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2D point vortex dynamics in bounded domains: global
existence for almost every initial data

Martin Donati

Abstract

In this paper, we prove that in bounded planar domains with C*% boundary, for
almost every initial condition in the sense of the Lebesgue measure, the point vortex
system has a global solution, meaning that there is no collision between two point-
vortices or with the boundary. This extends the work previously done in [13] for the unit
disk. The proof requires the construction of a regularized dynamics that approximates
the real dynamics and some strong inequalities for the Green’s function of the domain.
In this paper, we make extensive use of the estimates given in [7]. We establish our
relevant inequalities first in simply connected domains using conformal maps, then in
multiply connected domains.

1 Introduction

Let us begin by recalling the Euler equations for two dimensional incompressible and inviscid
fluids. Let Q be an open, bounded and connected subset of R%. We denote by

JaxRy —R?
@) e,

the velocity of a perfect incompressible fluid filling 2. Then u must verify the incompressible
Euler equations:

Owu(x, t) +u(x,t) - Vu(z,t) = =Vp(z,t), V(z,t) € QxRY

u(z,0) = up(x), Vo e Q
V- u(z,t) =0, V(z,t) € Q x Ry
u(z,t) - ng(z) =0, V(z,t) € 00 x Ry,

where p is the pressure within the fluid, ng is the exterior normal unit vector to 992 and wug
is the initial velocity at the time t = 0. Introducing the vorticity w = curl u = 01us — douq,
the first equation of Euler’s system gives the following equation for the vorticity:

Ow(z,t) + u(z,t) - Vw(z,t) = 0. (1)
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We can also express the velocity in terms of the vorticity thanks to the Biot-Savart law.
When 2 is simply connected, the Biot-Savart law reads

u(e, t) = / VL Gale, )y, O)dy, 2)

where G is the Green’s function of the domain €. It is important to recall that the Green’s
function of any open and connected subset of R? - we call them domains in this paper - can
be decomposed as

GQ = GRZ + YQ, (3>

where g is a smooth function in Q x . Indeed, vyq(x,y) is harmonic in both variables.

We define the point vortex system as in [I14]. We assume that at the initial time, the
vorticity is a sum of Dirac masses wy = sz\il a;0,, where N is an integer greater than 1,
which we fix for the rest of this paper, and the masses a; are real numbers, also fixed. Since
the vorticity equation (I) is a transport equation in w, we expect the vorticity to remain a
sum of Dirac masses with the same intensity as at the initial time. So we choose to write
wt) =N, ai0z,t)- We then define the point vortex system in a simply connected domain
as the solution of the system of equations:

vi<isn, D0 oS Vb0, 50 + Ve, a®a @)
=

This is obtained by introducing the expression of the vorticity and the decomposition (B3]
into the Biot-Savart law () and by removing the singular term that appears in the limit of

V.Gre (2, z;(t)) = % when z goes to x;(t). This term represents high speed rotation
around x;(t), so it shouldn’t affect the motion of x;(t) itself.

All those choices have been mathematically justified in [15], where it has been proved
that highly concentrated smooth solution of the Euler equations converges in the sense of
measures to the solution of the point vortex system, as the initial data converges towards
the initial sum of Dirac masses. It has also been proved in [6] that the point vortex system
is a good approximation of the Euler equation from the point of view of numerics, taking as
initial data a grid of vortices approaching a smooth initial vorticity.

The question that naturally arises now is whether the system of equations defined in ({))
has a global solution for every initial condition (z;(0));. The answer to that question unfor-
tunately is negative in general, since in R? one can build an initial datum such that point
vortices collapse in finite time. See [14], [11], or [10] for explicit examples. By construction,
the point vortex dynamics isn’t defined anymore as soon as a collapse occurs, since equation
(@) becomes singular when two points collide. But what we can expect is that these occur-
rences of collapse are exceptional, meaning that the initial configurations leading to collapse
are negligible in the sense of the Lebesgue measure. This result has been proved in [I3] in
the unit disk D(0,1). In the case of R?, it has been proved with the additional assumption
that every possible sum of the masses never vanishes, meaning that )., a; # 0 for every
P c {1,...,n}. Proofs of these results can be found in [13] and [14]. Very recently, [5]
proved that the assumption that ZZN:1 a; # 0 in R? can be removed.

Let us give a precise statement of the result of [I3] in the case of the disk.
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Theorem 1.1. IfQ = D(0, 1) the open unit disk, then the point vortex dynamics (@) for any
fized number of points N > 1 and masses (a;); € RY is globally well defined except maybe for
a set of initial conditions in QY which has vanishing Lebesgue measure.

The purpose of this article is to prove a generalization of this theorem to more general
bounded domains. Let Q be an open bounded and connected subset of R? with a C%®
boundary for some o > 0. In the case where €2 is multiply connected, the point vortex
dynamics is changed since the Biot Savart law is different. We refer to [4, Chapter 15| for the
point-vortex system in multiply-connected domains. We will give all the details in section
but the result is that for a domain €2 that has m holes, the point vortex dynamics is given
by

dt

N m

= ViGa(ai(t), z;(t)a; + Viyalei(t), zi(t)ai + Y () V5iwi(z;) ()
=

forall 1 <7< N. Above

ci(t) = & + Y agw;(zx(t)),

&, is the circulation of the velocity u on the boundary of the j-th hole of €2, and w, are
the harmonic measures of the domain 2. Let us observe that by the Kelvin theorem, the
circulations {; are constant in time. They are therefore prescribed at the initial time.

Let A be the Lebesgue measure on R?Y. We define on the set Q"
d(X) = min (H;éll’l |z; — xj\,mind(xi,89)> VX = (z1,...,2N).
1#£] 7

We define I' = {X = (x1,...,2x),d(X) > 0}. This is the set of all configurations for
which relation (B]) makes sense. We note by S; X the evolved configuration by the dynamics
[B) from the starting configuration X € I', after a time ¢. We know there exists a time
7(X) =sup{t > 0,5;X € I'} > 0 until which the dynamics is well defined. In this paper we
will prove the following theorem.

Theorem 1.2. Let Q be an open, bounded and connected subset of R? with a C** boundary
for some o > 0 with m € N holes. We fix the number of point vortices N > 1, the masses
(ai)i1<i<y € RY, and the circulations (§;)1<j<m € R™. With the previous notations we have
that

M{X € QY 7(X) < 00}) =0,

meaning that for almost every starting position X, the point vorter dynamics in 2 is well
defined for every time.

We observe that Theorem has a simple proof in the case of a single point vortex
in a simply connected domains, that is in the case N = 1 and m = 0. We introduce
the Robin function 7o(z) = va(z,z). Since yo(z,y) = va(y, x), we have that Vyg(z) =
Vaova(z, ) + Vyva(z, z) = 2V, yo(x, ). In this case the dynamics of a single point vortex
becomes

dz(t)
dt

_ %v%(;ﬁ(t))a.
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Therefore, a single point vortex evolves on the level set of the Robin function. This map
has been studied in [7], from which we know in particular that 7 () — +o00. Therefore a
xr—r

single point vortex can’t hit the boundary so the dynamics is well defined for every time.
The proof of Theorem [[.2lthat we will give in section 4.2l borrows arguments from [13], but
we have to deal with two major difficulties. The first one is the construction of a convenient
regularized dynamics, and the second one is to prove some analytic inequalities on the Green’s
function and the Robin function of the domain €. In Section [2] we will obtain the required
inequalities for those maps in the case of simply connected domains, and in Section [3] we will
extend those results to the case of multiply connected domains. Section [l is devoted to the
construction of the regularized dynamics and the completion of the proof of Theorem 2L

2 Simply connected and exterior domains
List of notations:

e N € N denotes the number of point vortices;

e )\ is the Lebesgue measure on R*V;

(z1,22)F = (—29,21);

0 is a C*“ bounded domain of R? with m € N holes, and its boundaries are r;,0<j<m,
with I'y the exterior boundary;

e U denotes a general bounded domain with C*% boundary;

e U denotes a general simply connected bounded domain with C?® boundary;
e II denotes a general exterior domain with C?® boundary;

e D(x,r) is the disk of center zg and of radius r and D = D(0, 1);

e IIp = (D(0, 1))

e 1" denotes a biholomorphic map, usually from U to D or from II to Ilp;

e ny is the exterior normal unit vector to dU, extended to a neighborhood of 0l by relation
[22]) when possible;

e Gy, is the Green’s function of the domain U, and G = Ggq in section M}
e ~y is the regular part of Gy, see relation ([3]), and v = vq in section [
e Yy (z) = yy(z,z) is the Robin function of the domain U, and 5 = 7q in section [ ;

e C,C1,Cy,..., are strictly positive constants that may vary from one line to another, when
their value is not important to the result;

e a - b is the scalar product of vectors in R?;
e Vf and V - g are respectively the gradient of f and the divergence of g;

e Vj are neighborhoods of T'j, and K is a compact set as in the decomposition (25);
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Figure 1: An example for m = 1. The domains €2, )¢ and ©; and their boundaries.

e S5:X is the solution of the point vortex dynamics starting from X after a time ¢, and S; X the
regularized dynamics constructed in Section ATk

For the rest of this paper, 2 denotes a bounded domain whose boundary is C%“ for some
0 < a < 1. It is either simply connected or it has m € N holes that are the simply connected
bounded domains Uy, ..., U, and their boundaries are I'y,...,I',,. We denote by I'y the
exterior boundary of 2, meaning that 2 lies within the interior in the Jordan sense of Iy,
and by €2y the simply connected bounded domain whose boundary is I'y, namely the domain
Q) "without holes". Finally, we call exterior domain a domain whose complement is bounded
and simply connected. We denote for 1 < j < m, Q; = (U,)¢ the exterior domains of the m
holes. The domain €2 is pictured in Figure [I

Since (2 = ﬂ;nzo €2;, with ©y simply connected, and where €2}, j > 1 are exterior domains,
our strategy in this paper is to establish inequalities on ) by establishing them for any
bounded and simply connected domain U, and for any exterior domain II.

We also denote by D = D(0,1) the unit disk, and by IIp the exterior domain of D,

namely IIp = {z € C, |z| > 1}.

2.1 Holomorphic maps

Holomorphic maps are the subject of the Chapter 2 of [1]. A map T : C — C is a biholomor-
phic map if T and T~! are holomorphic maps. Such maps satisfy that their derivative never
vanishes. Let us write 7' = T} + i1, and we identify R? and C, meaning that we also denote

T = (?) Then a holomorphic map satisfies the Cauchy-Riemann equations
2

81T1 == 82T2
81T2 == —82T1.

We have that
T =0,T = —i0,T
and therefore
T" = 0iT = —0;T = —i0,0,T.

oy 0T
Ty 0T
we will freely use these properties. In particular, we can always substitute the second partial

Finally, the Jacobian matrix of T is JT = < ) , 50 det JT = |T"|?. In the following,



derivative 9, with i9; according to these formulas. For any map f € C*(C,R), we have that

. 0T (x)o f(T(x)) + 0 Ta(x)02 f (T'(x))
Vif o)) = ( O To()0 f(T(2)) + Ty ()0 f (T <>>)' R

We conclude this paragraph with a technical lemma.

Lemma 2.1. For any bounded domain U whose boundary is C*%, and for any k < 1, we

have that )
——dxdy < oo,
/Lxu |$ - y|1+,.;

1 1
dzdy < 0.
//W d(z, Uy o —y[ YT

Moreover there exists a constant C' depending only on U such that for sufficiently small e > 0,

and

1
—dx < Ce™". 7
/{xeu,d(z,au)ze} d(z, OU) = )

Proof. Let R = diam (i) so that U C B(x, R) for every x € U. Then

dady < —  dazd —d@d
//uxu\x—yw” //( \x—y|1+ wdy = ‘“‘// rdfdr < oc.

With the same argument,

1 1 1
dady < 27TR/ —dz.
//uxu d(w, o) |z —y| ¢ d(, oL

To prove that the integral fu mdx is finite, and to prove ([7), we make a finite number
of local changes of coordinates and we use that i/ is bounded to write

/#dx<C/Rids<oo
yd(x,oU)s — g sF

and

/ L < / oo
— —  _dz< ——ds < Ce
(wett d(w,0u)>e) (T, OU)ITH . stte

2.2 The Riemann Mapping Theorem
We refer now to Chapter 6 of [I].

Theorem 2.2 (Riemann Mapping Theorem). For any non empty, open and simply connected
subset U of C, that isn’t the whole plane, there exists a biholomorphism from U to the unit
disk D.



The consequence of this theorem is that any suitable domain is linked to the disk by a
map that has very interesting properties related to the Green’s function of both domains.
However the Riemann Mapping Theorem only states the theoretical existence of such map,
and only a few explicit examples are known. In particular, we have no control over the
derivatives of the biholomorphism in general. We combine Theorems 3.5 and 3.6 from [16]
to obtain the following corollary of the Kellogg-Warschawski Theorem.

Theorem 2.3. Let'T' be a bitholomorphism mapping on a bounded, open, and simply connected
set U whose boundary OU is a C* Jordan curve, with 0 < o < 1. Then T, T" and T"

are continuous up to U, and T~ and (T~1)" are continuous up to T(U). Thus there ewist
constants m and M satisfying for every x € U that 0 < m < |T'(z)| < M and |T"(z)| < M.

Let us stress the fact that since the automorphisms of the disk are known explicitly and
belong to C*(D), if there exists one biholomorphism T : U — D that is smooth up to the
boundary, then every biholomorphism 7" : U — D is smooth up to the boundary. Since in
this paper we will always consider smooth domains U, every biholomorphism 7" : U + D
will satisfy the conclusions of Theorem 2.3

Please note that the C? condition is not optimal. For instance, it is known that if OU
has a parametrization with a Dini-continuous curvature, then the conclusion of the theorem
is still true. Also, assuming that OU € C™® implies more generally that 7 is continuous
up to OU. Despite these remarks, we will stick to the condition C*% in the context of this
article.

In conclusion, the Riemann Mapping Theorem states the existence of the map T : U — D
and Theorem 2.3 states that Vo € U,0 < m < |T"(x)| < M and |T"(z)| < M.

We have a very similar result, this time concerning exterior domains, which we define as
the complement of the closure of a bounded and simply connected set in C. We have the
following theorem.

Theorem 2.4. Let I be an exterior domain, with C%> boundary. Let T be a biholomorphic
map from Il to llp = {x € C,|z| > 1}. Such a map ezists and satisfies that T, T' and T"
are continuous up to 11, and that T~' and (T~Y)" are continuous up to T(IT). Moreover there
exist constants m and M such that Vo € 11, 0 <m < |T"(z)| < M and |T"(x)] < M.

The proof of this result can be found in [8]. It follows from the bounded domain case
using the holomorphic map 7' : [Ip — D, T(z) = %
2.3 Green’s Function

We start by recalling that for every (z,y) € D x D, x # vy,

1 |z —y|

Gp(z,y) = (8)

21 |z —y*|ly|’

where y* = ﬁ is the inverse of y relative to the unit circle. Using the decomposition (3]) we
have that for every (z,y) € D x D, x # v,

10(2,9) = Gol,y) — Gaa(r, ) = —5- Il — 'l ly) Q

7



and by continuity the relation vp(z,y) = —5= In(|z — y*||y[) holds true also for y = . For

2
every x € D we thus have that

~ 1
p(@) = yp(z,2) = —g—In ||z = 1]. (10)

Notice that 7p is a radial function.
Let U be a bounded and simply connected domain. If T": U — D is a biholomorphic
map, then we have the following property.

Proposition 2.5. For every (x,y) e U x U, x # vy,

1 T (z) — T(y)|
Gu(z,y) = Gp(T(z),T(y)) = o In T (z) = T(y)*|1T(y)|

Using this in the decomposition (3)) we obtain

Yz, y) + Gre(2,y) = 7p(T(2), T(y)) + Grz(T(2), T(y)) (11)
and thus
Ve e U, Au(z)=limyy(z,y)
y—)w
e 1L |T(x) —T(y)]
~tim (5070, 7)) + 5 HE= T,
Therefore ]
Ve e U, Ay(zr)=79p(T(x))+ gy In |T"(z)]. (12)
A quite remarkable fact is that for every (z,y) € llp, x # v,
1. |z —y
G (2, y) = —In 2 Y1 13
1Y) = 5 B eyl "

which is the same expression as for Gp(x,y). Thus the relations above also hold true for any
exterior domain II and any biholomorphism 7' : II — IIp, which exists according to Theorem
2.4l For example, for every (z,y) € II X I, = # v,

1 @ -t
2m - |[T(x) = T(y)*(|T(y)|
Let us recall here a classical theorem, see for example [3, Theorem 4.17].
Theorem 2.6. Let U be a bounded domain with C** boundary. Then Gy € C*(U x U \
{(z,x),z € U})

In other words, except where x = y, the Green’s function is smooth up to the boundary.
In their proof of Theorem [Tl the authors of [13] show that for any x < 1,

1 .
//DxD W|VxGD($ay) -V p(z)] < o0 (14)

Gn(l',y) = GHD (T(ZL’),T(y)) =

and )
/ / 9.6, ) - V()] < oo (15)
pxp 1T =Yl

In this paper we will extend these inequalities to the more general bounded domain 2.
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2.4 Intermediate lemmas

We recall that U is a bounded simply connected domain, and 7" is a biholomorphism from U
to D.

The following lemma is the first step to extend inequalities (I4) and (I5) to the domain
U.

Lemma 2.7. For every x andy in U:

VioGp(T(x), T(y)) - ¥(x)
| T"(x) [ ’
(16)

ViGu(,y)-V Ay (@) = [T (2)PVeGp(T(2), T(y)) -V Ap(T (x)) +

with ¢ : U — R? an explicit bounded function on U.
Proof. From Proposition and relation ([6]), we have that

| 05,Gp(T(x),T(y))0i T\ (x) + 02, Gp(T(x), T(y)) 01 To(x)
VeGule,y) = (—%%(T(z), T Ty(x) + O, G (T(x), T<y>>01T1<x>) |

Similarly from relation (I2)) and relation (@), since 7" is also a holomorphic map, we have
that

NTO2Ty + Oy Tod? T
27| T"|?
0TV ?Ty + O\ Th0? T,
27| T"|2

O YpOh Th + 02 ypOh T +
VAu(z) =

—01YpOiTs + OoypOi 11 +

Therefore,

vaU . VJ_:}?U - — (aleDalTl + aszDang)

~ ~ —0,T1O?Ty + O, THO*T
X (—817D81T2+827D81T1+ 1110172 + 1420} 1)

27|17 |?
+ (_8x1GDalT2 + aIQGDalTl)

~ ~ TV 0?Ty + 0, T,0?T.
X (017D01T1+02’7D(91T2+ 1210111 + 01205 2)

27|12

We notice that the terms with the factor 9,,GpO17p cancel each others, as well as the terms
with 0,,Gp0yyp. We thus have that

- 1 —OTVO?Ty + 0, THO*T
V.Gy -V, = —%(8931GD31T1+3$2GD81T2)< - |2T’|2 _— 1)

1 NT102T, + 0y ThO2T:
+%(—8x1GD61T2+0x2GD81T1)( ] 1|T+,|21 ] 2)

— 03, GpOap(01Th)? + 0, GpOi D (01 T3)?
— 03, GpOap(01To)? + 0., GpOiyp (O Th)*.

The last two rows can be simplified, showing that they are equal to |T"|*V,Gp - V3p.
For the first two rows, we factor out by d,,Gp and then by 9?T;, so that
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0y, G
o] T’T; [—20, Ty O\ ToP Ty + (D1 T1)? — (0yT)%) 0% T]

27| T"|?
+|T'1*V,Gp - V*Ap.

This proves equality (I6]) with the following explicit function :

1 (—261T101T285T1 + ((0,T1)? — (81T2)2)0%T2) .

V.Gy -V Ay =

+ [(— (0 Ty)* + (O Th)?)OFT + 20, Ty O\ T 03Ty

V@) = o LCom)? + (01T, + 20,110y TP Ty (18)

The function 1) is bounded since, thanks to Theorem 23] both 77 and T” are bounded. [
Notice that the proof of this lemma only uses Proposition and relation (I2)), so the

lemma also holds in the domain II. More precisely, if T denotes this time a biholomorphism
from II to IIp we have that

V.Gu(z,y) - VAn(r) = |T'(@)]*VeGu, (T(2), T(y)) - VA, (T (x))
VoG, (T(x), T'(y)) - ()
7" ()] ’
where 1) is another bounded function on II that has the same expression in terms of the

conformal map 7.
We specify now some properties of 7.

Lemma 2.8. We have that for any xy € OU, yy(x,y) — +o0.

T, Yy—T0

Proof. Let T : U — D a biholomorphism. Relations (IIl) and (@) yield that

. . 1 |T(x)—T(y)|
o B (7@ =T IT W) + 5 —p .

Obviously |T'(x) — T(y)*||T(y)| — |T(xo) — T(x0)*||T(x0)] = 0 when = and y go to g so
—s-In (|7(z) — T(y)*||T(y)|) goes to +oco. Therefore we only need to obtain a lower bound

Yo (z,y) = (19)

for the other term. By Theorem 2.3 the map x,y — [P@=TW)| ig continuous and non zero on

— lz—yl
U x U. Therefore, there exists a constant C' such that

T(x)—T
|z =yl
for all z,yy € U and thus the lemma is proved. O

Noticing that for any exterior domain II and biholomorphism 7" : [T — Il there exists a
neighborhood of OII x JII in II x IT and a constant C' such that in this neighborhood relation
([20) holds, the proof of the previous lemma holds for exterior domains too and thus,

oneaﬂ, ’)/H(LL’,y) — +o00. (21)

T, Yy—TQ

The following lemma gives explicit estimates of d(x, OU), d(y, 0U) and |x—y| when vy (z,y) —
+00.
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Lemma 2.9. Let k > 0 and M > 0 be constants. Let € > 0. Assume that (z,y) € U x U
are such that

X el M <u(e).
Then there ezists a constant C = C(M,U) such that
|z —y| < Ce”
d(z,0U) < Ce*
d(y,0U) < Ce*.
Proof. Using relation (I9) we have
k 1 L, |T(x) = T()
—|lne| —M < ——In (|T(x) = T(y)*||T —In———F"——-.
el = M <~ (17(0) = TOYITO)) + 50—
Recalling relation (20]), there exists a constant C' such that

k 1 )
Xl - M <~ L (@) - 1) 7)) + 0
and thus
|T(2)T(y) — 1| < ke @M
Moreover we have that for every (a,b) € D, |a — b| < |1 — ab|. Indeed, one can check that
1= abl* — |a = b* = (1 = [B]*)(1 — |af*) > 0.

Therefore

| T(2) = T(y)| < he?m@

and relation (20) gives that
|z —y| < Ce”.

It also yields that
(1= [T(@))A = TP < |T(x)T(y) - 1] < Ce™.

That means that either 1 —|T'(x)|?> < V/Ce*, or 1 —|T'(y)|> < v/Ce*. We can assume without
loss of generality that 1 — |T'(z)|> < v/Ce*. We infer that 1 — |T(x)| < v/Ce* and by the
properties of the map 7! given in Theorem 2.3 we conclude that d(x,0U) < C'e*. Since
|z —y| < Ce*, that means that d(z,0U) < Ce* and d(y,0U) < Ce*. O

This lemma also stands in the case of an exterior domain Il as follows.

Lemma 2.10. Let kK > 0 and M > 0 be constants. Let ¢ > 0. LetUd C II be a bounded
domain. Assume that (z,y) € U x U are such that

k
|~ M < (..
Then there ezists a constant C = C(M,U,11) such that

|z —y| < Cek
d(z,01l) < Cek
d(y,oll) < Ce*,

11



Proof. We argue as in Lemma Relation (I3]) gives that if 7" : IT — IIp is a biholomor-
phism, then

ue4) = =51 (7() - T + 5 0 TO =T

Relation (20) holds true on the set U x U, so we still have that
|T(2)T(y) — 1| < ke M)

We notice now that for every (a,b) € IIp we also have that |a — b| < |1 — ab| since
(1 —1p*)(1 = |al*) > 0. Thus
|z —y| < Ce*

and
(1= |T(@))(A = T(y)P) <IT(x)T(y) -1 < C*.

We have either |T'(z)]? — 1 < V/Ce*, or |T(y)|> — 1 < v/Ce*, and by the same argument,
recalling Theorem [2.4] we have that

1T(x)]? — 1 < VCe* = d(z,011) < Ce”.
This proves the lemma. O

The next lemma give the formula for the exterior normal vector to OU.

Lemma 2.11. Let x € OU. If ny(z) is the exterior normal unit vector to OU in x, and
np(T(x)) the exterior normal unit vector to 0D in T'(z), then

() = (31T1(x)nb(T(a:)) + 01T2($)n%(T(x)))
T (z)| \O1Th(2)n%(T(2)) — O To(x)nb (T (x)) )~

Proof. Since we chose U and T as in Theorem 23] the map:
I':R—0oU T =T"@"

(22)

is well defined and smooth. Therefore, denoting x = I'(f) we have that T'(z) = ¢ and

F’(@) — iew(T_l)’(ew) _ T/(Tz_el(ew)) _ 73/6(33)

Naturally, the exterior normal unit vector np(e??) to D in e is itself €. Since an holo-

morphic map preserves the orientation, —i% is the exterior normal unit vector to QU in

T-(e?) = x. Therefore

! €i6 np T ue;
ﬂ?% T - (T(@)T'(x)

ny(xr) =

We then compute the product
nD? = (n}) + sz)(alTl — 181T2) = nlDﬁlTl + n2D81T2 + Z(n%@lTl — nb@lﬂ)

and the lemma is now proved. O
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We extend the map np to the interior of D by the natural formula np(z) = x. We then
extend the map ny to U by formula (22]). The following lemma holds true.

Lemma 2.12. There exists a constant C' such that for every x € U, we have that
VA (@) o (@) < C
Proof. We compute the scalar product V+7y; - ngy by using relations (I7) and (22)). We obtain

—|—01T185T2 — 81T285T1

M YpOi Ty — OypOi T +

s 27 |T"|?
Vg = O T\T, + 0, Ty,
OAPNIT, + AP Ty + —— 2;\T’|; —
. 1 81T1n1D + 81T2n2D
|T/| 81T1n2D - 81T2n}) '
We write ) )
L3 = A B
Vi e = At o
with B B
A= I YpOi Ty — oypOi Th ) 81T1n}) + 81T2n%
IYpO Ty + OoYpOi T 81T1n2D - 81T2n}3
and

B — 81T18%T2 — 81T28%T1 ) 81T1n1D + 81T2n2D
81T18%T1 + 81T283T2 81T1n% - 81T2n}3 ’

We have that

A= n}) {aﬁD (81T181T2 - 81T281T1) — 0D (81T181T1 + 81T281T2)}

+ 712D [@ﬁg (81T281T2 + 01T101T1) + 82”\)7D( — 01,011 + 81T181T2)}
= —npdaAp|T']* + np0 | T
= [T"*np - V*Ap.

We know from relation (I0) that 7p is a radial function and thus np - V+3p = 0. So A = 0.
We now compute B.

B — 81T18%T2 — 81T28%T1 ) 81T1n1D + 81T2n2D
N 01T18fT1 + 81T203T2 81T1n% — 81T2n}3
= np (BT (—201 1o Th) + 7 To((0Th)* — (01 T2)?))
+ 0% (T ((0,T1)? — (01 To)?) + 203150, 10 T1)
= 27T¢(T) *Np,

where the map ¢ is defined by relation (I8]), and is bounded. Since there exists a constant
m such that |7"(z)| > m > 0, we infer that there exists a constant C' such that

13



Similarly, the normal vector ny, can be extended to IIp as a smooth function by the
formula np, () = —x for all © € IIp. We can then reproduce Lemma 2.11] to extend ny to
the interior of II by the formula

_ 1 (31T1(w)nhD(T(x))+01T2($)H%D(T(fv)))
T (2)| \OTa(2)niy, (T(x)) — O Ta(x)ny, (T(2) ) -

nm(x)

Lemma 2.12] can be adapted to the exterior domain case in a straightforward manner.
We obtain that for any exterior domain II, and any bounded subset U C II, there exists a
constant C' such that Vo € U,

[V n(2) - nn(z)| < C. (23)

2.5 Inequalities for simply connected bounded domains and exterior
domains

We start with an estimate on the gradient of the Green’s function. Let U be a bounded
domain with C?® boundary. There exists a constant C depending only on U such that

C

V(z,y) eUxU, v#y, [V.Gu(z,y)|< p—t

(24)

This estimate can be found in [12], see also [9, Proposition 6.1].
Now we can state the required inequalities for simply connected domains. We recall that
U is a simply connected bounded domain with C*% boundary.

Lemma 2.13. The following inequalities hold true for any k < 1:

1 -
//UXU WW“’GU(QJW) -V u(z)|dedy < oo

and

1 N
// ~| V.G (2, y) - VA (2)|dzdy < occ.
uxu 1T =Yl

1 1

Proof. We start by denoting either p(x,y) = g OF p(z,y) = o0 We use Lemma 2.7

Since v is bounded, and since from Theorem there exist constants m and M such that
for every x € U, 0 < m < |T"(z)| < M, we obtain that

[, e 9.Cuto 95ty
<c [[[ e nV.GolT @, T) - VAp(T ()] + V.G (T(0). T(0) ey
We now change variables using that 0 <m < |T"(z)| < M, to obtain that
/ /UxUp (2. 9)I VG (2. y) - Vu (@)l dzdy

<C / /D DP(T*(:c),T‘%y))HVzGD(x,y)~VL%($>| +|V.Gp(z,y)||dzdy.

14



Assume now that p(z,y) = e éU)H. By the properties of the map 7', there exists a
constant C' > 0 such that d(T~!(x),0U) > Cd(x,0D). We thus have that

C . _C
d(T—1(z),00)% = d(z,0D)~"

p(T™H(x), T (y)) =

In the light of this inequality, using relation (24]) and Lemma 2Ilon U = D yields that

Recalling relation (I4]) implies

1 =
//UXU W|vaU($,y) -V (z)|dedy < oo.

We assume next that p(x,y) = s y‘ﬁ. By the properties of the map T', we have for every
(z,y) € D x D, x # y that [T~ (z) — T (y)| > C|z — y|. Thus

p(T~ (), T (y)) < Cp(z,y).

Using once again (24])) and Lemma 2.1l we have that

[ @iy <e [[ oo

and recalling relation (I3]) we conclude that

1 ~
// |x—y|n|vaU(x=y) -V (2)|dzdy < oo.
UxU

The lemma is proved. O

We now show these inequalities for 1. However the integral must be taken on a bounded
subset.

Lemma 2.14. Let U be any bounded subset of I1p. The following inequalities hold true for

any kK < 1:
1 -
//uxu m|vaHD(x7y) -V, () |dedy < oo

1 ~
// V.G, (2, y) - V9, (z)|dedy < oco.
uxu [T =yl

and

Proof. We recall that Gp and Gp, have the same explicit expression, see relations (&) and
(I3). Noticing that for (z,y) € C x C*, |z — y*||y| = |27y — 1| we obtain that for every
(l’,y) S 1_ID X HD7 x % Y,

11
11 1 5_5‘ 1 |z — vy
b (m y) 27 Il|i—1| 27 n\:@—1| ()




We can reproduce the proof of Lemma 2.7 where we replace the biholomorphism T : U — D
with the map T : IIp — D, T(z) = 1/z. This map is holomorphic and satisfies that
0<m<|T'(z)] < M and |T"(x)| < M on U. The calculations given in the proof of Lemma
2.7 allow to obtain the following bound

11 1 11
V.G, (z,y) - VA, (z)| < C 'VIGD (—, —) Vb (—) ' +C ‘VxGD <—, —) ‘ .
Ty T Ty

for all xz,y e U.
Thus for any p : C> — R, we have that

/ / p(2, )| VoG () - V' Fry ()| darly
UxuU

s ff () 5 () o () oo

Changing variables we obtain

/ / p(2, )| VoG () - V" Fry ()| darly
UxuU

11 -
e / / p (—, —) (IV. G2, y) - V50 (@)] + [VaGola,y)]) dady.
TU)XTU) ry

The end of the proof is very similar to Lemma 2.13] We start by showing that in the case
p(z,y) = e ;HD)K = (‘x‘il)ﬁ, we have for every z,y € T'(U) x T(U) that

R AN
"\a'y) T (= Rlr ~ d(oD)
We can use relation ([24) and Lemma 2.1 on 7'(U/) which is a bounded domain, to observe

that .
V.G p(z,y)|dzdy < co.
//ﬂu)xm dz, oDy v =@ y)ldedy

Relation (I4]) implies that

1
—————|V.Gp(z,y) - Vp(z)|dzdy < cc.
//T(u)xT(u) d(z, 8D)H| (2, y) V()] Y

We proved that

1 -
//M ) W|V$GHD(x7y) - V1, (2)|dedy < o

Similarly, in the case p(x,y) = m, we have that

(1 1) |y~ 1
p Ty == P S e
z’y ly — x| ly —
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Since U is bounded, Lemma 2.1] apply, and using relation (24]) yields that

1
// | VaGp(z,y)|dzdy < oco.
uxu |y — x|*

Relation (IH)) implies that

1 ~
// ——|V.Gp(z,y) - VAp(x)|dzdy < oco.
TU)XT(U) |z —y|*

We conclude that
1 ~
J[ 9t @y < o
X

The lemma is now proved. O
We conclude this section with the same inequalities for any exterior domain II.

Lemma 2.15. Let U be any bounded subset of II. The following inequalities hold true for
any kK < 1:

1 ~
// W‘VmGH(%?J) - VA (z)|dedy < oo
UxuU 9

and

1 N
// ————|V.Gu(z,y) - VAu(z)|dedy < oo.
uxu 1T =Y

Proof. The proof follows the same outline as the proofs of Lemmas 213 and 214 O

3 Multiply connected domain

We work now with the multiply connected domain 2. There exists a compact set K such
that '\ K has exactly n + 1 connected components Vj, ..., V,, that satisfy d(V;,I';) > 0 for
every i # j. For example one can take V; to be the e-neighborhood of I';, for € small enough.

Thus we also have that
QzKU(UK/J-). (25)
§=0

3.1 Biot-Savart law

Let w be a fixed function on 2. Obtaining the velocity u in terms of the vorticity w is solving
the following problem
curlu = w, in
V-u=0, inQ (26)
u-n=>0, on 0f).
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Figure 2: Decomposition (25)).

As in the simply connected case, a particular solution is given by

ulz) = / VG, y)w(y)dy.

Since (20) is linear, the general solution is given by this particular solution plus the general
solution of the homogeneous problem. The solution is of the form (see [9])

u(x,t) = /VjGQ(:)s, y)w(y, t)dy + Z cjw(t)vle(x)

where
Cjw(t) = /wj(:v)w(a:,t)dx + &5,

&, is the circulation of the velocity v on I'; and w; :  — R are the harmonic measures

defined by

ij:() in
Wj; = 041 OHFl,OSZSH.

The vector fields
Bi(w) = Viw,(z)
are called harmonic vector fields.
In the case of a discrete vorticity

N
W(t) = Z aj(smj(t)
j=1

we define the point vortex dynamics in multiply connected bounded domains as follows:

V1 <i<N, dgzt(t) =D ViGalwi(t), z;(1)a; + Vavo(wi(t), zi(t)ai + Y _ ¢;(1)5;(x)

JF#i

where N
ci(t) =& + Z arw;(w(t))-
k=1

Let us observe that by the Kelvin theorem, the circulations §; are constant in time. They
are therefore prescribed at the initial time. The harmonic measures w; being smooth, we
observe that the functions ¢; : Rt — R are bounded.

18



3.2 Inequalities for multiply connected domains
We know from [9, Proposition 6.1] that the inequality
Ga(z,y)| < C(1+ |In|z—yl]) (27)

holds true for bounded domains. We also recall relation (24)):

V.Galz,y)| < .
We combine this with Lemma 2.l Since €2 is bounded, for any x < 1 we have that

1

J[ VGl plany < oo (29)
axo [T —yl*

and )
———|V.,.Gq(z,y)|dxdy < oo. 29
JI - G Ve Gatalardy (29)

The following proposition gives an estimate of the map g near the boundary.

Proposition 3.1 (Gustafsson [7] Proposition 3.3). Denoting by K; the connected components
of R?\ Q and d;(z) = inf{|z — y|,y € K,}, D;(z) = sup{|z — y|,y € K;}, we have that

Ad; ()

1 — dj(z) °

Ve e Q, Ind(x,00) < —277q(x) < minln
j
Dj(=)

Clearly, d;(z) < D;(x) for every z € €, so by compactness
d;(x) }
sup ,r ey < 1.
{ Dj(x)

That means that there exists a constant C; depending only on {2 such that for every = € ()

Ind(z,0Q) < —271yq(z) < minlnd; + C;
j
and thus
Ind(z,00) < —219q(x) < Ind(z,00) + C4. (30)
In particular,
- 1
Ya(x) ~ ~5r Ind(z,00) asz — 0
and
%f Yo = minyn > —o0. (31)
In addition, we state in the following proposition an estimate of Vg near the boundary.

Proposition 3.2 (Gustafsson [7] Proposition 3.5). There exists a constant C' such that for
every x € €,

V(o) < 7o (32)

Moreover, we can take C' = % if Q is simply connected.
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We now want to compare the map g near the boundary I';, to the map g, .
Lemma 3.3. For any 0 < j < m, the map vo — vq, is bounded in V; x ).

Proof. We have that

VQ(xvy)'_'VQj(xvy) ::(;Q(x7y> __(;Qj(x7y)
We fix x € V}, and we define F'(y) = Go(z,y) — Go,(x,y). It satisfies that
AyF(y) =0, onf,

F(y) =0, onl';,
[F(y)|<C  onTy, k#j,

where

C = sup |Go,(7,y)| < o0
z€Vj

k#j
yel'y

is a constant that does not depend on x € V;. The supremum is finite since d(V},I'y) > 0 for
each k # j. Therefore by the maximum principle,

Va(z,y) = vo,(z,y)| = |[F(y)| <max |F(y)| < C
yeoN

for every (x,y) € V; x Q1. O

Observe that, for 2 € V;, the map F(y) = Vayalz,y) — Vv, (7, y) satisfies the exact

same problem: its Laplacian vanishes over Q, F(y) = 0 on I'; and it is bounded on I'y by
a map C(z) that is itself bounded in V. Hence the map V,vq — V.7q, is also bounded in
Vi x Q. Since V; x V; C V; x Q, we can set y = x in those inequalities and obtain similar
bounds for 7o — 90, and V7o — V7q,. In this manner we obtain the following corollary.

Corollary 3.4. For any 0 < j < m, we have that
e the map V,va — Vv, is bounded in V; x €.
e the map Yo — Yo, s bounded in V;.
e the map Vg — V7q, is bounded in V;.

Lemma 2.8 is stated for bounded simply-connected domains, it is also true for exterior
domains, see relation (2I). Lemma B3] allows to prove it for multiply connected domains.

Corollary 3.5. We have that for any xy € 00, vo(z,y) —> +oc.
z,y—x0 €N

We now combine Lemma 2.12] and Lemma 3.4 to obtain the following result.

Corollary 3.6. There exists a constant C' such that for every x € Q0 and every 1 < j <m,
[V3a(z) - Bi(z)] < C.
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Proof. Let 1 < j <m and 0 < k <m. In a neighborhood of I'y, we decompose

Bj(x) = B (x)na, (z) + 5 (x)ng, (x).

Since f3; is tangent to the boundary, ﬁ} (z) = 0 when z € I';. Since f; is smooth, there exists
a constant Cj such that |3} (z)| < Cjxd(x,T) in a neighborhood of I'y. Recalling relation
([B2) and provided that the neighborhood is sufficiently small so that d(x, 02) = d(x,T'k), we
have that

_ C
18} (2)VAa() - no, (2)] < Cjpd(z, Fk)m < Cjk-
If k£ =0, we apply Lemma [ZT2 If k£ # 0, we use relation ([23). In both cases, it yields that
[V 0, (2) - nay(2))] < C

in a neighborhood of I'y. Thus by Corollary [3.4] and since nq, is bounded in that neighbor-
hood,
[V Fa(@) - ng, (2))] < Cr.

Consequently, since 3; is bounded,
183 (2)VAa(@) - ng, ()] < Cjpe
Therefore on this neighborhood of the boundary I'y, there exists a constant Cj; such that
[V Fa(@) - B;(x)] < Cja

Outside of each of these neighborhoods, we know that the maps Vg and 3; are bounded.
Therefore, as there are a finite number of boundaries I'y, and of maps ;, there exists a
constant C' depending only on €2 such that for every = € (),

[V Aa(z) - Bi(@)] < C.

O
We can now extend Lemma to the case of multiply connected domains.
Lemma 3.7. The following inequalities hold true for any k < 1:
1 ~
/ / V.Ga(z,y) - V Aa(r)|drdy < co.
axa [T —y[*
and .
———|V.Ga(z,y) - V7 dzdy < oco.
I G VoGl - ¥ Fale)ldady < o
Proof. Let us introduce the map h defined by
We must show that ph € L'(Q x Q) for p(z,y) = m and also for p(z,y) = m. We

split the integral using the decomposition (25]), pictured in Figure
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First, there exists a constant C' such that |V13q(x)| < C on K. Relations [28) and
[29) thus imply that ph € L'(K x Q) for both expression of p. Now we must prove that
ph € LY(V; x Q) for every 0 < j < m. We fix 0 < j < m. By Corollary B4 as well as
relations (28) and (29), we know that proving ph € L'(V; x Q) is equivalent to proving that
phy € Ll(‘/] X Q), with

hi(z,y) = V,Gal(z,y) - VA, (2).
Let us introduce
ho(z,y) = V.G, (z,y) - Vg, (2).
We have that hy —hy € C*(Q2 x Q) and that A, (hy —hs) = 0. The maximum principle yields

Y@, y) € Vi X |ha(z,y) = halz, y)| < sup |7 (@, y) = hal2, y)]- (33)
ye

However, hi(x,y) = 0 when y € 0€2, since Vx € Q, Go(z,y) = 0 when y € 02. And similarly,
ha(x,y) = 0 when y € 09;. Thus,

sup |hi(z,y) — ha(, y)| = sup |ha(z, y)|.
yeoQ k#j
yel'y

We need to bound hy(z,y) when z € V; and y € I';,. We decompose

VxGQj (.Z’, y) =0 (.Z’, y>nﬂj(x) + 92(x7 y)néj(x)

where ngq, (,) is defined in Section2.4l We have that go(z,y) = 0 when x € I'; since Go, (z,y) =
0 for every (z,y) € I';xI'y so V.G, (z,y) is normal to the boundary I';. By Theorem 2.6, G,
is C? up to the boundary except on the diagonal, thus there exists a constant C' independent
of y € I'y such that |go(x,y)| < Cd(z,1I';) for all x € V; and y € I'y. Using relation (32)), we
have that

Using Lemma if 7 = 0 and relation ([23)) if 7 # 0, we have that

‘gl(x7y>nﬂj(z) . VJ_;\}//Q], (,I‘)‘ < C

for all x € V; and y € I'y. So there exists a constant independent of x € V; and y € I';, such
that |ha(z,y)| < C. Thus there exists a constant C' such that

sup |7y (z,y) — ha(z,y)| < C. (34)

yeIN
Therefore, since p € L'(Q x Q), relations ([33) and (34)) yield that p(hy — ho) € LY (V; x Q).
If j =0, we now apply Lemma to Qo. If j # 0 we apply Lemma to the domain
2; and to its bounded subset €2. In both cases, we get that phy is integrable on € x Q.
Therefore phy € L'(V; x Q) and thus ph € L*(V; x Q). This completes the proof of the
lemma. O

4 Completion of the proof of Theorem

In this section we denote by G, v and 7 the maps associated to the domain 2 in order to
lighten the notations as there should be no ambiguity.
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4.1 Construction of a regularized dynamic

We need to construct a dynamics that is well defined for every time and which is the same
as the point vortex dynamics as long as no point vortex is close to the boundary and no two
point vortices are close to each other. More precisely, we need to construct two functions G.
and 7. such that the dynamics

ViI<i<N

ZVLG ())aj—i- Vl a2+ch )Bi(x5(t)) (35)
J?ﬁz

is well defined in Q for every time. It suffices that G. € C%(Q x Q) and 7. € C'(Q) and that
V1iG, and V1A, are tangent to 9Q when the first variable is at the boundary. Moreover, we
want to ensure that the following implication is true for every (z,y) € Q x Q,

( 1
Gra(,y)| < 5= |Ine
1
U
(@) < 5| el {

1
(@ y)| < 5-|Ine

Ge(z,y) = G(z,y)

5(@) = (). (36)

This ensures that the maps G., and 7. are good approximations of the maps G and 7 when
€ goes to 0.
In order to have a proper control over the regularized maps, we also want to ensure that

( 7e(@)| < [7(=)]
IVA:(z)] < [V7(2)]
|Ge(z,y)| < |G(z,y)] (37)
C
| [V=Gelzy)l < 7=

for a constant C' independent of ¢.
We consider f. € C°(R,R) an odd map such that

fe(r) =, V|r| < L|lne’:‘|
( )= L., Vr > o-|Ine| + 1
fi(r)y <1, vr GR

for some constant L..

Construction of 7,

We define the regularized Robin function as

Ve(2) = f(7(2))

23



so that
V() = V() f1(5(2)).
We recall that according to Proposition Bl (x) o, T and thus 7.(z) —h L. and
T— T—>

V() — 0. Therefore 7. € C'(Q) and V17, is indeed tangent to the boundary since it
T

vanishes at the boundary, and satisfies both

[Ye ()] < [7(2)]

and
VA ()| < [VA(x)].

Construction of G.

We define the regularized Green’s function for (z,y) € Q x Q as follows:

Ge(r,y) = [e(Gre(2,9)) + fe(y(x,y) i (2,9) € QX Q, Yy
Ge(z,y) =0 if x € 00 or y € 0N)
Ge(z,z) = —L. + f-(5(x)) if x € Q.

Let us notice straight away that G.(z,y) = G:(y, x).
We collect some properties of G, in the following lemma.

Lemma 4.1. We have that G. € C?(Q x Q) and that VLiG.(x,y) is tangent to OQ when
x € 0. Moreover, |G.(z,y)| < |G(z,y)| and there ezists a constant C' independent of € such
that |V,Ge(z,y)| < ﬁ
Proof. We start by proving that G. € C'(Q x Q). Since f. € C*®(R), the map G. is clearly
C* on the set Q x Q\ {z = y}.

We show first the continuity over Q x Q. From relation (B0) we clearly have that
G.(z,z) — 0 as x — 99, so the restriction of G to the set 0 x QUOQ x INU{(z,x) ; = € Q}
is continuous.

Let (z9,70) € Q x Q. We take z — x and y — g, and we want to show that G.(z,y) —
Ge(0, o). We can assume without loss of generality that = # y and x,y € Q. We consider
several cases depending on the location of (xg, yo).

Assume first that xo € 0Q and y € Q, with x # yo. By Theorem 2.6,

GR2($7y) + V(xvy) = G(I,y) @ y)—>—(x> v0) G(x(]vy(]) =0

since xg € 0f). Moreover
Gaala,y)  —>  =Infag -y
2T, — In |\ro —
BADY) Gy 20 0T

SO

(y) —>  —Inlzo— ol
x, ——In|zg — yol.
Y oy 20T
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We recall that f. is odd and continuous and thus

Ge(xv y) = fe(GR2(x7 y)) + fe(’}/(l’,y)) — 0= Ge(xm yO)’

(@,y)=(z0,y0)

Now assume xg = yo € €2. Then

Grz(z,y) — —00
(@,y)—(x0,y0)
and
Y(zy)  —  A(wo)
(@,y)—(x0,y0)
thus

Ge(xv y) — _L€ + fe(:\y/(l’o)) = G€(x07 y0)

(z,y)—(z0,30)
Finally, assume that xq = yo € 0€2. Then

Gr2(z, ) — —00
(z,y)—(x0,y0)

and by Corollary we have that

Vzy) — 400
(z,y)—(z0,y0)
thus
Gs(x7y> — _L€+Le =0 :Gs(x07y0)-

(z.y)—(z0,y0)
We conclude that G, is continuous.
We prove now that G, is ' up to the boundary. Let us compute its gradient in the first
variable for any (z,y) € Q x Q,x # y:

VoGe(,y) = VaoGre(2,y) fLGr2(z,y)) + Vary(z,y) fr(v(z,y)). (38)

Since f! is compactly supported, f/(Ggz2(z,y)) = 0 in a neighborhood of the diagonal of
Q x Q. Similarly, if 2o € 92 then f/(y(z,y)) = 0 in a neighborhood of (2, 2¢) so f.(y(x,y))
is smooth in a neighborhood of the diagonal of £ x Q.

Let now z9 € 09 and yy € Q with 29 # yo. Consider x — xo, ¥y — yo where z # y
and z,y € Q. By Theorem 2.6, V,G(z,y) converges, so V,v(x,y) converges too, and thus
all quantities involved in (B8) converge. We proved that G, € C*(Q x Q). The proof that
G. € C?(Q x Q) follows along the same lines.

We now notice that VG, (x,y) is tangent to the boundary when (x,7) € 9Q x §, since
G.(z,y) = 0 when x € 99, for every y € 0.

We now prove the bounds stated in the lemma. Since f. is an odd Lipschitz map with
Lipschitz constant 1, we have that

V(CL, b) S R2> |fa(x) + fa(y)| = |fa(x) - fa(_y)| < |ZE - (_y)| = |I +y|

and therefore
|G€($L’,y)| = |f€(GR2(x7y)) + fe(fy(xvy>>| < |GR2(x7y> +7(x7y)‘ = \G(m,y)\
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Combining relation (B]) with inequality (24]) we have that |V,v(z,y)| < ‘x—?y‘ which gives that

< 1 N C
T2tz —y| |-y

‘VmGs(xa y)

Therefore |V, G.(x,y)| < ‘x—(fy‘ and this completes the proof of the lemma. O

Note that by construction, the implication (36]) is true. We thus constructed a suitable
regularized dynamics.

Additional properties

We need to establish that the estimates of Lemma [B.7] also hold true for the regularized
dynamics.

Lemma 4.2. We have that for any k < 1

1 ~
//Q . mwxGe(%y) - VA (2)|dedy < C.

1 ~
//Q . W|vaE(x7y) - VA (2)|dzdy < C.

where the constant C' doesn’t depend on c.

Proof. One can check from (38) that the following relation holds true

vaa(za y) = va(ZL', y)fe/(GRQ(x> y)) + Vx’y("% y)(fe/(’}/(l’a y)) - fé(GRQ (l’, y)))

We use the expression of 7. and the previous relation to obtain that

VoGe(z,y) - V() = VoG, y) - V() fL(7(2)) fL(Gre (2, )
+ Vo (z,y) - Vad (@) LG @) (fL(v(x, ) — fL(Gre(2,9)))
= A1 (z,y) + As (2, y).

Recalling that |f/| < 1, we can apply directly Lemma [3.7 to the term A, . to obtain that
there exists a constant C' that doesn’t depend on ¢ such that

1
//ﬂ Q W|A175($’9)|dxdy <C

1
//Q - y‘H|AL€(5L’,y)|dxdy < C.

It remains to prove the same bounds for Ay .. Let

E={(z,y) € 2xQ, fl({F(@))(f{(v(z.y)) = fiGr(z,y))) # 0}.

and

26



Since | f£(3(x)) (f2(v(x.9)) — f(Cra(x.9)))| < 2. we have that

/ / ) sl )l dady < / /E 2, 1)V (@ )V (@)l dady  (39)

with p(z,y) = m or p(z,y) = ﬁ

We now want to show that for every (z,y) € E, we have that d(xz,08?) > Ce. By
construction of f., if 3(z) > 5=|Ine|+ 1 then f/(F(z)) = 0. By construction of F this means
that for ¢ small enough such that —(5=|Ing| + 1) < ming 7, for every (z,y) € E, we have
that [3(z)| < 5=|Ine| + 1. Moreover relation (30) gives that

—Ind(x,00) — C; < 2r|y(x)| < |Ineg| + 27
and therefore, provided € < 1,
d(z,00) > cexp (=27 — C1) = Cae.
Consequently £ C E; with
Ey ={(x,y) € Q x Q,d(x,00) > Cye}.

Moreover we have that f.(y(x,y)) — fL(Gg2(z,y)) = 0 on the set

1 1
El = {(l’,y) € QX Qa |GR2(Iay)| < %| 1I1€| and |'7(Zl§','y)| < %| 1I1€|}.

Since E C (E')%, assuming that ¢ < -—— we have that £ C F» U E3 with

By ={(x,y) € QA x Q |z —y| < e}

and )
By ={(z,y) € QA x Q, |y(z,y)| > %Hnel}.

Using the fact that £ C (Ey N Ey) U (Ey N E3) as well as relation (B82)) into relation (39)
yields that

J[[steilcte sy < [[ et pos
T / /E MEgp(xay)Be(x,y)dxdy (40)

with

C
B.(z,y) = 2|Vﬂ(~”€7y)|m-

We bound now the quantity [f . p(z,y)B.(z,y)dzdy. Let x € Q be such that d(z, Q) >
Cee. We have that {y € Q,(x,y) € Ey} = D(z,e) N Q. Since V,7 is harmonic in both its
variables, by the maximum principle we have that

sup  [Vey(z,y)] < sup Vv (,y).
y€D(z,e)NQ yed(D(x,e)NQ)
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Since (D (x,e)NQ) C{y € C, |z —y| =} U, and d(x,002) > Cye, we have that for every
y € 0(D(z,e) NQ), there exists a constant C' independent of = and y such that |z —y| >
Ce. Since |V, v(z,y)| < x—?y, for every y € 9(D(z,e) N Q) we have that |V,v(z,y)| < <.
Therefore,

C
sup  |Vay(z,y)| < —
yE€D(z,e)NQ €

and thus in the case p(z,y) = m’

C 1
p(z,y)B:(z,y)dedy < —// ——————dzdy
//E"ﬂ"lEQ ( ) ( ) € E1NEs d(,’ﬁ, aQ)l—l—K

C 1
< —27r52/ ——— o de
£ {wd(@,00)>ce} AT, OQ)1FF

S Cel—n
<C
where we used Lemma 211
For the other expression of p(x,y) we directly use that |V, y(z,y)| < |£y| as well as

relation ([B2) to obtain that

C 1
p(z,y)Be(x,y)dzdy < // dzdy
//E'lﬂEz ( ) ( ) E1NEs |a’: - y|1+fi d(x7 aQ)

C / 1
< L L ay)de
/d(m,aQ)zCzs d(l’, aQ) ( |lz—y|<e |$ - y|1+n )
C

< et / S
d(,0Q)>Cae d(x, 082)

< O In(e)]

<C.

Therefore
// p(z,y)Be(z,y)drdy < C
E1NEs

for both choices of p.

Now we need to estimate the quantity [/ EinBs p(z,y)Be(x,y)drdy. We start by recalling
that since v is smooth on € x Q and symmetric, for £ small enough, the relation (z,y) € E;
implies that either z € V; or y € V; for an index j. By Lemma [3.3, we know that on
Vi x Q the map v — 7, is bounded by a constant M. We conclude that V(z,y) € Es,
| Inel = M < |yo,(z,y)| and therefore using Lemma or Lemma 210 with & = 1, we
know that there exists a constant C' such that

|z —y| < Ce.

So Fj3 is included in a domain of similar form to F, and we can reproduce the previous
argument and conclude that there exists a constant C' independent of € such that

// p(z,y)B:(z,y)dzdy < C.
E1NEs
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Recalling relation ([40]), we have proved that

// p(z,y)| Az (2, y)|dady < C
QOxN

which concludes the proof of the lemma. O

Lemma 4.3. There exists a constant C independent of € such that for every 1 < j < m,

[VAe(z) - ()| < C. (41)
Proof. Recalling that |f!| <1, this lemma is a direct consequence of the fact that V7. (x) =
VA (z) fL(7(x)) and of Corollary B.6l 0O

4.2 End of the proof of Theorem

The end of the proof of Theorem [[.2is largely inspired from the work previously done in [I3].
Recall that I' = {X = (z1,...,2n),d(X) > 0} where

d(X) = min (n;ln|x2 — xj\,mjnd(xi,aﬁ)) VX = (z1,...,2N).
i1#£] )

The aim of the Theorem is to prove that 7(X) = oo for A-almost every X in Q.
Since A(QV\T') = 0, we can assume that X € I'. We denote by S, X = (x1(t),...,zy(t)) the
maximal solution of the point vortex system (Bl) with (z1(0),...,2x(0)) = X, and by S; X =
(x5(t), ..., x5%(t)) the global solution of equations (B5]) which is the regularized dynamics with
the same initial data X.

For any X € I', we define 7.(X) as the supremum of all times such that the system of

relations
|Gra (2(t), 2(1))] < 55| Inel

F(:(t))] < 57 Ine]
a(xi(t), z;(8)] < 5| Ine]

are true for any ¢ # j and any t € [0,7.(X)[, with the convention that 7.(X) = 0 if there
exists no such t. By relations (B6]), we know that for every X € I', S; X = S, X for every
t < 1.(X).

Let us introduce the function

F(r) = exp(=nr), (42)

with a constant 0 < n < 1 that we will specify later. Let ¢. : I' — R be defined by

1 1 ~
6:(X) = 5 S F (Gl ) + 5 30 F (e, (13)
itj i
and A, : I' x R, — R defined by
d €
A(X t) = &@(StX). (44)
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Since equations (BH) are autonomous, we have that
We now claim that the following proposition is true.

Proposition 4.4. For every X € T,

¢ (S (x)X) 2 §F (— ln(a)) = —g7 8,

We delay the proof for the time being. Let 7 > 0 be a fixed time. By Proposition [4.4]

A{X el r(X) <7}) S A{X e e(X) < 7})

1 4
<3 ({rer mp s> Jos )
tel0,7] 2

< 2 / sup ¢-(SEX)dA(X).
r

te[0,7]

{Xel'n.(X)<71}C {X eI, sup ¢(S;X) >

tel0,7]

l\Dli—‘

Therefore,

Recalling the definition ([@4) of A. and relation (4H), for every t € [0, 7] we have that

(S X) = ¢-(X) +/ A (X, s)ds = ¢-(X) +/ A (S:X,0)ds,
0 0
thus

sup 6.(SEX) < [6:(X)] + / IAL(SX, 0)]ds.

te[0,7]

Using Fubini-Tonelli’s Theorem we have that

/th‘[;li]Cf’e(Sa /cha )AA(X / /|A (SX, 0)|dA(X)ds

Since the flow S® is Hamiltonian, it is area preserving (see |2, Corollary 1.10]) and thus we
have that for any s € R,

/|A (S2X, 0)|dA(X /|A (X, 0)|dA(X).

We will prove later that there exists a constant Ay depending only on €2, N, n and on the
masses (a;);, such that for every e > 0 and ¢t € R, we have that

/ 6.(X)AN(X) < Ay, (46)
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and
[ 1A 0 ar(x) < Ao (47)

Relations (46]) and (A7) yield that

/F sup 6=(S5(X))AA(X) < Ag(1 +7)

tel0,7]

and therefore

A{X eT,7(X) < 71}) <257 Ay (1 + 7).

This being true for every € > 0, and given that the left-hand side of the equation doesn’t
depend on ¢, letting ¢ — 0 yields

A{X e, 7(X) <7})=0.
This is true for every time 7 > 0, and since
{X el r(X)<oo}= [ J{X el 7(X) <k},
keN*
we have the desired result:
MX el 7(X) <o} =0.
Proof of Proposition 4.4]

We recall that for every ¢t < 7.(X) and any i # j, we have that G.(z;, z;) = G(z;,x;),
Ve(zi, x5) = Y(z;, z;) and Ye(x;) = ¥(z;). Let (z,y) € Q, x # y. We recall that at the time
t = 7.(X), there exist i # j such that either

|G (2 (7: (X)), 25(7 (X)) = 5| Ine]

a(ei(7(X), 25(7:(X)))| = 5| Ine]

A (X)) = 5 el

Recalling the definition of ® given by relation (43]), and the fact that F' is positive, we have
that

0208500 %) 2 ma (PG (m00), (X)), 3 F (=T (X)) ).

Therefore, since F' is decreasing, in order to prove Proposition 4] it is enough to prove the
following lemma.
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Lemma 4.5. Let (x,y) € Q x Q. If one of the conditions

s (2, 9)| > 2| Ine

v(z,y)| > 5| Ine]
F(z)] > 5| Ine|

is true, then it implies that either

or

Proof. Firstly, provided that ¢ is small enough such that —%| Ine| < ming 7, which is possible
by relation (B, the relation |[J(z)| > 5=|Ine| implies that J(z) > —5-Ine > —L Ine.

Secondly assume that |y(z,y)| > 5-|Ine|. We recall the decomposition ([25). Since K is
a compact set, the map 7 is bounded on K x K. Therefore, provided ¢ is small enough such
that 5=| Ine| > maxx |7, we have that the condition |y(z,y)| > 5-|Ine| implies that there
exists 0 < j < m such that either x € V; or y € V;. By symmetry, we assume that = € V.

We recall Lemma [3.3] which states that the map v —q, is bounded on V; x Q. Therefore,
there exists a constant M > 0 such that |yo,(z,y)| > 5=|Ine| — M. If j = 0, we use Lemma
29 with k=1 and U = ;, else we use Lemma 2.0 with k =1 and II = Q;, and & = Q, to
obtain that d(x,0Q) < Ce. Therefore relation (30]) gives that

21y(z) > —In(Ce) — C4.

We deduce that there exists g > 0 such that for every € < gy we have

~ 1
() > & In(e).

™

Thirdly, assume that |Gge(z, y)\ > s-|Ine|, which is equivalent to Grz(z,y) <
provided that € is smaller than - Recalhng relation (3]), then either G(z,y) < ﬁ 1116 or
—y(z,y) < = Ine. The condition G(:c y) < & Ine naturally implies that G(z,y) <
Assume now “that v(z,y) > —L£Ine. Asin the second case, we use Lemma 2.9 o
210 with k = % to obtain that d(z, Q) < Cy/e, which leads by relation ([B0) to

H/\
E
™

Lemma

(1) > (o),

for € small enough. The lemma is now proved, which concludes the proof of Proposition

4.4 O

Proof of relations (46) and (7).

We start by proving (4€]). Recalling the definitions of ¢. and F' given by relations (43]) and
([#2) we have that

(X ZeXp —nG(x;, 7)) Zexp (1))
Z#J
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Since > 0 and exp is an increasing function, relations (37) yield that

[0 (X) <D exp(n|Glai z;)]) + Y exp(nfF(w)]).
i#j i
Relation (30) gives that [§(z;)| < —5= Ind(z;, ) + C5. Using also ([27]), we have that
lp-(X)] < = Zexp (nC(1+ |In|z; — z4]])) Zexp ——lnd(xz,ﬁﬂ) + nCsy).
#J
Since |In |z — y|| < max{—1In|z — y|,In(diam )}, we bound |In|z —y|| < —Injz —y| + C
and thus

|0=(X)] < exp(nCi)

1 1 1 1
5§:Qa—mW>+§2ﬁmﬁmW4‘

i#j

Choosing 1 < min{ %, 27}, and noticing that the last expression doesn’t depend on ¢, we
obtain that [, ¢.(X)dA(X) is bounded independently of . This proves relation (4.
We now want to prove relation (7). By the definition of A. given in relation (@4]), we

have that
/|A (X, 0)] dA(X /'dt¢€ (X[,

Therefore in order to prove relation (A7) we have to show that at time ¢ = 0, the quantity
4¢.(5;X) is bounded in L'(T') independently of e. Let us compute:

d . d |1 . . 1 ~ (e
&¢£(StX) =% [5 ZF(GE(% (t),z5(t))) + 2 ;F(—%(Ii (t)))]

dA(X).

i#]
I e N0
_égF@mg 5O VaGe(@f (1), 25(1)) - ==
1 D PG 0,25 0) VGl (1), 50) - o)
i#j

dzi (t)
- _ZF 76 xz nye( ( )) dt

\_/

However, one can notice that since G.(z,y) = G.(y, x) we have that V,G.(z,y) = V,G:(y, v)
and thus

d € _ / € € £ € dl’f(t)
%057 X) = D F(G (), 25(0) VaGelaf (1), 25(1)) - &

i#]

__ZF/ ie nye( ()) Cit
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We recall relation (35]):

Z V. Ge(x 2y, (t))ax + VL% ))ai + Z cr(t) Br(z
k;éz
Therefore,

%QSE(SEX) =D PG5 (1), 25(1)) Vo Ge (25 (), a5 (1) - Vi Gl (), w(t)

i#j

ki

+ Y F(G(5 (1), 25(1))) Vo Ge (5 (1), 25(t)) - %VL%(x?(t))ai
i#j

+ Y F(G(5 (1), 25(1))) Vo Ge(@f (1), 25()) - > cw(t) (a5 (1)
i#] k=1

__pr (A (a5 (0) VA (1) - S VEGL (a5 (1), 25 (1)

k;é%
——ZF’ e (25 (1)) VA5 () - V(5 (1) as
——ZF’ e (25 (1)) VA5 (1) - > cn(t)Br(a5 (1))

= Bi(t) + Ba(t) + Bs(t) + Ba(t) + Bs(t) + Bs(t).

We recall that 25(0) = z;, where X = (x1,...,2zy). First of all, we observe that Bs(t) = 0.
Notice that from relations (37) we have that

V.G () < —C

< (48)
|z —y|

where the constant C' is independent of €.
The same estimates as at the beginning of the proof of relations (@€l and ([47) show that
for any X € I' we have that

Cl

| — ;79

|F(Ge(wi, ;)] <

and

C
"% < - -
|F( 7€($2>)| —= d(:L’,',aQ)"/27T

where we used that 0 < 7 < 1. Relation (B0), together with relation (4Il), yields
C
B < E _—.
1B(0)] < — d(;, 0Q)"/2"
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We also have that
|6k (0) Bk ()] < C,
and therefore using relations (49) and (48] we have that

C/
|Bs(0)] < Z |y — ;1O
i#]

Both B3(0) and Bg(0) are therefore bounded in L'(T") uniformly in & provided that 7 is small
enough.
Using relation (49)), we have that

| B2(0)| < Z| — WIV 2 Ge(s,25) - VIAL(2,)]
i#] J

and thus Lemma implies that B,(0) is bounded in L'(T') uniformly in ¢ if 5 is small
enough. Similarly, using this time relation (B0), we have that

C ~
|B4(0)| < Z W|V’}%(ZE,) : Vi‘Ga(IZ,xkﬂ
itk 19

and once again, Lemma 2] allows to conclude that B,(0) is bounded in L'(T") uniformly in
e if n is small enough.

Finally, we bound B, (0) by noticing first that for & = j, the expression V,G_(z5(t), 5(t))-
VG (25(t), 2x(t)) vanishes, and therefore using relation (@9) and the relation (@) we obtain
that

C/
1B1(0)] < Z s — | — 2,10

k;éz
k#j

This term is bounded in L'(T") uniformly in ¢ when 7 is small enough. This concludes the
proof of relation ([AT). The proof of Theorem is completed.

Acknowledgments. The author wishes to acknowledge very helpful discussions with Paolo
Butta and Carlo Marchioro on the subject of this paper. He also wishes to thank the Dipar-
timento di Matematica, Sapienza Universita di Roma for its hospitality. Finally, he wishes
to thank Dragos Iftimie for his precious help and numerous advices.

References

[1] L.V. Ahlfors. Complex Analysis. McGraw Hill Publishing Co., New York., 1966.

[2] V. I. Arnold, V. V. Kozlov, and A. I. Neishtadt. Mathematical Aspects of Classical and
Celestial Mechanics. Springer-Verlag, Berlin Heidelberg, 2006.

[3] T. Aubin. Nonlinear Analysis on Manifolds. Monge-Ampeére Equations. Grundlehren
der mathematischen Wissenschaften. Springer-Verlag New York, 1982.

35



4]

5]

6]

17l

8]

19]

[10]

11

12|

13

[14]

[15]

[16]

Martin Flucher. Variational problems with concentration, volume 36 of Progress in
Nonlinear Differential Equations and their Applications. Birkhauser Verlag, Basel, 1999.

Ludovic Godard-Cadillac. Vortex collapses for the Euler and quasi-geostrophic models.
arXiw:2101.11258, 2021.

Jonathan Goodman, Thomas Hou, and John Lowengrub. Convergence of the point vor-
tex method for 2-D Euler equations. Communications on Pure and Applied Mathematics,

43(3):415 — 430, 1990.

B. Gustafsson. On the Motion of a Vortex in Two-dimensional Flow of an Ideal Fluid in
Simply and Multiply Connected Domains. Trita-MAT-1979-7. Royal Institute of Tech-
nology, 1979.

D. Iftimie, M. C. Lopes Filho, and H. J. Nussenzveig Lopes. Two dimensional incom-
pressible ideal flow around a small obstacle. Communications in Partial Differential

FEquations, 28(1-2):349-379, 2003.

D. Iftimie, M. C. Lopes Filho, and H. J. Nussenzveig Lopes. Weak vorticity formulation
of the incompressible 2D Euler equations in bounded domains. Communications in
Partial Differential Equations, 45(2):109-145, 2020.

Dragos Iftimie and Carlo Marchioro. Self-similar point vortices and confinement of
vorticity. Communications in Partial Differential Equations, 43(3):347-363, 2018.

Dragos Iftimie. Large time behavior in perfect incompressible flows. In Partial differen-
tial equations and applications, volume 15 of Sémin. Congr., pages 119-179. Soc. Math.
France, Paris, 2007.

L. Lichtenstein. Neuere entwicklung der potentialtheorie: konforme abbildung. Ency-
clopédie der mathematischen wissenchaften. 1919.

C. Marchioro and M. Pulvirenti. Vortex methods in two-dimensional flurd dynamaics.
Lecture notes in physics. Springer-Verlag, 1984.

C. Marchioro and M. Pulvirenti. Mathematical Theory of Incompressible Nonviscous
Fluids. Applied Mathematical Sciences. Springer New York, 1993.

Carlo Marchioro and Mario Pulvirenti. Vortices and localization in Euler flows. Comm.
Math. Phys., 154(1):49-61, 1993.

C. Pommerenke. Boundary Behaviour of Conformal Maps. Springer London, Limited,
1992.

Martin Donati: Université de Lyon, CNRS, Université Lyon 1, Institut Camille Jordan, 43
bd. du 11 novembre, Villeurbanne Cedex F-69622, France.
Email: donati@math.univ-lyonl.fr

36



	1 Introduction
	2 Simply connected and exterior domains
	2.1 Holomorphic maps
	2.2 The Riemann Mapping Theorem
	2.3 Green's Function
	2.4 Intermediate lemmas
	2.5 Inequalities for simply connected bounded domains and exterior domains

	3 Multiply connected domain
	3.1 Biot-Savart law
	3.2 Inequalities for multiply connected domains

	4 Completion of the proof of Theorem 1.2
	4.1 Construction of a regularized dynamic
	4.2 End of the proof of Theorem 1.2


