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AN ENTROPIC METHOD FOR DISCRETE SYSTEMS WITH GIBBS
ENTROPY™

ZHENNING CAIf, JINGWEI HU}, YANG KUANGS$, AND BO LINY

Abstract. We consider general systems of ordinary differential equations with monotonic Gibbs
entropy, and introduce an entropic scheme that simply imposes an entropy fix after every time step
of any existing time integrator. It is proved that in the general case, our entropy fix has only
infinitesimal influence on the numerical order of the original scheme, and in many circumstances,
it can be shown that the scheme does not affect the numerical order. Numerical experiments on
the linear Fokker-Planck equation and nonlinear Boltzmann equation are carried out to support our
numerical analysis.
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1. Introduction. The second law of thermodynamics, discovered more than
170 years ago, states that the direction of the thermodynamic processes is driven by a
physical quantity called entropy. The importance of this law cannot be overstated, and
nearly every thermodynamic model has to respect such a property. Mathematically,
there are a number of formulas to represent the entropy, among which the Gibbs
entropy, formulated as the integral of flog f with f being the distribution function
of the states, is widely used in a variety of models such as the heat equation, the
Boltzmann equation, and the Fokker-Planck equation. In our discussion, we assume
a finite number of states, so that the Gibbs entropy is defined by

N
n(f) = Zfi log f; Av;,

i=1

where f = (fi,...,fn)T € RY describes the distribution of the N states and Av;
represents the weight of the ith state. The vector f is a vector function of time ¢, and
we assume that it satisfies the initial value problem

dfi(t) _ o
(1.1) =5 = Q1) i=1,....N,
fi(0) = 17,

with the following properties:
(P1) conservation of mass: % Zivzl fi(t)Av; = 0;
(P2) nonnegativity: f;(¢t) >0, V1 <i< N,t>0;
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(P3) monotonicity of entropy: % vazl fi(t)log fi(t)Av; < 0.
The ODE system of the form (1.1) appears frequently after discretizing the ther-
modynamic equations in space. For example, it may arise from the finite difference
discretization of the heat equation and the Fokker-Planck type equation [6, 2, 10, 4].
It may also result from the discrete velocity method and the entropic Fourier method
for the Boltzmann equation [7, 3].

Although the semi-discrete scheme (1.1) decays entropy, there is no guarantee
that this property will carry over when time is discretized. In some special cases, the
entropy decay can be proved for the fully discrete scheme, see for instance [1], yet it
often comes at a price of using implicit schemes and is highly problem and scheme
dependent. Given the importance of entropy in thermodynamic processes, it would
be desirable to have a fully discrete entropic scheme that is generic (e.g., does not
require a specific type of time discretization) as well as easily implementable (e.g.,
does not require expensive nonlinear iterations).

To bridge the above gap, we introduce an entropic scheme in this paper to achieve
the following: one can apply any time discretization to the system (1.1) as long as it
maintains the mass conservation and nonnegativity of the solution. After each time
step, if the entropy goes in the wrong direction, we provide a simple fix to make it
decay monotonically. Such a fix is done by a weighted average of the current solution
and the solution with maximum entropy. Via numerical analysis, we show that such
a fix has only a tiny effect on the order of accuracy, and in various cases, it can be
proven that the order of accuracy is not affected at all. Numerical experiments on the
linear Fokker-Planck equation and nonlinear Boltzmann equation will also be carried
out to support our findings.

The paper is organized as follows. In section 2, we first outline the procedure of
our entropic method and summarize the main theorems of the method. The detailed
proof of the theorems with some deeper understandings is illustrated in section 3.
section 4 provides the numerical experiments, and the conclusion follows in section 5.

2. Main results. This section outlines the overall procedure of our entropic
method and lists the main results of our numerical analysis. Before stating our the-
orems, we introduce the notations and review some basic properties of the Gibbs
entropy.

2.1. Brief review of Gibbs entropy. Due to the conservation hypothesis (P1),
below we focus on the entropy functional defined by

N N

H(f)= Z(fz log fi — fi)Av; := Zh(fi)A%

i=1 i=1
with h(x) = zlogxz — x. Note that H(f) differs from n(f) only by a constant.
Let C = (C,...,C)T € RY with
N
C = Eizl fiAv; )
Zf\; Av;

We denote by f = f/C = (f1,..., fn)T the normalized f, then it can be checked
that

(2.1)

(2.2) Cn(f) = H(f) - H(C).
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Furthermore, we define the L? (p = 1,2) norm and L* norm of any f as

N 1/p
||f||p:<2f¢pAUi> oo = max|fil.

i=1

LEMMA 2.1. C is the unique global minimum point of H(f) for all f € RY
satisfying (2.1) with fized C.

The proof of Lemma 2.1 can be done by the concavity of log(z) and Jensen’s
inequality. Furthermore, a straightforward corollary of Lemma 2.1 is that, 1 =
1,...,1)7 ¢ ]Rf is the unique global minimum point of 7n(f) for all f € RJ_,\_I sat-
isfying || f|l; = [|1]l1. To ease the notation, we use [|1]; = Zf;l Awv; =V to denote
the volume.

The notations hereafter will be focused on the relative entropy 77(}’) and the
normalized f for fixed C. One could find its relationship to entropy function H(-)
from (2.2). For simplicity, we would like to omit the tilde symbol in f, and thus the
average of the components of f will be 1 hereafter.

2.2. Main results. We assume after temporal discretization of (1.1), the prop-
erties (P1) and (P2) can be preserved. Specifically, if we let f > 0 be the numerical
solution at the nth time step, then we have

(H1) conservation: Zf\il T A = vazl flrAv;,

(H2) nonnegativity: f'*' >0, V1 <i < N.
We would like to design an entropic method such that it can fulfill a discrete version
of (P3) while keeping (H1) and (H2).

Our numerical scheme is based on imposing a simple entropy fix after computing
the numerical solution at every time step. Suppose that an is computed through
evolving f™ by one time step. If n(f™ ) < n(f™), nothing needs to be done. Other-
wise, we revise the solution at the (n + 1)th time step as

~n+1

(2:3) Froo=apa -,
where f3, € (0,1] is chosen to satisfy
(2.4) N+ B (1= FY) = n(F7).

This guarantees that the entropy is always non-increasing.

In most cases, such a method stabilizes the solution since it reduces both the
Gibbs entropy and the 2-norm of vectors. Therefore we are mainly concerned about
the magnitude of the fixing term £,(1 — f”“), and we hope that this term does not
affect the numerical convergence order of the original scheme. Generally, the error
estimation of this scheme can be analyzed in the following manner
(2.5)

1F " = Far )l < IE = £+ 1F7 = Fltne)]
<IET = FTY A = R |+ I F () — FlEagn)

l

where f(t) is the solution of the problem

Gty
(2.6 i T QUL =1

fz(tn):fzna izla"'7N7
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and hence ||f"™ — f(t,;1)| is the “one-step error” of the scheme. The last term
in (2.5) is usually controlled by the stability of the ODE problem with respect to
the initial condition. If we assume that the scheme satisfies the following consistency
condition:

1 (tns1) = £ < O(ALH),

then the original scheme (before our entropy fix) is a scheme of order s. Here our
purpose is to demonstrate that the first term in the second line of (2.5), i.e., ||8p(1 —
£ ||, can be controlled by the second term ||f(tns1) — ™. In the ideal case,
we may find a constant C such that

185 (1 = f™ON < ClIF (tngr) — £

then the numerical convergence order is not affected. Hereafter, for simplicity, we
would like to omit the tilde and use f(¢,+1) to denote the solution of (2.6) at time
tnr1- In other words, we assume that the solution at the nth time step f" is exact
(f(tn) = f™), so that f(t,41) becomes identical to f(t,11).

In the following theorems, we will study a stronger result

(2.7) n(f" + B = ) = n(F(tara)),

where (3, in (2.4) is replaced by 8 and the solution at (n + 1)th time step is revised
to possess the same entropy as f(t,+1). Due to n(f(tnt+1)) < n(f") and the mono-
tonicity of n(f" ™ + w(1 — f”“)) with respect to w, we see that 5, < . Therefore,
it suffices to show that ||3(1 — f™*)|| can be controlled by the difference between
f(tn+1) and f" 1. Based on the commonly-used 2-norm of vectors, we are going to
prove this type of results in four different scenarios, which will be stated in the four
theorems listed below.

In the first case, we have no assumptions on the structure of the solution, which
may lead to a slight reduction of the numerical convergence order:

THEOREM 2.2. Given a positive and conservative numerical scheme, i.e., f* €

RY and || "1 = | F(tasi)lli- When n(fTY) > n(f™) and (2.7) are satisfied, if
| £ (tng1) — £ 72 < 1, then

1B(L = F" )2 < M| f(tasr) = F" 2 (14 [log (I (tnsa) — £ I2)])

where M > 0 is a constant which depends on V., || " oo and || £ (tni1)]loo-

In this case, the right-hand side of the inequality contains a logarithmic term,
which tends to infinity when || f(t,q1) — " !||2 approaches zero. However, for any
€ > 0, we have

L+ [log (1 (tnga) = £ l2) [ < 1 F (Bnga) = £

when || f(tny1) — F* |2 is sufficiently small, meaning that the numerical convergence
order is reduced only by an arbitrary small positive number. Nevertheless, we would
still like to explore the conditions under which such a logarithmic term does not exist.
The remaining three cases are related to this type of results.

Intuitively, the reason of the logarithmic term in Theorem 2.2 is the unbounded-
ness of the function h’(z) when z is close to zero. In the following result, we assume
that the components of the numerical solution "' have a lower bound Cp, such that
h'(z) becomes bounded:
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THEOREM 2.3. Given a positive and conservative numerical scheme, i.e., f*71 €

RY and || "1 = || £t )lli. When n(£7) > n(f") and (2.7) are satzsﬁed, if
> Co > 0 holds for all1 <i < N, then

1B(L = £ D)2 < M| (tnsa) = £ 2,

where M > 0 is a constant which depends on Co, || oo and || (tni1)llo-

The condition in this theorem disallows the numerical solution to be zero any-
where in the domain. In such a situation, if the scheme can guarantee the numerical
convergence order for the L™-error, we can still show that the L?-norm of the entropy
fix is small. This corresponds to our third case:

THEOREM 2.4. Given a positive and conservative numerical scheme, i.e., f"T €

RY and [|f"FH 0 = IF(tagr1) 1. When n(F"FY) > n(f") and (2.7) are satzsﬁed, if
I F(tni1) — £ oo < 1/3, it holds that

1B(L = £ )2 < M| f(tnsr) = £ o,

n+1

where M > 0 is a constant which depends on V, | " oo and || f(tn+1)]0c-

The last case we consider can be regarded as a generalization of Theorem 2.3.
We allow the numerical solution to be small on some part of the domain, but require
that the solution increases slowly. This will lead to a result similar to the conclusion
of Theorem 2.3, where the L?-magnitude of the entropy fix can be directly bounded
by the L2-error:

THEOREM 2.5. Given a positive and conservative numerical scheme, i.e., f*71 €

Rf and || "1 = || f (tns1)|1, we denote the components of £ as f"'H § fott <
- < f"+1 For any C1,Cy € (0,1], there exists two positive constants 6 and M, such
that

1B = F" D)2 < MU = Ftns)ll

if all the following conditions hold:

o (™) > n(f") and n(f"+ B = ) = n(f(tasr));
o £ = fltasn)ll2 < 6;
e The index Iy = min{[ | 25:1 Av; > C1V} satisfies

1 .G
[log (F7™1) |~ llog (F7.7) |

Here ¢ depends on Cy, Cy and V, and M depends on Cy, Cy, V, ||j"”+1|\oo and
||f(tn+1)||00~

In (2.8), the function 1/|log x| is regarded as zero when z takes the value zero.
The condition (2.8) allows the existence of small components in the solution. To
better demonstrate the nature of this condition, two examples are presented below.

(2.8)

EXAMPLE 1. This ezample assumes that £ is the uniform discretization of a
one-dimensional Gaussian, i.e.,

Av; = Av, fT = i=1,...,N+1,

C\f exp(—v}),

where v; are uniformly distributed in [—L, L], Av = 2L/(N 4+ 1) and L > 0 is set
to be sufficiently large such that exp(—L?) is sufficiently small. The constant C is
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chosen such that || f" 4|1 = ||1||1. Furthermore, fox fized L, we assume that N is an
even number and large enough such that C > 1/(4L). According to the assumption of
Theorem 2.5, we set v; to be

ui:(fl)i[(NJrl—z‘)/ﬂ%, i=1,--,N+1

such that fi"+1 increases with respect to i. For illustration, we plot the normalized
Gaussian and its sorted version in Figure 1, where parameters are set as L = 6 and
N =20. In this example, we take I; = [(N +1)/2] = N/2+ 1, then

log(/5,") gz —vh vk —los(JR) e} 1
log(fi*")  log gim — L% ~ L? =912 =%

which satisfies (2.8) with C1 = 1/2 and Cy = 1/8. This example shows a case where
the values of fi”Jrl are nonzero but can be arbitrarily small.

10°
s g 10°
© ©
> >
S 51070
© ©
c c
2 2 10718
—6—O0Original Gaussian
—=—Normalized Gaussian \+Sorted and normalized Gaussian\
102 1020
-6 -4 -2 0 2 4 6 0 5 10 15 20 25
v; 7

Fic. 1. Discretized Gaussian, its normalization and sorted motation in Example 1.

EXAMPLE 2. The second example is for the case where some components of ™

are zero. We assume a uniform discretization on [0,1] with Av; = 1/N for i =
1,...,N and choose f*' to be

0, i=1,...,1,
=31, i=hL+1,...,N—1I,
2, i=N-1I,+1,...,N.

If I, /N is a constant, the vector F approzimates a piecewise constant function. In
this case, Theorem 2.5 holds by choosing C1 = I1 /N and Cy to be any positive number
in (0,1]. The blue lines in Figure 2 show the situation where C; = 1/3. However,
if I1/N decreases to zero as N increases, e.g. Iy = 1 for all N, such a constant
C1 cannot be found. This situation violates the condition of Theorem 2.5, which is
illustrated as the red lines in Figure 2.

In general, the above theorems suggest that such entropy fix can be safely used
without sacrificing the numerical accuracy. Moreover, for a numerical scheme with
sufficient accuracy, the violation of the entropy inequality will not always happen,
meaning that the entropy fix may be needed only at a few time steps, resulting in
even less significant impact on the numerical accuracy.
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27 00000 2 et
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1.5¢1 1.5 ;
i
I
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i
I
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Fia. 2. Illustration of FExample 2 where fi""'1 can only be chosen as 0, 1 or 2.

Remark 2.6. The above results can be easily generalized to the cases where the
equilibrium is not a constant. Assume that M = (My,--- , Mpy)T € R} is the
equilibrium state of (1.1), and the entropy functional (in this case, it is the relative
entropy) is defined by

nlf] =) filog—-Av;.

We can let g; = f;/M; and Aw; = M;Av;, so that n[f] can be rewritten as

N
nlf] = Zgi log g; Aw,

i=1

which fits the entropy formulas in the theorems again. In this case, the entropy fix
(2.3) applied to g"*! is equivalent to the following fix applied to f"**:

~n+1
(2.9) o= M=t
By this transformation, our approach can also be applied to the linear Fokker-Planck
equation. Please see the numerical section for more details.

3. Theoretical proofs of the error estimates. This section provides all the
details of the proofs of the four theorems. Instead of proving these theorems in the
order they are presented, below we will first provide the proof of Theorem 2.3, which
can provide necessary tools needed in the proof of Theorem 2.2.

3.1. Proof of Theorem 2.3. Before proving the theorem, the relationship be-
tween entropy function and L? norm will be demonstrated by several lemmas. Among
them, we will first estimate the entropy function n(f) and its L? norm || f||2 in the
following lemma.

LEMMA 3.1. For f € RY and || f|li =V,
1
2[1 £l

Proof. On one hand, for = > 0,

I = 13 < n(f) < IIf - 113

zlogr —(z—1) <az(z—1)— (z—1) = (z — 1)%
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where the inequality above uses log x < x—1. On the other hand, by Taylor’s theorem,
1
zlogx = (z — 1) —|—/ g(x —t)dt.
1

For 0 < 2 < ||f|loo, the integral satisfies

Lopaz [~ eoparz [ gar= E2U
i vtz [ oyt [ e ou = S

Therefore,

(z—1)? 2
(x—1)4+ - <zlogz < (z—-1)+ (z—1)°.
2/ flloo
The lemma can be proved by taking x = f; in the above inequality and summing up
all1 <i < N. d

A straightforward corollary of the above lemma is given as follows.
Lemma 3.2. For £ e RY and f& e RY with |fV), = |2 =V, if
n(FD) < n(F@), then it holds that

1FD =103 < 21 Vllec |l £2 — 1113

After showing the equivalence between entropy function and 2-norm, we will
proceed to discuss the relationship between n(f) — n(£?) and || f& — £@ ||, for
any two vectors £ and £). By the definition of n(-), we are inspired to study the
estimation of h(x) — h(y). The result is presented in the following lemma.

LEMMA 3.3. Given 0 < Cyp <1,y > 0 and z > Cy, if y > Cy or h(z) > h(y),
then

(3.1) () = h(y)| < max (2,2[log(Co)|) [« — y| (| = 1[ + [y —1]) .

Proof. If x =y, it is obvious that the lemma is correct. It remains to prove the
lemma when x # y.
By the mean value theorem,

(3.2) h(x) = h(y) = log(§)(x — y),
where ¢ is between = and y. If log(§) > 0, it holds that £ > 1 and
[Tog(§)] = log(¢) <& — 1 <max(z — 1,y —1) < |z — 1|+ |y — 1.
Therefore, if log(¢) > 0, (3.2) becomes
(3-3) [h(@) = h(y)| < |z =yl (jz = 1]+ [y —1]).
Next we assume h(z) > h(y). If h(z) > h(y) and x > y, (3.2) implies log(€) > 0,
which gives (3.3). If h(z) > h(y) and z < y, (3.2) implies log(¢) < 0 and £ < 1. In

this case, y > x > Cp, which implies £ > Cj and log(£) > log(Cp). Therefore, (3.2)
becomes

(3.4) |h(x) — h(y)| = —log(&)|z — y| < —log(Co)|z — y| = |log(Co)||z — y|.
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On the other hand, by the mean value theorem,

~log(€) = log(1) — log(€) = (1 — €) < E§5<Lz——1\—%|ygf 1),

3

where & € [¢,1] C [Cy,1]. The above results can be summarized into the following
estimation:

(3.5) |h(x) = h(y)]

IA

|x—Mmebaan Ux—u+w—u0

If we further assume = > 1/2 and y > 1/2, then (3.5) is satisfied with Cy = 1/2,
which becomes

() = h(y)| < |o —y|min (log 2,2 (jo — 1] + [y — 1)) < 2z —y| (o — 1| + [y —1]).

Otherwise, if z < 1/2 or y < 1/2, we have 2(|x — 1| + |y — 1|) > 1. Therefore,
. 1
min (| 0(Col, - (b = 11y = 1)) < |1og(Co)| < 2 log(Cl o~ 1]+ Iy~ 1).

Combining the two results above yields the inequality (3.1) when h(z) > h(y).

It remains only to consider the case h(z) < h(y) and y > Cy. If z < y, (3.2)
implies log(&) > 0, which gives the result of (3.3). Otherwise, z > y implies log(£) < 0.
Since x > Cy and y > C, it holds that £ > Cj, and therefore 0 > log(&) > log(Cy),
which also yields (3.5). The rest of the proof is the same as the previous case. d

With the help of the above lemma, we could give an upper bound of the difference
of entropy functions n(fM) — n(£) in the following lemma.

Lemma 3.4. For fO = (f, . fP) € RY and £@ = (f& .. ) e RY
with ||f(1)\|1 = ||f(2)\|1 =V, given 0 < Cy <1, if fi(l) >Cy foralll <i< N and
f(z) satisfies either of the following conditions:

1. f® > Cy forall1 <i< N;

2. (@) <n(fY);
then it holds that

9D = n(F )] < max (2,20 og(Co)|) |1 FD = FO s (15D = 12 + 152 — 1]1)

Proof. For simplicity, we use M to denote the constant max (2, 2|log(Cp)|) in this
proof. In the first case fz-(Q) >Cyp>0foralll <i< N, we can plug z = fi(l) and

Yy = fi(z) in Lemma 3.3 and sum over all 1 <7 < N. By using ||f(1)||1 = Hf(2)||1, we
can obtain that

N
) =N <M E (107 =00 = SN+ 102 =D = £7)]) Ao

The lemma can be proven by the Cauchy-Schwarz inequality.
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In the second case n(f?) < n(f1), we have

[
=
\h

=

—n(f) v+ 3 (D) = () v,

m( ) <h(r?) B> RE)
(1 2
(h() = n(£)) Av,

(]

h(F)>h()
<u Y (10O =0 = 010 = D0 = 1)) Av,
h(FE)>h(f2)

where the last inequality is again the result of Lemma 3.3. The lemma naturally
follows by extending the range of summation of i to 1, ..., N and applying the Cauchy-
Schwarz inequality. ]

In the proof of case 2, we applied Lemma 3.3 only to fi(l) and fi(2) with h(fi(l)) >
h( fi(Q)). This allows us to relax the condition “ fi(l) > (Cyforalll <i < N” in the case

n(f) > n(£?). In fact, we need fl-(l) > (Cp only for the components that require
Lemma 3.3. We write this result in the following corollary:

CororLLARry 3.5. For O = (1 () e RY and £@ = (£?,..., 1) €
RY with 1FV: = 1FP)y = V, we assume n(f(l)) > n(fP). If there exists 0 <
Co < 1 such that for any i = 1,...,N, either f) > Co or h(f) < h(f?) is
satisfied, then it holds that

(M) = (£ )] < max 2, 210g(Co)) £ = F 2 (IFY = U2 + 5P 12

We are now ready to prove Theorem 2.3.

Proof of Theorem 2.3. The convexity of 7(-) implies
("4 B = ) < Bn(1) + (1= B)u(FH).
y (2.7) with (1) = 0, the above inequality is equivalent as

(") = n(f (tni1))
n(ft)

The numerator in (3.6) can be estimated by

n(f"*) = n(f(tni1)
< M| = Fltns)l (anﬂ =12+ |ftns1) — 1||2) (Lemma 3.4)

< ]\/.l'||fn—~_1 — f(tns1)|l2 (1 + ||f(tn+1)||oo> ||f"+1 — 1|2, (Lemma 3.2)

where M = max(2,2|1log(Cp)|). On the other hand, according to Lemma 3.1, the
denominator in (3.6) satisfies

n(f*t) >

(3.6) B <

1

+1 2
A
oo

Therefore,

181 = £ )2 < 2M £ Moo 1+ VIF s )l 1 £ = £ (i) 2. 0
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In this case, we would like to give a remark on the practical choice of 3, in
(2.4). Tnstead of solving n(f" ™' + B,(1 — ")) = n(f™), we can simply take Bp =
(" = n(F™)/n(f"h), which equals the upper bound in (3.6). Note that the
convexity of function n(-) implies n(f") = (1pr)n(f"+1)+Bpn(1) > p(frtt +6Ap(17
f"“)). Therefore, under the condition of Theorem 2.3, if we change the numerical
solution at (n+1)th step to £ +5,(1— £"), it still holds that [|3,(1—f"™)||s <
M|\ f(tng1) = £ o

3.2. Proof of Theorem 2.2. Different from the previous proof, in Theorem 2.2,
we allow the solution to have components arbitrarily close to zero, so that Lemma 3.4
cannot be directly applied. To overcome this difficulty, we introduce a regularization
term before using Lemma 3.4. The details are given as follows.

Proof of Theorem 2.2. For simplicity, we let ¢ = ||f""" — f(tn41)|]2. To avoid
dealing with zero components, we first regularize the numerical solution f™*' by

(37) fn+1,1 — fn+1 +€(1 _ fn“rl)’

after which f"*"! > ¢ forall i =1,..., N. On the other hand, since ||1 — f" ™, <
max(1, || flleo = 1) < || flloo, the L? norm of the perturbation introduced by the regu-
larization satisfies

le(X = £ )2 < VVIF oce.

After perturbation, if n(f" ') < n(F(t,s1)), then we have § < ¢ so that the
conclusion of the theorem is drawn. If n(f™ ') > n(f(tns1)), we can find 3, € (0,1]
such that

n(f+ Ba(L = F7) = 0(f (tn),

n+1 to fn+1,1

which is identical to (2.7) by replacing f . Therefore, we can set Cy = ¢

in Theorem 2.3 to obtain
1B2(1 = D) l2 < M| f7FH = Ftnga) |2,
and by the proof of Theorem 2.3, we know that

My = 4max (1, lloge|) | F" oo (1 4+ VI F (b1 [loo)
<A+ [og e[ £ H oo (1 + VIF (Ens1)lloc)s

since [[f"H oo < 1 |oo-

If we define
pntl n n n n
(3.8) Fo= T B (1= YY) = T g (e 4 Bo — o) (1 - Y,
then by 77(}‘”“) =n(f(tne1)) we know that 8 = e + By — £8. Thus it holds that

1B = £ )z = I1F" = e < IF™ = £ a4 £ - g
< My F = Ftrn) o+ IF7F = £
< My(|l £ = P o) + I = e
< M(VVIIF™ looe + ) + VVIIF™ [loce < Moe(|loge] + 1),

where Mz = 8(VVI|IF" " [loo + DIIF" oo (1 + v/TF (tnr)lc)- d

The proof of this theorem follows the two-step procedure, which will also be
applied in the proof of Theorem 2.4.
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3.3. Proof of Theorem 2.4. To prove Theorem 2.4, we deal with the compo-
nents with fi”Jrl < % and fi”+1 > % separately. The difference between these two

cases can be seen from the following lemma:

LemMA 3.6. For £V e RY and & e RY with || f — fP||. < L, define

FO =D+ p - ),

where 1 = 3||f(1) - f(2)||oo. If ||f(1)\|1 =V, then £® satisfies following properties:
1. For all k such that flgl) < %, it holds that h( ég)) < h( 22));
2. For all k such that f\" > 2, it holds that f{* > 2;

B MFY = f Voo <31V el F Y = £ e
Proof. For those k such that fi" < 2, we have 1 — f{") > L. Thus

Y =m0 =B 23 = B2 0= ) 2 15D - 122 50 - R

which yields f,§3) > f,£2). Since f,g?’) is the convex combination of 1 and f,il), we
have 0 < f,g?’) < 1. Since h(-) is monotonically decreasing on [0, 1], we conclude that
W) < h(FD).

The second property is obvious since f,gs) lies between f,gl) and 1.

As for the third property, it should be noted that |||, = V implies || £ | >
1. Therefore,

1D = V) = Bill1 = FV 0o
< max(L, [ £ lo — DB < 3IF Vol FY = P . O

The first property in Lemma 3.6 shows how we deal with the small components,
and this only holds when f; is proportional to the difference between f M) and f @
measured by the infinity norm, leading to the form of the right-hand side in the
conclusion of Theorem 2.4. For the remaining terms, an O(1) lower bound exists, so
that the same technique as Theorem 2.3 can be applied. The details of the proof are
given below:

Proof of Theorem 2.4. By Lemma 3.6, we could pick 81 = 3||f" ™ — F(tns1) oo
and construct

(39) fn+1,1 _ fnJrl +ﬂ1(1 _ fn+1)’

If p(f"Y) < n(F(tng1)), the proof is already completed. If n(f™ 1) > n(F(tni1)),

we construct }'nH as (3.8) such that n(}'nﬂ) =n(f(tnt1)), and thus 5 = 1 + B2 —
B1B2. According to Lemma 3.6, those components ¢ where h(finﬂ’l) > h(fi(tnt+1))
satisfy fi"'H’1 > % Therefore, Corollary 3.5 could be applied with Cy = %, and we
could mimic the proof of Theorem 2.3 with only replacement from Lemma 3.4 to
Corollary 3.5 in the proof. As a result, by the conclusion of Theorem 2.3, it holds

that
1821 = £ Y |2 < M| F(tngr) — £ o,

where M; = 4max (1, |1og(Co)|) || £ loo (1 + /| F(tn11)]lso) taken from the proof
of Theorem 2.3. Moreover, ! in M, could be replaced by £™** since || f" ™| s <
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"™ |loc. Then, similar to the second step in the proof of Theorem 2.2, it holds that

~n4+1 ~n+1
1F = e < IF T = I =

M (tar) = £ o £
< MVV [ F(tngr) = £ oo + VYL = £
< MV F(br) = £ oo + VT (My + D F7H5Y = 77|

< (MVT +3VT (1 + DIF o) 1) = £ e

where the last “<” is the result of Lemma 3.6. This completes the proof since ||3(1 —
~n+1

F e =1F = £ o 0

3.4. Proof of Theorem 2.5. In this subsection, we will prove Theorem 2.5.
Before that, we would like to introduce two lemmas. Lemma 3.7 comes from opti-
mization, which illustrates the infinity norm of optimal solution could be bounded by
the L? norm of it. Based on Lemma 3.7, we make a decomposition of the (relative)
entropy function in (3.21) and then introduce Lemma 3.11 to estimate the difference
of decomposed entropy functions.

As assumed in the theorem, we suppose all the components of f are sorted in the
ascending order:

figfe< <y =|fll-

Note that this does not affect the definition of entropy and the numerical scheme for
the entropy fix.

LEMMA 3.7. For any C1,Cy € (0,1] and positive integer N, let I; = min{I |
Zf:l Av; > C1V} If f € RY satisfies

1 > Cy ’
|log fi| — [log fr,|

then when € < %\/C’lV, the solution g* = (g{,...,g}l)T € R of the following
optimization problem

fi<1/2 foralli=1,...,1; and

11 Il
(3.10) argmin Y _ h(fi + gi)Av;, sty giAv; <€
9155911 j—q i=1
satisfies 0 < g7, <--- < g7 < (VC1VCy)~te and Cp < 91,/91 < 1.

Proof. The proof utilizes the Karush-Kuhn-Tucker (KKT) sufficient conditions
for optimization problems [11, Chapter 3.5]. It is easy to verify that both the objec-
tive function and the constraint are continuously differentiable convex functions with
respect to (g1,...,95,)7. Therefore, if the following conditions hold for A* € R and

g =5 91)7,
W(fi+gi)+2\gf =0, V1<i<I,
Iy

Z(QZ‘)QAW <é?

(3.11) '
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then g* is the global minimum of the optimization problem.
First, we claim that A* #£ 0, so that

I

(3.12) > (g7)*Av; =€

i=1

due to the last equation in (3.11). If A\* equals 0, then A/(f; + g) = 0, which yields
gi=1—-fi> % Therefore,

Iy I,
1Ay,
> (97)7A0; > Zj o> CZV > e,

=1

which contradicts with the second inequality in (3.11).

Now we would like to establish the existence and uniqueness of the solution. We
first focus on the first equation in (3.11). For any 1 <1 < I; and fixed \* > 0, there
exist one unique g; € (0,1) satisfying h'(f; + gf) + 2A*g7 = 0. This is because the
function ¢;(z) := R/ (f; + ) + 2A*z is monotonically increasing, and

¢(0) =log f; < log(%) <0, ¢(1) =2x* > 0.

Thus it remains to demonstrate that A\* is unique. Inspired by the first equation in
(3.11), we define

o(z) = _h (Z; ?) = —IOg(J;;_ x)7 z e (0,1— fi.

Then its inverse function o; !(y) satisfies

(3.13) )= log(fi + ) and o7 \(y) =

20, (y)

where Wy(-) is the Lambert W function [5] satisfying Wy (x)eVo(®) = z. For o;(-) and
o; '(.), we have the following properties:

1. o;(z) is monotonically decreasing, so is o; ' (z) (this requires f; < 3);

2. 0i(gf) = A\ and gf = o, 1 (\);

3.0, M0) =1~ f;, > z and o; ! (y) — 0 as y — 4oo0.
Here the limit of o; ' (y) at +oc can be obtained by the inequality (see [8])

Wo(2ye*ft) — 2y fi
2y ’

e log(log(x))

Wo(z) < log(x) — log(log(x)) + c=1 log(x) Vo > e.
Furthermore, if we define
I
E(y) =Y _lo; ' @))PAv,  y€[0,+00),
i=1

then by the three properties of o;, we have
1. =(y) is a decreasing function since each o; !(y) is monotonically decreasing;
2. Z(\*) = &2 according to (3.12);
3. E(0) > izlh:l Av; > €% and Z(y) — 0 as y — +oo.



AN ENTROPIC METHOD FOR DISCRETE SYSTEMS WITH GIBBS ENTROPY 15

These properties show the existence and uniqueness of \*.
Next, we will show g}‘l <o <gf. Forany 1 <i<j <1, f; < f; implies

oi(g;) =N =0i(g]) > 0j(g7)-

Using the fact that o;(-) is decreasing, we see that g7 < g7. To get the bound of g,
we need the following two results:
e By (3.13), we have

oMy . log(fit+ o' (y) _ log(f) .
P o T(y) e log(fy oy () Tos(r) ©

e By straightforward calculation, we have

d (oﬂy)) _ L Woyeh) - Wo2ye)  oi'(y)
dy \ o7 (y) y(1 4 Wo(2ye2vh)) (1 + Wy (2ye2vfi)) o ty) T
These results indicate that L
* —L(\*
% = %TH > Cy,
g1 op (M)
and thus
N AN o
g =¢€ = Av; <e C?Av; < —.
' (; (97)? ) (; d VOV Gy
This completes the proof. ]

One corollary of the above lemma is the extension to a continuous version, with
identical optimal solution g* in the sense of piesewise constant function. For the ease
of this extension, we would like to introduce the (partial) sum of first i parameters
Av; as

(3.14) So=0, S;=)» Av;, i=1,...,N.
j=1

Then we have the following lemma.

COROLLARY 3.8. Under the condition of Lemma 3.7, if a piesewise constant func-
tion defined on (0, Sy,] is introduced as

f)=fi, ve(Si—1,8], i=1,.... 1,

then the solution g*(v) € L*((0,Sr,]) of the following optimization problem

Sr, Sry

(315 argmin [ R0 +g)dv, st glf= [ (o)<
geL2((0,55,]) Jo 0

is equal to a piecewise constant function a.e. as

g (v) = g;, ve(Si1, 8], i=1,...,1

where g; is the component of the optimal solution g* in Lemma 3.7.
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Proof. To prove the corollary, it suffices to show that for every ¢ = 1,--- , I, the
function ¢g*(v) is a constant on (S;_1, S;] except for a set with measure zero, so that
the optimization problem (3.15) is essentially equivalent to (3.10). Suppose that g*(v)
is essentially not a constant on (S;_1,.9;] for some i. We define the function §(v) by

Si .
i) = { Alvi Js', g (w)dv, ifve (Si1, S,

| gt (), otherwise.

By Hélder’s inequality (on (S;_1, S;]), it is easy to find [|§]|3 < ||g*||3 < 2. Moreover,
using Jensen’s inequality on convex function h(f; + -), we obtain

S, S
(3.16) /S B(f(6) + §(0)) dv = Avgh(f + §(v)) < / h(fi + g*(v)) do.

i—1 i—

Note that g*(+) is the optimal solution, implying that the equality must hold for (3.16).
However, since h(f; + -) is strictly convex, the equality holds only when ¢g*(v) is a
constant on (S;_1,5;], which contradicts our assumption. This completes the proof
of the corollary. O

Another important corollary of Lemma 3.7 is to pick 81 = O(|| " = F(tns1)l2)
and construct " following (3.9), such that the entropy of £ 11 is less than the
entropy of f(t,+1) in the range of i < I.

COROLLARY 3.9. Let € := || f" " — f(tny1)|l2. Suppose f"' satisfies the condi-

AL

tion of Lemma 3.7 and € < and

2e
VC1VCy
(3.17) = - .

Then ™11 satisfies

I I
(3.18) S AT Av <3 h(filtng)) Avi.

i=1 i=1
Proof. Let g7,..., g7, be the solution of the optimization problem (3.10). Since

I

DU = filtar)? Ao < | F = Fltna)ll; = €%,

i=1
it holds that
I I
SR 4 g Av <D h(fitn 1)) Avi.

i=1 i=1

To prove (3.18), it suffices to show

I Iy
(3.19) Zh(finﬂ’l)Avi < z:h(finle + 9; ) Avi.

i=1 i=1

By the conclusion of Lemma 3.7,

n+1,1 _ pntl 1 — oty > pntl &: ntl &
fi A=) = T+ 5 = /i +me

> I+ g7,
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for all 1 < ¢ < I;. Noticing that 51 < 1 by the constraint £ < 7‘012‘/0’0, we obtain
fi"Jrl’1 < 1. Hence, the monotonicity of h(-) yields

R S h(P 4 gr), Vi=1
Multiplying Av; and summing up the above inequalities for ¢ yields (3.19). O

By Corollary 3.9, we have performed our first step that reduce the entropy of the

smallest part of f"** (from 7t to f}LlH) below the entropy of the exact solution
in the same section. If the smallest component beyond this section fﬁill already
has the magnitude O(1), for instance, fﬁfl > %, then the remaining part can be
processed using the same technique as in Theorem 2.2 and Theorem 2.4. Therefore,
below we will only focus on the case where fﬁ‘:_ll < 1/2, and this inspires us to further

decompose the remaining components into two parts by introducing I such that

1
+1
(3.20) =5

fn+1 1

Io+1 > 9

Then we will have n(f) — V = Hi(f) + Ha(f) + H3(f) for any f € RY, where
(3.21)

Iy Iz N
Hy(f) =Y h(f)Avi, Ho(f)= Y h(f)Avi, Hs(f)= Y h(f)Av,.

i=1 i=I1+1 i=I>+1

Note that this decomposition also includes the case fﬁfl > %, for which we can

choose Iy = I, so that Hg(f”“) =0.
Lemma 3.11 will show some properties of above decomposition. Before that, a
quotient F'(x,y,C), which will be used in the proof of Lemma 3.11, is introduced as

h(z +y) — h(z + Cy)

where 0 <2 <1/2,C >1and 0 <y <1/(2C). It is easy to find F(z,y,C) > 0 in
its domain of definition. Furthermore, the following lemma gives the positive lower
bound of F(x,y,C) for fixed C, where the proof utilizes the (partial) derivatives of
F(z,y,C) and its detail is left in Appendix A.

LEMMA 3.10. For any Cy € (0,1], there exists Co > 1 depending on Cy, such that
F(xz,y,Cs) given in (3.22) satisfies

1
VO<z<1/2, 0<y< —

F(xvych) 202

> T~
Z G

LEMMA 3.11. Under the condition of Corollary 3.9 and the decomposition of
(3.21), the following properties are satisfied:

L Hy(f""1) = Ha(F(tny1)) < Z-(HL(F™) — Ho(F7H0h);

2. There exists a constant My > 1 depending on Cy such that when e < ~ gﬁcf ,
the vector
(3.23) Frvt =t e Mg (1 -

satisfies Hi(f"™) — Hy(F77%) = Zo(Hu(F") — Hi(f"0).



18 7. CAIL J. HU, Y. KUANG, AND B. LIN

Proof. To prove the first statement, we use the convexity of Ha(-) to obtain
(3.24)
Hy (™) = Ho(f" + p1(1 — f7)) < max(Ha(£™17), Ha(1)) = Ha(F").

Therefore,

Hy(f"51) — Hy (£ (tng))
(3.25) = Ho(F"00) = Ho(F"4Y) + Ha(F7) — Ha(f (1))
< Hy(f") — Hy(F(tng1)) < Ho(F") — Ho (£ 4+ g™),

where g** = (g7*,...,g3)T € RY is the solution of following minimization problem:

argmin Hy (" + g).
lgll2<e

The existence of g** is because Hy(f"*' + g) is a continuous function (w.r.t. g)
defined on a closed set and the constrain ||g||z < € also gives a closed set for g. The
solution g** satisfies that ¢g;* > 0 for all [; < 7 < Iy, since replacing any negative
component of g by zero will lead to a smaller value for the objective function.
Foranyi=1I +1,...,Iy and j =1,..., I, the convexity of h(-) implies

(3.26) ROFPHY) = RO+ g5%) < RO = RO+ 977).

To extend the above inequality to functions defined on Ry with support in [0, V],
which is convenient for our proof in the following step, we would like to follow the
notation in (3.14) and represent F" T and g** by piesewise constant functions i (v)
and g**(v) respectively as

f”“(v):finﬂ, g (v) = g7, v € (Si—1,Si], i=1,..., 1,

and both f"*1(v) and ¢g**(v) equal zero if v > Sy,. Using the functions f"*1(v) and
g**(v), the inequality (3.26) is equivalent to: for any w € (Sy,, Sr,) and v € (So, S, ),

R(f (W) = h(F™ 1 (w) + g™ (w)) < A(F (0)) = h(f" (0) + g™ (w)).

Since ¢g**(w) = 0 for w > Sy,, the above inequality actually holds for any w €
(S1,,+00). Therefore, we choose w = v + kS, with £ > 1 to obtain
(3.27)
Hy(f"*) = Ho(f"™ + ¢*)
I
= > () = (7 + gi)) Avg

i=I1+1

S1,
:/S (R(f" T (v) = h(f™ T (v) + g™ (v))) dv

Iy

512_511
SIl

Si,
. / (W™ (0 + kS1)) — h(F™ (0 + kSn) + g7 (v + kS1,))) dv

IN

Si
/ (h(f™1(0)) = h(F™ 1 (0) + g™ (v + kS1,)) .

b

Il

—
=)
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S1y—

Since ||g**||13 < |lg**||3 < 2, for any 1 < k < [%1, we have

Si,
h(f"(0) + g™ (v + kS,))dv

51,

(3.28) h(f"(v) + g (v))dv

A\V4
e S—

Iy
= > AT 4 g A =Y R(FT) Ay,

1 j=1

<.
Il

where ¢*(v) and gF stand for the solutions of the optimization problem (3.15) and
(3.10), respectively; the equality is the conclusion of Corollary 3.8, and the last “>”
comes from the inequality (3.19). Inserting (3.28) into (3.27) yields

S15—5S1
=,

H2(fn+1) _ H2(fn+1 +g**) < Z( fnJrl (f;l—&-l,l)) A’Uj
(3.29) k=1 =

; (L (F7) — Hy(F710)).

<

Since the definition of I; implies Sy, > C1V, concatenating (3.25) and (3.29) proves
the first statement.

The second statement will be proved componentwisely. We set M; = 2C5, where
Cs is determined by Lemma 3.10 with C; being chosen as the constant C; appearing
in the first statement. Then, for any 1 <4 < Iy, it holds that

L= T B = ) < 7 B

Moreover, when ¢ < ‘gmcf , it could be found that 8; < 1/M; and

[0 = I (B MuBy— MB) (1 — S
> [P My (L= [ > 1T+ Cof,
where we have used fi"Jrl < % and M; = 2C5. Therefore, the monotonicity of A(-) in
the interval of [0, 1] implies
WU = RO R+ By) = WU+ Cap)
RO = RO T BT = BT+ B)
where the function F(-,-,-) is defined in (3.22) and the last inequality is due to

Lemma 3.10. By noticing h(f"*) — h(f"") > 0, the second statement can then
be easily derived. O

1

=F n+1 >
(fq, ,ﬁlaCQ) = Cl,

With the preparation of Lemma 3.11, we can start to prove Theorem 2.5.
Proof of Theorem 2.5. If f”Jrl > 1, (2.8) implies log(f{'*') > — & - log(2 ), which

means f]""! > 2715, Then, from Theorem 2.3, we get ||B(1— f"+1)|| < M|t -
F(tns1)||2 where M > 0 depends on 271/C7, ||j"”+1HOO and || f(tn+1)]/co. This com-
pletes the proof.

Otherwise, if f"Jrl 1, we would like to introduce I and decompose n(f) fol-

lowing (3.20) and (3.21). After that, we construct "' and f"*'? from (3.9)
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with 81 = ||F(tnt1) — F*2/(VCIVCy) and (3.23) with By = M, 3,1, respectively,
where the M, is the constant in Lemma 3.11. Then we set § = /C1VC/2, and if
£ = f(tny1)|| < 6, it holds that

Hy (0% + Hoy(F775%) = Hi(f (i) — Ha(f (1))

(Hy(f752) = Hyo(F770Y) 4+ (Ho (P01 = Hi(f (b))

+ (Ha(£112) = Ho(F70) + (Ha(F711) = Ha(f(tns1)))

< (Hl(f"+1’2) — Hl(f"'H’l)) +0 (Corollary 3.9)
n+1 n+1,1 n+1 n+1,1
+ <Hl(f . )= Hi(f . )> + (Hl('f . )~ Hi(f . )> (Lemma 3.11)
Cl CVl

— Hl(fn+1,2) _ Hl(fn+1,1) < 0,

where the last inequality is similar to (3.24) which utilizes the convexity of Hi(-).
Therefore, by the decomposition in (3.21),

n(f”+1’2) — U(f(tn+1)) < H3(fn+1’2) - H3(.f(tn+1))

(3.30) = > (BT = Al filtas)) ) Av,
[Fas!
From the construction of "%, we know I 12 is a convex combination of 1 and

I so 1 > L implies s 1. Therefore (3.30) can be further extended as

331 a) = n(f ) €Y (AU = h(filtarn)) ) Avs
g

The remaining part of the proof is similar to the proof of Theorem 2.4. If
n(f" ) < n(f(tns1)), the proof is done. Otherwise, we have n(F" %) > n(f(tns1))}

~ntl
and we can continue to find fn and (3 such that

~n+1

f — fn+172 +/83(1 _ fn+1,2),

and n(}nﬂ) = n(f(tnt+1)). Due to the inequality (3.31), we can follow the proof of
Lemma 3.4 (case (ii)) and Theorem 2.3 to show

185 (1 = £ 2 < Mol F(tnra) — £ 2,
where My > 0 is a constant depending on || f™ || (because || £ 2[loo < [|F" |oo)

and || £ (tns1)|lso- Therefore, n(F"") < n(f(tns1)), and

n+1

IF =
~n+1
S e R F A A
< Mol f(ta1) = £l + F7FH2 = 7o

)= f
< M (tar) — £l + (14 M) £ — £
= M2||.f(tn+1) - f”+1”2 + (1 + MQ)(BI + By — 6152)”1 . fn+1“2

(14 M) (1 + M) | £ [lsw
= <M2+ VCiCy

) 1t — £,
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where the last inequality utilizes (81 + B2 — B182) < B + B2 and |[1 — f" |, <
VV|[ £ If we denote the constant in front of || f(tn41) — £ |2 as M, we have
proved the constructed

~n+1

U= B - )
= F" - (By + B2 + Bs — Bra — BaBs — P15 + FrBafBs) (1 — £,

~n+1 ~n+1 n n
such that n(f ) < n(f(tnrr) and [|[f — F" 2 < M| f(tni1) — £ [l2. Due
to the monotonicity of H(f""' + (1 — f"*1)) w.r.t. 8, if we construct 8 from (2.7),

18— £ 1)l < 1" = £ 2 < MIF = f ()l 0

4. Numerical examples. We now present two numerical examples to show the
effect of our entropy fix. In order to construct cases where the numerical scheme
frequently violates the entropy inequality, we deliberately select highly oscillatory
initial data. We would like to remark that such an entropy fix may only need to be
applied occasionally in many applications.

4.1. Linear Fokker-Planck equation. In this example, we consider the one-
dimensional linear Fokker-Planck equation (also known as the drift-diffusion equa-
tion):

(4.1) i = foo + (V' (2)f)e, t>0,z€(0,1),

with periodic boundary condition f(t,0) = f(¢,1) and potential function
1
V(x) = — cos (207z) .
27

Let M(z) = exp(—V (x)), then (4.1) can be written equivalently as

(4.2) fe= (M (1{4>)

If we further define g(t,x) = f(¢,z)/M(x), then (4.2) becomes

1

(4.3) 9 =77 (Mgy), t>0,z€(0,1).

We will focus on the discretization of (4.3). Initial condition is taken as

9(0, ) —12+22—105m (2j7z) .

Note that Z?Oﬂj = 210, so 0.2 < g(0,z) < 2.2. We partition [0,1] into N = 64
grids uniformly with mesh size Az = 1/N and take central difference for spatial
discretization. Denote g; = g(t, jAx), M; = M(jAx) and M y,9 = M((j+1/2)Ax)
for j=0,...,N —1, (4.3) can be approximated by

dg; 1 Mjyia(gj+r — 95) — Mj—1/2(9; — gj—1)

(4.4 A M (Ax)?
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The exact solution of (4.4) can be calculated by evaluating the eigenvalues and eigen-
vectors of the right-hand side of (4.4).

The semi-discrete scheme (4.4) (time is kept continuous) satisfies the conservation
of mass and the monotonicity of entropy with weight M;. In fact, it is easy to verify

ZN LM ;g5 remains as constant. For the entropy, we have

(4.5)
N—
d (Zj:Ol M;gjlog 9j> N-1
a BRVNSE D (Mjgaya(g501 = 95) = Mj_1/2(9; — 95-1)) log g;
7=0
N-1
)2 M;_1/2(9; — gj—1)(log g; —loggj—1) < 0.
=0

We now discretize (4.4) by the implicit midpoint (i.e., Crank—Nicolson) method.
This time discretization still conserves the mass. However, there is no guarantee
that the entropy will decay monotonically in time (in fact, it does not). In Figure 3,
we report the time evolution of the entropy with and without the entropy fix. Two
different time steps At = 1/512 and At = 1/1024 are considered. In both cases, it
is clear that the entropy decreases monotonically with the help of the entropy fix.
Meanwhile, the L? error of the solution remains almost the same with and without
the entropy fix. It is interesting to note that when At = 1/512, the entropy fix is
only needed at the first few time steps. On the other hand, when At = 1/1024, the
entropy fix is required only after ¢t = 0.02.

4.2. Nonlinear Boltzmann equation. In this example, we consider a nonlin-
ear model introduced in [3], which results from a Fourier method for the spatially
homogeneous Boltzmann equation. The governing equation reads

(4.6) U0 _ S a 0h0 - FOLEG), rex,

P,q,SEX

where f,. represents the approximation of the distribution function on a uniform 3D
lattice index set X = {(ry,r2,73) | r; = 0,...,M — 1 fori = 1,2,3}. In [3], the
coefficients A77 are determined in such a way that the semi-discrete scheme (4.6)
decays the entropy. However, this property may not hold when the time is discretized.

In our experiment, we choose M = 17, and the values of A}7 are given in Appen-
dix B. The initial condition is taken as

1 1 1

fr(0) =32+ i_og 53—5 [sin (jﬂ'(% — 5)) + sin (jﬂ'(% — 5)) + sin (jﬂ(%’ — 2))} )

We solve (4.6) by the forward Euler method with time step At = 0.0007. The results
are displayed in Figure 4, from which we can see that the entropy fix method guaran-
tees the monotonicity of the entropy. The numerical error is computed by comparison
with the numerical solution computed with a smaller time step At = 0.000175, with
and without the entropy fix. It can be seen that the two error curves almost coincide
with each other, meaning that the entropy fix does not ruin the numerical accuracy.

5. Conclusions. This paper focuses on the entropic method for a conservative
and positive system of ordinary differential equations. When the numerical solution at
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Fic. i]’)v ) Example of the linear Fokker-Planck equation. Time evolution of theN eqtmpy
H(g) =320 (g5log g;—g;)M;Ax and the L? relative error ||g—geoxact||2/|9exact |2 = (=0 (95—
gexact,j)2Mij)1/2/(Z§.V:701 (gexact,j )2 M; Az)Y/2, where Az = 1/64, At = 1/512 in the top two fig-
ures and At = 1/1024 in the bottom two figures.

the next time step violates the monotonicity of entropy, our entropic method revises
it by a linear interpolation to the constant state. The resulting scheme decays the
entropy monotonically, while the order of local truncation error has a slight reduction
in general. However, in some special cases, the numerical order is proved to be
retained after entropic revision. Numerical experiments validate our results. Future
work includes the extension of the entropic method to spatially inhomogeneous kinetic
equations such as the Boltzmann equation and the radiative transfer equations.

Appendix A. Proof of Lemma 3.10. This proof is composed of three steps:
1. Fla,y,C) > Flz,25,C) for 0< 2 < 1, C>1and 0 < y < 5b;

2. F(z,55,C) > min(F(0, 55,C), F(3, 55,C)) for 0 <z < 1 and C > 1;

3. for any C € (0, 1], there is Cy > 1 depending on C; such that F(0, ﬁ, Cy) >
1 11 1
fen and F(E, E,CQ) Z ol

A.1. First step. It is sufficient to show %ﬁ’o) < 0 for y > 0, from which

F(z,y,C) > F(z,35,C) for 0 < y < 5. By the exbression of F(z,y,C) in (3.22), it
could be calculated that
aF(x,l/aC) Fl(xayac)

- Oy (hlx) — iz +y))
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Fic. 4. Ezample of the monlinear Boltzmann equation. Time evolution of the entropy

H(f) = Zrex(f’r 10g fT - f’I‘)AU and the L2 relative error Hf - fexanctH2/||fexact”2 = (ZrEX(fT -
fcxact,r)zAv)lm/(ZTex(fcxact,T)QA'u)l/z, where Av = (3(3 4+ v/2)/17)3 and At = 0.0007. Foxact
is the numerical solution evaluated with time step At = 0.000175.

where

Fy(z,y,C) = zlog (y + z) (log (x) — log (yC' + x))
+ Czlog (yC + z) (log (y + x) — log (z))
+ yC (log (y + x) — log (yC + z)) .

Then we take the derivative of Fy(x,y,C) with respect to y,

8F1(x,y,C’) _
(A.2) =

Fy(z,y,C)
(y +2) (yC + )’

where

Fy(z,y,C) = 2* (C* (log (y + =) — log (x)) — log (yC + z) + log (x))
+yCx (—2log (yC + z) — C (—2log (y + z) + log (z) + 1))
+ yCx (log (z) + 1) + y*>C? (log (y + z) — log (yC + x)).

We continue to take the derivative of Fy(z,y,C) w.r.t. y,

8F2(x7ya C)

99 =C(C—-1z—C(-2Ch(z+y)+2h(x+Cy)+ (C —1)h(x)).

When C' > 1, the convexity of h(-) implies

1
+ —=h(z + Cy).

h(z +y) < (1 - é) W) +

Therefore,

—2Ch(z +y) + 2h (z + Cy) + (C — 1) h(z) > (1 — C)h(z).

As a result,
aFQ(I7yaC)

5 <C(C —1)(h(z)+x) <0,
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where the last inequality utilizes h(z) + 2 = zlog(z) < 0 when z < 3.

M < 0 implies Fy(z,y,C) is decreasing with respect to y for fixed z
and C. At the same time, it is easy to verify that Fy(z,0,C) = 0. Therefore,
Fy(z,y,C) < F5(x,0,C) =0 for y > 0.

From (A.2) and Fy(z,y,C) < 0, it is easy to get
Fi(x,y,C) is decreasing with respect to y for fixed x and C. Combining with
Fi(z,y,C) |y=0= 0, we could find Fy(z,y,C) <0 for y > 0.

Finally, plugging Fi(x,y,C) < 0 into (A.1), we could conclude that
for y > 0.

%&%0) < 0, which means

IF (z,y,C)
Oy < 0

A.2. Second step. For simplicity, We would like to introduce G(x, C) to denote
F(z, %, C) as

h(z +1/(2C)) — h(z +1/2)

(A.3) G(z,C)=F(z h(z) — h(z+1/(20))

) =

1
) QC’
where the second equality is achieved by plugging y = 1/(2C) into (3.22). We will
show that for fixed C' > 1, G(z, C) is increasing and then decreasing for 0 < x < %
from which it is easy to see G(z,C) > min(G(0,C), G(%,C)). The idea is similar to
the first step, which utilizes the sign of derivative.
By the expression of G(x,C) in (A.3), a direct calculation shows

0G(z,C) _ Gi(z,C)
O 20 (h(z) —h (z+ 2))

Gi(z,C)=C <log <:c + ;) - 1> (log (z) —log (:r + 21C>>
(oot o 2)) e (o ) 1)

Again, we taken the derivative of Gy (z,C) w.r.t. x,

(A4)

2

where

8G1(x,C) - GQ(.’E,C)

(A.5) 9r  x(z+1)(2Cx+1)’

where
Gy(z,C) = 4C?*2? (log (x) — lo —|—L —lo _|_71
R A ST e\* " ae
1
+4Cm<log<x—|—2)—log(x+2c’)>+1_c
2 1 1
+ C | —42° ( log (z) — log x—l—i + log x+§ .

We continue to take the derivative of Ga(z,C) w.r.t. x,

B R )
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The convexity of h(-) and C' > 1 implies
1 1 1 1
h<x+20> (lc)h(az)+ch<x+2)

Ch<x+21c>+(C1)h(x)+h(x+;) > 0.

which means

Therefore, M > 0 for 0 < z < %, meaning Gz(z, C) is increasing w.r.t. z for
fixed C. On the other hand,

31312% Ga(z,C) = —log (é) —C(1+1og(2)) +1+log(2)
<C-1-C(1+10g(2))+1+1log(2) =—1log(2)(C—1) <0,

and

Go(=,C)=-C - (C+1) 1og< !

50 1)C(C’1)1og(2)+120.

Therefore, for fixed C, there exists 0 < G3 < 1, such that Ga(z,C) < 0 for z < GY

and Ga(x,C) > 0 for # > GY. The reason for G2(1,C) > 0 can be revealed from
taking derivatives, i.e.,

dGa(3,0) 1 C+1\ @
—ac _C + 3log(2) — 2log (C) ,

d?Gy(3,C) 2 1 1

Y — 21 — 41
dC)E ¢z CE (C * > ’

d3Gy(3,0) 2

acyp —ciyes Y

a3Gq(%,C . . d?Ga(.0) . . . . .
% > 0 implies # is increasing, which gives

PGa(3,0) _ d2GQ(;) Q) _,

aCr  “cebs dc

dGs(%,0) . .
Therefore, Qd(cz ) is decreasing,

ACGa(3.0) . dGa(3.C)

— 3log(2) — 2 > 0.
C ™ T a0 3log(2) =2>0

As a result, Go(3, C) is increasing for C' > 1 and G(5,C) > Ga(3, 1) =0.

Since Ga(z,C) < 0 for z < GY and Ga(x,C) > 0 for x > GY, we could find
Gi(z,C) is decreasing on (0, GY] and increasing on [GY, ] from (AS) On the other
hand, due to C' > 1 and log(C) < C —1,

l_i_r)r%) Gi(z,C) = li_r)r%) ((1—=0C)log(2) +1og(C) + 1 - C)log(z) = co.

Together with

Gl(%, C) = (C +log(2)) log (é + 1) — log(2)(1 +1log(2)) <0,
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we could get for fixed C, there exists 0 < G§ < %, such that Gy(z,C) > 0 for x < GY
and G (z,C) < 0 for 2 > GY. Similar to Ga(1 C’) the reason for G1(3,C) < 0 can
be revealed from taking derivatives.

dGy(L,C
l(ga ):10 (1+1>C+10g(2)

dc c c(1+0)’
d?G1(3,C) ~ C(log(4) — 1) + log(2) 50
ace C?(C+1)2 ’

is increasing w.r.t. C. Therefore,

. G, (%,C
which means %

dGl(%aC) . dGl(%ac)
o2 7~ N2
S T 0,

which implies G1(%,C) is decreasing for C > 1. Hence, G1(3,C) < G1(3,1) = 0.

Using (A.4), together with Gy(z,C) > 0 for # < GY and Gi(x,C) < 0 for
z > GY, we could get G(z,C) is increasing on (0, GY] and then decreasing on [GY, 3]
with respect to x.

A.3. Third step. With the notation in (A.3), we would like to evaluate G(0, C)
and G(1/2,C)) one by one.

On the one hand, for G(0,C), since log(2C) < 2¢/C — 1 for C > 1 (which can be
proved by the monotonicity of log(2C) — 2v/C + 1), it holds that

—h(55)  log(2C) +1 - 2

hgb) —h(3) _ C(1+log(2) | _ 1+log(?) &
) = h5e '

2
Therefore, for any C; € (0,1], we could take Cy = (%) , which gives

2 2
G(0,Cy) > C% Furthermore, it is easy to find Cy = <(1+13g(2))> (1+Cl) >

ol Z
ﬁ since 12101 >2for0< C; < 1.
On the other hand, for G(%,0),

_ h(G+3e) k(1) _ C+(C l(g(é 1) —log(2)) — 1
h(3)—h(E+55) og (& +1)+1+1log2)

Since (C' +1)log (& + 1) > 1, it holds that when C > 57z the numerator

W
C+(C+1) <1og (é + 1> — log(2)> —1>(1-1og(2))C —log(2) > 0.

Then, we could utilize (C'+ 1)log (& 4+ 1) > 1 in the denominator of G(3,C) and get

1 (1 —log(2))C —log(2)
G502 log(2) '

Therefore, we could take Cy = max((1+lgg(2))2, (Ccll(i'i)lggfg))) to get G(3,C2) > &-

Combining the results of G(0,C>) and G(%,C5), we could conclude that for
2
any C7 € (0,1], there exists Cy = max(( 2(1+C1) ) (Cl+1)1°g(2)> such that

Ci(1+log(2)) ) * Ci(i—log(2))
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1 1 1 21401 \?
G(O,CQ) Z lel} and G(Q,CQ) 2 cr In fact, for Cl € (0, 1}, (m) Z
(C1+1) log(2)

Cri—Toa(2) The derivative of their difference is

4 < 2(1+ Cy) )2 (C1+1)log(2)

dCy \ \ C1(1 +log(2)) C1(1 - log(2))
_ —C1 (-8 +10g%(2) + 2log?(2) + log(512)) + 8 — 8log(2)
- Ci(log(2) — 1)(1 +log(2))? '

Since (-8 + log®(2) + 21og?(2) + log(512)) < 0, the above numerator is greater than
8 — 8log(2) for 0 < Cy < 1, which is positive. Combining with the negative denomi-
nator, the above derivative is negative, therefore,

< 201+ C)) )2_ (C1+1)log(2) ( 4 >2_ 21og(2)
C1(1 +1og(2)) C1(1 —1og(2)) — \1+log(2) 1 —1log(2)

2 2
As a result, max ( <012(1+Cl) ) (Cl+1)1°g(2)) = ( 2(14Ch) ) , and the third step

(1+1og(2)) » C1(1-log(2)) C1(1+1og(2))
2
is proved with Cy = (%) )

Appendix B. Coefficients in Eq. (4.6). The values of A7 are given by

B1) A= S Bkl RE (- 9B ulg— Bl — ),

LhkeK
where K is defined as K = {k | k = (k1,ka,k3),—m < ki, ko, ks < m} with M =
2m + 1, and Ej(v) = exp(3k - v) is the Fourier basis on the period [T, 7T]*. The
kernel function BY(-,-) are defined by

B%,(i, ) :== B(i mod M, j mod M)o (i mod M)op(j mod M),

where mod is the symmetric modulo function such that each component of ¢ mod M
ranges from —m to m, and op(2) = Gar(i1)0ar(i2)0ar(i3) where & (B) is the one-
dimensional modified Jackson filter [12] given by

(m+1—18|) cos (::L‘fll) + sin (;‘—f‘l) cot (m11>
m+1 '

am(B) =

In the example in subsection 4.2, we adopt the kernel modes for the case of the
Maxwell molecules presented in [9] with

(€ +m)sin(§ —n) — (£ —n)sin(€ +n)
26n(&2 —n?) ’

where & = |k + |, n = |k — I|]Am, and A = 2/(3 + v/2). In the numerical simulation,
we take M =17 and T = 3/\.

A 1
B(k,l) := /0 72 Sinc(¢r) Sinc(nr) dr =
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