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Abstract

We consider two-dimensional Schrödinger equations with honeycomb potentials and slow
time-periodic forcing of the form:

iψtpt,xq “ Hε
ptqψ “

`

H0
` 2iεApεtq ¨∇

˘

ψ, H0
“ ´∆` V pxq.

The unforced Hamiltonian, H0, is known to generically have Dirac (conical) points in its
band spectrum. The evolution under Hε

ptq of band limited Dirac wave-packets (spectrally
localized near the Dirac point) is well-approximated on large time scales (t À ε´2`) by an
effective time-periodic Dirac equation with a gap in its quasi-energy spectrum. This quasi-
energy gap is typical of many reduced models of time-periodic (Floquet) materials and plays
a role in conclusions drawn about the full system: conduction vs. insulation, topological vs.
non-topological bands. Much is unknown about nature of the quasi-energy spectrum of the
original time-periodic Schrödinger equation, and it is believed that no such quasi-energy gap
occurs. In this paper, we explain how to transfer quasi-energy gap information about the
effective Dirac dynamics to conclusions about the full Schrödinger dynamics. We introduce
the notion of an effective quasi-energy gap, and establish its existence in the Schrödinger
model. In the current setting, an effective quasi-energy gap is an interval of quasi-energies
which does not support modes with large spectral projection onto band-limited Dirac wave-
packets. The notion of effective quasi-energy gap is a physically relevant relaxation of the
strict notion of quasi-energy spectral gap; if a system is tuned to drive or measure at momenta
and energies near the Dirac point of H0, then the resulting modes in the effective quasi-energy
gap will only be weakly excited and detected.

1 Introduction

In this paper we study time-dependent Schrödinger equations of the form:

iBtψ “
`

H0 `W pt,x,´i∇q
˘

ψ, H0 “ ´∆` V pxq . (1.1)

Here, the potential, V pxq, models a two-dimensional medium with the symmetries of a honeycomb
tiling of the plane. Such honeycomb lattice potentials, V , are real-valued, so that H0 is self-adjoint
and periodic with respect to the equilateral triangular lattice in R2; see Section 2 for a detailed
discussion. We assume that the operator W pT,x,´i∇q is Tper-periodic with respect to T , Λ-
periodic with respect to x, and self-adjoint with domain which is a subset of the domain of H0 for
each T . Naturally occurring and engineered material systems governed by models such as (1.1)
are referred to as Floquet materials [34, 48, 51]. See Section 1.1, where we discuss two physical
settings, in condensed matter physics and in photonics, where the class of models (1.1) arises.

Many of the important properties of graphene and related 2D materials are intimately related
to Dirac points (conical band degeneracies) in the band structure of H0. The goal of this paper
is to explore, in the context of (1.1), the effects of time-periodic driving on the dynamics of wave
packets which are spectrally concentrated near Dirac points.
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1.1 2D materials, honeycomb structures and Dirac points

Two-dimensional materials are of great current interest in fundamental and applied science. The
paradigm is graphene, a macroscopic single atomic layer of carbon atoms, centered on the vertices
of a honeycomb lattice [49]. Single electron models of graphene, both the tight-binding (discrete)
[64] and the continuum Schrödinger operator with a continuum honeycomb lattice potential H0 “

´∆` V [21], have conical degeneracies at distinguished quasi-momentum in the band structure.
These Dirac points arise due to the symmetries of the honeycomb Schrödinger operator. The
envelope of a wave-packet, which is spectrally concentrated near a Dirac point, evolves according
to a two-dimensional Dirac equation on large time scales [22]. Due to the zero density of states at
the Dirac energy, graphene is referred to as a semi-metal.

For time-independent Hamiltonians, opening a gap in the spectrum by breaking spatial symme-
tries can be leveraged to induce states with desired localization properties and energies in the gap.
Spatially localized defect perturbations of such “gapped Hamiltonians” give rise to defect modes
which are pinned to the location of the defect [24, 25, 33, 37], while line-defects in the direction of
periodic lattice vector of the bulk vector give rise to edge states, which are plane-wave like in the
direction of the line-defect and which decay transverse to it; see e.g., [11, 18, 27, 45, 38]. For line
defects in systems which break C (Hamiltonians that do not commute with complex conjugation)
the induced bulk energy gap is filled with energy spectrum; see e.g., [12, 13, 14, 44], a phenomena
which can be explained by non-trivial topological indices; see, for example, [39, 62].
Time-periodic driving is another mechanism for breaking symmetries of the bulk and opening spec-
tral gaps, and the corresponding topological indices are typically defined in systems with gapped
quasi-energy spectrum [3, 48, 57, 56]. 1

The class of time-periodically driven PDEs (1.1) arises in physical settings, such as:

(a) the modeling of a graphene sheet, excited by a time-varying electric field [53, 65]. Here,
H0 “ ´∆` V is a single-electron Hamiltonian for graphene and time-dependence in Hεptq
models the excitation of the graphene sheet by an external electro-magnetic field. In this
work, we consider a vector potential which is space-independent, and which by Maxwell’s
equations, induces a homogeneous time-periodic electric field; see [40].

(b) the propagation of light in a hexagonal array of helically coiled optical fiber waveguides
[51, 54]. Here, the Schrödinger equation describes the propagation in the time-like longitu-
dinal direction of a continuous-wave (CW) laser beam propagating through a hexagonal or
triangular transverse array of optical fiber waveguides. Beginning with Maxwell’s equations,
under the nearly monochromatic and paraxial approximations, one obtains (1.1) for the lon-
gitudinal evolution of the slowly varying envelope of the classical electric field. Suppose the
fibers are longitudinally coiled. Then, in a rotating coordinate frame, we obtain (1.1), where
V models the uncoiled fiber-array, and the time-periodic perturbation, W , captures effect of
periodic coiling.

Other fields in which time-periodic modulations are applied to spatially periodic materials
include acoustics, plasmonics, and mechanical metamaterials; see, e.g., [26, 47, 66] and references
therein. In both settings (a) and (b) the operator W pT,x,´i∇q, while self-adjoint, does not
commute with C and hence (1.1) does not have time-reversal symmetry. As in the case of time-
independent (autonomous) Hamiltonians, this is a source of topological phenomena. Such physical
systems are therefore called Floquet topological insulators. Time-periodic Hamiltonians modeling
Floquet materials have many interesting phenomena, even more varied than their time-invariant
analogues.

1.2 Hamiltonians for Floquet materials and the monodromy operator

Consider a general non-autonomous Hamiltonian system iBtZ “ HptqZ, where for each t:

Hpt` tperq “ Hptq and Hptq is a self-adjoint operator acting in the Hilbert space, H.

1An exception is the case of mobility gaps in strongly disordered discrete systems [58].
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Denote by Uptq the unitary evolution operator which maps the data Zpt “ 0q “ Z0 P H to
the solution Zptq “ UptqZ0 P H for some t ě 0. The dynamics are characterized by operator,
M “ Uptperq, since Zpntperq “ MnZ0, for all n ě 0. M is called the monodromy operator,
and since Uptq is unitary, its spectrum is constrained to the unit circle in C. For λ P specpMq
we write λ “ eiµ and call iµ (modulo 2πi) the associated Floquet exponent. If MZµ “ eiµZµ,

then pµptq ” e
´i µ

tper
t
UptqZµ is tper-periodic and satisfies the eigenvalue problem for the Floquet

Hamiltonian
Kptqpptq ” p iBt ´Hptq q pptq “

µ

tper
pptq. (1.2)

Thus, eiµ P specpMq if and only if µ
tper

is in the spectrum of K acting in L2pS1;Hq. The quantity
µ
tper

is called a quasi-energy. For autonomous Schrödinger operators (Hptq independent of t) the

quasi-energies coincide with the eigenvalues of H0, modulo 2πZ{tper.

1.3 What this article is about

We focus on the evolution of wave-packets of the special case of (1.1) with

W pt,x,´i∇q “ 2iεApεtq ¨∇, 0 ă ε ! 1 (1.3)

where ApT q : r0, Tperq Ñ R2 is continuous, x-independent, and Tper´ periodic. Hence, (1.1)
becomes

iBtψpt,xq “ Hεptqψ, Hεptq ” ´∆` V pxq ` 2iεApεtq ¨∇ . (1.4)

where V is taken to be a honeycomb lattice potential; see Section 2. For ε ‰ 0, the operator
Hεptq is self-adjoint but does not commute with C. Since 0 ă ε ! 1, we are focusing on the
regime of a slowly varying time-periodic perturbation. To the best of our knowledge, the only
previous analytical study of the slow time-periodic regime for (1.4) is in [2]. This study focuses
on the tight-binding regime for the bulk potential, and provides asymptotic analyses of linear and
nonlinear edge modes in the regime where interactions with “higher bands” can be neglected. Our
analysis makes no restrictive assumptions on the asymptotic regime of the bulk Hamiltonian and
our study focuses on consequences of time-forcing induced interactions of the “Dirac bands” with
bands which are distant from the Dirac point. The case of rapidly varying time-forcing is studied,
for example, in [4, 30, 52].

Denote the solution of the initial value problem for (1.4) with data ψp0, ¨q “ ψ0 P H
spR2q,

s ě 0, by
ψεptq “ Uεptqψ0 or ψεpx, tq “ Uεrψ0spx, tq.

For generic honeycomb lattice potentials, V , there exist bands (of the unperturbed (ε “ 0) Hamil-
tonian H0) which touch at Dirac points: quasi-momentum / energy pairs pkD, EDq at which exactly
two dispersion surfaces touch conically; see the discussion in Section 2.

By exploiting the multi-scale character of (1.4), we derive a homogenized, time-periodically
forced effective Dirac Hamiltonian, {DpT q, which governs the evolution of Dirac wave-packets en-
velopes. On a closed and invariant subspace of the Hilbert space, the monodromy (unitary)
operator MD,d0

associated with {DpT q has a gap, i.e., an arc on S1 with no spectrum. This closed
and invariant subspace corresponds, in the Hεptq (un-approximated) dynamics, to the physically
interesting situation of band-limited Dirac wave-packets, i.e. those built from Floquet-Bloch modes
of H0, whose energies and quasi-momentum components are near a Dirac point.

We prove (Theorem 5.1) that any L2pR2q wave-packet comprised of modes within the Floquet
multiplier (quasi-energy) gap of the effective Hamiltonian, {DpT q, is dominated by spectral compo-
nents with corresponding energies and quasi-momenta bounded away from the Dirac energy, ED.
Such wave-packets therefore spatially oscillate on different length-scales from the Dirac modes.
We call the arc in S1 of such Floquet exponents, and the corresponding quasi-energy interval,
an effective spectral gap. This is a relaxation of the usual notion of spectral gap. The nature

3



of the spectrum in the effective gap, and of Mε in general, is a difficult open problem; see the
discussion in Section 1.4. We conjecture that the spectrum of the monodromy operator of Hεptq
covers the entire unit circle in C. Without relying on detailed information of the spectral measure,
Theorem 5.1 provides information on the modes associated with the effective gap.

From a physical perspective, there are two main implications of Theorem 5.1, which justify
the term “effective gap”. We discuss this in terms of the static band structure (H0 “ ´∆ ` V ),
assumed to have well-separated bands. One may think in terms of the system’s inputs and out-
puts at some finite time. Consider a measuring device with sensitivity tuned to a neighborhood
of the Dirac energy, ED. If the parametrically forced system generates a mode with quasi-energy
inside the effective gap, since it consists mainly of energies (with respect to H0) far from the Dirac
energy (Theorem 5.1), this mode will only be very weakly detected. On the other hand, in terms
of input excitations to the system, suppose the initial excitation is a Dirac wave-packet, whose
energy-spectrum is localized near a Dirac point (Proposition 4.3). Because of the approximation
of the Schrödinger evolution by the effective Dirac equation (Theorem 3.2), on the time-scale of
the forcing period, such a mode will remain energetically localized near a Dirac point. Therefore,
modes with quasi-energy in the effective gap, which are dominated by components from distant
energies (Theorem 5.1), can only be very weakly excited. Summarizing: if the system is energeti-
cally tuned to the Dirac point, either on the input or output side, then it will effectively behave as
an insulator, with only weak excitations inside the effective gap. Theorem 5.1 goes further than
that; it provides quantitative information on the size of these excitations.

There are several steps along the way to proving Theorem 5.1.

1. Theorem 3.2: The time-evolution (1.4) for wave packet initial data, which are spectrally
concentrated about a Dirac point, so-called Dirac wave packets (see (3.1) and Section 4),
is governed by a time-dependent effective Dirac equation, for time scales of order Opε´2`q;
Proposition 4.3.

2. Corollary 3.3: The time scale of validity of the effective Dirac equation is much larger
than the period of temporal forcing, Tperε

´1. Hence, we can approximate the monodromy
operator for (1.4), Mε, which acts in L2pR2q in terms of an effective monodromy operator
MDir, acting on L2pR2;C2q.

3. Proposition 3.5: We prove that when acting on an invariant subspace of band-limited initial
data, MDir has a quasi-energy gap. See Figure 3.

4. The separation of scales in the dynamical system (1.4) allows application of a homogenization
/ averaging lemma (Lemma 4.5) to “carry back” the spectral gap of the effective Dirac
monodromy operator, MDir, to an effective gap of Mε.

1.4 Previous works and remarks

Spectral theory of parametrically forced Hamiltonians. Since Hεptq is invariant un-
der translations in Λ, Floquet-Bloch theory [41] reduces the spectral properties of the Floquet
Hamiltonian K (see (1.2)) in the space L2pS1;L2pR2qq to its action on the family of subspaces
L2pS1;L2

kq, where L2
k denotes the space of k´ pseudo-periodic functions on R2 and k P B, the

Brillouin zone associated with Λ:

L2pS1;L2pR2qq spectrum of K “ Union over k P B of the L2pS1;L2
kq spectra of K

Spectral problems of this latter type, which correspond to time-periodically forced wave equations
on the spatial torus, have been explored in the deep technical works [6, 5, 16, 23, 35, 46]. These
results focus on establishing the existence of point spectra of Kptq under strong growth assumptions
on the eigenvalue spectrum of the unforced wave equation. The nature of the L2pS1;L2

kq spectrum
of K when these growth conditions are violated is an open problem [46].

The nature of the L2pS1;L2pR2qq spectrum of K and the corresponding L2pS1;L2pR2qq spec-
trum (a subset of S1) of the monodromy operator are also open problems. That we can expect the
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latter to cover the unit circle can be understood, heuristically, via the mechanism physicists refer
to as band folding. This intuition is based on high-energy asymptotics of the unforced problem;
for any fixed k P B, the high quasi-energy bands (via Weyl asymptotics) are approximated by
the eigenvalues of ´∆ on L2pR2{Λq, modulo 2πZ{Tper, which for typical Tper are dense in S1; see
Figure 1. Certainly the union over all k P B would be expected to be dense as well. We justify this

argument in the context of our parametrically forced effective Dirac operator, {̂DpT q, in Remark
3.6 and Section 10.

Spectral gaps in other reduced models. Effective (approximate) models are often used
to provide analytically or computationally tractible precise descriptions in specified asymptotic
regimes. One class consists of homogenized operators, such as our effective Dirac operator, is at the
center of this work; see Section 8 and [22]. Another class consists of spatially discrete and periodic
in time tight-binding effective models of crystalline Floquet materials, derived for example, via
Magnus (high-frequency) expansion [7, 8], governing low-lying mode-amplitudes of the unforced
problem. Here, K acts in l2pS1

Tper
;Hq, where H “ l2pG;CN q with G being a translation invariant

spatial lattice and N the number of degrees of freedom per unit cell. The system has N Floquet-
exponents bands defined over the Brillouin zone (graphs of the map from k to the eigenvalues of
the monodromy over L2

k). For the case of graphene H “ l2pH;C2q, where H denotes the set of
honeycomb vertices in R2 and N “ 2 is the number of carbon atoms per unit cell. Such models can
exhibit a spectral gap on the unit circle in the spectrum of their monodromy operator [1, 49, 54].

The significance of gaps. As in the case of time-independent Hamiltonians, continuous spectra
of quasi-energies are associated with energy propagation (“conduction”) and spectral gaps with
non-propagation (“insulation”). In the Floquet systems which arise in condensed-matter physics,
Kubo-type formulae, analogous to the autonomous case, are used to quantify conductance [10, 50,
63, 4]. For Floquet systems, topological indices, closely related to the Kubo formula, have been
rigorously defined if there is a spectral gap; see, for example, [28] and [57].

1.5 Structure of the paper

The remainder of the paper is organized as follows: In Section 2 we review relevant preliminaries
in Floquet-Bloch and the spectral theory of honeycomb potentials. In Section 3 we present the
results on the approximation of the dynamics governed by the Schrödinger Hamiltonian, Hεptq, in
terms of the effective Dirac Hamiltonian, {DpT q. We also discuss the quasi-energy gap property of
the Dirac dynamics on the space of band-limited functions. In Section 4 we discuss the properties
of Dirac wavepackets. In Section 5 we present the effective gap result (Theorem 5.1), the main
result of this paper. We present the proofs of the main results in the subsequent sections; the proof
of the main result in Section 6, of the homogenization / averaging lemma (Lemma 4.5) in Section
7, the derivation and proof of validity of the effective Dirac dynamics (Theorem 3.2) in Section 8,
and of the spectral characterization of Dirac wave-packets (Proposition 4.3) in Section 9. Finally,
in Section 10 we use a WKB expansion to justify Remark 3.6, which states that the effective Dirac
Hamiltonian, {DpT q, has no quasi-energy gap .

1.6 Notation and conventions

• Triangular lattice: Λ “ Zv1 ‘ Zv2, where

v1 “

ˆ?
3{2

1{2

˙

, v2 “

ˆ?
3{2

´1{2

˙

. (1.5)

Here, Ω Ă R2
x denotes the fundamental cell; see left panel of Fig. 2.

• Λ˚ “ Zk1 ‘ Zk2 is the dual lattice, where

k1 “
4π
?

3

ˆ

1{2
?

3{2

˙

, k2 “
4π
?

3

ˆ

1{2

´
?

3{2

˙

. (1.6)
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Eb(k̃)
b = 1 2 3 2019· · · · · · · · ·

Eb(k̃) mod( 2π
Tper

)

0

0 2π
Tper

Figure 1: Band folding heuristics. Top left: Schematic of the band spectrum of H0. Lowest
two bands touch conically at a Dirac point. Top right: Quasi-energy spectrum of H0, viewed as
Tper time-periodic. The dispersion curve E4pkq ą 2π{Tper. Modulo p2π{Tperq the k ÞÑ E4pkq is
translated to the quasi-energy range r0, 2π{Tpers, and the spectrum fills in. Middle: For a fixed

k̃ P B, we mark E1pk̃q, . . . , E20pk̃q. Bottom: The points tEbpk̃q modp2π{Tperqubě1 are expected
to be dense in the quasi-energy range r0, 2π{Tpers.

The Brillouin zone, B Ă pRxq
˚
“ R2

k, is the dual fundamental cell.

• kD “ K,K1 are the vertices of the Brillouin zone K “ p1{3qpk1 ´ k2q and K1 “ ´K; see
right panel of Figure 2.

• The Pauli matrices are

σ1 “

ˆ

0 1
1 0

˙

, σ2 “

ˆ

0 ´i
i 0

˙

, σ3 “

ˆ

1 0
0 ´1

˙

(1.7)

• V pxq is a honeycomb lattice potential; see Section 2.2.

• CpS1
Tper

;R2q, with S1
Tper

“ R{pTperZq is the space of R2´ vector-valued continuous functions,
which are Tper periodic.

• χp|s| ă aq “ the indicator function of the set ts : |s| ă au.
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• For f P L2pR2q, the Fourier transform is denoted by

pfpξq “ Frf spξq “
ż

R2

e´iξ¨XfpXqdX ,

χp|∇| ă aqf “
1

p2πq2

ż

R2

eiξ¨Xχp|ξ| ă aq pfpξqdξ ,

χp|∇| ă aqL2pR2q “ tχp|∇| ă aqf : f P L2pR2qu “ tf P L2pR2q : supppf̂q Ă Bap0qu .

• The spectrum of an operator, L, is denoted specpLq.

• Let Hptq be a self-adjoint time-dependent Hamiltonian. For the Schrödinger equation iψt “
Hptqψ, ψp0q “ ψ0, we denote the unitary flow map by Uptq, i.e. ψptq “ Uptqψ0. If t ÞÑ Hptq
is Tper periodic, then we denote the monodromy operator by M “ UpTperq. For the right
hand side of (1.4), we denote the flow by Uε and the monodromy by Mε.

• For a unitary operator U on a Hilbert space H, the spectral projection-valued measure Π on
the Borel σ-algebra of the unit circle S1 satisfies

U “

ż

S1

z dΠpzq.

• The Sobolev norm } ¨ }HspR2q for s P N is defined as }f}2HspR2q
”

ř

|α|ďs

}Bαf}2L2pR2q
.
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2 Honeycomb potentials and Dirac points

We give a brief review of spectral theory of periodic elliptic operators, and Dirac points for
honeycomb Schrödinger operators [15, 42, 55, 21].

2.1 Review of Floquet-Bloch theory

Consistent with the notation of (1.4), we set:

H0 “ ´∆` V pxq , acting on L2pR2q ,

where V is real-valued and periodic with respect a lattice Λ “ Zv1 ‘ Zv2 Ă R2. The associated
dual lattice is Λ˚ “ Zk1 ‘ Zk2 and km ¨ vn “ 2πδnm; see (1.5), (1.6).

Let Ω Ă R2
x denote a fundamental cell for R2

x{Λ and B, the Brillouin zone, denote the funda-
mental cell for R2

k{Λ. For each quasi-momentum (crystal momentum) k P B, denote by L2
k the

space of k-pseudoperiodic functions

L2
k ” tu P L

2
locpR2q such that upx` vq “ eik¨vupxq , v P Λu .

The space L2pR2q admits the fiber decomposition L2pR2q “
ş‘

B L
2
k dk. Since H0 is translation

invariant with respect to Λ, it has the fiber decomposition: H0 “
ş‘

B H
0
k dk, where H0

k “ H0|L2
k
,

the self-adjoint operator H0 acting in L2
k, has compact resolvent and therefore has an infinite

sequence of finite multiplicity real eigenvalues, tending to infinity,

E1pkq ď E2pkq ď . . . Ebpkq ď . . . ,
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listed with multiplicity, with corresponding eigenmodes Φbpx; kq P L2
k, known as Bloch modes,

which satisfy
H0Φbpx; kq “ EbpkqΦbpx; kq, Φbp¨; kq P L

2
k .

The maps k P B ÞÑ Ebpkq are Lipschitz continuous. The two-dimensional surfaces Ebpkq are called
the dispersion surfaces H0. We refer to the collection of all pairs pEbpkq,Φbpx,kqq, where b ě 1
and k P B, as the band structure of H0.

2.2 Honeycomb lattice potentials and Dirac points

Here and henceforth, Λ denotes the equilateral triangular lattice in R2; see (1.5). A sufficiently reg-
ular function V is a honeycomb potential if V is real-valued, Λ-periodic, even and 2π{3–rotationally
invariant; see [21, Definition 2.1]:

rC, V pxqs “ 0 , rP, V pxqs “ 0 , rR, V pxqs “ 0 , where (2.1a)

Crf spxq ” fpxq , Prf spxq ” fp´xq , Rrf spxq ” fpR˚xq . (2.1b)

An example of a honeycomb potential is a two dimensional infinite array of “atomic potential
wells” centered on the vertices of a triangular or honeycomb lattice; see [21, Section 2.3]. The
honeycomb case corresponds to the single electron model of graphene; see Figure 2.

A Dirac point of H0 is a quasi-momentum / energy pair, pkD, EDq, where two consecutive
dispersion surfaces touch in a right circular cone; there exists vD ą 0 such that, as |k´ kD| Ñ 0,

E˘pkq “ ED ˘ vD|k´ kD| ¨ p1` o|k´ kD|q . (2.2)

Associated with a Dirac point, pkD, EDq, is an eigenvalue of multiplicity two of H0 acting in L2
kD

.
In [21] (see also [19, 20, 44]) it is proved that for generic honeycomb potentials, the band

structure of H0 contains Dirac points, pkD, EDq, where kD varies over the six vertices of the
Brillouin zone B, the so-called high symmetry quasi-momenta. There are exactly two independent
high symmetry quasi-momenta, designated K and K1; a choice with K1 “ ´K is shown in Figure 2.
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Figure 2: Left: Part of the honeycomb lattice in R2. Indicated are basis vectors v1 and v2 of
the equilateral triangular lattice, Λ. An example of a honeycomb potential (Section 2.2) is one
consisting of radially symmetric wells centered at vertices of the honeycomb [21]. Right: Brillouin
zone B, high-symmetry points K and K1 and basis vectors, k1 and k2, of dual lattice Λ˚.

N.B. Throughout this paper we will focus on a Dirac point at pkD, EDq “ pK, EDq. The results
for the Dirac point pK1, EDq can be derived using symmetries.
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Corresponding to a Dirac point at pkD, EDq “ pK, EDq, is a two-dimensional eigenspace L2
K´

eigenspace of H0:
nullspaceL2

K

`

H0 ´ EDI
˘

“ tΦ1pxq,Φ2pxqu.

Using honeycomb symmetries, a basis can be chosen such that

RrΦ1s “ τΦ1, RrΦ2s “ τΦ2 and Φ2pxq “ Φ1p´xq. (2.3)

Here, 1, τ and τ denote the cubic roots of unity. We next record inner product relations, conse-
quences of (2.3), which play an important role in the derivation of effective Dirac dynamics; see
Section 8 and [22].

Proposition 2.1. [21, Prop. 4.1]

xΦ1,∇Φ1yL2
K
“ xΦ2,∇Φ2yL2

K
“

ˆ

0
0

˙

, a “ 1, 2 (2.4)

and

xΦ1,´2i∇Φ2yL2
K
“ vD

ˆ

1
i

˙

. (2.5)

The constant, vD “
1
2 p1,´iq xΦ1,´2i∇Φ2yL2

K
, is known as the Dirac velocity or Fermi velocity.

By an appropriate choice of phase for Φ1, vD can be chosen to be non-negative and has been proved
to be generically nonzero [19, 21].

Dirac points are robust in the following sense [21, 44]: the conical intersection of dispersion
surfaces persists under sufficiently small perturbations of H0 which are Λ´ periodic and invariant
under P ˝ C. Under such perturbations, a Dirac cone may deform to an elliptical cone and the
cone vertex may perturb away from a vertex of B. On the other hand, a small perturbation which
breaks either P or C symmetry leads to a local gap opening, about pK, EDq, i.e. for k sufficiently
near the vertices of B.

3 Effective dynamics for Dirac wave-packets

A natural class of initial conditions for (1.1) are those whose Floquet-Bloch decomposition is
concentrated in a small neighborhood of a Dirac point. Indeed, this is the class of excitations
for which the remarkable properties of graphene and its engineered analogues have been widely
explored, theoretically and experimentally [49]. A way to construct such data is through a slow
and spatially decaying modulation of the degenerate subspace, associated with a Dirac point. The
spectrally concentration of such functions about the Dirac point is discussed in Section 4.

We define a Dirac wave-packet, associated with the Dirac point pK, EDq to be a two-scale
function of the form:

ψεwppxq “ ε
ÿ

j“1,2

αj,0pεxqΦjpxq “ εα0pεxq
JΦpx; Kq, where (3.1)

α0pXq “

ˆ

α1,0pXq
α2,0pXq

˙

, Φpx; Kq “

ˆ

Φ1pxq
Φ2pxq

˙

. (3.2)

Here,
 

Φ1pxq,Φ2pxq
(

denotes the distinguished basis associated with the Dirac point, introduced
in Section 2.2 and α0 P H

spR2;C2q for s ě 0. The parameter ε ą 0 is taken to be small and the
prefactor of ε in (3.1) ensures that }ψεwp}2 „ }α0}2 is of order 1.

A key part of our analysis is the observation that the evolution of Dirac wave packet initial
data (3.1), under the Schrödinger equation (1.4) is well-approximated, on very long time scales,
by the two-scale function εαpεx, εtqJΦpx,kDq, where the envelope functions αpX,T q “ pα1, α2q

J
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evolve according to an effective (homogenized) magnetic Dirac Hamiltonian {DApT q with magnetic
potential ApT q:

{DApT q ” vD

”

ˆ

1

i
BX1

`A1pT q

˙

σ1 ´

ˆ

1

i
BX2

`A2pT q

˙

σ2

ı

. (3.3)

Here, σ1 and σ2 denote standard Pauli matrices; see (1.7).

Remark 3.1. Effective magnetic Dirac operators have been derived to explain phenomena in other
settings; see, for example, the recent work on strained photonic crystals and Landau levels, [31],
and references cited therein.

We shall write
αpT q “ UDirpT qα0 or αpT,Xq “ UDirrα0spX,T q

for the solution of the initial value problem (IVP)

iBTαpT,Xq “ {DApT qαpT,Xq, αp0, Xq “ α0pXq P H
spR2;C2q, s ě 0. (3.4)

Since {DApT q is self-adjoint, the Dirac evolution (3.4) is unitary in L2pR2
X ;C2q. Furthermore, since

{DApT q commutes with spatial translations we have, for any s ě 0 it is also unitary in H2pR2;C2q:

}αpT q}HspR2;C2q “ }α0}HspR2;C2q, for all T . (3.5)

Theorem 3.2 (Effective magnetic Dirac dynamics). There exists ε0 ą 0 such that for all 0 ă ε ă
ε0, the following holds: Consider (1.4), the Schrödinger equation with time periodic Hamiltonian
Hεptq, and initial data, ψεwp of Dirac wave packet type (3.1) with α0 P H

4pR2;C2q. Fix constants
T0 ą 0 and 0 ă ρ ă 1.

Then, there exists a constant C, which depends on ρ, T0, and }α0}H4pR2;C2q, such that

›

›

›
Uεrψεwpspt,xq ´ εUDirrα0spεx, εtq

JΦpx; kDqe
´iEDt

›

›

›

L2pR2
xq
ď Cερ , 0 ď t ď T0 ε

´p2´ρq (3.6)

where ψ0 ÞÑ Uεptqψ0 denotes the solution of Schrödinger equation (1.4) with ψp0, xq “ ψ0.

To prove Theorem 3.2 we first derive an effective (homogenized) Dirac equation, via a formal
multiple scale expansion, which we expect captures the dynamics on the desired long time-scale,
and we then estimate the error in this approximation. The details are presented in Section 8.

Since the effective dynamics given in Theorem 3.2 are valid, with small error, on a time scale
much larger than the period of temporal forcing „ ε´1, we can approximate the monodromy
operator, Mε “ Uεpε´1Tperq for the Schrödinger evolution (1.4) applied to Dirac wave packets
using the monodromy operator, MDir “ UDirpTperq of the effective Dirac dynamics.

Corollary 3.3 (MDir as an approximation of Mε). Assume α0 P H
4pR2;C2q. Then for 0 ă ε ă ε0

sufficiently small and wave-packet data ψεwp:

›

›

›
pMεψεwpqpxq ´

´

ĂMε
Dψ

ε
wp

¯

pxq
›

›

›

L2pR2
xq
ď Cε ,

where
´

ĂMε
Dψ

ε
wp

¯

pxq ” εpMDirα0qpεxq
JΦpxqe´iEDpTper{εq. (3.7)

The constant, C, depends on the H4pR2;C2q norm of α0 and is independent of ε.

Remark 3.4. In both Theorem 3.2 and Corollary 3.3, it is possible to relax the assumption α0 P H
4.

We do not pursue this here.
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3.1 Floquet-multiplier / quasi-energy gap for effective Dirac dynamics

In this section we show that on a subspace of band-limited L2pR2;C2q functions, the monodromy
operator for the effective dynamics, MDir, has a Floquet-multiplier gap on the unit circle S1. Our
main result, Theorem 5.1, shows that this property extends to an effective gap for the monodromy
operator Mε associated with the Schrödinger evolution (1.4).

To facilitate explicit computations, we work with the specific periodic forcing [1, 54]

ApT q “ RpcospωT q, sinpωT qq. (3.8)

First note that UDirptq, the Dirac flow of (3.4), is unitary on L2pR2q. Therefore the spectrum of
MDir lies on the unit circle S1. Furthermore, {DApT q is invariant under arbitrary spatial transla-
tions, so we can solve (3.4) via the Fourier transform. Let α̂jpT,ξξξq denote the Fourier transform
on R2 of αjpT,Xq. Then, for each ξξξ “ pξ1, ξ2q P R2, α̂pT,ξξξq satisfies the system of periodic ODEs:

iBT α̂pT,ξξξq “ {̂DpT ;ξξξqα̂pT,ξξξq, where

{̂DpT ;ξξξq “ vD ppξ1 `A1pT qqσ1 ´ pξ2 `A2pT qqσ2q

“ vD

ˆ

0 ξ1 ` iξ2 `Re
iωT

ξ1 ´ iξ2 `Re
´iωT 0

˙

(3.9)

Let ÛDirpT,ξξξq : C2 Ñ C2 denote the fundamental matrix for (3.9) with ÛDirp0, ξξξq “ I2ˆ2. Then,

pUDirα0qpX,T q “
1

p2πq2

ż

R2

eiξξξ¨X ÛDirpT,ξξξqα̂0pξξξqdξξξ (3.10)

and hence the monodromy operator

pMDirα0qpXq “
1

p2πq2

ż

R2

eiξξξ¨X ÛDirpTper, ξξξqα̂0pξξξqdξξξ (3.11)

Since tracep {̂DpT ;ξξξqq “ 0, then ÛDirpTper, ξξξq has two eigenvalues (Floquet multipliers), λ`pξξξq and

λ´pξξξq, which satisfy λ`pξξξqλ´pξξξq “ 1 [9]. By unitarity of ÛDirpT,ξξξq, they lie on the unit circle and
satisfy: λ´pξξξq “ λ`pξξξq. We set

λ`pξξξq “ exppiµpξξξqTperq and λ´pξξξq “ expp´iµpξξξqTperq. (3.12)

Since µpξξξqTper is defined modulo 2π we take µpξξξqTper P r0, 2πq. Choose an orthonormal set of

eigenvectors tv`pξξξq, v´pξξξqu of ÛDirpTper, ξξξq:

ÛDirpTper, ξξξqv˘pξξξq “ expp˘iµpξξξqTperqv˘pξξξq . (3.13)

It follows that
ÛDirpTper, ξξξqα̂0pξξξq “

ÿ

r“˘

xvrpξξξq, α̂0pξξξqyC2 e
irµpξξξqTpervrpξξξq. (3.14)

Since the effective Dirac equation (3.4) is spatially translation invariant, the unitary evolution
UDirpT q acts invariantly on subspaces of compact Fourier support. For

MD,d0
“MDir, defined by (3.4), acting in the invariant subspace χp|∇| ď d0qL

2pR2q, (3.15)

the Hilbert space of L2 functions whose Fourier transform vanishes for |ξ| ą d0; see Section 4. We
next prove the following spectral gap result for MDir,d0

; See upper panel in Figure 3.

Proposition 3.5. There exist constants d0 ą 0 and g̃ “ g̃pd0q, both depending on the forcing ApT q,
such that MDir,d0 has a spectral gap on the unit circle;

specpMD,d0
q X teiy : |y| ď g̃Tperu “ H .
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Remark 3.6. The band-limiting condition, d0 ą 0, of Proposition 3.5 is necessary to ensure a
gap in the spectrum of MDir. Indeed, in Section 10 we prove, using WKB asymptotics, that the

monodromy operator of {̂DpT ;ξξξq is well-approximated by exp pi pvDpσ1ξ1 ´ σ2ξ2qTperq, an effective
operator, whose eigenvalues expp˘ivD|ξξξ|Tperq and that

ď

|ξξξ|ăd0

texp p˘iµpξξξqTperqu
d0Ñ8
ÝÝÝÝÑ S1 . (3.16)

It follows that specpMDirq “ S1; there are no gaps in specpMDirq. That (3.16) occurs, has previ-
ously noted in numerical simulations, see e.g., [29, 36, 43].

From a modeling perspective, the regime of arbitrarily high momenta ξ in α0 is outside the
regime of validity of the effective Dirac equation (3.4), which models the dynamics of slowly-varying
envelope modulations of Bloch modes; see (3.1).

Remark 3.7. Our main result, Theorem 5.1, applies to all periodic forcing functions, ApT q, for
which MDirac,d0

has a spectral gap for some d0 ą 0. The particular choice (3.8) enables very
explicit calculations. By continuity arguments, small (time-periodic) perturbations of (3.8) will
also have such a spectral gap.

Proof of Proposition 3.5. The proof has two steps. We first show that for ξ “ 0, we have µp0q ‰ 0
and therefore the Floquet exponents are distinct. Then, by continuity, for small |ξ|, |µpξq| is
bounded away from zero.

Consider first ξξξ “ 0. Then (3.9) reduces to

iBT α̂p0, T q “

ˆ

0 vDR eiωT

vDR e´iωT 0

˙

α̂p0, T q “ {̂Dp0, T qα̂p0, T q . (3.17)

Defining

a1pT q ” α̂1pT ; 0qe
´iω

2 T , a2pT q ” α̂2pT ; 0qe
iω
2 T , (3.18)

we obtain the constant coefficient system

iBTapT q “

ˆ

ω
2 RvD

RvD ´ω
2

˙

apT q ” L apT q . (3.19)

Denote by z˘p0q and v˘p0q the eigenvalues and corresponding eigenvectors of L. One verifies:

z˘p0q “ ˘
1

2

b

ω2 ` 4R2v2
D

Let V denote the matrix whose columns are v`p0q and v´p0q. Then,

ÛDirpT, 0q “

ˆ

e
i
2ωT 0

0 e´
i
2ωT

˙

e´iLT , where e´iLT “ V

ˆ

e´iz`p0qT 0

0 e´iz´p0qT

˙

V ´1

For ξξξ “ 0, we then have Floquet solutions

v`p0qe
´iz`p0qT e

i
2ωT “ v`p0qe

´ipz`p0q´
ω
2 qT ˆ eiωT

v´p0qe
´iz´p0qT e´

i
2ωT “ v´p0qe

ipz`p0q´
ω
2 qT ˆ e´iωT ,

where we used the relation z`p0q “ ´z´p0q. Therefore, we have ÛDirpTper, 0qv˘p0q “ λ˘p0qv˘
where λ˘p0q ” e˘iµp0q are the distinct (complex conjugate) Floquet multipliers, with correspond-
ing Floquet exponents

µ˘p0q “ ˘
´

z`p0q ´
ω

2

¯

“ ˘
1

2

ˆ

b

ω2 ` 4ρ2v2
D ´ ω

˙

. (3.20)
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By continuity, for |ξξξ| ď d0, where d0 is chosen sufficiently small, |µ˘pξξξq| ě c0, where c0 ą 0
depends on d0. It follows that there exists C1 ą 0, depending on c0 and d0, such that

sup
|ξξξ|ďd0

›

›

›

´

ÛDirpTper, ξξξq ´ λI2ˆ2

¯´1 ›
›

›

C2ˆC2
ď C1

for all λ varying in an open arc on the unit circle, which contains 1. Finally, since

pMDir,d0
´ λI2ˆ2q

´1α0 “
1

p2πq2

ż

|ξξξ|ďd0

eiξξξ¨X
´

ÛDirpTper, ξξξq ´ λI2ˆ2

¯´1

α̂0pξqdξξξ ,

it follows that this open arc is in the resolvent set of MDir,d0
.

4 Band-limited Dirac wave-packets

In Theorem 3.2 we proved that the evolution of Dirac wave-packets, ψε “ εα0pεxq
JΦpxq under the

Schrödinger equation, (1.4), is given by an effective magnetic Dirac equation. In Proposition 3.5
we showed that the effective Dirac dynamics, when restricted to a suitable invariant subspace of
band-limited functions, χp|∇| ď d0qL

2pR2q, has a Floquet-multiplier (and therefore) quasi-energy
gap. This motivates the following:

Definition 4.1 (Band-limited Dirac wave-packets). Fix ε, d0 ą 0 and let kD P tK,K1u. We say
that ψ P BLpd0, εq “ BLpd0, ε; kDq Ă L2pR2q, the subspace of band-limited Dirac wave packets
with parameters d0 and ε, if there exists αε P L

2pRq with supp pα̂εq Ď tξξξ : |ξξξ| ď d0u such that

ψpxq “ αεpεxq
JΦpx; kDq.

Here, α̂ “ Fpαq is the Fourier transform of α. 2

Band-limited wave-packets are a good physical model of the types of excitations considered
by physicists, when exploring phenomena related to Dirac points of the unperturbed structure. A
mathematically more intrinsic notion would be states in L2pR2q, comprised only of Floquet-Bloch
modes of H0 “ ´∆ ` V with energies within ε distance from ED. The next result shows that
these states are Dirac wave-packets, up to a high-order correction. It is convenient to require
the following property of the bulk (unforced) Hamiltonian, H0; see, for example, [18, 14] where a
no-fold condition plays a role in the construction of edge states.

Definition 4.2 (No-fold condition). We say that the Hamiltonian H0 satisfies the no-fold condi-
tion if there exist constants δ0, δ1 ą 0, such that for all 0 ă δ ă δ1 the following holds: if k P B is
such |k´ kD| ą δ for both kD P tK,K1u, then ProjL2

k
p|H0 ´ ED| ă δ0q “ 0 .

The no-fold condition asserts that the bands which touch conically at a pED,kDq (and therefore
all other high symmetry quasi-momenta at energy ED) do not attain the energy ED, outside a
sufficiently small neighborhood of the high-symmetry quasi-momenta. Physically, this means that
the bulk structure is semi-metallic at pED,kDq. Although, in general, the no-fold condition may
not hold, it has been proved to hold for graphene-like potentials in the strong binding regime;
see [20]. Furthermore, in applications bulk structures can be engineered to satisfy this condition.
For an example, see [31].

Proposition 4.3. Suppose the bulk Hamiltonian, H0, satisfies the no-fold condition. 3 There
exists ε0 ą 0 such that for all 0 ă ε ă ε0, the following holds: for every f P L2pR2q there are
band-limited Dirac wave-packets, uKε rf s P BLpd0, ε; Kq and uK

1

ε rf s P BLpd0, ε; K
1q, such that

ProjL2pR2qp|H
0 ´ ED| ă εqf “ uKε rf s ` u

K1

ε rf s `O
`

ε3}f}L2pR2q

˘

. (4.1)

2Elsewhere in this article we use the scaling ψpxq “ εαpεxqJΦpx;kDq to guarantee that }ψ}2 « }α}2. Such ψ
satisfy the requirements of BLpd0, εq, with α replaced by εα.

3If H0 does not satisfy the no-fold condition, then the conclusion of Proposition 4.3 holds with
ProjL2pR2qp|H

0 ´ ED| ă εq replaced by
ş‘

|k´kD|ăδ
ProjL2

k
p|H0 ´ ED| ă εq with δ sufficiently small.
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Conversely, let u P BLpd0, ε; kDq, where kD P tK,K1u. Then,
›

›

›
ProjL2pR2qp|H

0 ´ ED| ą εqu
›

›

›

L2pR2q
ď Cε3}u}L2pR2q. (4.2)

In order to transfer the spectral gap information for the effective evolution (Section 3.1) to the
Schrödinger evolution, (1.4), for which BLpd0, εq is not invariant, we introduce a decomposition of
L2pR2q into a direct sum of BLpd0, εq and its orthogonal complement.

Proposition 4.4. For any fixed ε ą 0 which is sufficiently small, L2pR2q has the orthogonal
decomposition

L2pR2q “ BLpd0, εq ‘ BLpd0, εq
K.

Proof of Proposition 4.4. It suffices to prove that BLpd0, εq is a closed subspace of L2pR2q. Let
αJn pε¨qΦ Ñ u in L2pR2q. We prove that tαnu is a Cauchy sequence in L2pR2;C2q. This is a
consequence of the following averaging lemma, which we prove in Section 7.

Lemma 4.5 (Averaging Lemma). Let q P L2pR2q such that supp q̂pξq Ď tξξξ : |ξξξ| ď du for some
d ą 0, and let p P L2pΩq be Λ-periodic. Then, there exists ε0 which depends d, such that for andy
fixed 0 ă ε ă ε0,

ż

R2

ppxqqpεxq dx “ ε´2

¨

˝

ż

Ω

ppxq dx

˛

‚¨

¨

˝

ż

R2

qpXq dX

˛

‚ . (4.3)

Now apply Lemma 4.5 with

qj,lpXq “ pαj,n ´ αj,mqpXqpαl,n ´ αl,mqpXq and pj,lpxq “ ΦjpxqΦlpxq, j, l “ 1, 2 .

Since the set tΦ1,Φ2u is orthonormal in L2pΩq, for all ε ą 0 sufficiently small:

ż

R2

ˇ

ˇ pαnpεxq ´ αmpεxqq
J

Φpxq
ˇ

ˇ

2
dx “ ε´2

ÿ

j,l“1,2

¨

˝

ż

Ω

pj,lpxq dx

˛

‚¨

¨

˝

ż

R2

qj,lpXq dX

˛

‚

“ ε´2
ÿ

j,l“1,2

δj,l ¨

¨

˝

ż

R2

qj,lpXq dX

˛

‚

“ ε´2}αn ´ αm}
2
2.

Since the left hand side tends to zero as n and m tend to infinity, so does the right hand side.
Therefore, tαnu is Cauchy and converges in L2pR2;C2q to some α‹, and therefore the sequence
tεαJn pε¨qΦu converges to εαJ‹ pε¨qΦ . Finally, we claim that supppα̂‹q Ă t|ξξξ| ď d0u. Indeed, since
tαnu converges in L2, by the Plancherel identity, so does tα̂nu and hence α̂npξξξq converges almost
everywhere, up to a subsequence. Furthermore, for all n we have α̂npξξξq ” 0 for |ξ| ą d0, so we
conclude α̂‹pξξξq ” 0 for |ξξξ| ą d0. This concludes the proof of Proposition 4.4

5 Main result; effective gap

By Proposition 3.5 the monodromy operator, MDir,d0 , associated with the effective Dirac evolution
acting in χp|∇| ď d0qL

2, has a spectral gap on the unit circle, the arc teiy : |y| ă g̃Tperu. For any
g such that 0 ă g ă g̃ consider, via Proposition 3.3 for approximating Mε, the closed arc on the
unit circle:

te´iν | ν P Iu , I “ Ipgq ” rpε´1ED ´ gqTper, pε
´1ED ` gqTpers . (5.1)

We expect this arc to be filled with spectrum of Mε; see Remark 3.6. Let Πε denote the spectral
measure associated with the unitary operator Mε

Mε “

ż

zPspecpMεqĂS1

z dΠεpzq; (5.2)
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+µ(0)Tper−µ(0)Tper 0

spec(MD,d0) spec(MD,d0)gap of spec(MD,d0)

EDε
−1Tper

BL(d0, ε) spec(M̃ε
D) BL(d0, ε) spec(M̃ε

D)gap of spec(M̃ε
D)

EDε
−1Tper

I(g) : effective gap of Mε

Figure 3: Main results: Floquet spectra and gaps for the operators MD,d0
(top, see (3.15)),

Mε
D (middle, see (3.7)), compared to the effective gap of the monodromy Mε of the Schrödinger

dynamics (1.4) (bottom), see more details in Fig. 4.

see Appendix A and, for example, [32, 61] . The nature of Πε is largely an open problem but it
is expected that the arc (5.1) is contained in its support. Our main result concerns the nature
of any L2 states formed via superposition of modes with quasi-energies in I. No assumptions are
made on the projection valued measure z ÞÑ Πεpzq.

Let Ipg̃q denote the quasi-energy gap of MDir,d0 :

Ipg̃q ”
`

EDε
´1 ` r´g̃, g̃s

˘

Tper; see (5.1).

Theorem 5.1. Consider the parametrically forced Schrödinger equation (1.4) with periodic forcing
ApT q given by (3.8). Fix 0 ă g ă g̃, so that Ipgq Ă Ipg̃q. There exist constants ε0, C1, and C2,
such that if |ε| ă ε0 and I 1 Ă Ipgq is an interval such that |I 1| ď C1pg̃ ´ gq, and if u P L2pR2q is
such that

Πεpte´iν | ν P I 1uqu “ u, u ‰ 0,

then
}pI´ ProjBLpd0,εqqu}L2pR2q ě C2pg̃ ´ gq}u}L2pR2q.

−g̃Tper +g̃Tper+gTper−gTper EDε
−1Tper

I ′
I(g)

Figure 4: Effective gap result, Theorem 5.1, in terms of Floquet exponents.

Remark 5.2. The case of a proper spectral gap, i.e., where the range of Πεpte´iν | ν P Iu is t0u,
is certainly covered by Theorem 5.1. Indeed, if there is an arc in S1 with no spectrum, then by
our definitions it is also an “effective gap” .
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Remark 5.3. As conjectured earlier, we expect the spectrum of the monodromy operator to be
all of S1. Concerning the spectral measure, we do not expect it to have a pure point component.
Indeed, if z P S1 is an L2pR2q eigenvalue of Mε if and only if z is an L2

k eigenvalue of Mε for
a set of quasi-momentum k P B with positive Lebesgue measure [55, Theorem XIII.85]. This is
possible, for example, if the Hamiltonian or Floquet Hamiltonian (1.2) to have “flat quasi-energy
bands”, which is considered highly unlikely for (1.4). An alternative, more physical argument, is
to observe that if indeed specpMεq “ S1, then point spectrum would correspond to embedded
eigenvalues in the continuous spectrum. For generic potentials V and forcings A one would expect
such states to couple to the continuum be, at best, long lived (metastable) scattering resonance
modes of finite lifetime [67].

Theorem 5.1 gives quantitative information on the effective gap; any state supported in the
spectral subspace of Mε associated with interval I (see (5.1)) cannot be arbitrarily concentrated
in BLpd0, εq. In particular, such a state must contain a non-negligible projection onto BLpd0, εq

K.
While the BLpd0, εq condition may seem highly restrictive, the fact that Theorem 5.1 applies even
for modes with some BLpd0, εq

K parts mean that the mode in question can contain:

1. Modulations of higher-order Bloch modes at kD, i.e., Φ3,Φ4 etc.

2. Components of quasi-momentum k far away from kD.

3. Modulations ~βpεxqJΦpxq with ~β P L2pR2;C2q such that β contains high Fourier-frequencies,

i.e., ~β P χp|∇| ą d0qL
2pR2;C2q.

6 Proof of Theorem 5.1

Fix 0 ă g ă g̃, Ipgq Ă Ipg̃q. Let ε0, C1, and C2 be constants to be determined. Let |ε| ă ε0

and I 1 Ă Ipgq be such that |I 1| ď C1pg̃ ´ gq. Finally, let u P L2pR2q, u ‰ 0 and such that
Πεpte´iν | ν P I 1uqu “ u.

By the orthogonal decomposition of L2pR2q in Proposition 4.4, we may decompose u as:

upxq “ uεwppxq ` rpxq, where (6.1)

uεwp P BLpd0, εq, r P BLpd0, εq
K. (6.2)

To prove Theorem 5.1, we need to bound }r}L2pR2q from below. The monodromy operator of the
effective Dirac equation, MDir,d0 , gives rise to an approximation to the monodromy operator for

the Schrödinger equations (1.4), ĂMε
D (defined in (3.7)). As defined, ĂMε

D only acts on the space
BLpd0, εq. However we may extend it to all L2pR2q:

Lemma 6.1. ĂMε
D extends to all L2pR2q “ BLpd0, εq ‘ BLpd0, εq

K as a unitary operator.

Proof. Recall that we have defined ĂMε
D on the closed subspace BLpd0, εq. For r P BLpd0, εq

K we

define ĂMε
Dr “ r. By the orthogonal decomposition of L2pR2q (Proposition 4.4) and linearity, the

extended operator ĂMε
D is unitary on all L2pR2q.

By the effective dynamics approximation result, Corollary 3.3, we have

}pMε ´ ĂMε
Dqu

ε
wp}L2pR2q ď Cε, . (6.3)

where C is independent of ε.4 Using that uεwp “ u´ r, ĂMε
Dr “ r, and (6.3), we have

}pMε ´ ĂMε
Dqu}L2pR2q ď }pM

ε ´ ĂMε
Dqu

ε
wp}L2pR2q ` }pM

ε ´ ĂMε
Dqr}L2pR2q

ď Cε` 2}r}L2pR2q (6.4)

4The upper bound in Corollary 3.3 generally depends on }α0}H4pR2q. However, for any u P χp|∇| ă d0qL2pR2q

with }u}L2pR2q “ 1, then }u}H4pR2q are uniformly bounded from above, and therefore we omit the explicit depen-
dence on this norm.
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We next obtain, for ε sufficiently small, a lower bound on }pMε ´ ĂMε
Dqu}L2pR2q. Two key steps

are required for this lower bound:

1. Proposition 6.2: Using that u is spectrally concentrated on I 1, with respect the measure
Πε, we prove that for ν0 P I 1

Mεu “ e´iν0u` ρ, where }ρ} ď |I 1| ¨ }u}L2pR2q.

2. Lower bound on }pe´iν0 ´ ĂMε
Dqu

ε
wp}L2pR2q : This is proved using scale separation, the

spectral measure of MDir, and a multiscale averaging lemma (Lemma 4.5).

Since u is an approximate eigenvector of M (step 1.), the latter lower bound and (6.4) together
provide a lower bound on r P BLpd0, εq

K, defined in (6.2), which will imply Theorem 5.1.

Proposition 6.2. Let I 1 Ă Ipgq Ă Ipg̃q as above. Choose ν0 to be the midpoint of I 1. Then,

Mεu “ e´iν0u` ρ, where }ρ}L2pR2q ď |I 1| ¨ }u}L2pR2q.

Proof. Since Πεpte´iν | ν P I 1uqu “ u, we have using the spectral representation of the unitary
operator Mε (Appendix A):

Mεu “

ż

tz“e´iν :νPI1u

Mε dΠεpzqu “

ż

I1
e´iν dΠεpe´iνqu

“

ż

I1
e´iν0 dΠεpe´iνqu`

ż

I1
pe´iν ´ e´iν0q dΠεpe´iνqu

“ e´iν0u` ρ, where ρ ”

ż

I1
pe´iν ´ e´iν0q dΠεpe´iνqu .

Therefore,

}ρ}2L2pR2q “

›

›

›

ż

I1

`

e´iν ´ e´iν0
˘

dΠεpe´iνqu
›

›

›

2

L2pR2q

“

ż

I1

ˇ

ˇe´iν ´ e´iν0
ˇ

ˇ

2 @

dΠεpe´iνqu, u
D

ď |I 1|2 ¨ }u}2L2pR2q .

This completes the proof of Proposition 6.2.

Proposition 6.2 implies
›

›

›

´

Mε ´ ĂMε
D

¯

u
›

›

›

L2pR2q
ě

›

›

›

´

e´iν0 ´ ĂMε
D

¯

u
›

›

›

L2pR2q
´ |I 1| ¨ }u}L2pR2q. (6.5)

The upper bound (6.4) and the lower bound (6.5) gives:
›

›

›

´

e´iν0 ´ ĂMε
D

¯

u
›

›

›

L2pR2q
´ |I 1| ¨ }u}L2pR2q ď Cε` 2}r}L2pR2q (6.6)

We now require a lower bound on }pe´iν0I ´ ĂMε
Dqu}L2pR2q for all ε sufficiently small. Since

u “ uεwp ` r and since ĂMε
D is the identity on BLpd0, εq

K (Lemma 6.1) we have, by the triangle
inequality,

›

›

›

´

e´iν0I ´ ĂMε
D

¯

u
›

›

›

L2pR2q
ě

›

›

›

´

e´iν0I ´ ĂMε
D

¯

uεwp

›

›

›

L2pR2q
´ }r}L2pR2q , (6.7)

which together with (6.6) yields:
›

›

›

´

e´iν0I ´ ĂMε
D

¯

uεwp

›

›

›

L2pR2q
ď Cε` 3}r}L2pR2q ` |I 1| ¨ }u}L2pR2q. (6.8)

Thus we now seek a lower bound for }pe´iν0I ´ ĂMε
Dqu

ε
wp}L2pR2q.
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Proposition 6.3. For all ε ą 0 sufficiently small,

›

›

›
pe´iν0 ´ ĂMε

Dqu
ε
wp

›

›

›

L2pR2q
ě

ˆ

1

2

ˇ

ˇI 1
ˇ

ˇ` pg̃ ´ gqTper

˙

}α0}L2pR2;C2q . (6.9)

Before proving Proposition 6.3 we use it to conclude the proof of Theorem 5.1. By (6.9) and
(6.8) we have

ˆ

1

2

ˇ

ˇI 1
ˇ

ˇ` pg̃ ´ gqTper

˙

}α0}L2pR2;C2q ď Cε` 3}r}L2pR2q ` |I 1| ¨ }u}L2pR2q

ď Cε` 3}r}L2pR2q ` |I 1| ¨
`

}uεwp} ` }r}
˘

“ Cε` 3}r}L2pR2q ` |I 1| ¨ p}α0} ` }r}q ,

where the latter equality holds since }uεwp}L2pR2q “ }α0}L2pR2;C2q, for ε sufficiently small, by aver-
aging Lemma 4.5. Therefore,

ˆ

´
1

2

ˇ

ˇI 1
ˇ

ˇ` pg̃ ´ gqTper

˙

}α0}L2pR2;C2q ď Cε` p3` |I 1|q}r}L2pR2q

Finally, take |I 1| ă pg̃ ´ gqTper. By taking ε sufficiently small we have

Cpg̃ ´ gq ď }r}L2pR2q “ }pI´ ProjBLpd0,εqqu}L2pR2q.

This completes the proof of Theorem 5.1, with the exception of Proposition 6.3, which we now
establish.

Proof of Proposition 6.3. uεwp P BLpd0, εq we have (Definition 4.1)

uεwppxq “ εα0pεxqΦpx; kDq
J with supppα̂0q Ă t|ξξξ| ď d0u.

In terms of the Fourier transform of α0 and the eigenbasis tv`pξξξq, v´pξξξqu for C2, see (3.13), we
have

α0pXq “
1

p2πq2

ÿ

r“˘

ż

|ξξξ|ďd0

eiξξξX xvrpξξξq, α̂0pξξξqyC2 vrpξξξqdξξξ ,

and hence

e´iν0 uεwppxq “ e´iν0

” ε

p2πq2

ÿ

r“˘

ż

|ξξξ|ďd0

eiξξξpεxq xvrpξξξq, α̂0pξξξqyC2 vrpξξξqdξξξ
ıJ

Φpxq (6.10)

By (3.10) and (3.14)

MDir,d0
α0 “ UDirpTper, Xqrα0spXq “

1

p2πq2

ÿ

r“˘

ż

|ξξξ|ďd0

eiξξξX xvrpξq, α̂0pξξξqyC2 e
irµpξξξqTpervrpξξξqdξξξ ,

(6.11)
and therefore
´

ĂMε
Du

ε
wp

¯

pxq “ rεMDir,d0rα0spεxqs
J
e´iEDε

´1Tper Φpxq

“

” ε

p2πq2

ÿ

r“˘

ż

|ξξξ|ďd0

eiξξξpεxq xvrpξξξq, α̂0pξξξqyC2 e
irµpξξξqTpervrpξξξq dξξξ e

´iEDε
´1Tper

ıJ

Φpxq.

(6.12)

Subtracting (6.12) and (6.10) yields the two-scale expression

pe´iν0I ´ ĂMε
Dqu

ε
wppxq “ γεpεxqJΦpxq ,
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where

γεpXq “
ε

p2πq2

ż

|ξξξ|ďd0

eiξξξX
”

ÿ

r“˘

xvrpξξξq, α̂0pξξξqyC2

´

e´iν0 ´ e´ipEDε
´1
´rµpξξξqqTper

¯

vrpξξξq
ı

dξξξ .

We next claim that for all ε sufficiently small:

›

›

›
pe´iν0 ´ ĂMε

Dqu
ε
wp

›

›

›

2

L2pR2q
“ }γε}2L2pR2;C2q , (6.13)

and therefore the desired lower bound on the norm of pe´iν0 ´ ĂMε
Dqu

ε
wp boils down to a lower

bound on the norm of γεpXq. To prove (6.13) we apply averaging Lemma 4.5 and use the the
orthonormality of Φ1,Φ2 P L

2
k. Specifically, we have

›

›

›
pe´iν0 ´ ĂMε

Dqu
ε
wp

›

›

›

2

L2pR2q
“

›

›εγεpεxqJΦpxq
›

›

2

L2pR2q
“

ż

R2

ε2

ˇ

ˇ

ˇ

ˇ

ˇ

2
ÿ

j“1

γεj pεxqΦjpxq

ˇ

ˇ

ˇ

ˇ

ˇ

2

dx

“

2
ÿ

i,j“1

ż

R2

ε2γεj pεxq Φjpxq γεi pεxq Φipxq dx

“

2
ÿ

i,j“1

xγεi , γ
ε
j yL2pR2qxΦi,ΦjyL2pΩq “

2
ÿ

i,j“1

xγεi , γ
ε
j yL2pR2qδi,j

“

2
ÿ

j“1

}γεi }
2
L2pR2q “ }γ

ε}2L2pR2;C2q .

This completes the proof of (6.13), and thus the desired lower bound reduces to a lower bound on
the norm of γεpXq.

By the (vector) Plancherel Theorem and using the orthonormality of tv`pξξξq, v´pξξξqu:

}γε}2L2pR2;C2q “

ż

R2

›

›

›

ÿ

r“˘

xvrpξξξq, α̂0pξξξqyC2

´

e´iν0 ´ e´ipEDε
´1
´rµpξξξqqTper

¯

vrpξq
›

›

›

2

C2
dξξξ

“

ż

|ξξξ|ďd0

ˇ

ˇ

ˇ

ÿ

r“˘

xvrpξξξq, α̂0pξξξqyC2

´

e´iν0 ´ e´ipEDε
´1
´rµpξξξqqTper

¯
ˇ

ˇ

ˇ

2

dξξξ

ě min
r“˘

min
|ξξξ|ďd0

ˇ

ˇ

ˇ
e´iν0 ´ e´ipEDε

´1
´rµpξξξqqTper

ˇ

ˇ

ˇ

2

}α0}
2
L2pR2;C2q

By Lemma 4.5, for ε sufficiently small: }uεwp}L2pR2q “ }α0}L2pR2;C2q, and so

›

›

›
pe´iν0 ´ ĂMε

Dqu
ε
wp

›

›

›

L2pR2q
ě min

r“˘
min
|ξ|ďd0

ˇ

ˇ

ˇ
e´iν0 ´ e´ipEDε

´1
´rµpξξξqqTper

ˇ

ˇ

ˇ
}α0}L2pR2;C2q.

Now ν0 is centered in I 1 Ă Ipgq Ă Ipg̃q, see Fig. 4. Hence,

ˇ

ˇ

ˇ
e´iν0 ´ e´ipEDε

´1
˘µpξqqTper

ˇ

ˇ

ˇ
ě

1

2

ˇ

ˇI 1
ˇ

ˇ` pg̃ ´ gqTper,

and therefore, for ε ą 0 sufficiently small we obtain the lower bound (6.9). This completes the
proof of Proposition 6.3.
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7 Proof of the Homogenization Lemma 4.5

Since the fundamental cell of the lattice Ω tiles the plane, we partition R2 with respect to the
lattice, i.e., R2 “

Ť

mPΛpΩ`mq. Therefore

ż

R2

ppxqqpεxq dx “
ÿ

mPΛ

ż

Ω`m

ppxqqpεxq dx

pchange of variables x “ y `mq “
ÿ

mPΛ

ż

Ω

ppyqqpεpy `mqq dy

“

ż

Ω

ppyq

«

ÿ

mPΛ

qpεpy `mqq

ff

dy . (7.1)

Using a generalization of Poisson summation formula for general lattices [59], then

ÿ

mPΛ

qpy `mq “
ÿ

nPΛ

q̂pnqe2πiy¨n ,

where q̂ is the Fourier transform of q. Since in two space dimensions we have that zqpε¨qpξξξq “
ε´2q̂pε´1ξξξq, then

ÿ

mPΛ

qpεpy `mqq “
ÿ

nPΛ

ε´2q̂
´n

ε

¯

e2πiy¨n .

Now, since q is band-limited, then for sufficiently small ε all of the terms in the last sum vanish
but n “ p0, 0q. Therefore,

ÿ

mPΛ

qpεpy `mqq “ ε´2q̂p0q “ ε´2

ż

R2

qpxq dx ,

which when substituted into (7.1), yields

ż

R2

ppxqqpεxq dx “ ¨ ¨ ¨ “

ż

Ω

ppyq

»

–ε´2

ż

R2

qpxq dx

fi

fl dy

“ ε´2

¨

˝

ż

Ω

ppyq dy

˛

‚¨

¨

˝

ż

R2

qpxq dx

˛

‚ .

8 Derivation and time-scale of validity of effective Dirac
dynamics : Proof of Theorem 3.2

8.1 Multiple-scales expansion

We first derive the Dirac equation (3.4) using formal multiple scales expansion, and in Section
8.2 we prove Prop. 3.2. We introduce slow temporal and spatial scales: T “ εt and X “ εx, and
formally view ψ as a function of independent fast and slow variables: ψ “ Ψpx,X, t, T q. Hence,
Bt ÞÑ Bt ` εBT , ∇x ÞÑ ∇x ` ε∇X and (1.4) may be rewritten as:

i
`

Bt ´H
0
˘

Ψ “ εH1Ψ` ε2H2Ψ, (8.1)

where

H1 “ ´piBT ` 2∇x ¨∇X ` 2iApT q ¨∇xq and H2 “ ´p∆X ` 2iApT q ¨∇Xq . (8.2)
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The procedure we describe will yield Ψpx,X, t, T q such that

Ψpt, T,x, Xq
ˇ

ˇ

ˇ

T“εt, X“εx
is an approximate solution of (1.4).

We seek a formal expansion for a solution to (8.1), Ψpt, T,x, Xq, consisting of a leading multiscale
part plus a correction :

Ψ “ Ψ0px, X, t, T q ` εΨ1px, X, t, T q ` ε
2Ψ2px, X, t, T q ` η

εpt, xq . (8.3)

Substitution of (8.3) into (8.1) yields the hierarchy of equations:

Opε0q : piBt ´H
0qΨ0 “ 0; Ψp0,x, 0, Xq “ α0,1pXqΦ1 ` α0,2pXqΦ2 (8.4)

Opε1q : piBt ´H
0qΨ1 “ H1Ψ0; Ψ1p0,x, 0, Xq “ 0 (8.5)

Opε2q : piBt ´H
0qΨ2 “ H1Ψ1 `H2Ψ0; Ψ2p0,x, 0, Xq “ 0 (8.6)

corrector :
`

iBt ´H
0 ´ 2iεApεtq ¨∇x

˘

ηεpt,xq “ ε3Fεpt,xq; ηp0,xq “ 0 , (8.7)

where

Fεpt,xq “ pH1Ψ2 `H2Ψ1q pt, T,x, Xq
ˇ

ˇ

ˇ

T“εt,X“εx
` ε pH2Ψ2q pt, T,x, Xq

ˇ

ˇ

ˇ

T“εt,X“εx
. (8.8)

Since we are looking to construct solutions of wave-packet type which are spectrally localized at
kD “ K we shall seek an expansion where, for j “ 0, 1, 2,

x ÞÑ Ψjpt,x, X, T q is K´ pseudo-periodic with respect to x and decaying to zero as |X| Ñ 8.

We view equations (8.4)-(8.6) as equations in the space L2
K, depending on parameters T and X.

The variations with respect to T and X are determined via the solvability conditions of this
hierarchy of equations.

We first consider (8.4). Since the L2
K nullspace of EDI´H

0 is given by spantΦ1,Φ2u, we have:

Ψ0 “ ε e´iEDt
2
ÿ

j“1

αjpX,T q Φjpxq , (8.9)

where α1pX,T q and α2pX,T q are decaying functions of X to be determined. The pre-factor of ε
in (8.9) is inserted so that the L2pR2

xq norm is Op1q.
Turning to first order in ε, equation (8.5), since Ψ0 is oscillates with frequency ED, it is

convenient to define:
Ψ1pt, T,x, Xq “ e´iEDt Ψ̃1pT,x, Xq .

Substitution into (8.5) yields

´

EDI ´H
0
¯

Ψ̃1 “ ´

2
ÿ

j“1

i BTαjpX,T q Φj ´ i
2
ÿ

j“1

∇X αjpX,T q ¨ p´2iq∇xΦj

`

2
ÿ

j“1

αjpX,T q ApT q ¨ p´2iq∇xΦj . (8.10)

A necessary condition for the solvability of (8.10) for Ψ̃1 P L
2
K is that the right hand side of (8.10)

be L2
K´ orthogonal to Φ1 and Φ2. These two solvability conditions read:

iBTα1 “ ´i xΦ1,´2i∇xΦ2y ¨∇Xα2 ` xΦ1,´2i∇xΦ2y ¨ApT q α2

iBTα2 “ ´i xΦ2,´2i∇xΦ1y ¨∇Xα1 ` xΦ2,´2i∇xΦ1y ¨ApT q α1 .
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By Proposition 2.1

iBTα1 “ vD

´ 1

i
BX1

` BX2

¯

α2 ` vD

´

A1pT q ` iA2pT q
¯

α2 ,

iBTα2 “ vD

´ 1

i
BX1

´ BX2

¯

α1 ` vD

´

A1pT q ´ iA2pT q
¯

α1 , (8.11)

which, after rearranging terms, is seen to be the Dirac equation

iBTαpT,Xq “ {DApT qαpT,Xq; (8.12)

see (3.3)-(3.4).
Let πK denote the projection onto the orthogonal complement of spantΦ1,Φ2u in L2

K:

πK “ I ´
2
ÿ

j“1

xΦj , ¨yΦj “
ÿ

jě3

xΦj , ¨yΦj ;

for convenience we indexed the L2
K eigenpairs of H0 such that spantΦ1,Φ2u

K “ spantΦj : j ě 3u.
If pα1, α2q is constrained to satisfy (8.11), then πK pH1Ψ0q “ H1Ψ0 and hence:

Ψ̃1pt,x, T,Xq “ pEDI ´H
0q´1H1Ψ0 ` ε

ÿ

j“1,2

βjpT,XqΦjpxq , (8.13)

where εβj are decaying functions of X which are to be determined at the next order equation (8.6),

and finally Ψ1 “ Ψ̃1e
´iEDt. Turning next to second order in ε, (8.6), we write Ψ2pt,x, T,Xq “

Ψ̃2px, T,Xqe
´iEDt. In analogy with our first order analysis, the condition for solvability condition

of (8.6) in L2
K is that H1pΨ̃1 `

ř

j βjΦjq is orthogonal to Φ1 and Φ2. In a manner analogous to

the derivation of (3.4), we obtain a system of forced Dirac equations for β ” pβ1, β2q
J:

iBTβpT,Xq ´ {DApT qβpT,Xq “ F2pT,Xq , (8.14)

where F2 “ pF2,1, F2,2q
J

, and for j “ 1, 2:

F2,j “ xΦj , H1pED ´H
0q´1H1Ψ0yL2pΩq . (8.15)

We note that F2 is independent of β, and is therefore a forcing term in (8.14). Corresponding to
any solution of the initial value problem for (8.14) in CpR;HspRqq, we have that

Ψ2pt,x, T,Xq “ e´iEDtpED ´H
0q´1πKΨ̃1 . (8.16)

8.2 Bounding the corrector, ηεpt,xq

Finally we turn to estimating the corrector, ηε, which (8.7), (8.8). By self-adjointness ofH0` iApεtq¨∇,
we have Bt}η

εptq}2 “ 2ε3Re xη,F εpt, ¨qy. This implies, by the Cauchy-Schwarz inequality, that
Bt}η

εptq} ď ε3}F εpt, ¨q}. Therefore, for all t ě 0:

}ηεpt, ¨q}L2pR2q ď tε3 sup
sPr0,ts

}F εps, ¨q}L2pR2q , (8.17)

where F ε is given by (8.8). To prove Theorem 3.2 we next bound }F εpt, ¨q} for t À ε´2`.

Proposition 8.1. For all t ą 0, we have the following L2pR2q bounds

}ηεpt, ¨q}
L2pR2

xq
À tε3 sup

sPr0,ts

´

}αpεs, ¨q}
H3pR2q

` }βpεs, ¨q}
H2pR2q

¯

. (8.18)

Here, α “ pα1, α2q
J and β “ pβ1, β2q

J are solutions of the homogeneous and inhomogeneous
Dirac equations (8.12) and (8.14), respectively. The implicit constant in (8.18) depends only on
the honeycomb potential V .
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Proof. We shall use the following convention. If Gpt, T,x, Xq is a multi-scale function, then we

write Gεpt,xq ” Gpt, T,x, Xq
ˇ

ˇ

ˇ

T“εt,X“εx
. The proof of Proposition 8.1 makes use of the following

bounds:

}Ψε
1pt, ¨q}2 À }αpεt, ¨q}H1 ` }βpεt, ¨q}2 , (8.19)

}Ψε
2pt, ¨q}2 À }αpεt, ¨q}H1 ` }~βpεt, ¨q}2 , (8.20)

}H1Ψε
2pt, ¨q}2 À }αpεt, ¨q}H2 ` }~βpεt, ¨q}H1 , (8.21)

}H2Ψε
1pt, ¨q}2 À }αpεt, ¨q}H3 ` }~βpεt, ¨q}H2 , (8.22)

}H2Ψε
2pt, ¨q}2 À }αpεt, ¨q}H3 ` }~βpεt, ¨q}H2 , (8.23)

}Fεpεt, ¨q}2 À }αpεt, ¨q}H3 ` }~βpεt, ¨q}H2 . (8.24)

It will be useful to decompose Ψ̃1 into two separate terms and bound each of these elements
separately

Ψ̃11 “ pED ´Hq
´1πKH1Ψ0 , Ψ̃12 “

ÿ

j

βjΦj .

We start with bounding }Ψ̃1,1}2. By definition

´H1Ψ0 “ ε
ÿ

j“1,2

iBTαjpT,XqΦj ` 2∇xΦj ¨∇XαjpT,Xq ´ 2iαjpT,XqA ¨∇Φj

where Φ “ pΦ1,Φ2q
J. Since pEDI ´ Hq´1 operates on L2

K, represent pEDI ´ Hq´1πKH1Ψ0 in
the basis of the Bloch modes tΦbubě3. Using that, by the derivation of (8.12), the constraint
iBTαpT,Xq “ {DpT qαpT,Xq enforces πKH1Ψ0 “ H1Ψ0, we have

Ψ̃ε
1,1pt,xq “ Ψ̃1,1pt, εt,x, εxq

“ pED ´Hq
´1H1Ψ0

ˇ

ˇ

ˇ

T“εt,X“εx

“ ε
ÿ

bě3

ÿ

j“1,2

Φb
Eb ´ ED

xΦb, iBTαjpT,XqΦj ` 2∇xΦj ¨∇XαjpT,Xq ´ iαjpT,XqApT q ¨∇xΦjyL2pΩq

“ ε
ÿ

bě3

Φb
Eb ´ ED
«

xΦb,ΦyL2pΩq ¨ {DpT qαpT,Xq `
ÿ

j“1,2

xΦb,∇xΦjyL2pΩq ¨ p2∇XαpT,Xq ´ 2iApT qαjpT,Xqq

ff

T“εt,X“εx

.

We estimate Ψ̃ε
1,1 in L2 “ L2pR2q using that

1. Since Φb P L
8, then }Φbp¨qfp¨q}2 À }f}2 for any f P L2.

2. }fpε¨q}Hs À ε´1}f}Hs for every s ě 0.

Hence,

}Ψ̃ε
1,1pt, ¨q}L2pR2q À ε

ÿ

bě3

ÿ

j“1,2

}Φb}L8

|Eb ´ ED|

ˇ

ˇxΦb,ΦjyL2pΩq

ˇ

ˇ ε´1}∇Xαjpεt, ¨q}L2
X

` ε
ÿ

bě3

}Φb}L8

|Eb ´ ED|
|
ˇ

ˇxΦb,∇ΦjyL2pΩq

ˇ

ˇ ε´1}αjpεt, ¨q}H1
X

À }αpεt, ¨q}H1
X

ÿ

j“1,2

ÿ

bě3

}Φb}8
|Eb ´ ED|

´

ˇ

ˇxΦb,ΦjyL2pΩq

ˇ

ˇ` |xΦb,∇ΦjyL2pΩq
|

¯

. (8.25)
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By the Sobolev inequality [17] for Ω Ă R2, and the relation ∆Φb “ pV ´ EbqΦb, we have for any
b ě 1:

}Φb}L8pΩq À }Φb}H2pΩq À }Φb}L2pΩq ` }∆Φb}L2pΩq “ }Φb}L2pΩq ` }pV ´ EbqΦb}L2pΩq .

Furthermore, since V is bounded }Φb}L8pΩq À Eb}Φb}L2pΩq À |b| , where we have used that
}Φb} “ 1, and that Eb „ b as b Ñ 8, by Weyl asymptotics in two dimensions. Hence, the factor
}Φb}8{|Eb´ED| in (8.25) is uniformly bounded for all b. Therefore, bounding }Ψ̃ε

1,1}L2pR2q reduces
to showing, for j, l “ 1, 2:

ÿ

bě3

ˇ

ˇxΦb,ΦjyL2pΩq

ˇ

ˇ`
ˇ

ˇxΦb, BxlΦjyL2pΩq

ˇ

ˇ ă 8

We claim that both summands decay rapidly with b. Indeed, by the self-adjointedness of H0, for
r “ 0, 1:

xΦb, B
r
xl

Φjy “ E´2
b xpH0q2Φb, B

r
xl

Φjy “ E´2
b xΦb, pH

0q2BrxlΦjy

and therefore
ˇ

ˇxΦb, B
r
xl

Φjy
ˇ

ˇ À b´2}pH0q2BrxlΦj} À b´2}Φj}H4`r , r “ 0, 1,

which is sufficient to ensure summability. It follows that

}Ψ̃ε
1,1pt, ¨q}L2pR2

xq
À }αpεt, ¨q}H1pR2

Xq
. (8.26)

Together with the bound }Ψ̃1,2pt, ¨q}2 À ε}βpεt, ε¨q}L2pR2
xq
À }βpεt, ¨q}L2pRXq, we obtain (8.19).

The upper bounds (8.20)–(8.23) proceed in a similar fashion. The upper bound (8.24) follows
directly from the triangle inequality and F “ H1Ψ2 `H2Ψ1 ` εH2Ψ2. Finally, we prove (8.18)
by combining (8.8), (8.17), and (8.24).

Proposition 8.1 provides upper bounds for ηε, the expansion corrector, in terms of the Sobolev
norms of αpT,Xq and βpT,Xq, which satisfy the Dirac equations (3.4) and (8.14). We now turn
to estimating these norms.

Lemma 8.2. Let α satisfy and β denote solutions of homogeneous and non-homogeneous Dirac
equations (3.4) and (8.14). As initial data we take αp0, ¨q “ α0 P H

4pR2;C2q and βp0, xq ” 0.
Then, for all T ą 0 and s P N,

}αpT, ¨q}Hs “ }αp0, ¨q}Hs , (8.27)

}βpT, ¨q}Hs À T }αp0, ¨q}Hs`2 . (8.28)

Proof. The conservation law (8.27) follows from unitarity and translation invariance; see (3.5). To
obtain (8.28), we have from (8.14), in L2pR2q, that

iBT }B
s
XβpT, ¨q}

2
2 “ 2 ImxβpT, ¨q, B2s

X F2y “ p´1qs ¨ 2 ImpxBsXβpT, ¨q, B
s
XF2yq . (8.29)

Therefore, by the Cauchy-Schwarz inequality, BT }B
s
XβpT, ¨q}2 ď }F2pT, ¨q}HspR2q . Finally, we

bound the HspR2q norm of F2 . Since, by definition

F2,j “ xΦj , H1pED ´H
0q´1H1Ψ0yL2

xpΩq
,

we, as in Lemma 8.1, using (8.27) that }F2pT, ¨q}Hsx À }αpT, ¨q}Hs`2
X

“ }α0}Hs`2
X

. Thus,

}BsXβ}L2pR2q À

J
ż

0

}F2pT
1, ¨q}Hs`2

X
dT 1 À T }α0}Hs`2

X
,

which proves (8.28).
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We now complete the proof of Theorem 3.2. With the notation and definitions introduced
above and (8.3) our solution of (1.4) is:

ψεpt,xq “ Ψε
0pt,xq ` εΨ

ε
1pt,xq ` ε

2Ψε
2pt,xq ` η

εpt,xq.

We shall estimate the size of the corrector to the leading order (effective Dirac) approximation:

ψpt,xq ´Ψε
0pt,xq “ εΨε

1pt,xq ` ε
2Ψε

2pt,xq ` η
εpt,xq.

Using Lemmas 8.1 and 8.2 we have that

}ψεpt,xq ´Ψ0pt, ¨q}2 À ε}Ψ1pt, ¨q}2 ` ε
2}Ψ2pt, ¨q}2 ` }ηpt, ¨q}2

À ε p}αpεt, ¨q}H1 ` }βpεt, ¨q}2q
loooooooooooooooomoooooooooooooooon

Ψ1

`ε2 p}αpεt, ¨q}H1 ` }βpεt, ¨q}2q
loooooooooooooooomoooooooooooooooon

Ψ2

` tε3p}αpεt, ¨q}H3 ` }βpεt, ¨q}H2q
looooooooooooooooooomooooooooooooooooooon

η

À ε p}α0}H1 ` }βpεt, ¨q}2q
looooooooooooomooooooooooooon

Ψ1

`ε2 p}α0}H1 ` }βpεt, ¨q}2q
looooooooooooomooooooooooooon

Ψ2

` tε3p}α0}H3 ` }βpεt, ¨q}H2q
loooooooooooooooomoooooooooooooooon

η

À ε p}α0}H1 ` εt}α0}H2q ` ε2 p}α0}H1 ` εt}α0}H2q ` tε3 p}α0}H3 ` tε}α0}H4q

À ε}α0}H1 ` ε2t}α0}H2 ` tε3}α0}H3 ` t2ε4}α0}H4 .

Therefore, for any ρ ą 0 and ε sufficiently small, sup0ďtÀε´p2´ρq }ψ
εpt,xq ´ Ψ0pt, ¨q}2 À ερ. This

completes the proof of Theorem 3.2.

9 Proof of Proposition 4.3

From projections to wave-packets; proof of (4.1)

Let ε ą 0 be taken sufficiently small, and let f P L2pR2q. Express H acting in L2pR2q as a direct

integral H “
ş‘

B Hk dk, where Hk denotes the operator H “ ´∆ ` V acting in L2
k. Then under

the no-fold condition (Definition 4.2) there exists a constant a ą 0, which depends on vD, such
that

ProjL2pR2qp|H ´ ED| ă εqf “
ÿ

kD“K,K1

ż

B

dk χ

ˆ

|k´ kD|

ε
ă a

˙

ProjL2
k
p|Hk ´ ED| ă 2εq f

“
ÿ

kD“K,K1

ż

B

dkχ

ˆ

|k´ kD|

ε
ă a

˙

»

—

–

1

2πi

¿

|ζ´ED|“2ε

pζI ´Hkq
´1 dζ

fi

ffi

fl

f .

(9.1)

We next expand the terms in (9.1) for k near kD, focusing on the kD “ K term; he kD “ K1

term is treated analogously. In order to expand for k near K, we next express the operators Hk

in terms of operators which acts in the fixed space L2
kD

. Note that Hk “ eik¨xHpkqe´ik¨x, where

Hpkq ” ´p∇` ikq2`V acts in L2pR2{Λq. Furthermore, pζI´Hkq
´1 “ eik¨xpζI´Hpkqq´1e´ik¨x.

Substitution into (9.1) yields

¨ ¨ ¨ “

ż

B

dk eik¨xχ

ˆ

|k´K|

ε
ă a

˙

»

—

–

1

2πi

¿

|ζ´ED|“2ε

pζI ´Hpkqq´1 dζ

fi

ffi

fl

e´ik¨xf

“

ż

B

dκ eipK`κq¨xχ
´κ

ε
ă a

¯

»

—

–

1

2πi

¿

|ζ´ED|“2ε

pζI ´HpK` κqq´1 dζ

fi

ffi

fl

e´ipK`κq¨xf .
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The contour integral inside the square brackets is smooth L2pR2{Λq-valued function of κ, and so
by Taylor expansion:

¨ ¨ ¨ “

ż

B

dκ eipK`κq¨xχ

ˆ

|κ|

ε
ă a

˙

»

—

–

1

2πi

¿

|ζ´ED|“2ε

pζI ´HpKqq´1 dζ

fi

ffi

fl

e´ipK`κq¨xf

`

ż

B

χ
´κ

ε
ă a

¯

κ Errorrf ;κs dκ . (9.2)

The last term in (9.2) is linear in f and easily seen to be bounded in L2pR2q by ε3}f}L2 since the
domain of integration is over a disc of radius ε.

The dominant term in (9.2) may be re-expressed as

ż

B

dκχ

ˆ

|κ|

ε
ă a

˙

eiκ¨x

»

—

–

1

2πi

¿

|ζ´ED|“2ε

eiK¨xpζI ´HpKqq´1e´iK¨x dζ

fi

ffi

fl

e´iκ¨xfpxq

“

ż

B

dκχ

ˆ

|κ|

ε
ă a

˙

eiκ¨x

»

—

–

1

2πi

¿

|ζ´ED|“2ε

pζI ´HKq
´1 dζ

fi

ffi

fl

e´iκ¨xfpxq

“

ż

B

dκχ

ˆ

|κ|

ε
ă a

˙

eiκ¨x ProjL2
K
p|HK ´ ED| ă 2εq e´iκ¨xfpxq

“

ż

B

dκ χ

ˆ

|κκκ|

ε
ă a

˙

eiκ¨x ΦJpx; Kq

»

–

ż

R2

dy Φpy; Kqfpyqe´iκ¨y

fi

fl

“ ΦJpx; Kq

ż

R2

dy Φpy; Kqpyqfpyq

»

–

ż

B

dκχ

ˆ

|κκκ|

ε
ă a

˙

eiκκκ¨px´yq

fi

fl

“ ΦJpx; Kq

ż

R2

dy Φpy; Kqfpyq

»

–

ż

R2

dκχ

ˆ

|κκκ|

ε
ă a

˙

eiκκκ¨px´yq

fi

fl

Adding the analogous K1 term from (9.1), we have that

ProjL2pR2qp|H ´ ED| ă εqf “
ÿ

kD“K,K1

ukD
ε rf s `OL2pR2q

`

ε3}f}L2

˘

, where (9.3)

ukD
ε rf spxq ” ΦJpx; kDqβ

kD
ε rf spxq, and

βεkD
rf spxq ”

„

´

Φp¨; kDqf
¯

˚ F´1
ξξξ

„

χ

ˆ

|ξξξ|

ε
ă a

˙ 

pxq , (9.4)

where F´1rgspξξξq denotes the inverse Fourier transform, kD “ K,K1, and ˚ denotes convolution.
We next show that ukD

ε rf s P BLpa, ε; kDq by showing that Fr βkD
ε rf s s P χp|ξξξ| ă aεqL2

ξξξ . Indeed,

Frβεf,kD
spξξξq “ F

„

´

Φp¨; kDqf
¯

˚ F´1

„

χ

ˆ

|ξξξ|

ε
ă a

˙

“ FrΦp¨; kDqf spξξξq ¨ χ

ˆ

|ξξξ|

ε
ă a

˙

,

which is supported in t|ξξξ| ă εau. This completes the proof of (4.1).
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From wave-packets to projections; proof of (4.2)

Assume, without loss of generality, that upxq P BLpd0, ε; Kq for some d0, ε ą 0, i.e., that

upxq “ ΦJpx; Kqαεpxq, where xαεpξξξq “ χ

ˆ

|ξξξ|

ε
ă a

˙

xαεpξq.

Then by (9.3), there exists a ą 0 and such that for ε ą 0 sufficiently small we have that

ProjL2pR2qp|H
0 ´ ED| ď εqu “

ÿ

kD“K,K1

ΦJpx,kDqγε,kD
pxq `Opε3}u}L2pR2qq . (9.5)

To prove (4.2) it suffices to show that γε,Kpxq “ αεpxq and γε,K1pxq “ 0. Substitution of u “
ΦJpx; Kqαεpxq into (9.4) yields

γε,kD “

´

Φp¨; kDqΦ
Jp¨; Kqαε

¯

˚ F´1

„

χ

ˆ

|ξξξ|

ε
ă a

˙

, kD “ K,K1 .

We next compute the Fourier transform of γε,KD
. For j “ 1, 2, and kD “ K,K1

Frγε,kD
sj “ FrΦpx; kDqΦ

Jpx; Kqαpxqsj ¨ χ

ˆ

|ξξξ|

ε
ă a

˙

“
ÿ

`“1,2

FrΦjpx; kDqΦ`px; Kqαε,`pxqs ¨ χ

ˆ

|ξξξ|

ε
ă a

˙

(9.6)

Consider the expression being summed in (9.6). Since Φjpx; kDq “ eikD¨xφjpx; kDq with φjpx; kDq P
L2pR2{Λq periodic, we have

Φjpx,kDqΦ`px,Kqα
ε
ε,`pxq “ pj,`pxqqε,`pxq ,

where pj,`pxq “ φjpx,kDqφ`px,Kq P L
2pR2{Λq and qε,`px, ξq “ αε,`pxqe

ix¨pK´kDq. Expanding
pj,`pxq in a Fourier series pj,`pxq “

ř

nPΛ˚ p̂j,`pnqe
in¨x and substituting in (9.6) yields

Frγε,kD
sj “

ÿ

`“1,2

F
«

ÿ

nPΛ˚

p̂j,`pnqe
in¨xqε,`pxq

ff

¨ χ

ˆ

|ξξξ|

ε
ă a

˙

“
ÿ

`“1,2

ÿ

nPΛ˚

p̂j,`pnqF
“

ein¨xqε,`pxq
‰

¨ χ

ˆ

|ξξξ|

ε
ă a

˙

“
ÿ

`“1,2

ÿ

nPΛ˚

p̂j,`pnqα̂ε,` pξξξ ´ pK´ kD ` nqq ¨ χ

ˆ

|ξξξ|

ε
ă a

˙

(9.7)

Note that by definition, α̂ε has compact support in the disc of radius εa around the origin. In the
expansion above in (9.7), consider first the case where kD “ K1. Note that K´ kD “ K´K1 “

2K is not in the dual lattice Λ˚. A term in the expression (9.7) is non-vanishing only if (i)
|ξξξ ´ 2K` n| ă εa (with n P Λ˚) and (ii) |ξξξ| ă εa. For any n P Λ˚ such that (i) and (ii) hold, we
have |n´2K|´εa ď |ξξξ´2K`n| ă εa. For ε positive and sufficiently small, this implies that there
are no such n P Λ˚ because distp2K,Λ˚q ą 0. Hence, zγε,K1pξξξq ” 0 and therefore γε,K1pxq ” 0.

Next, consider the case kD “ K. By similar reasoning, the only non-zero term in (9.7) arises
from the lattice point n “ p0, 0q. Hence,

Frγε,Ksj “
ÿ

`“1,2

p̂j,`p0qα̂ε,` pξξξq ¨ χ

ˆ

|ξξξ|

ε
ă a

˙

“
ÿ

`“1,2

ż

Ω

Φjpy; KqΦlpy; Kqdy α̂ε,` pξξξq ¨ χ

ˆ

|ξξξ|

ε
ă a

˙

“ α̂ε,j pξξξq ¨ χ

ˆ

|ξξξ|

ε
ă a

˙
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Summarizing, we have γε,Kpxq ” αεpxq and γε,K1pxq ” 0. Substitution into (9.5) and recalling
that upxq “ Φpx; KqJαεpxq yields

ProjL2pR2qp|H
0 ´ ED| ď εqu “ upxq `Opε3}u}L2pR2qq . (9.8)

This is equivalent to (4.2). The proof of Proposition 4.3 is now complete.

10 Spectrum of the effective Dirac monodromy operator,
specpMDirq “ S1; Remark 3.6

Since the Dirac Hamiltonian {DpT q, see (3.4), defines a flow which is unitary in L2pR2;C2q, the
Floquet multipliers (eigenvalues of the monodromy operator) must all lie on the unit circle, S1.
In this section we justify the discussion in Remark 3.6 and prove that the spectrum of the mon-
odromy operator associated with {DpT q is equal to S1. To prove this, it suffices to show that the

Floquet multipliers associated with p{DpT ;ξξξq, see (3.9), cover the unit circle as |ξξξ| varies outside of
a sufficiently large circle in R2

ξ . Specifically, we shall demonstrate this for ξξξ “ pξ, 0q and ξ " 1.
As opposed to the analysis in Section 8, here we do not restrict ApT q to the form (3.8), but

rather to any periodic and differentiable ApT q with
şTper

0
AjpT q dT “ 0 for j “ 1, 2. Consider the

one-parameter family of periodically forced systems;

iBT α̂pT ; ξq “ p{DpT ;ξξξqα̂pT ; ξq “ rξσ1 ` σ ¨ApT qs α̂pT ; ξq, (10.1)

where σ ¨ A “ A1σ1 ´ A2σ2. In order to construct the monodromy matrix, we first construct, for
|ξ| " 1 a basis of solutions via a WKB-type expansion. Set

α̂pT, ξq “ e´iξS0pT q BpT, ξq , (10.2)

where S0pT q and BpT, ξq are to be determined. Substitution into (10.1) yields

ξS10pT qBpT, ξq ` iBTBpT, ξq “ rξσ1 ` σ ¨AsBpT, ξq . (10.3)

We expand BpT, ξq in powers of the small parameter ξ´1:

BpT, ξq “ B0pT q ` ξ
´1B1pT q ` ξ

´2B2pT ; ξq , (10.4)

We next formally obtain equations for B0pT q, B1pT q by equating terms of order ξ and order 1,
and an equation for the corrector, B2pT, ξq by balancing the remaining terms. This yields:

Opξ1q :
`

S10pT qI ´ σ1

˘

B0pT q “ 0 , (10.5)

Opξ0q :
`

S10pT qI ´ σ1

˘

B1pT q “ σ ¨ApT qB0pT q ´ iBTB0pT q , (10.6)

and the equation for the corrector, B2pT, ξq:

iBTB2 ` ξ
`

S10pT q ´ σ1

˘

B2 ´ σ ¨ApT qB2 “ ξ p ´iBT ` σ ¨ApT qqB1 . (10.7)

We next solve (10.5)-(10.7). Equation (10.5) has a non-trivial solution S10pT q is an eigenvalue
of σ1. Hence, we have the two linearly independent solutions

S10`pT q “ `1, B0pT q “ cpT qw`, w` “
1
?

2

ˆ

1
1

˙

, (10.8)

S10´pT q “ ´1, B0pT q “ cpT qw´, w´ “
1
?

2

ˆ

1
´1

˙

. (10.9)
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We let S10pT q “ λ denote either of these eigenvalues and wλ denote the corresponding normalized
eigenvector. For this choice of eigenpair, (10.6) becomes:

pλI ´ σ1qB1pT q “ p σ ¨ApT qcpT q ´ iBT cpT q qwλ (10.10)

Equation (10.10) is solvable if and only if

xwλ , p σ ¨ApT qcpT q ´ iBT cpT q qwλy “ 0

or equivalently
iBT cpT q “ xwλ, σ ¨ApT qwλy cpT q. (10.11)

This can be further simplified. We take cp0q “ 1 and assume AjpT q has zero mean on r0, Tpers for
j “ 1, 2. Note that σ ¨Awλ “ A1σ1wλ ´A2σ2wλ and since σ2wλ is orthogonal to wλ, we obtain

iBT cpT q “ xwλ, σ1wλyA1pT qcpT q, cpT q “ exp

˜

´i xwλ, σ1wλy

ż T

0

A1psqds

¸

, (10.12)

where xwλ , σ1wλy “ λ, where λ “ `1 or ´1.
Next, using B0pT q “ cpT qwλ and (10.11), (8.4) becomes

pλI ´ σ1qB1pT q “ rσ ¨ApT qwλ ´ xwλ, σ ¨ApT qwλywλs cpT q “ πKλ rσ ¨ApT qwλs cpT q,

where πKλu projects u P C2 onto the subspace orthogonal to spantwλu, e.g., in the case of λ “ 1,
it projects onto the span of w´1. Hence, we have:

B1pT q “ pλI ´ σ1q
´1
πKλ rσ ¨ApT qwλs cpT q, (10.13)

up to an element in the kernel of λI ´ σ1 which we set equal to zero, and where cpT q is given
by (10.12).

Summarizing, for each of the two eigenvalues λ “ S10 of σ1 (λ “ ˘1) with corresponding normal-
ized eigenvectors, wλ, we have constructed first two terms of an expansion of pαpT, ξq “ e´iλξTBpT, ξq
by determining B0pT q (equations (10.8),(10.9),(10.11)) and B1pT q (equation (10.13)). Our expan-
sion reads:

pαλpT, ξq “ eiλξ
„

cpT qwλ `
cpT q

ξ
pλI ´ σ1q

´1
πKλ rσ ¨ApT qwλs `

1

ξ2
B2pT, ξq



(10.14)

Next we bound B2pT, ξq from the ODE (10.7). For any T0 fixed we obtain:

|B2pT, ξq| À |ξ|T0 sup
0ďsďT0

p|Apsq| ` |A1psq|q . (10.15)

By (10.14) and (10.15) we have, corresponding to λ “ ˘1, the pair of linearly independent solutions
of (10.1) given by:

pα˘pT, ξq “ e¯iξT
`

c˘pT qw` `O˘p|ξ|´1q
˘

. (10.16)

Introduce the 2ˆ 2 matrix solution of (10.1), whose columns are pα`pT, ξq and pα´pT, ξq:

V pT, ξq “
”

pα`

ˇ

ˇ

ˇ
pα´

ı

pT, ξq “
”

e´iξT c`pT qw` `Op|ξ|´1q

ˇ

ˇ

ˇ
eiξT c´pT qw´ `Op|ξ|´1q

ı

. (10.17)

Note V pT ` Tper, ξq “ V pT, ξqV ´1p0, ξqV pTper, ξq. Hence the monodromy matrix for (10.1) is
given by:

MDirpξq “ V ´1p0, ξqV pTper, ξq ,

with the compressed notation MDirppξ, 0qq “ MDirpξq. Since, by assumption, c˘p0q “ 1 and A1

has zero mean, we have c˘pTperq “ 1. Using (10.17) we obtain:

MDpξq “ V ´1
0 p0, ξqV0pTper, ξq `O2ˆ2pξ

´1q , where V0pTper; ξq “
”

e´iξTperw`

ˇ

ˇ

ˇ
eiξTperw´

ı

.
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The O2ˆ2p|ξ|
´1q correction is with respect to any norm on complex 2 ˆ 2 matrices. Since

pe´iξTperw`
ˇ

ˇeiξTperw´q “ pw`
ˇ

ˇw´q diagpe´iξTper , eiξTperq we have

V ´1
0 p0, ξqV0pTper, ξq “

´

w`

ˇ

ˇ

ˇ
w´

¯´1 ´

e´iξTperw`

ˇ

ˇ

ˇ
eiξTperw´

¯

“

ˆ

e´iξTper 0
0 eiξTper

˙

.

Therefore,

MDpξq “

ˆ

e´iξTper 0
0 eiξTper

˙

`O2ˆ2p|ξ|
´1q,

whose eigenvalues, e˘iµpξq P S1, can be computed and expressed as: e˘iµpξq ” e¯iξTper ` ν˘pξq,
where |ν˘pξq| ď C|ξ|´1, with a constant C which depends on bounds on ApT q and A1pT q.5 The
mapping ξ ÞÑ eiµpξq covers S1. Indeed, for η0 ą 0 there exists N0 large such that the image of the
closed interval r´η0, 2π` η0s` 2πN0{Tper under eiµpξq is dense in S1. Furthermore, by continuity,
the image of this interval is closed and hence equal to S1. It follows that

S1 “ Y|ξ|ěξ0specpMDirpξqq Ď specpMDirq Ď S1 .

Hence specpMDirq “ S1. This completes the justification of (3.16) in Remark 3.6.

A The Spectral Theorem for Unitary Operators

We review here in short the basic elements and formulations of the spectral theory of unitary
operators on Hilbert spaces, see details in e.g., [32, 61].

Definition A.1 (projection-valued measure). Let H be a Hilbert space, let X be a set, and Σ a
σ-algebra in X. A map Π : Σ Ñ BpHq, the Banach space of bounded linear operators on H, is
called a projection-valued measure if the following properties hold:

1. ΠpIq is an orthogonal projection for every I P Σ.

2. ΠpHq “ 0 and ΠpXq “ Id.

3. If tIjujě1 Ă Σ are disjoint then

Π

˜

ď

jě1

Ij

¸

v “
ÿ

jě1

ΠpIjqv , v P H .

4. ΠpI1 X I2q “ ΠpI1qΠpI2q for all I1, I2 P Σ.

Theorem A.2. Let U be a unitary operator on H. There exists a unique projection-valued measure
Π “ Πp¨;Uq on the Borel σ-algebra of S1 such that

ż

S1

z dΠpzq “ U .
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