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Abstract

Weyl points are degenerate points on the spectral bands at which energy bands inter-
sect conically. They are the origins of many novel physical phenomena and have attracted
much attention recently. In this paper, we investigate the existence of such points in the
spectrum of the 3-dimensional Schrodinger operator H = —A 4+ V(x) with V(x) being in
a large class of periodic potentials. Specifically, we give very general conditions on the po-
tentials which ensure the existence of 3-fold Weyl points on the associated energy bands.
Different from 2-dimensional honeycomb structures which possess Dirac points where two
adjacent band surfaces touch each other conically, the 3-fold Weyl points are conically
intersection points of two energy bands with an extra band sandwiched in between. To
ensure the 3-fold and 3-dimensional conical structures, more delicate, new symmetries
are required. As a consequence, new techniques combining more symmetries are used to
justify the existence of such conical points under the conditions proposed. This paper
provides comprehensive proof of such 3-fold Weyl points. In particular, the role of each
symmetry endowed to the potential is carefully analyzed. Our proof extends the analysis
on the conical spectral points to a higher dimension and higher multiplicities. We also
provide some numerical simulations on typical potentials to demonstrate our analysis.
Keywords: Schrodinger operator, Periodic potentials, Weyl points, Conical
cone, Floquet-Bloch theory.

1 Introduction and Notations

1.1 Introduction

Weyl points are singular points on the 3-dimensional spectral bands of an operator with
periodic coefficients, at which two distinct bands intersect conically. Much attention has
been paid to looking for such fundamental singularities in various physical systems in the
past few decades [2, [, [I0l 28]. They are the hallmark of many novel phenomena. Many
materials such as graphene exhibit such unusual singular points on their energy bands [10] 2§].
These singular points carry topological charges and play essential roles on the formation of
topological states, for instance chiral edge states or surface states [7), 18 19, [30]. In the past
decade, constructing and engineering the conically degenerate spectral points become one
of the major research subjects in many fields. Accordingly, understanding the existence of
these points on the energy bands and their connections to interesting physical phenomena
are extremely important in both theoretical and applied fields.

How to obtain and justify the existence of such degenerate points become urgent in
various physical systems. For instance, it is well known that honeycomb structures give
rise to the existence of Dirac points in 2-D systems. The existence of Dirac points in the
periodic system was first reported by Wallace in the tight-binding model and demonstrated
in the continuous systems by numerical and asymptotic approaches [I, [3, [7, B3]. However,
the rigorous justification on the existence of Dirac points for 2-D Schrodinger equation with
a generic honeycomb potential was recently given by Fefferman and Weinstein [I7]. They
used very simple conditions to characterize honeycomb potentials and developed a framework
to rigorously justify the existence of Dirac points. Their framework paved the way for the
mathematical analysis on such degenerate points, and their method has been successfully
extended to other 2-D wave systems [11], 12} 21l 26]. There are also other rigorous approaches
to demonstrate the existence of Dirac points. Lee treated the case where the potential is a
superposition of delta functions centered on sites of the honeycomb structure [25]. Berkolaiko
and Comech used the group representation theory to justify the existence and persistence of



Dirac points [9]. The low-lying dispersion surfaces of honeycomb Schrédinger operators in
the strong binding regime, and its relation to the tight-binding limit, was studied in [I6].
Ammari et al. applied the layer potential theory to honeycomb-structured Minnaert bubbles
[5]. Based on the rigorous justification of the existence of Dirac points, a lot of rigorous
explanations on the related physical phenomena have been extensively investigated. For
example, the effective dynamics of wave packets associated with Dirac points were studied in
[6, 14, 20, B34, B5, B6). The existence of edge states and associated dynamics are studied in
8, 12, T3],

Despite successful applications on the aforementioned analysis of the Dirac points in 2-D
systems, the advances in applications such as materials sciences, condensed matter physics,
placed new theoretical demands that are not entirely met. Just as Kuchment pointed out in a
recent overview article on periodic elliptic operators [23], ”the story does not end here”. One
important missing piece is the analysis of 3-dimensional degenerate points which are referred
to as Weyl points. Another piece is the conical points with higher order multiplicities. In
the literature, some special structures are proposed to admit Weyl points [29, 32, [38] [39].
However, most constructions and demonstrations are based on either tight-binding models,
numerical computations or formal asymptotic expansions. To the best of our knowledge, no
similar construction and rigorous analysis as aforementioned literature have been given for
Weyl points with higher-order multiplicities. Due to the importance and potential applica-
tions of Weyl points in quantum mechanics, photonics and mechanics, such generic analysis
is highly desired. This is the goal of our current work.

This work is concerned with the L?(R?)-spectrum of the following 3-dimensional Schrédinger
equation

H=-A+V(x), x€cR3 (1.1)

where the potential V(x) is real-valued and periodic. By Floquet-Bloch theory [22, 23 24],
the spectrum of H in L?(R3) is the union of all energy bands Ey(k), b > 1 for all k in
the Brillouin zone. For some specific V(x), two energy bands may intersect with each other
conically at some k.. This degenerate point k, in the three dimensional energy bands is
called a Weyl point. There are different types of Weyl points depending on the multiplicity
of degeneracy.

In this work, we shall give a simple construction of three-fold Weyl points, i.e., two en-
ergy bands intersect conically with an extra band between them. We shall also rigorously
justify the existence of such degenerate points by using the strategies developed in [I7]. More
specifically, we first propose a very general class of admissible potentials which are character-
ized by several symmetries. Different from honeycomb potentials in which the inversion and
27 /3-rotational symmetries are the indispensable ingredients, the potentials proposed in this
paper have two rotational symmetries in addition to the inversion symmetry. These three
symmetries together guarantee the three-fold degeneracy at certain high symmetry points
and ensure conical structures in their vicinities. Our analysis in this work involves many
novel arguments on the eigenstructures at the high symmetry points in order to explain how
the 3-fold degeneracy is protected by the underline symmetries and why the Fermi velocities
corresponding to different branches are the same. These important arguments are relatively
trivial in the honeycomb case [I7]. Our current work not only extends the theory developed
in [I7] to 3-dimensional systems but also shines some light on the analysis of singular points
with higher multiplicities. Our analysis also provides the starting point of future theoretical
analysis on these higher order Weyl points, such as the existence of chiral surface states,
Fermi arcs and so on[38, [39)].



This work is organized as follows. In Section 2, we first introduce the lattice A and
its dual lattice A* together with their fundamental cells € and Q*, and then we precisely
discuss the existence of high symmetry points k;, in Q*. Section 2 concludes with the Fourier
analysis of A-periodic functions. Section 3 contains the definition of the admissible potentials
characterized by several symmetries. We also review the relevant Floquet-Bloch theory for
Schrodinger operators H = —A 4+ V(x). In Section 4, we first propose required conditions
of eigenstructures at high symmetry point W for some eigenvalue i, i.e., H1-H2 and their
consequences. We then prove the energy bands in the vicinity form a conical structure
with an extra band in the middle. In Section 5, we justify that the required conditions
H1-H2 do hold for nontrivial shallow admissible potentials. Specifically, we clearly show
the significance of the R and T symmetries to preserve the multiplicity of eigenvalues of
H® = —A+eV(x) at W while ¢ is sufficiently small. Moreover, the justification is extended
to generic admissible potentials. Section 6 discusses the instability of the Weyl points and
perturbations of dispersion bands of when V' (x) is violated by an odd potential W (x). Section
7 provides detailed numerical simulations of the energy bands and Weyl points in different
cases for a special choice of admissible potential. In Appendix A, we present the proofs of
certain Propositions and Lemmas in Section 4 and Section 5.

1.2 Notations and conventions

Without specifications, we use the following notations and definitions.

e For z € C, Z denotes the complex conjugate of z.

e For x, y € C", (x,y) :=X-y =T1y1 + ... + Tn¥n, and |x| := /(x,x).

e For a matrix or a vector A, A! is its transpose and A* is its conjugate-transpose.

e A € R? denotes the lattice, and A* C (R3)* = R3 denotes the dual lattice of A.
Moreover, v;, j = 1,2,3 are the basis vectors of A*, while q;, £ = 1,2,3 are the dual basis
vectors of A*, which are chosen to satisfy v; - q; = 2mdy;.

e (f,9)p = fD fg is the L?(D) inner product. In this work, the region D of integration
is assumed to be the fundamental cell 2 if it is not specified.

oV = (0uy, 00y, 005) "

e [ denotes the 3 x 3 identity matrix.

o For K = (K, Ky, K,) € R3, K778 represents H”“":T’SRZ

2 Preliminaries

2.1 The lattice A and the rotation R

Consider the following linearly independent vectors in R?

1 1 -1
Vi = —F= -1 ) Vo = —= 1 ; V3 =

a
V34 V3 1\ V3 g

Here a > 0 is the lattice constant. Define the lattice as follows
AN =7Zvy ®Zvy D Zvs := {n1vy1 + nava + n3vs : ny,na,n3 € Z}.

The parameter a then gives the distance between nearest neighboring sites. The fundamental
period cell of A is

Q:={x1vi+zovy+a3v3:0<x; <1, i=1,23}. (2.1)



Let qi, q2, q3 € R? be the dual vectors of vy, va, v3, in the sense that
qE-V]’ZQﬂ'(ng, g,j:1,2,3.

Explicitly,

1
a=q| 0], q@=q|l], az=q| 1],
-1 0 -1

where ¢ = @ Then the dual lattice of A is defined as
A" =Zq1 @ Zqz © Zqs = {miq1 + madz + m3qs : m1,ma, m3 € Z}.
The fundamental period cell of A* is chosen to be
Q" :={cqi +coq2 + c3q3 1 ¢; € (—1/2,1/2] ;i = 1,2, 3}.

In this work, we are interested in the following rotation transformation R in R3

0 -1 0
R=11 0 0 ]. (2.2)
0 0 -1
Obviously, R‘R = RR! = I. Moreover,
0 1 0
RF=R'=R'=|-10 0], and R'=1I (2.3)
0 0 -1

By direct calculations, we can conclude the following proposition.

Proposition 1 (1) The eigenvalues of R is it 0 = 1,2,3, with the corresponding eigenvectors

1
(17 _iao)ta Wy = (0707 1)t7 w3 =
V2

(2) R* and R satisfy

(1,+i,0)" = @r. (2.4)

w1 =

1
V2

R*Vl = Vy4, R*Vg = Vi, R*Vg = Vo9, R*V4 = V3,
Rqi =q2—qi, Rq:=q3—qi, Rq3=—q, (2.5)
R'qi=-q3, R'q2=q1—q3, R'q3=q—qs.

Thus both R and R* leave A and A* invariant.
Definition 1 A point k;, € R? is defined to be a high symmetry point with respect to R if
Rkj, — kj, € A*.

Remark 1 By understanding Al*{h = ky, + A" as shifted lattices, we know that ky, is a high
symmetry point if and only if R leaves A1*<h mvariant, i.e.,

R(AL,) = AL,
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The following lemma indicates that inside the fundamental period cell Q*, there exist
precisely four high symmetry points.

Lemma 1 A point k, = c1q1 + caqe + c3q3 € QF is a high symmetry point with respect to R
if and only if the coefficients (c1,ca,c3) take the following 4 cases

(c1,c2,c3) = (0,0,0), (1/2,1/2,1/2), (1/4,1/4,1/4), (—1/4,—1/4,—1/4). (2.6)
Proof By (2XI), we have
Rkp, = (—c1 — 2 — e3)a1 + c1q2 + c243.

Then
Rk, — k;, = (—201 —Ccy — 03)q1 + (Cl — Cg)(lg + (02 — Cg)qg e A* (2.7)

is the same as
(—201 —Cy —C3, Cl — Cg, Co — Cg) S Zg.

Due to the restrictions ¢; € (—1/2,1/2], (Z7) has four solutions listed as in (2.6]). O

In this work, we only focus on the following specific high symmetry point

W= _i(ch +a2+as) =g¢ <—%, —%, %) :
It follows from (Z3]) and (27)) that
R'W =W, and R'W=W+qforl=0,1,23. (2.8)
Here qg := 0.
2.2 A-periodic, A-pseudo-periodic functions and Fourier expansions
We say that a function f(x):R? — C is A-periodic if
fx+v)=f(x) VxeR3 veA. (2.9)

More generally, given a quasi-momentum k € R3, we say that a function F(x) : R? — C is
A-pseudo-periodic with respect to k if

F(x+v)=eXVF(x) ¥YxeR3 veA. (2.10)
Let us introduce the Hilbert space

L12<,A = {F(x) € L (R3,C) : F(x) satisfies @10},

loc

where the inner product is
(F, G) = / F(x)G(x)dx for F, G € L12<,A-
Q

Similarly, we define

Hy = {F(x) € H*(R®,C) : F(x) satisfies (ZI0).}
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In particular, for k = 0,

L%,A = L*(R*/A) := {f(x) € L} (R?,C) : f(x) staisfies (29}
is the space of square-integrable A-periodic functions. Obviously, F'(x) € Li  if and only if
f(x)=e **p(x) € L%,A'
That is, the mapping
F(x) — F(x) = e (x) (2.11)

gives a one-to-one correspondence between L% A and Li A- Moreover, it is easy to see that

<F7G>:<fag> Vf,gGL%,A.

That is, the mapping (ZIT]) is an isometry from L%, A to Li A
Due to the A-periodicity of functions f(x) € La A» they can be expanded as Fourier series
of the form

Fo0) =Y fadd%, (2.12)

qeA*

where { fq} C I2(A) is the sequence of Fourier coefficients, indexed using the discrete
€

A*

indexes q from A*. Explicitly,

¢ 1 —iq-x
fq = @/Qf(x)e I*dx, (2.13)

where |2 denotes the volume of the cell Q. Such a form (2I2]) of Fourier expansions is
consistent with Example [[l and is more convenient for later uses. Note that

{fq}qGA* € i)

the Hilbert space of square-summable complex sequences over the dual lattice A*.

Remark 2 Given k € R3, pseudo-periodic functions F(x) = XX f(x) € L12<7A can be ex-
panded as

F(X) _ eik-x Z fqeiq-x _ Z fqei(k-l-q)-x’ (214)

qeA* qeEA*
where {fq} is as in I3).
Rotations R and R* in (2.2)) and (23] can yield a transformation R for functions F'(x) €
Li’ A by
R[F](x) := F(R*x) for x € R®.
Lemma 2 Let ky, be a high symmetry point w.r.t. R. Then

e R maps Lih A to itself as a unitary operator.
e Define an affine transformation Ry, : A* — A* by

Ry, (a) == Rq+ Rk, —k;, forqe A" (2.15)



Then, for any £ € 7, one has
4 Y4 4 Y4 *
Ry, (q) = R'q+ Rk, —k, = R (q+ k) — ki forq € A" (2.16)

In particular,
Ry (q)=q forqeA” (2.17)

e The action R on L12<h,A s given by

Z f etknta)x Z f e Hilkn+a)x Z f e (kn+ i, (@)x (2.18)

Proof e For F(x) = ¢W*f(x) € Lih A» We can use expansion (2.14)) to obtain

R[ iknx f (x ] Z Foeltn+a-R Z foe'Blenta)x

qeA* q€eA*

— eikh.x Z fqei(Rq-i-Rkh—kh)'X
qeA*

(2.19)

As R leaves A* invariant and Rkj, —kj, € A*, we have Ry, (q) = Rq + Rkj, — kj;, € A* for all
q € A*. Thus

D fqe'RaraTknx ¢ 18 and  R[F] € Li, ,

qeEA*

Moreover, for F(x) = etk»* f(x), G(x) = ekrXg(x) € Lith, one has

F(R*x)G(R*x)dx
Q

(

= / f(R*x)g(R*x)dx = / F®g(y)dy = (f, g)
Q ()
(F, G)

because R* is an orthogonal transformation and both f(y) and g(y) are A-periodic in y € R3.
This shows that R is unitary.
e Let us check (2I6]) only for ¢ € N. By (2I5]), we have for q € A*

/-1
Ri,(a) = R‘a+ Y  R/(Rkj, — k) = R'q+ R'k;, — k, = R'(q + kn) — ky,
j=0

the desired equalities in (ZI6]).
By letting ¢ = 4 in (18], we obtain (ZI7) because R* = I.
e Using (2.I4) and (ZI5), equality (ZI9) can be written as (2.I8]). O

Remark 3 For k;, = 0, one has Rg = R. For k;, = W, one has from ([Z38) that

Rw(q) = Rq+q1 forqe A",



2.3 Decompositions of periodic and pseudo-periodic functions

In the following discussions we only consider the special high symmetry point W. Notice
from ([2.8)) that Ry = I on A*, and

R%V %1 onA* forl=1,2,3.
Each orbit of the action Rw on A* consists of precisely four points. Let us introduce
Sw =A"/Rw = A"/ {q ~q :q, q € A*, ' = R (q) for some ¢ € Z} — A*.

Then functions F(x) = /WX f(x) € L%V, A can be decomposed into

X) _ Z fqei(W-‘rq)-x _ Z ZfRZ W+Re (a))x

qeEA* qeSyy =0
g g x (2.20)
Z ZfR iR (W+q)x Z (f ! WHa)x f iR(W+q)
qeSsy =0 qeESH
+ fR%v( ZR (W+q)-x x4 f 73 (@) ZRS(W-FQ)'X)'

Since R* = I and R** = I, one has R* = I on La A- Hence eigenvalues o of the unitary
operator R must satisfy ¢* = 1. In fact, one has

o =1, ¢=0,1,2,3. (2.21)

Then we have an orthogonal decomposition for L% A

Loa = Log @ Lo ® Loy & Lg s, (2.22)

where the eigenspaces are
L3, = {f € L3, RIf] = z’ff}, 0=0,1,2,3.
Note that ([2.22) also yields an orthogonal decomposition for the space L%V’ A
L%V,A = L%V,l S L%V,i S L%V,—l S L%V,—iv
where
L3y = {eiW'Xf(x) f(x) € L2 Ze} = {F € L3y, : R[F] = z‘fF}, 0=0,1,2,3.
Let o be as in (221 and
F(x) =Y fqe™WT9%ec i, .
qeEA*
Then
RUF)=o'F Ve (2.23)



By (218)), we have
r g 0 e rog 0 x ~ i x
RZ[F](X) = Z fqeR (W+a)-x _ Z Foe (WHRwa)x — Z fR;j(q)e (W+q)

qeA* qeA* qeEA*
Since
UZF(x) _ Z O_quez(w-l-q)-x7
qeEA*

we deduce from (Z23) that the Fourier coefficients fq satisfy
£ _ Ly *
Frat ='fa  Yaen,

i.e.,
fre=0"fa VYaeA, LeZ (2.24)

Combining with general decomposition (2:20]), we have the following results.

Lemma 3 Let o be as in (22])). A
F(x) € L%VJ if and only if there exists {fq}qess, € liﬂ{}v such that

3
Fix) =3 <quo—‘fe"R”W+q>"‘> (2.25)

qESw =0
Z f < i(W+q)-x +EeiR(W+q)-x + O_2eiR2(W+q)-x + OeiRS(W-l-q)-x) ) (226)
qeSw

o If F(x) € L}y, then F(—x) € L3y ,

Proof e Note that Ry, = I and o satisfies 0 = 1. Substituting relations ([Z.24)), ¢ =

0,1,2,3, into (2:20]), we obtain equality (2.25]).
As for equality (2:26]), we need only to notice in (2.25]) that
o’ =1, o =0, 0_2202, c3=0.

e We use expansion ([2Z.27]) for F(x) to obtain

3
F(—x) = Z <fq Z o'_éeiRZ(W'i‘Q)'(_x))

qeESH =0
__ 3
_ Z <fq Z 5—ee—iR‘f(W+q)'(—x)>
qeESH =0
__ 3
- Z <fq Z 5_éeiRZ(W+Q)'X) ;
qeSy, =0
which is in L%W 5, following from the characterization ([Z20]) for the eigenvalue &. O
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3 Eigenvalues of periodic Schrodinger operators

3.1 Admissible potentials
In this work, we introduce the following admissible potentials.

Definition 2 (Admissible Potentials) Let V(x) € C®(R3) be real-valued. We say that V (x)
is an admissible potential with respect to A if V(x) satisfies

(1) V(x) is A-periodic, V(x +v) = V(x) for all x € R and v € A.

(2) V(x) is real-valued and even, i.e., V(x) = V(x), V(—x) = V(x) for x € R3.

(3) V(x) is R-invariant, i.e.,

RIV](x) = V(R*x) = V(x) for x € R?.
(4) V(x) is T -invariant, i.e.,
TV](x) = V(I"x) = V(x),

where T is the following matriz

-1.0 0
T=[(0 0 —-1]. (3.1)
0 1 0

We remark that the requirements (2) in Definition ] are the so-called PBT-symmetry.
Moreover, requirement (4) is a novel symmetry for 3-dimensional potentials which will play
an important role in the later analysis for Weyl points. Admissible potentials have the
following properties.

Corollary 1 Let V(x) be an admissible potential. Then its Fourier coefficients Vq satisfy

Vgq=Vq€R Vqe A,

and X R X R
Vieg=Vqy Vpeg=Vq Va € A, L e Z.

Remark 4 Let us consider the orthogonal matriz T in BI). It is easy to see that T maps
the lattice A* to itself and T* = T—'. Moreover, T acts on A* as follows

Tar =q3 —qi, Tqy = —qi, Tqs =q2 — qu,
TW =W +qy, T?W =W + qs, T3W =W + qs.

Typical admissible potentials can be constructed using Fourier expansions.
Example 1 Let us define real, even potentials

Vi(x) := cos(q; - x) + cos((q2 — q1) - x) + cos((qs — q2) - x) + cos(qs - x),
Va(x) := cos(qs - x) + cos((gs — q1) - X).

It is easy to see that these V;(x) are R-invariant potentials. Thus, for any real coefficients
¢;, the potential

2
V(x) =) cVi(x)
i=1

11



is also R-invariant. However, V(x) is, in general, not 7-invariant. In fact, by noting that
Tqi = q1 — q3, we know that V(x) is 7T-invariant if and only if ¢; = ¢3. Therefore

V(x) := (V4 (x) + Va(x))

is an admissible potential as in Definition [2] for any nonzero real number c. O

The role of the R- and T -invariance of admissible potentials V(x) can be stated as the
following commutativity with the Schrodinger operator H of (1) we are going to study.

Lemma 4 (1) Transformations R and T are isometric, i.e.,
(Rf(%),Rg(x)) = (f(x),9(x)), and (Tf(x),Tg(x)) = {f(x),9(x))

for all f(x), g(x) € L%V,A'
(2) The commutators [H,R] := HR — RH and [H,T|:= HT — T H vanish on HX%V,A'

The proofs are direct.

3.2 Periodic Schrodinger operators and Floquet-Bloch theory

Let A be the lattice defined in (1)) and V : R? — R be an admissible potential in the sense
of Definition 2l For each quasi-momentum k € R?, we consider the Floquet-Bloch eigenvalue
problem

HO(x,k) = u(k)®(x, k), xcR3

) 3.2
d(x+v, k) =eXVd(x,k), xecR? veA, (3:2)

where p(k) is the eigenvalue and the second condition is the pseudo-periodic condition for
®(x, k). By setting

B(x, k) = eX*p(x,k), or ¢(x,k) = e K*P(x,k),
we know that problem (B.2)) is converted into the following periodic eigenvalue problem

H(k)o(x, k) = u(k)g(x, k), x€eR’,

p(x+v,k) = o(x,k), xeR3 veA (3:3)

Here the shifted Schrodinger operator H (k) is defined via

Vib(x) =XV (X%6(x) ) = Vo(x) + iko(x) = (V +ik) ¢(x),
H(K)6(x) i=e A (4%(x) ) + V(x)9(x)

— — (V+ik) - (V + ik)$(x) + V(x)$(x)
= — Vi Vio(x) + V(x)0(x) -

The general properties of the Schrodinger operator with a periodic potential is given by
the Floquet-Bloch theory. We end this section by listing some most important conclusions of
this theory without including their proofs. We refer readers to [13] 17, 23| 24], B1] for details.

12



Proposition 2 (Floquet-Block theory)
(1) For any k € Q*, the Floquet-Bloch eigenvalue problem (B.3]) has an ordered discrete
spectrum
p(k) < pa(k) < ps(k) <.

such that uy(k) — +o0 as b — +oo. Furthermore, there exist eigenpairs {¢p(x, k), pp(k) }ren
for each k € Q* such that {¢(x, k)}b21 can be taken to be a complete orthonormal basis of
L o-

Accordingly, problem ([3.2) has eigenpairs {®(x, k), pp(k)}yey, where

{q)b(x, k) := X% ¢y (x, k)}
beN
is a complete orthonormal basis of L%V A
(2) The eigenvalues u(k), referred as dispersion bands, are Lipschitz continuous functions
of k € *.
(3) For each b > 1, up(k) sweeps out a closed real interval I, over k € Q*, and the union
of I, composes of the spectrum of H in L%, A

spec(H)= | ) I,  where I = [lgeligq po(k), max pp(k)] -
b>1,keQ*

(4) Given k € QF, ®p(x,k) is smooth in x € . Moreover, the set of eigenfunctions
Up>1 kear Po(x, k) is a complete orthonormal set of L?(R?). Consequently, any f(x) € L?(R3)
can be written in the summation form

1 ~
Jo) =ty 2 [ P20 )k (34)

b>1

where

Folk) = (@y(x. k), f(x)) = /R B ) (x)x

Here the summation (B.4]) is convergent in the L2-norm.

4 Weyl points and conical intersections

In this section, we are going to prove the existence of Weyl points on the energy bands of
Schrodinger operators with admissible potentials that we propose in Definition 2l The strat-
egy used in this work is inspired by the framework that Fefferman and Weinstein developed
for Dirac points in 2-D honeycomb structures [I7]. More specifically, (1) we first propose re-
quired conditions of eigen structure at W for some eigenvalue ., i.e., the conditions H1-H2
below; (2) we then prove the energy bands in the vicinity form a conical structure with an
extra band in the middle under these conditions; (3) we justify that the required conditions
H1-H2 do hold for nontrivial shallow admissible potentials; (4) we extend the justification
of required conditions to generic admissible potentials.

Compared to the study on Dirac points for the 2-D honeycomb case, the main difficulties
of our current work arise from two perspectives: higher dimension and higher multiplicity.
To the best of our knowledge, we have not found rigorous analysis on such degenerate points
in the literature. Higher dimension makes the calculations more cumbersome. On the other
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hand, the higher multiplicity forces us to deal with a larger bifurcation matrix which has
more freedoms which we need to reduce, for instance, the relations among the entries of the
matrix. Some new symmetry arguments are introduced to conquer these difficulties.

4.1 Spectrum structure at the high symmetry point W

In this section, we are interested in the three-fold degeneracy of the high symmetry point W.
So let us consider the W-quasi periodic eigenvalue problem

HO(x, W) = [-A + V(x)|2(x, W) = 1.8(x, W), xR,

. 4.1
d(x+v,W)=eWVd(x,W), xeR3}veA 1)

We first assume that there exists an eigenvalue p, such that the following assumption is
fulfilled.

H1 p. is a three-fold eigenvalue of H in problem (@Il with the corresponding eigenspace &,
such that
Eue L LRy, and  dim{&,, N L3y ,;} = 1.

Then the following proposition characterizes the fine structure of the eigenspace &, .

Proposition 3 Assume that H1 holds. Then there exist functions ®y(x) € L%V i 7=1,2,3

such that {®1(x), Pa(x), P3(x) = $1(—x)} form an orthonormal basis of £, .

A direct consequence of above proposition is that . is an L%V’Z.e—eigenvalue of multiplicity
1 for each £ =1,2,3.

In order to keep the structure of the paper, the detailed proof of Proposition B is placed
in Appendix A.

4.2 Bifurcation matrices

Under the assumption H1, we always can find an orthonormal basis {®(x), P2(x), P3(x)}
for £,, as in Proposition Bl However, the choice is not unique and a gauge freedom for each
eigenfunction ®,(x) is allowed.

Giving such a basis, let us define a complex-valued matrix M (x) for x € R?/{0} by

<(I)1, 20K - V(I)1> <(I)1, 2K - V(I)2> <(I)1, 21K - V(I)3>
M(/{) = <<I>2, 21K - V(I)1> <(I)2, 21K - V<I>2> <<I>2, 21K - V(I)3>
<(I)3, 20K - V(I)1> <(I)3, 21K - V(I)2> <(I)3, 21K - V(I)3>

It is called the bifurcation matrix which appears naturally in the eigenvalue problem. We
shall see in the later section that the leading order structure of the eigenvalues of H (k) for
k in the vicinity of W is closely related to M (k). In this subsection, the main properties of
M (k) and their justifications are provided. We want to remark that M (k) depends on the
choice of the basis set {®;(x), Pa(x), P3(x)} due to the gauge freedom. It is evident that
M (k) is Hermitian since 2ix - V is self-adjoint.

We consider the admissible potential V(x) in the sense of Definition 2l Recall that
[H,T] =0 can imply TE,, = &,,. In other words, there exists a 3 x 3 matrix Q7 such that

TP, Dq c11 C12 €13 D
TO | =Q7 [ P2 ]| = [ a1 c22 c23 Py
T3 O3 €31 €32 €33 3
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Recall from Lemmaldthat 7 : L%V7 A L%V, A breserves the inner product, i.e., (TF,TG) =
(F,G) forall f,g € L%W A+ It immediately follows that Q7 is unitary, i.e., Q5-Q7 = I. In other
words, {7 ®1, T ®2, T ®3} is also an orthonormal basis of £,, which defines a new bifurcation
matrix M7 (k). Namely,

<T(I)1, 21K - VT¢1> (T(I)l, 21K - VT¢2> (T(I)l, 21K - VT¢3>
M7 (k) = | (T®,2ik - VT®) (T®y,2ik- VT D) (TP, 20k VT P3)
(T®3,2ik - VT®)) (T®3, 2k - VT Oy) (T d3,2ik - VT O3)

Similarly, by using the symmetry R, we can define another bifurcation matrix M™ (k)
and the corresponding unitary transformation Q7. In fact, it is easy to obtain

0 0
Qr=10 -1 0 |. (4.2)
0O 0 —1¢

However, the explicit form for Q7 is unknown to us.
One has the following relations for these bifurcation matrices.

Proposition 4 For any x € R3/{0}, there hold

M (k) = M®(Rk) = Qr M (Rr)QR, (4.3)
M(k) = M7 (Tkr) = QyM(Tk)Qr,

where R and T are the orthogonal matrices in (2.2) and (B1).

Proof We only give the proof to (4.4]), while the proof of (£3]) is similar.
By Lemma 2 in [26], one has for ¢,m = 1,2, 3,

(g, VD) = (TDy, TVD,,) = (Tdy, T*VTDy).

Therefore
(M(K))em = (Pp, 2ik - V) = (T Py, 2ik - T*VT Dy,) = (TP, 20Tk - VT D))
LA , - (4.5)
=3 Ccjm{®e, 20(Tk) - VOu) = (M7 (Tk)) -
/=1 m=1
By recalling that Q7 = (¢;;), we know that (43]) is equality (4.4]). O

By substituting ([4.2]) into (£3]), we obtain

<(I)1, 2i Rk - V(I)1> <(I>1, 2iRK - V(I)2> <(I>1, 21 Rk - V(I)3>
MR (Rk) = Q% | (®2,2iRk - V®,) (P9, 2iRk - Vy) (P9, 2iRk-V3) | Qr
<(I)3, 2i Rk - V(I)1> <(I>3, 2iRK - V(I)2> <(I>3, 21 Rk - V(I)3>

( <(I>1, 2K - R*V(I)1> i<(I)1, 2K - R*V(I)2> —<(I>1, 2K - R*V(I)3>

—i<(1)2, 21K - R*V(I)1> (q)g, 21K - R*V<I>2> ’i(q)g, 21K - R*V<I>3>
—<(I)3, 21K - R*V(I)1> —i<(I)3, 20K - R*V(I)2> <(I>3, 20K - R*V(I)3>

Recall the transformation R : C? — C3 has eigenpairs listed in (2.4]). We can then obtain
the following structural result for the bifurcation matrix M (k).
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Theorem 1 There exist vi,va,v3 € C such that

0 K-Uw; K- Usws
M(k) = | k- vawy 0 K- vawy |, (4.7)
K- UsWws K- Vawsg 0

where wj, j =1,2,3 are eigenvectors of R listed in [2.4]). Moreover, there have
lv1] = |va| = |vs], (4.8)
v1UU3 + Uroov3 = 0. (4.9)

Proof The proof is split into several steps.

1. Entries of M(k). Note (M(k))y; = (ME(Rk))ej = (Q M(RK)QR)e; holds for £,j =
1,2,3. By comparing the elements in M™ (k) displayed in ([6) with M(k), it is easily seen
that for k € R3, one has

PN Dy, 20k - R*V®;) = (D, 2k - VO;) = k- i 7HDy, 2iR*VD;) = k- (Dy, 2ik - VD).
Since k € R3 is arbitrary, we claim that
R(®y,2iV®;) = il Dy, 2iVD;). (4.10)

Equalities in (@I0) have shown that, for each pair (¢,7), (®y,2iV®;) is either the zero
vector or an eigenvector of R associated with the eigenvalue i/ ~¢. If £ = j € {1,2,3}, we
know that i/~ = 1 is not an eigenvalue of R and therefore

(P, 2i1VPy) =0 for £ =1,2,3.

On the other hand, the other six equalities of (£10]) imply that there exist constants vy, v, € C
such that

<(I)1, 2iV€D2> = V1Wi, <(I)2, QiV(I)1> = 1310.)3,
<(I)2, 2’iV(I)3> = VoW1, <(I)3, 2’iV(I)2> = @2(4)3, (4.11)
<(I)3, QiV(I)1> = VU3w2a, <(I)1, QiV(I)3> = 1330.)2.

Since M (k) = (M (k))* and w3 = wy, we have necessarily 0, = vy for £ = 1,2, 3.
2. Proof of |v1| = |v2|. According to the definition of ®9(x) € L%V7_1, we have

R[®o](x) = P2(R'x) = —Pa(x).
Thus
Do (R (—x)) = —P2(—x),
o (R*(—x)) = —Pa(—x),
R[Po(—x)] = —P2(—x).

) =
) =

The last equality means that ®o(—x) € L%V,—l' Since dim(&,, ﬂL%V’_l) = 1 by H1 and

®o(—x) is also L2-normalized, therefore

Dy(x) = Py(—x) for some § € R.
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From this, we deduce that V®y(x) = —eV®y(—x) and

<(I>1, QiV(I)Q / - 21e” ZGV(I)Q( )dX

q)l - 21e~ qu)g( )d

(D3, 2iVDy) (by changing x to —x)
= 62 <(I>2, 22V@3> .

From the definition of v, in ([@II]), we obtain viw; = ePvows and |vy| = |val.
3. Proof of (&8) and ([@J). The proof of |vg| = |v3]| is different. For any x € R3, we

consider the characteristic polynomial of the bifurcation matrix M (k)

a (P1,2ik - VPg) (Pq,2ik - VP3)
p(a, k) :=det (al + M(k)) = det [ (P2, 2ik - VOq) a (P9, 2ik - VP3)
(q)g, 21k - Vq)1> (q)g, 21K - V(I)2> a

It is a cubic polynomial of a with coefficients depending on k. Since Q)7 is unitary, it follows
from ([@4) that

pla, k) = det (al + QFM(Tk)Q7) = det (Q7F (al + M(Tk)) QT)
=det (al + M(Tk)).

Thus p(a, k) satisfies the following invariance
p(a, k) = p(a,Tk). (4.12)
In particular, by taking x = ey := (0,1,0) in ([@I2]), one has from (7)) that
p(a,er) = a® — |vs]?a. (4.13)

Similarly, one has T'ey = (0,0, 1) = e3 and by using (A7) again, we have
1
p(a,Tey) = a® — |us)®a + §(U1v2v3 + T10203). (4.14)

By comparing the coefficients of (£13]) and (£I4]), we deduce from the invariance (£12]) that
there hold |ve| = |us| and equality [@3). Together with equality |v1| = |vg| in the above step,
we have obtained all equalities in (48] and ([@.9). O

We have also the following gauge invariance for vivgvs and |vg|.

Corollary 2 (1) The quantity vivavs is gauge invariant in the sense that it does not depend
on the choice of the orthonormal basis of €, .
(2) The quantity |vi| = |ve| = |vs| is also gauge invariant.

Proof Let {®y(x):¢=1,2,3} and {Ci)g(x) =1, 2,3} be two sets of orthonormal eigen-
functions as in Proposition Bl Then there exist 7, € R such that 73 = —7q, and

Dy(x) = M dy(x), £=1,2,3.
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By direct calculations, one has
Dwy = (B1(x),2iVPe(x)) = e M2 (x), 20V Py (x)),
Dowy = (Po(x), 2iVP3(x)) = e 271 (By(x), 2iVP3(x)),
Dawy = (D3(x), 2iVP; (x)) = T (B3(x), 20V (x)).

Therefore
,{)1 — e_lTl+ZT2U1, ,{)2 — e—ZTQ—ZTl U, ,{)3 — 622T1 v3.
These yield the invariance
@1@2@3 = U1U2V3. (4.15)

For (2), by taking the norms in (£I5]) and using equalities (48], we obtain
[0 = [vel.

This leads to the desired invariance of |vy|. O

Due to the equalities in Theorem [Il and the invariance in Corollary Bl let us define
v, = |vg] € [0,+00), £ =1,2,3. (4.16)

The quantity v, of (416 is referred to as the Fermi velocity in quantum mechanics.
Now we introduce another standing assumption in this paper, which can be simply stated
as

H2 v, #0.

4.3 Conical structure of the spectrum near W

With the eigenstructure at W, we are able to obtain the corresponding eigenstructure when
quasi-momentum k is near W. The results are stated as follows.

Theorem 2 Suppose that V(x) is an admissible potential in the sense of Definition 2l and
consider the Schrédinger operator H = —A 4+ V(x). Assume that there exists b > 1 such

that pp—1 = Uy = fpr1 = M« 1S AN L%V7A—eigenvalue of H and the assumptions H1-H2 are
fulfilled.
Then, for sufficiently small but nonzero (k, fiy, £.) € R3, eigenvalues of H satisfy

o1 (W + K) = e + v || + o(|k]),
,u,b(W +K) = pe + SOU}"R’ + O(”‘i‘)a (4.17)
-1 (W + k) = ps +E-vz k] + o(|K]),

where v, is the Fermi velocity defined before, and {4 > £, > {_ are the three (real) roots of
the following cubic equation
Kghykz

3 _ A
4 oPe =0, k8= T (4.18)
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Proof The proof is based on the Lyapunov-Schmidt reduction. Thanks to the eigenstruc-
ture at W and the explicit form of the bifurcation matrix which we established in last section,
we now only need to do a perturbation expansion and a rigorous justification. Compared to
the 2-D honeycomb case [I7], we encounter more complicated computations on the bifurca-
tion. We complete it in several steps.

1. Decomposition of spaces. For k = W, we have

do(x) = e WEDy(x, W) € Lg s C Ly,  £=1,2,3,

such that
HW)pr=pO¢,,  £=1,2,3,

where ;{0 := p1,. These define a space
X =Xw = Span{¢17 ¢27 ¢3}

Consider perturbation k = W + k, where x € R? is small enough. From the defining
equalities in (3:2]), one has

H(W+k)=H(W) —-2ik-(V+iW)+ K-k =H(W) —2ik-Vw + Kk - K.
To study eigenvalue problem (B3]), let us decompose
VWt k) =00 +90(x), ¢ ex, 0 ext,

and write
(W + k) = p@ 4,0 M eRr.

Here the orthogonal complement X' is taken from L%, A- Then
HW + r)Y(x, W + k) = p(W + £)p(x, W + k)
can be expanded as
(HW) = nO1) p® = FO = FO (e, @, 5@, 50
(4.19)
:<2z'/£-Vw—/£'/£+,u(1)>w( ) + (21/4 Vw — k- /i—i-u )1/1(0

2. Splitting of the equation using the Lyapunov-Schmidt strategy. To solve Eq. (4.19)
using such a strategy, let us introduce the orthogonal projections

2 : H*(R*/A) — X = span{¢1, ¢2, ¢3} and 2, =1 — 2 : H*(R*/\) — X+

Applying 2| and 2, to Eq. ([@.I9), we obtain an equivalent system

(HW) = 01O = QLW (k,u, 40,4 0), (4.20)
0= QFM (s, D, 0 1)), (4.21)

because
200 =@ 2,¢®=y®  and 20V =2, 9O 0. (4.22)
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By using @19) for F(1), we have
2, FY =29, (2m Vw — k- K+ u(”) v+ 2, (2ik - Vw) ), (4.23)
2, FY = 2, (2ix - Vw) oW + 2 <2m Vw — KK+ M”) 0. (4.24)

By the assumptions of the theorem on eigenfunctions of H(W), one knows that, when
restricted to X+, H(W) — x0T has a bounded inverse

& =W, = (HW) - OO0 xt - 2, HX(R?/A).
By (£22) and ([{23)-@24])), equation ([20) is equivalent to
M =62, <2m Vw — k- K+ u“)) WM = €2, (2ik- Vw) 0,

ie.
(I 69, <2m Vw — k-t u“’)) b = €2, ik - Vw) . (4.25)

Due to the regularity, the mapping
=72 <2im-vw—m-m+u(1))f

is a bounded operator defined on H*(R?/A) for any s.

In the following we assume that || 4 [u1)] is sufficiently small. Then the left-hand side
of @ZH) is invertible. Given any () € X, Eq. (@2ZH) has then the unique solution in
2, H?(R?/A) :

—1
WO =P @ = (1= 72, (2in-Vw =55+ 4D)) " 72, 2in-Vw) v, (4.26)

Here Py = Po(uV,k) : X — 2, H*(R?/A) is a bounded linear operator. Substituting
(#24]) into equation ([f2]]) and making use of (Z24]), we obtain an equation for the unknowns
(ut, ()

M@, w9 + M, ) =0, (4.27)

where M(u® k), M(u®, k) : X — 2, HX(R?/A) are
MY, k) = 2, (2ir - Vw) Po(p', k),
M(/L(l), K) = Q” (2i/€ -Vw — K-k + M(l)) .

Note that (.27 is a linear system mapping from ¥ e X to X, with an unknown parameter
p eR.
Since X is 3-dimensional, we can write ¢(?) in

3
¢(0) = Zozgqbg, ay € C. (4.28)
(=1

In order that (£27]) has a nonzero solution ) e X, it is necessary and sufficient that the
corrections p(t) = (W + k) — (W) for eigenvalues are determined by

det E(u™M k) =0, (4.29)
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where E(p"), k) is the 3 x 3 representation of left-hand side of [@Z7), using the coordinates
for ¢)(©) as in [@28)). Precisely,

M(pD, k) + M(u®, k), (4.30)

=
=
=
=N
N~—
I

where

MM, k) = (Mm,éj(,“(l)a K))gxg (<¢£’ M(pt )¢j>)3><3 ’

.01 = ()., = (3 57060,

3. Explicit computation for nondegeneracy condition. We need to give a more explicit
computation for equation (Z29)).
To this end, by using 28] for 1), we have from @20)

1/,(1)( ) = 1/,(1 (X, K ,u ZO([C (x, K, 1 )) (4.31)

where ¢ (x, k, u1)), £ = 1,2, 3, are bounded by
|cOCmu)|| < Clrl+ 11D for [a] +|uD] < 1. (4:32)

Let us define ‘
CO(x) = OO (x, 1, 5V 1= V>0 (x, 1, V).

Recall that
Dy(x) = eV EPy(x), Vwo;(x) = e WVIVRi(x), (g, D)) = (¢, b;) = 0y
Moreover, as Q||¢(1) = 0, we have from (£31]) that Q”c“) =0, ie., ¢ ¢ XL, Thus

(80.09) = 0. 9) =0

The matrix-valued functions M (pV, k) and M(pV, k) in @30) are

M, k) =
pD 4 (B, 2ik - VD) (@1, 2ik - Vy) (@1, 2ik - V3)
(@, 2ik - V&) p D) 4 (Dy, 2k - VD) (B, 2ik - VB3)
(®3,2ik - V1) (3, 2ik - V) pN + (D3, 2k - VO3)
=y + M(x),
M (), k) =
K- k4 (D, 2k - VCWD) (®1,2ik - VOO) (@1, 2k - VOO))
(@, 2ik - VOD) k- K+ (Do, 2ik - VOO?) (@, 2k - VOO))
(@3, 2ik - VOO) (@3, 2ik - VOO?) K-k + (D3, 2ik - VOO))

By noticing (£32]), we know that

M ('Y, k), = O] - [] + |s]?).
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4. Bifurcation of eigenvalues. By the results in Theorem [, M (u"), k) simplifies to

p) (®1,2ik - V) (Dy,2ik - VP3)
p I+ M(k) = | (@9, 2ik - VO;) e (D, 2ir - V3)
(®3,2iK - VO1) (P3,2ik - VP3) p
N(l) U1 (kg — iky) U3(k2)
= | Ui(ky + iky) p) V2 (Ky — iKy)
vs(kz) T3 (kg + iky) )

Thus the bifurcation equation (29 is

3 v1]? + |vg|?
(V)" = u [yvgmg + M(Hi + )| = h(r) = g(uV, k) =0, (4.33)

where

1 . S ;
W) = Gu1vavs(R — 2ikatiy — Ky)Rs + DTOROR(K} + 2Rty — )Rz,

g, k) = O(|6[*|k)P), a+p >4

The definitions and properties of v; are displayed in Theorem [II Note that vivovg is
purely imaginary, thus we may set arg(vjvevs) = 37”, because the case arg(vivauz) = 5 is
similar. Hence ([.33]) simplifies to

1)

(uM)? - N(l)Ui‘HP = _27};}’:"%"%’12 + g, k). (4.34)

We then follow the arguments as done for Proposition 4.2 in [I7]. Setting (") = ¢vz|k|+o(|x|)
and substituting into ([£34]), we observe that £ solves the cubic equation (Z.I8]).

By the Cauchy-Schwarz inequality, one has [k*8] < @. We therefore conclude that
equation (£I8]) has precisely three real solutions £, > & > £_ by using the discriminant of
cubic equations. Moreover, £ +&y+£&_ = 0. Actually, the Floquet-Bloch eigenvalue problem
has three dispersion hypersurfaces

Ho+1 = o + &4V |K[ + o([K]),
Mo = s + gO’U]:|’{| + 0(|K’|)7
Ho—1 = Mx + g—’U]:|K’| + O(|’{|)

Consequently, we have the desired results ([{.I7) and the proof of the theorem is complete. [

From the Theorem 2 we see that the three bands intersect at the degenerate point
(W, ).

Note that the roots & = &.(k/|k|) of equation (@IS depend only on the directions of k,
not on the sizes |k| of the quasi-momenta x.

We want to point out that there is a special direction along which two energy bands

adhere to each other to leading order. Specifically, if x € n,Ry with n, = (@, @, @), the
solutions of (£I8) take the form
V3 23

G=b=%" L=-2

22



The result indicates that the three-fold degeneracy splits into a two-fold eigenvalue and a
simple eigenvalue in the vicinity of the Weyl point W. We remark here that it is not clear
whether the double degeneracy persists by including higher order terms of |x|. This is an
interesting problem but is beyond the scope of the current work.

At the end of this section, we characterize the lower dimensional structure of the three
energy bands near the Weyl point W. According to the expressions of dispersion bands u(k)
in ([{I7), we study a special case of dispersion equation (£I8]) as follows. If k& = 0, or
equivalently, either of k;, ky, K, vanishes, the bifurcation equation (4I8]) has solutions

§+ = 17 60 = 07 é.— =-1L

In the transverse plane which is perpendicular to one axis direction, the three dispersion
surfaces form a standard cone with a flat band in the middle, see Figure 2 in Section 7. This
is exactly the band structure of the Lieb lattice in the tight binding limit [21], 27]. To the
best of our knowledge, this structure has not been rigorously proved. We demonstrate its
existence for our potentials in lower reduced planes.

Generally speaking, in the reduced plane, the three dispersion bands do not behave the
same as the above case. Note that (—k)*8 = —k*8. Let us fix a direction n. Then

== H=-&" &=-¢"

where the superscripts indicate the different choices of bifurcation equations depending on
the directions n or —n. We can actually construct three analytical branches of dispersion
curves and each branch is a straight line to leading order. In fact, let us define

Ey(N) = iy1(W + An) = p1. + € \0,. + (A,

E5(A) = (W + An) = p. + & Auz + o(|A)),
E3(X) = po—1 (W 4+ An) = py + E8Av, + o(|A]).

Then for a fixed direction n, the three branches F;(\), j = 1,2,3 are analytical in A.
Next we allow n to vary in a transverse plane. Namely, let n; and ns be two orthonormal
vectors and consider the dispersion surfaces in the plane spanned by n; and ny. Then

(W Ainy + Aong) = 1. + M & +o(|)]),

where |A| denotes the length of (A1, A2). Note, while \ is fixed, '8 is a continuous variable
with respect to %, thus & depends on ’\—Al continuously. Consequently, (£17]) exactly admits
a cone (may not be standard and isotropic) adhered by an extra surface in the middle (see
Section 7 for related figures).

5 Justification of Assumptions H1 and H2

Theorem [ states that as long as H1-H2 hold, the Schriodinger operator with an admissible
potential always admits a 3-fold Weyl point at the high symmetry point W. In this section,
we shall justify the two assumptions H1-H2 can actually hold generally. We first examine
shallow potentials in which case we can treat the small potential as a perturbation to the
Laplacian operator. Then we can conduct the perturbation theory. The main difficulty is to
prove the 3-fold degeneracy persists at any order of the asymptotic expansion. We remark
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that in the 2-D honeycomb case [17], the 2-fold degeneracy is naturally protected by the
inversion symmetry. But that is not enough for higher multiplicity. What are the required
arguments on the 3-fold degeneracy? We will answer this question in our analysis by imposing
novel symmetry arguments.

5.1 Weyl points in shallow potential case

We first consider the Floquet-Bloch eigenvalue problem for the operator H® = —A 4 eV (x),
where ¢ is possibly small and V' (x) is a nonzero admissible potential. Without loss of general-
ity, we consider the case that ¢ is positive. Then the W-pseudo-periodic eigenvalue problem
on the four eigenspaces of L%V 0 L €1{1,2,3,4} takes the form
HE®,(x, W) = [-A + eV (x)]0 (x, W) = 5 (W)D5(x, W), x € R,
P5(x+ v, K) = WVO(x,K), x€R3 veA, (5.1)
RID; (x, W)] = i'05 (x, W), £ {1,2,3,4}.
We first study the special case that € = 0. Note that R is orthogonal and

[W| = |[RW| = |R*W| = |R°W| =

iR'W-x

By letting ;(° = W2 = 4q we know that e are eigenfunctions associated with ;(?).

Thus 1) is an eigenvalue of H? of multiplicity at least 4. To show that the multiplicity
of u© is exactly 4, for m = (m1,mg,m3) € Z* and q = miq; + maqa + m3qs € A*, the
equation

(W +qf” = [W[

will lead to
[(2m1 + 2mg — 1)2 + (2my + 2m3 — 1) 4 (2ma + 2ms — 1)2]¢% = 34°.
Since mq, ms, mg are integers, it is
(2my + 2mg — 1)% = (2my + 2m3 — 1)> = (2mg + 2mz — 1)* = 1,
with the precisely 4 solutions
m = (0,0,0), (1,0,0), (0,1,0), (0,0,1).

For these m, W + q correspond to R‘W =W +qu, £ = 1,2,3,4, cf. 3.
Summarizing the above calculations, we have

Prop051t10n 5 The Laplacian H° = —A admits a real four-fold eigenvalue p(®) = [W|? =
Zq at W, with the eigenspace spanned by {eiRZW'X =1, 2,3,4}.

Notice from (28] that "W = W+q,. Let us take the following eigenfunctions associated
with (%)

1 . — .9 3
(I)?(X) _ (I)?(X,W) = (ezW-x + igezRW-x + 2'2561}2 W-x + iZCZR W-x>
V4[Q
3
.—fv zR"Wx o —flv z (W+aqu)-x
€ Loy i ,
\/4|—Q Z Wi 2_:
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where ¢ = 1,2,3,4, cf. [226]). It is easily seen that
(@7, ) = 6y, ¢, j=1,23,4.

Based on the results in Proposition [ we can justify Assumptions H1 and H2 when e > 0
is sufficiently small.

Theorem 3 Let V(x) be an admissible potential. Suppose that the Fourier coefficient Vi 9o >
0. Then there exists a constat €9 > 0 such that for any e € (0,e9), H® = —A + eV (x) fulfills
the assumptions H1 and H2. Moreover, one has

pe = 115 = [W* + (Vo0 = Vipo) + O(e?), €=1,2,3, (5.2)
[v2| =g+ O(le) > 0. (5.3)

Hence the lowest three energy bands intersect at the three-fold Weyl point (W, ).

Remark 5 The requirement Vi oo > 0 in Theorem Bl can be replaced by Vipo < 0. In the
latter case, one has the second, third and fourth bands intersect at the Weyl point (W, pu.).

The proof of Theorem Blis inspired by the methods in [26], where the 2-fold Dirac points
in the 2-D honeycomb structure is studied. The main difficulty in the present case is the
justification of the three-fold degeneracy of the perturbed eigenvalue p, at W. Recall that
the two-fold degeneracy is protected by the BT-symmetry of V(x) in the 2-D honeycomb case.
The potential in our work also possesses the PT-symmetry so that a two-fold eigenvalue pu,
at W is guaranteed. However, this is not adequate to admit the three-fold degeneracy of fi.
In fact, we need to combine T-symmetry to ensure that another eigenvalue is the same as
1y at W. This is the main difference compared to the analysis of the previous work. In the
following proof, we only list the key calculations and point out the new ingredients.

We begin to prove Theorem [Bl
1. Recall that () = |[W|? is the eigenvalue of the Laplacian —A of multiplicity 4.
Moreover, ,u(o) is also a simple L%V s-eigenvalue for £ € {1,2,3,4}, with the corresponding

eigenstates @2. Let us decompose ®7(x, W) € L%V ;0 as

o5 (x, W) = o7 (x, W) + (! (x, W).

Similar to [36], by applying Lyapunov-Schmidt reduction to (51), we obtain the expression
for p® for sufficiently small ¢

u =i = 1 + 2@, V) e”) + 0, £e{1,2,3,4}. (5.4)

We now turn to the calculation of <<I>§O), V(x)(ﬁgo)y By using the R-invariance of V(x),
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it follows that

Vo0 = (WY, V(y)eW¥) = (WY, V (y)e! W)
_ <eiR2W~y’V(y)eiR2W~y> _ <eiR3W-y’V(y)eiR3W-y>’
Vigo = (€W, V (y)e!™WY) = (VY V()W)
_ <eiR2W~y7V(y)eiR3W~y> _ <eiR3W-y7V(y)eiW~y>7
Vo0 = (€Y, V(y)e W) = (VY 1 (y)el W) >
= (WY V()W) = (WY, V() YY),
Voou = (WY, V(y)e W) = (WY Y (y)e ™)
_ <eiR2va7V(y)eiRW-y> _ <eiR3W-y7 V(y)eiRQW-y>7

where
Vg = / e—i(aq1+ﬁqz+vq3)v(y)dy.
Q

By inserting the expansion (B.2]) of @éo) (x, W) and the coefficients (5.5]) into (5.4]), and
noticing that V' (x) is even, it follows that
1O + (Voo — Vip-1) +0(?), £=1,3,
py = 1O +e(Vooo + Vip—1—2Vigo) + O(e?), £=2, (5.6)
1@+ e(Vooo + Vi1 +2Vi0) + O(?), =4

2. Since V(x) is T-invariant, we have V; o _1 = Vj 0,0 > 0. In particular, (5.0]) is simplified
to

15 =p5 = O 4+ e(Vooo — Vioo) + OE?), £=1,3,
5 =p0 + (Voo — Vipo) + O(?), £=2, (5.7)
13 :,U(O) +e(Vo0,0 +3Vi00) + 0(62), {=4.

Here one shall notice that the O(g?) terms in pi 2 and p§ are undetermined. This means

that we could not assert that uf 3 = p5. However, it follows from (E77) that these eigenvalues
are ordered so that

py = pg = py < pg -
Let £,: denote the eigenspace of H*®° = pj®°. Then the above analysis shows that
Euis CLy, ® Ly _;® L3y _1, and 2<dim€: <3. (5.8)

The next step is to verify that uf is really a three-fold eigenvalue, i.e., dim&,: = 3, with
the help of the following lemma.

Lemma 5 We assert that T ®] ¢ L%V,i S5 L%V’_i for € is sufficiently small.

The detailed proof of Lemma [ is displayed in Appendix B.
We continue the proof for Theorem Bl Recall that [H, 7] = 0. Thus

T(—A +eV(x) DS = (—A + eV (x))TES = pSTES .
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Therefore T®7 € £,:. By Lemma[i we deduce that 7T®f ¢ L%V,i & L%M_i. Hence

{2i(x), ®(—x), T2i(x)}

are linearly independent eigenfunctions in £,:. Thus dim&,s > 3. By (B8], we conclude that
dim &,: = 3 and pf is a three-fold eigenvalue. Moreover, result (5.2]) follows from (&.1]).
3. We then embark on the proof of (5.3]). In analogy with the construction of v, in
(0)

Theorem [I, we introduce v, ’ by
vV, = @ 2ive)  vVw; = (@ 2ive)  vPws = (@, 2ive!”y .
(0)

Actually in the following we will present the full calculations for each v, under the above

choice of <I>§0). By discussions given in [I7], it is standard to apply the Lyapunov-Schmidt

reduction to approximate v, while 0 < ¢ < 1. The result is
. 0) o 0
(@, 2V ®;) = (@}, 2iV0") + O(le]) .

Here

) (x) = Z el Whanyx 193 4.

v

Thus we can directly deduce that

oF

@, (x) \/4|—QZ

127 —Z(W—l—ql,)
M

V<I>§-O (x) Z Ikl (Wtau): *(W +qy),
\/4|Q
( ) 0 ZV - v
P, (x )ZZVCD 4|Q| ZZ Tl A=) X (W 4 q,) .

v=0 pu=0

Therefore, by setting dy; := (—i) ™%~/ =i*~J, one has

3
(0, 2070 = —% > (de) (W +qy)

1 o 1<
=—3 <Z(déj)”> W-3 > (dej) aw
v=0 v=1

l\’)

= - lz dZJ qu,

where (¢,7) = (1,2), (2,3), (3,1). Since dia = do3 = —i and d3; = —1, one has

(0) (0) (0) O\ _ I~

<c1>1 , 2iV®S > <c1>2 , 2iv o > > Vzl( i)’ ay
1, . V2 ,

= 5 (qu +aq2— Z(313) = 7(1 + Z)qwl, (59)
(0) (0) 1 1

<‘I’3 ; 0V Py > =3 Vz::l(—l)uqu =3 (q1 — g2+ q3) = —qus .



From these we directly obtain ‘Ugo)‘ = ‘Uéo)‘ = \Uéo)\ = ¢. This completes the proof of (5.3)).
U

Remark 6 Note from (5.9) that U%O) = Uéo) = e'iq and Uéo) = —q. Thus

0) (0) (0
vI1UaUs vg )Ué )Ué )+ 0(e)) _ —¢ + O(Je|) — 11O . (5.10)
‘U1U2U3’ ‘U1U2U3’ q3+(’)(\a])

Recall that vivavs is gauge invariant and arg(vivevs) is either 5 or 37” by Theorem [ Thus

we assert from ([B.I0) that

3T
arg(vivgus) = >

when € is sufficiently small.

5.2 Remark on Weyl points in generic admissible potentials

Theorem [B]studies the 3-fold Weyl points for the Schrédinger operator with shallow admissible
potentials: H® = —A 4+ eV(x) for € # 0 and small. In this subsection we make some remarks
on the extension of these results to generic potentials, i.e., ¢ = O(1). Following the arguments
established by Fefferman and Weinstein for the existence of Dirac points in 2-D honeycomb
potentials, see [17, [14], we claim that the assumptions H1 and H2 hold for some (W, )
except for € in a discrete set C of R. Consequently, the conclusions of Theorem [Bl also hold,
i.e., there always exists a 3-fold Weyl point, for the Schrodinger operator H® = —A + eV (x)
if £ is not in the discrete set C.

The main idea is based on an analytical characterization of L%V, \-eigenvalue of H®. By
a similar argument on the analytic operator theory and complex function theory strategy
[17, [14], it is possible to establish the analogous result. Due to the length of this work, we
omit the details and refer interesting readers to [14} [17].

6 Instability of the Weyl point under symmetry-breaking per-
turbations

In the preceding sections, we have demonstrated that the admissible potentials generically
admit a 3-fold Weyl point at W. The admissible potentials are characterized by the in-
version symmetry, the R-symmetry and the 7-symmetry. Actually we have seen the 3-fold
degeneracy at W and conical structure in its vicinity are consequence of combined actions
of these symmetries. In this section, we shall discuss the instability of the 3-fold Weyl point
(W, p,) if some symmetry is broken. More specifically, we only show the case where the
inversion symmetry is broken which can be compared with the results to the 2-fold Dirac
points in 2-D honeycomb case. The calculation of the case where T-symmetry is broken is
very cumbersome and we shall not give detailed discussion and only give numerical examples
in Section 7.
Consider the perturbed eigenvalue problem

(H + 6V, (x))¥° (x, W) = 120 (x, W), (6.1)

where V,(x) is real and odd, and § is the perturbation parameter which is assumed to be
small.
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We expand p® and ¥ (x) near the 3-fold Weyl point (W, j,) as
V(x) =00 (x)+ W (x), and 4’ =p.+pu,

where U9 is the unperturbed eigenfunction corresponding to the the unperturbed eigenvalue
1+ We have stated in Theorem 2] that

3
= a®(x)
i=1

Calculations analogous to those in the proof of Theorem [l can lead to a system of homoge-
neous linear equations for aq, as, ag

aq
(I =My —Ms) [ag | =0,

as

where

(P2(x), 6V, (x) @1 (%)) (P2(x), 0V} (x)P2(x))  (P2(x), 0V} (x)
(@3(x), 0V (x) @1 (%)) (@3(%), 0V} (x)P2(x))  (P3(x), 0V} (x)P3(x))
and My includes higher order terms.

Therefore 9 is the solution for the perturbed eigenvalue problem (6.1)) if and only if (1)
solves

((<I>1(x),6v},,(x)<1>1(x)> (P1(x),Vp(x)P2(x)) <‘1>1(X)75V}7(X)<1>3(X)>)
M g} ;

det(uMT — My — M3) =0. (6.2)

Following a standard perturbation theory for Floquet-Bloch eigenvalue problems, we ob-
tain that the solutions of (G.2) satisfy

p) = i+ o(6),
where 1 is the leading order effect of the perturbation which solves the equation

det(pl — My)=0. (6.3)

To understand the problem, it is key to compute the explicit form of M;. Note that
(@1(x), Vp(x)®3(x)) = —(P1(=y), V3 (y)®3(—y))

= —(®3(y), Vy(y)®1(y)) = ~(@1(y)Vp(y), @
(P2(x), Vp(x)P2(x)) = —(P2(—y), p(Y)<1>2( y
== (D2(y), Vp(y)P2(y)) = =(R2(y)Vp(¥), P2(y)) -

= <

Therefore
(D1(x), Vp(x)P3(x)) = (P3(x), V3 (x)P1(x)) = (P2(x), Vp(x)P2(x)) =0 .

Similarly,

(6.5)




Combining ([64) and (6.35), we obtain

—V] Uy 0
My =6 Ug —Ug , (6.6)
—Ug +U§

where vg and vg represent (®;(x),V,(x)®1(x)) and (®;(x), V,(x)P2(x)) respectively. Ob-

versely, Uﬁ is real.

Let us assume that both ’U% and ’Ug are nonzero. Substituting (6.0) into (€3], we obtain
A — 0 (0})?) = 20°| b °fi . (6.7)

Then we can conclude from (6.7)) that the 3-fold degenerate point (W, u,) splits into 3 simple
eigenvalues under an inversion-symmetry-broken perturbation. More precisely,

1] = g + 6y (05)2 + 205 + 0(6),

,ug = ps +0(6),

1 = pr = 84/ (05)2 + 200 + 0(3) .

The above analysis implies that the 3-fold Weyl point does not persist if the inversion
symmetry of the system is broken. We also include the numerical simulations for a typical
admissible potential with an inversion-symmetry-broken perturbation in Section 7, see Figure
2. It is seen that the 3 bands do not intersect at W and there exist two local gaps.

We remark that if 7-symmetry is broken and inversion-symmetry persists, the 3-fold
degenerate point split into a 2-fold eigenvalue and a simple eigenvalue, see Figure 3 in Section
7. The reason is that the inversion symmetry naturally protects the 2-fold degeneracy which
is similar to the 2-D honeycomb case. Due to the length of this work, we shall not include
the detailed calculations while some of main ingredients can be found in our analysis to the
bifurcation matrix M (k) in Section 4.

7 Numerical results

In this section, we use numerical simulations to demonstrate our analysis. The numerical
method that we use is the Fourier Collocation Method [37]. The potential that we choose is

V(x) = 5(cos(qy - x) + cos((q2 — q1) - x) + cos((qs — q2) - x) + cos(qs - x)

+ cos(qz - x) + cos((as — a1) - ). (7.1)

It is evident that V(x) is an admissible potential in the sense of Definition 2]

According to our analysis—Theorem [2] and Theorem [B] the first three energy bands inter-
sect conically at W. In the following illustrations, we plot the figures of first three energy
bands in vicinity of W. Since the full energy bands are defined in R?, it is not easy to
visualize such high dimensional structure. We just show the figures in the reduced parameter
space, i.e., energy curves with the quasi-momentum being along certain specific directions
and energy surfaces with the quasi-momentum being in a plane.
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We plot dispersion bands p(k) near W along a certain direction n, i.e.,
w(A) = (W + An). (7.2)

The dispersion curves u(\) along three different directions are displayed on the top panel of
Figure [Il where we choose three different directions

2 21 3 V3 V3
n:(17070)7 a9' 9o | £7£7£ .

3°'3°3 3733
In the first two cases, we see that the three straight lines intersect at A = 0, i.e., at the Weyl
point. In the last example, we only see two straight lines intersect since one straight line is
two-fold degenerate to leading order, see discussions in Section 5. The numerical simulations
agree with our analysis given in Theorem 2

We also plot the energy surfaces with the quasi-momentum varying in along two directions,
i.e.,
,u()\l, /\2) = ,u(W + Aing + )\gng).

The dispersion surfaces p(A1, A2) are displayed on the bottom panel of Figure [[l where in
all cases n; = (1,0,0) and

V2 V2 34
ny = (0,0,1), <O,7,7)7 <07373>

respectively. From the figure, we see that the three dispersion surfaces intersect at the Weyl
point. The first and third bands conically intersect each other with the second band in the
middle. This result also agrees well with our analysis.

We next verify the instability of conical singularity under certain symmetry-breaking
perturbations. A perturbation is added to the above admissible potential (). In other
words, we consider the Schrédinger operator H) = —A+V (x)+6V,, (x), where V,,, (x), i = 1,2
denote the perturbation potential and 0 a small parameter. In our simulations, we choose
0 =0.01.

e We first examine the role of PT-symmetry. The perturbation that we choose is

Vp, (x) =sin(qq - x) +sin((qg2 — q1) - x) +sin((gs — g2) - x) + sin(qs - x)

+ sin(qe - x) +sin((qs — a1) - x). (7.3)

Obviously, V), is odd and thus breaks ‘BT-invariance of V' (x). We plot the same energy band
functions of H f as shown in Figure 2l We see that the three energy band functions separate
with each other and two gaps open.

e To see the significance of T-invariance in the formation of three-fold conical structures,
we consider the perturbation V,(x) which breaks 7-invariance. In our simulation, we choose

Vs (%) =cos(qr - x) + cos((qz — qi) - x) + cos((qs — q2) - X) +-cos(qz - x).  (74)

Obviously, the perturbed potential ([7.4]) possess R-invariance and PBT-invariance, but does
not have the 7-symmetry since T'q; = q3 — qi.

As before, we display the energy curves and surfaces near W in Figure Bl It is shown
that the original three-fold degenerate cone structure disappears and breaks into one simple
and one double eigenvalue. The nearby structure near the double eigenvalue is not naturally
conical. It may correspond to other interesting phenomena but is beyond the scope of this

paper.
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(d) (e) ()

Figure 1: The first three energy bands of H = —A + V(x) with V(x) in (ZI) . Top
Panel: Energy curves ;(W+An) in (2]) with the quasi-momentum along a fixed direction n

being (a)(1,0, 0);(b)(%, %, %),(c) (?, ?, ?) respectively. Bottom Panel: Energy surfaces

(A1, Ag) with the quasi-momentum along two directions nj, ng, where n; is chosen to

be (1,0,0) and ny equals (d)(0,0,1); (e)(O, @, @), (£)(0,2,2). The three energy bands

intersect conically at the origin, i.e., at the Weyl point.

(d) (e) (f)

Figure 2: The first three energy bands of H® = —A + V(x) + dVj,(x) with the inversion-
symmetry-breaking potential V,(x) in (Z3]). The setup is the same as that in Fig. [l The
3-fold degenerate point disappears and two local gaps open.
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-0.1 A 0.1 -0.1 A 0.1 -0.1 A 0.1

(d) () (f)

Figure 3: The first three energy bands of H’ = —A + V(x) + 6V, (x) with the T-symmetry-
breaking potential V,(x) in (Z4). The setup is the same as that in Fig. O The 3-fold
degenerate point splits into a two-fold and a simple eigenvalues. The two-fold degeneracy
comes from the inversion-symmetry of the system which we keep. There is no general conical
structure near the perturbed two-fold degenerate point.

A Proof of Proposition

The purpose of this appendix is to give a detailed proof to Proposition [8l We first prove the
following lemma.

Lemma 6 Let u, be an eigenvalue of H(W) of eigenvalue problem ([d1]) with the correspond-
ing eigenspace &, . If €, C L%V,Z- o L%V,_Z-, then dim &, is even.

Proof Let ® €&, C L%V,i @ L%V,—i‘ Then ®(x) = ¢1P1(x) + c3P3(x) for some constants
c1, c3, where 1 € L%Vﬂ. and ®3 € L%V,—i‘ We distinguish the following two cases.

e ¢ -c3 =0, say cg = 0 for instance. Then ®(x) = ¢;P1(x). Note that ®(—x) =
c1®1(—x) € L%, _, is linearly independent of ®(x). Recall that {®(—x), (W)} is also an
eigenpair of eigenvalue problem (3.2)). We directly obtain ®;(—x) € &,,.

e ¢ -c3 #0. Applying R to ®(x), one has R[®|(x) = ic1P1(x) — ic3P3(x) € £,,. In the
present case, it is easy to see that R[®](x) is linearly dependent of ®(x).

By the above analysis, we conclude that dim &, is even. (]

,—1

Now we are ready to prove Proposition Bl Since ®1(x) € L%Vﬂ- solves the Floquet-Bloch
problem (41]), then ®3(x) := ®1(—x) € L%V7_i is also an eigenfunction.
As dim &, = 3, there exists ®'(x) € &,, such that ®'(x) ¢ L%Vn' @ L%V7_i. Hence

' (x) = 1P (x) + co®5(x) + 3P4 (x) € Eus (A1)

where ¢ # 0 and @} € L%V ;¢ satisfy R[®Y] = ‘@) for £ =1,2,3.
We aim at proving the assertion that ®4(x) € &, .
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e Case 1: ¢; = ¢3 = 0. In this case the assertion is trivial from (A.T]).
e Case 2: One of ¢; and c¢3 is nonzero and another is zero, say ¢; # 0 and ¢3 = 0. Then
we have equalities

P'(x) = 1D (x) + c2P5(x) € &,
R[D'](x) = ic1 D] (x) — c2®5(x) € Eys
RI®'](x) + D' (x) = (i + 1)1 @] (x) € Ly, NEy -

Since the multiplicity in L%V’Z- is one, we conclude from the last equality that ®/(x) = a®(x)
for some . Consequently, we conclude from the first equality that ®5(x) € &,.
e Case 3: Both ¢; and c3 are nonzero. Basing on the decomposition (A, one has

R[P](x) = ic1 @ (x) — c2®h (x) — ic3 P (x).

Then
P"(x) := R[P](x) + P/ (x) = k1 @ (x) + ko4 (x) € Liy,; ® Ly _; (A.2)
where k1 = ¢1(i+ 1) and kg = c3(1 —i).

Assume that ®” ¢ span{®;, P3}. Without loss of generality, we assume that ®7(x) is
linearly independent of ®;(x). Then R[®"](x) + i®"(x) = 2ik1®"(x) € L3y ;, which would
imply that (W) is not a three-fold eigenvalue. Thus we have shown that ®” € span{®,, ®3}
is a linear combination of ®; and ®3. It then follows from (A2)) that ] = a®; and ¥4 = 3P3
for some constants «, 8. Going back to (AT), we obtain ®'(x) = ¢} ®1(x)+c2Pj(x)+ 5 P3(x).
This leads to the assertion ®4(x) € £, .

The proof is complete. O

B Proof of Lemma

In this appendix, we actually give a proof of a stronger conclusion. Assume that ®¢(x) €
L%Vi @ L%V _,; has the form
(x) = P1(x) + P3(x),

where ®;(x) € L%V,i and P3(x) € L%V7_i are of the form (2.26]). That is,

01(x) = 00x) + lx) = 00 (x) + Y D WHOx W)
acSy \{(0,0,0)}
o eiR2(W+q)-x + Z-eiRS(W—l—q)-X)

By(x) = e (%) + Bh(x) = cx®P (1) + S B VHDX iRV x
q€Sy \{(0,0,0)}
_ iR*(Wta)x 4+ eiRS(W+q).x) .

By the symmetry, we have the following conclusion.
Lemma 7 If |c1]| + |c3| > 0, then T®4(x) ¢ L%Vﬂ. ® L%V’_Z..

Note that Lemma Bl is just a direct consequence of above conclusion. Indeed, let us recall
that ®5(x) = (1 + O(E))(I)go) (x) + ®#(x). Thus for sufficiently small e, ®5(x) satisfies the
conditions of Lemmall i.e., c; =1+ O(e) # 0. So TP](x) ¢ L%V,i @ L%M_Z.. O
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It remains to prove Lemma[ll We begin the proof by considering the action 7 on @éo) (x).

By employing 7 on iR Wx accordingly, we obtain

7-(1,(0) _ 1 (_eiW~x 1 eiRWx | et FPWx _ ieiR:’W-X)’
LAl
7-(1,50) _ 1 (eiW-x 4 I RWx _ [iRPWx eiR3W-X)7
4Q]
1 . . . o
T(I)go) — 4|Q| (_ezW~x + ezRW-x . iezR2W~x + Z'ezR%W-X)7
T@io) _ 1 (W 4 IRWx 4 CIWx | ez’R3W.x>_

E
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Obviously T(I)Elo) (x) = @510) x). By direct calculations, we have the following relations
between {T<I>§O) (x)}3_, and {(I)go) x)}o_,

T@&S) @g?
7o | = Q% | &Y |, (B.1)
ToL o
where . .
. 2 itz T
3 T273 T3

Assume that 7T®° ¢ L%Vﬂ- D L%V7_Z-. Then

T =T, + T = ;T + csTOY + T + Tk .
By the relations in (BI) and (B.2)), we have
1 1 1 4 1

Cl(—§ + 5) +Cg(—§ — 5) = —(61 + 63)5 + %(Cl — Cg) =0.
This implies ¢; = ¢3 = 0, which contradicts with |ci| + |ez| > 0. Therefore, 7T®¢(x) ¢
Ly, ® Liy ;- U
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