
PERIODIC PERTURBATIONS OF A COMPOSITE WAVE OF TWO
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EQUATIONS
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Abstract. This paper is concerned with the asymptotic stability of a composite wave of two
viscous shocks under spatially periodic perturbations for the 1-D full compressible Navier-
Stokes equations. It is proved that as time increases, the solution approaches the background
composite wave with a shift for each shock, where the shifts can be uniquely determined if
both the periodic perturbations and strengths of two shocks are small. The key of the proof
is to construct a suitable ansatz such that the anti-derivative method works.
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1. Introduction

The one-dimensional full compressible Navier-Stokes (N-S) equations in the Lagrangian
coordinates read

$

’

&

’

%

Btv ´ Bxu “ 0,

Btu` Bxppv, θq “ µBx
`

Bxu
v

˘

,

BtE ` Bx pppv, θquq “ κBx
`

Bxθ
v

˘

` µBx
`

uBxu
v

˘

,

x P R, t ą 0, (1.1)

where vpx, tq ą 0 is the specific volume, upx, tq P R is the velocity, θpx, tq ą 0 is the absolute
temperature, the pressure ppv, θq satisfies ppv, θq “ Rθ

v
, and the total energy is given by

E “ e` 1
2
u2, where the internal energy e is e “ R

γ´1
θ ` const.

When µ “ 0 and κ “ 0, (1.1) is the full compressible Euler equations. This hyperbolic
system has rich wave phenomena such as the shock, rarefaction wave, contact discontinuity
and their compositions, which are called Riemann solutions, satisfying the initial data

pv, u, Eqpx, 0q “

#

pv̄l, ūl, Ēlq, x ă 0,

pv̄r, ūr, Ērq, x ą 0,

where v̄l,r ą 0, ūl,r, Ēl,r ą 0 are constants. This paper is concerned about a composite wave
of two shocks, i.e. there is an intermediate state

`

v̄m, ūm, Ēm
˘

connecting the left state
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`

v̄l, ūl, Ēl
˘

by a 1-shock and the right state
`

v̄r, ūr, Ēr
˘

by a 3-shock. More precisely, by
denoting v¨w1 and v¨w3 as the jumps when crossing the 1-shock and 3-shock, respectively
(e.g. vvw1 “ v̄m ´ v̄l and vvw3 “ v̄r ´ v̄m, etc), these constants satisfy the Rankine-Hugoniot
conditions,

´si vvwi ´ vuwi “ 0,

´si vuwi ` vpwi “ 0,

´si vEwi ` vpuwi “ 0,

for i “ 1, 3, (1.2)

and the Lax entropy conditions,

λ1pv̄m, θ̄mq ă s1 ă λ1pv̄l, θ̄lq, λ3pv̄r, θ̄rq ă s3 ă λ3pv̄m, θ̄mq, (1.3)

where s1 ă 0 and s3 ą 0 are the shock speeds of 1-shock and 3-shock, and λ1pv, θq “ ´
b

γppv,θq
v

and λ3pv, θq “ ´λ1pv, θq are the first and third eigenvalues of the full compressible Euler
equations, respectively.

For the compressible N-S equations (1.1), it is well known that if the initial data tends to
constant states at the far field, i.e.

pv0, u0, E0qpxq Ñ

#

`

v̄l, ūl, Ēl
˘

as xÑ ´8,
`

v̄r, ūr, Ēr
˘

as xÑ `8,
(1.4)

the large time behavior of the solution is governed by the viscous version of the corre-
sponding Riemann solution. The viscous version of an i-shock is a traveling wave solution
`

vSi , u
S
i , E

S
i

˘

px´ sitq to (1.1), satisfying
$

’

’

’

&

’

’

’

%

´si
`

vSi
˘1
pxq ´

`

uSi
˘1
pxq “ 0,

´si
`

uSi
˘1
pxq `

`

p
`

vSi , θ
S
i

˘˘1
pxq “ µ

´

puSi q
1

vSi

¯1

pxq,

´si
`

ES
i

˘1
pxq `

`

p
`

vSi , θ
S
i

˘

uSi
˘1
pxq “ κ

´

pθSi q
1

vSi

¯1

pxq ` µ
´

uSi pu
S
i q
1

vSi

¯1

pxq,

(1.5)

with θSi “
γ´1
R

“

ES
i ´

1
2

`

uSi
˘2 ‰

, and
`

vS1 , u
S
1 , E

S
1

˘

pxq Ñ pv̄l, ūl, Ēlq
`

resp. pv̄m, ūm, Ēmq
˘

as xÑ ´8 presp. `8q,
`

vS3 , u
S
3 , E

S
3

˘

pxq Ñ pv̄m, ūm, Ēmq
`

resp. pv̄r, ūr, Ērq
˘

as xÑ ´8 presp. `8q.

In this paper, we are concerned with the stability of the composite wave of two viscous
shocks under periodic perturbations, i.e. we consider a Cauchy problem for (1.1) with the
initial data

pv, u, Eqpx, 0q “ pv0, u0, E0qpxq, x P R, (1.6)
satisfying

pv0, u0, E0qpxq Ñ

#

`

v̄l, ūl, Ēl
˘

` pφ0l, ψ0l, w0lq pxq as xÑ ´8,
`

v̄r, ūr, Ēr
˘

` pφ0r, ψ0r, w0rqpxq as xÑ `8,
(1.7)

where the constants pv̄l,r, ūl,r, Ēl,rq satisfy (1.2) and (1.3), and pφ0l,0r, ψ0l,0r, w0l,0rq are periodic
functions with period πl,r ą 0 and have zero averages, i.e.

ż πl,r

0

pφ0l,0r, ψ0l,0r, w0l,0rq pxqdx “ 0. (1.8)

It is the most important feature of the nonlinear hyperbolic equations that no matter
how smooth and small the initial data is, the classical solution may blow up, that is, the
shock waves may appear in finite time. For the 1-d hyperbolic equations, many literatures
have shown that the shock waves possess strong structural stability under localized (e.g.
compactly supported) perturbations; see [14, 17]. For the Navier-Stokes equations, due to
the effect of viscosity, the perturbed shock wave time-asymptotically tends to its viscous
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version, a viscous shock, which is a smooth travelling wave solution to the compressible N-S
equations, connecting the shock states at the far field and travelling with the shock speed.
The first result about the stability of viscous shocks owns to I’lin-Olěınik [14] for the 1-d
scalar viscous conservation laws, where the approach is based on a maximum principle for
the anti-derivative variables of the perturbations. For the systems, [24, 15, 5] used the energy
method to prove the stability of a single viscous shock provided that the shock-strength is
small and the initial perturbation carries no excessive mass. This zero-mass condition was
then successfully removed by Liu [18], Szepessy-Xin [26] and Liu-Zeng [20], by introducing
diffusion waves propagating along other families of characteristics and establishing their point-
wise estimates. If the shock-strength is arbitrarily large, [31, 22, 7] showed the nonlinear
stability if a spectral stability holds true, which was then verified by the works [13, 12, 1]
for the Navier-Stokes equations, based on numeric analysis or high Mach numbers. Recently,
with the aid of the effective velocity, [6] successfully used the elementary energy method to
obtain the nonlinear stability of the large-amplitude viscous shock for the isentropic Navier-
Stokes equations. For a composite wave of two weak viscous shocks of the full compressible
N-S equations, Huang-Matsumura [9] utilized the energy method to achieve the nonlinear
stability under H1pRq X L1pRq perturbations. We also refer to [23, 19, 10, 30, 8] for the
stability results of other Riemann solutions such as rarefaction waves, contact discontinuities
and other composite waves, in which the initial perturbations are at least in the H1pRq space.

On the other hand, the study of the periodic solutions to the hyperbolic conservation laws
is also important and interesting, where the solutions have infinite oscillations at the far field
and therefore, there are infinitely many wave interactions. Lax [16] was the first to show
algebraic decay rates of the periodic solutions to the 1-d scalar hyperbolic equations. Then
with the aid of the novel Glimm scheme, Glimm-Lax [4] proceeded to study some 1-d 2 ˆ 2
hyperbolic systems, showing the global existence of the periodic solutions and the large time
behaviors; see also Dafermos [2]. However, for the compressible Euler equations, the global
existence of periodic solutions is still open until now. In fact, the difficulty is mainly due to
a resonant phenomenon proved by Majda-Rosales [21] for the periodic solutions to the full
compressible Euler equations, which never appears in the case for 2ˆ 2 hyperbolic systems.
We also refer to [3] for the asymptotic behavior of the periodic solutions to scalar convex
conservation laws in multiple dimensions, and [25] for a long time existence result of the
periodic solutions to the 1-d full compressible Euler equations, respectively.

The works of Lax and Glimm [16, 4] reveal the asymptotic stability of constants with
periodic perturbations for conservation laws. Recently, Z. Xin and the authors [28, 27, 29]
studied the stability of shocks and rarefaction waves with periodic perturbations for the 1-
d scalar conservation laws in both inviscid and viscous cases. It was shown that different
from the localized perturbations, there is a new phenomenon that the inviscid shock and
viscous shock have different kinds of shifts under periodic perturbations, where the latter one
depends on the fluxes, while the former one does not. Huang-Yuan [11] continued to study
the nonlinear stability of a single viscous shock for the isentropic compressible N-S equations,
in which the periodic perturbations satisfy a zero-mass type condition.

In this paper, we prove the nonlinear stability of a composite wave of two viscous shocks
under general periodic perturbations for the full compressible N-S equations. To deal with
the periodic perturbations which are not integrable on R, the key point is to construct a
suitable ansatz to carry the same oscillations as those of the solution at the far field and
make the anti-derivative method work. Motivated by [27, 11], the ansatz is constructed
through selecting appropriate shift functions (of time) for the 1-viscous shock and 3-viscous
shock, respectively, which is totally different from that in [24, 9]; see (2.12) for the details.
It is proved that if the periodic perturbations and the strengths of shocks are both suitably
small, the ansatz can be well constructed by using the implicit function theorem. With the
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desired ansatz, we can define the anti-derivative variables of the perturbations and use the
energy method to achieve the main result, Theorem 2.5.

The rest of the paper is organized as follows. In Section 2, we introduce some notations
and some useful lemmas, then present the construction of the ansatz and the main result. In
Section 3, we define the anti-derivative variables of the perturbations with their error terms,
then give the reformulated problem. Then the a priori estimates are shown in Section 4. The
proofs of Lemmas 2.3 and 3.1 about the shift curves and the error terms of the ansatz are
supplemented in the last Section 5.

2. Ansatz and Main Results

2.1. Preliminaries. In the beginning, we introduce some notations and recall some basic
properties of viscous shocks and periodic solutions to (1.1).

First, since the system (1.1), the R-H conditions (1.2), and the entropy conditions (1.3)
are invariant under the Galilean transform, one can let u´ ūm, ūl ´ ūm, 0, ūr ´ ūm substitute
u, ūl, ūm, ūr, respectively, to assume without loss of generality that

ūm “ 0. (2.1)

Assume that the initial data (1.6) satisfies
#

pv0 ´ v
S ´ φ0l, u0 ´ u

S ´ ψ0l, E0 ´ E
S ´ w0lqpxq P L

1p´8, 0q,

pv0 ´ v
S ´ φ0r, u0 ´ u

S ´ ψ0r, E0 ´ E
S ´ w0rqpxq P L

1p0,`8q.
(2.2)

Notations. Let ‖¨‖ :“ ‖¨‖L2pRq and ‖¨‖l :“ ‖¨‖HlpRq for l ě 1. Denote

ε :“
ÿ

i“l,r

‖φ0i, ψ0i, w0i‖H3pp0,πiqq

`

ż 0

´8

`
∣∣v0 ´ v

S
´ φ0l

∣∣` ∣∣u0 ´ u
S
´ ψ0l

∣∣` ∣∣E0 ´ E
S
´ w0l

∣∣ ˘dx
`

ż `8

0

`
∣∣v0 ´ v

S
´ φ0r

∣∣` ∣∣u0 ´ u
S
´ ψ0r

∣∣` ∣∣E0 ´ E
S
´ w0r

∣∣ ˘dx,
(2.3)

and the wave strengths as

δ1 :“ |v̄m ´ v̄l| , δ3 :“ |v̄r ´ v̄m| and δ :“ mintδ1, δ3u. (2.4)

Then it follows from (1.2) that

cδ1 ď |ūl| ,
∣∣θ̄m ´ θ̄l∣∣ ď Cδ1,

cδ3 ď |ūr| ,
∣∣θ̄r ´ θ̄m∣∣ ď Cδ3,

(2.5)

here and hereafter we let 0 ă c ă 1 ă C denote generic constants, independent of ε, δ and t.
As in [9], we also assume

0 ă maxtδ1, δ3u ď Cδ as maxtδ1, δ3u Ñ 0, (2.6)

which means that the strengths of two shocks are comparable.

Lemma 2.1 ([15, 9]). Under the conditions (1.2) and (1.3), assume that γ P p1, 2s and
(2.6) holds with δ ą 0 being small. Then (1.5) admits a viscous shock wave

`

vSi , u
S
i , E

S
i

˘

px´

sitq satisfying puSi q1 ă 0 for i “ 1, 3. Moreover, there exist constants c0 ą 0 and C ą 0,
independent of x and δ, such that∣∣`vS1 pxq ´ v̄m, uS1 pxq, θS1 pxq ´ θ̄m˘∣∣ ď Cδ1e

´c0δ|x| for x ą 0,∣∣`vS3 pxq ´ v̄m, uS3 pxq, θS3 pxq ´ θ̄m˘∣∣ ď Cδ3e
´c0δ|x| for x ă 0,
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vSi , u
S
i , θ

S
i

˘

pxq

∣∣∣∣ ď Cδ2
i e
´c0δ|x| for x P R, i “ 1, 3.

When A and B represent either v, u, E or θ, it follows from (2.6) and Lemma 2.1 that∣∣Bkx“`AS1 px´ s1tq ´ Ām
˘

pBS
3 px´ s3tq ´ B̄m

˘‰∣∣ ď Cδ2e´c1δt´c0δ|x|, k “ 0, 1, (2.7)

where c1 “ c0 mint|s1| , s3u.
Now we give some properties of the periodic solutions to (1.1).

Lemma 2.2. Assume that pv0, u0, E0qpxq P H
k
`

p0, πq
˘

with k ě 2 is periodic with period
π ą 0 and average pv̄, ū, Ēq. Then there exists ε0 ą 0 such that if

ε1 :“
∥∥pv0, u0, E0q ´ pv̄, ū, Ēq

∥∥
Hkpp0,πqq

ď ε0, (2.8)

there exits a unique periodic solution

pv, u, Eqpx, tq P C
`

0,`8;Hk
pp0, πqq

˘

to (1.1) with the initial data pv, u, Eqpx, 0q “ pv0, u0, E0qpxq, which has the average pv̄, ū, Ēq,
and satisfies ∥∥pv, u, Eq ´ pv̄, ū, Ēq∥∥

Hkpp0,πqq
ptq ď Cε1e

´2αt, t ě 0, (2.9)

where the constants C ą 0 and α ą 0 are independent of ε1 and t.

The proof of Lemma 2.2 is based on standard energy method with the aid of Poincaré
inequality, which is left in the appendix for easing reading.

2.2. Ansatz. In this paper, the ansatz pṽ, ũ, Ẽq is constructed so that the anti-derivative
method is available, even though the initial perturbation in (1.7) is not integrable on R.
Motivated by [27, 11], it is plausible that the solution pv, u, Eq of (1.1) and (1.7) tends to the
periodic solutions pvl,r, ul,r, El,rq of (1.1) as x Ñ ¯8 for all t ě 0, which have the periodic
initial data

pvi, ui, Eiq px, 0q “ pv̄i, ūi, Ēiq ` pφ0i, ψ0i, w0iq pxq for i “ l, r; (2.10)

see the existence of periodic solutions in Lemma 2.2. To use the energy method, the ansatz
is expected to carry the same oscillations as those of the solution to (1.1) with (1.7) at the
far field. Following the idea of [27, 11], we use the background viscous shocks to connect two
periodic solutions pvl,r, ul,r, El,rq , and also a proper linear diffusion wave to carry excessive
mass.

For i “ l, r, let θipx, tq :“ γ´1
R

`

Ei ´
1
2
u2
i

˘

px, tq, and define the perturbations of the periodic
solutions as

pφi, ψi, wiq px, tq :“ pvi, ui, Eiq px, tq ´
`

v̄i, ūi, Ēi
˘

,

ζipx, tq :“ θipx, tq ´ θ̄i,
(2.11)

which satisfies that
şπi
0
pφi, ψi, wiq px, tqdx “ 0 for all t ě 0; see Lemma 2.2.

For the viscous shocks
`

vS1 , u
S
1 , E

S
1

˘

and
`

vS3 , u
S
3 , E

S
3

˘

, define

g1pxq :“
vS1 pxq ´ v̄l
vvw1

“
uS1 pxq ´ ūl
´ūl

, h1pxq :“
ES

1 pxq ´ Ēl
vEw1

,

g3pxq :“
vS3 pxq ´ v̄m
vvw3

“
uS3 pxq

ūr
, h3pxq :“

ES
3 pxq ´ Ēm
vEw3

,

where the two equalities follow from (1.2) and (1.5). It is straightforward to check that
0 ă gipxq, hipxq ă 1 and g1ipxq, h1ipxq ą 0 for i “ 1, 3.

Now we are ready to construct the ansatz. Let X ptq,Yptq,Zptq be three C1 curves on
r0,`8q and σ P R be a constant, all of which will be determined later.
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Set

v7px, tq :“ vlpx, tq
“

1´ τ 1
X pg1qpx, tq

‰

` v̄m
“

τ 1
X pg1qpx, tq ´ τ

3
X`σpg3qpx, tq

‰

` vrpx, tqτ
3
X`σpg3qpx, tq,

u7px, tq :“ ulpx, tq
“

1´ τ 1
Ypg1qpx, tq

‰

` urpx, tqτ
3
Y`σpg3qpx, tq,

E7px, tq :“ Elpx, tq
“

1´ τ 1
Zph1qpx, tq

‰

` Ēm
“

τ 1
Zph1qpx, tq ´ τ

3
Z`σph3qpx, tq

‰

` Erpx, tqτ
3
Z`σph3qpx, tq,

(2.12)

and

θ7px, tq :“
γ ´ 1

R

“

E7 ´
1

2

`

u7
˘2 ‰
px, tq, (2.13)

where the two shift operators τ 1 and τ 3 are defined as

τ ibpAqpx, tq :“ Apx´ sit´ bptqq, i “ 1, 3,

where si is the speed of i-shock, and A “ Apxq and b “ bptq are any measurable functions.
As in [18, 9], for general perturbations of viscous shocks, one should consider a diffusion
wave propagating along the second family of characteristics r2 “

`

1, 0, p̄m
γ´1

˘T
. Let η P R be a

constant to be determined later.
Set the ansatz as

ṽ :“v7 `Θ, ũ :“ u7 ` aBxΘ, Ẽ :“ E7 `
p̄m
γ ´ 1

Θ, (2.14)

where Θpx, tq “ η?
4πap1`tq

e´
x2

4ap1`tq is a smooth diffusion wave, satisfying

BtΘ “ aB2
xΘ with a “

pγ ´ 1qκ

γRv̄m
ą 0,

ż

R
Θpx, tqdx ” η. (2.15)

Note that the ansatz (2.14) tends to the periodic solutions pvl,r, ul,r, El,rq as xÑ ¯8 for all
t ě 0. For later use, let

θ̃ :“
γ ´ 1

R

`

Ẽ ´
1

2
ũ2
˘

“ θ7 `
p̄m
R

Θ´
apγ ´ 1q

R

´a |BxΘ|2

2
` u7BxΘ

¯

, (2.16)

p̃ :“
Rθ̃

ṽ
“ p7 ´

Θ

ṽ

`

p7 ´ p̄m
˘

´
apγ ´ 1q

ṽ

´a |BxΘ|2

2
` u7BxΘ

¯

. (2.17)

The whole remaining part of this subsection is devoted to determining the parameters of
the ansatz, namely, the curves X ptq,Yptq,Zptq and numbers σ, η, so that the anti-derivative
method is available (Lemma 2.4). Once they are determined, we can state the main result of
this paper, Theorem 2.5, which is placed in the next subsection.

By plugging the ansatz pv7, u7, E7q into (1.1) with direct calculations, one can arrive at
$

’

&

’

%

Btv
7 ´ Bxu

7 “ BxF1,1 ` f1,2 ` X 1f1,3,

Btu
7 ` Bxppv

7, θ7q ´ µBx
`

Bxu7

v7

˘

“ BxF2,1 ` f2,2 ` Y 1f2,3,

BtE
7 ` Bx

`

ppv7, θ7qu7
˘

´ κ
`

Bxθ7

v7

˘

´ µBx
`

u7Bxu7

v7

˘

“ BxF3,1 ` f3,2 ` Z 1f3,3,

(2.18)

where
$

’

&

’

%

F1,1 “ ul
“

τ 1
Ypg1q ´ τ

1
X pg1q

‰

´ ur
“

τ 3
Y`σpg3q ´ τ

3
X`σpg3q

‰

,

f1,2 “ rs1pvl ´ v̄mq ` uls τ
1
X pg

1
1q ´ rs3pvr ´ v̄mq ` urs τ

3
X`σpg

1
3q,

f1,3 “ pvl ´ v̄mqτ
1
X pg

1
1q ´ pvr ´ v̄mqτ

3
X`σpg

1
3q,

(2.19)
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$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

F2,1 “ ppv7, θ7q ´ ppvl, θlq
“

1´ τ 1
Ypg1q

‰

´ ppvr, θrqτ
3
Y`σpg3q

´µ
“

Bxu7

v7
´
Bxul
vl
p1´ τ 1

Ypg1qq ´
Bxur
vr
τ 3
Y`σpg3q

‰

,

f2,2 “
“

s1ul ´ ppvl, θlq ` µ
Bxul
vl

‰

τ 1
Ypg

1
1q

´
“

s3ur ´ ppvr, θrq ` µ
Bxur
vr

‰

τ 3
Y`σpg

1
3q,

f2,3 “ ulτ
1
Ypg

1
1q ´ urτ

3
Y`σpg

1
3q,

(2.20)

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

F3,1 “ ppv7, θ7qu7 ´ ppvl, θlqul r1´ τ
1
Zph1qs ´ ppvr, θrqurτ

3
Z`σph3q

´κ
“

Bxθ7

v7
´
Bxθl
vl
p1´ τ 1

Zph1qq ´
Bxθr
vr
τ 3
Z`σph3q

‰

´µ
“

u7Bxu7

v7
´

ulBxul
vl

p1´ τ 1
Zph1qq ´

urBxur
vr

τ 3
Z`σph3q

‰

,

f3,2 “
“

s1pEl ´ Ēmq ´ ppvl, θlqul ` κ
Bxθl
vl
` µulBxul

vl

‰

τ 1
Zph

1
1q

´
“

s3pEr ´ Ēmq ´ ppvr, θrqur ` κ
Bxθr
vr
` µurBxur

vr

‰

τ 3
Z`σph

1
3q,

f3,3 “ pEl ´ Ēmqτ
1
Zph

1
1q ´ pEr ´ Ēmqτ

3
Z`σph

1
3q.

(2.21)

It is noted that since pv7, u7, E7, θ7q tends to pvl,r, ul,r, El,r, θlq as x Ñ ¯8, one can verify
easily that each Fi,1px, tq pi “ 1, 2, 3q vanishes as |x| Ñ 8 for all t ě 0. To make the system
(2.18) as a conservative form, the curves X ,Y and Z should satisfy

X 1
ptq “ ´

ş

R f1,2px, tqdx
ş

R f1,3px, tqdx
, Y 1ptq “ ´

ş

R f2,2px, tqdx
ş

R f2,3px, tqdx
, Z 1ptq “ ´

ş

R f3,2px, tqdx
ş

R f3,3px, tqdx
, (2.22)

where the denominators in (2.22) are away from zero if the initial periodic perturbations
pφ0i, ψ0i, w0iq pi “ l, rq are small (see Lemma 2.2). The curves X ,Y and Z can be uniquely
determined as long as the corresponding initial data X0,Y0 and Z0 are given. More precisely,
it holds that

Lemma 2.3. Assume that (1.2) and (1.8) hold. Then there exists an ε0 ą 0 such that if
ÿ

i“l,r

‖φ0i, ψ0i, w0i‖H3pp0,πiqq
ă ε ă ε0,

then given any constant triple pX0,Y0,Z0q , there exists a unique solution pX ,Y ,Zqptq P
C1r0,`8q to the system (2.22) with the initial data pX ,Y ,Zqp0q “ pX0,Y0,Z0q, satisfying
that

|pX 1,Y 1,Z 1q ptq|` |pX ,Y ,Zq ptq ´ pX8,Y8,Z8q| ď Cεe´2αt, t ě 0,

where the constant α ą 0 is independent of ε and t. Moreover, the corresponding constant
locations X8,Y8,Z8 can be computed (in terms of the constants σ,X0,Y0,Z0 and the periodic
solutions (2.10)) as follows,

X8 “ X0 `
1

v̄r ´ v̄l

#

ż 0

´8

rφ0lpxqg1px´ X0q ´ φ0rpxqg3px´ X0 ´ σqs dx (2.23)

´

ż `8

0

rφ0lpxq p1´ g1px´ X0qq ´ φ0rpxq p1´ g3px´ X0 ´ σqqs dx

`
1

πl

ż πl

0

ż x

0

φ0lpyqdydx´
1

πr

ż πr

0

ż x

0

φ0rpyqdydx

+

:“ H1pX0, σq,

Y8 “ Y0 `
1

ūr ´ ūl

#

ż 0

´8

rψ0lpxqg1px´ Y0q ´ ψ0rpxqg3px´ Y0 ´ σqs dx (2.24)

´

ż `8

0

rψ0lpxq p1´ g1px´ Y0qq ´ ψ0rpxq p1´ g3px´ Y0 ´ σqqs dx
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`
1

πl

ż πl

0

ż x

0

ψ0lpyqdydx´

ż `8

0

1

πl

ż πl

0

“

ppvl, θlq ´ ppv̄l, θ̄lq
‰

dxdt

´
1

πr

ż πr

0

ż x

0

ψ0rpyqdydx`

ż `8

0

1

πr

ż πr

0

“

ppvr, θrq ´ ppv̄r, θ̄rq
‰

dxdt

`
µ

πl

ż πl

0

“

log pv̄l ` φ0lq ´ logpv̄lq
‰

dx´
µ

πr

ż πr

0

“

log pv̄r ` φ0rq ´ logpv̄rq
‰

dx

+

:“ H2pY0, σq,

and

Z8 “ Z0 `
1

Ēr ´ Ēl

#

ż 0

´8

rw0lpxqh1px´ Z0q ´ w0rpxqh3px´ Z0 ´ σqs dx (2.25)

´

ż `8

0

rw0lpxq p1´ h1px´ Z0qq ´ w0rpxq p1´ h3px´ Z0 ´ σqqs dx

`
1

πl

ż πl

0

ż x

0

w0lpyqdydx´
1

πr

ż πr

0

ż x

0

w0rpyqdydx

`

ż `8

0

1

πl

ż πl

0

”

κ
Bxθl
vl
` µ

ulBxul
vl

´
`

ppvl, θlqul ´ ppv̄l, θ̄lqūl
˘

ı

dxdt

´

ż `8

0

1

πr

ż πr

0

”

κ
Bxθr
vr

` µ
urBxur
vr

´
`

ppvr, θrqur ´ ppv̄r, θ̄rqūr
˘

ı

dxdt

+

,

:“ H3pZ0, σq.

Note that due to Lemma 2.2, all the integrals in (2.23) to (2.25) are bounded, thus X8,Y8
and Z8 are well-defined. Since the proof of Lemma 2.3 is similar to that in [27, 11], we place
it in the last Section 5 for easy reading.

Define the composite wave of 1- viscous shock and 3- viscous shock with the corresponding
shifts b “ bptq and d “ dptq as

vSpb,dq :“ τ 1
b

`

vS1
˘

´ v̄m ` τ
3
d

`

vS3
˘

,

uSpb,dq :“ τ 1
b

`

uS1
˘

` τ 3
d

`

uS3
˘

,

ES
pb,dq :“ τ 1

b

`

ES
1

˘

´ Ēm ` τ
3
d

`

ES
3

˘

,

θSpb,dq :“
γ ´ 1

R

”

ES
pb,dq ´

1

2

`

uSpb,dq
˘2
ı

“ τ 1
b

`

θS1
˘

´ θ̄m ` τ
3
d

`

θS3
˘

´
γ ´ 1

R
τ 1
b

`

uS1
˘

τ 3
d

`

uS3
˘

.

(2.26)

For convenience, we omit the lower index pb, dq above when b “ d ” 0. Moreover, we denote
A „ B when

‖A´B‖L8pRq ď Cεe´αt ` Cδ
3
2 e´c1δt, t ą 0 (2.27)

holds, and denote A « B as in [9], when the pointwise estimate

|A´B| ď C
`

δ2
` |η| δ

3
2

˘

e´cδt´cδ|x| ` C
|η|

p1` tq
3
2

e´
c|x|2
1`t ` Cpδ ` |η|qe´ct´c|x| (2.28)

holds. Thus, by Lemmas 2.2 and 2.3 and (2.7), the functions given in (2.12) satisfies

v7px, tq „ vS1 px´ s1t´ X8q ` vS3 px´ s3t´ X8 ´ σq ´ v̄m “ vSpX8,X8`σqpx, tq,

u7px, tq „ uS1 px´ s1t´ Y8q ` uS3 px´ s3t´ Y8 ´ σq “ uSpY8,Y8`σqpx, tq,

E7px, tq „ ES
1 px´ s1t´ Z8q ` ES

3 px´ s3t´ Z8 ´ σq ´ Ēm “ ES
pZ8,Z8`σqpx, tq,
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Constraints from coinciding limits. From [9], it is plausible to require X8 “ Y8 “ Z8,
denoted by ξ. Otherwise, neither

`

vS1 px´ s1t´ X8q, uS1 px´ s1t´ Y8q, ES
1 px´ s1t´ Z8q

˘

nor
`

vS3 px´ s3t´ X8 ´ σq, uS3 px´ s3t´ Y8 ´ σq, ES
3 px´ s3t´ Z8 ´ σq

˘

is a traveling wave solution to (1.1). Thus, by Lemma 2.3, one has three constraints on the
five free variables ξ, σ,X0,Y0 and Z0 as

ξ “ H1pX0, σq “ H2pY0, σq “ H3pZ0, σq. (2.29)

Under the condition (2.29), it follows from Lemmas 2.1 and 2.3 that

v7 „ vSpX ,X`σq „ vSpY,Y`σq „ vSpZ,Z`σq „ vSpξ,ξ`σq,

u7 „ uSpX ,X`σq „ uSpY,Y`σq „ uSpZ,Z`σq „ uSpξ,ξ`σq,

E7 „ ES
pX ,X`σq „ ES

pY,Y`σq „ ES
pZ,Z`σq „ ES

pξ,ξ`σq,

θ7 „ θSpX ,X`σq „ θSpY,Y`σq „ θSpZ,Z`σq „ θSpξ,ξ`σq.

for all t ě 0, (2.30)

Constraints from zero masses. From the equations (1.1), Lemma 3.1 and (2.15), one
can get that the perturbations v´ ṽ, u´ ũ and E´ Ẽ carry zero masses for all t ą 0, as long
as their initial data satisfy

ż

R
pv ´ ṽq px, 0qdx “ 0,

ż

R
pu´ ũq px, 0qdx “ 0,

ż

R

`

E ´ Ẽ
˘

px, 0qdx “ 0. (2.31)

Then by direct calculations, the first identity in (2.31) gives that

η “

ż

R

`

v0pxq ´ v
7
px, 0q

˘

dx

“

ż

R

“

v0pxq ´ v
S
1 px´ X0q ´ v

S
3 px´ X0 ´ σq ` v̄m

´ φ0lpxq p1´ g1px´ X0qq ´ φ0rpxqg3px´ X0 ´ σq
‰

dx

“

ż

R

“

vS1 pxq ´ v
S
1 px´ X0q

‰

dx`

ż

R

“

vS3 pxq ´ v
S
3 px´ X0 ´ σq

‰

dx

`

ż 0

´8

`

v0 ´ v
S
´ φ0l

˘

pxqdx`

ż `8

0

`

v0 ´ v
S
´ φ0r

˘

pxqdx

`

ż 0

´8

rφ0lpxqg1px´ X0q ´ φ0rpxqg3px´ X0 ´ σqs dx

´

ż `8

0

rφ0lpxqp1´ g1px´ X0qq ´ φ0rpxq p1´ g3px´ X0 ´ σqs dx.

This, together with (2.23), yields that

η “ pv̄m ´ v̄lqX0 ` pv̄r ´ v̄mqpX0 ` σq `

ż 0

´8

`

v0 ´ v
S
´ φ0l

˘

pxqdx

`

ż `8

0

`

v0 ´ v
S
´ φ0r

˘

pxqdx` pv̄r ´ v̄lqpξ ´ X0q

´
1

πl

ż πl

0

ż x

0

φ0lpyqdydx`
1

πr

ż x

0

ż πr

0

φ0rpyqdydx

“ pv̄r ´ v̄lq ξ ` pv̄r ´ v̄mqσ ` C1, (2.32)
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where the constant C1 denotes the sum of the four integrals, which is independent of the six
variables, X0,Y0,Z0, σ, ξ and η. By similar calculations, it follows from (2.24) and (2.25) that

0 “

ż

R

`

u0pxq ´ u
7
px, 0q

˘

dx “ pūr ´ ūlq ξ ` pūr ´ ūmqσ ` C2, (2.33)

p̄m
γ ´ 1

η “

ż

R

`

E0pxq ´ E
7
px, 0q

˘

dx “
`

Ēr ´ Ēl
˘

ξ `
`

Ēr ´ Ēm
˘

σ ` C3, (2.34)

where

C2 “

ż 0

´8

`

u0 ´ u
S
´ ψ0l

˘

pxqdx`

ż `8

0

`

u0 ´ u
S
´ ψ0r

˘

pxqdx

´
1

πl

ż πl

0

ż x

0

ψ0lpyqdydx`

ż `8

0

1

πl

ż πl

0

“

ppvl, θlq ´ ppv̄l, θ̄lq
‰

dxdt

`
1

πr

ż πr

0

ż x

0

ψ0rpyqdydx´

ż `8

0

1

πr

ż πr

0

“

ppvr, θrq ´ ppv̄r, θ̄rq
‰

dxdt

´
µ

πl

ż πl

0

“

log pv̄l ` φ0lq ´ logpv̄lq
‰

dx`
µ

πr

ż πr

0

“

log pv̄r ` φ0rq ´ logpv̄rq
‰

dx,

C3 “

ż 0

´8

`

E0 ´ E
S
´ w0l

˘

pxqdx`

ż `8

0

`

E0 ´ E
S
´ w0r

˘

pxqdx

´
1

πl

ż πl

0

ż x

0

w0lpyqdydx`
1

πr

ż πr

0

ż x

0

w0rpyqdydx

´

ż `8

0

1

πl

ż πl

0

”

κ
Bxθl
vl
` µ

ulBxul
vl

´

´

ppvl, θlqul ´ ppv̄l, θ̄lqūl

¯ı

px, tqdxdt

`

ż `8

0

1

πr

ż πr

0

”

κ
Bxθr
vr

` µ
urBxur
vr

´

´

ppvr, θrqur ´ ppv̄r, θ̄rqūr

¯ı

px, tqdxdt,

both of which are independent of X0,Y0,Z0, σ, ξ and η.
Collecting (2.29) and (2.32) to (2.34), the six free variables X0,Y0,Z0, σ, ξ and η should

satisfy the following six equalities,
$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

ξ ´H1pX0, σq “ 0,

ξ ´H2pY0, σq “ 0,

ξ ´H3pZ0, σq “ 0,

pv̄r ´ v̄lqξ ` pv̄r ´ v̄mqσ ´ η ` C1 “ 0,

pūr ´ ūlq ξ ` pūr ´ ūmqσ ` C2 “ 0,
`

Ēr ´ Ēl
˘

ξ `
`

Ēr ´ Ēm
˘

σ ´ p̄m
γ´1

η ` C3 “ 0.

(2.35)

By (2.3) and Lemma 2.2, the constants C1, C2 and C3 satisfy

|C1|` |C2|` |C3| ď Cε. (2.36)

One can compute the Jacobian determinant of the system (2.35) as

det

»

—

—

—

—

—

—

–

BX0H1 0 0 BσH1 ´1 0
0 BY0H2 0 BσH2 ´1 0
0 0 BZ0H3 BσH3 ´1 0
0 0 0 v̄r ´ v̄m v̄r ´ v̄l ´1
0 0 0 ūr ´ ūm ūr ´ ūl 0
0 0 0 Ēr ´ Ēm Ēr ´ Ēl ´

p̄m
γ´1

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

“ BX0H1 ¨ BY0H2 ¨ BZ0H3 ¨ det

»

–

vvw3 vvw1 ` vvw3 ´1
vuw3 vuw1 ` vuw3 0
vEw3 vEw1 ` vEw3 ´

p̄m
γ´1

fi

fl . (2.37)
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Recall that r2 “
`

1, 0, p̄m
γ´1

˘T is a 2-eigenvector. And for weak i-shock, the vector pvvwi , vuwi , vEwiq
T

is close to be parallel to an i-eigenvector for i “ 1, 3. Thus, when the wave strengths δ1 and
δ3 are both small, the determinant of the 3 ˆ 3 matrix in (2.37) is nonzero. On the other
hand, all the derivatives BX0H1, BY0H2 and BZ0H3 are non-zero, if

ÿ

i“l,r

‖φ0i, ψ0i, w0i‖H3pp0,πiqq
ă min

 

|v̄r ´ v̄l| , |ūr ´ ūl| ,
∣∣Ēr ´ Ēl∣∣ (. (2.38)

In fact, it follows from (2.23) that

BX0H1 “ 1´
1

v̄r ´ v̄l

ż

R
rφ0lpxqg

1
1px´ X0q ´ φ0rpxqg

1
3px´ X0 ´ σqs dx, (2.39)

which gives that

|BX0H1 ´ 1| ď 1

|v̄r ´ v̄l|
`

‖φ0l‖L8pRq ` ‖φ0r‖L8pRq
˘

.

The proof of BY0H2 and BZ0H3 are similar. Therefore, with Lemma 2.2, we have the following
lemma.

Lemma 2.4. Assume that (1.2), (2.2) and (2.6) hold and pφ0l,0r, ψ0l,0r, w0l,0rq P H
3pp0, πl,rqq

satisfy (1.8) and (2.38). Then there exist δ0 ą 0 and ε0 ą 0 such that if δ ă δ0 and ε ă ε0,
the system (2.35) admits a unique solution pX0,Y0,Z0, σ, ξ, ηq P R6. Moreover, it holds that
|η| ď Cε.

In fact, it follows from the last three equalities of (2.35) with (2.6) that

|pδξ, δσ, ηq| ď C |pC1, C2, C3q| ď Cε,

which finishes the proof of Lemma 2.4.

Thanks to Lemma 2.4, the desired ansatz (2.14) is well constructed. For convenience, we
denote

pV1, U1, E1,Θ1q px, tq :“
`

vS1 , u
S
1 , E

S
1 , θ

S
1

˘

px´ s1t´ ξq,

pV3, U3, E3,Θ3q px, tq :“
`

vS3 , u
S
3 , E

S
3 , θ

S
3

˘

px´ s3t´ ξ ´ σq,
(2.40)

and Pi :“ p pVi,Θiq for i “ 1, 3.

2.3. Main result. By (2.2), we can well define

pΦ0,Ψ0,W0qpxq “

ż x

´8

pv0pyq ´ ṽpy, 0q, u0pyq ´ ũpy, 0q, E0pyq ´ Ẽpy, 0qqdy. (2.41)

Assume that
pΦ0,Ψ0,W0q P H

2
pRq, (2.42)

then we are ready to present the main result.

Theorem 2.5. Assume that (1.2) and (1.3) hold, the strengths of two shocks satisfy (2.6),
and the periodic perturbations pφ0l,0r, ψ0l,0r, w0l,0rq P H3pp0, πl,rqq satisfy (1.8) and (2.38).
Further assume that the initial data satisfies (2.2) and (2.42) and also 1 ă γ ď 2. Then there
exist ε0 ą 0 and δ0 ą 0 such that if

‖pΦ0,Ψ0,W0q‖2 ` ε ă ε0 and δ ă δ0,

where ε and δ are given in (2.3) and (2.4), respectively, then the problem (1.1) and (1.6)
admits a unique global solution pv, u, θq satisfying

pv ´ ṽ, u´ ũ, θ ´ θ̃q P C
`

0,`8;H1
pRq

˘

, v ´ ṽ P L2
`

0,`8;H1
pRq

˘

,

pu´ ũ, θ ´ θ̃q P L2
`

0,`8;H2
pRq

˘

.
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Moreover, it holds that∥∥pv, u, θq ´ `

V1 ` V3 ´ v̄m, U1 ` U3,Θ1 `Θ3 ´ θ̄m
˘
∥∥
L8pRq Ñ 0 as tÑ `8. (2.43)

Remark 2.6. It is noted that the zero average condition (1.8) is necessary for the stability
of the background wave. Otherwise, by adding the constant averages of these periodic per-
turbations onto the constants pv̄i, ūi, Ēiq for i “ l, r, the new states may generate other kinds
of Riemann solutions.

Remark 2.7. The ansatz pṽ, ũ, θ̃q is more complicated than that in [9]. Besides adding
periodic perturbations, we have to choose appropriate shift functions (of time) X ,Y ,Z for
each variable v, u and E, respectively, while the ansatz in [9] is a composite wave in which
each of the shock waves is shifted by a constant. Meanwhile, the definitions of Cipi “ 1, 2, 3q
shows that in contrast to the case of localized perturbations, besides the localized part of
the initial perturbation, the periodic oscillations at infinities generate another shift to the
background composite wave.

3. Reformulation of the problem

In this section, we reformulate the problem (1.1) and (1.6) into the one for the anti-
derivative variables of the perturbation pv ´ ṽ, u ´ ũ, E ´ Ẽq. From (2.14) and (2.18), the
ansatz pṽ, ũ, Ẽq satisfies that

$

’

&

’

%

Btṽ ´ Bxũ “ BxF1,

Btũ` Bxp̃ “ µBx
`

Bxũ
ṽ

˘

` BxF2 ` BxR̃1,

BtẼ ` Bxpp̃ũq “ κBx
`

Bxθ̃
ṽ

˘

` µBx
`

ũBxũ
ṽ

˘

` BxF3 ` BxR̃2,

(3.1)

where Fi, i “ 1, 2, 3 are the anti-derivative variables of the source terms in (2.18), i.e.

F1px, tq :“ F1,1px, tq `

ż x

´8

f1,2py, tqdy ` X 1
ptq

ż x

´8

f1,3py, tqdy,

F2px, tq :“ F2,1px, tq `

ż x

´8

f2,2py, tqdy ` Y 1ptq
ż x

´8

f2,3py, tqdy,

F3px, tq :“ F3,1px, tq `

ż x

´8

f3,2py, tqdy ` Z 1ptq
ż x

´8

f3,3py, tqdy,

(3.2)

and the remainders R̃1 and R̃2 are given by

R̃1 “ aBtΘ` p̃´ p
7
´ µ

´

Bxũ

ṽ
´
u7

v7

¯

,

R̃2 “
ap̄m
γ ´ 1

BxΘ` p̃ũ´ p
7u7 ´ κ

´

Bxθ̃

ṽ
´
Bxθ

7

v7

¯

´ µ
´ ũBxũ

ṽ
´
u7Bxu

7

v7

¯

.

(3.3)

Lemma 3.1. Under the assumptions of Theorem 2.5, the anti-derivative variables (3.2) exist
and satisfy that

‖F1‖2 ` ‖F2, F3‖1 ď Cεe´αt ` Cδ3{2e´c1δt, (3.4)

where α ą 0 and c1 ą 0 are the constants in Lemmas 2.3 and 2.1, respectively.

The proof is based on Lemmas 2.2 and 2.3, and we place it in Section 5 for brevity.
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Introduce
v̆ :“ V1 ` V3 ´ v̄m `Θ,

ŭ :“ U1 ` U3 ` aBxΘ,

Ĕ :“ E1 ` E3 ´ Ēm `
p̄m
γ ´ 1

Θ,

θ̆ :“
γ ´ 1

R

`

Ĕ ´
1

2
ŭ2
˘

and p̆ :“
Rθ̆

v̆
.

(3.5)

We remark that (3.5) is exactly the ansatz constructed in [9], in which the initial perturbation
around the background composite wave is in the H1pRq space, i.e. the periodic perturbations
pφ0i, ψ0i, w0iq for i “ l, r vanish. Comparing (3.5) with the ansatz (2.14), when A represents
either v, u, E, θ or p, direct calculations yield that

Ã “ Ă` E and B
j
t B
k
xÃ “ B

j
t B
k
xĂ` E, j, k “ 0, 1, 2, ¨ ¨ ¨ (3.6)

where and hereafter we use E to represent the error terms which satisfy the relation (2.27),
i.e. E „ 0.

Lemma 3.2. Under the assumptions of Theorem 2.5, it holds that

R̃i « 0, BxR̃i « 0, i “ 1, 2. (3.7)

Proof. From [9], when A and B represent either v, u, E, θ or p, it holds that
`

AS1 px´ s1tq ´ Ām
˘`

BS
3 px´ s3tq ´ B̄m

˘

« 0,
`

ASi px´ sitq ´ Ām
˘

Θ « 0, i “ 1, 3,

and

B
k
x

`

A7 ´ Ām
˘

B
j
xΘ “ B

k
x

`

A1 ` A3 ´ Ām ` E´ Ām
˘

B
j
xΘ « EBjxΘ « 0, k, j “ 0, 1, 2, ¨ ¨ ¨ ,

where Ai represents the terms given in (2.40). It follows from (2.17) that

R̃1 « ´
Θ

ṽ

`

p7 ´ p̄m
˘

`
a

ṽ
B

2
xΘ´

Θ

ṽv7
Bxu

7
« 0.

By (2.16), it holds that

R̃2 «
ap̄m
γ ´ 1

BxΘ` p
7
pũ´ u7q ´

κp̄m
Rṽ

BxΘ` κ
Bxθ

7

ṽv7
Θ´ µBxu

7
´ ũ

ṽ
´
u7

v7

¯

«
ap̄m
γ ´ 1

BxΘ` p̄maBxΘ´
κp̄m
Rv̄m

BxΘ “ 0.

It is similar to prove the derivatives BxR̃1 and R̃2. �

Define the perturbations

φ :“ v ´ ṽ, ψ :“ u´ ũ, w :“ E ´ Ẽ and ζ :“ θ ´ θ̃,

and the anti-derivatives
`

Φ,Ψ,W
˘

px, tq :“

ż x

´8

pφ, ψ, wqpy, tqdy. (3.8)

Let Ξpx, tq :“ γ´1
R
pW ´ ũΨq px, tq. Then it holds that

ζ “ BxΞ´
γ ´ 1

R

´1

2
|BxΨ|2 ´ BxũΨ

¯

. (3.9)
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From (1.1), (2.41) and (3.1), we arrive at the reformulated problem
$

’

’

’

&

’

’

’

%

BtΦ´ BxΨ “ ´F1,

BtΨ´
`

p̃
ṽ
´

µBxũ
ṽ2

˘

BxΦ`
R
ṽ
BxΞ`

γ´1
ṽ
BxũΨ “

µ
ṽ
B2
xΨ` J1 ´ F2 ´ R̃1,

R
γ´1
BtΞ`

`

p̃´ µBxũ
ṽ

˘

BxΨ` BtũΨ´ κpγ´1q
ṽR

BxpBxũΨq ` κBxθ̃
vṽ
BxΦ

“ κ
ṽ
B2
xΞ` J2 ´ F3 ` ũF2 ´ R̃2 ` ũR̃1,

(3.10)

with the initial data
pΦ,Ψ,Ξqpx, 0q “ pΦ0,Ψ0,Ξ0qpxq P H

2
pRq, (3.11)

where Ξ0 :“ γ´1
R

`

W0pxq ´ ũpx, 0qΨ0pxq
˘

and J1 and J2 are higher order terms given by

J1 “
γ ´ 1

2ṽ
pBxΨq

2
`

µ

vṽ2
BxũpBxΦq

2
´

µ

vṽ
B

2
xΨBxΦ´

`

p´ p̃`
p̃

ṽ
BxΦ´

R

ṽ
ζ
˘

“
γ ´ 1

2ṽ
pBxΨq

2
`

µ

vṽ2
BxũpBxΦq

2
´

µ

vṽ
B

2
xΨBxΦ`

BxΦ

ṽ
pp´ p̃q,

J2 “ pp̃´ pqBxΨ` µ
´

Bxu

v
´
Bxũ

ṽ

¯

BxΨ´
κpγ ´ 1q

Rṽ
BxΨB

2
xΨ´ κ

BxΦBxpθ ´ θ̃q

vṽ
.

(3.12)

Theorem 3.3. Under the assumptions of Theorem 2.5, there exist δ0 ą 0 and ε0 ą 0 such
that if δ ă δ0 and

‖pΦ0,Ψ0,W0q‖2 ` ε ă ε0,

the problem (3.10) and (3.11) admits a unique global solution pΦ,Ψ,Ξq, satisfying

pΦ,Ψ,Ξq P C
`

0,`8;H2
pRq

˘

, BxΦ P L
2
`

0,`8;H1
pRq

˘

,

pBxΨ, BxΞq P L
2
`

0,`8;H2
pRq

˘

.

Proof of Theorem 2.5. If Theorem 3.3 holds true, with the fact that∥∥∥pṽ, ũ, θ̃q ´ `

V1 ` V3 ´ v̄m, U1 ` U3,Θ1 `Θ3 ´ θ̄m
˘

∥∥∥
L8pRq

ď Cεe´αt, (3.13)

it is standard (see [9]) to verify (2.43). Thus, it remains to prove Theorem 3.3 to complete
the proof of Theorem 2.5. �

4. A priori estimates

Based on the standard local-existence theory, one can finish the proof of Theorem 3.3 if
the following a priori estimate, Proposition 4.1, holds true.

For T ą 0, denote
ν :“ sup

tPr0,T s

‖pΦ,Ψ,Ξqptq‖2 . (4.1)

Proposition 4.1 (A priori estimates). Under the assumptions of Theorem 3.3, there exist
positive constants δ0, ε0 and ν0, independent of T, such that if δ ă δ0, ε ă ε0 and ν ă ν0, then

sup
tPr0,T s

‖Φ,Ψ,Ξ‖2
2 `

ż T

0

`

‖BxΦ‖2
1 ` ‖BxΨ, BxΞ‖2

2

˘

dt

`

ż T

0

ż

R
p|BxU1|` |BxU3|q

`

Ψ2
` Ξ2

˘

dxdt ď C
`

‖Φ0,Ψ0,W0‖2
2 ` ε` δ

1
2

˘

. (4.2)

By (4.1) and the Sobolev inequality, if δ, ε and ν are small, one has that

sup
tPr0,T s

‖pρ, u, θq‖L8pRq ď C,
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and

inf
xPR,tě0

ṽ ě
v̄m
2
, inf

xPR,tPr0,T s
v ě

v̄m
4
, inf

xPR,tě0
θ̃ ě

θ̄m
2
, inf

xPR,tPr0,T s
θ ě

θ̄m
4
.

Moreover, the higher-order terms J1 and J2 in (3.12) satisfy

|J1| ď C
`

|BxΨ|2 ` |BxΦ|2 `
∣∣B2
xΨ

∣∣ |BxΦ|` |BxΞ|2 ` |Bxũ| |Ψ|2
˘

,

|J2| ď C
`

|BxΦ|2 ` |BxΨ|2 ` |BxΞ|2 ` |Bxũ| |Ψ|2 ` |BxΨ|
∣∣B2
xΨ

∣∣` |Bxζ| |BxΦ|
˘

,
(4.3)

and it holds that

inf
x,t

´

p̃´
µBxũ

ṽ

¯

ě c inf
x,t
θ̃ ´ Cδ ´ Cε ě

cθ̄m
4
ą 0,

inf
x,t

´

p7 ´
µBxu

7

v7

¯

ě
cθ̄m
4

and inf
x,t

´

p̆´
µBxŭ

v̆

¯

ě
cθ̄m
4
.

(4.4)

For later use, we denote

L̃ :“
´

p̃´
µBxũ

ṽ

¯´1

, L7 :“
´

p7 ´
µBxu

7

v7

¯´1

, L̆ :“
´

p̆´
µBxŭ

v̆

¯´1

.

The proof of Proposition 4.1 consists of the following series of lemmas.

Lemma 4.2. Under the assumptions of Proposition 4.1, there exist δ0 ą 0, ε0 ą 0 and ν0 ą 0
such that if δ ă δ0, ε ă ε0 and ν ă ν0, then

sup
tPr0,T s

‖Φ,Ψ,Ξ‖2
`

ż T

0

‖BxΨ, BxΞ‖2 dt`

ż T

0

ż

R
p|BxU1|` |BxU3|q

`

Ψ2
` Ξ2

˘

dxdt

ď C
!

‖Φ0,Ψ0,W0‖2
` ε` δ

1
2 `

`

ν ` δ
1
2

˘

ż T

0

∥∥BxΦ, Bxζ, B2
xΨ

∥∥2
dt
)

. (4.5)

Proof. With direct calculations, p3.10q1 ¨ Φ` p3.10q2 ¨ ṽL̃Ψ` p3.10q3 ¨RL̃
2Ξ gives that

BtN1 `

4
ÿ

i“2

Ni “ Bxp¨ ¨ ¨ q ´ F1Φ`
`

J1 ´ F2 ´ R̃1

˘

ṽL̃Ψ

`
`

J2 ´ F3 ` ũF2 ´ R̃2 ` ũR̃1

˘

RL̃2Ξ,

(4.6)

where Bxp¨ ¨ ¨ q vanishes after integration on R and

N1 “
1

2

`

Φ2
` ṽL̃Ψ2

`
R2

γ ´ 1
L̃2Ξ2

˘

,

N2 “ b̃Ψ2
` µBxL̃ΨBxΨ` µL̃pBxΨq

2 with b̃ “ ´
1

2
BtpṽL̃q ` pγ ´ 1qL̃Bxũ,

N3 “ ´
R2

γ ´ 1
L̃BtL̃Ξ2

` Bx

´κR

ṽ
L̃2

¯

ΞBxΞ`
κR

ṽ
L̃2
pBxΞq

2,

N4 “ R
`

L̃2
Btũ´ BxL̃

˘

ΨΞ`
κR

vṽ
Bxθ̃L̃

2
BxΦΞ` κpγ ´ 1qBxũΨBx

´ L̃2

ṽ
Ξ
¯

.

(4.7)

Now we estimate the terms in (4.6) one by one. First, similar to the proof of Lemma 3.2,
one can verify that

Btp̃ « Btp
7
“ Btp̆` E « Bt pP1 ` P3 ´ p̄mq ` E,

Bt

´µBxũ

ṽ

¯

« Bt

´µBxu
7

v7

¯

« Bt

´µBxŭ

v̆

¯

` E « Bt

´µBxU1

V1

`
µBxU3

V3

¯

` E, (4.8)

L̃ « L7 « L1 ` L3 ` E, BtL̃ « BtL1 ` BtL3 ` E, BxL̃ « BxL1 ` BxL3 ` E, (4.9)
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where Li :“ pPi´
µBxUi

Vi
q´1 “ pbi´s

2
iViq

´1 with bi “ p̄m`s
2
i v̄m for i “ 1, 3, and the coefficient

b̃ in N2 satisfies that

b̃ « ´
1

2
Btpv

7L7q ` pγ ´ 1qL7Bxu
7
“ ´

1

2
Btpv̆L̆q ` pγ ´ 1qL̆Bxŭ` E

«
ÿ

i“1,3

“

´
1

2
BtpLiViq ` pγ ´ 1qLiBxUi

‰

` E “
1

2

ÿ

i“1,3

|BxUi|L2
i

`

bi ´ 2pγ ´ 1qL´1
i

˘

` E.

For easy reading, we first ignore the terms arising from the relation “ « 0” and postpone
their estimates at the end of the proof. Thus, it holds that

L̃ ě
ÿ

i“1,3

pp̄m ´ Cδiq
´1
´ ‖E‖L8pRq ě c´ Cεe´αt ´ Cδ

3
2 e´c1δt,

b̃ ě c
ÿ

i“1,3

|BxUi|
`

p3´ γqp̄m ´ Cδi
˘

´ Cεe´αt ´ Cδ
3
2 e´c1δt,

and µBxL̃ΨBxΨ «
ř

i“1,3

µs2
iL

2
i BxViΨBxΨ`EΨBxΨ. Since |BxVi| ď C |BxUi| ď Cδi, then if ε and

δ are small, one can get that
ż T

0

ż

R
N2dxdt ě c

ż T

0

ż

R
p|BxU1|` |BxU3|q |Ψ|2 dxdt` c

ż T

0

‖BxΨ‖2 dt

´ Cpε` δ
1
2 q sup

tPr0,T s

‖Ψ‖2 .
(4.10)

By (4.9) and the fact that |BxΘ|2 « 0, BtLi “ s2
iL

2
i siBxVi “ ´s2

iL
2
i |BxUi| for i “ 1, 3, it

holds that

´
R

γ ´ 1
L̃BtL̃Ξ2

ě cp|BxU1|` |BxU3|qΞ2
´ ‖E‖L8pRq Ξ2,∣∣∣∣Bx´κRṽ L̃2

¯

ΞBxΞ

∣∣∣∣ ď C
`

|Bxṽ|`
∣∣∣BxL̃∣∣∣ ˘ |Ξ| |BxΞ|

ď
κR

2ṽ
L̃2
pBxΞq

2
` Cδ p|BxU1|` |BxU3|qΞ2

` ‖E‖2
L8pRq Ξ2.

Then if ε and δ are small, it holds that
ż T

0

ż

R
N3dxdt ě c

ż T

0

∥∥∥p|BxU1|` |BxU3|q
1
2 Ξ, BxΞ

∥∥∥2

dt´ C
`

ε` δ
1
2

˘

sup
tPr0,T s

‖Ξ‖2 . (4.11)

By the facts that |BxΘi| ď C |BxUi| , i “ 1, 3 and δ´
1
2

0 |BxΘ|2 « 0, one can verify

L̃2
Btũ´ BxL̃ “ L̃2

”

Btũ` Bx

´

p̃´
µBxũ

ṽ

¯ı

“ L̃2
`

BxF2 ` BxR̃1

˘

« L̃2
BxF2 “ E,∣∣∣ κ

vṽ
RL̃2

Bxθ̃BxΦΞ
∣∣∣ ď ´ ∣∣∣Bxθ̆∣∣∣` ‖E‖L8pRq

¯

|BxΦ| |Ξ|

ď Cδ
1
2
0 p|BxU1|` |BxU3|qΞ2

` Cδ
1
2
0 |BxΦ|2 ` ‖E‖L8pRq

`

Ξ2
` |BxΦ|2

˘

.

Thus, it holds that
ż T

0

ż

R
|N4| dxdt ď C

`

ε` δ
1
2

˘

ż T

0

∥∥∥p|BxU1|` |BxU3|q
1
2 pΨ,Ξq , BxΦ, BxΞ

∥∥∥2

dt

` C
`

ε` δ
1
2

˘

sup
tPr0,T s

‖Ψ,Ξ‖2 .
(4.12)

It follows from (4.3) that∣∣∣ṽL̃J1Ψ
∣∣∣ ď C ‖Ψ‖L8pRq

“

|BxΨ|2 ` |BxΦ|2 ` |BxΞ|2 `
∣∣B2
xΨ

∣∣2
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`
`

|BxU1|` |BxU3|` ‖E‖L8pRq
˘

Ψ2
‰

, (4.13)∣∣∣RL̃2J2Ξ
∣∣∣ ď C ‖Ξ‖L8pRq

“

|BxΦ|2 ` |BxΨ|2 ` |BxΞ|2 `
∣∣B2
xΨ

∣∣2
`
`

|BxU1|` |BxU3|` ‖E‖L8pRq
˘

Ψ2
` ‖Bxζ‖2

‰

. (4.14)

Then one has that
ż T

0

ż

R
|RHS of (4.6)| dxdt

ď C

ż T

0

‖F1, F2, F3‖ ‖Φ,Ψ,Ξ‖ dt` Cν
ż T

0

´

‖Bx pΦ,Ψ,Ξq‖2
`∥∥B2

xΨ, Bxζ
∥∥2
`

∥∥∥p|BxU1|` |BxU3|q
1
2 Ψ

∥∥∥2 ¯

dt` C
`

ε` δ
1
2

˘

sup
tPr0,T s

‖Ψ‖2

ď C
`

ε` δ
1
2

˘

` C
`

ε` δ
1
2

˘

sup
tPr0,T s

‖Φ,Ψ,Ξ‖2
` Cν

ż T

0

´

‖Bx pΦ,Ψ,Ξq‖2
`

∥∥∥p|BxU1|` |BxU3|q
1
2 Ψ

∥∥∥2 ¯

dt` Cν

ż T

0

∥∥B2
xΨ, Bxζ

∥∥2
dt. (4.15)

At last, we deal with all the error terms arising from the relation “«” that were postponed
in the previous estimates, denoted by R̃. Same as [9, Lemma 3.1], the integrals of them on
Rˆ r0, T s can be bounded by

ż T

0

ż

R

∣∣∣R̃∣∣∣ p|Φ|` |Ψ|` |Ξ|` |BxΦ|` |BxΨ|` |BxΞ|q dxdt

ď C

ż T

0

”

pδ
3
2 ` |η|δqe´cδt `

|η|

p1` tq
5
4

` pδ ` |η|qe´ct
ı

‖Φ,Ψ,Ξ, BxΦ, BxΨ, BxΞ‖ dt

ď Cν

ż T

0

”

pδ
3
2 ` |η|δqe´cδt `

|η|

p1` tq
5
4

` pδ ` |η|qe´ct
ı

dt

ď Cpδ
1
2 ` |η|q ď Cpδ

1
2 ` εq. (4.16)

Thus, collecting the estimates (4.10) to (4.12), (4.15) and (4.16), one can get (4.5) if ε, δ and
ν are small.

�

Lemma 4.3. Under the assumptions of Proposition 4.1, there exist small δ0 ą 0, ε0 ą 0 and
ν0 ą 0 such that if δ ă δ0, ε ă ε0 and ν ă ν0, then

sup
tPr0,T s

p‖Φ‖2
1 ` ‖Ψ,Ξ‖2

q `

ż T

0

ż

R
p|BxU1|` |BxU3|q

`

Ψ2
` Ξ2

˘

dxdt (4.17)

`

ż T

0

‖φ, ψ, BxΞ‖2 dt ď C
!

‖Φ0‖2
1 ` ‖Ψ0,W0‖2

` ε` δ
1
2 `

`

ν ` δ
1
2

˘

ż T

0

‖Bxζ, Bxψ‖2 dt
)

.

Proof. Taking BxΨ “ BtΦ ` F1 into (3.10)2, and then multiplying the resulting equation by
BxΦ, one has that

Bt

´ µ

2ṽ
|BxΦ|2

¯

´ Bt

´ µ

2ṽ

¯

|BxΦ|2 ´ BxΦBtΨ`
1

ṽL̃
|BxΦ|2

“

´R

ṽ
BxΞ`

γ ´ 1

ṽ
BxũΨ´ J1 ` R̃1 ´

µ

ṽ
BxF1 ` F2

¯

BxΦ.

(4.18)
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Since BxΦBtΨ “ BtpBxΦΨq ´ BxpBtΦΨq ` |BxΨ|2 ´ F1BxΨ and by the fact that if δ ą 0 and
ε ą 0 are small,

´Bt

´ µ

2ṽ

¯

`
1

2ṽL̃
“

p̃

2ṽ
`
µpBtṽ ´ Bxũq

2ṽ2
ě cθ̄m ´ C ‖BxF1‖L8pRq ě cθ̄m ´ Cpε` δ

3
2 q,

integrating (4.18) over Rˆ r0, T s yields that
ż

R

` µ

2ṽ
|BxΦ|2 ´ BxΦΨ

˘

px, T qdx`

ż T

0

ż

R

1

4ṽL̃
|BxΦ|2 dxdt

ď C
`

‖Φ0‖2
1 ` ‖Ψ0‖2

˘

` C

ż T

0

‖BxΨ, BxΞ‖2 dt

` Cδ

ż T

0

ż

R

`

|BxU1|` |BxU3|
˘

Ψ2dxdt` C

ż T

0

‖E‖L8pRq ‖Ψ‖2 dt

` C

ż T

0

´
∥∥∥R̃1

∥∥∥2

` ‖F1‖2
1 ` ‖F2‖2

¯

dt` Cν

ż T

0

‖J1‖L1pRq dt. (4.19)

Similar to the proof of Lemma 4.2, we can use Lemmas 3.1 and 3.2 and (4.3) to estimate the
last three integrals on the RHS of (4.19) to get that

sup
tPr0,T s

‖BxΦ‖2
`

ż T

0

‖BxΦ‖2 dt ď C
!

sup
tPr0,T s

‖Ψ‖2
` ‖Φ0‖2

1 ` ‖Ψ0‖2
`

ż T

0

‖BxpΨ,Ξq‖2 dt

`

ż T

0

ż

R

`

|BxU1|` |BxU3|
˘

Ψ2dxdt` ε2
` δ2

`

ż T

0

∥∥B2
xΨ

∥∥2
dt
)

.

This, together with Lemma 4.2, yields (4.17).
�

Lemma 4.4. Under the assumptions of Proposition 4.1, there exist small δ0 ą 0, ε0 ą 0 and
ν0 ą 0 such that if δ ă δ0, ε ă ε0 and ν ă ν0, then

sup
tPr0,T s

‖φ, ψ, ζ‖2
`

ż T

0

‖Bxψ, Bxζ‖2 dt ď C
`

‖Φ0,Ψ0,W0‖2
1 ` ε` δ

1
2

˘

. (4.20)

Proof. Subtracting (3.1)2 from (1.1)2 gives that

Btψ ´ µBx

´

Bxψ

v

¯

“ ´Bx

´

p´ p̃` µ
Bxũ

vṽ
φ` F2 ` R̃1

¯

. (4.21)

Multiplying ψ on (4.21) and integrating the resulting equation on R ˆ r0, T s with the fact
that ‖p´ p̃‖ ď C ‖ζ, φ‖ , one has that

sup
tPr0,T s

‖ψ‖2
`

ż T

0

‖Bxψ‖2 dt ď C ‖Ψ0‖2
1 ` C

ż T

0

∥∥∥ζ, φ, F2, R̃1

∥∥∥2

dt. (4.22)

It follows from (3.9) that
ż T

0

‖ζ‖2 dt ď C

ż T

0

‖BxΞ, BxΨ‖2 dt` C

ż T

0

∥∥∥` |BxU1|` |BxU3|
˘

1
2 Ψ

∥∥∥2

dt

` C
`

ε` δ
1
2

˘

sup
tPr0,T s

‖Ψ‖2 .

Combining (4.22) and Lemma 4.3, if ε, ν and δ are small enough, one has that

sup
tPr0,T s

‖ψ‖2
`

ż T

0

‖Bxψ‖2 dt

ď C ‖Φ0,Ψ0‖2
1 ` ‖W0‖2

` C
`

ν ` δ
1
2

˘

ż T

0

‖Bxζ‖2 dt` C
`

ε` δ
1
2

˘

. (4.23)
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Similarly, subtracting (3.1)3 from (1.1)3 gives that

R

γ ´ 1
Btζ ´ κBx

´

Bxζ

v

¯

“ ´pp´ p̃qBxũ´ pBxψ ´ Bx

´

κ
Bxθ̃

vṽ
φ` F3 ` R̃2

¯

´
µpBxũq

2

vṽ
φ`

µ

v
p2Bxũ` BxψqBxψ ` Bx

“

ũpF2 ` R̃1q
‰

´ BxũpF2 ` R̃1q. (4.24)

Then multiplying ζ on (4.24) and integrating the resulting equation on R ˆ r0, T s, one can
verify that

sup
tPr0,T s

‖ζ‖2
`

ż T

0

‖Bxζ‖2 dt ď C ‖ζpx, 0q‖2
` C

ż T

0

∥∥∥φ, ζ, Bxψ, F3, R̃2, F2, R̃1

∥∥∥2

dt.

Then combining (4.23), Lemmas 3.1, 3.2 and 4.3 and the fact that ‖ζpx, 0q‖2
ď C ‖W0,Ψ0‖2

1 ,
one can obtain (4.20).

�

Lemma 4.5. Under the assumptions of Proposition 4.1, there exist small δ0 ą 0, ε0 ą 0 and
ν0 ą 0 such that if δ ă δ0, ε ă ε0 and ν ă ν0, then

sup
tPr0,T s

‖Bxpφ, ψ, ζq‖2
`

ż T

0

`

‖Bxφ‖2
`
∥∥B2

xpψ, ζq
∥∥2 ˘

dt ď Cp‖Φ0,Ψ0,W0‖2
2 ` ε` δ

1
2 q.

Proof. The proof is similar to that of Lemmas 4.3 and 4.4, so it is omitted here. �

Once Proposition 4.1 is proved, it remains to supplement the proof of Lemmas 2.3 and 3.1.

5. Proof of Lemmas 2.3 and 3.1

Proof of Lemma 2.3. When ε “
ř

i“l,r ‖φ0i, ψ0i, w0i‖H3pp0,πiqq
is small, with Lemma 2.2, the

existence, uniqueness and regularities of X ,Y ,Z can be easily derived from the ODEs, (2.22).
Besides, the exponential decay rates of X 1,Y 1 and Z 1 can follow from (1.2) and (2.9) directly.

Now we calculate the limits of these curves. For brevity, we give only the proof of X8,
since the other two , (2.24) and (2.25), are similar to prove.

For any fixed y P r0, 1s, t ą 0 and integer N ą 0, define the domain

ΩN
y ptq :“ tpx, τq; 0 ă τ ă t,ΓNl pτq ă x ă ΓNr pτqu,

where ΓNl pτq :“ s1τ ` X pτq ` p´N ` yqπl, ΓNr pτq :“ s3τ ` X pτq ` σ ` pN ` yqπr.

Then integration by parts yields that

lim
NÑ`8

ż 1

0

ĳ

ΩN
y ptq

pBtv
7
´ Bxu

7
qdxdτdy “ 0,

which yields that

lim
NÑ`8

ż 1

0

!

ż ΓN
r p0q

ΓN
l p0q

v7px, 0qdx`

ż t

0

rps3 ` X 1
qv7 ` u7spΓNr pτq, τqdτ

´

ż ΓN
r ptq

ΓN
l ptq

v7px, tqdx´

ż t

0

rps1 ` X 1
qv7 ` u7spΓNl pτq, τqdτ

)

dy “ 0. (5.1)

For the integrals on τ “ 0 and τ “ t, it holds that
ż ΓN

r p0q

ΓN
l p0q

v7px, 0qdx´

ż ΓN
r ptq

ΓN
l ptq

v7px, tqdx “
4
ÿ

i“1

Ii,
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where

I1 “

ż ΓN
r p0q

ΓN
l p0q

rφ0lp1´ τ
1
X0
pg1qq ` φ0rτ

3
X0`σ

pg3qspx, 0qdx,

I2 “

ż ΓN
r p0q

ΓN
l p0q

rτ 1
X0
pvS1 q ` τ

3
X0`σ

pvS3 q ´ v̄mspx, 0qdx,

I3 “ ´

ż ΓN
r ptq

ΓN
l ptq

rφlp1´ τ
1
X pg1qq ` φrτ

3
X`σpg3qspx, tqdx,

I4 “ ´

ż ΓN
r ptq

ΓN
l ptq

rτ 1
X pv

S
1 q ` τ

3
X`σpv

S
3 q ´ v̄mspx, tqdx.

One can verify that

I1 “

ż ΓN
r p0q

0

rφ0lp1´ τ
1
X0
pg1qq ´ φ0rp1´ τ

3
X0`σ

pg3qqspx, 0qsdx`

ż ΓN
r p0q

0

φ0rpxqdx

`

ż 0

ΓN
l p0q

r´φ0lτ
1
X0
pg1q ` φ0rτ

3
X0`σ

pg3qsdx`

ż 0

ΓN
l p0q

φ0lpxqdx,

which yields that

lim
NÑ`8

ż 1

0

I1dy “

ż `8

0

rφ0lp1´ τ
1
X0
pg1qq ´ φ0rp1´ τ

3
X0`σ

pg3qqspx, 0qsdx

`

ż 0

´8

r´φ0lτ
1
X0
pg1q ` φ0rτ

3
X0`σ

pg3qspx, 0qdx (5.2)

`

ż 1

0

ż X0`yπr

0

φ0rpxqdxdy `

ż 1

0

ż 0

X0`yπl

φ0lpxqdxdy.

Since φ0l and φ0r have zero average, then
ż 1

0

ż X0`yπr

0

φ0rpxqdxdy “
1

πr

ż πr

0

ż y

0

φ0rpxqdxdy,

ż 1

0

ż 0

X0`yπl

φ0lpxqdxdy “ ´
1

πl

ż πl

0

ż y

0

φ0lpxqdxdy.

Similar calculations of I1 with Lemma 2.2 yield that∣∣∣∣ lim
NÑ`8

ż 1

0

I3dy

∣∣∣∣ ď Ce´αt. (5.3)

In addition,

I2 ` I4 “ ´v̄mrΓ
N
r p0q ´ ΓNl p0qs ` v̄mrΓ

N
r ptq ´ ΓNl ptqs

´

ż ps3´s1qt`pN`yqπr`σ

pN`yqπr`σ

vS1 pxqdx`

ż ´ps3´s1qt`p´N`yqπl´σ

p´N`yqπl´σ

vS3 pxqdx.

Since vS1 pxq (resp. vS3 pxq) Ñ v̄m as xÑ `8 (resp. ´8), then one has that

lim
NÑ`8

ż 1

0

pI2 ` I4qdy “ ´v̄mps3 ´ s1qt. (5.4)

Since pv7, u7q Ñ pvr, urq as xÑ `8, the integral on ΓNr in (5.1) satisfies that

lim
NÑ`8

ż 1

0

!

ż t

0

rps3 ` X 1
qv7 ` u7spΓNr pτq, τqdτ

)

dy
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“

ż t

0

ż 1

0

rps3 ` X 1
qvr ` urspΓ

N
r pτq, τqdydτ

“ ps3t` X ´ X0qv̄r ` ūrt. (5.5)

By similar calculations, the left integral on ΓNl satisfies that

lim
NÑ`8

ż 1

0

!

ż t

0

rps1 ` X 1
qv7 ` u7spΓNl pτq, τqdτ

)

dy “ ps1t` X ´ X0qv̄l ` ūlt. (5.6)

Collecting (5.1), (5.2) and (5.4) to (5.6) gives that
ż `8

0

rφ0lpxq p1´ g1px´ X0qq ´ φ0rpxq p1´ g3px´ X0 ´ σqqs dx

´

ż 0

´8

rφ0lpxqg1px´ X0q ´ φ0rpxqg3px´ X0 ´ σqs dx

´
1

πl

ż πl

0

ż y

0

φ0lpxqdxdy `
1

πr

ż πr

0

ż y

0

φ0rpxqdxdy ´ v̄mps3 ´ s1qt

` v̄rps3t` X ´ X0q ` ūrt´ v̄lps1t` X ´ X0q ´ ūlt “ Opεe´2αt
q,

where Ope´2αtq denotes the terms satisfying |Ope´αtq| ď Cεe´2αt. This, together with the
Rankine-Hugoniot conditions (1.2)1 for i “ 1, 3, yields (2.23) directly.

�

Proof of Lemma 3.1. Here we give only the proof of F3, since the proofs of the other two are
similar.

First, it follows from the equation of Z 1, (2.22), that

F3px, tq “ F3,1px, tq `

ż x

´8

f3,2py, tqdy ` Z 1ptq
ż x

´8

f3,3py, tqdy, (5.7)

“ F3,1px, tq ´

ż `8

x

f3,2py, tqdy ´ Z 1ptq
ż `8

x

f3,3py, tqdy. (5.8)

Case 1. For x ă s3t, we decompose F3px, tq according to (5.7) as follows.

F3 “ ppv7, θ7qu7 ´ ppvl, θlqul ` ppv̄l, θ̄lqūlτ
1
Zph1q ´ ppv̄r, θ̄rqūrτ

3
Z`σph3q

´ κ
´

Bxθ
7

v7
´
Bxθl
vl

¯

´ µ
´u7Bxu

7

v7
´
ulBxul
vl

¯

(5.9)

´
`

s1 vEw1 ` ppv̄l, θ̄lqūl
˘

τ 1
Zph1q ´

`

s3 vEw3 ´ ppv̄r, θ̄rqūr
˘

τ 3
Z`σph3q `D,

where the remainder D is the sum of products of some well-decaying terms, given by

D “ D1τ
1
Zph1q ´D2τ

3
Z`σph3q `

ż x

´8

D3τ
1
Zph

1
1qdy ´

ż x

´8

D4τ
3
Z`σph

1
3qdy.

where

D1 “ ppvl, θlqul ´ ppv̄l, θ̄lqūl ´ κ
Bxθl
vl
´ µ

ulBxul
vl

,

D2 “ ppvr, θrqur ´ ppv̄r, θ̄rqūr ´ κ
Bxθr
vr

´ µ
urBxur
vr

,

D3 “ s1pEl ´ Ēlq ´ ppvl, θlqul ` ppv̄l, θ̄lqūl ` κ
Bxθl
vl
` µ

ulBxul
vl

` Z 1pEl ´ Ēmq,

D4 “ s3pEr ´ Ērq ´ ppvr, θrqur ` ppv̄r, θ̄rqūr ` κ
Bxθr
vr

` µ
urBxur
vr

` Z 1pEr ´ Ēmq,
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each of which is periodic, and satisfies ‖Di‖W 1,8pRq ď Cεe´2αt. Then it holds that

1
ÿ

k“0

ż s3t

´8

∣∣BkxDpx, tq∣∣2 dx ď Cε2e´4αt
1
ÿ

k“0

ż s3t

´8

”∣∣Bkxτ 1
Zph1q

∣∣2 ` ∣∣Bkxτ 3
Z`σph3q

∣∣2ı dy
ď Cε2e´4αt

“

C ` ps3 ´ s1qt
‰

,

ď Cε2e´2αt.

With (1.5)3, one can further decompose (5.9) as follows,

F3 ´D “

´

ppv7, θ7qu7 ´ ppvl, θlqul

¯

´

´

p
`

vSpξ,ξ`σq, θ
S
pξ,ξ`σq

˘

uSpξ,ξ`σq ´ ppv̄l, θ̄lqūl

¯

´ κ
´

Bxθ
7

v7
´
Bxθl
vl
´
Bxθ

S
pξ,ξ`σq

vS
pξ,ξ`σq

¯

´ µ
´u7Bxu

7

v7
´
ulBxul
vl

´
uS
pξ,ξ`σqBxu

S
pξ,ξ`σq

vS
pξ,ξ`σq

¯

` p
`

vSpξ,ξ`σq, θ
S
pξ,ξ`σq

˘

uSpξ,ξ`σq ´ τ
1
ξ

`

ppvS1 , θ
S
1 qu

S
1

˘

´ τ 3
ξ`σ

`

ppvS3 , θ
S
3 qu

S
3

˘

´ κ
”Bxθ

S
pξ,ξ`σq

vS
pξ,ξ`σq

´ τ 1
ξ

´

Bxθ
S
1

vS1

¯

´ τ 3
ξ`σ

´

Bxθ
S
3

vS3

¯ı

´ µ
”uS

pξ,ξ`σqBxu
S
pξ,ξ`σq

vS
pξ,ξ`σq

´ τ 1
ξ

´uS1 Bxu
S
1

vS1

¯

´ τ 3
ξ`σ

´uS3 Bxu
S
3

vS3

¯ı

` s1

`

τ 1
ξ ´ τ

1
Z
˘ `

ES
1

˘

` s3

`

τ 3
ξ`σ ´ τ

3
Z`σ

˘ `

ES
3

˘

:“
7
ÿ

i“1

Ki, (5.10)

where Ki represents each line on the right-hand side. Then we estimate K1 to K7 one by
one.

One can verify that

K1 “ K1,1

`

v7 ´ vl
˘

`K1,2pθ
7
´ θlq ` ppvl, θlq

`

u7 ´ ul
˘

´K1,3

`

vSpξ,ξ`σq ´ v̄l
˘

´K1,4

`

θSpξ,ξ`σq ´ θ̄l
˘

´ ppv̄l, θ̄lq
`

uSpξ,ξ`σq ´ ūl
˘

.

where

K1,1 “ u7
ż 1

0

pBvpq
`

vl ` ρpv
7
´ vlq, θ

7
˘

dρ,

K1,2 “ u7
ż 1

0

pBθpq
`

vl, θl ` ρpθ
7
´ θlq

˘

dρ,

K1,3 “ uSpξ,ξ`σq

ż 1

0

pBvpq
`

v̄l ` ρpv
S
pξ,ξ`σq ´ v̄lq, θ

S
pξ,ξ`σq

˘

dρ,

K1,4 “ uSpξ,ξ`σq

ż 1

0

pBθpq
`

v̄l, θ̄l ` ρpθ
S
pξ,ξ`σq ´ θ̄lq

˘

dρ,

By (2.30), one can verify that

v7 ´ vl “ pv̄m ´ v̄lqτ
1
ξ pg1q ` pv̄r ´ v̄mqτ

3
ξ`σpg3q ` J1 “ vSpξ,ξ`σq ´ v̄l ` J1, (5.11)

θ7 ´ θl “
γ ´ 1

R

`

Ēlτ
1
ξ ph1q ` Ērτ

3
ξ`σph3q ´ Ēm

˘

´
γ ´ 1

2R

`

uSξ,ξ`σ ` ūl
˘`

´ ūlτ
1
ξ pg1q ` ūrτ

3
ξ`σpg3q

˘

` J2 (5.12)
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“ θSpξ,ξ`σq ´ θ̄l ` J2,

u7 ´ ul “ ´ūlτ
1
ξ pg1q ` ūrτ

3
ξ`σpg3q ` J3 “ uSpξ,ξ`σq ´ ūl ` J3, (5.13)

where the remainders Ji for i “ 1, 2, 3, are some terms which satisfy that
2
ÿ

k“0

ż s3t

´8

∣∣BkxJi∣∣2 dx ď Cε2e´2αt.

Thus,

K1 “ pK1,1 ´K1,3q
`

vSpξ,ξ`σq ´ v̄l
˘

`K1,1J1 ` pK1,2 ´K1,4q
`

θSpξ,ξ`σq ´ θ̄l
˘

`K1,2J2 ` ppvl, θlqJ3 `
“

ppvl, θlq ´ ppv̄l, θ̄lq
‰ `

uSpξ,ξ`σq ´ ūl
˘

.

Note that K1,1 „ K1,3, K1,2 „ K1,4 and ppvl, θlq „ ppv̄l, θ̄lq, then one has that
1
ÿ

k“0

ż s3t

´8

∣∣BkxK1

∣∣2 dx ď Cε2e´2αt. (5.14)

Taking (5.12) into the formula of K2 gives that

´κ´1K2 “ Bxθl

´ 1

v7
´

1

vl

¯

`

´ 1

v7
´

1

vS
pξ,ξ`σq

¯

Bx
`

θSpξ,ξ`σq ´ θ̄l
˘

`
BxJ2

v7
.

Using Lemma 2.2 and the fact that v7 „ vS
pξ,ξ`σq, one can get that

1
ÿ

k“0

ż s3t

´8

∣∣BkxK2

∣∣2 dx ď Cε2e´2αt. (5.15)

Similarly, K3 satisfies that

´2µ´1K3 “
1

v7
Bx
“ `

u7
˘2
´ u2

l ´
`

uSpξ,ξ`σq
˘2
` ū2

l

‰

` Bxu
2
l

´ 1

v7
´

1

vl

¯

` Bx
`

uSpξ,ξ`σq
˘2
´ 1

v7
´

1

vS
pξ,ξ`σq

¯

.

It follows from (5.13) that
`

u7
˘2
´ u2

l ´
`

uSpξ,ξ`σq
˘2
` ū2

l “ J3pu
7
` ulq `

`

uSpξ,ξ`σq ´ ūl
˘ `

u7 ´ uSpξ,ξ`σq ` ul ´ ūl
˘

.

Thus, it holds that
1
ÿ

k“0

ż s3t

´8

∣∣BkxK3

∣∣2 dx ď Cε2e´2αt. (5.16)

For K4, it holds that

K4 “
“

p
`

vSpξ,ξ`σq, θ
S
pξ,ξ`σq

˘

´ τ 1
ξ

`

ppvS1 , θ
S
1 q
˘‰

looooooooooooooooooooooomooooooooooooooooooooooon

K4,1

τ 1
ξ

`

uS1
˘

`
“

p
`

vSpξ,ξ`σq, θ
S
pξ,ξ`σq

˘

´ τ 3
ξ`σ

`

ppvS3 , θ
S
3 q
˘‰

loooooooooooooooooooooooomoooooooooooooooooooooooon

K4,2

τ 3
ξ`σ

`

uS3
˘

,

where

K4,1 “

ż 1

0

pBvpq
`

p1´ ρqτ 1
ξ pv

S
1 q ` ρv

S
pξ,ξ`σq, θ

S
pξ,ξ`σq

˘

dρ
`

vSpξ,ξ`σq ´ τ
1
ξ pv

S
1 q
˘

`

ż 1

0

pBθpq
`

τ 1
ξ pv

S
1 q, p1´ ρqτ

1
ξ pθ

S
1 q ` ρθ

S
pξ,ξ`σq

˘

dρ
`

θSpξ,ξ`σq ´ τ
1
ξ pθ

S
1 q
˘

,



24 Q. YUAN AND Y. YUAN

where vS
pξ,ξ`σq´τ

1
ξ pv

S
1 q “ τ 3

ξ`σ

`

vS3
˘

´v̄m and θS
pξ,ξ`σq´τ

1
ξ pθ

S
1 q “ τ 3

ξ`σ

`

θS3
˘

´θ̄m´
γ´1
R
τ 1
ξ

`

uS1
˘

τ 3
ξ`σ

`

uS3
˘

.
Similarly, one can verify that

K4,2 “

ż 1

0

pBvpqp¨ ¨ ¨ qdρ
`

τ 1
ξ

`

vS1
˘

´ v̄m
˘

`

ż 1

0

pBθpqp¨ ¨ ¨ qdρ
“

τ 1
ξ

`

θS1
˘

´ θ̄m ´
γ ´ 1

R
τ 1
ξ

`

uS1
˘

τ 3
ξ`σ

`

uS3
˘ ‰

.

Then it follows from (2.7) that

1
ÿ

k“0

ż

R

∣∣BkxK4

∣∣2 dx ď Cδ4

ż

R
e´2c1δt´2cδ|x|dx ď Cδ3e´2c1δt. (5.17)

And K5 and K6 satisfy that

´κ´1K5 “ ´
1

vS
pξ,ξ`σq

”

τ 1
ξ

´

Bxθ
S
1

vS1

¯

`

τ 3
ξ`σpv

S
3 q ´ v̄m

˘

` τ 3
ξ`σ

´

Bxθ
S
3

vS3

¯

`

τ 1
ξ pv

S
1 q ´ v̄m

˘

`
γ ´ 1

R
Bx

`

τ 1
ξ pu

S
1 qτ

3
ξ`σpu

S
3 q
˘

ı

,

´2µ´1K6 “ ´
1

vS
pξ,ξ`σq

”

τ 1
ξ

´Bx
`

uS1
˘2

vS1

¯

`

τ 3
ξ`σpv

S
3 q ´ v̄m

˘

` τ 3
ξ`σ

´Bx
`

uS3
˘2

vS3

¯

`

τ 1
ξ pv

S
1 q ´ v̄m

˘

´ 2Bx
`

τ 1
ξ pu

S
1 qτ

3
ξ`σpu

S
3 q
˘

ı

.

Similar to (5.17), one can get from Lemma 2.1 and (2.7) that

1
ÿ

k“0

ż

R

´∣∣BkxK5

∣∣2 ` ∣∣BkxK6

∣∣2¯ dx ď Cδ3e´2c1δt. (5.18)

By Lemma 2.3, one can verify that

1
ÿ

k“0

ż

R

∣∣BkxK7

∣∣2 dx ď Cε2e´4αt. (5.19)

Collecting (5.14) to (5.19) gives that

1
ÿ

k“0

ż s3t

´8

∣∣BkxF3

∣∣2 dx ď Cε2e´2αt
` Cδ3e´2c1δt. (5.20)

Case 2. If x ą s3t, one can decompose F3 according to (5.8) and using similar arguments
as in the case 1 to obtain that

1
ÿ

k“0

ż `8

s3t

∣∣BkxF3

∣∣2 dx ď Cε2e´2αt
` Cδ3e´2c1δt. (5.21)

We omit the proof in this case.
�
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Appendix A. Proof of Lemma 2.2

Proof. For convenience, by using u´ ū to substitute u, one can assume that ū “ 0.
Denote the perturbation terms

φpx, tq “ vpx, tq ´ v̄, ψpx, tq “ upx, tq ´ ū “ upx, tq,

wpx, tq “ Epx, tq ´ Ē, ζpx, tq “ θpx, tq ´ θ̄,

which satisfies
Btφ´ Bxψ “ 0,

Btψ ` Bx

ˆ

Rζ

v

˙

` Bx

ˆ

Rθ̄

v

˙

“ µBx

ˆ

Bxψ

v

˙

,

R

γ ´ 1
Btζ ` pBxψ “ κBx

ˆ

Bxζ

v

˙

`
µ

v
pBxψq

2 .

(A.1)

Assume that k ě 2 and
ν “ sup

tPr0,T s

‖φ, ψ, ζ‖Hkpp0,πqq ptq ą 0 (A.2)

is small enough. Multiplying ´Rθ̄
`

1
v
´ 1

v̄

˘

on (A.1)1, ψ on (A.1)2, and ´θ̄
`

1
θ
´ 1

θ̄

˘

“
ζ
θ
on

(A.1)3, respectively, and summing the results together yield that

Bt

„

1

2
ψ2
`Rθ̄Φ

´v

v̄

¯

`
R

γ ´ 1
θ̄Φ

ˆ

θ

θ̄

˙

`
µ

v
pBxψq

2
`

κ

vθ
pBxζq

2

“ Bx

„

µ

v
ψBxψ `

κ

vθ
ζBxζ ´R

ˆ

θ

v
´
θ̄

v̄

˙

ψ



`
κ

vθ2
ζpBxζq

2
`

µ

vθ
ζ pBxψq

2 ,

where Φpsq “ s´ ln s´ 1. It follows from (A.2) that

d

dt

ż π

0

„

1

2
ψ2
`Rθ̄Φ

´v

v̄

¯

`
R

γ ´ 1
θ̄Φ

ˆ

θ

θ̄

˙

dx` 2c1 ‖Bxψ, Bxζ‖2
ď 0, (A.3)

for some constant c1 ą 0. By the conservative forms of (1.1), one has that
ż π

0

pφ, ψ, wq px, tq ” 0, t ě 0. (A.4)

Then the Poincaré inequality yields that

‖φ‖ ď a ‖Bxφ‖ , ‖ψ‖ ď a ‖Bxψ‖ , ‖w‖ ď a ‖Bxw‖ , (A.5)

for some constant a ą 0. This, together with ζ “ γ´1
R

`

w ´ 1
2
ψ2

˘

, yields that

‖Bxζ‖2
ě a´2 ‖ζ‖2

´
pγ ´ 1q2

4R2a2
‖ψ‖2

L8 ‖ψ‖2
´
pγ ´ 1q2

R2
‖ψ‖2

L8 ‖Bxψ‖2

ě a´2 ‖ζ‖2
´
pγ ´ 1q2

4R2a2
ν2 ‖ψ‖2

´
pγ ´ 1q2

R2
ν2 ‖Bxψ‖2 . (A.6)

Thus, by (A.3), (A.5) and (A.6), if ν ą 0 is small enough, one has that

d

dt

ż π

0

„

1

2
ψ2
`Rθ̄Φ

´v

v̄

¯

`
R

γ ´ 1
θ̄Φ

ˆ

θ

θ̄

˙

dx` c1 ‖Bxψ, Bxζ‖2
` c2 ‖ψ, ζ‖2

ď 0, (A.7)

By using (A.1)1, (A.1)2 is equivalent to

Btψ `
R

v
Bxζ “ Bt

´µ

v
Bxφ

¯

`
Rθ

v2
Bxφ.

Then multiplying this equation by Bxφ
v

and using (A.1)1 again, one has that

d

dt

ż π

0

„

µ

2v2
pBxφq

2
´
ψ

v
Bxφ



dx` c3 ‖Bxφ‖2
ď C ‖Bxψ, Bxζ‖2 . (A.8)
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Collecting (A.7) and (A.8), and using (A.5), one has that

d

dt

ż π

0

!

M1

”1

2
ψ2
`Rθ̄Φ

´v

v̄

¯

`
R

γ ´ 1
θ̄Φ

´θ

θ̄

¯ı

`
µ

2v2
pBxφq

2
´
ψ

v
Bxφ

)

dx

` c4 ‖Bxφ, Bxψ, Bxζ‖2
` c4 ‖φ, ψ, ζ‖2

ď 0.

(A.9)

If M1 ą 0 is large enough, the terms in t¨ ¨ ¨ u in (A.9) satisfy that

c´1
5 ‖φ, ψ, ζ, Bxφ‖2

ď

ż π

0

t¨ ¨ ¨ udx ď c5 ‖φ, ψ, ζ, Bxφ‖2 , (A.10)

which implies that
‖φ, ψ, ζ, Bxφ‖2

ptq ď
`

‖φ0‖2
1 ` ‖ψ0, ζ0‖2

˘

e
´

c4
c5
t
. (A.11)

Since the estimates for the higher order derivatives are standard and their exponential decay
rates can be proved in the same way with the aid of Poincaré inequality, thus we omit the
details.

�
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