?) + S, Dbl o)
—|—p§€3)Dzl~L(y,(€1), vE) + V,;'—ch(y,(cl), vg) = 0.

e Stationarity with respect to y(®: q,(f) = 0.
e Stationarity with respect to y(®: q,(f) = 0.
e Complementarity: <c(y,(€1),vk),l/k> = 0.

The inward pointing condition, Assumption (H5)-(iv), yields a uniform bound
on v (with respect to k). This allows to pass to the limit in the above relations,
using the continuity assumptions on L,a, b, and ¢ (note that f,(f) — £@ implies that
vr — v). We deduce that p® = 0 and p® = 0, thus p®(t) = 0 and p®(t) = Ao.
Since p € WH1(0, T; R**™+1) it belongs to L°°(0,T; R*™+1) Passing to the limit
in (A.5) we obtain

(A-6) oDy L(gM(1),5(t)) + (3 (1) "oV (1)) + (t) " Doy (1), (1)) = 0.

If \o # 0, o(t) = v [gM (), o P(t) + (P (¢)) Tb(™M (¢))], by Lemma 3.2. Since v[-, |
is Lipschitz continuous on bounded sets, we obtain 7 € L>(0,T;R"). Analogously,
v € L>(0,T;R™), therefore we deduce that p € W1>°(0, T; R*T™m+1),

If Ao = 0, we denote by 77(t) the components of 7(¢) whose indices belong to the
set I(g™M(t),5(t)). Skipping the time arguments, from (A.6) we deduce

-1
71 = = [Ducr @V, 0)Duer (3D, 9) ] Doz, )b ™) 5.

The matrix [Dycr (3, 0)Dyer (5, 0) 7] is uniformly invertible by (H5)-(iii). Since
g, pM € L>(0,T;R"), by (H2)-(i), (H3)-(ii) and (H3)-(iii) we deduce that v €
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L*(0,T;R™). In this case, we only have v € L2(0,T;R™), so we obtain p €

wt2(0, T; Rvm+1), d
Appendix B. Application to a gas storage problem.

B.1. Setting. Consider the case when the scalar state y(¢) represents a scaled
energy storage, with value in [0, 1] and integrator dynamics

Y(t) = v(t).

Therefore a(xz) = 0 and b(z) = 1. In addition we have limitations on the efficiency of
pumping depending on the storage level, namely

e1(7(t) < v(t) < p2(y(1)),

with ¢ and @9 decreasing and of class C* : [0,1] — R, with negative (resp. positive)
values except for ¢1(0) = p2(1) = 0, and for some a3 > 0 and ay > 0:

(B.1) —a1x < @1(2); p2(z) < az(l —a).
In particular we have the uniform bound
(B.2) Um = 1(1) < o(t) < p2(0) =: vpr,

For example, we could take o1(z) = —ajx and @pa(x) = az(l — ). Since these
constraints imply that the state remains between 0 and 1 (assuming of course that
~(0) € [0,1]), we can discard the pure state constraint y(¢) € [0, 1].

In what follows we will assume that the support of mg is a compact subset of
(0,1). Tt follows that for some ex > 0, any trajectory (v, v) satisfying the mixed state
and control constraints is such that (¢) € [ex,1—ex], for all ¢ € [0,T]. So point 3 of
Remark 2.3 applies with X = [ex, 1 — ex], taking § € (0,e£x) in the definition of X’.

The two mixed constraints are expressed in the format of this paper as

(B.3) c(z,v) =p1(z) —v;  ca(z,v) = v — a(x).

They cannot be active simultaneously, since ¢ and @2 have opposite sign, and do
not have zero value simultaneously. It follows that

0:= min [pa(z) = 1(2))]

is positive. Consequently any (z,v) such that ¢(x,v) < 0 satisfies
(B.4) c1(z,v) + ca(z,v) = p1(x) — pa(z) < =4

A classical constraint is to have a minimal storage at the end of the period, say
~(T) > %, corresponding to

(B.5) g2(x) =1 —w.

There is no equality constraint on the final state. Also, f(xz,m) = 0 and go(z,m) =
—mx, where 7 can be interpreted as a final price. For i we can take the identity,
which is not bounded but, since is applied to a set of bounded controls v, we can

redefine it as a bounded, continuous monotone operator. We can also take for instance
L(x,v) = v?/2.
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B.2. Checking hypotheses. The non obvious hypotheses are (H5)-(ii) and
(H5)-(iv). In view of Remark 2.3, it is enough to check this latter assumption for
x € X’. Assume that c1(z,v) < ca(x,v), i.e. the second constraint is “more active”
than the first one. Taking w = —§/4, by (B.4) we have ¢;(z,v) < —4/2, so that

(B.6) c1(z,v) + Dyer(z,v)w < —6/4.
Also,
(B.7) ca(x,v) + Dyca(z,v)w = ca(x,v) — §/4 < —6/4.

If co(x,v) < e1(x,v), taking w = §/4 we obtain similar estimates. Hypothesis (H5)-
(iv) follows.

We next discuss (H5)-(ii). Remember that we ignore the first condition since
there is no equality constraint for the final state. Given € = (g1, e2) with 1 > 0 and
€9 > 0, set

(B.8) k1(t) = 1(v(1) —v(t) +e1;  Ka(t) = —e1 + pa2(y(t)) — v(b).
In our setting, the third condition of (H5)-(ii), when 1 := 1/C, can be expressed as
(B.9) r1(t) + D1 (7(1)y(t) < w(t) < ra(t) + D2 (v())y(#),

with y(t) = fg w(s)ds. Observe that

(BlO) Iil(t)—é‘l SOSKQ(t)—FEl.
Let
(B.11) F(t,y) := min(kz2(t) + De2(7(1))y, €2)-

Since F'(t,y) is a Lipschitz function of y, by the Cauchy-Lipschitz theorem, the ODE
(B.12) y(t) = F(t,y(t)), t€(0,T); y(0)=0

has a unique solution y.(t), and we denote w.(t) := §.(t) = F(t,y-(t)). By the
definition of F, (y.(t), w.(t)) satisfies the second linearized mixed constraint.

LEMMA B.1. We have that:
(i) If e =0, then yo(t) =0 for all t € [0,T].
(ii) If e1 = 0 and g2 > 0, then y.(t) > 0 for all t, and is always equal to 0 iff the
second mized constraint is always active.
(i) If e1 = 0 and g2 > 0, Let to := inf{t € [0,T]; y(t) > 0}. If the second mized
constraint is not always active, then to < T, and y(t) > 0, for all t € (to,T]. In
particular y(T) > 0.
(iv) Ife1 = 0 and g2 > 0, then the first mized linearized constraint is never active.
(v) Assume that the second mized constraint is not always active. Given e > 0, small
enough, if e1 > 1 is small enough, then (ye,w.) satisfies (H5)-(ii).

Proof. (i) Let z(t) denote the zero function on [0,T]. Then, in view of (B.10):
(B.13) F(t,2(t))) = min(ka(t),e2) = min(k2(t),0) = 0.

This establishes point (i).
(ii) Since F is a nondecreasing function of €3, and y(t) is one dimensional, we deduce
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that y.(t) is a nondecreasing function of 5, and is therefore nonnegative (since yo = 0).
We have y. = z iff

(B.14) 0 = F(t,0) = min(ka(t),e2), forallt e [0,T],

that is, iff the upper bound is always active.
(iii) Observe that since k2(t) > 0, and D2 (y(t))ye(t) < 0:

(B.15)  g(t) = F(t,y(t)) = min(Dp2((t))ye(t), e2) = Dp2(7(t))ye(t) > —Cyc(?).

Let y.(t1) > 0. Tt follows that for t € [t1,T], y-(t) > e =1y (t;). Point (iii)

follows.

(iv) Since F is a Lipschitz function of (y,e€), there exists C' > 0 such that, for all
eeR2:

(B.16) max ([ye ()| + [Dpr (7(8))ye ()] + [Dp2(v(8))ye (1)]) < Colel.

t€[0,T]

Since y.(t) > 0 and D1 (y(t)) < 0, we have

(B.17) m1(8) + D1 (Y(O)ye(t) < m(t) < 1.

We distinguish two cases.
(a) If we(t) = €2 the result holds, whenever €1 < e5.
(b) If we(t) = K2(t) + Dp2(7(t))y:(t), since k2(t) — k1(t) > § — 2e1, we get

(B18) w(t) > Hl(t)+5—261—00|6|.

So, the result holds provided that

(Blg) 2e1 + C()|E| <.

(v) Fix g2 > 0 small enough. For €1 > 0 small enough, we have by a continuity
argument that the first linearized mixed constraint holds (as well as the second one

by the definition of F'(¢,y)), and that y(T") > 0. The conclusion follows. 0
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