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Stochastic convergence of regularized solutions and their finite
element approximations to
inverse source problems
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Abstract

In this work, we investigate the regularized solutions and their finite element solutions to the
inverse source problems governed by partial differential equations, and establish the stochastic
convergence and optimal finite element convergence rates of these solutions, under pointwise mea-
surement data with random noise. Unlike most existing regularization theories, the regularization
error estimates are derived without any source conditions, while the error estimates of finite ele-
ment solutions show their explicit dependence on the noise level, regularization parameter, mesh
size, and time step size, which can guide practical choices among these key parameters in real
applications. The error estimates also suggest an iterative algorithm for determining an optimal
regularization parameter. Numerical experiments are presented to demonstrate the effectiveness
of the analytical results.
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1 Introduction

This work presents a quantitative understanding of stochastic convergence of the regularized solutions
and their finite element approximations to the inverse source problems governed by partial differential
equations, under the measurement data with random noise. The inverse source problems may arise
from very different applications and modeling, e.g., diffusion or groundwater flow processes [1, 4,
6, 21, 5, 29, 30|, heat conduction or convection-diffusion processes [3, 20, 21, 33, 40], or acoustic
problems [7, 36]. Pollutant source inversion can find many applications, e.g., indoor and outdoor air
pollution, detecting and monitoring underground water pollution. Physical, chemical and biological
measures have been developed for the identification of sources and source strengths [4, 48, 49]. Due to
the important applications of ill-posed inverse source problems, stable numerical solutions have been
widely studied, both deterministically and statistically [34, 39, 38]. A popular approach for inverse
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source problems is the least-squares optimization with appropriate regularizations [3, 21, 47], which
will be also the formulation we take in this work.

Our first main result is the establishment of the optimal stochastic error estimates of the regularized
solutions in terms of the noise level, without any source conditions. This presents a brand new idea in
error estimates of approximate solutions to ill-posed inverse problems achieved by regularization, and
it is very different from the existing regularization theories and their approximation error estimates
nearly all of which were established under some source conditions. Regularization and convergence of
regularized solutions have been widely studied under various source conditions. The classical source
condition requires the existence of a small source function [15]. One source condition was proposed in
[16] for an inverse conductivity problem to relax the restrictive requirement on the smallness of the
source function in the classical convergence theory [15]. A variational source condition was proposed
in [25], and were further extended in [9, 19, 22]. It is still a hot topic how to verify the classical or
variational source conditions for most inverse problems under reasonable physical assumptions on the
forward solutions and identifying parameters. It appears that the analytical techniques in all existing
verifications of source conditions are quite different for each concrete inverse problem [11, 12, 26, 27, 32].
The current work makes a very promising first attempt to achieve the error estimates of regularized
solutions, without any source conditions, hence gets rid of the technical difficulties in convergence
analysis.

The second main contribution of this work is to derive the stochastic convergence and error esti-
mates of finite element approximations to the inverse source problems. The error estimates of finite
element solutions to inverse problems have been known to be quite challenging and still open to most
practically important inverse problems. There have been various efforts on error estimates of finite
element solutions for inverse problems, especially for inverse elliptic and parabolic equations. But most
existing studies have been carried out only for some not so frequently used mathematical formulations
of inverse problems; see [45] for a detailed review and related references therein. We are not aware of
any error estimates of finite element solutions to the frequently used least-squares formulations with
Tikhonov regularizations, especially when the observation data are treated as random variables. We
had a recent study in [28] for a modified regularization formulation for an inverse stationary source
problem, where error estimates were achieved under some negative norms, which, however, may be
rather inconvenient to realize in applications. One of our main focuses in this work is to make an
attempt to fill the gap, to provide error estimates of finite element solutions to the least-squares for-
mulations with Tikhonov regularizations, and more importantly, the observation data will be treated
fully as random variables in the entire analysis. As we shall demonstrate, the new error estimates
are not only optimal but also presents explicit dependence on the critical parameters like noise level,
regularization parameter, mesh size and time stepsize. Results of this type are highly desirable in
real applications as they can provide explicit guidance in choosing these key parameters, and are also
the major challenge and difficulty in error estimates of finite element solutions to regualarized inverse
problems.

We would like to mention a very important by-product from our convergence analysis, namely,
it suggests a deterministic iterative algorithm for finding an effective regularization parameter. The
choice of an effective regularization parameter is essential to the success of all output least-squares
minimization approaches with Tikhonov regularizations, but it has remained to be a big challenge how
to find an effective regularization parameter for most inverse problems.

Another feature of this work is that the entire analysis is carried out for a very practical scenario,
i.e., the scattered data. We shall assume the measurement data is collected pointwise, with noise,
otherwise no any additional regularity assumption is made. This is unlike analyses and results in most
existing regularization theories.

We studied in a recent work [13] the stochastic convergence of a nonconforming finite element



method for the thin plate spline smoother for observational data. The spline model for scattered data
has attracted considerable attention in the literature. The convergence rate in expectation of the error
between the solution of the spline model and the true solution was established in [42]. Under the
condition that measurement noise are sub-Gaussian random variables, the stochastic convergence of
the empirical error was obtained by the peeling argument in [43] (d = 1) and [13] (d = 2, 3). We shall
borrow some analytical tools from [13, 42] to study the stochastic convergence in expectation when
the measurement noise is random variables having bounded variance in subsection 2.1. The peeling
argument is used in subsection 2.2 to show that the empirical error has an exponential decaying
tail when the measurement noise is sub-Gaussian random variables. The discretization and its error
estimates are considered in section 2.3 both in the expectation and in the Orilicz norm for sub-
Gaussian measurement noise. The general results developed in section 2 are applied to study an
inverse nonstationary source problem in section 3. And numerical examples are presented in section 4
to demonstrate the effectiveness of our analytical results.

2 Inverse source problem

Let Q be a bounded domain in RY (d = 1,2,3), and X and Y be two real Hilbert spaces such that
Y is continuously embedded in C(f2) and compactly embedded in L?(Q). The inner product and
the norm of a Hilbert space H are denoted as (-,-)g and || - ||z, respectively; but (-,-) is used if
H = L?(Q). Throughout the paper, we shall use C, with or without subscript, to denote a generic
constant independent of the mesh size h, the time step size 7, and it may take a different value at each
occurrence.

Let S be a linear bounded operator from X to Y and f* € X be an unknown source. We are
interested in the inverse source problem of the general form:

(SIP) Given the measurement data of Sf*, recover the source f*.

There are many examples of inverse source problems of this type. Our studies will focus on
a very important physical scenario, assuming that the pointwise measurement data is collected on
a set of distributed sensors located at {x;}]; (x; # z; for ¢ # j) inside the physical domain
[3, 20, 5, 29, 35, 36, 37]. We assume that the measurements come with noise and takes the form

ml:(Sf*)(zz)+eu 1=1,2,--,m, (1)
where e = (eq,e2, -+ ,e,)T is the data noise vector, with {e;}"_, being independent and identically
distributed random variables on a probability space (X, F,P). We shall denote m = (my,ma, - ,my)7

to be the vector of scattering data. Throughout this work, we write E[A] for the expectation of a
random variable A.
We look for an approximate solution f;, of the unknown source function f* through the least-squares
regularized minimization:
1 n
in — S () —mi|* + Ml I3 2
Jr}g(lngl( D) = mil” + Al fll% (2)
where A\, > 0 is called a regularization parameter.
We shall consider that the set of discrete points {z;}7 ; are scattered but quasi-uniformly dis-
tributed in €2, i.e., there exists a constant B > 0 such that diyax/dmin < B, where dyax and dpi, are
defined by

Amax = 21618 1%1;2” |z —z;] and dpin = 1§i1;é1§§n |z; — . (3)



For any u,v € C(Q) and y € R", we define

3

u(z;)v(z;),
i=1

S|

0,000 = + S pinle), (o) =
i=1

and the semi-norm ||ul|, = (31—, u?(z;)/n)'/? for any u € C(Q).

Throughout the work, we consider two kinds of random noises {e;}? :
(R1) {e;}™, are independent random variables satisfying E[e;] = 0 and E[e?] < 0?;
(R2) {e;}_; are independent sub-Gaussian random variables with parameter o,

and provide two different techniques to analyse the stochastic convergence and a practical approach
to choose the parameter A, in each case. We study the convergence under the expectation E in the
case (R1), and establish a stronger convergence in the case (R2), where the errors have exponential
decay tails.

2.1 Stochastic convergence for noisy data of variables with bounded vari-
ance

We consider the measurement data of type (R1) in this section, and study the stochastic convergence
of the error under the expectation E.

Assumption 2.1. We assume that
(1) There exists a constant > 1 such that for allu € Y,

lullZe(e) < Clully +nPllullf), Nully < Clullteq) +n 7 llull}). (4)
(2) The first n eigenvalues, 0 < ny < ng < --- <y, of the eigenvalue problem
(1/)7U)X = 77(51/),571) Vo € X,

satisfy that n, > Ck® (k=1,2,--- ,n) for some constant C' depending only on the operator S : X — Y.
The constant « satisfies 1 < a < .

The following observation is inspired by [42], where it was shown that the solution of a thin plate
spline smoother model is attained in a finite dimensional subset.

Lemma 2.1. For a given m € R", let f be the solution to the optimization problem

1%, (5)

Fex.(SP)=m,
then f € V,,, where V, is an n-dimensional subset of X.
Proof. Let V' be a subset of X such that
V={veX:(Sv)(z;) =0,i=1,2,--- ,n}.
Define the projection operator Py : X — V,

(Py[f],v)x = (fiv)x YveV.



Choose ¢; € X such that (S¢;)(x;) = 0;j, where §;; is the Kronecker delta function. Let v; =
—Py¢;) + ¢; and V,, = span{¢1,--- , 9, }. It’s easy to check that (S;)(z;) = 6;; also holds. For any
f € X, define the interpolation operator I:

If = Z(Sf)(xim.

We can easily see that If € V,, and f — If € V, hence we derive

n

(f =11, (S (@) (b — Prled))x

i=1

(f_If,If)X

n

Z(Sf)(xi)(f —1f.¢i— Pv[gi])x =0,

=1

where we have used the fact that (v, ¢; — Py[¢;])x =0 for allv € V.
We see directly from the above equality that (If,If)x < (f, f)x, hence we have

. 2 . 2
min = min .
ey 1f11% jox o /1%

This completes the proof. O

Lemma 2.2. Assume Assumption 2.1 is fulfilled. Let V,, be defined as in Lemma 2.1, then the
etgenvalue problem
(wﬂ})X = P(S¢7SU)n Vv € Vy, (6)

has n eigenvalues p1 < pa < -+ < pp, and all the eigenfunctions form an orthogonal basis of V,
with respect to the norm ||S - ||,. Moreover, there exists a constant C > 0 independent of k such that
pr > Ck® fork=1,2,--- n.

Proof. Consider V,, = span{t;}?_; as defined in the proof of Lemma 2.1, and (Sv;)(z;) = 0;;. We
can write ¢ = > | (S)(z;)y; for any ¢ € V,,. This implies ||S - ||,, is a norm of V,,. Therefore, the
generalized eigenvalue problem (6) has n finite eigenvalues p; < pas < --- < p,, and all eigenfunctions
form an orthogonal basis of V,, with respect to the norm ||.S - ||,,.

We are now ready to give a lower bound of the eigenvalues pi. Using the min-max principle of the
Rayleigh quotient for the eigenvalues and (4), we can derive

_ min max (LWX
Pk dim(X)=k,XCV, ueX (Su,Su),
. (u7 U)X
> C a
- dim(XI)Iill?,XCvn uex (Su, Su) +n=B(u,u)x
Z (ua u)X

min max
dim(X)=k,XCL2(Q) u€X
1 1

> C
R i N

(Su, Su) +n=F(u,u)x

where we have used the fact that np > Ck® by Assumption 1. Now kEn=f <ne* B <1forallk<n
and a < . We conclude that pi, > Ck®. This completes the proof. O



Theorem 2.3. Assume Assumption 2.1 is fulfilled. Let f, € X be the unique solution of (2). Then
there exist constants N\g > 0 and C > 0 such that for any A, < Ag,

E[Sf, — SFI2] < Ol f* 1% + Co?/ (), (7)
E[llfo — F1%] < CIF* 1% + Co?/(nALT). (8)

More over if we assume the eigenfunctions {¢r}5>, of S form an orthonormal basis of X, and define
the spase Z as

Z={veX:v= kaqﬁk, with vy = (v, Pr) 12 () and Zniﬂvﬁ < 00}
k=1 k=1

Then we have the following weaker convergence result for n=" < A, :
E[lfo = £71%] < ONPIF N5 + Co? (A2, (9)
where Z' is the dual space of Z.

Proof. By deriving the necessary condition of the quadratic minimization (2), we can readily see that
the unique minimizer f,, € X satisfies the variational equation

An(frsv)x + (Sfn, SU)n = (m, Sv), Yv e X. (10)

For any v € X, we introduce the energy norm [[|v[3 := A(v,v)x + [|Svl|%. By taking v = f, — f* in
(10) along with (1), we obtain

" N e, Sv
o= Flla < AY2[f 5+ sup (50,
veL2(Q) vl .,

(11)

It remains to estimate the supremum term in (11). Using Lemma 2.1, we can rewrite this supremum
term equivalently as

ap ESE L (e52
SRR, T SR N ox + ISR

(e, Sv)z
sup - 5
veX )\n mlnueX,Su(mi):Sv(zi)(uvU)X + HSUHn
(e, Sv)a
= sup - 5
veEX )\n mlnuGVn,Su(mi):Sv(mi)(uau)X + HSU”n
(e,Sv)2
= sup 5 -
veV, AH(U7’U)X + ||SUHTL

IN

Let p1 < pg < -+- < pp, be the eigenvalues of the problem

(’(/Ja U)X = p(5¢7 Sv)n Vv € Vn> (12)

with the corresponding eigenfunctions {y}7_,, which is an orthonormal basis of V;, under the inner
product (S+,S"),. Thus (SvYx, S11)n = 0 and consequently, (Vi, V1) x = prlrs, k, 1 =1,2,--- n.



Now for any v € V,, we have the expansion v(z) = >.}_, vitpp(z), where vy = (Sv, S¢y), for
k=1,2,---,n. Thus [[0][} = > ;_;(Aupr + 1)v;. By the Cauchy-Schwarz inequality we can readily
get

(6, S’U)i = %Z €; kawk xz - %ZU Z zz/}k (L‘z)
=1 k=1 k=1 =1
< %Z (1 + Anpr) v Z AnpPk) 1(Zei(5’wk)(xi))2.
k=1 k=1 =1

This, along with the fact that [|Syy|l,, = 1, implies

]E{ sup (6,51;)%} < - Z 14 Apr)” 1]E(

vt T, 2 :

< o*n! Z(l + X))t
k=1

(Son))

M:

1

In the last inequality, we use the fact that the random variables {e;}? ; are independent and identically
distributed, i.e. Ele;e;] = d;;.
Now by Assumption 2.1 we readily derive

(€7SU)2 o2n~1 - 1 o’
E[supi’l < 14+ Xk < OC—Fr.
veEX |||U|||§\n kzl n)wlz/a

This completes the proof by using (11).

Furthermore, if the eigenfunctions {¢x}72, of S form an orthonormal basis of X, i.e. (¢x, ¢1) = Oni,
then (Sor, Sdr) = n;, 1641, For any 11 € X, we have the expansmn v = pr vpdr with v = (v, ¢).
Obviously, ||SUHL2(Q S tof and ||’UHX = > p2, vi. By definition of dual space and ||g||% =

1/2
S

oo
v, —1 9k Vk
H’U”Z’ _ Sup ‘( g)X' _ Sup |Zk 1 |
oz9ez l9lx  ozgez  lgllx
—1/2 1/2
< (Zk 1 Mk / 2)1/2(Zk 17 k/ 91%)1/2
- llgllx
o0
_ Z -1/2 21/2
< = —1,2\1/4 = 2)1/4 _ |1 Gy |12 1/2
< Qo m o) O v = 118l g 0l
k=1 k=1

Take v to be f* — f, in the above inequality, we derive that,
15 = FallZr < NSF* = Stalle@ Il F* = fallx-

From Assumption 2.1 (1), ||Sf* — anH%2(Q) < |ISF* — Sfall2 +n 7B f* — ful%, along with (7) and
(8), we finally have,

Elfu = /113 < COA AT 02 (N2 I + 02/ (A2 )

With n=% < )\, we prove the weaker convergence (9). O



2.2 Stochastic convergence for noisy data being sub-gaussian random vari-
ables

We consider in this section the case (R2) for the data (1), that is,
L 9y2
E[exp()\(ei - E[el]))} < exp(aa A ) VAeR, (13)

and study the stochastic convergence of the error |Sf* — S fy, ||

We first give a brief introduction of sub-Gaussian random variables and the theory of empirical
processes that will be used in our subsequent analysis; see [13, 44, 43] for more details. The probability
distribution function of a sub-Gaussian random variable Z has an exponentially decaying tail, that is,

2

P(|Z —E[Z]] > 2) < 26Xp<—;7) Ve > 0. (14)

We shall also use the Orlicz norm. For a monotonically increasing convex function v satisfying
¥(0) = 0, the Orilicz norm || Z||,, of a random variable Z is defined as

||Z||¢:inf{C>O:E[w(%|ﬂ < 1}. (15)

For most of our analyses, we will use the Orlicz norm || Z||y,, with ¢9(t) = e’ =1 for t > 0. Through
some calculations, we have the estimate (see, e.g., [13, (4.5)])

2

z
P(|Z| > 2) < 26Xp< - W) V> 0. (16)
P2

Consider a semi-metric space T with a semi-metric d and the random process {Z; : t € T} indexed
by T. The random process {Z; : t € T} is called sub-Gaussian if

2

P(1Zs — Zi| > 2) < 2€XP( T 2d(s,0)?

) Vs, t €T, z>0. (17)

For a semi-metric space (T,d) and £ > 0, the covering number N(e, T,d) is the minimum number
of e-balls that cover T; and log N(g, T, d) is called the covering entropy that is a crucial quantity to
characterize the complexity of spce T. We assume

Assumption 2.2. For a unit ball SY in'Y and any € > 0, there exists a constant v < 2 such that the
covering entropy is controlled by

log N (g, Y, || - [ oo () < Ce™7.

Important estimates of the covering entropy for Sobolev spaces can be found in [8]. We shall often
need the following maximal inequality [44, Section 2.2.1].

Lemma 2.4. If {Z; : t € T} is a separable sub-Gaussian random process, then it holds for some

constant K > 0 that
diam T c
| sup |Zy — Zelllw, < K/ 1/1ogN(f,T,d) de .
s,teT 0 2

The useful results in the following two lemmas can be found in [13].



Lemma 2.5. {E,(f) := (e,5f)n : f € X} is a sub-Gaussian random process with respect to the
semi-distance d(f,v) = on=Y2||Sf — Sv||,, for any f,v € X.

Lemma 2.6. Let C; > 0 and K; > 0 be two constants, and Z be any random variable satisfying

2
P(\Z|>a(1+z))§0wxp(—%) Va>0, z>1,
1

then there exists a constant C(C1, K1) > 0 depending on C1 and K; such that
[Z]ly, < C(C1, K1) v

Theorem 2.7. Assume Assumption 2.2 is fulfilled. Let po = ||f*||x +on~'/2, and f, € X be the
solution of the minimization (2). If we take A2 O(on=12p5h), then there exists a constant
C > 0 such that

2

P(|[S fn — Sf* |l = AY2p02) <2792 and  P(|fullx > poz) < 2¢7C%.

More over, with the same assumptions and notations in Theorem 2.3, we have,

2

Pl fo = f*llzr = A/ po2) < 267 (18)
Proof. By using the estimate (16), it suffices to prove
1S fn = Sf*llnlles < CAY?po and ||| fallx|les < Cpo- (19)

Because of similarity, we will prove only the first estimate in (19) by the peeling argument. It follows
from (2) that
1S fn = SF I + Al fallk < 2(e, Sfa = SF)n + Xall FII%- (20)

Let § > 0, p > 0 be two constants to be determined later, and we set for 7,5 > 1,
Ag=1[0,6), A;=[2"16,2"5), Bo=1[0,p), Bj=][2"""p,27p). (21)
For i,j > 0, we further define
Fj={ve X: [[Svln € Ai, |vllx € Bj},

then we can readily see

oo

P([Sfn = Sflln>0) <D D P(fa— f* € Fyj). (22)

i=1 j=0
Now we estimate P(f, — f* € F;;) for each pair {i,j}. By Lemma 2.5, we know {(e, Sv), : v € X} is

a sub-Gaussian random process with respect to the semi-distance d(f,v). With this semi-distance, it
is easy to see that diam(F;;) < 20mn~1/2 .25, then we can deduce by using Lemma 2.4 that

on~1/2.9it1s -
< K/ \/IOgN(,Fij,CO de
f—freFy 0 2

| sup [(e,Sf =S )nlllys
on—1/2.9i+1s
€
= K/O \/logN(Wan‘j,HS‘M) de.

A




By Assumption 2.2, we have the estimate for the covering entropy

3
0g N (575 Fiys IS+ ) < log N(5——75. Fig, 1S - | ()
—1/2

)

20m “29p
= g Ny S(Fy). | - @) < O (F——=E)
where we have used the fact that S(F;;) is included in the ball in Y of radius C(27p) since S: X =Y

is a bounded operator. Using this, we can further derive

—-1/2 gitlg

2 —1/2.2j /2
| s l(eSf- 8l < K[ ) e
f—f*€Fy; y
_ oan—l/%zﬂp)*/?@'6>1—”/2~ (23)

Then by using the estimates (20) and (16), we have for 4,5 > 1,

P(fo— f* € Fy) < P(220706% 42,2207 < 2 swp (e f = Il + )
—frer;
= IP’<2 sup (e, Sf — Sf*)n| > 220762 4 ),220-1p2 )\npg)
f—fr€Fi;
2(i—1) §2 25-1) 2 _ \ 2.2
< 2exp{— 1 (2 5.+)\n2 p )\npo) }
Co?n—1 (216)1=7/2(24 p)7/2

1.7
Now for z > 1, we take 6% = X\, p2(1 + 2)%, p = po, then with the choice that AZTE = O(on='2p5h)
and direct computing, we readily obtain for i, 7 > 1 that

220=D2(1 + 2) + 220_1))2}

B(fu — " € Fy) < 2exp | = O (2i(1+ 2))1-7/2(20)0/2

(24)

To simplify the above estimate, we use Young’s inequality that ab < aP/p + b%/q for any a,b > 0
and p,q > 1 such that p~! + ¢~ = 1 to obtain
(21(1+ 2))'772(29)7/2 < C((1 + 2)2° + 27).
Therefore we get from (24) for ¢,5 > 1 that
P(f, — f* € Fyj) < 2exp [-C(2%2* + 2%)] .
Similarly, one can show for ¢ > 1,j = 0 that
P(f, — f* € Fy) < 2exp [-C(2%2%)].
Collecting the above estimates for all 4, 7 > 0 and using the facts that
Zexp C(2¥)) <exp(-C) <1 and iexp(—C@Qizz)) < exp(—C2?),
i=1
we come to the conclusion that

SN P(fa—freF;) <2) ) exp(—C(2%22 +2%)) + 2 exp(—C(2%2?)).

i=1 j=0 i=1 j=1 i=1

10



The above estimate can be further bounded by 4exp(—C2?). Using this, we get from (22) that
P(Hsfn - Sf*”n > )‘31/2/)0(1 + Z)) < 4exp(—C’z2) Vz > L. (25)

This, along with Lemma 2.6, implies that ||||Sfn, — Sf*||lnlly, < C A/ po, which is the first estimate

n (19). The second estimate is similar to the first one by taking ¢ > 0 and j > 1 in the summation
above (25). Using the very same technique in Theorem 2.3, one could directly get (18). O
2.3 Convergence of the discrete solutions

In this section we consider the approximation to the optimal control problem (2), i.e.,
min [|Sf — mls + Al 1%

We can directly verify that the solution f,, € X satisfies the weak formulation
A(fr,0)x + (Sfn, Sv)n = (M, Sv), YveX. (26)

Let V, € X and Y}, C Y be two discrete function spaces (e.g., finite element spaces) with dimensions
Ny and My respectively, and S, : X — Y, C Y be the discrete approximation of the operator
S : X — Y. We make the following standard assumptions on the discretization space V}, and the
approximation operator Sj,.

Assumption 2.3. For the discrete operator S, : X — Y, CY,
(1) there exists an error estimate e(h) such that the discrete operator Sy satisfies

ISf = Sufllz < CeMIfIx VFeX.
(2) For any f € X, there exists v, € V}, such that
Mallf = vnll% + I1Shf = Swvnlls < OO + e(W) I fI%-
We can now look for the discrete solution to the problem (2):

in 1S5 i, — m|? + A 2
Juin [Spfo = mil7 + Al full

Obviously, fj satisfies the weak formulation:

Mn(frrvn)x + (Sufn, Shon)n = (m, Spon)n  Yop € V. (27)

2.3.1 Convergence for noisy data from random variables with bounded variance

We study in this section the expectational convergence of the discrete solution to (27) in the case (R1)
for the data (1), with the main results stated below.

Theorem 2.8. Assume Assumption 2.1 and 2.3 are fulfilled. Let fr, € Vi, be the solution of (27).
Then there exist constants Ag > 0 and C' > 0 such that for any A\, < Ao,

" " e(h Npe(h o?
BIISF = SkAlE) < COw+ eI +C[ue G2+ D4R o)
n n NAn
. An+e(h), .. e(h Nye(h o?
Bl -5l < ool P 0] T )
n n n NAn
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More over, with the same assumption and notations in Theorem 2.3, we have,

* >‘ +6 *
B = ful3] < COL2 4+ et/ 2ty e
1/2 (h) Npe(h) o?
+OOY2 4 el 2(h)) [1 T /a} i (30)
In particular, if e(h) < C\, and Npe(h) < Ca Y we have
E[ISf* = Snfulln] < CAall 1% + Co®/(nA)/®), (31)
E[llf* = fulk] < CIF* N5 + Co?/(nAy ), (32)
B[[If* = fallZ] < ONIF % + Co?/(nay/2 1), (33)

Proof. For any f,v € X, we denote ay(f,v) = A (f,v)x + (Shf, Spv), and | f]|?
wp, € Vi, by taking v = wy, in (26) and vy, = wy, in (27), we readily obtain

an(fn —vn,wn) = an(fu —vn,wn) + ((S = Sk) frs Shwn)n + (Sf* = S fu, (Sh — S)wn)n
+  (e,(Sh = S)wi)n := ap(fr — vn,wr) + F(wy)  Yop,wp, € Vi,

an = an(f, f). For any

By the triangle inequality, we can further derive

. F(w
1= llan < € i = wnlly +C sup 1EC, (39

wrEVy wh‘ anp

But from Assumption 2.3 (1), we have

|((S = Sh) fr, Snwn)nl

sup < IS fn — Snfalln < Ce(m)? fullx, (35)
wpE€Vh ||wh||ah
Sf*—-8 ny Sp— S clh i
sup 1S = S (Sn = SYwndnl _ cyge _ gp - (1)/2 (36)
wp €V ||wh||ah >\

Now we estimate E(sup,,, cy; |(€, Swn — Shwp)n|?/|lwsllZ,). Let {dzk}gil be the orthogonal ba-
sis of V;, (with Nj, = dim(V4)) such that (¢;,7;) = 0;;. Then for any w;, € Vi, we have w), =

Zjv ‘(wh, )15, and ||wh||L2 @ = Z;\Zl (wn, )%, Applying the Cauchy-Schwarz inequality,

Np, Np, n
(e,(5 = SiJun)? < %Zwm Z( (5 = S50

Ny, n

- 2||wh||mz(zezs S ()
=1

we derive
Nh n
|(e, Swy, — Shwh)n|2 1 2
E( su < E ei(S—S i(x; 37
(w0 == )AW; (Z_j (5~ S5 (37)
Nh

ZJQHS Su)sll < C—Nhe(h)
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This completes the desired estimates by substituting (35), (36), (37) into (34) and using Assumption
2.3(2) and Theorem 2.3.
With same notations in Theorem 2.3 and apply the estimate therein, we have that

If* = full% 1Sf* = Stullez@llf* = fullx
C (IS = Stulln +n P = fallx) IF* = fallx
< C(ISF* = Sntulln + 1Sufu — Stulln + 07 P1Lf* = fullx) 1 £ = fallx-

<
<

Apply the estimates (28), (29) and assumption 2.3 (1) to the above inequality, we finally have (30). O

2.3.2 Convergence for noisy data being sub-gaussian random variables

We consider in this subsection the convergence of the discrete solution in the case (R2) for the data
(1). We start by recalling the following lemma in [43, Corollary 2.6] about the estimation of the
covering entropy of finite dimensional subsets.

Lemma 2.9. Let G be a finite dimensional subspace of X of dimension Ng >0 and Ggr = {f € G :
| fllx < R}. Then it holds that

N(e,Gr,| - |lx) < (1 +4R/e)Ne Ve > 0.

Lemma 2.10. Assume Assumption 2.3 is fulfilled. Let Gp, := {wp, € Vi, : ||wplla, < 1}. Assume that
e(h) < O\, and Nye(h) < CAw~"2. Then it holds that

| sup |(e, Swy — Spwp)n| ||y, < Con_1/2)\;7/4.
wp€GH

Proof. By Lemma 2.5 we know that {En(vh) = (e, Swp—Spwp)pn Ywy, € G} is a sub-Gaussian random
process with respect to the semi-distance d(vy,wp) = on=12||(Svy, — Shvn) — (Swp — Spwy)||n. By
Assumption 2.3 and the condition that e(h) < C\,,, we derive for any wy, € G}, that ||Swy, — Spwp]|n <
Ce2(h)||lwnllx < C61/2(h))\;1/2 < C. This implies that the diameter of G}, is bounded by Con~1/2.
Now we deduce by the maximal inequality in Lemma 2.4,

Con~1/?
£ ~
|| sup |(e, Swp — Spwp)n| |y, < K/ \/logN <§,Gh,d) de. (38)
0

whrEGH

By Assumption 2.3, we know
d(vp, wy) < Con™Y2e2(h)|joy, — wh|lx Yon, wn € Vi

Thus we can see
€

£ ~
log N (§7Gh,d) =log N (Cmmel/?(h)7Gh’ || : X) . (39)

Now we estimate the covering entropy of Gj,. First, we have |Jwp|x < )\;1/2 for any wy, € Gp,. Noting
the dimension N, of V},, we obtain by Lemma 2.9 and (39) that

log N (g Gh,a) < ONW(1 4+ on~ Y22 ()A-1/2 /).
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Inserting this estimate in (38),

Con~1/2
c/ \/CNh(l +on—1/2e1/2(h)A\; 2 ) de
0

I sup [(e;0n — Tpvn)nl ly, <
v €Gh
< COv/Nuyon= 2 2(n)N; 12,
This completes the proof using the condition that Npe(h) < OS2, O

The following theorem presents the main results of this section.

Theorem 2.11. Assume Assumption 2.2 and 2.8 are fulfilled. Let fr, € Vi, be the solution of (27).
Denote by po = ||f*||x + on~Y2. If we take e(h) < C\,, Npe(h) < CATY? and AP =
O((ﬂfl/ngl), then there exists a constant C > 0 such that for any z > 0,

P(ISnfn = Sflln = M/ 2poz) < 27 and B(l|fallx = poz) < 2¢7C%.
More over, with the same assumption and notations in Theorem 2.3, we have,
2
P(lfn = f*llze = X/ poz) < 2797 (40)

Proof. We first derive from (34) that

. | (wn)]
M fn = fallanllv, < C1 inf lfn = vallaylly, + Cll_sup [

wp €V ||wh||ah

But we know sup,, cv, |F(wn)|/||walla) = Supy, eq, |F(wn)| from the proof of Theorem 2.8, hence it
suffices to estimate | sup,, cq, (€, Swn — Spwn)n||ly,. Then the desired estimates follow readily from

(19), Lemma 2.10, the assumption that on~='/2 = O()\%/H'Y/Alpo) and (16).
The proof of (40) is similar to (30), this completes the proof. O

3 An inverse nonstationary source problem

In this section, we apply the theory developed in the previous section?2 to study the regularized
solutions to an inverse nonstationary source problem associated with the heat conduction system

41
u(z,t) =0 on I x (0,T), u(x,0)=0 inQ, (41)

{ut + Lu=F(z,t) inQx(0,7T),
where L is a second order elliptic operator of the form Lu = —V - (a(x)Vu) + c¢(z)u, and Q C R?
(d = 1,2,3) is a bounded domain with C? boundary or a convex polyhedral domain. We assume
a € CYQ), c € C(Q) with ¢(x) > 0in , and that the source is of the separable form F(xz,t) = f(z)g(t)
for (z,t) € Q x (0,T), where the temporal component g € H'(0,T) is known and satisfies that
g(t) >0 VYt e (0,T), while f(z) is unknown to be recovered.
For the subsequent analysis, we first recall some standard results for parabolic equations (cf., e.g.,
[17, §7.1]). For F € H'(0,T; L*(Q)), we know the solution u to (41) satisfies d;u € C([0,T]; L*(Q)) N
L2(0,T; H}()) and the a priori estimate

9culleo, 2y < CIEF | ao0.122) < Clfllz2(o)-
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It follows then from the equation (41) and the regularity theory of elliptic equations that u €
C([0,T]; H*(Q)) and there exists a constant C' such that

lullcqo,r:m2@)) < Cllfll2@)- (42)

Let X = L?(Q2), Y = H?(Q), and the forward operator S : X — Y be defined by Sf = u(-,T). By
(42) we know that S : X — Y is a bounded operator

1Sf 2y < Clifllz@) VfeL*(9).

We are mainly interested in the following inverse nonstationary source problem:

(TIP) Given the measurement data of u(-,t) at the terminal ¢ = T, recover the spatial source distri-
bution f*(z) in the entire domain €.

We focus on an important physical scenario, i.e., measurement data is collected pointwise on a set
of distributed sensors located at {x;}? ; inside the domain  [3, 20, 5, 29, 35, 36, 37]. Again, we
assume the data is of the noisy form (1), where {z;}}_; is quasi-uniformly distributed in the sense of

(3)-
We then look for an approximate solution of the true source f* through the following least-squares
regularized minimization:

. . 2 N 2 4
min |7 —ml% + M7k (43)

3.1 Stochastic convergence for the inverse heat source problem

In this subsection we apply the results in section 2 to study the stochastic convergence of the solution
of the problem (43) to the exact source f*. We first recall an important property about the eigenvalue
distribution for the elliptic operator L [2, 18].

Lemma 3.1. Suppose Q is a bounded domain in R? and a,c € C°(Q), ¢ > 0, then the eigenvalue
problem

Lp = pyp with Yoo =0 (44)

has a countable set of positive eigenvalues 1 < po < ---, with its corresponding eigenfunctions
{¢r}32, forming an orthogonal basis of L*(Q2). Moreover, there exist constants C1,Cs > 0 such that
Cr k4 < g, < Cok/? for allk =1,2,--- .

With Lemma 3.1, we can derive the important spectral property of operator S.
Theorem 3.2. Let g € H'(0,T) and g > 0. Then the eigenvalue problem
(6, 0) = p(Sp, Sv) Vv e X (45)

has a countable set of positive eigenvalues 0 < p1 < pa < ---. Moreover, there exists a constant C > 0
such that py, > Ck*¢ for allk =1,2,---.

Proof. We first consider the eigenvalue problem
Y =nS5Y. (46)

Let {¢x }22, be eigenfunctions of the problem (44) which forms an orthogonal basis of L?(). We write
f=>rey fudr for a set of coefficients f. Let u =Y p- | uk(t)¢r be the solution of the problem (41).
Plugging these two expressions of f and u into the first equation of (41), we get by noting the fact
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that Loy = pror and comparing the coefficients of ¢ on both sides of the equation that ug(0) = 0
and

up(t) + prur = frg(t) in (0,7).
We can write the solution as uy(T) = ay, fi, with o = e 7T fOT e %g(s)ds. Since g > 0in (0,7, we

know a; > az > -+ > 0. Moreover, we can easily see that |ax| < Cuy'. Noting that Sf = u(-,T) =
Y ey uk(T) Pk, we can formally write

S(i fk¢k) = iakfk%.
k=1 k=1

Since {¢y}72, is an orthogonal basis of L?(f2), we can readily see that the eigenvalue problem (46)
has a countable set of positive eigenvalues {n; = a; '}3°,, with {4}, being their corresponding
eigenfunctions. By Lemma 3.1, we have n; = oz,;l > Cuy > C1k%/®. Therefore, the eigenvalue problem
(45) has a countable set of eigenvalues {p;}3%, that satisfies p,, = n? > Ck*?. This completes the
proof. O

Next, we will certify that the abstract function space Z in Theorem 2.3 is actually a subspace of
H'(Q) for the inverse problem discussed in this section. So that the weaker convergence of the inverse
problem corresponding to this section is H~! convergence under a certain assumption in the following
Lemma.

Lemma 3.3. With the same notations in Lemma 3.1 and Theorem 3.2. Then abstract function space

Z={vel*Q): v= kaqbl“ v = (v, dr)12() and Zp,i/zvi < oo}
k=1 k=1

is actually a subspace of the Sobolev space H'(Q), so the dual space H=*(Q)) C Z'. Moreover, if
the eigenvalues py, of (45) satisfy that p, = O(kY%) for all k = 1,2,---, then Z = H'(Q) and
Z'=H"1(Q).

Proof. Since the eigenfunctions {¢y}72, forms an orthogonal basis of L?(2), then for any v € L*(12)
can be expanded as

oo
v = vaﬁk with vy = (v, ox) L2(q)-
k=1
From the definition of {¢;}7°, in (44), integrating by part, we have
a(br, q) = p(dr, q), ¥ g € H'(Q),

where a(p, q) = (ap, ¢)+ (¢cp, ¢). From the ellipticity of the operator L and take ¢ = ¢;, we could derive
that

¢kl @) = OUloklL2(0): (Dk, &5) 1 (0) = Ok;-
With the expansion v =Y p- | Vk@r,

1/2
[0l ) = O(Z prvi) < CZpk/ v7,
k=1 k=1
this will give [|v|| g1(q) < Clv||z.

Moreover, if the eigenvalues py satisfy that py = O(k*/9), i.e. pr = O(u?), we could derive from
the above estimate that [|v[| 1) = O(||v]|z). That is to say Z = H'(Q2) and 2’ = H~'(1). O
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Remark: In the general case, we could only conclude the eigenvalues satisfy pr > Ck*¢ from
Theorem 3.2. But from the Lemma above, if we expect the space Z = H'(Q), we need a upper bound,
ie. pp < C1k*?. This is actually not a strict condition, for example, we could just assume the right
hand side g(x) > gmin > 0 in Theorem 3.2. With the same notations in proof of Theorem 3.2, one
could get

T

T
ol = |67’“T/ et*g(s)ds| > gmmle*’“T/ el ds|
0 0
1 — e_HiT 1

Here one could take Ty such that e 170 = %, then for T > Ty, u;(T) = 1 — e #iT > % This will
readily give p, = O(k*/9). Hence Z = H'(R2) and Z' = H~(Q) as conclusion of Theorem 3.2. In the
following section, we will always assume py = O(k*/?), i.e. Z = H'(Q) and Z’ = H~'(Q).

Verification of Assumptions 2.1 and 2.2. We first know Assumption 2.1(1) holds with § = 4/d
from [42, Theorems 3.3-3.4]. This, along with Theorem 3.2, verifies Assumption 2.1(2) with « = § =
4/d. Assumption 2.2 (with v = d/2) is a consequence of the following important estimate about the
covering entropy [8].

Lemma 3.4. Let Q be the unit cube in R and SW*P(Q) be the unit sphere of space W*P(Q) for
s> 0 and p > 1. Then it holds for sufficient small € > 0 that

IOgN(gaSWS,p(Q)a H ' ||L‘7(Q)) < C‘g_d/sa
where 1 < g < 0o for sp>d, and 1 < q < ¢* with ¢* = p(1 — sp/d)~! for sp < d.

Under Assumptions 2.1 and 2.2, the following two main results are direct consequences of Theorems
2.3 and 2.7, respectively, for the noisy data of type (R1) (random variables with bounded variance)
and the noisy data of type (R2) (sub-Gaussian random variables).

Theorem 3.5. For the minimizer f, € L*(Q) to the problem (43), there exist constants \g > 0 and
C > 0 such that the following estimates hold for any A, < Ag:

E[|Sfa = SFIZ] < COlf I3a) + Co?/ (i),
E[llfalZ2)] < Clf I3 + Co®/(nALF4),

Moreover, if the eigenvalues py, of (45) satisfy that pr, = O(k*/?), then
E[lfo = £ I5-1e)] < ON1S T2 + Co®/ (A *H44).

Theorem 3.6. Let f, € L*(2) be the solution of (43) and po = ||f*|z2() + on~ 2. If we take A,
such that )\,1/2+d/8 = O(an_1/2pal), then the following estimates hold for some constant C' > 0:
2 2
P(ISfn = Sf*ln = A/2p0z) < 2e79%, P fallz2i) = poz) < 279
Moreover, if the eigenvalues py, of (45) satisfy that pr, = O(k*'?), then

2
P(|[ fn — f*ll2) = A *poz) < 2e79%.
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3.2 Finite element method for the inverse heat source problem

In this section we consider a finite element approximation to the optimal control problem (43) asso-
ciated with the inverse heat source problem (TIP). For convenience, we assume € is a polygonal or
polyhedral domain in R? (d = 2,3). Let M, be a family of shape-regular and quasi-uniform finite
element meshes over the domain €2, and V}, C H{(2) be the conforming linear finite element space
over the mesh Mj,. We divide the time interval (0,7) into a uniform grid with time step size 7 = T/N
and write t! = i1 for s =0,1,..., N.

We will use the backward Euler scheme in time and the linear finite element method in space to
approximate the heat conduction problem (41): Find u}, € Vj,, i =1,2,---, N, such that

i—1

(= ) + afuf on) = (fg'sen)  Von € Vi, (47)

where a(v,w) = (aVv, Vw) + (cv,w) for any v,w € Hg(2). We approximate the forward solution S f
by Sr.nf =ud. The inverse problem (43) can be approximated by the following least-squares problem

in ||Srnf —ml2 + Ml fll2200 - 48
;relgill af =ml + Al fllz2 ) (48)

We shall make use of the results in section 3.1 to study the stochastic convergence of the solution f;
of the problem (48) to the true solution f* € L*(Q).

Verification of Assumption 2.3. Let P, : L?(Q) — V} be the orthogonal projection operator in
the L? inner product. For any f € X = L?(Q), we know from (47) that S, 5, f = S; 1 (Pnf). Therefore,
Assumption 2.3 (2) is trivially satisfied. It remains to check Assumption 2.3 (1), which amounts to
derive the error estimate of the fully discrete method (47). The classical theory for the implicit
Euler scheme in time and finite element method in space for solving parabolic equations requires the
regularity O,u € L(0,T; L*(€2)) of the solution of the problem (41) (see e.g., [41, Chapter 1]). This
regularity requires the compatibility condition F'(z,0) = f(x)g(0) = 0 on 99, which may not be
convenient to meet in practice. Instead, we will derive an error estimate in the remaining part of this
section, without this compatibility condition, by adapting some arguments in [41, Chapter 3] for the
error estimates of finite element solutions to parabolic equations with rough initial data.

We start with the weak W21(0,T; L?(Q2)) regularity for the solution to (41).

Lemma 3.7. Let F(x,t) = f(x)g(t) for (z,t) € Q x (0,T), with g € H?>(0,T). Then there exists a
generic constant C such that the solution u to (41) satisfies

T
l0ulleqoziz iy < CIFC 0|z +C / 10 F | 2oy dt,

T
[t0uullco.11:L2)) < CIF(0)|[L2(0) + C/ (10eF Nl L2 + 0w F | L2(y)dt -
0

Proof. The proof follows from the standard energy argument, so only an outline is given here. We
differentiate the first equation in (41) in time to see that v(z,t) = O,u satisfies the conditions that
v=00n 9N x (0,T) and v(z,0) = F(z,0) in 2, and

O+ Lv = 0 F(z,t) in Qx(0,T). (49)

Then the first estimate in the lemma follows by multiplying both sides of equation (49) by v and
integrating by parts.
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Next we multiply both sides of (49) by tdv, then integrate by parts and apply the first estimate
in the lemma to get

t T 2 T
/0 t0rvl|Z2(qydt < CIIF(,0)[Z2(q) + C(/o ||atF||L2(Q)dt) + C/o toF|72(qydt.  (50)
Finally, we differentiate the equation (49) in time to get
3”1) + L(@tv) = 8ttF(:c, t) in Q x (O, T)

By multiplying both sides of the equation by t?0;v, integrating by parts again and applying (50), we
obtain

T
0wl < CIFC.Ollae) + € [ (10F 1w + el0uFlacoy i
0

T 1/2
+ c(/o 07 3 eydt)

which implies the second estimate of the lemma by noticing that

T T
/ t||8tF||%2(Q)dt S sup HtatF||L2(Q) . / ||8tF||L2(Q)dt
0 te(0,T) 0
t T
= sup / 0s(50sF(s))ds / |0:F || 2 (qydt
t€(0,T) 0 L2(Q) 0
T T
< / (10F 2y + 100 F | o(en) dt - / 10,F | 2 .
0 0
This completes the proof. O

Lemma 3.8. Let u, € HY(0,T;V},) be the following semi-discrete finite element solution of the problem
(41):
(Orun, vn) + a(un,vp) = (Fyvy) VYo, € Vi, ace. in (0,T). (51)

Then there exists a constant C independent of the mesh size h such that

[ = unlleo.ry:L2()) < Ch? tgg§](||5tu||L2(Q) + [[t0null2@) + [ FllL2(0) + [t0:F | 12()),

where h = maxgen hg and hi is the diameter of the element K € M.

Proof. We follow the argument in [41, Chapter 3]. Define G : L?(Q) — H}(Q) and G}, : L*(Q) — Vj,
such that for any w € L*(Q), Gw € H(Q), Grw € V}, sastify

a(Gw,v) = (w,v) Yv € H}(Q); a(Grw,vy) = (w,vs) Yo, € Vi,
The equations (41) and (51) can be reformulated as
0 (Gu) +u=GF, 3(Grup)+up =GF.
Writing e = u — uy,, then we know e satisfies

Gp(Oe) +e=p ae in (0,7), (Gre)(-,0)=0 in Q,
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where p = (G, — G)(Owu) + (G — Gp,)F. By the argument in the proof of Lemma 3.7 we can obtain
(see [41, Lemma 3.4]) that

s lellza(@) < € mas (1p(8) 2@ + [190(8) 2(o)

This completes the proof by noting that ||Gw — Grwl|12(0) < Ch?||wl|r2(q) Yw € L*(2), which follows
by the Aubin-Nitsche argument since the domain €2 is convex. O

The following lemma for the error estimate of the fully discrete finite element method was not
covered by the general results in [41, Chaper 8] since we do not have the condition that F(z,0) = 0
on 9 here, which was critical in [41].

Lemma 3.9. Let up € H*(0,T;V},) be the solution of the problem (51) and u}, € Vj,i=1,2,--- , N,
be the solution of the problem (47). Then there exists a constant C independent of h,T such that

max flun(ts) =il < CT(L+ W N)(IFleqorizz@) + 19F oo,z y)-

Proof. Let {/\ 1 be the eigenvalues of the eigenvalue problem

a(én,vn) = XMn,vp) Yo € Vi,

and {¢; 11, be the corresponding eigenfunctions which form an orthonormal basis of V}, in the L*(Q)
norm. By the Poincaré inequality, we know that A\; > C, j = 1,2,--- , M, for some constant C'
independent of the mesh size h.

We write up(x,t) = 3200 u;(t)p;(z) and F(z,t) = Y10, Fi(t)é;(x), where u;(t) = (un(-t), ¢;)
and F;(t) = (F(-,t), ¢;). Then it follows from (51) that
ui(t) + \ju; = Fj(t)  ae. in (0,7),

whose solution can be written as
ui(t') = / N (s)ds = / e MU (t — t)d. (52)
0 0

Similarly, we write u} = ZJ 1 Ulqu, where Ul = (ul,¢;),i=1,2,--- N,j=1,2,--- M. From (47)
we know that

1 i— 7 % % . .
T(U U+ NU) = F) o= F(t), i=1,2,--- ,N,j =1,2,--- | M.

This implies that U} = r()\j)U;;l + 7r(\7)F), where r(t) = (14t)~! Vi > 0, hence

=Y rr(\r)FETE (53)
k=1
For any j =1,---, M, we distinguish two cases. If \;7 > 1, we know from (52) that

t )
u; ()] < HFJ‘HC[O,T]/O e Mt = A7 (1 — e M) | Fillcpo.ry < Tl Fllepo.ry-
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On the other hand, we obtain from (53) that

|U;| s (22_k)7||Fj||C[O,T] < 27(|Fjllopo,1)-
k=1

Therefore, we derive for A\;7 > 1 that

[u5(#") = Uj| < Crl| Fllego.ry-

Now we consider the case when A\;j7 < 1. By (52) we have

us(t) = Z/t
>

i e
—,\ t t) _ F(tz _ tk—l))dt + Z/ e_AjtF;7k+1dt

e NUE (T —t) — F(t — t*1))dt i M1
)_ ( - )) +;T /\jT e

which, together with (53), yields

w(t') —=U; =

' eNT 1 s k\ ikl
ZT ()\-76_ IT — (A7) ) F;

k=1

+ Z/tk 1 e N F(tt —t) — F(t' —t*71))dt ==

Recalling the following elementary estimate in [41, (7.22)],

|67kt o

rt)*| <Ck™' Vt>0,Vk=1,2,---,

—kA; T pri—k+1
J

I+1IL

and using the fact that (t7(ef — 1) — 1)/(1 — e~*) is bounded for 0 < t < 1, we obtain

< ZZ:T

k=1
< Crt
< C@

eNT—1 N e —kNT oy K
1)e + (e (A 7)7)
)\jT

N — 1 1 :
c ) — gt

+ i) 7| Fllcjo,1y -

The term II can be bounded by the standard argument as follows:

I FS 0,7

—_ +1‘

ti
II < C7)|0:Fj | cpo,m) / e Ntdt < CAS'7|10cF; |l co,ry < CTl10cF; |l oy
0

where we have used the fact that A; > C for some constant C' independent of h.

Combining (54), (55) and
Juy (t) —

This completes the proof.

the above two estimates we obtain

U;| < Or(L+In N)([|1Fyllcio,r) + 19:F; |l cpo,m)-
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By Lemmata 3.7-3.9, we know that under the condition g € H?(0,T),
I1Srnf = Sfllrz) < C(h* + 7/ T))|fll 220 (56)

for some constant C' which depends possibly on T, ||g| 20,7y but is independent of h and 7.
Assumption 2.3 (1) is now a consequence of the following lemma.

Lemma 3.10. If g € H*(0,T), Sy pf = ulY with u} being the solution of the problem (47), then for
any f € L*(Q), there exists a constant C independent of h and T such that

I8F = Srafl < CU2 + 7220

Proof. Let I, : C(Q) — V;, be the canonical finite element interpolant, then we know from the
standard interpolation theory of finite element methods [14] that

ISf =T (SF)lloer) < CR*=2|Sf 2y VK € My,
1S = Tn(SHllL2x) < CR*|ISfllm2x)y VK € M.
Let Tx = {z; : #; € K,1 < i < n}. By the assumption that {z;}? ; is quasi-uniformly distributed
and the mesh M}, is quasi-uniform, we know that the cardinal #Tx < Cnh?. Thus we have
1
1Sf =T (SHII < - > #Tk|S = Tn(SHI Ty < CRHISF I3 (-
KeMy,

On the other hand, we can derive by making use of inverse estimates that

1Senf =TSO < S #TclSenf ~ TS A

KeM,,
1 _
< - > #T|K T Srnf = Tn(SHI72 k)
KeMy
< ClSenf —Tu(SHIT2 0
< OlSrnf = SFlia(q) + CIML(SS) = Sfl72 0
< OlSenf = SFlZ2) + ChUISflI 2 (q)-
Therefore,
ISf = Senflln < ClSrnf = Sfllr2@) + CP®| fll2@)-
This completes the proof by (56). O

After the verification of Assumption 2.3, the following stochastic convergence of the finite element
method to the inverse heat source problem follows readily from Theorem 2.8.

Theorem 3.11. Let g € H?(0,T) and the measurement data (1) be of the type (R1). Then there exist
constants g > 0 and C > 0 such that for any A\, < \g and 7|In7| = O(h?), the following estimates
hold for the solutions f, € L*(2) to (43) and f;, € V}, to (48):

) N h4 0_2
B[S = Seafull] £ CO+ IO ey + € (144 ) T

) XN WY o2
B[~ i) < C(1+ 1)1 ey + € (145 ) —7oar
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h* h* o2
o2 1/2 2 RN g2 1/2 2 n-

B = flfs] < OO+ (1 ) By + COY2 4 #2) (14 - ) —Fo
Proof. Since the mesh is assumed to be quasi-uniform, the dimension N, of the linear finite element
space V;, is bounded by Nj, < Ch~9. By Theorem 3.2, we know that a = 4/d. Take 7|In7| = O(h?),
then we know from Theorem 2.8 that

4

* 2 YN ht ht\1-4 g’
E[Sf* = Srnfulln] < COn+ ) f 720 +C 1+E+()\7) SN

We can easily check that (h*/\,) "% < 1 for h*/\, < 1, and (h*/\,)' "5 < h*/A, for %/, > 1.
Therefore, we have (h*/A,)'~% < 1+ h*/X,. This leads to the conclusions of Theorem 3.11. O

We end this section with the following convergence of the finite element method to the inverse heat
source problem (TIP), directly following from Theorem 2.11 by noticing that N;, < Ch~¢ < O\, /2
with v = d/2.

Theorem 3.12. Let g € H*(0,T), the measurement data (1) is of the type (R2) and po = || f*||12(0)+
on~ Y2, If we take h = O(A,%/4),T| In7| = O()\}/z), and \/* T8 = O(on=12pyt), then there exists a
constant C' > 0 such that for any z > 0,

2

2
P(||Srnfn — S| > A 2p02) <2e79%7,  P(|| fallze) > poz) < 2e7°%.
2
P(|fn — f*llm-1(0) = A/ *poz) < 2e7%.

4 Numerical examples

In this section, we present several numerical examples to confirm the theoretical results in previous
sections. We take the domain Q = (0,1) x (0,1) and a set of uniformly distributed measurement
locations {z;}}_; in Q. In all examples below, we take the coefficients a(z) = 1, ¢(x) = 0, which fullfil
the uniform ellipticity condition, and g(t) = 1, T' = 1. The finite element mesh My, of € is constructed
by first dividing Q into A~! x h~! uniform rectangles and then connecting the lower left and upper
right vertices of each rectangle. We set the noise ey, - - -, e, in the dataset (1) to be the normal random
variables with variance o.

Motivated by Theorem 3.5, we propose a self-consistent algorithm to determine the regularization
parameter A, in (48) based on the rule

)\;/2+d/8 — Un71/2||f*||221(9) (57)

This choice requires the knowledge of the true source function f* and the noise level . We propose now
a self-consistent algorithm to determine the parameter \,, without knowing the true source function
f* and the noise level o. To do so, we estimate || f*||z2(q) by || fnllz2(@ and o by ||Sr 4 frn — m||, since
ISf* — m|ln = |le]ln. This is expected to yield a good estimate of the variance by the law of large
numbers.

Algorithm 4.1 (Computing an estimate of the regularization parameter A,). 1° Given an initial
guess of Apo; for j =0,1,---, do the following
2° Solve (48) for fr with A, replaced by A, ; over the mesh My,;

o d _ _
3° Update Anjy1: NS =n 2|80 fo = mlln | 1l 22 gy
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Figure 2: The empirical errors ||Sf* — Sy pfnlln with A, = 107F (k =1, ,10) for o = 0.1 (left) and
o = 0.01 (right).

A natural choice of the initial guess is A\, o = n~4/(@+4) gince f* and o are unknown, which is used
in our numerical examples.

Example 4.1. This example is used to verify the nearly optimality of the choice of the smoothing
parameter \,, suggested by (57). We choose n = 10*, o = 0.1 or 0 = 0.01, and the mesh size h = 0.05
and the time step size T = 0.01, which are sufficiently small so that the finite element errors are
negligible. We take the true source f* to be the function whose surface is given as in Fig. 1.

Example 4.1 demonstrates the nearly optimality of the choice of the smoothing parameter A,
suggested by (57). In fact, we have ||f*||12(q) ~ 0.54, then (57) suggests A\, ~ 2.3 x 10~* (for
o =0.1) and \,, ~ 1.1 x 107® (for & = 0.01). These two approximate \,’s are indeed very close to the
optimal A, =1 x 107* (for ¢ = 0.1) and \,, = 1 x 1075 (for & = 0.01), which we have estimated by
computing the errors ||.S f*—S; , fu ||l with 10 different choices of regularization parameter: A, » = 10~%
(k=1,2,---,10), see Fig. 2.

Example 4.2. This ezample is presented to verify if the probability density function of the empirical
error ||Sf* — S- nfnlln has an exponentially decaying tail. We set the variance o = 0.001, n = 25x 104,
and choose the mesh size h and time step size T to be small enough so that the finite element errors
are negligible. We take 10,000 samples and compute the empirical error ||Sf* — Sy nfulln for each
sampling.
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Figure 3: The histogram (left) and quantile-quantile (right) plots of the empirical error ||S- nfn—Sf*|ln
with 10,000 samples.

In Example 4.2, we can compute that ||Sf*[| (o) ~ 0.04, so the relative noise level o/||.S f*|| Lo (a)
is about 2.5% for this example. Figure 3(a) shows the histogram plot of the empirical errors, while
Figure 3(b) plots the quantile-quantile (Q-Q) plot to compare the sample distribution of the empirical
error with the standard normal distribution. The Q-Q plot is a standard graphic tool in statistics to
check the data distribution [46]. If the sample distribution is indeed normal, the Q-Q plot should give
a scattered plot, where the points show a linear relationship between the sample and the theoretical
quantiles. We can observe from Figure 3 (right) that almost all the points are concentrated around the
dotted line, which implies that the overall distribution of the error is very close to a normal distribution.
Moreover, the points around the two ends are also not far from the line, which indicates that the tail
distribution of the error is also close to a Gaussian tail, as indicated in Theorem 3.12. The probability
density function is computed by the Matlab function 'qgplot’.

Example 4.3. This example is to confirm Theorems 3.11 and 3.12, namely, to verify if the empirical
error ||Sf* — Sr nfrlln depends linearly on M2 when the reqularization parameter X, 1is taken by the

optimal choice (57). The mesh size h = A and the time step size T|InT| = A2 are chosen according
to Theorems 3.11 and 3.12. We take the true source f* to be the function given in Figure 1, and n to
change from 25 x 102 to 25 x 10%.

We can see from Figure 4 clearly the linear dependence of the empirical error |Sf* — S;nfulln

on Ay/? for o = 0.01 and 0.04. We can compute that ||.Sf*|| 1) ~ 0.04, so the relative noise levels
a/|Sf*| L () are about 25% and 100% for o = 0.01 and 0.04, respectively.

Through the previous 3 examples, we have verified the optimality of the choice rule (57) for A, the
stochastic convergence (Theorem 3.12), and the convergence order of the finite element method. But
we do not know the exact solution and the variance of the noise in most applications, so we use the
next example to show the efficiency of Algorithm 4.1 to determine an optimal regularization parameter
Ap iteratively, without the knowledge of f* and o.

Example 4.4. We choose n = 25x10* and set the noise ey, - - -, e, in the dataset (1) to be independent
normal random wvariables with variance o = 0.001. Algorithm 4.1 is terminated when the absolute
difference between two consecutive iterates A\ and A, k11 15 less than 10~10.

We can compute that [|Sf*||L(q) =~ 0.04, so the relative noise level o/||Sf*|| Lo (q) is about 2.5% in
this example. Figure 5 shows clearly the convergence of the sequence {\,, 1} generated by Algorithm

25



n
n

lISf-S_
lIsf-S_ I

1 15 2 25 3 35 4 45 5 55 2 4 6 8 10 12 14
-3 -3
)\1/2 x10 A1/2 x10
n n

Figure 4: Linear dependence of the empirical error ||Sfe — Srpfnlln on A2 with o = 0.01 (left) and

o =0.04 (right).
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Figure 5: The relative empirical error |Sf* — Sr nfnlln at each iteration (left); The computed solution
frn at the end of iterations (right).

4.1. The numerical computation gives A, 4 = 5.53 x 10~% that agrees very well with the optimal choice
5.33 x 1078 given by (57). Furthermore, [|[m — S, 5 frlln = 9.99 x 10~* provides also a good estimate
of the variance o.

References

[1] B. Abdelaziz, A. El Badia and A. El Hajj, Reconstruction of extended sources with small supports
in the elliptic equation Au+ pu = F from a single Cauchy data, Comptes Rendus Mathmatique,
351 (2013), pp. 797-801.

[2] S. Agmon, Lectures on Elliptic Boundary Problems, Van Norstrand, Princeton, NJ, 1965.

[3] V. Akcelik, G. Biros, A. Draganescu, O. Ghattas, J. Hill, and B. Waanders, Dynamic data-driven
inversion for terascale simulations: Real-time identification of airborne contaminants, Proceedings
of Supercomputing, Seattle, Washington, 2005.

[4] J. Atmadja and A. Bagtzoglou, State of the art report on mathematical methods for groundwater
pollution source identification, Environmental Forensics, 2 (2001), pp. 205-214.

26



[5]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

22]

A. El Badia, A. El Hajj, M. Jazar, and H. Moustafa, Lipchitz stability estimates for an inverse
source problem in an elliptic equation from interior measurements, Applicable Analysis, 95 (2016),
pp. 1873-1890.

A. El Badia, T. Ha Duong, and F. Moutazaim, Numerical solution for the identification of source
terms from boundary measurements, Inverse Problems in Engineering, 8 (2000), pp. 345-364

A. El Badia and T. Nara, An inverse source problem for Helmholtz’s equation from the Cauchy
data with a single wave number, Inverse Problems, 27 (2011), 105001.

M.S. Birman and M.Z. Solomyak, Piecewise polynomial approrimations of functions of the classes
Wk, Mat. Sb., 73 (1967), pp. 331-355.

R.I. Bot and B. Hofmann, An extension of the variational inequality approach for nonlinear ill-
posed problems, Journal of Integral Equations and Applications, 22 (2010), pp. 369-392.

S. Boucheron, G. Lugosi, and P. Massart, Concentration inequalities using the entropy method,
Ann. Probab., 31 (2003), pp. 1583-1614.

D.H. Chen, D. Jiang, and J. Zou, Convergence rates of Tikhonov regularizations for elliptic and
parabolic inverse radiativity problems, Inverse Problems, to appear.

D.H. Chen and I. Yousept, Variational source condition for ill-posed backward nonlinear Maxwell’s
equations, Inverse Problems, 35 (2019), 025001.

Z. Chen, R. Tuo, and W. Zhang, Stochastic convergence of a nonconforming finite element method
for the thin plate spline smoother for observational data, SIAM J. Numer. Anal., 56 (2018), pp.
635-659.

P.G. Ciarlet, The Finite Element Method for Elliptic Problems, North-Holland, Amsterdam, 1978.

H.W. Engl, K. Kunisch, and A. Neubauer, Convergence rates for Tikhonov reqularization of
nonlinear ill-posed problems, Inverse problems, 5 (1989), pp. 523-540.

H.W. Engl and J. Zou, A new approach to convergence rate analysis of Tikhonov reqularization
for parameter identification in heat conduction, Inverse Problems, 16 (2000), pp. 1907-1923.

L.C. Evans, Partial Differential Equations, American Mathematical Society, Providence, Rhode
Island, 1998.

J. Fleckinger and M. Lapidus, Eigenvalues of elliptic boundary value problems with an indefinite
weight function, Transactions of the American Mathematical Society, 295 (1986), pp. 305-324.

J. Flemming, Theory and examples of variational reqularization with non-metric fitting function-
als, J. Inverse Ill-Posed Probl., 18 (2010), pp. 677-699.

G. Garcia, A. Osses, and M. Tapia, A heat source reconstruction formula from single internal
measurements using a family of null controls, J. Inverse Ill-Posed Probl., 21 (2013), pp. 755-779.

S. Gorelick, B. Evans, and I. Remson, Identifying sources of groundwater pullution: an optimiza-
tion approach, Water Resources Research, 19 (1983), pp. 779-790.

M. Grasmair, Generalized Bregman distances and convergence rates for non-convex reqularization

methods, Inverse Problems, 26 (2010), 115014.

27



23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

A. Hamdi, The recovery of a time-dependent point source in a linear transport equation: applica-
tion to surface water pollution, Inverse Problems, 24 (2009), pp. 1-18.

A. Hamdi, Identification of a time-varying point source in a system of two coupled linear diffusion-
advection- reaction equations: application to surface water pollution, Inverse Problems, 25 (2009),
pp- 1-21.

B. Hofmann, B. Kaltenbacher, C. Poschl, and O. Scherzer, A convergence rates result for Tikhonov
reqularization in Banach spaces with non-smooth operators, Inverse Problems, 23 (2007), pp. 987—
1010.

T. Hohage and F. Weilding, Verification of a variational source condition for acoustic inverse
medium scattering problems, Inverse Problems, 31 (2015), 075006.

T. Hohage and F. Weilding, Variational source condition and stability estimates for inverse elec-
tromagnetic medium scattering problems, Inverse Problems Imaging, 11 (2017), pp. 203-220.

Q. Hu, S. Shu, and J. Zou, A new variational approach for inverse source problems, Numer. Math.
Theor. Meth. Appl., 12 (2019), pp. 331-347.

V. Isakov, Inverse source problems for partial differential equations, Springer-Verlag, New York,
1998.

V. Isakov, S. Leung, and J. Qian, A Three-dimensional inverse gravimetry problem for ice with
snow caps, Inverse Problems and Imaging, 7 (2013), pp. 523-544.

B. Jin and Z. Zhou, Error analysis of finite element approximations of diffusion coefficient iden-
tification for elliptic and parabolic problems, arXiv:2010.02447.

J. Krebs, A.K. Louis and H. Wendland, Sobolev error estimates and a priori parameter selection
for semi-discrete Tikhonov regularization, J. Inverse Ill-Posed Probl. 17 (2009), pp. 845-869.

C.-S. Liu, An integral equation method to recover non-additive and non-separable heat source
without initial temperature, Intern. J. Heat Mass Transfer, 97 (2016), pp. 943-953.

X. Liu and Z. Zhai, Inverse modeling methods for indoor airborne pollutant tracking literature
review and fundamentals, Indoor Air, 17 (2007), pp. 419-438.

X. Liu, Identification of Indoor Airborne Contaminant Sources with Probability-Based Inverse
Modeling Methods, Ph.D. Thesis, Department of Civil, Environmental and Architectural Engi-
neering, University of Colorado, 2008.

P. Nelson and S.H. Yoon, Estimation of acoustic source strength by inverse methods: Part I,
conditioning of the inverse problem, J. Sound Vibration, 233 (2000), pp. 639-664.

G. Nunnari, A. Nucifora, and C. Randieri, The application of neural techniques to the modelling
of time-series of atmospheric pollution data, Ecological Modelling, 111 (1998), pp. 187-205.

T. Skaggs and Z. Kabala, Recovering the history of a groundwater contaminant plume: method of
quasi-reversibility, Water Resources Research, 31 (1995), pp. 2669-2673.

M. Snodgrass and P. Kitanidis, A geostatistical approach to contaminant source identification,
Water Resources Research, 33 (1997), pp. 537-546.

28



[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

M. Tadi, Inverse heat conduction based on boundary measurements, Inverse Problems, 13 (1997),

pp. 1585-1605.

V. Thomee, Galerkin Finite Element Methods for Parabolic Problems, Springer Verlag, Berlin,
2006.

F.I. Utreras, Convergence rates for multivariate smoothing spline functions, J. Approx.Theory, 52
(1988), pp. 1-27.

S.A. van de Geer, Empirical process in M-estimation, Cambridge University Press, Cambridge,
2000.

A.W. van der Vaart and J.A. Wellner, Weak Convergence and Empirical Processes: with Appli-
cations to Statistics, Springer, New York, 1996.

L. Wang and J. Zou, Error estimates of finite element methods for parameter identifications in
elliptic and parabolic systems, Disc. Cont. Dyn. Sys. B, 14 (2010), pp. 1641-1670.

M.B. Wilk and R. Gnanadesikan, Probability plotting methods for the analysis of data, Biometrika,
55 (1968), pp. 1-17.

J. Wong and P. Yuan, A FE-based algorithm for the inverse natural convection problem, Intern.
J. Numer. Methods Fluids, 68 (2012), pp. 48-82.

X. Zhang, C.X. Zhu, G. Feng, H. Zhu, and P. Guo, Potential use of bacteroidales specific 165
rRNA in tracking the rural pond-drinking water pollution, J. Agro-Envir. Sci., 30 (2011), pp.
1880-1887.

B. Zhu, Y. Chen, and J. Peng, Lead isotope geochemistry of the urban environment in the Pearl
River Delta, Appl. Geochem., 16 (2011), pp. 409-417.

29



