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Controllability Issues of Linear Ensemble Systems
over Multi-dimensional Parameterization Spaces

Xudong Chen*

Abstract

We address an open problem in ensemble control: Whether there exist controllable
linear ensemble systems over multi-dimensional parameterization spaces? We provide
a negative result: Any real-analytic linear ensemble system is not LP-controllable, for
2 < p < oo, if its parameterization space contains an open set in R? for d > 2.

1 Introduction and Main Result

Ensemble control originated from quantum spin systems [IH3] and has found many applica-
tions across various disciplines in science and engineering, ranging from neuroscience [4H6],
to emergent behaviors [7], and to multi-agent control [8HI0]. Driven by these emerging
applications, there has been an active development in mathematical control theory for an-
alyzing basic properties of infinite ensemble systems, among which controllability has been
a major focus. Although significant progress has been made over the last score, a complete
understanding of controllability is still lacking. This is true even for ensembles of linear
control systems. In the paper, we consider ensembles of linear time-invariant systems whose
(A, B) pairs are continuous, matrix-valued functions defined on compact subsets of multi-
dimensional Euclidean spaces. We call these subsets parameterization spaces. We address
controllability issues of those linear ensemble systems.

1.1 Swuccesses in one dimension

When parameterization spaces are one-dimensional, it is known that there exist uniformly
controllable linear ensemble systems. We take below a simple but illustrative example:
Consider a scalar linear ensemble system over the closed unit interval [0, 1]:

&(t, o) := %x(t, o) =ox(t,o) +u(t), foralloe[0,1], (1)
where z(t,0) € R is the current state of an individual system indexed by o, and u(t) € R
is the control input common to all individual systems. For a fixed time ¢, the collective of
z(t, o), for o € [0,1], is called a profile, which we denote by x(t). The profile x(¢) can be
viewed as a function x(¢) : ¥ — R, sending o to x(t,c). For this example, we assume that
profiles are continuous functions. Then, uniform controllability of system () is, roughly
speaking, the capability of using the scalar control input u(t) to steer from an arbitrary
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initial profile x(0) to reach a profile which is L*°-close to a given, but arbitrary, target
profile x.

In this setup, the controllable subspace associated with system (IJ) is the uniform closure
of the vector space (over R) spanned by a*b, for k > 0, where the associated (a,b) pair is
given by a(o) := o and b(o) := 1 for all o € [0,1]. System () is uniformly controllable
if and only if the controllable subspace comprises continuous functions from [0,1] to R
(see Lemma [ below). Here, a*b are simply the monomials ¢*. By Stone-Weierstrass
theorem [I1 Ch. 7], any continuous function on [0, 1] can be approximated uniformly and
arbitrarily well by polynomials. Thus, system () is uniformly controllable.

Significant extensions of the above controllability result have been made over the last
decade. Necessary and/or sufficient conditions have been established for controllability of
general linear ensemble systems over single closed intervals [I12H16], finite unions of closed
intervals [I7l[18], and curves in the complex plane [19]. Although the analysis for a general
case is much more involved, Stone-Weierstrass theorem (or Mergelyan’s theorem [20, Ch. 20]
for dealing with complez linear ensemble systems) is the core as was illustrated above. We
also refer the reader to [I2,[21H23] for ensembles of linear time-variant systems and, further,
to a book chapter [24] Ch. 12] for more relevant works.

Note that any compact, connected, one-dimensional manifold is homeomorphic to either
a closed interval or a circle [25] Ch. 2]. The literature is relatively sparse for linear ensemble
systems over circles: It is known [I9, Remark 9-(d)] that there exist scalar, complex linear
ensemble systems with single control inputs that are L2-controllable (see Definition I below);
the conditions about cyclic operators and cyclic vectors described in [26] can be used to
establish the fact. A negative result about uniform controllability for those linear ensemble
systems has been established in [19, Lemma 5].

1.2 Problem for multi-dimensions

Those existing results make us wonder whether the successes can be repeated if the dimen-
sions of the parameterization spaces are increased? This is in fact an open problem.

Before we provide a solution to the problem, perhaps it is helpful to gain some insights
by looking into a complex version of system ([l). Consider a linear ensemble system with
the same dynamics as (Il), but with o being a complex variable that belongs to the closed
unit disk centered at the origin of the complex plane:

&(t,0) = ox(t,o) +u(t), forallc € Cand |o] < 1. (2)

The state x(t,o) is now complex-valued. We allow the scalar control input u(t) to take
complex value as well. Note that we choose to work with complex systems is for ease
of presentation: One can obtain a corresponding real ensemble system by realification.
The state space of each individual system after realification will be two-dimensional. We
elaborate on the correspondence later in Lemma 2] Section §21

The controllable subspace associated with (2]) is, similarly, given by the uniform closure
of the space (but now, over C) spanned by all the monomials ¢* for & > 0. However, unlike
the previous case, what we obtain after taking the closure is not the space of continuous
functions anymore. It follows from Mergelyan’s theorem that the controllable subspace
comprises functions that are holomorphic in the interior of the closed disk and continuous
on the boundary. As a consequence, we lose uniform controllability of system (2). One
may wonder at the point whether we could fix the controllability issue by increasing the
dimension of state space and/or by adding more control inputs? The answer is no; in this



paper, we show that if the parameterization space ¥ contains an open set U in R? for d > 2,
and if A and B are real-analytic at a certain point in U, then the linear ensemble system
described by the (A, B) pair cannot be uniformly or LP controllable, for p > 2.

To the best of the author’s knowledge, the negative result is original. Previous works
on the problem have mainly focussed on obtaining necessary conditions for controllability.
For example, Helmke and Schonlein have provided in [14] conditions about disjointness of
the spectrums of the A-matrix. Later in [I7], the authors have also shown that if uniform
controllability is concerned, then under some other mild assumptions, the parameterization
space is at most two-dimensional and, moreover, the A-matrix cannot have a branch of real
eigenvalues. In a more recent work [I9], Dirr and Schonlein have shown that if there is only
one single control input, then a linear ensemble system cannot be uniformly controllable if
the dimension of the parameterization space is greater than one. Example and simulation
studies for linear ensemble systems over two-dimensional parameterization spaces are also
carried out by Zhang and Li in [23].

1.3 Main results

Let X be a compact subset of R?. Let F be the field of either real or complex numbers. We
consider a continuum ensemble of linear time-invariant control systems over 3:

z(t,0) = A(o)x(t, o) + B(o)u(t), forallc e, (3)

where z(t,0) € F", u(t) € F™, and A : ¥ — F*"*™ and B : ¥ — F"*™ are continuous
matrix-valued functions. The control input u(t) is said to be admissible if for any T > 0,
w: [0,T] — F™ is integrable.

Let x(t) : ¥ — F" be the profile at time ¢, defined as the function sending o to (¢, o). In
this paper, the profiles x(t) are either continuous or LP-functions, for 1 < p < co. Denote by
CO(%,F") the space of continuous functions f : ¥ — F", and by L?(X,F"), for 1 < p < oo,
the Banach space of all functions f : ¥ — F” whose L”-norm is finite. The profile space of
system (3], denoted by XF, is given by

XP LP(E,F") if 1 <p < oo,
F7 €O, F)  if p = oo

We now have the following definition:

Definition 1. System @), or simply the pair (A, B), is Lp-controllabl, for 1< p< oo,
if for any initial profile x(0) € XL, any target profile X € XL, and any error tolerance € > 0,
there is a time T > 0 and an admissible control input u : [0,T] — F™ such that the solution
x(t) generated by @) satisfies ||x(T) — R|lLe < €.

Let o9 be a point of ¥. A function f : ¥ — R is said to be real-analytic at o¢ if there
exists an open neighborhood U of o in R? such that f|i can be represented by a convergent
power series in the entries of (o — 0¢). Note that if oy belongs to the boundary of ¥, then
real-analyticity of f at op means that f can be extended to an open neighborhood U of o
and the extended function is real-analytic at oy. A complex-valued function f : ¥ — C is
said to be real-analytic at oq if both real and imaginary parts of f are real-analytic at og.
A matrix-valued function is real-analytic at o if all of its entries are real-analytic at oy.

We now state the main result of the paper:

IFor p = oo, L>®-controllability is also known as uniform controllability [24].



Theorem 1.1. If ¥ contains an open set U in RY, with d > 2, and if continuous matriz-
valued functions A : 3 — F"*" and B : ¥ — F"*™  with F =R or F = C, are real-analytic
at a certain point in U, then the linear ensemble system (A, B) cannot be LP-controllable,
for 2 < p < oo.

Theorem [I.1] can be formulated as a negative result in approximation theory. For that,
we first have the following definition:

Definition 2. Let A : ¥ — F™*" and B : ¥ — F™*™ be continuous matriz-valued functions.
The LP-controllable subspace of system [B), denoted by Li(A, B), is the LP-closure of
the subspace, over F, spanned by the columns of A¥B, for all k > 0.

The above definition is a straightforward generalization of the controllable subspace
associated with a finite dimensional linear system. By the Kalman rank condition, a finite-
dimensional linear system is controllable if and only if the controllable subspace is the
entire state space. This is, in fact, true for linear ensemble systems. We introduce below a
necessary and sufficient condition for LP-controllability adapted from [27]:

Lemma 1. System (B)) is LP-controllable if and only if LE(A, B) = XE.
With Lemma [I] the following result is then equivalent to Theorem [T}

Theorem 1.2. If ¥ contains an open set U in RY, with d > 2, and if continuous matriz-
valued functions A : ¥ — F"*" and B : ¥ — F"*™ are real-analytic at a certain point in U,
then L3(A, B) is a proper subspace of X5, for 2 <p < cc.

Now, let ¥ be a compact subset of C. Given a bounded function a : ¥ — C, let
M, : LP(X,C) — LP(X,C), for 1 < p < o0, be the multiplication operator, defined as
Mg (b) := ab. The operator M, is said to be cyclic [28] if there exists an LP-function b such
that £2(a,b) = LP(X,C), and any such b is called a cyclic function with respect to M,.
Denote by w : ¥ — C the identity function, i.e., w(c) = o for all o € 3. It is known [28/[29]
that M, is a cyclic operator and, moreover, it is a canonical one in a sense that if M, is
another cyclic operator, then there exists a surjective isometry J : L?(X,C) — LP(X,C)
such that M, = J~'M,J. While cyclic operators have been characterized and understood
to a certain extent, it still remains open what type of elements b € LP(X, C) can be cyclic
functions. A necessary and sufficient condition has recently been obtained in [19], Proposition
7], yet there is still lack of an explicit and complete characterization. Our contribution to this
area is formulated in the following result, which is an immediate consequence of Theorem [T.2}

Corollary 1.3. Let ¥ be a compact subset of C and w : ¥ — C be the identity function.
Suppose that b € LP(X,C), for 2 < p < oo, is a cyclic function with respect to My,; then, b
is nowhere real-analytic over the interior of .

1.4 Organization of the paper

The remainder of the paper is devoted to the proof of Theorem [[.J] The proof is divided
into three parts:

In Section §2] we present preliminary results that can reduce moderately the complexity
of controllability analysis for system (B]). By the end of Section §2 we will be able to focus
only on L2-controllability of complex linear ensemble systems over closed, d-dimensional
balls.



In Section §3] we introduce a special class of (complex) linear ensemble systems, termed
normal forms. Each normal form is a scalar complex linear ensemble system whose param-
eterization space is a closed two-dimensional disk. Moreover, the A-matrix, now being a
scalar, is the identity function and the B-matrix, now being a row vector, is real-analytic.
We show that every normal form is not L2-controllable.

In Section §4 we bridge the gap between L2-controllability of normal forms and L2-
controllability of general linear ensemble systems (B]). The analysis will be carried out by
a sequence of reductions on both state spaces of individual systems and parameterization
spaces. After these reductions, we will be able to focus only on scalar complex linear
ensemble systems over two-dimensional disks. These systems will be further translated into
the normal forms with controllability preserved. All the arguments then form a complete
proof of Theorem [T

1.5 Notations

For a complex number z = x + iy, let z = z — iy be the complex conjugate of z. The polar
representation of z is given by z = rel’ where r > 0 and 6 € [—7, 7). If Z is a complex
matrix, then Z is entry-wise, and we let ZT := Z".

Let S be a subset of C*. A function f : S — C" is said to be C¥, for k > 0, real-analytic,
or holomorphic if it can be extended to a C¥, real-analytic, or holomorphic function on an
open set S’ that contains S (if S is open, then S’ can simply be 5).

Throughout the paper, we use wg : S — S to denote the identity function, i.e., wg(z) = x
for all x € S. We let 15 : S — R be the constant function that takes value one everywhere,
ie, 1g(z) =1 for all z € S. For ease of notation, we will omit sometimes the subindex S
and simply write w and 1.

Let S be a Lebesgue measurable subset of R™. Let f; and fs be two complex, vector-
valued, square-integrable functions defined on S. We define the inner-product of f; with f
as (f1, f2)s == [g f1(0) f2(0)do. Note that (f1, f2)s = (f2, f1)g. We will omit the subindex
S if it does not cause any confusion.

2 Preliminary Results

In this section, we will (1) establish equivalence of controllability for real and complex linear
ensemble systems; (2) compare LP-controllability for different values of p; and (8) introduce
ensemble systems obtained by pullbacks and relate controllability properties of these systems
to those of the original ones [B]). The results are formulated as Lemmas 2H4l and presented
in the subsequent subsections.

2.1 Controllability of real and complex ensembles

As indicated at the beginning of Subsection §I.3] the field F can be either R or C. When
F = C (resp. F = R), we call system (@) a complex (resp. real) linear ensemble system.
Since R C C, the pair (A, B) associated with a complex linear ensemble system can be real,
matrix-valued functions (but the control input u(¢) can be valued in C™).

We have the following result:

Lemma 2. There is a complex LP-controllable linear ensemble system if and only if there
is a real LP-controllable one.



Proof. If system (@) is real and LP-controllable, then it is known (see, e.g., [I9, Lemma 1]
and [30]) that the same pair (A4, B) yields a complex, L?-controllable linear ensemble system.
We now assume that system (3)) is complex and LP-controllable. We show below that its
realification is LP-controllable. First, decompose A = A; + iAs and B = B; + 1By into real
and imaginary parts. The realification of (@) is then a 2n-dimensional real linear ensemble
system given as follows:

et R | o i | o R

The correspondence between (B) and (@) is straightforward: The two n-dimensional substates
21(t,0) and x5 (t, o) in [{@) correspond to the real and imaginary parts, respectively, of x(¢, o)
in @). The same holds for u;(t) and us(t), i.e., they are real- and imaginary-parts of ()
in [B). We conclude from Definition [ that if the linear complex ensemble system (@) is
LP-controllable, then so is its realification (). [

In the sequel, we will let ' = C, i.e., we will consider complex linear ensemble systems.
The choice is made for ease of analysis. For ease of notation, we will simply write £?(A, B)
by omitting its subindex C.

2.2 Comparison between different notions of controllability

We have the following result that compares LP-controllability for different values of p:

Lemma 3. If system (B) is LP-controllable and if 1 < g < p < 0o, then the system is also
La-controllable.

Proof. First, note that LP (X, C") is a subset of L4(X, C"); indeed, by the Holder’s inequality,
we have that || f|lLe < ||fllLe vol(£)3 ™% for any f € LP(S,C"), where vol(S) is the volume
of ¥. It follows that ||f||r« is finite and, hence, f € L%(X,C"). By the same argument, we
know that £L9(A, B) contains LP(A, B) as a subset. Because system (8] is L”-controllable,
by Lemma [I, £P(A, B) (and, hence, £9(A, B)) contains C°(X,C") as a subset. Since ¥ is
compact, C°(X,C") is dense in L4(%,C") with respect to the L4-norm. Finally, note that
LI(A, B) is closed, so L1(A, B) = L4(X,C"). By Lemmalll system (@) is L?-controllable. H

By Lemma [ if system (3] is not L2-controllable, then it cannot be LP-controllable for
all p > 2. Thus, to prove Theorem [T}, it suffices to prove for the case where p = 2.
Because of this, we assume, in the sequel, that p = 2. For ease of notation, we will write
L(A, B) := L*(A, B) by omitting the sup-index. We will also omit, on occasions, the prefix
“L2-” for controllability. For example, we will write controllable subspace instead of L2-
controllable subspace.

2.3 Pullbacks by embeddings and subensembles

In this subsection, we assume that ¥ contains an open set U in R%. Let ¥’ be a closed,
d-dimensional ball (or a rectangle) in R?, and ¢ : ¥’ — U be a Cl-embedding. Let A’ :
¥ — C""™ and B : ¥ — C™*™ be defined as A’ := A- ¢ and B’ := B - p. We consider
the following ensemble system:

i'(t,0') = A'(o")a' (t,0") + B'(o')u'(t), for all o' € ¥, (5)

and have the following definition:



Definition 3. System (Hl) is the pullback of system @) by ¢. In the case ¢ : ¥ — U is
an inclusion map we call system (B) o subensemble or, more explicitly, subensemble-3’

of system (3.

The following result relates controllability of system (B) to controllability of its pull-
back ([B) (a similar result is obtained in [I19, Lemma 1] for ¢ an inclusion map):

Lemma 4. If system (B) is not controllable, then neither is system (3.

Proof. Assuming that system (&) is not controllable, we will show that there exist a function
f € L%(Z,C") and an € > 0 such that f is at least e-away from £(A, B).

For any given o’ € ¥/, we let dp,s : R — R? be the derivative of ¢ at o’. Because ¢ is
an embedding, dy,- is a linear isomorphism. Thus, det(dy,-) is nonzero. Since ¢ is C! and
since ¥/ is compact, there exist positive numbers k¢ and %1 such that ko < |det(dy,/)| < K1,
for all o/ € ¥/,

Since system (B]) is not controllable, by Lemma [I £(A’, B’) is a proper subspace of
L2(X,C"). Thus, there exist a function f’ € L%(¥/,C") and an ¢ > 0 such that f’ is at
least €-away from L(A’, B"). Now, let f : ¥ — C" be defined as follows:

fo) = f'(d’) if o = p(o’) for some o’ € 3,
77700 otherwise.

It follows from computation that ||f||2 < k1]|f'||Lz, so f € L2(Z,C").
Given an arbitrary g in £(A, B), let ¢’ : ¥’ — C™ be defined as ¢'(¢’) := g(¢(c”)). Tt
should be clear that ¢’ € L(A’, B"). Moreover, we have that

2
lg = £IE2 = (g = PloenlIE> = rollg’ = £IE2 > roe”™.

Thus, f is at least \/ko€e’-away from L(A, B), which implies that £(A, B) is a proper subspace
of L%(3,C"). Thus, by Lemma[I] (A4, B) is not controllable. [ |

If A and B are real-analytic at a certain point o¢ € U, then they are real-analytic over an
open neighborhood of gy, and any such open neighborhood contains a closed d-dimensional
ball.

Thanks to Lemmad] we can now focus on the case where X is itself a closed d-dimensional
ball and, moreover, A : ¥ — C™"*"™ and B : ¥ — C"™*"™ are real-analytic functions. However,
even for such simplified case, the proof of Theorem [[T]is nontrivial at all.

3 Normal Forms

In this section, we focus on a special class of complex linear ensemble systems, which we
term normal forms. Each normal form is a scalar ensemble system, and its parameterization
space is a closed, two dimensional disk in R?. In the sequel, we identify R? with the complex
plane C, so a point ¢ = (01, 02) € R? corresponds to a complex number o = o1 +io. Define
a disk of radius R as follows:

Dy[R] :={oc€C||o] < R}.

The square bracket in Dg[R] indicates that it is a closed disk and the subindex 0 indicates
that the disk is centered at 0. We now have the following definition:



Definition 4. A normal form is a scalar, complex linear ensemble system:
z(t,0) = ox(t,o) + b(o)u(t), for all o € Dy|R], (6)
where b : ¥ — C1*™ is an arbitrary real-analytic, vector-valued function.
The goal of the section is to establish the following result:
Theorem 3.1. Every normal form () is not L?-controllable.

Outline of proof: By Lemma [II Theorem B.] will be established if we can show that
L(w,b) is a proper subspace of L?(Dg[R],C), where w denotes the identity function on
Do[R]. In particular, if there exists a nonzero fy € L?(Dy[R],C) perpendicular to every
subspace L(w,b;), for i = 1,...,m, then fy is perpendicular to £(w,b), which implies that
L(w,b) € L%(Dy[R],C).

The above arguments indicate that one can translate the L2-controllability problem for
normal forms into the following intersection problem: Given finitely, but arbitrarily, many
real-analytic functions b; : Dg[R] — C, for i = 1,...,m, is the intersection N7, L+ (w,b;)
always nontrivial, where £+ (w, b;) is the subspace of L2(Dy[R], C) perpendicular to £(w, b;)?
We show that the answer is affirmative; we borrow a terminology from topology and call such
a property the finite intersection property. This property will be formulated as a theorem,
Theorem [B6] in Subsection §3.3

The proof of existence of a desired fy is constructive, and it will take several steps.
First, we use polar coordinates (i.e., ¢ = re'?) to express each b; as a doubly infinite series
bi(r,0) = S 02 pik(r)er?. Similarly, we write fo(r,0) = Yoo pox(r)e*?. We call
po.i the radius components of fo and require that they satisfy certain conditions introduced
in Definition [6] so that the series fy is uniformly and exponentially convergent. Since fy is
uniquely determined by its radius components (and vice versa), to construct fo, it suffices
to construct pg . We do so by first establishing a necessary and sufficient condition on pg x,
termed the null condition, for the resulting series fo to be perpendicular to every L(w,b;)
for ¢ = 1,...,m. This is done in Subsection §34 Then, in Subsection [3.6] we exhibit
appropriate pg i, they satisfy the null condition and render fo(r,0) = Y32 pox(r)e*® a
desired convergent series.

It is worth pointing out that the analysis outlined above will be carried out on a closed
annulus A; inside Dy[R], rather than the disk Dg[R] itself. Specifically, we restrict each
b; to A;, and construct a nonzero fy on A; perpendicular to every subspace L£(wa,,bi|a,)-
One then extends fy to a nonzero function fu € L2(Dy[R],C) simply by letting fo be
identically 0 on Dg[R]\A;; it should be clear that fy is perpendicular to the subspaces
L(w,b;). The reason of performing the above-mentioned restriction on the domain (from
D[R] to Ay) is that by our construction, the radius components pg  of fo will take the
form po (1) = qr (r)r~—*, where g, are polynomials with degrees less than or equal to m (the
construction will be given in PropositionB.I0). Thus, the functions pg x(r), for k > m, may
diverge as r approaches 0 and, hence, the series fo(r,0) = > 7o pox(r)e* may not be
convergent for r sufficiently small.

3.1 Regularization condition

In this subsection, we introduce a condition that regularizes the b-vector in the normal
form (B). We show that this condition can be assumed for free when proving Theorem [B]



and will be of great use in the analysis. To state the condition, we first recall that a real-
analytic function f : D[R] — C can be locally represented by a convergent power series
(Maclaurin series) in o and o

Flo) =" ek, )o*5", for all o such that |o| <4, (7)
k=0 £=0

where the coefficients ¢(k,£) are complex numbers with k& and ¢ indicating the powers of
o and o, respectively. The radius of convergence is defined to be the supremum of § such
that (@) holds. We now introduce the regularization condition:

Definition 5. A real-analytic function f : Do[R] — C is regularized if f is nonzero
everywhere over Do[R], and the Maclaurin series of f and of f~1 have radii of convergence
greater than R.

With the definition above, we establish the following result:

Proposition 3.2. When proving Theorem[31, one can assume for free that every entry b;
of the b-vector in system (@) is regqularized.

Proof. We first show that the following condition can be assumed for free: every entry b;
satisfies b;(0) # 0. We do so by establishing the fact that one can always construct another
normal form (w,b), with b;(0) # 0 for all i, such that uncontrollability of (w,b) implies
uncontrollability of (w, b).

To this end, we choose an arbitrary real-analytic function by : Do[R] — C with by(0) #
0. By concatenating by with the row vector b, we obtain an augmented row vector b=
[bo, b1, - ,bm]. It should be clear that L£(w,b) C L(w,l;). Next, for each i = 1,...,m, let
b; : Dy[R] — C be defined such that b; := b; + bo if b;(0) = 0 and b; := b; otherwise. By
construction, 131(0) £ 0 forall i = 0,...,m. Now, let b := [130, . ,Bm]. Since each b; is a
linear combination of the b; and vice versa, we have that £(w,b) = £(w,b). It then follows
that £(w,b) C L£(w,b). Thus, if (w,d) is not controllable, then neither is (w, b).

By the above arguments, we can now assume that b;(0) # 0 for all i. Because b is
continuous and because each b;(0) is nonzero, there is a radius R/, with 0 < R’ < R, such
that b;(0) # 0 for all ¢ € Dg[R'] and for all i = 1,...,m. Thus, b; and b; ' are well
defined on Dy[R'] and are locally represented by the corresponding Maclaurin series. By
shrinking R/, if necessary, we can assume that R’ is smaller than the radii of convergence of
those series. It follows that the condition given in the statement of the proposition will be
satisfied if R is replaced with R’. By Lemma ] to show that system (@] is not controllable,
it suffices to show that the subensemble-Dg[R’] is not controllable. We can thus assume
that the regularization condition is satisfied without passing (6] to any of its subensembles.
This completes the proof. |

3.2 Convergent series on annulus

In this subsection, we introduce the closed annulus A; as indicated earlier in the outline of
proof, and a special class of continuous functions on A;, each of which can be represented
by a certain convergent series. To this end, let R; and Ry be positive real numbers such
that 0 < R; < R2 < R. Let A[R;, Rg] be a closed annulus inside Dg[R]:

A[Rl,RQ] = {O' ecC | R < |0’| < RQ} (8)



For convenience, we use A; := A[Ry, Ro| as a short notation. To introduce the above-
mentioned continuous functions on A4;, we use polar coordinates (i.e., o = re“g)

Definition 6. Let pi : [R1, Re] — C, for k € Z, be continuous functions. The following
doubly infinite series f : Ay — C:

oo

Fr,0):= > pi(r)e*? 9)

k=—o0

is uniformly and exponentially convergent (uec) if there exists a real number ¢ > 1
such that

oo

3 llowlle g™ < oo,

k=—o0

We call py, the radius components of f.

Note that by the uniform limit theorem, each uec series is a continuous function. Denote
by X the set of all uec series:

X :={f € C%A;,C) | f is represented by a uec series} .

Next, we define a set of functions 7y, : X — C°([Ry, Ry], C), for k € Z, by sending an uec
series f to its radius components pi. The maps 1 are explicitly given by:

1

21 J_

ne(f)(r) := f( 0)e"*9dp, for r € [Ry, Ra). (10)

The set C°(A;,C) is an algebra (over C) with identity: Addition and multiplication are
pointwise, and the identity element is simply 14,. We have the following result:

Proposition 3.3. The set X is a subalgebra of C°(A1, C) with identity.

Proof. Tt should be clear that 14, belongs to X and that X is a subspace of C°(A;,C)
from Definition [Bl We show below that X is closed under multiplication. i.e., for any two
f1, fo € K, f1f2 € K. To proceed, we first express fi fo using the following formal series:

(fif2)(r,0) = ( > m(fl)e“fe) ( > ne(fg)ei“>

k=—o00 l=—0c0

= Z [Z (nk—f(fl)nf(fﬂ)(?‘)] ekl

k=—o0 l=—00

We show below that for each k € Z, the series py := Z;’;_Oo Nk—e(f1)ne(f2) is uniformly
and absolutely convergent on [Ry, Rs]. Since f1, fo € K, by Definition [B] there exist a p > 1
and an M > 0 such that ||nx(f;)||lL~p*! < M for all k € Z and for all i = 1,2. Then, for
any r € [Rq, Rs),

Z | (e (f1)me(f2)) Z Ik~ (1) lloe 17 (f2) lloe
l=—0o0 l=—00
> p2+1 M2
< Z p|k e|+\fz\ ( p2—1) SER (11)

10



It now remains to show that there exists a ¢ > 1 such that > o0 [[pkllL=g*l < oc.
By (IIJ), we have that for any ¢ € (1,p),

& L e p2_|_1 q K|
X I < 3 0 (w4 BE) (5) <o
k=—oc0 k=—oc0 p -1 p
This completes the proof. |

We next introduce a set P, obtained by restricting regularized, real-analytic functions to
the annulus A;. Specifically, let

P:={fla, | f: Do[R] — C is real-analytic and regularized} . (12)

The elements of P will be used in the next subsection to index a special class of subspaces
of L2(A;1,C), termed featured spaces. We have the following result:

Proposition 3.4. The set P defined in (I2) is a subset of K.

Proof. Let f : Do|R] — C be a regularized, real-analytic function. Using the polar co-
ordinates, we re-write the Maclaurin series (7)) of f as f(r,0) = > 7o __ pr(r)ei*®, where
pk : |0, R] — C are given by the uniformly and absolutely convergence series:

o0

) =3 e (e+ SR+ R), £+ (1K~ k)) p2t+Ik] (13)
£=0

Next, let pj, := pi|[r,,r.] and q := B/r, > 1. Then, using (I3)) and the fact that 7 < Rs, we
have that

S lohle=d™ < ST ST e (04 URR)/2, €4 (k-k)2)| RYTH (R/Ry )M

k=—o0 k=—o00 £=0

D7 N e (At Qk+R/2, £ 4 (k=) /2)| R2HH

k=—o00 =0

= |e(k, )| R (14)
k=0 ¢=0

IN

Since f is regularized, the radius of convergence of its Maclaurin series is greater than R
and, hence, the last expression (4] is bounded above. |

3.3 Finite intersection property

In this subsection, we first introduce and characterize a special class of Hilbert subspaces
of L2(A;,C), indexed by elements in P. We next formulate a theorem, Theorem [3.6, which
states that intersections of finitely, but arbitrarily, many these subspaces are always non-
trivial. Theorem B.1] will then follow as an immediate consequence of Theorem

Recall that wy, is the identity function on A;. For ease of notation, we will omit its
subindex in the sequel. Let P be given as in [I2)). For any g € P, let

Ky :=KNLH(w,g) ={f €K |(f,wFg)a, =0, forall k >0}, (15)
Note that the constant function 1 belongs to P (its subindex A; has been omitted). We

characterize below the subspaces Xg:

11



Proposition 3.5. The following two items hold:
1. Let ny, be defined as in (I0). The set K1 comprises all f € X such that

R
/ ne(f)(r)rFtdr =0, for all k > 0. (16)
Ry

2. Let g be an arbitrary element in P. Then, an f € K belongs to X, if and only if there
exists an f' € Ky such that f = f'g~L.

Proof. We first establish item 1. Using polar coordinates, we have that

T Ry, ©©
W*, fya = / S () () RPardp, (17)

Ry (=

— 00

Since f € X, there exists an M > 0 such that >,° _ [[7:(f)||L= < M and, hence,

Z [ne(f)(r)r*ttel=R0) < REFIAL - for all » € [Ry, Ry).

f=—o0

By dominated convergence theorem, we can switch the order of integrals and sum in (I7)
and obtain that

R2

(W, f)a, = Zio / R [ o =2 [ oo

R,

Thus, (w*, f)a, = 0 if and only if (I6) holds. This establishes item 1.

We next establish item 2. First, for any f € K,, we let f' := fg and show that f’ € K.
Since g € P, its complex conjugation g also belongs to P and, hence, to X by Proposition 3.4l
By Proposition 3.3}, X is closed under multiplication, so f’ € K. Moreover,

<flvwk>A1 = <f§uwk>A1 = <f7wkg>A1 =0, (18)

which implies that f’ € K;. Conversely, for any f’ € Ky, let f := f’g~!. Since g € P, g is
regularized and, hence, g~! belongs to P. By the same arguments, f € K. Using again (IJ)),
we conclude that f € X,. This establishes item 2. |

It should be clear that for any g € P, X, is nontrivial, i.e., it contains nonzero elements.
Indeed, for the special case g = 1, the functions @*, for k > 1, belong to Ky. Then, by
item 2 of Proposition B35}, K, is nontrivial for all g € P. The following result shows that the
intersection of finitely, but arbitrarily many, X, is also nontrivial:

Theorem 3.6. Let A; = A[Ry, Ra] be the closed annulus in Do[R) defined in [8) and P be
defined in ([I2)). For each g € P, let K, be defined in (AB). Suppose that R R > R3; then,
for any finite set {g1,...,gm} out of P, N2, K, is nontrivial.

We call the property described in the above theorem the finite intersection property.
Theorem B1] then follows as an immediate consequence of Theorem

Proof of Theorem [31l. Let by,...,b, be the m entries of the b-vector of system (6.
By Proposition B2, we can assume for free that each b; is regularized. Let g¢; := b;|a,
for all ¢ = 1,...,m; then, g; € P. By Theorem B.6, there is a nonzero fy € N%,;XK,,.

12



By definition (I3)) of Xy, , fo is perpendicular to £(w, g), where g := [g1,. .., 9gm]. We then
extend fo to a nonzero function fo € L?(Do[R], C) by setting f (o) := 0 for all ¢ € Do[R]\A;.
By construction, fq is perpendicular to £(w,b). We then conclude from Lemma [I that the

pair (w,b) is not L2-controllable. [ |
The remainder of the section is devoted to the proof of Theorem .61 We will show that

there exist a nonzero fy € X and m functions fi,..., f, € K1 such that
fogi = fi, foralli=1,...,m. (19)

Note that if ([3) holds, then fo = fig; * for all i = 1,...,m. By Proposition B35, fo €
N2 XKy, , i-e., Theorem [B.0]is established.

3.4 Null condition

In this subsection, we establish a necessary and sufficient condition, termed null condition,
for two functions f,g € K to satisfy fg € Ky. Recall that Ry and Ry are the inner- and
outer-radii of the annulus A;. For convenience, let s; := R? and sp := R3. Using the
functions n, defined in (I0), we introduce another set of functions & : X — C%([s1, s2], C),
for k € Z. For any f € X, let & (f) : [s1, 2] — C be defined as follows:

&) =NVt = o= [ 75 0)e *anst. (20)

2 J_ .
To introduce the null condition, we first have the following result:
Proposition 3.7. Let & be defined as in 20). Then, for any f,g € X,

Ro %)
[ mlamrttiar =3 3 @), 6oile). foraitkez. (@)

Ry l=—00

Proof. First, note that n,(fg) = >_,2 . ne(f)nk—e(g); the series is uniformly and absolutely
convergent as shown in the proof of Proposition B3l It then follows that

Ro . N
/R ne(fg)(r)rFdr = i Z (ne(f)m—e(9)) (r)r*+tar
1 : ZZ_OO
oo Ro
:e:z—:oo /R (e )me—e(9) (r)r* b, (22)

where the last equality follows from the dominated convergence theorem. From (20), we
have that
ne(f)(r) = &(F))r~" and  me_e(g)(r) = &e—e(g)(r)r"".

2

Using the above two expressions and changing variable s := r*, we obtain that

Ry 1 S2
[ ehmer@) o)t = 5 [ (@nmilo) (91 (23)

Ry s1

By (22) and (23), we conclude that (2II) holds. ]
The next result is then an immediate consequence of Propositions and B

13



Corollary 3.8. Let f,g € X. Then, fg belongs to K1 if and only if

oo

> (&) &eelg)) =0, forall k> 0. (24)

l=—o00

We call 24)) the null condition.

Now, to establish Theorem[3.0] it suffices to show that given any finite subset {g1, ..., gm}
of P, there exists a nonzero fy € X such that ([24) is satisfied, with f replaced by fp and ¢
replaced by g;, for all i = 1,...,m. We address this existence problem by first introducing
a set of Laurent series induced by the g; (Subsection §3.5]) and, then, providing a nontrivial
solution (which will be used to construct fy) to a homogeneous linear equation over the ring
of these Laurent series (Subsection §3.6]).

3.5 Connections with Laurent series

Let Ay := A[R3/R, R] be a closed annulus in D[R], with inner- and outer-radii being R3/r
and R, respectively. Define

H :={h: Ay — C| h is holomorphic on Az} . (25)

Let P be defined as in ([I2). We construct below a set of functions ¢, : P — H for all
integers n > 0. To this end, let {p,}°°, be an orthonormal basis of L?([s1, s2],C). We
will assume that every p,, is a polynomial of degree n with real coeflicients. Such a basis
can be obtained, for example, from the monomials {s"},>¢ by applying the Gram-Schmidt
process. Now, for each n > 0 and for any given g € P, we define a Laurent series ¢, (g) as

follows: -

6a(@)2) = 3 Py Eil9))2, (26)

k=—o0

where functions &, are defined in (20). We now have the following fact:
Proposition 3.9. For any g € P and for any n > 0, ¢,(g) € H.

Proof. Since g € P, there is a regularized, real-analytic function ¢’ : Dg[R] — C such that
g =¢'|a,. We express ¢’ using its Maclaurin series as follows:

g(0)=>_> d(k 0)d*5", (27)
k=0 ¢=0

where ¢/(k,¢) € C. By Definition [l the radius of convergence of the above series is greater
than R. Thus, there exists an € > 0 such that

i i |/ (k, O)|(R + €)F ™ < . (28)
k=0 (=0

We show below that for the given €, the Laurent series ¢,(g), for any n > 0, converges
uniformly and absolutely on the closed annulus A) := A[R3/(R+e), R + €], which contains A,
as a proper subset.

14



First, note that for any z € A} and for any &k € Z,

R2k R+ ¢)l¥l
|z|k§max{(R+e)k, (R—ie)k} = (R:;_)k (29)
Also, note that
[(Pns E=k(9))| < (52 = s1)[IpnllLe €=k (g) L. (30)

Since p,, is a polynomial and £_j(g) is continuous (both are defined over [s1, $2]), we have
that ||pn||L~ and ||£—k(g)|lL~ are finite. Then, using 29) and B0), we obtain that for any
z € Al

oo

- o)k
S on k@l < (52— s)lpallie Y ||5k<g>||w“;|*;—|L. (31)
2

k=—o0 k=—o0

We now show that the infinite sum on the right hand side of (BI) is bounded. To proceed,
we first obtain an upper bound for ||€_r(g)||Le. From 20), we have that {_x(g)(s) =
n-k(g)(v/5)s~>. We can express 1_(g) using the coefficients ¢/(-,-) in the Maclaurin
series ([27) of ¢’ as follows:

37 (O (RI=R)f2, €+ (kI+k)f2) 24 M
£=0

n-k(g)(r)
It then follows that

Ek(g)(s) =Y & (C+ UK=R)/2, £+ (K+K)/2) st+5(KI=R),
=0

Because s € [R?, R3] and Ry < R, we obtain that

€k (g)llLoe < DI (€ + Uk=R)/2, €+ (K+R)/2)| (R + €)* RS, (32)
=0

With ([B2), we can now provide an upper bound for the infinite sum on the right hand
side of (31)):

oo oo

o0 o)k
> ||§k(g)||Loo%§ ST NI (U4 UR=R)fa, £+ (E+R)/2)| (R + )21
2

k=—0o0 k=—o00 =0

= Z Z |/ (k, O)|(R 4 €)F 1 < o0,
k=0 £=0

where the last inequality follows from (28). This completes the proof. |

3.6 Proof of Theorem

Let {g1,...,9m} be an arbitrary finite subset of P. We will first construct a nonzero element
fo € X and, then, show that fog; € K1 foralli =1,..., m. In the sequel, we will assume that
RR; > R3, which is the hypothesis of Theorem This hypothesis will be instrumental
in showing that the function fy constructed below belongs to X.
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3.6.1 Construction of fj

Let the sets P and H, and the maps ¢, : P — H, for n > 0, be defined as in ([I2)), (25,
and (26), respectively. We first have the following result:

Lemma 5. There exist i, ..., 0, € H, with at least one nonzero 1;, such that the following
holds:

Z On(Gi)Yn =0, foralli=1,...,m. (33)
n=0

Proof. The (m + 1) linear homogeneous equations in (33) form an underdetermined system,

with m unknowns v, ..., ¥,, over the ring H. Since H is an integral domain, such a system

has a nonzero solution. |
Let the Laurent expansions of ¢, for n =0,...,m, be given by

Un(2) = Y anpz®. (34)
k=—o0

Using the coefficients a,,  in ([B4)), we define functions po : [R1, R2] — C, for k € Z, as
follows:

pok(r) = Zanﬁ,kpn(TQ)rfk, (35)
n=0

where we recall that each p, is a polynomial of degree n with real coefficient, and that
{Pn}n>0 is an orthonormal basis of L?([s1, s2], C). With pg  defined in (BH), we set

fo(r,0) := Z po.k(r)er?. (36)

k=—o0
We now establish the following result:

Proposition 3.10. The function fo defined by B4), B5l), and BL) is a nonzero element
in XK.

Proof. We first show that fy € X and, then, show that fj is nonzero. Since r € [Ry, Ra],
we obtain from (35) that

m
2 _
lpolle < (gl{gégnpnnw) (rznjfcRi ’f) 3 Jan k], forall k € Z.
n=0

It follows that for any ¢ > 1,

> leonlied® < (wlixlpallie) 307 (lansl(@R2) + lan, -l (/m)*) . (37)
k=—oc n=0 k=0
We exhibit below a ¢ > 1 such that the right hand side of (37) is bounded.
Since each ¢, (2) = > pe 2", forn = 0,...,m, is holomorphic on Ay = A[R3/R, R],

it is absolutely convergent on the inner- and outer-circles of the annulus. It follows that for
alln=0,...,m and for all k£ > 0,

> lams| (/r3)* <00 and Yo, k| RF < oo (38)
k=0 k=0
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Now, set q := ERi/r2. By the hypothesis, RR; > R3, so ¢ > 1. It follows that

oo

(I l(gB2) + letn, -] (3/7)*) = D (lewm el (A/ )" + e, o] (#/52)")

0 k=0

o0
<37 (ol B + Jan el (#/m2)") < o0,
k=0

[M]8

b
Il

where the first inequality follows from the fact that Ry < Ry (and, hence, RRi/R, < R) and
the last inequality follows from (38]). Because the above holds for all n = 0,. .., m, the right
hand side of (1) is bounded above.

It now remains to show that fy is nonzero. Note that

0o R,
1fol2: =20 S /R |po.s () Prdr.
1

k=—o0

Thus, it suffices to show that there exists at least one nonzero pg  for some k € Z. By
Lemma [l there exists an ,,, for some n’ € {0, ..., m}, such that ¢, # 0. It follows from
the Laurent expansion (34]) that there exists an au, i, for some k' € Z, such that oy, # 0.
We claim that pg _i # 0. To see this, note that

Rz m
/ po,—k (r)par (r2)r! = dr = Z O/ (s Prr) = Qi # 0.
1! n=0

This completes the proof. |

3.6.2 Proof that fyg; € K1
By Corollary B8] to show that fog; € K1, it suffices to establish the following result:

Proposition 3.11. Let fy € X be defined by B4), B1), and BL), and let & be defined as
in @Q). Then, for alli=1,...,m,

oo

> (&olfo), &—e(3:)) =0, for all k > 0. (39)

l=—00

Proof. Tt should be clear from Proposition [3.10] that the radius components of fy are given

by 1¢(fo) = po,e; where po g for £ € Z are defined in B5). Since &(fo)(s) = ne(fo)(v/5)s"/?,
we obtain that

&(fo)(s) =Y _ am—epn(s). (40)
n=0
Next, for convenience, we introduce for each g; the following complex numbers:
Brnk(Gi) = (pn,&_1(g;)) for all n >0 and for all k € Z. (41)

By (26)), these numbers are the coefficients in the Laurent expansions of ¢, (g;), i.e.,

Gn(Gi) = D Buk(d:)z" (42)

k=—o0
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Since {py }n>0 is an orthonormal basis of L?([s1, sa], C), we can thus express &;_¢(g;) in the
L2-sense as follows:

é.k l gz Zﬂnf k g’L n- (43)

Using the two expressions [{@0]) and ([@3) and, again, the fact that {p,}n>0 is an orthonormal
basis, we obtain that

(& (fo): Er—e(3i)) Zan, B e—1(gi)- (44)

Thus, [B9) holds if and only if

S an iBner(g) =0, forallk>0. (45)
{=—00on=0
Now, consider the Laurent expansions of ¢,,(g;)tn, for n =0,...,m:
(Pn(gi)thn) ( Z Yok ( . (46)
k=—o00

The Laurent expansions of ¢, and of ¢,(g;) are given by [B4) and ([@2), respectively. It
follows that the coefficients 7, 1(g;) are given by

Y.k (Gi) Z On,—ePne+x(gi), forallke€Zand foralln=0,...,m

l=—00

Thus, to establish ({H), it suffices to show that > 4,.k(g:) = 0 for all £ < 0. But, this
directly follows from Lemma [B indeed, by (33]), we obtain that

(S} = 5 (Soam) o

If a holomorphic function is identically zero, then all of its coefficients in the associated
Laurent expansion vanish. This completes the proof. |

4 Reductions and Translations to Normal Forms

In this section, we assume that ¥ contains an open set U in R¢, with d > 2, and prove
Theorem [Tl Following the results in Section §2, we can assume, without loss of generality,
that A: ¥ — C"*™ and B : ¥ — C"*™ are real-analytic, matrix-valued functions. We will
show that the following complex linear ensemble system:

&(t,0) = A(o)z(t,0) + B(o)u(t), foralloeX, (47)

is not L2-controllable. The proof relies on the fact that any such system (7)) can be turned
into a normal form (@) after a sequence of reductions and translations.
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4.1 Reduction on state space

In this subsection, we perform reduction on state spaces of individual systems. The process
takes two steps: In the first step, we find a closed, d-dimensional ball ¥’ as a subset of
> such that a branch of eigenvalues of the A-matrix and its corresponding eigenspaces
are real-analytic over ¥’. Thanks to Lemma [, to show that the original system is not
controllable, we only need to show that the subensemble-X’ is not. In the second step,
we translate the subensemble to a system whose A-matrix is block upper triangular via a
similarity transformation. We then make use of such a structure and iteratively reduce the
dimensions of individual systems. The iteration terminates in finite steps and we end up
with a real-analytic scalar ensemble over the closed ball ¥'.

4.1.1 Local real-analyticity of eigenvalues and eigenspaces

Let eig(o) be the set of eigenvalues of A(c). For a given A € eig(o), let m4(\) be the
algebraic multiplicity of X\. Let U be the open set in R? inside ¥.. We then let

Ao € argmin{mg(A) | A € eig(0) and o € U}.

Let kq := my(Ag) and o, € U be such that A\, € eig(o,). Let U, be an open neighborhood of
0, inside U and A : U, — C be a continuous function such that A(o) € eig(o) for all o € U,
and A(o,) = A, (continuity of A can be established via the use of Rouché’s Theorem). Since
meq(A(0)) is locally nonincreasing in o and attains the minimum value at o, one can shrink
Uy, if necessary, so that mq(A(0)) = k, for all o € U,. We have the following result:

Lemma 6. The function X : U, — C is real-analytic.

Proof. Consider the function h : U, x C — C defined as follows:

ko—1
h(o,t) := ST det(tl, — A(0)).

It should be clear that h(c,t) is a polynomial in ¢ for any fixed o. By construction of k,
and U, this polynomial has a simple root A(c) and, hence, £ h(c, A(0)) # 0. The lemma
then follows from the analytic implicit function theorem. |

We fix the branch of eigenvalues A : U, — C constructed above. Let mgy(A(o)) be the
geometric multiplicity of A\(o). Let

o4 € argmin{mg,(A(0)) | c € U,} and kg :=my(A(oy)).

Similarly, since mg(A(0)) is locally nonincreasing and attains the minimum value at oy,
there is an open neighborhood Uy of o, inside U, such that mgy(A(o)) = kg for all o € U,.
Let GL(n,C) be the set of n x n invertible complex-valued matrices. The following fact is
well-known (see [3I] and references therein):

Lemma 7. If U, is sufficiently small, then there is a real-analytic function P : U, —
GL(n,C) such that

(48)

P7lAP = [M’“g Aﬂ ,

0 A
where Iy, is the kg X ky identity matriz.

Note that if k, = n, then P71 AP is simply AL,.
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4.1.2 Block upper triangular structures

Let ¥ be a closed d-dimensional ball inside the open set U,. For ease of notation, we
will now treat A, B, and P given in Lemma [{] as matrix-valued functions on ¥’. Define
A Y — C"™" and B’ : ¥ — C™*"™ as

A':=P'AP and B':=P 'B.
Consider the linear ensemble system given by the pair (A’, B):
i'(t,o) = A'(0)2'(t,0) + B'(o)u'(t), forallo e X (49)

By construction, this system is obtained by first restricting the original system (A4, B) to ¥’
and, then, applying the similarity transformation via the matrix-valued map P. It should
be clear that if (A’, B') is not controllable, then neither is (4, B).

By Lemma [7] A’ is block upper triangular. We will now make use of such structure to
perform reduction on system (A’, B’). Consider two cases:

Case 1: kg = n. In this case, A’ = AI,. It follows that the dynamics of the n entries
x}(t,o) of system [@Y), for i = 1,...,n, are given by

@i (t,0) = No)zi(t,0) + bi(o)u'(t), forall o € X,

where b} is the ith row of B’. Note that (A’, B) is controllable only if every (A, b) is.
Case 2: kg < n. In accordance with {S]), we partition B’ = [B}; Bj] and 2'(t,0) =
[](t,0); 25 (¢, 0)]. Then, the dynamics of x5 (t, o) are given by

i5(t,0) = Aby(0)zh(t,0) + By(o)u'(t), Vo e X' (50)

It should be clear that (A’, B’) is controllable only if (A}, B}) is. System (B0) is not
necessarily a scalar ensemble, yet the dimension of the state space of each individual system
has been reduced from n to (n — k). Iterating this reduction process in a finite number of
times, we will end up with Case 1.

The reduction on state space is now complete. It remains to show that scalar ensemble
systems over closed d-dimensional balls are not controllable.

4.2 Reduction on parameterization space

In this subsection, we let ¥ be a closed d-dimensional ball in R?, and consider the following
scalar ensemble system:

#(t,0) = a(o)z(t,o) + b(o)u(t), forallo e X, (51)

where a : ¥ — C and b : ¥ — C'X™ are real-analytic functions. Let Rea and Ima be the
real and imaginary parts of a, respectively. Define J : ¥ — R?*¢ as follows:

Joy e 2 [Rea(o)} (52)

~ 9o |Im a(o)
Further, we let
oy € argmax{rank J(o) |c € ¥} and ky :=rankJ(oy).

We establish below the following fact:
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Proposition 4.1. If system (B1) is L2-controllable, then k; = d.

Note that by construction (G2)), the rank of J(o) is at most 2. Thus, a consequence of
the result is that system (5II) is not controllable if d > 2.

We establish below Proposition Il Because rank J(o) is locally nondecreasing in o,
there is an open neighborhood U; of oy in ¥ such that rank J(¢) = k; for all o € U,.
We can assume, without loss of generality, that oy and Uy are in the interior of ¥. The
following result is a consequence of the Rank Theorem [32] Theorem 4.12]:

Lemma 8. There exist a closed neighborhood U of o in Uy and a C'-diffeomorphism:
@ [—er, ] X [—er, €] — U,

with €1, €2 > 0, such that for every pg € [—ea, €2]7, the map a-¢ is constant on the following
set:

Sy = [—er, @] x {pa}.

Each S,,, will be referred to as a slice. For ease of notation, we let Vi := [—ey, €1]
[—€2,€2]" and, for clarification of presentation, we use letter 1 to denote a point in the
closed rectangle V. Let @’ : Vi — C and b’ : Ve — C'™™ be defined as follows:

d—ky o

a:=a-p and bV :=b-¢.
Then, the pullback of system (BI) by ¢ is given by
#(t ) = (W)’ (1, 1) + V(' (1), for all € Vi, (53)

With the preliminaries above, we now prove Proposition .1}

Proof of Proposition[{.1l By Lemma[] it suffices to show that if k; < d, then system (B3]
is not controllable. Since k; < d, the dimension of each slice S,, defined in Lemma [l is
positive. Let b; be the ith entry of the row vector b’ and b;|s,, be the restriction of ]
to the slice S,,. Denote by B, the finite-dimensional subspace of L?(S,,,C) spanned
by bils,,---bnls,,. Note that dim3B,, is locally nondecreasing as a function of uy €
[—€2, €2]*7. We can assume, without loss of generality, that the maximum value of dim B,
is achieved at po = 0, and let m’ := dim By. Furthermore, by decreasing the value of ea,
if necessary, we can assume that the first m’ scalar functions b/|,,,...,b, |, are linearly
independent for all up € [—ea, €2]"7.

Denote by P,, the orthogonal projection of the Hilbert space L?(S,,,C) onto BL

27
the subspace perpendicular to B,,. The operator can be computed explicitly: For any

h € L(S,,,C), we have that

’

Pu(h) = h— 3 (W,
=1
where the coeflicients ¢;(h) € C are given by
ci(h) Bil5, Uils,) o (il bls,,) T [ Bhls,y )
] (Ol Bls) o Ohels Soels)] LGl
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Note that the square matrix in the above expression is Hermitian and, moreover, positive
definite because b|s,, ;- -, b;,|s,, are linearly independent. Also, note that the coefficients
¢;(h) are linear in h and continuous in ps. Thus, P, (h) is continuous in both A and ps.

Next, let f : V@ — C be a continuous function such that there exists at least one point
o € [—e2, €2]" with fls,, & By, Further, define g : Vi — C as follows:

g(uhﬂ?) = PMQ (f'SMQ)(Mh/JQ)u for all (/1'17 /1'2) S VF?

i.e., each g|su2 is the orthogonal projection of f|5ﬂ2 to Bi}. By construction, g is continuous
and nonzero.

We show below that g is orthogonal to the controllable subspace £(a’,b") associated
with system (G3]). By Lemma (8 the function o’ takes a constant value on each slice S,,,; we
denote the value by a;Q. Then, for any ¢ = 1,...,m and for any k£ > 0,

(g,a™b})y, = /[ " aly (gls,.,  bils,,)s,, due =0,
—€2,€2

where the last equality holds because, by construction,

(915,55 bil5,,)5,, =0, forall up € [—ez, ek,
We thus conclude that g is orthogonal to £(a’, ), so £(a’,b’) cannot be the entire L2(V, C).
By Lemma [I] system (B3) is not controllable. [

4.3 Translation to the normal form

We establish below Theorem[I.Il By the arguments in the previous subsections, we only need
to consider scalar, complex linear ensemble systems over closed, two-dimensional disks X:

z(t,0) = a(o)x(t,o) + b(o)u(t), forall o € X. (54)

By Proposition 4] we can further assume that there is a point o in the interior of ¥ such
that rank J(os) = 2 because otherwise, system (B54)) is not controllable. This excludes, for
example, the case where a is real-valued.

Again, we identify R? with C and treat ¥ as a subset of C. Since the Jacobian matrix
J (o) has full rank, it follows from the inverse function theorem that there is an open neigh-
borhood U} of ¢ in the interior of ¥ such that a : U; — C is a real-analytic diffeomorphism
between Uy and its image, which we denote by V;. Let ay := a(oy) and D,,[R] be the
closed disk of radius R > 0 in C centered at a;. We let R be sufficiently small such that
D,,[R] is contained in the open set V.

Let R be given as above and D[R] be the closed disk of radius R centered at 0. Now,
consider the following normal form (for clarity of presentation, we use letter u to denote a
point in Dy[R)):

&t ) = (b, 1) + b(a™ (i + )/ (8), for all ju € Dy[R]. (55)
We establish the following result:

Proposition 4.2. If system (B8 is not controllable, then neither is system (4.
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Proof. For convenience, we let b'(1) := b(a=!(u + ay)). To establish the result, we first
consider the following ensemble system as a variation of (GH):

2 (t,pw) = (u+ay)z”(t, w) + 0 (u)u"(t), forall e Dy[R], (56)

where we have replaced the “A-matrix”, which is the identity function w in (B5), with the
function (w+ ay1) in (BO). Note that system (B3] is controllable if and only if system (56
is. This holds because the controllable subspaces associated with the two systems are the
same. Indeed, for any & > 0, (w + aJl)k is a linear combination of w?, for 0 < ¢ < k.
Conversely, each w* can be expressed as a linear combination of (w + a;1)¢, for 0 < £ < k.
It follows that L(w,b’) = L(w + as1,V).

It now suffices to show that if system (B8 is not controllable, then neither is system (G4]).
We let 1/ := p+ ay and re-write system (B6]) as follows:

#(6 ) = e (1) + V(W) (1), for all 4 € D, [R]. (57)

It turns out that system (57) is the pullback of system (54)) via the embedding a=! :
D,,[R] — X. For this, we recall that D,,[R] is contained in Vj, V; is the image of Uy
under a, and Uy is in the interior of X. Thus, by Lemma H if system (57)) is not control-
lable, then neither is system (54)). [ |

A proof of Theorem [[T] is now at hand:

Proof of Theorem [I 1. From Theorem 3.1, normal forms are not L2-controllable. Thus,
by Proposition 2], system (54)) is not L2-controllable. The arguments in Subsections §4.11
and §4.2 then imply that system (@7) is not L2-controllable. Combining this with the
arguments in Section §2, we complete the proof. |

5 Conclusions

We have shown that for a linear ensemble system (A, B), if its parameterization space X
contains an open set in R?, for d > 2, and if A : ¥ — F"*" and B : ¥ — F"*™ with F being
either R or C, are real-analytic at a point in U, then the linear ensemble system cannot be
LP-controllable, for 2 < p < oco. This negative result has implications for approximation
theory and operator theory, as described in Theorem and Corollary L3l Finally, we
note that the negative result applies only to linear ensemble systems. There exist uniformly
controllable ensembles of control-affine systems [33], with real-analytic vector fields, over
multi-dimensional parameterization spaces.
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