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Abstract. For given integers n and d, both at least 2, we consider a homogeneous multivariate
polynomial f; of degree d in variables indexed by the edges of the complete graph on n vertices
and coeflicients depending on cardinalities of certain unions of edges. Cardinaels, Borst and
Van Leeuwaarden (arXiv:2111.05777, 2021) asked whether fg, which arises in a model of job-
occupancy in redundancy scheduling, attains its minimum over the standard simplex at the
uniform probability vector. Brosch, Laurent and Steenkamp [SIAM J. Optim. 31 (2021), 2227—
2254] proved that fy is convex over the standard simplex if d = 2 and d = 3, implying the
desired result for these d.

We give a symmetry reduction to show that for fixed d, the polynomial is convex over
the standard simplex (for all n > 2) if a constant number of constant matrices (with size and
coefficients independent of n) are positive semidefinite. This result is then used in combination
with a computer-assisted verification to show that the polynomial f; is convex for d < 9.

Keywords: Redundancy scheduling, power-of-two model, convexity, multivariate polynomial,
complete graph, symmetry reduction.

1 Introduction

This paper is inspired by a recent paper of Brosch, Laurent and Steen-kamp [4] and par-
tially answers a question originating from queueing theory asked by Cardinaels, Borst and Van
Leeuwaarden [5]. The latter authors asked whether a certain homogeneous multivariate polyno-
mial of degree d, in variables indexed by the edges of the complete graph on n vertices, attains
its minimum over the standard simplex at the uniform probability vector. Brosch, Laurent and
Steenkamp [4] showed that the polynomial is convex over the standard simplex if d = 2 and
d = 3 (using symmetry properties of the polynomial in combination with results about the
Hamming and Johnson schemes), and that this implies the desired result for these d.

The main contribution of the present paper is a symmetry reduction which reformulates
the problem of checking whether f; is convex for all n as a problem depending only on d, fully
independent of n. This helps to prove the conjecture for d < 9 and is a promising starting point
for further work on the conjecture.

Given integers n,L > 2, set V := [n] = {1,...,n} and £ := {e CV : |e|] = L}, so
that (V, E) is the complete L-uniform hypergraph on n elements. Set m := |E | ( ) Given
an integer d > 2, consider the following m-variate polynomial in variables x = (z. : e € E):

fd(x): Z H| 1U |7 (1)

(e1,..eq)€Ed1=1
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which is homogeneous of degree d. Denote the standard simplex in R™ by
Ap ={2=(T)ece ER™ : >0, > cpze=1}.

Cardinaels, Borst and Van Leeuwaarden [5] asked whether f; attains its minimum over the
standard simplex A,, at the uniform probability vector x* = %(17 ..., 1), specifically for the
case L = 2.

Brosch, Laurent and Steenkamp [4] showed that f; is convex over A,, if d = 2, and also
if L =2 and d = 3, and they gave numerical evidence for the validity of the claim that f;
is convex over A,, for various small values of n,d and L. They observed that convexity of fy
implies that fy attains its minimum over A,, at the uniform probability vector x* = %(1, 1),
as fq satisfies a certain invariance property under permutations of [n].

In this paper we will use a symmetry reduction to reduce the problem to constant size with
constant coefficients (independent of n, for fixed d) in combination with a computer-assisted

verification to extend the result from [4] to L =2 and d < 9.

Theorem 1.1. Ford <9 and L = 2, the polynomial f; from s convex over the standard
simplex Ay,

Corollary 1.2. For d <9 and L = 2, the polynomial fq from (1)) attains its global minimum

over the standard simplex A, at the uniform probability vector x* = %(1, o).

In order to prove Theorem[I.1] we first prove the following general new result, which might
be applicable more widely. For n € N, let .S,, denote the symmetric group on n elements and
set [n] := {1,...,n}. Fix a nonnegative integer k, and let S,,_; denote the subgroup of S,
consisting of all o € S, with o(i) = i for all ¢ € [k]. Then S,_j acts on [n], hence on (["])

2
via o - {i,j} = {o(i),0(j)} for {i,j} € (V) and o € S, .
Theorem 1.3. Let k > 0 be a fized integer. Suppose that (A(n))nzk s a sequence of symmetric
matrices such that:
[n]y,, ([7]
(i) A e R(Q )X(Q) for each n >k,
(ii) For alln,n’ € N with k <n' <n and all e;,e; € ([7;/])7 1t holds that Agﬁgj = AE,,Z{)&J.,

(iii) For all n > k, the matriz A™ is invariant under the simultaneous action of Sy,_j on its
rows and columns.

Then A" s positive semidefinite for every n > k if and only if

Q({k+1,k+2} (b 1k+2}) ~ 20({k+ 142}, (k+1,k+3)) T ({142} (k43 k+4}) = 0 (2)
and the two matrices
k
) (3) k 1
R IO ) (@entimmm), ey | (Oetmennen), (o)
JE[K]
.
bl (aerrm) ey | (O gmen)iier | (O i)k
JE[K]
T T
1 (a<ei,{k+1,k+2}>)eie([gl) (@i 1) k26430 Jiey) | QR+ E+2), (k+3,k+4))
and
k 1
k (a({i,k+1},{j,k+1}) - a({i,k+1},{j,k+2}))i’je[k] ‘ (a({i,k+1},{k+1,k+2}) - a({i,k+1},{k+2,k+3}))ie[k]\

L
1 \(a<{i,k+1},{k+1,k+2}>—a({i,k+1},{k+2,k+3}>)ie[k] | Qb1 k2 (kL A43)) — ({12} (k3.k40)) )

are positive semidefinite. Here we write a(e, ;) for the (es,€e5)-th entry of A+ o €i,e; €
([7;]) where m < k + 4.



So if (A(n))nZk is a sequence of matrices satisfying the theorem, then A(™ is positive
semidefinite for every n > k if and only if three matrices with size and coefficients independent
of n are positive semidefinite. Note that A(™ for n > k + 4 contains as many distinct values
as A®+9 as each w € (E x E)/S,_j contains a pair of edges (e, f) € w with e, f C [k + 4].
This is why the constant matrices are constructed from A®*+4),

The proof of Theorem (cf. Section 4] consists of the following ingredients.

(a) We use the fact that a matrix A(™) satisfying conditions is a morphism of represen-
tations RF — R, and therefore orthogonally block-diagonalizable once a decomposition
of R¥ into S,_j-irreducible submodules is available.

(b) We compute an explicit decomposition of R into S,_j-irreducibles (this is Proposi-
tion . We do this from first principles and without relying on Young-tableaux. This
results in a block-diagonalization of A into matrices of constant size but coefficients
dependent on n.

(c) We apply a sequence of combinatorial operations preserving positive semidefiniteness (such
as dividing or multiplying rows and columns by the same constant) to the resulting three
matrices to decompose them into a sum of matrices in a convenient way. Then we use a
limit argument (letting n — oo) so that we arrive at matrices with coefficients independent
of n. This part of the proof is crucial to eliminate the dependence on n in the resulting
three matrices, and is the key to proving Theorem
This step is inspired by the necessary condition that A™ = 0 for large n, if A™ = 0 for
all n > k. (Here we write A = 0 if A" is positive semidefinite.) This observation results
in a necessary condition that three constant ‘limit’ matrices are positive semidefinite. It
will turn out that positive semidefiniteness of these constant matrices is also sufficient to
show A(™) =0 for all n > k.

Remark 1.1. Theorem [1.3in particular also holds for k = 0. Let (A(™), 5o be a sequence of
matrices satisfying the conditions of the theorem. Then we have

{1,2} {1,3} {1,4} {2,3} {2,4} {3,4}

{1,2} T Yy Yy Yy y z
{1,3} Yy T Y Yy z Y
A® = L4y y x z y y
{2,3} Yy Yy z x Yy y |
{2,4} Yy 2 Y Yy x Y
{3,4} 2 Y Yy y y T

for some x,y,z € R. The theorem states in this case that A > 0 for all n > 0 if and only
ifer—2y+2>0,z>0andy—z > 0.

Note that A® has eigenvalues z — z (multiplicity 3, eigenvectors v, — v,; for the pairs
of edges e;, e; with e; Ne; = 0, with v, the characteristic vector in RE with a 1 in position e;
and zeros elsewhere), x + 4y + z (multiplicity 1, eigenvector the all-ones vector) and x — 2y + z
(multiplicity 2, eigenvectors (0,1, —1,—1,1,0)T and (1,0, —1,—1,0,1)T).

These eigenvalues are all at least zero if xt — 2y +2 > 0, 2 > 0, and y — 2z > 0, as
is easy to check (and as follows from the theorem). The converse does not hold: for, e.g.,
(z,y,2) = (3,1,2) all eigenvalues of A® are positive, but 5 —z < 0. So this shows that A®) >0
is necessary but not sufficient to conclude that A™ = 0 for all n € N.

We now briefly sketch how we use Theorem [1.3|to prove Theorem Details will be given
in Section 2, We start in the same way as Brosch, Laurent and Steenkamp [4], by expressing
the Hessian of f; as a matrix polynomial of degree d — 2 in the standard monomial basis. Each
coefficient matrix Q. ,) € RE*E can be seen to depend on n and a multigraph with d — 2 fixed
edges which is independent of n. In order to prove convexity of f; over A,,, it suffices to show
that each of these matrices Q) () is positive semidefinite.



To do this, we enumerate for a fixed d all multigraphs on d — 2 edges up to isomorphism.
Such graph has k < 2(d — 2) vertices. For each multigraph, we construct a sequence (A™), >y,
(with A" = Q+(ny) Which satisfies the conditions of Theorem E With this theorem, we verify
positive semidefiniteness of Q,(,), for all n > k. After performing this verification for each
multigraph with d — 2 edges up to isomorphism, we may conclude that the Hessian of fj; is
positive semidefinite over A,, (i.e., fg is convex over A,,) for all n, for this fixed d. We follow
the described procedure for each fixed d < 9 to exhibit the result in Theorem

1.1 Motivation

The polynomial f; arises naturally in a model of job scheduling with redundancy. The question
whether the polynomial fy is minimized at the uniform probability vector (in particular for L =
2) was posed by Cardinaels, Borst and Van Leeuwaarden [5] and answered affirmatively for d = 2
(for all L) and d = 3 (for L = 2) by Brosch, Laurent and Steenkamp [4]. Here we give a sketch
of the application in queueing theory, to motivate why we are studying this polynomial. For
a detailed explanation about the model and about the continuous-time Markov chain setting
(constituting the queueing theory framework) we refer to [8], and for other details about the
question about f; we refer to [5].

Suppose there are n parallel servers, which process jobs with speed p. Jobs arrive as a
Poisson process of rate n\, for some A > 0. When a job arrives, L replicas of the same job are
sent with probability z. to a subset e C [n] of L servers. When one of the L replicas of a job
finishes on a server, the replicas of it on the other servers are instantly abandoned. The servers
process the jobs on a first come, first serve basis.

In the literature it is often assumed that the set of servers to which replicas of a job are
sent is chosen uniformly at random. By contrast, Cardinaels, Borst and Van Leeuwaarden [5]
investigate the impact of selecting the set of servers according to a specified probability distri-
bution (x,)ecg. They show that in the heavy-traffic regime (i.e., A T u), this impact is relatively
limited. However, in the light-traffic regime (i.e., A | 0), the system occupancy is considerably
more sensitive to the choice of the probability distribution (z¢)ecp. They especially consider the
case L = 2 in the light-traffic regime. The special case that the edge probabilities are uniform
corresponds to the commonly considered power-of-two policy.

As observed in [8], the state (total occupancy) of the system at time ¢ can be denoted by
a single queue, i.e., as a vector (ej,...,ey) € EM where M = M(t) denotes the total number
of jobs in the system, and e; € F is the set of servers to which copies of the i-th oldest job have
been assigned. So the newest job corresponds to ep;. An example is given in Figure

)\7137{172}

L11,3} {1, 2}2

.’1}{174}

Figure 1: On the left, the complete graph on n = 4 vertices is shown. The 4 vertices represent the
servers and the edges represent the possible pairs of servers to which job replicas are sent. On the right,
the server occupancy for the state ({1,2},{2,3},{3,4},{1,2}) is presented. The k-th arrival of a job
which is sent to servers {i,j} is denoted by {i,j}x (cf. Figure 1 of [5]), so we can write the above state
also as ({L 2}17 {27 3}1a {Sa 4}17 {17 2}2)



It was proved in [8] that if the service times of the jobs are independently and exponentially
distributed with unit mean, under a certain necessary and sufficient condition for stability of
the system (Theorem 1 of [§], see also equation (2) of [5]), and assuming all servers have the
same speed f, the limiting (stationary) probability of being in state (e1,...,ex) € EM equals

M nAL
o
m(el,...,epqy) =C || ——, 3
( ) il_[l,u|elu...Uei\ 3)
for a normalization constant C' > 0. The authors of [8] emphasize that m(ey,...,ens) cannot
be written as a product of independent per-server or per-edge terms, as the denominator for
the i-th job depends on all jobs already in the system, i.e., on eq,...,e;.

Now let @y(z) denote a random variable with the stationary distribution of the number
of jobs in the system with edge selection probabilities = (z¢)ecp. Then

P(Qax)=d)= > w(er...,eq), (4)
(e1,--,eq)EE?

which is equal to fg(z) up to a scalar multiple. The authors of [5] specifically consider the
two-server light traffic regime, i.e., the case that L = 2 and A | 0. They show that in this case
P(Qx(x) =0) =C=1+o0(1), and

nA\ ¢
PQx) 2 @) = (") fulo) +o(x), )
Hence, letting z* = (1,...,1)/|E| denote the uniform probability vector, one has
* > *
lim —]P’(Q)\(x )2d) _ lim —fd(w )+ 0(1). (6)

Mo P(Q(z) > d) Mo fa(x) +o(1)

So if the polynomial f; attains its minimum at the uniform probability vector x*, then the limit
in @ is at most 1. This means that in this case in the light-traffic regime, to minimize the
system occupancy, one should select the assignments of the job replicas to the servers uniformly
at random. This motivates the question to show that the polynomial f; attains its minimum
over the standard simplex at the uniform distribution z*.

It was proved by Brosch, Laurent and Steenkamp that for d < 3 the statement holds [4],
and the results of the current paper imply that it is true for d < 9.

1.2 Background: exploiting the symmetry of the problem

To show convexity of f; for d < 9 we will exploit its symmetry properties. Brosch, Laurent and
Steenkamp also used the symmetry of f; in [4]. They started with the following observation,
based on symmetry.

Lemma 1.4 ([4]). For any L,d,n > 2, if the polynomial fq from 18 convex over the standard

simplex A, then it attains its global minimum over A,, at the uniform probability vector x* =
L,...,1).

m

To see this, note that if f is convex and f(g-xz) = f(z) for all ¢ € G, then f has a
minimizer that satisfies g - x = « for all g € G. In the present setting, f; is invariant under the
action of S,, and z* is the only fixed point in A,, of the action of 5,,.

Brosch, Laurent and Steenkamp [4] first considered a related symmetric polynomial, de-
fined as follows (again for integers n,d, L > 2):

pa(x) == Z _ Ty (7)

x ..
lerU...Ueq|
(61,...,ed)€Ed



They proved that pg is convex for all n,d > 2 and for all edge cardinalities L, and that convexity
implies that p, attains its minimum at the uniform probability vector. They observed that p, =
Lfs5, and hence also proved that f5 is convex for all edge cardinalities L. The polynomials pg
are interesting in themselves, and helped to give insight in the question of Cardinaels, Borst
and Van Leeuwaarden about fy.

Symmetry is a frequently used tool in semidefinite optimization. We give some background
and references. The starting point is Wedderburn-Artin theory (cf. [32]), from which it follows
that matrix *-algebras can be block-diagonalized. The technique we will use to obtain the
first part of our symmetry reduction (Proposition below) is a special case of this. The
linear programming bound by Delsarte [6] is an early example of the usage of symmetry, which
bound was discovered to be a symmetry reduced (and slightly strengthened) version of Lovész’s
theta-function (cf. [29]).

Group symmetry can be used to reduce the size of matrices in semidefinite programs. This
was studied in landmark papers by Kanno, Ohsaki, Murota and Katoh [14] and Gatermann and
Parrilo [9]. For an exposition about the usage of symmetry in semidefinite programming, we
refer to [I]. Examples of concrete areas of application are crossing numbers of complete bipartite
graphs (cf. [15]), approximations for quadratic assignment problems (cf. [16]) and truss topology
optimization (cf. [2]).

Another specific area of application is coding theory, in which several block-diagonalizati-
ons have been developed to compute semidefinite bounds based on tuples of codewords. This
approach was pioneered by Schrijver [30]. At a fixed level in the hierarchy, these bounds can be
computed in polynomial time, cf. Laurent [I7]. In earlier works, direct and analytical derivations
of the reductions of the involved algebras (the Terwiliger algebras of the Hamming and Johnson
schemes) were given [11], 12} 17, B0, B1]. The Terwilliger algebra of the Hamming scheme is
the algebra of S,-invariant matrices in C2"*2" indexed by the collection of all subsets of [n].
The algebra of S,-invariant matrices indexed by ([Z}) for a fixed L is called the Terwilliger
algebra of the Johnson scheme. We consider L = 2, but our matrices are only symmetric
under S, (for n > k), where k is fixed. Brosch, Laurent and Steenkamp [4] used the known
block-diagonalizations of the Terwilliger algebras as a tool in their proof of convexity of pg (for
all d) and of fy for d < 3.

More recently, in coding theory an approach based on elementary representation theory
—with as main element an explicit decomposition into irreducible submodules of a certain
associated vector space— has been used to obtain symmetry reductions of semidefinite programs
for finding upper bounds on the cardinalities of several types of codes [10}, 18] [19] 22] 23] (see [21]
as background for a unified treatment). In the present work, we will use this approach based
on representation theory of finite groups to obtain the first part of the reduction.

Symmetry and representation theory have extensively been used as a tool to answer al-
gebraic questions about polynomials. With regard to semidefinite programming, the central
question is then whether certain symmetric polynomials can be written as sums of squares. We
point the reader also to references [9] 24, 25| 27] about finding these sum of squares certificates
for symmetric polynomials. In particular, symmetric sums of squares (in n variables under the
action of S,,) have been characterized [3]. The recent works [24, 25] consider symmetric poly-
nomials with variables indexed by the L-subsets (of n) hypercube. In the mentioned references
a main focus is to show that, using representation theory of the symmetric group (cf. [28]),
the sizes of the involved semidefinite programs can be made independent of n. However, the
number n still might appear in the coefficients of the reduced matrices. The authors also give
some examples of asymptotic results and find links to Razborov’s theory of flag algebras [20].

In the present paper the main tool (given in Theorem is a symmetry reduction to show
that certain symmetric matrices are positive semidefinite for all n if and only if three matrices
with order and coefficients independent of n are positive semidefinite.



1.3 Outline of the paper

In Section [2] we explain how Theorem [I.3| will be used to show Theorem [I.I] In Section [3| we
give the necessary preliminaries to prove Theorem [I.3] In Section [4] we proceed to give the
proof of Theorem which is the most important part of this paper. Afterwards we prove in
Section |5 I the followmg small proposition (here we fix a sequence v € NI 5, as in the previous
section):

Proposition 1.5. Let (A(”/))nrzk be the sequence of matrices corresponding to v. Then

Q({k+1 42} {k+1,k+2)) — 20({k+1k+2), Ikt 1,k+3)) T O({kt1k+2), {k+3,k+4a}) = 0,

where we write ae, ¢,y for the e;, ej-th entry of AFH) for e, ej € ([k42r4}).

This proposition implies, together with Theorem that A™) is positive semidefinite
for all n’ > k if and only if the two block matrices from Theorem are positive semidefinite
(where (A™)),5, denotes the sequence of matrices corresponding to ).

In Section [6] we give computational results of the computer search which exhibits the
result in Theorem using Theorem We conclude the paper with a short discussion (in
Section @ of the possible directions in which the main ideas of this paper could be extended.

2 How to use Theorem [1.3] to show Theorem [1.1]

In this section we explain how Theorem [1.3] will be used to exhibit the result in Theorem
The polynomial f; is convex over A,, if its Hessian

[ P[4
H(fq) = (3€ia€j>ei,ejeE (8)

is positive semidefinite on A,,. We begin in the same way as Brosch, Laurent and Steenkamp
[4], by writing the Hessian of fy as a matrix polynomial, which involves a set of matrices Q
arising as the coefficients of the Hessian in the monomial base. The Hessian of f; is positive
semidefinite on A,, if each of the matrices ()4 appearing in this matrix polynomial is positive
semidefinite. For a fixed d, the matrices (), which arise can be seen to correspond to multigraphs
on d — 2 edges. Then we use our new result, Theorem 1.3, to verify positive semidefiniteness of
each of these matrices. We verify the conjecture for d < 9 and for all n (in case L = 2).

Let us first recall some notation and results from []. For a d-tuple (eq,...,eq) € E9,
define

1
c ==
(€15:01s€a) ‘61 U...u €d|
Let N} denote the set of m-tuples in Z>o with sum of entries equal to d and we set |a| :=
oo for oo € N, For a d-tuple e = (ej,...,€;,) € E? with iy,...,ig € [m], define the
sequence ay,(e) € N™ where ay(e); is the number of indices among i1, ...,i; that are equal
to [, for each [ € [m]. Then

— pon(e)r . pon(e)
weil xeid - xeln xe; ma

and |ay,(e)| = d so that ay,(e) € N7, For a € N consider any d-tuple e € E4 such that oy, (e) =
a and define ¢, := c.. Similarly, for a € N define

boi= > H|1U Tal’ so that fo(z) = Y baz®. (9)

(e1,seq)€ B 1=1 oeNG'
an(e)=a



[n]
For i € ([724), write v; for the indicator vector in ]R( 2 ), which has a 1 in position ¢ and zeros
elsewhere. Then the Hessian H(f;) is equal to

Z :U,YQ’)H

YENGL 5
where
(Q ) (71 + 1)(7] + 1)b7+vz+v] if 7& j7 (10)
b (71 + 1)(% + 2)b'7+211i if i = j,
fori,j € ([g]). For any o € NI, we write a! = a1!-- - ay,!, and define
ga = a! b,.
Then one has (cf. [4, Lemma 11]), for d > 3 and v € N" ,, that
1 o~ m
Qw = 3 (b’}’+Ui+Uj)i7j:1 . (11)
The following recurrence relations are given in [4]:
/Ea =Cq Z O‘k/b\akaa (12)
k:ap>1
and (cf. [4, Lemma 12])
QW = (Cv+vi+vj)i,j:1 o Z QV Uk ( o + bw—&-vj) ij=1 . (13)
| kelmlie> : _

=My =R,

Brosch, Laurent and Steenkamp [4] showed that the matrix My = (¢y4u,+v,)ij-1 in (13)
is positive semidefinite for all n,d,L > 2. The matrices M, appear as coefficients of the
Hessian of the polynomial pg from expressed in the monomial base. By showing positive
semidefiniteness of the matrices M, they proved convexity of pg over A, for all n,d, L > 2,
and hence also of fo = %pg for all d,L > 2. Moreover, they provided numerical experiments,
showing that the term between brackets in is positive semidefinite f or several specific small
cases of d, L,n and that R, in many of these cases has a strictly negative smallest eigenvalue.

We now proceed to describe a sequence of matrices (related to the matrices @) to which
we can apply Theorem [1.3] . Fix a sequence v € N' ,. We aim to prove that @y = 0. Let e =
(e1,-..,eq_9) € B2 be any (d — 2)-tuple with ay,(e) = 7. Set k := | U=2 ¢;|. Without loss of
generahty, we may assume that the vertices occuring in the edges in the tuple e are contained
in [k] C [2(d — 2)], otherwise we relabel the vertices in [n]. Note that n > k.

For each n’ > k, define m’ := (g) and set y(n') := au(e) € N7V, Furthermore, de-

fine A™) .= = Q.(n), Which is a matrix of order m' x m’. (Here Q,(, is defined as in (0],
except that we take n =n/, m = m/ and E = ([g}) in the preceding definitions.) Then by con-

struction we have A(™ = Q). Furthermore, we can view each A(™) a5 an ([Tg]) X ([g])—matrix.
We will call the sequence (A(”/))n/zk the sequence of matrices corresponding to .

Example 2.1. Let d = 3, let n € N and let v = «a,(({1,2})) € NJ',. As above, we set
= [ULZe|. Let 0/ > 2, m/ == (%) and 7,5 € (")), Then y(n') = cnw(({1,2})) € N7, = NV



is the sequence with a 1 in the position corresponding to the edge e; := {1,2} and zeros
elsewhere. Then, for all 7,5 € ([Tg]), we have

) _j _ v (n) 4+ v+ )] LI
Ai,j - b’V(n/)‘FUi-H)j - (’Y(n)+vl+7}])' Z |€| |6Uf| |€Ung|
{67f7g}:{el7i7j}
Slaturw) oy e (ot e )
2lep Ui U j| leUf] leruiUyg| \|etUt| et Uj| |iU]]

(e.f.9)€E:
{enfvg}:{eluivj}
(14)

where the last equality is verified by distinguishing the cases that ey, ¢, j are all pairwise different,
two of them are equal and one is different, or they are all equal. So, for the sequence (A(n/))nfzk
the first two properties of Theorem hold. The third property also holds: each A™) is
invariant under the simultaneous action of S,;/_5 on its rows and columns (induced by the action

of S,y_s on {3,...,n'}). This is seen from ([14): AEE/) = A((Tn;)gj for all ' > 2 and i,j € ([7;/]),
as for each subset U C [n/] and o € S,/_5 we have |U| = |o-U| and |e; UU| = |e; Uo - U].

To verify the conjecture for d = 3 and for all n, we can now apply Theorem to the
sequence (A(n))nZQ, and check that the three block matrices from this theorem are positive

semidefinite, cf. Appendix
The argument for S, _;-invariance of A of the above example holds for general d and .

Proposition 2.2. Fiz a sequence v € N' ,. Let (A("/))nfzk be the sequence of matrices corre-
sponding to vv. Then the three conditions of Theorem hold for (A(n/))nlzk.

Proof. Let ¢ = (e1,...,eq_2) € E42 be any (d — 2)-tuple with a,,(e) = 7. Set k := | U=Z ;.
Without loss of generality, we may assume that the vertices occuring in the edges in the tuple e
are contained in [k] C [2(d — 2)], otherwise we relabel the vertices in [n]. Note that n > k. The
first two statements of Theorem (1.3 hold trivially for (A()),;>, from the definition in (10).

We prove that each A is invariant under simultaneous permutation of the rows and
columns by S,/_g, i.e.,

AE@/) = A(T,LT) L foralloce S, _, andi,j € (W]).
N 01,0] ’ ) 2

For any o € S,/_ the sequence v(n') := a,(e) € NZ”_’Q is fixed by o, since the edges in the
tuple e are contained in [k]. Hence it suffices (cf. (1)) to prove that

b'y(n/)Jrvg(i)Jrvo(j) = b’y(n’)+vi+vj7 (15)
for all ¢ € Syr_k,i,5 € ([g]) and o € Sy _g. Write ¢ = {i1,i2}, j = {Jj1,j2}. Then each

summand in the definition @D of by () is a product of terms where each term has the
form

+Vo(1) HVo ()

1 1 1
TrT10 B B or B B B B )
[UI" |UUo - {i1,i2}] {UUo - {i,ie} Uo - {j1,j2}]

for U C [k]. But for any U C [k] and W C [n] we have |[UUcW| = |c(UUW)| = |UUW|, as U
is fixed by o. So

{UUo - {i1,io}| = |UU{i1,i2}|, and
|UUo - {i1, i} Uo - {j1,72}] = |U U {ir,i2} U {1, 52},

for U C [k]. This shows ([L5). O



Procedure 2.1. One can now perform the following steps to verify positive semidefiniteness
of fq for a fixed d, for all n (and hence to exhibit the result in Theorem .

(i) Enumerate up to isomorphism all multigraphs e = (ey,...,e4_2) with exactly (d — 2)
edges without isolated vertices. (Such graph has at most 2(d — 2) vertices.)
(ii) For each multigraph e = (e1,...,eq_9) from the previous step, we set k := | U=2 ¢;| <

2(d — 2). We relabel the vertices such that e; C [k] for each i € [d — 2].

(iii) For each n > k, set y(n) := ay(e) € Nc(f_)z and define A™ := Q-(n)- We verify that A
is positive semidefinite for each n > k by verifying that the three block matrices given in
Theorem (which are constructed from the matrix A**%)) are positive semidefinite.

After performing these steps, we know that @, is positive semidefinite for each n > k and
for each multigraph, hence H(f;) = 0, hence f; is convex (for the considered fixed d, but for
all n).

3 General theory: representative sets

We now indicate a known general method for symmetry reduction using elementary represen-
tation theory (which method was used in [I8]). We briefly state the results.

Let G be a group acting on a finite dimensional complex vector space V. Then V is called
a G-module. A submodule U of V is a subspace of V which is itself G-invariant. For two G-
modules V' and W, a G-homomorphism v : V. — W is a linear map such that g- ¢ (v) = ¢(g-v)
for all v € V and g € G. If there exists a bijective G-homomorphism from V' to W (also called
a G-isomorphism) then V and W are called equivalent or (G-)isomorphic.

A G-module V is called irreducible if its only submodules are {0} and V itself and V' # {0}.
The algebra of G-homomorphisms V' — V' is denoted by Endg (V') and is called the centralizer
algebra of the action of G on V.

Let V be a finite dimensional complex vector space and G be a finite group acting on V.
In this case the G-module V' can be decomposed as V =V; & ... & V. such that each V; is can
be written as V;1 @ ... ® V; ,, with the property that the V; ; are irreducible G-modules such
that V;; and Vj j» are isomorphic if and only if ¢ = 7. The number k is unique. Moreover,
the V; are unique up to permuting indices and they are called the G-isotypical components.

Choose for each @ < k and j < m;, a nonzero vector u; ; € V; ; with the property that for
each i € [k] and all j, j/ < m; there exists a G-isomorphism V; j — V;  mapping u; j to u, j. For
each i < k, define U; := (u;1,...,Uim,), which is an ordered m;-tuple of elements u;; (where
j: 1,...,mi).

Definition 3.1 (Representative set). We call any set {U1, ..., Uy} obtained as described in the
previous paragraph a representative set for the action of G on V.

The notion ‘representative set’ is closely related to the notion of a symmetry adapted basis,
a basis which respects the decomposition of V' into G-modules [7]. However, in a representative
set one ‘representative’ basis element of each irreducible module is chosen. The collection of
basis elements u; ; constituting the ordered m;-tuples in the representative set also is sometimes
called a symmetry basis in the literature (e.g., in [3]).

Since, for each 4, j, it holds that V;; = is spanned by G - u; j, we have V; ; = CG - u, 5,
where CG denotes the (complex) group algebra of G. So

k. m;

V:®@CG'UZ'J. (16)

i=1 j=1

10



Moreover, it holds that (which follows from Schur’s well-known lemma) that

kK m; k
dimEndg(V) = dimEnde [ HEP Vi, | =D _mi. (17)
i=1 j=1 i=1

Let G be a finite group acting on a finite dimensional complex vector space V. Let (,) be a
G-invariant inner product on V. (From any inner product (,) on V one can derive a G-invariant
inner product ()¢ via (z,y)¢ = 3 ,eq(9- 2, 9-y).) Let {U1,..., Uy} be any representative set
for the action of G on V and define the (linear) map

k k
®: Endg(V) = @ C™*™ with A @ ((Auijrui )T, (18)
=1 =1

An element A € End(V) is called positive semidefinite if (Av,v) > 0 for all v € V and (Av, w) =
(v, Aw) for all v,w € V.

Proposition 3.1. The map ® is bijective, and for any A € Endg(V):
A is positive semidefinite <= ®(A) is positive semidefinite. (19)

This proposition follows from well-established general theory. For a proof of the proposition
in this exact form, we refer to [21].

In our case, we will apply the above to the following. For any set Z and group G acting
on Z we write Z for the set of all G-invariant elements of Z. Fix k € N. For n € N, consider
the complex vector space V := CF, where as before E = ([Z}). Then the finite group G := S, _
acts on E as in the previous section, hence on V = C¥ via permutation matrices. This means
that Endg (V) is naturally isomorphic to (CP*F)%n—+ i.e., the space of complex E x E-matrices
which are invariant under the simultaneous action of S,_; on their rows and columns. In this

case specializes to

k k
O: (CEE)Snk — (HC™* ™ with A @D USAU;, (20)
i=1 i=1
and since our representative sets will turn out to consist of real matrices, we can replace C by R
in the above equation, and obtain a linear bijective map ®: (RF*F)Sn—+ — @le R™iXMi with
the property that A >= 0 if and only if ®(A) = 0 for all A € (REXF)Sn—k,
For convenience, we record the following characterization of representative sets (cf. [18]
proof technique of Proposition 2], separately stated with proof in [21, Proposition 2.4.3]).

Proposition 3.2. Let G be a finite group acting on a finite dimensional C-vector space V. Let

k,mi,...,mp €N, andu;; €V fori=1,...,k, j=1,...,m;. Then

{(uiyl,...,ui’mi) |Z:1,,k} (21)

is a representative set for the action of G on V' if and only if:
. k ’
(i) V=i @;nzl CG - uiy,
(it) For each it = 1,...,k and j,j’ = 1,...,m;, there exists a G-isomorphism CG - u;; —
CG - u; jr which maps u; j to u; jr,
(iii) S2F_ m2 > dim(Endg(V)).

11



4 Proof of Theorem (1.3 symmetry reduction

Fix kK € N. For n € N with n > k, let again S,,_; C S, be the subgroup of all ¢ € S,
with o(i) = ¢ for all ¢ € [k]. Set m = (my, ma,m3) = ((’;) +k+1,k+1,1). For j € [(g)],
let e; denote the jth subset of order 2 of [k], where these subsets are ordered in lexicographic

(or: any fixed) order. Recall that for e € £ = ([g]), we write v, for the corresponding standard
basis vector in C¥.

Proposition 4.1. Suppose that n > k + 4. A representative set for the action of Sp_j on CF
is given by Uy, Us, Us], where U; = [u;; | j € [my]], where

Uy =g, forje [(g)] ,

- U2,j 1= V(i k41}y — Vfjk+2) Jor J € (K],

ul’(g)ﬂ = Z vyjay for j € [k, n
i=ht1 Ung1 = Y (V1) — Vier2});
4 (k) IR Z Ui} e
N2 k+1<i<j<n

U3,1 = Ukt 1,k42} — Vfk+1,k+3} — V{k+2,k+4} T Vfk+3,k+4}

Proof. For j € [mq], set Vi ; = Cuyj;, which is a 1-dimensional subspace of V' on which S,
acts trivially. Furthermore, for j € [k], set

VQ,]‘ = { Z GV i} ’ ceC?:¢c;=0fori e [k], CTl = 0} s
i=k+1

and set

‘67k+1 = Z (CZ' + cj)v{i’j} ‘ ceC’:¢c;=0f1or: e [k‘], CT]. =0

e={i,j}:
k+1<i<j<n

Then V3 ; has dimension n — k — 1, for each j € [k + 1]. Finally, define

Vsq = S Ave | Ae€C,Yme{k+1,...m}: > A=00p,
e={i,j}: e:mee
k+1<i<j<n

which is a subspace of V' of dimension ("gk) — (n — k). It is easy to verify that the V;; are

pairwise orthogonal and S,,_j-invariant. Moreover, dim Vi j = 1 for j € [my], dim V5 ; = n—k—1
for j € [ms] and dim V3 ; = (ngk) — (n — k). We find that

3 m,

D> dimVij=(() +k+1) -1+ (E+1) - (n—k=1)+ (") = (n = k) = (3).

3 my
cr =P, (22)

i=1 j=1

12



To prove [(iii), we count dim(Endg,_, (C¥)) = |(E x E)/Sn_k|. We represent each equivalence
class by its Texicographically smallest element. We find

(5)° orbits (er,e;) with ei,e; € (5), k orbits ({i,k + 1}, {k + 1,k +2}) with i € [K],
(5)k orbits (e;, {4, k+ 1}) with e; € (1§1),5 € [K], & orbits ({k + 1,k + 2}, {i,k + 1)) with i € [&],
(g) orbits ({j,k + 1}, ¢;) with e; € ([k]) j€lk], korbits ({i,k+1},{k+2,k+ 3}) with i € [k],
(’;) orbits (e;, {k + 1,k + 2}) with e; € ([126}), k orbits ({k + 1,k + 2}, {i, k + 3}) with ¢ € [k],
(1;) orbits ({k + 1,k + 2}, &) with e; € ([g]), 1orbit ({k+1,k+2},{k+1,k+2}),
k? orbits ({i,k + 1}, {j, k + 1}) with 4,5 € [k], Lorbit ({k+1,k 42}, {k+1,k+3}),
2 orbits ({i,k + 1}, {4,k + 2}) with 4,5 € [k], Lorbit ({k 41,k 42}, {k +3,k +4}),

So |(E x E)/Sn_k| = 3+ 4k + 2k* + (g)((g) + 2k + 2). A straightforward calculation shows
that this number is equal to m? + m3 + m3 = ((g) +Ek+1)24+ (k+1)2+12 so is satisfied.

Observe that pui 1 — pugj gives an S, _j-isomorphism from Vi to Vi ; for j € [my].
Moreover, Y i ;| CiU1 i) = D i gy CiV2,5} gives an Sy,_g-isomorphism Va1 — Vo j for j € [k]
and

Z Ci'U{Lz‘} — Z (Ci + Cj)’U{iJ}
i=k+1 e={i,j}:

k+1<i<j<n

gives an S),_g-isomorphism V51 — V5 1 1. Together with this implies that the V; ; indeed
form a decomposition of V' into irreducible S,,_p-submodules (as any further decomposition, or
representation, or equivalence among the V; ; would imply that the squares of the multiplici-
ties of the irreducible representations of V' sum to a number strictly larger than Zle m? >
dim(Endg, ,(V')), which contradicts the fact that ® from is a linear bijection), and we
have V; ; = CS,,_j, - u; j. The given S,,_j-isomorphisms thus imply that is satisfied. By ,
also |(1)| is satisfied. O

We use the above proposition to prove Theorem as follows:

1. First we use the representative set of Proposition to find a block-diagonalization of A,
This results in three blocks of constant size, with polynomials in n as entries.

2. We divide rows and columns simultaneously by common expressions including n, so that
the three blocks each can be decomposed as a constant matrix (containing the coefficients
before the highest power of n in the original block, up to a possible scaling by the division
we did before) + another matrix whose entries are fractions with constant numerator and
non-constant denominator (an expression in n).

For large n, the first (constant) matrix becomes dominant. So for A™ > 0 for all n > Fk, it
is a necessary condition that the three constant matrices are positive semidefinite.

3. It will turn out that this condition also is sufficient. The matrices containing fractions with n
in the denominator can be shown to be positive semidefinite for all n (assuming that the
constant matrices are positive semidefinite).

Proof of Theorem[1.9. Let (A™),>1 be a series of matrices satisfying the conditions of the
theorem. Write (e, ;) for the e;, e;-th entry of AFFD for e, ej € ([k”;l]). First consider n >
k + 4 and let again ::ﬁ[n]). We use the representative set Uy, Us, Us for the action of S, _j

on C¥ from Proposition 4.1, and setting Ui(n) := U, for i € [3] to indicate the dependence on n,

13



we find that

() k 1
(g) Cu (n —k)Cia (n;k) C13
U(") TA(n)U(”) _ T n—k 23
( 1 ) 1 k (n—k)012 (n—k‘)CQQ ( 2 )023 ’ ( )
LA | (Neg | (7")Css
where
Cn = (a(ei,ej))eiveje([g]) ) Ci2 = (a(ei,{j,kﬂ}))eie([l;}) )

Jelk]
Ci3 = (a(ei,{k+1,k+2}))6ie([1;]) v O = (aqipsy Gy + (0 =k = Doy e2n) s jep
Coz = (20011} (k1 k2y + (0 — K — 2)a{j,k+1},{k+2,k+3})j€[k] :

Cs = a(gs1 b2} (et L2 F20 = k= 2)aggert vy et irsn -+ (02 Q((ht1 2} (b3 404

Moreover,
k 1
(UQ(n))TA(”)UQ(n) _ k / 2D ‘ 2(n —k — 2)1712\7 (24)
1 \2(n—k-2)D, |2(n—k—2)Dan/

where

Dt = (Q({i 41} {juk+1}) ~ G Lk+2D) ) g ey

Do = (aj k+1} {k+1,6+2) — a{j,k+1},{k+2,k+3})je[k] ’

D2 = a(frs1,k+2}, (k+1,k+2)) T (0 =k — D) a((rg1 kr2) {k+1,5+3)) (25)

— (0 =k = 3)a({kt1,k+2}, {k+3,k+4})-

Finally,

(U TAMW U = ALt 1, h12) Lt 1h42)) — 20t 2} {k+1,54+3}) T (Lot 1,h+2} {k+3,k+4}))-

For brevity of notation, we set T := a 41 k42} {kt1,k42})» Y = Q({k1,k+2},{h+1,k+3}) and 2 1=
Q({k+1,k+2},{k+3,k+4})- Lhen (Uén))TA(”)Uén) = 0if and only if x — 2y + z > 0.
By , the matrix (Uz(n))TA(") U2(n) is positive semidefinite if and only if the matrix

k 1 k 1 k 1

k (D | Do \— k/Dll‘ Dl?\_i_(n_k_z)*l. k/O‘ 0 \7
L\Df, [(n—k=2)""Dyn) 1 \Df,|y—2) 1\0 | z—2y+2/

(26)

is positive semidefinite. Here we used to write Dy = (n —k —2)(y —2) + v — 2y + z.
Both matrices in this last sum do not depend on n, only the term (n — k — 2)~! depends on n.
Assuming (Uén))TA(”) Uén) >0, ie., z—2y+ 2z >0, the matrix in is positive semidefinite
for all n > k + 4 if and only if the first summand at the right hand side in is positive
semidefinite (this is seen by letting n — 00).
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By , the matrix (Ul(n))TA(”) Ul(n) is positive semidefinite if and only if the matrix
N !
(3) [Cn Ci2 Ci3
k CIQ (n — k)_lc22 (n — /{)_1023
1
1 \CK | (n—k)7'C | ("7 Css

(27)

is positive semidefinite. To make the expressions independent of n, it will turn out to be useful
to use the relations

Co2 = (n— k) (a({i,k+1},{j,k+2}))i,je[kl+ (A k13 G k41Y) — O({i k130 k+21) i jelk]

—. —.n
- C‘22 — 022

Coz = (n — k) (a({i,k+1},{k+2,k+3}))ie[k] + 2(a({i,k+1},{k+1,k+2}) - a({i,k+1},{k+2,k+3}))ie[k}a

R ! J— "
=:C% =:C%

Cs3 = ("3") agphripray fhranray) F200 — & — 2) (@1 hr2) (bt 1543)) — Q{1 h12) k3 h14))
:3C§3

@kt 142}, (b 1,42)) — Q{RHLE+2), (k43.5+4)) )5
and we set C¥s 1= Cl33 — (”;k) Cis.
So the matrix in is equal to

N G !
(3) [Cii| Cia | Cis . (5) [0 0 0

cLl ¢l G| Tn=k)" & [0 7 cr (28)
1 \Cs [ (Cha)" [ O L A0 [(C)T | 2(n—k—1)7'C

To decompose the matrix in the second summand, we notice that Cssr =2(n —k —1)(y — z) +
(x — 2y + z). Also we have C%, = Dy; and C%; = 2D;5. Therefore:

1 [ Co Cos _ 1 ( Dn 2Dq2 41 0 0
o) 2 k- 1ck) T E @D aw-0) T EH T o

Assuming (Uén))TA(”)US(n) > 0 and (Ug(n))TA(”) Uén) > 0 for all n > k+4, this matrix is positive
semidefinite. So, assuming (Uén))TA(”)US(n) = 0 and (UQ(n))TA(”)UQ(n) >~ 0 for all n > k + 4, the

matrix in (28]) (and hence (Ul(n))TA(”) Ul(n) ) is positive semidefinite for all n > k + 4 if and only
if the matrix
) k1

(5) /Cui| Cia | Cis
k| ChL| Ch | O
1 \Cy | (C35)" | O

is positive semidefinite (this is again seen by letting n — oo). Putting it all together, we find
that

A® = 0foralln >k+4 <= foralln>k+4: (U")TAMU™ =0vie[3] <

R .
(5) /Cii| Ciz | Cus

k (D11 | Do

1 \Cy | (C33)T | Ci
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Since for n € N with & < n < k + 4, the matrix A™ is a principal submatrix of A™) (for
any n’ > k+4) we even have that AM =0 for all n > k if and only if the three matrices in
are positive semidefinite. ]

5 Proof of Propsition

We continue by giving the proof of Proposition [[.5] It states that for all sequences of matrices
coming from multigraphs as described in Section I, 2l the value in is nonnegative. Recall that
this implies that A™) is positive semidefinite for all n’ > k if and only if the two block matrices
from Theorem are positive semidefinite (where (A(n ))n’Zk denotes the sequence of matrices
corresponding to ).

Proof of Proposition 1.5 Recall that (A( ))nlz & is the sequence of matrices corresponding to .
We aim to prove that

Q({k+1,k+2} {k+1,k+2}) — 2a({k+1,k+2},{k+1,k+3}) T O({k+1,k+2},{k+3,k+4}) > 0.

In this case we have

A({k+1,k+2} [k 1,k +2)) = 20342001 g0y
O({k+1,k+2} {k+1,k+3}) = b7+”{k+1,k+2}+”{k+1,k+3}’

A({k+1,k+2},{k+3,k+4}) = b’Y+U{k+1,k+2} +FV{k43,k+4}

For any sequence e = (e ..., eq) € E% we write p(e) := [[4, W Let e = (e1...,eq) be
any sequence with ay,(e) = ’y—|—2v{k+1 k+2} Let j1, j2 € [d] be the indices with e;, = {k+1,k+2}
and ej, = {k+ 1,k +2} . Let ¢} and €] be the sequences obtained from e by replacing e,
with {k+1,k+3} and with {k+3, k+4}, respectively. Similarly, let €}, and e} be the sequences

obtained from e by replacing e;, with {k + 1,k + 3} and with {k + 3,k + 4}, respectlvely. Then

A({k+1,k4+2} {k+1,k+2}) — 2a({k+1,k+2},{k;+1,k+3}) + O({k+1,k+2},{k+3,k+4})

= 2b'Y+2'U{k+1,k+2} - 2b’7+v{k+1,k+2}+'U{k+1,k+3} + b’Y+U{k+l,k+2}+v{k+3,k+4}

—9 S ple) -2 > ple) + > ple)

e=(e1...,eq)€E? e=(e1....,eq)EE? e=(e1...,eq)€E?
an (2) =Y+20(k 41,k 42} an(e)=7+v{k41,k+2) TV{k+1,k+3} an(€)=Y+V{kt1,k42} TV{k+3,k+4}

= > (20(e) — 2(p(e}) + pleb)) + p(el) + p(eh))
e=(e1...,eq)€E?
an(€)=Y+2v{k 41, k+2}

=2 > (p(e) —2p(€)) + plel)) (30)

e=(e1...,eq)€E?
an(e)=7+2V{x41,k+2}

Now we consider any fixed term in this sum, corresponding to a sequence ¢ = (ej...,eq)
with an(e) = v + 2vfp11 442y For i € [d], write 3; 1= W Let j := max{j1,j2}- Then

d j—1 d j—1 d

H év p € :0 = é H Bit1’ 61 P(QIQ/) - i H IBZ.127

=1 i=1 1= =1 =7
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where the equalities for p(e}) and p(ef) follow since e; C [k] for each i # ji, jo. We compute

i 2H H&H*H&H )

ple) —2p(e}) + plef) =

:&

=1
7j—1 d d
_ 1 1 _
=11 (Il7 21l G T H (=)
=1 =7 =7 i=j
7j—1 d d
1 1
= § e 2\ I3 = 2H (=s)]
=1 =7 =3
j—1 d d
1 1 1 _
=115 (2 H (Bi+1)2 2H @ | =0
=1 =7 =7

where the first inequality follows from the inequality of arithmetic-geometric means. So every
term in the sum in is nonnegative. This proves the proposition. O

6 Computer verification of Theorem

We report on the computational results. Recall that to verify Theorem we perform the steps
of Procedure for each d < 9. We repeat these steps with comments about the computations
and present a table with computational results.

(i) We enumerate (up to isomorphism) all multigraphs with exactly (d — 2) edges without
isolated vertices. To do this we used the programs geng and multig from [20].

(ii) For each multigraph e = (e1,...,eq_9) from the previous step, we set k := | U2 ¢;| <
2(d — 2). We relabel the vertices such that e; C [k] for each i € [d — 2].
(iii) For each n > k, set y(n) := ay(e) € Nc(l )2 and define A™ = Qy(n)- We verify that A

is positive semideﬁnite for each n > k by verifying that the three block matrices given in
Theorem |1.3| (which are constructed from the matrix A%*+4) are positive semidefinite.
In the computatmns for Table [1| below we used each time the sequence A™ := ~(n NQn(n)

instead of A" = Q+(n), to cancel the factor 1/y(n)! in the definition of Qv(n (cf. (11)).
This amounts to multlplylng the sequence by a constant positive integer, as vy(n)! does
not depend on n, only on the edges in the multigraph e.

After performing these steps, we know that @, is positive semidefinite for each n > k and
for each multigraph, hence H(fy) = 0, hence fy is convex (for the considered fixed d, but for
all n).

In Table [1| we show for fixed d the number of multigraphs with exactly d — 2 edges (up to
isomorphism). Also we show the minimum of all eigenvalues obtained after computing for each
of these multigraphs, for the sequence of matrices (AM), 5. as defined in |(iii)| m the eigenvalues
of the three block matrices from Theorem |1.3| (which are constructed from the matrix A*+4).,

For a fixed degree d, the largest k& occurring in is k = 2(d — 2). The largest block
matrix from Theorem has order (’5) + k + 1. To also verify the theorem for d = 10, neither
the computation of the eigenvalues of such a matrix, nor the enumeration of the multigraphs
(for d = 10 there are 2389 multigraphs on at most d — 2 = 8 edges) were limiting factors. The
limiting factor was the computation of the entries b y(k+4)+v;+v; Of the matrix Yk + ) Qry (i 1a)

(cf. . in combination with the fact that one must compute for each multigraph many of
these entries. It is plausible that with more computation time and better optimizations, also
convexity of fg for d = 10 can be verified. Since such a verification does not give more insight
to prove the theorem for all d and the method is now clearly illustrated, we stopped at d = 9.
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d | multigraphs Amin
3 1 || 0.00357563
4 3 || 0.00059703
5 8 || 0.00015202
6 23 || 0.00004653
7 66 || 0.00001583
8 212 || 0.00000576
9 686 || 0.00000220

Table 1: For each degree d, we display the number of multigraphs with d — 2 edges and the minimum
of all eigenvalues found with the procedure explained above.

Experimental observations

For each d < 9, the minimum of all eigenvalues found with the procedure described in the
previous section is attained for the multigraph consisting of disjoint edges, as our computer
experiments demonstrated (with the sequence A™ := ¥(n)!Q+(n))- It would be interesting to
know if this holds for all d. If this is proved to be true, it is not necessary to check for each d
all nonisomorphic multigraphs on d — 2 edges anymore, as then only the single multigraph
consisting of d — 2 disjoint edges must be checked.

During the experiments it was observed that for sequences (A(n))nZk coming from multi-
graphs as in step above, the minimum eigenvalue seems to be attained at the matrix
block of size (’5) + k + 1. Perhaps such a monotonicity property can be proved in general for
sequences (A™),>;, coming from a multigraph. (This block does not have the minimum eigen-
value for general sequences (A(”))nzk. This can be seen from the example in Remark with
e.g., (z,y,z) = (6,4,3).)

Finally, note that the upper left principal submatrix of size (g) of the block of size (]2“) +k+1
from Theorem does not have symmetry in general: it is heavily dependent on the chosen
multigraph and the rows and columns of this part are indexed by the edges of the chosen
multigraph. We did not apply any symmetry reduction to this part. For a given multigraph,
the automorphism group of the multigraph may be used to further reduce the problem. While
this may give a reduction for fixed multigraphs, it does not appear to remove the dependency
on d in general. A new idea might be required to prove that f; is convex for all d.

7 Possible extensions

It might be possible to generalize Theorem to edge sizes L > 2. A representative set can
be derived using the representation theory of the symmetric group (for £ = 0, one can use
that CF as an S,-module is in this case isomorphic to the permutation module M "~ L.L),
where the notation is as in Sagan [28]). To prove that the whole sequence of matrices is positive
semidefinite, a necessary condition of positive semidefiniteness of certain constant matrices
can probably be derived by considering the coefficients before the highest powers of n in the
matrices. However, it is not immediately clear how to prove sufficiency, and we leave this to
further research. The present paper focuses on the “power-of-two-model”, the case L = 2,
which was the case Cardinaels, Borst and Van Leeuwaarden were primarily interested in (in the
light-traffic regime).

The current check of positive semidefiniteness of the constant matrices is numerical and
done in matlabE] Since the constant matrices are relatively small and their eigenvalues are
considerably larger than zero, we concluded that they are positive definite. As suggested by an

2See the supplementary material attached to the arXiv submission.
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anonymous referee, explicit rational certificates of positive (semi)definiteness can be given. We
tried this for small d, but the matlab code to generate the constant matrices exactly (using ratio-
nal computations) is slow. The minimum entry on the diagonal of D in an LDLT-decomposition

ofzgx}lll constant matrices considered for d = 3 is %, for d =4 it is %, and for d = 5 it is
12369056 °
An anonymous referee noted that whereas deciding convexity in general is NP-hard, it fol-

lows from an article by Gorlach et al. [13] that checking for convexity for symmetric polynomials
of fixed degree can be done in a time polynomial in the number of variables. In this paper,
the convexity check is done in time exponential in d, but fully independent of n. The method
presented here can also be used for other (classes of) polynomials in (g) variables, given that
the Hessian can be decomposed as a sum of matrices invariant under S,_j for some fixed k.
The present work only focuses on the particular question about fy.

Other possible extensions follow from the experimental observations. To prove the con-
jecture for all d, it may help to first show that the matrix B corresponding to the matching
(the multigraph consisting of d — 2 disjoint edges) has the smallest eigenvalue. Then only this
matrix must be checked, which possibly opens a way to a full proof of the conjecture.

A Appendix

A.1 Explicit matrices for the case d =3

First we consider d = 3. There is only one multigraph consisting of d — 2 = 1 edge, namely
the multigraph e = ({1,2}). Set k = 2, and define for n € N the sequence y(n) := a,(e). We
write down the value and the two block matrices obtained from A*+4) = A®©) = 1!Q(6) from
Theorem By Example we have

1 1 1 1
A(.6.) = + + , fori,je 61y,
b lerUiU G| \Jet Ui |erUj] iU | je(y)

The block matrices from Theorem are constructed from this matrix. The value of
is 2—14 > 0, and the two matrices are

3 7 1

I 5 E b
IR NIRRT

I 5 %

4 6 6 8

Both matrices are positive (semi)definite: we have Apin(B1) ~ 0.00357563 and Apin(B2) =~
0.00837652.

A.2 Explicit matrices for the case d =4

Next, we consider d = 4. There are 3 distinct multigraphs up to isomorphism consisting of
d — 2 = 2 edges, namely the multigraphs e = (e1,e2) where e; = {1,2} and e3 = {1,2}, {1, 3}
or {3,4}, respectively.

A.2.1 The case e; = {1,2}, e2 = {1,2}

Let k = 2, and let e; = {1,2} and ey = {1,2}, and e = (e1,e2). Define for n € N the
sequence y(n) = an(e). We compute A4 = 2!Q(k+4) and then verify that the constant
matrices from Theorem are positive semidefinite with the computer. The value of
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is 2—14 > 0, and the two matrices are

3 23 23 3

LT3 gz 16 43 149 23

2 T s . B B W
By =2 23 89 E N By :=2 1738 132 @

72 516 144 72 23 23 1

3 1 1 1 576 576 48

1 2 72 16

—~ @

Both matrices are positive
0.00670304.

semi)definite: we have Apin(B1) = 0.00192960 and Apin(B2) =~

A.2.2 The case e; = {1,2}, e2 ={1,3}

Let £ = 3, and let e; = {1,2} and e2 = {1,3}, and e = (ej,e2). Define for n € N the
sequence v(n) = ay(e). We compute AK+4 = Q- (k+4) and then verify that the constant
matrices from Theorem are positive semidefinite with the computer. The value of
is 1/36 > 0, and the two matrices are

23 14 13 23 8 79 T
EO O CO A A 6 B T W
7 96 96 96 41 lig ﬁ i
By — IO S T R A B, :— | 480 1440 2 160
1= 2 2 4 s | P2 ﬁ 17 113 e
579 ;79 % i ? 178 11 4§0 24%0 14740 190
i A S A ¢ T A % 160 160 36

2§8 2§8 916 410 11210 ? 916

3 36 6 8 9 96 12

Both matrices are positive (semi)definite: we have Apin(B1) ~ 0.00101380 and Apin(B2) =~
0.00384022.

A.2.3 The case e; = {1,2}, es = {3,4}

Let k = 4, and let e; = {1,2} and es = {3,4}, and e = (e1,e2). Define for n € N the
sequence y(n) = an(e). We compute A+ = Q- (k+4) and then verify that the constant
matrices from Theorem are positive semidefinite with the computer. The value of
is 4—18 > 0, and the two matrices are

3 79 79 79 79 1 71 71 1 11

8 288 288 288 288 4 36 36 6 6 8

79 89 By b 11 T R T S W |

2788 288 96 96 48 288 40 120 40 120 96

9 5 89 11 23 % 7 1o 19 % 11

2 2 4. 2. 4 12 12 4

i T S T S S « R S SO ¢ 5 05 11 1 1
288 9 48 288 288 120 40 4 120 T2 96 360 360 32
o 8 0 ¥ O B oY 18 13 % xR W v G \ G o
288 48 96 96 288 288 120 40 120 40 96 96 72 360 360 32
B, = |1 e T« T ¢ T ) 3 1 1 A G s Byo= | o it 50 %
° 4 2 2 2 2 ? N 2 2
A A A i A : A S S . BN (R R U VA R
4 4 12 12 12 ] 72 32
A I T A SN ST S G SR SR o B S G R G
36 120 120 470 40 6 96 8 9 9 12 32 32 2 32 48

A S« AR AN N R GRS GRS SR« B o

6 4 120 4 120 6 9 8 96 12

PO ¢ T S ¢ A SO N SRR RN s S GN

120 4 120 36 9 96 12

PO S U+ (R s (S o S (S GRS SR G G o

8 12 12 12 12 1

©
=
©
1=
©
1=
—~ Ol
=

8 6
Both matrices are positive (semi)definite: we have Apin(B1) ~ 0.00059703 and Apin(B2) =~

0.00253196.

Acknowledgements

The author thanks Monique Laurent for explaining this problem to him, for suggesting that
a symmetry reduction can be applied, and for valuable discussions and comments. Also the
author wants to thank Daniel Brosch and Andries Steenkamp for useful discussions.
Moreover, the author thanks the anonymous referees and the associate editor for their
careful reading and good suggestions to improve the content and the presentation of this paper.

20



References

1]

C. Bachoc, D.C. Gijswijt, A. Schrijver, and F. Vallentin, Invariant semidefinite programs, In Handbook
on Semidefinite, Conic and Polynomial Optimization (M.F. Anjos, J.B. Lasserre (eds.)), Springer, 2012,
219-269.

Y.Q. Bai, E. de Klerk, D.V. Pasechnik, R. Sotirov, Exploiting Group Symmetry in Truss Topology Opti-
mization, Optimization and Engineering, 10 (2009), 331-349.

G. Blekherman, C. Riener, Symmetric nonnegative forms and sums of squares, Discrete & Computational
Geometry, 65 (2021), 764-799.

D. Brosch, M. Laurent, A. Steenkamp, Optimizing hypergraph-based polynomials modeling job-occupancy
in queueing with redundancy scheduling, STAM Journal on Optimization, 31 (2021), 2227-2254.

E. Cardinaels, S. Borst, J.S.H. van Leeuwaarden, Power-of-two Policies in Redundancy Systems: the Impact
of Assignment Constraints, arXiv 2111.05777 (2021).

P. Delsarte, An algebraic approach to the association schemes of coding theory, Philips Research Reports
Supplements, 10 (1973).

A. Féssler, E. Stiefel, Group Theoretical Methods and Their Applications, Birkhauser, Basel (1992)

K. Gardner, S. Zbarsky, S. Doroudi, M. Harchol-Balter, E. Hyytid, A. Scheller-Wolf, Queueing with redun-
dant requests: Exact analysis, Queueing Systems, 83 (2016), 227-259.

K. Gatermann, P.A. Parrilo, Symmetry groups, semidefinite programs, and sums of squares, Journal of
Pure and Applied Algebra, 192 (2004), 9-128.

D.C. Gijswijt, Block diagonalization for algebras associated with block codes, arXiv 0910.4515 (2009).
D.C. Gijswijt, A. Schrijver, and H. Tanaka, New upper bounds for nonbinary codes based on the Terwilliger
algebra and semidefinite programming, Journal of Combinatorial Theory, Series A, 113 (2008), 1719-1731.
D.C. Gijswijt, H.D. Mittelmann, and A. Schrijver, Semidefinite code bounds based on quadruple distances,
IEEE Transactions on Information Theory, 58 (2012), 2697-2705.

P. Gorlach, C. Riener, T. Weifler, Deciding positivity of multisymmetric polynomials, Journal of Symbolic
Computation, 74 (2016), 603-616.

Y. Kanno, M. Ohsaki, K. Murota, N. Katoh, Group symmetry in interior-point methods for semidefinite
programming, Optimization and Engineering, 2 (2001), 293-320.

E. de Klerk, D. Pasechnik, and A. Schrijver, Reductions of symmetric semidefinite programs using the
regular x-representation, Mathematical Programming, 109 (2007), 613-624.

E. de Klerk, R. Sotirov, Exploiting group symmetry in semidefinite programming relaxations of the
quadratic assignment problem, Mathematical Programming, 122 (2010), 225-246.

M. Laurent, Strengthened semidefinite programming bounds for codes, Mathematical Programming, Series
B, 109 (2007), 239-261.

B.M. Litjens, S.C. Polak, A. Schrijver, Semidefinite bounds for nonbinary codes based on quadruples,
Designs, Codes and Cryptography, 84 (2017), 87-100.

B.M. Litjens, Semidefinite bounds for mixed binary/ternary codes, Discrete Mathematics 341 (2018), 1740—
1748.

B.D. McKay, A. Piperno, Practical graph isomorphism, II, Journal of Symbolic Computation, 60 (2013),
94-112.

S.C. Polak, New methods in coding theory: Error-correcting codes and the Shannon capacity, PhD-thesis,
University of Amsterdam, 2019.

S.C. Polak, Semidefinite programming bounds for constant weight codes, IEEE Transactions on Information
Theory, 65 (2019), 28-38.

S.C. Polak, Semidefinite programming bounds for Lee codes, Discrete Mathematics 342 (2019), 2579-2589.
A. Raymond, J. Saunderson, M. Singh, R.R. Thomas, Symmetric Sums of Squares over k-Subset Hyper-
cubes, Mathematical Programming 167 (2018), 315-354.

A. Raymond, M. Singh, and R. Thomas, Symmetry in Turdn sums of squares polynomials from flag algebras,
Algebraic Combinatorics, 1 (2018), 249-274.

A. Razborov, Flag algebras, Journal of Symbolic Logic, 72 (2007), 1239-1282.

C. Riener, T. Theobald, L. Jansson Andrén, and J.B. Lasserre, Exploiting symmetry in SDP-relaxations
for polynomial optimization, Mathematics of Operations Research, 38 (2013), 122-141.

B.E. Sagan, The Symmetric Group: Representations, Combinatorial Algorithms, and Symmetric Functions,
Graduate Texts in Mathematics, Vol. 203, Springer, New York, 2001.

A. Schrijver, A comparison of the Delsarte and Lovédsz bounds, IEEE Transactions on Information Theory,
25 (1979), 425-429.

A. Schrijver, New code upper bounds from the Terwilliger algebra and semidefinite programming, IEEE
Transactions on Information Theory, 51 (2005), 2859-2866.

F. Vallentin, Symmetry in semidefinite programs, Linear Algebra and its Applications, 430 (2009) 360-369.
J.H.M. Wedderburn, Lectures on matrices, Dover Publications Inc., New York, 1964.

21



	1 Introduction
	1.1 Motivation
	1.2 Background: exploiting the symmetry of the problem
	1.3 Outline of the paper

	2 How to use Theorem 1.3 to show Theorem 1.1
	3 General theory: representative sets
	4 Proof of Theorem 1.3: symmetry reduction
	5 Proof of Propsition 1.5
	6 Computer verification of Theorem 1.1
	7 Possible extensions
	A Appendix
	A.1 Explicit matrices for the case d =3
	A.2 Explicit matrices for the case d =4
	A.2.1 The case e1 = e2 = 12
	A.2.2 The case e1 = 12, e2=13
	A.2.3 The case e1 = 12, e2 = 34


	References

