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Abstract. In optimal control theory one sometimes extends the minimization domain of a
given problem, with the aim of achieving the existence of an optimal control. However, this issue
is naturally confronted with the possibility of a gap between the original infimum value and the
extended one. Avoiding this phenomenon is not a trivial issue, especially when the trajectories are
subject to endpoint constraints. However, since the seminal works by Warga, some authors have
recognized “normality” of an extended minimizer as a condition guaranteeing the absence of an
infimum gap. Yet, normality is far from being necessary for this goal, a fact that makes the search
for weaker assumptions a reasonable aim. In relation to a control-affine system with unbounded
controls, in this paper we prove a sufficient no-gap condition based on a notion of higher order
normality, which is less demanding than the standard normality and involves iterated Lie brackets
of the vector fields defining the dynamics.
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1. Introduction. Let an endpoint constrained optimal control problem be
given, together with an extension of the minimization domain. With the expres-
sion (local) infimum gap one usually refers to the possibility that the cost of some
extended sense control-trajectory pair is strictly smaller than the local infimum cost
of the original problem. The occurrence of a gap is often independent of the cost
functional itself and is rather a purely dynamical phenomenon. Indeed, given a local
minimizing control-trajectory pair for the extended optimization problem, the occur-
rence of a gap is due to the fact that the endpoint constraint is locally separated, at
the final point of the minimizing trajectory, from the reachable set, which we define
as the set of the endpoints of strict sense trajectories close to the given trajectory.

Starting with Warga’s pioneering works [34, 35, 36, 37], several papers have shown
that the occurrence of an infimum gap is sufficient for an extended sense control-
trajectory pair to be an abnormal extremal [22, 25, 26, 28, 29, 27, 12, 13, 14]. (Let us
recall that an extremal is called abnormal provided the corresponding cost multiplier
in the Maximum Principle can be chosen equal to zero, and normal otherwise.) In
particular, in [26] a generalization of Warga’s criterion to a vast class of endpoint-
constrained minimum problems’ extensions has been recently achieved through the
combined use of the notion of abundance (see [17, 36, 37]) and of a suitable set
separation theorem.

However, the contrapositive statement that normality guarantees the absence of
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a gap is far from being a necessary condition. Let us point out two aspects of the
question. On the one hand, in [26] the occurrence of a gap is shown to imply the linear
separability of an approximating cone to the original reachable set from any approxi-
mating cone to the endpoint constraint (see subsection 2.3 for the concept of approz-
imating cone). This linear separability translates into the abnormality of the mini-
mizer. On the other hand, in the first order Maximum Principle the approximating
cones to the reachable set are built as convex hulls of the so-called needle variations,
while several higher order Maximum Principles are basically obtained by enlarging
these first order approximating cones by means of new higher order (in the time-scale)
variations involving iterated Lie brackets (see, e.g., [2, 3, 10, 19, 18, 30, 6, 7, 33] and
references therein).

So, the question arises whether we can prove a gap-abnormality relation involving
iterated Lie brackets. In this paper we provide a positive answer to this question in the
case of an optimal unbounded control problem and its impulsive extension. Our main
achievement consists of a new gap-abnormality relation, which, besides generalizing
the known ones (see [22, 12]), involves a notion of higher order abnormality.

Let us introduce the minimum problem and its extension. The state space is a
Riemannian differential manifold (/, (-, -)), and the (space-time) endpoint constraint,
or target, is a closed subset ¥ C Ry x . We consider a cost function V¥ : Ry x M — R
and an energy upper bound K > 0 (possibly = +00). The set % of (unbounded) strict
sense controls is defined as

%= J ({T} x L'(10.7),% x 4)),

T>0

where € C R™ is a closed cone and A C R? is a compact subset. For any strict
sense control (T,u,a) € %, we call (T,u,a,x,v) a strict sense process if (x,v) is the
(unique) Carathéodory solution on [0, 7] to the Cauchy problem

) = Frle),a() + Y ailaB) o),
(1.1) dv =
2 0) = (o),

(xv U)(O) = (iv 0)7
where, for every a € A, f(-,a), g1,...,9m are given vector fields. Furthermore, a
strict sense process (T, u, a,x, v) is said to be feasible if (T,z(T)) € T and »(T) < K.

Incidentally, notice that for every ¢t € [0,7], »(t) coincides with the L' norm of the
control u on [0,¢]. The original optimal control problem is defined as

(P) inf {\II(T, z(T)), (T,u,a,z,v) feasible strict sense process}.

Since the controls u are unbounded and no growth conditions avoid the occurrence
of minimizing sequences of strict sense trajectories which converge to discontinuous
paths, following the graph completion approach (see, e.g., [9, 21, 20, 8, 15, 16, 5, 38,
4, 23]), we embed problem (P) into the extended optimal control problem

(Pe) inf {\I'(yO(S),y(S)), (S, w’, w,a,y°,y, B) feasible extended sense process},

where (S, w?, w, a,y°,y,3) is an extended sense process when (S, w", w, a) belongs to
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the set # of extended sense controls, defined as

= ({5} x {(wo,w,a) e L%([0,S], Ry x € x A) : w® + |w]|
S>0

= 1 almost everywhere (a.e.)}),

and (y°,y, B) is the unique solution on [0, S] to

dy®
D) = u(s),
dy - i
(1.2) 258 = Fly(s), a(s)w’(s) + ;gi(y(S))w (s),
B 5) = luts))
(yo,y,ﬂ)(()) = (0,%,0).

As in the original problem, (S, w°, w, o, y°, y, B) is said to be feasible provided (y°,y, 3)
(S) € Tx[0, K]. Notice that by regarding y° as a time reparameterization, the class of
strict sense processes can be identified with the subclass of extended sense processes
with w® > 0 a.e. The elements of this subclass are referred to as embedded strict
sense processes. Precisely, given a strict sense process (T, u, a, z, v), through the time
change y° := o=, where [0,T] > t + o(t) := t + v(t), we define the associated
embedded strict sense process as follows:

0 0 dy" 0 dy" 0,0 0 0

(1.3) (S,w”,w,a,y”,y,8) = <U(T),ds,(uoy )-E,aoy ), xoy’,voy ) )
Conversely, given any embedded strict sense process (S, w®, w, a,4°,y, 3), we get the
corresponding strict sense process (T, u,a,z,v) using the time change o := (y°)~!.
This is a one-to-one relation from the set of strict sense processes to the subset of em-
bedded strict sense processes, in which clearly (T, u, a, z, v) is feasible if and only if the
associated process (S, w’, w, o,y y, B) is feasible, and ¥ (T, z(T)) = ¥(y°(S), y(S)).
The impulsive extension consists of allowing the time derivative w® to vanish on a set
of positive measure. In particular, if I C [0, 5] is an interval on which w® vanishes, at
time ¢ := y°(I) the state y evolves instantaneously. (Alternatively, one can provide an
equivalent t-based description of this extension using bounded variation trajectories,
as done in [16, 5, 4, 23, 24].)

To state our main result, let us introduce the notion of a local infimum gap.
We say that at a feasible extended sense process (5, w°,w, &, §°, 7, B) there is a local
infimum gap if there exists some § > 0 such that

U (5°(8),5(8)) < inf ¥(y°(9),y(S)),

where the infimum is taken over the set of feasible embedded strict sense processes
(S, w%, w, o, 4%, y, B) such that d((S7 y°,y, B), (S, go,g,B)) < 6, the distance d being
defined in Definition 2.4 below.

We also need to specify the concept of higher order abnormality, in connection
with a higher order Maximum Principle for the extend problem recently obtained in
[3]. Let us define the Hamiltonian H by setting

H(Z’,]ZPOJT, ,wO’ w,a) = pOwO +p : (f($7(l)w0 + Zgz(x)uﬂ) + 7T"ll)|
i=1
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For simplicity, in this introduction we consider the special case where # = R",
% = R™, and the vector fields f(-,a), g1, ..., gm are of class C*° (see Definition 3.5 for
the general case). We say that a feasible extended sense process (S, w", w, &, 7°, 7, 3)
is a (first order) extremal of the extended problem (Pe) if there exists a nontrivial
four-tuple (po,p,m,A) (with py € R, p = p(-) absolutely continuous, and (7, ) €
R_ x R, denoting the multiplier of the energy variable 8 and the cost multiplier,
respectively) that verifies the usual conditions of the Maximum Principle, namely,
the H-maximality, adjoint equation, and transversality (w.r.t. a given approximating
cone K to the target T at (§°,7)(S)). As is customary, a (first order) extremal is
said to be normal if for all choices of the multipliers (po, p, 7, A), the cost multiplier
A is different from zero, while the extremal is said to be abnormal in the opposite
situation. If, in addition, 3(S) < K and the higher order condition

{p(S) “B(y(s)) =0 Vs el0,89],
p(s) - [f@(s),B] (7(s))@’(s) =0 for a.e. s€[0,5]

(where f,(-) := f(-,a)) is satisfied for every iterated Lie bracket B of g1,..., gm,
we say that (S,@°, w,a, ", 7, B) is a higher order extremal. Finally, a higher order
extremal is said to be normal if for any choice of multipliers (pg,p, 7, A), one has
A £ 0, while it is said to be abnormal when it is not normal. Referring the reader to
section 3 for details and a precise statement, we present here the main result of the
paper in a simplified form.

TueOREM. If (S,@°,w,&,3°,7,3) is a feasible extended sense process at which
there is a local infimum gap and B(S) < K, then, for any approzimating cone to the
target at (3°(S), 5(S)), (S, 0%, w,a, 7", 7, B) is a higher order abnormal extremal (see
Theorem 3.1).

Let us point out that, as illustrated by the example in section 5, a higher order
extremal might be an abnormal first order extremal while being a normal higher order
extremal. Therefore, Theorem 3.1 actually provides a new weaker sufficient condition
for the avoidance of an infimum gap.

Let us conclude this introduction with a couple of comments. First, in the present
paper we adopt the concept of Quasi Differential Quotient approximating cone (QDQ
approximating cone). A Quasi Differential Quotient is a notion of generalized differ-
ential for set-valued maps. It was introduced in [26] as a special case of Sussmann’s
Approximate Generalized Differential Quotient (AGDQ) (see [32]), by requiring some
additional continuity properties for the involved selections. The main fact about QDQ
is the validity of a standard, nonpunctured, Open Mapping result, which (is not valid
for general AGDQs and) allows one to deduce a set separation criterion for QDQ ap-
proximating cones (see Corollary 2.1). In turn, the latter proves crucial in the proof
of Theorem 3.1. The second comment concerns the possibility of establishing suffi-
cient no-gap conditions through a notion of higher order normality for more general
systems. As mentioned above, by means of the concept of abundance, such a program
was pursued in [26] for the case of first order normality. Though utilizing abundance
for higher order variations in a general system does not look straightforward, nev-
ertheless the result presented in this paper might represent an initial step in that
direction.

This paper is organized as follows. In section 2 we introduce our precise assump-
tions, define the QDQ approximating cone, and describe its key properties. Section
3 is devoted to stating the main result, whose proof is given in section 4. Finally, in
section 5 we present an example.
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2. Preliminaries.

2.1. Basic notation and main assumptions. We use the notation R} :=
[0, +oo[ and R_ :=] — 00, 0]. For any pair a, b € R, we set a Ab := min{a,b}. If N > 1
is an integer and ¢ > 0, for any & € RY we set BY (&) := {z € RV : [z — #| < §} and
BY := BY(0). When the dimension is clear from the context, we omit the superscript
N. Moreover, for every subset £ C RN , we use 1g to denote the characteristic
function of E, namely, 1g(z) = 1 if v € E and 1g(x) = 0 otherwise. For any
integer r > 0, (ﬂ e >) is a Riemannian differential manifold of class C™+! if / is
a C™t1 differential manifold and (-,-) is a C" Riemannian metric on /. For every
x € M and e, f € T, M, {e, f), denotes the corresponding scalar product of e, f,
and |e|, := \/(e, e), is called the norm of e. We often omit the subscript and write
(e, f) and |e| instead of (e, f), and |e|,. Given an interval I and a subset X C ./,
we write AC(I, X) for the space of absolutely continuous functions, C°(I, X) for the
space of continuous functions, L!(I, X) for the space of Lebesgue integrable functions,
and L*°(I,X) for the space of Lebesgue measurable, essentially bounded functions

defined on I and with values in X. We use || - || o (,x) and || - || ,1(7,x) to denote the
essential supremum norm and the L' norm, respectively. When no confusion may
arise, we simply write || - ||Loo(1)7 II - ||L1(I), or also || “ [leos || * I1-

Throughout this paper, (A, (-,-)) is a C*° Riemannian differential manifold, the
target € C Ry x 4 is a closed set, the control set A C RY is compact, while the
unbounded control set € C R™ is a closed cone of the form € = %, x %>, where
mi,mg € N, my +mo =m, and, if m; > 1, €1 C R™ is a closed cone that contains
the lines {re; : r € R}, fori=1,...,my, and € C R™2 is a closed cone which does
not contain any straight line.

Furthermore, we assume the following regularity hypotheses:

(i) the drift dynamics f and the partial derivative D, f are continuous on J x A,

the vector fields g1, ..., gm are of class C' on /;

(i) the final cost ¥ : R x M — R is of class C! on R x /.

Remark 2.1. The hypotheses on the cone € are not at all restrictive. Indeed,
they can be recovered by replacing the single vector fields g; with suitable linear
combinations of {g1, ..., gm } and by considering a corresponding linear transformation
of coordinates in R™.

Remark 2.2. Through minor changes, the requests that the set A is a compact
subset of R? and that f and D, f are continuous w.r.t. a € A could be replaced by the
assumption that A is just a set of parameters and the functions f, D, f are locally
bounded in x, uniformly w.r.t. A.

Remark 2.3. As is customary, adding a state variable equal to the integral of the
Lagrangian, one might consider a more general cost

/ Co(x(t), a(t)) + Lo (x(t), [u(t)]) dt,

where £, {1 are nonnegative and such that the extended Lagrangian L(z,w°,r, a) =
lo(z, a)w® + lim, 0 4 (1’, p’lr) p and the partial derivative D, L are continuous in
all variables, and L(z,0,r,a) = 0 (see [3]). Furthermore, by adding the new state

variables 20, & and by considering the trivial equatlons d;to =1, d—‘f = wu, where
& = (2"t ... 2"™™), and the initial conditions z°(0 ) =0, Jc( ) = 0, one can even
allow f, g1,...,gm to depend on ¢t and the function U (¢ fo u(T)dr as well.
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In order to specify the notion of local infimum gap anticipated in the introduction,
let us introduce a concept of distance between extended trajectories.

DEFINITION 2.4. Let i = 1,2, and for all (S;,y?,y;, B;) with S; > 0 and continu-
ous functions (y?,v:, i) : [0,S;] = R x M x R, define the distance

d((Sl,y?vylaﬂl)v(527yg7y2752)) - ~
(2]‘) = |Sl - S2| + sup d((g?7gl7ﬁ1)(s)? (gg’92762)(s))a

sERL

where d is the distance on R x M x R! and~(g}?,g]i,ﬁ~i) denotes the extension to R4
of the function (y9,vyi, B:), such that (9,3, B3:)(s) == (v9,yi, B:)(S:) for all s > S;.

Remark 2.5. Given a feasible extended sense process (S, w,a, 3,7, ), the
main results of this paper, of local nature, are still valid if the regularity hypothesis
(i) is assumed just on a d-neighborhood of the reference trajectory, and, instead of (ii),
we suppose ¥ merely continuous on a d-neighborhood of (S, 7°, 7, 3) and differentiable
at the final point (g%, 7)(95).

2.2. Cone transversality. Let us recall some elementary notions concerning
cones of linear spaces (see, e.g., [31, 32]). Let F be a finite-dimensional, real, linear
space, and let E* be its dual space. A subset & C E is a cone if ak € K for all
(a, k) €10, +oc0[xF. If D C E is any subset, let us set

span*Di{Zf:laivi: teN, a; >0, v;€D Vizl,...,f}cE,
Dt={peFE*: p-w<0 Vwe D} C E*.

The convex cones span® D and D+ are called the conic hull of D and the polar cone
of D, respectively. Let %1, #> C E be convex cones. We say that #; and &5 are
transversal if &1 — Ho = {k1 — ko i (k1,ke) € FH1 X .%2} = FE. # and K, are
strongly transversal if they are transversal and 1 N Fo 2 {0}.

PROPOSITION 2.1. Two convexr cones Ky, K> C E are transversal if and only
if they are either strongly transversal or are complementary linear subspaces, namely
K1 DFHy=F (i.e., K1+ Fy=F and 1 NHs = {0})

Saying that two convex cones #; and #5 are not transversal is equivalent to
saying they are linearly separable.

PROPOSITION 2.2. Two convex cones K1, F> C E are not transversal if and only
if #1 and H; are linearly separable, by which we mean that (—% N %5-)\{0} # 0,
namely, there exists a linear form A € E*\{0} such that for all (k1,k2) € F1 x Ha,
one has A- k1 >0 and A - ko <0.

2.3. Quasi-differential quotients and approximating multicones. We call
a function p : Ry — Ry U{+0o0} a pseudo-modulus if it is monotonically nondecreasing
and lim,_,g+ p(s) = p(0) = 0.

DEFINITION 2.6 (see [26, Def. 2.3]). Let G : RY ~» R"™ be a set-valued map,
(£,) € RN x R", let A C Lin{RY ,R"} be a compact set, and let T C RN be any
subset. We say that A is a Quasi Differential Quotient (QDQ) of G at (£,7) in
the direction of I' if there exists a pseudo-modulus p enjoying the property that for

f 21, 22 € M, the distance d 4 (1, 22) is defined as the minimum among the (-, -)-lengths of the
absolutely continuous curves with x1,z2 as endpoints.
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any 6 > 0 with p(6) < +oo there is a continuous map (Ls,hs) : (E+ Bs)NT —
Lin{RN R"} x R" such that for all ¢ € (¢4 Bs)NT,

G+ Lo(e) (6= 2) + hs(e) € Gle),  min |Ls(e) — | < p(6),  |hs()] < 3p(6).

The notion of QDQ extends to differential manifolds as follows.

DEFINITION 2.7 (see [26, Def. 2.4]).  Let W, M be differential manifolds of
class C'. Assume that G : N ~ M is a set-valued map, (£,5) € N x M, A C
Lin{T:WV, Ty} is a compact set, and I C W is any subset. Moreover, let ¢ : U —
RY and ¢ : V. — R™ be charts defined on neighborhoods U and V of & and i, re-
spectively, and assume that (&) = 0, ¥(j) = 0. Let G : RN — R"™ any eatension of
the map o Go ¢~ 1 : (U) — R™. We say that A is a QDQ of G at (£,5) in the
direction of T if A := Dy() - A- D¢=1(0) is a QDQ of G at (0,0) in the direction of
[:=¢('NU).

In a linear space F, let us call any family of convex cones of E convex multicone.

DEFINITION 2.8 (see [26, Def. 2.5]). Let M be a C* differential manifold, & C M
a set, and z € &. A QDQ approximating multicone to & at z is a convex multicone
K C T.M such that there exist an integer N > 0, a set-valued map G : RN ~ M,
a convex cone I' C RN, and a QDQ A of G at (0,2) in the direction of T' such that
GU)C& and X ={L-T : L€ A}.2 We say that such a triple (G,T', A) generates
the multicone F. If the triple (G,T, A) defining a QDQ approzimating cone K can be
chosen so that G(T') C &\{z}, then we say that the QDQ approximating multicone
K is z-ignoring.

Remark 2.9. Because of the local character of the notion of QDQ for a set-valued
map, one can equivalently say that a QDQ approximating multicone X to & at z is
z-ignoring if G(Bs NT) C &\{z} for some 6 > 0.

Remark 2.10. The classical Boltyanski approximating cone is a special case of a
QDQ approximating cone.

DEFINITION 2.11. Let & be a topological space, and let D1, Dy C X', y € D1 NDs.

We say that 21 and Do are locally separated at y provided there exists a neighborhood
V of y such that D1 N DNV = {y}.

The following open-mapping-based result, obtained in [26], characterizes set sepa-
ration in terms of linear separation of QDQ approximating cones. It includes a crucial
approximation property (see (ii) below) whenever the cones are complementary linear
subspaces.

THEOREM 2.1 (see [26, Thm. 2.3]). Let &;,& be subsets of a C differential
manifold M and let z € & NE,. Assume that F1, Fo are QDQ approximating cones
of & and &, respectively, at z. Then the following assertions hold true:

(1) if F1, Ho are strongly transversal, the sets &, & are not locally separated;

(ii) if Hi, Ho are linear subspaces, Ky & Ho = T.M,> and, for each i = 1,2,

(G, T, \;) is a triple that generates H; with A; = {L;}, L; € Lin{RM: R"},
then there exists a sequence (v1,,72,) € I'1 X Iy such that z;, € G1(v1,) N
Ga(7y2,) and z — z.

2When a QDQ approximating multicone is a singleton, namely ¥ = {K}, we say that K is a
QDQ approximating cone to & at z.

3In view of Proposition 2.1, only in this case nontransversality differs from nonstrong-
transversality.
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COROLLARY 2.1. Let &,&, be subsets of a C' differential manifold M, and let
z € & N&y. Assume that Fyi, Ko are QDQ approzimating cones of & and &,
respectively, at z, and that F (or, equivalently, H>) is z-ignoring. If the cones F1
and Ko are transversal, then the sets & and &y are not locally separated.

Proof. In view of Theorem 2.1 we need only prove the result in the case when
FK1 and H> are transversal but not strongly transversal. This means that #; and %>
are linear subspaces and %, & #o> = T, 4. By Theorem 2.1 and the fact that #; is
z-ignoring, we deduce that there are a nonnegative integer N, a convex cone I' ¢ RYV,
and a set-valued map G : RN ~» . such that A = {L} C Lin(RY, T, ) is a QDQ of
G at (0, z) in the direction of T, #; = L - T, G(T') C & \{z}, and there is a sequence
(vk) C T such that z; € G(yx) N & and z; — z. Since G(v;) C & \{z} for every
k € N, one has z, € & N&;\{z}, so that & and &, are not locally separated. d

3. The main result.

3.1. Infimum gap. Let us use &y to denote the set of extended sense processes.
Furthermore, let §3;, C &y be the subset of embedded strict sense processes, by which
we mean those processes with controls in

Wy = {(S, 0’ w,a) €W : w’ >0ael.

Given a feasible extended sense process (S, @, w, &, §°, 7, ) and 7 > 0, the sets e%’;%r,
R'yy CR X M x R, defined as

l";/+ = {(y07y7ﬁ)(s) : (Saw07w7ayy07yaﬁ) € SW+7 d ((S7y07y7/8)7(§7g07g76)) < T}a
R = { W00 B)S) (S0 w 0,1y, 8) € Sy d((S,9°,9.8), (S.5°,5,8)) <7},

will be called the reachable set and the extended reachable set, respectively. The
occurrence of a local infimum gap is captured by the following definition.

DEFINITION 3.1. Let (S, wo,@,@,go,gj,ﬁ) be a feasible extended semse process.
We say that at (S,w°,w,a, 3,7, B) there is a local infimum gap if there exists r > 0
such that one has

(3.1) U(5°(9),5(5)) < )\I’(yo,y)

inf
(v°y,8) €5, N(TX[0,K]

Despite the name, the local infimum gap condition (3.1) is a fully dynamical
property. Indeed, it reflects the fact that no feasible embedded strict sense trajectories
do exist in a sufficiently small d-neighborhood of the extended trajectory (S, %°, 7, 3).
To make this rigorous, let us introduce the notion of isolated process.

DEFINITION 3.2. A feasible extended sense process (S, w°,w,a, i°, 9, 3) is called
isolated if %', N (T x [0, K]) =0 for some r > 0.

The following result is straightforward.

LeEMMA 3.1. Let (S,w°,w,a,3°,9,3) be a feasible extended sense process. The
following statements are equivalent: - -

(i) there is a local infimum gap at (S, w°, w,a,y°, 1y, B);

(ii) the process (S, w°, w, &, y°, 9, B) is isolated; y

(iii) there exists some ¥ > 0 such that inf(yo 4 p)eq's. n(Tx[0,K)) Uyl y) = +oo

+

for every continuous function ¥ and every r € [0,7].
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3.2. Iterated Lie brackets. Before giving the notion of higher order extremal,
let us recall some basic facts concerning iterated Lie brackets.

If hy, hy are C! vector fields on a differential manifold .#,* the Lie bracket of hy
and hs is defined, on any chart, as

(1, ho) (&) = Dha() - b (@) — Dha (x) - ho(a)(= —[h, hu](x))-

As is well known, the map [hy, ho] is a true vector field, i.e., it can be defined intrinsi-
cally. Therefore, if the vector fields are sufficiently regular, one can iterate the brack-
eting process: for instance, given a 4-tuple h := (hy, ha, hs, hy) of vector fields one can

construct the brackets th, hQ], hg], [[hl, hg], [hg, h4]], [th, ]’LQ], h3}7 h4], th, hg], h4]

Accordingly, one can consider the (iterated) formal brackets By := [[X1, X3], X3],
BQ = H.Xl,XQL [Xg,X;d], B3 = [[[Xl,XQ},Xg},Xd, B4 = [[XQ,Xg],X4] (regarded
as sequence of letters Xy, ..., X, commas, and left and right square parentheses), so

that, with obvious meaning of the notation, one has Bj(h) = [[h1, ho], hs], B2(h) =
[[h1, k2], [hs, ho]], Bs(h) = [[[h1, ha], hs], hal, Ba(h) = [[h2, hg], hal.

The length of a formal bracket is the number of letters that are involved in it. For
instance, the brackets By, B2, B3, B4 have lengths equal to 3, 4, 4, and 3, respectively.
By convention, we declare that a single variable X; is a formal bracket of length 1.

The switch-number of a (formal) bracket B is the number 7, defined recursively
on the nested structure of the bracket as

g i=1if B has length 1; 7, :=2(r, +7r, ) if B=[Bi, By

For instance, the switch-numbers of [[ X3, X4], [ X5, X¢], X7]] and [[X5, X¢], X7] are 28
and 10, respectively. If there is no danger of confusion, we sometimes take the liberty
of speaking of “length and switch-number of Lie brackets of vector fields.”

The regularity of a (nonformal) iterated Lie bracket depends on both the nested
structure of the underlying formal brackets and the involved vector fields. We will
use the following notion of bracket regularity for a string of vector fields (for a more
rigorous definition we refer to [11]).

DEFINITION 3.3 (bracket regularity). Fizx k € N. If u > 0, r > 1, and v >
w1 are integers, B = B(X,11,...,Xuqr) is an iterated formal bracket, and h =
(hi,...,h,) is a string of vector fields, we say that h is of class CB¥F if there is a
v-tuple (j1,...,7,) € N” such that h; is of class C%¢ for anyi=1,...,v and B(h) is
a vector field of class C*. In this case, we call (B,h) an admissible C* bracket pair.

For instance, if B = [[[X3, X4], [X5, X¢]], X7], for any & > 0, a string h =
(h1,ha, h3, ha, hs, he, hr, hg) is of class CB+F provided the vector fields hs, hy, hs, he
are of class C37* and h; is of class C'1%.

3.3. Higher order extremals. Let us set
(3.2) C:={(ww) eRy x B : w’+ |w| =1},

and let us consider the unmazimized Hamiltonian H : T* M xRxR xRy xE x A — R,
H($7p7p077ﬂ ,wO’ w7a) = pOwO +p : <f(as,a)w0 + Zgz(x)uﬂ) + 7T"I,U|
i=1

To give the notion of higher order extremal, we need one more definition.

4The regularity of the differential manifold .# will be always assumed such that all considered
brackets can be classically defined. For simplicity, one can assume that ./ is of class C°.
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DEFINITION 3.4. For every integer k > 0, we will use Bt* to denote the (possibly
empty) set of admissible C* bracket pairs (B,h), such that h := (hy,...,h,) is a
v-tuple of vector fields hj € {g1,...,gm,} for every j=1,...,v.

Let us consider, for instance, m; > 10 and the pair B = [[X3, [X4, X5]], X6],
h = (hy,...,hs) := (gs, 910, 91, 94, g3, 91)- Then, the vector field B(h) coincides with
the iterated Lie bracket [[g1,[g4,93]], 91]. Moreover, the pair (B,h) € Bk (which
implies that B(h) € C*) provided g; € C?** and g3, 94 € C3*F.

In what follows, we will use the notation f,(-) := f(-,a) for all a € A.

DEFINITION 3.5. Let (5’, wo,w,@,go,gj,ﬁ) be a feasible extended semse process.
Let # be a QDQ approzimating cone to the target T at (3°,9)(S). We say that the
process (S,w°, w,a,y°,7, B) is a U-higher order extremal if there exist a lift (3,p) €
AC([0, 8], T* 4) and multipliers (py, 7, \) € RxR_ xR such that conditions (i)—(vi)
below are valid.

(i) (nontriviality) The triple (po,p, A) is nontrivial, i.e.,

(3.3) (po,p, A) # (0,0,0).

Furthermore, if the trajectory i is not instantaneous, namely, if §°(S) > 0,
then (3.3) can be strengthened to

(3.4) (p,A) # (0,0).
(i) (nontranversality)
(3.5) (po,p(S),m) € [-ADW((5°,9)(5)) — H*] x Jx,
where Ji := {0} if B(S) < K, and Jx :=]0,+o0[ if B(S) = K. In particular,
(3.6) m=0 provided B(S)< K.
(iii) (Hamiltonian equations) The path (¥, p) verifies, for a.e. s € [0,5],

(37) L@.0)(s) = X (5,509,806

where H = H(s,y,p) == H(y7p,p0,7r,u’)0(s), w(s), d(s)), and X g denotes the
(s-dependent) Hamiltonian vector field corresponding to HP
(iv) (first order maximization) For a.e. s € [0,5],

H(5(s), p(5), po, 7, 0°(s), w(s), i(s)

= a H(y 0
(wO,wIT}l))G(CxA (w(s),p(s), po, ™, w", w,a),

(3.8)

and, as soon as B(S) < K,
(3.9) p(s) - g:i(5(s)) =0 Vs€0,8), i=1,...,my,

51f K = K(s,y,p) is a differentiable map on the cotangent bundle T*.#, in any local system
of canonical coordinates (1,p), the Hamiltonian vector field X corresponding to K is defined as
Xk (s,9,p) := (DpK,—DyK) (s,1,p), so that (3.7) coincides with the extended system coupled with
the usual adjoint equation.
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(v) (vanishing of the Hamiltonian)

(3.10) max H(5(s), p(s),po, 7w, w,a) =0 Vs €l0,9].
(w0, w,a)ECx A

(vi) (higher order conditions) If 5(S) < K and (B,h) € Bt°,

(3.11) p(s) - B(h)(5(s)) =0 Vse[0,5].
Furthermore, if (B,h) € Bt for a.e. s €[0,5], one has
(3.12)
p(s) - <[fo¢(s)7B(h)} G() @ (s)+ > g5, B(h)] (y(s))wj(s)) =0.

j=mi+1

DEFINITION 3.6. Let (S,w° w,a, 7%, 7, 8) be a feasible extended sense process,
which, given a QDQ approzimating cone K of the target T at (§°,%)(S), is a higher
order U-extremal. We say that (S,@°,w,a,y°,7,) is a normal higher order W-
extremal if for any choice of the multipliers (po,p, ™, X), one has A # 0. Otherwise,
we say that it is an abnormal higher order extremal.®

Remark 3.7. The notion of extremal depends on the approximating cone %, so
one might more properly speak of extremal w.r.t. #. In this regard, the form of
(3.5) derives from the fact that, given #, as an approximating cone to the (y°, vy, 3)-
target T x [0, K] at (3°,7, 8)(S), one chooses # x R if 3(S) < K and ¥ x| — 00, 0]
if 3(S) = K. In particular, (¥ x R)t = %+ x {0} if B(S) < K, while one has
(Hx]—00,0)t =F+ xRy when 5(S5) = K.

Remark 3.8. This notion of higher order extremal is slightly more general than
the one utilized in the Higher Order Maximum Principle established in [3]. Indeed,
besides considering a state y ranging on a Riemannian manifold (rather than on a
mere Euclidean space), we use QDQ approximating cones here, which are more general
than the Boltyanski approximating cones considered in [3].

3.4. Higher order normality and no-gap. Let us state our main result.

THEOREM 3.1 (gap and higher order abnormality). Let (S,w°,w,a,3°,7, B)
be a feasible ertended sense process at which there is a local infimum gap. Then,
for every QDQ approxzimating cone K to the target T at (y°,7)(S), the process
(S,w°,w,a,7°, g, B) is an abnormal higher order extremal.

The proof of this result will be given in section 4.
As a straightforward consequence of Theorem 3.1, we deduce the following suffi-
cient condition for the absence of gap.

THEOREM 3.2 (higher order normality and no-gap). Let (S, @, w,a, 3,7, 3) be
a feasible extended semse process which satisfies, for some r > 0,

U((7°,9)(8)) < inf Uy, y).
(@, 9)( ))f(y07y7ﬁ)€@,%ﬂ(gx[o,l(]) (v y)

If (S,2°w,a,7°,4,B) is a normal higher order W-extremal for some QDQ approz-
imating cone K to T at (§°,9)(S), then at (S,w’,w,a,y°,y,B) there is no local
mfimum gap.

6The fact that a higher order extremal, as well as a classical extremal, is abnormal does not
depend on the cost function W.
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Remark 3.9. As illustrated in the example of section 5, if 8(S) < K, it may
happen that a higher order normal extremal is abnormal as a first order extremal.
Actually, this is the main motivation for a result such as the one stated in Theorem
3.2.

4. Proof of Theorem 3.1. The proof of the theorem relies on a set separation
argument, whose application is made possible by Theorem 4.1 below, which states that
the reachable set can be approximated by suitable “higher order” QDQ approximating
cones of the extended reachable set. This is far from being obvious, as the extended
reachable set may be quite larger than the reachable set (see Remark 4.9 below).

Let (S,w°, w,a,3°, 79, B) be a feasible extended sense process at which there is a
local infimum gap. In case 3(S) = K, the statement of Theorem 3.1 reduces to the
first order conditions (3.3), (3.4), (3.5), (3.7), (3.8), and (3.10), which follow from [26,
Theorem 5.2]. Hence, from now on we suppose 3(S) < K.

We will assume the simplifying hypothesis

A is an open subset of R", so that we can identify Ty g M with R™,
and the stronger regularity hypothesis

(H), All the general regularity assumptions are verified and, moreover, f and the
partial derivatives Dy f, ..., Dyn f are uniformly continuous and bounded on
M X A; the vector fields g1, . .., gm, their derivatives, and, for all bracket pairs
(B,h) € B, the Lie brackets B(h), are uniformly continuous and bounded.

Both hypotheses are not restrictive, because of the local character of the result.

4.1. Rate-independence of the extended control system. Let us enlarge
the set of extended sense processes considered up to now by introducing the larger
set of extended sense controls #" O %', defined as

7= ({S} x {(wo,w,a) € L2([0, 5], Ry x € x A) : essinf(w® + |w]) > 0}) ,
S>0

and the subset 7 := {(S, % w,a) € W : w® > 0 ae.} C V. Let Sy, Sy, denote
the set of processes (S, w®, w, a,y°,y, B), where (S, w°, w,a) € # and (S, w°, w,a) €
W, respectively, while (3°,y, 8) is the corresponding solution on [0, S] of (1.2).

In section 4 we will refer to the elements of & as extended sense processes, while
any element of the subset &7 will be called an embedded strict sense process. Finally,
we will say that (S, w°, w,a,y°, vy, ) € Sy is canonical when (S, w°, w,a) € W', i.e.,
w®+|w| = 1 a.e. With this convention, all of the extended sense processes considered
so far were canonical.

By rate-independence of the extended control system (1.2) we mean that, given
any strictly increasing, surjective, absolutely continuous function o : [0, 5] — [0, S]
with absolutely continuous inverse, (S, @°, @, &, 7,3, 3) is an extended sense process
if and only if the process (S, w°, w, a,y°,y, 3) given by

(W, w) = ((1130,11)) oa) Z—Z, (a,y%,y,B) = (d,g]o,g],ﬁ) oo

is an extended sense process (see [21, sect. 3]). If we call any two extended sense
processes as above equivalent and write (S, @, @, &, 7°, 4, 8) ~ (S, w°,w, a,y°,y, B),”
we can single out a special representative in any ~equivalence class.

7Actually, ~ is an equivalence relation on the set S+
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DEFINITION 4.1. Given (S,w°, w,a,y%,y,B) € Sy, we set [0,5] 2 s = o(s) :=
y°(s) + B(s), and define the canonical parameterization of (S, w®, w, o, 4%y, B) as

do!
(Sev s ) = (2(8), (W% w) 0 07) < (a0 o)

Note that w?(s) + |w.(s)| = 1 for a.e. s € [0, S.], so that (S¢,w?, we, o, Y2, Ye, Be)
is a canonical extended sense process. One can easily verify that an extended sense
process is canonical if and only if it coincides with its canonical parameterization.

By considering the enlarged set W of extended sense controls, the original control
system (1.1) can be embedded into the extended system (1.2) when the latter is
thought of as defined on the ~quotient space, and the set of strict sense processes
can be identified with §7i+' Precisely, any strict sense process (T,u,a,x, v) is in
one- to-one correspondence with the ~equivalence class [(S,w°, w, a, ", y, B)], where
(S, w% w, a,y°,y, ) is the canomcal embedded strict sense process deﬁned 1n (1.3).
Notlce that every (S,4°,w,a,§°, 7, 3) which is ~equivalent to (S, w?, w, o, y°,y, )
verifies @° > 0 a.e.; hence it belongs to é)?ig

Since an extended sense process is feasible if and only if any equivalent process is
feasible (and the costs of equivalent processes do coincide), in the extended optimiza-
tion problem and the definition of local infimum gap we have the freedom to consider
indifferently one of the following classes of extended sense processes: (i) the set of all
extended sense processes, or (ii) the subclass of canonical extended sense processes (as
we have done in the previous sections), or even (iii) any subclass of extended sense
processes (S, w®, w, a,y°,y, B) such that Ry < w’ + |w| < Ry a.e. 0 < Ry < Ry.

Precisely, from the rate-independence of the extended system it easily follows that

(a) at a feasible process (S, w°,w,a,7°, 79, 3) € 8y there is a local infimum gap
(w.r.t. feasible processes in S%r) if and only if there is a local infimum gap
at every process (S, w®, w, a,y°,y, B) ~ (S, w°, w, &, y° yﬁ)

(b) at a feasible canonical extended sense process (S, w°,w,a,y°, 7, 3) there is a
local infimum gap w.r.t. feasible processes in 5‘7& if and only there is a local
infimum gap w.r.t. feasible canonical processes in Sy, only.

On the one hand, as a consequence of (a) it is by no means restrictive to investigate

the gap issue just for a canonical process. On the other hand, in view of Lemma 3.1
the property (b) implies that the reference process (S, @, w,a, 7", 7, 3) is isolated
among all feasible processes in 57;+, namely, there exists some r > 0 such that

(4.1) R'5, N(Tx[0,K]) = 0.

Here, for any 7 > 0 we define the sets &’ ;/7+ and %’ ‘;i as the reachable set and the
extended reachable set of subsection 3.1, except that the sets of canonical controls 7%
and 7 are replaced with ‘WJr and 7, respectively. In any case, in this section we refer
to %’;kr and 5&”;; as the reachable set and the extended reachable set, respectively.

4.2. Higher order QDQ approximating cones.

4.2.1. Some technical preliminaries. Hypothesis (H);, guarantees that if we
introduce the compact set

W'::{(wo,w,a)eRer%xA: §w0+w|§4}

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/03/22 to 147.162.22.66 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

UNBOUNDED CONTROL, GAPS, AND HIGHER ORDER NORMALITY 1449

for any (w°,w,a) € L*([0, 5], W') there exists a unique solution (y°,y, 8)[w’, w, o]
0 (1.2) defined on the whole interval [0, S]. Moreover, it is straightforward to check
that the input-output map

®: LY([0,S5],W’) — C°([0,S],R x M x R)
(w’, w,0) = (4°,y, B)[w’, w, o]

is continuous when L!([0,S], W’) is endowed with the L! norm. In particular, for
some constant C' > 0 the map ® enjoys the Lipschitz continuity properties

(42) ||(y07y,ﬂ)[w0,w,oz] - (yo,y,ﬂ)[wo,ﬁ;,d]ﬂm
< C’meas{s €[0,9]: (w° w,a)(s) # (u?o,u?,o?)(s)},
(43) ”(yovyvﬁ)[woawva] - (yovyvﬂ)[wovw’a]”w <C ”(woaw) - (

for every (w°, w, a), (@°, 0, a), (@°,w,a) € L*([0,S], W’).® Actually, a stronger Lip-
schitz condition involving the distance between the primitives of the controls (w®, w)
holds true trivially. Moreover, at least in the case when the drift is a-independent, an
even stronger Lipschitz condition involving the Fréchet distance on both sides is valid
(see, e.g., [9, 21, 15].)

Consider now the subset W C W’ of extended control values given by

W::{(wo,w,a)eRer%xA: §w0+w|§2},

1
2
the subclass of extended sense controls with fized endtime

WS = {(wo,w,a) (S, 0’ w,a) e W, (W, w,0)(s) € W for ae. s €0, 5']},
and the subset

‘Wf = {(wo,w,a) c (W w,a) € WS, w®(s) > 0 for a.e. s € [0, 5']} cws.

Since (S, %%, w, &, ", 7, B) is a canonical process, clearly (w°,w,a) € W'S. Further-
more, it is an isolated process even when one considers only embedded strict sense
processes defined on the fixed interval [0, S] and with controls assuming values in the
set W. More precisely, if we introduce the reachable set and the extended reachable
set at fized time S, defined as

o 0 0 Q oo 0 7S /T
wy T {0 .’ w,al($) € &+ (W w,0) e TS5} C A
Ryys = {10, D', w,al() € B+ (u,w,0) € TS| C T,

respectively, we have that ‘%/;/75 N (T x [0, K]) = @ for the same r as in (4.1).

We will need the following technical result, which, for a given extended sense con-
trol (w®, w, a), establishes some regularity properties of a certain operator 0(wo,w,0) (),
mapping any ¢ €]0,1] into an embedded strict sense control.

8Unlike inequality (4.2), which is valid for general control systems, condition (4.3) is an easy
consequence of the fact that the original dynamics function is affine in w.
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LEMMA 4.1. There exists some positive constant D > 0 such that for every ex-
tended sense control (w° w,a) € € WS, the map 0(w0 w,0) * [0,1] — — WS, defined by

setting 0 (o w,a)(0) == (w + 1Jﬂs\w|, e w,a) for all § € [0,1], verifies

G(wo,w,a) (]O ]) g W+ 5
(45) ||(y0,y,6)[w0,w,a] - (yO’ Y, )[e(wowa)( )]”00 <Dy,
||(y0’ Y, ﬂ) [o(wo,w,a)(al)] ( ' Ys /B) [g(wo,w,a) (52)] ||OO < D|61 - 52‘

for all 8, 61, 65 € [0,1].
Proof. Observe that (0(,0,u,q)(0) = (w°,w,a)) and for any § €]0,1] one has
6(wo,w,0)(0) € Wf C #°. Indeed, for almost every s € [0, S] one has

W) + 510 = 5 > 0
WP6) + )+ g el =) + (o)l € [ 5.2
Moreover, by the trivial estimates
e e
1 + 5 (I+6)(1+ 62)

Ll - | < Rl
144, 14 89 o (@+6)(146)’

valid for all §1, d2 € [0,1], and by the Lipschitz property (4.3), we get (4.5), (4.6). O

Let [0,5]2 3 (s,51) — M(s,s1) € Lin(RxR” x R; RxR"” x R) be the fundamental
matriz solution of the variational equation

0 (s)
@7 26 = Dy | £, 660 + 3 ai(a() wG5) | -5)
()]

corresponding to the control system (1.2) (and to the reference process).” Let us use
M; j to denote the entry (i, j) of M, where i and j range from 0 to n + 1, so that, for
all s € [0,5], one has

]\:407j(8,81) = MjQ(S,Sl) = 507j for j =0,...,n+1,
Myi1,5(s,81) = Mjny1(s,81) = 0npr; for j=0,....n+1,
M, (s,81) = M; ,(s,s1) for i,r =1,...,n,

where M denotes the fundamental matrix solution of the state-variational equation

(4.8) %(5) = (Dmf(ﬂ(S),@(S))wO(S) + ZDQi(g(S)) W(S)) ~u(s).

9Namely, for each vector & :€ R1*"+1 and each s; € [0, 5], the function &(:) := M(-,s1)? is the
solution of (4.7) with initial condition ©(s1) = @.
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4.2.2. Needle variations. Let us recall the basic notion of needle variation,
which is used to produce a first order tangent approximation of the reachable set

T at (5,5, 5)(3).
DEFINITION 4.2. Any & = (w®,w,a) € W will be called a needle variation gener-
ator or a variation generator of length 1.

DEFINITION 4.3. Let § = (wo,wla) be a needle variation generator, and let 5 €
10, S]. For any control (@°,w,&) € W, the family

0 e o (w® if s€[5—¢,3, ~
{(wo’w’o‘)“(s) . {(wO,w,a)(s) ifs€0,5—e[U]s, 5], E]O’S[}

is called a needle control approximation of (w°, 1, &) at 5 associated to &.

8
2

At a given time 5 and to every variation generator &, let us associate an infinitesi-
mal variation of the reference extended sense trajectory (3°, ¥, 3), whose y-component
coincides with a standard needle variation.

DEFINITION 4.4. Let us consider the (full measure) subset ]0 S]Leb cl0,S] of

Lebesgue points'® of s = (@0°(s), f(§(s), a(s))w°(s)+ 272, gi(5(s)) @' (s), [w](s ) FO?“
every 5 €]0, SlLen and every needle variation generator & = (w°, w a) we call needle
variation at 5 the vector (Vg’g,V§7g7vg7§) given by

veg=uw’ — w'(5),

(4.9) Ves = F(5(8), a)u’ — F(5(5), a(5)a°(s) + ) :(5(9)) (w' — @' (5)),
i=1

Standard continuity estimates imply the following fact.

LEMMA 4.2. Assume that 5 €]0, S|pen. For every needle variation generator & =
(w®, w,a) we get

(S) y (75) o Vg,g 7Vg,§
(4.10) ye(S) —y(S) | =eM(S,3) | ves | +h(e) =¢e | M(S,5) ves | +h(e),
B (S) 6( ) Vég Vé”g

where (y°¢, 4%, 8°) == (y°, y, B)[(w°, w L) 5l (w°, w, @)z 5 is the needle control approz-
imation of (w°,w,&) at § associated to &, and h is continuous and verifies |h(e)| <
ep(e), where p is a pseudo-modulus.'!

4.2.3. Bracket-like variations. To every admissible bracket pair (B,h), with
B of length > 2, one can link a control which generates a trajectory locally approxi-
mating the iterated Lie bracket B(h). Such a control can be defined using one of the
approaches outlined in [1, 10, 11, 18, 19] and references therein.

PROPOSITION 4.1 (see [11]). Assume hypothesis (H)p. Let (B,h) be an admis-
sible bracket pair in B° of length | > 2. Then, for every point & € R™, there exists

OGiven G € L'([a,b],RY), s € (a,b] is a Lebesgue point if limg_, o4 % 5 f(g+§)/\s |G(0) —G(s)|do =
0. By the Lebesgue differentiation theorem, the set of Lebesgue points has measure b — a.
11See subsection 2.3 for the definition of “pseudo-modulus.”
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€ > 0 such that for any o 6]0,5_1/[], one can construct a piecewise constant control
wB,s such that

l
(4.11) v (0) = 7+ (”) B(h)(&) + o(c"),

where y, denotes the solution to the Cauchy problem % =3, gi(y)w}éwg, y(0) = Z,
and rg is the switch-number of the formal bracket B.

DEFINITION 4.5. A bracket pair ¢ = (B,h) € Bt” of length | (> 2) will also be
called a bracket-like variation generator of length [.

Bracket-like approximation is a classical issue in geometric control theory (see,
e.g., [1,6,7,10, 18]). Here, we fully exploit the unboundedness of the controls u, which
translates into the possibility of choosing w® = 0 during the variation: namely, the
variation is implemented during an interval in which the (original) time is constant.

DEFINITION 4.6 (bracket-like variation). For every 3 €]0,S] and every bracket-
like variation generator & = (B,h) € B’ of length 1, | > 2, we call bracket-like
variation at s, the vector

(4.12) (Ve Ves) = (O, Ba(l:;%l(s))) 12

DEFINITION 4.7 (bracket-like approximation). Fiz 5 €]0, 5], and let ¢ = (B, h)
in Bt° be a bracket-like variation generator of length l. Set & := min {5, (g)l },13 and
for each ¢ €]0,€], consider the dilation ¢°: [5 — 2/t 5 —e'/'] — [5 — 2¢'/1, 5] defined
by setting, for all o € [5 — 2"/, 5 — /1],

(4.13) ¢°(0) == (5— 2" +2(0 — (5 - 2¢'1)).
For any control (0%, 1, &) € WS, let us define

(2@0,2@@,@) ow(s) ifsels—2 5,
(4.14)  (@° @, a)E 5(s) == (o, w&&.l/z(sf(gfel/l)),a) ifsels—e/' 3,
(0,10, &)(s) if s € 0,5 —2eY![U]5, 9],

where a € A is arbitrary and we .11 is defined as in Proposition 4.1. We refer to the
family of controls {(1210, w, d)gg ;e €]0, é]} as a bracket-like control approximation of
(@, 1, &) at 5 associated to & = (B,h).!*

LEMMA 4.3 (asymptotics of bracket-like variations). Let us consider a bracket-
like variation generator € = (B,h) € Bt” of length 1. For every (5,¢) €]0, S]x]0,&],'?

12We do not define a B-component of the bracket-like variation since when we implement a control
wB,s, the increment in the (y°, y)-direction is of order !, while in the B-direction it is of order e.

13¢ is defined in Proposition 4.1. B

14 Observe that (uvo,uv,a)g < € L([0, S], W’) but it may not belong to the set %>. However, it
belongs to WS when (w°, b, &) is a canonical control.

15¢ is as in Definition 4.7.
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of (w°,w,a) at 5 associ-

ated to . Then, setting (y°°,y%, 8°) == (y°,y, B)[(w°, w,@jgg], one has
905(5)*50(_):5"25:07 L
7 (8) = 3(8) = M(5.5) - ves + hie) = eM(S,5) - LD o)
5(S) — B(8) = et,

with h : [0,&] — R™ continuous and verifying |h(e)| < ep(e) Ve € [0,€] for some pseudo-
modulus p.

Proof. The results concerning 4% and ¢ are trivial. As for 3¢, it is not difficult
to prove that (see [3, Lemma 6.9])

(4.15) vE(8) — 4(S) = e M(8,5) - B(l(‘g(?;l(s” Fh(s), ) =ole).

Hence, if we set p(¢) := L max, e[, |2(n)| for any £ €]0,¢], p(0) := lim._,¢+ p(e) = 0,
and p(e) := 4oo for any € > &, p turns out to be a pseudo-modulus and A : [0,&] — R”
verifies |h(e)| < ep(e) for any € € [0,€]. To prove the continuity of e — h(e), let us
begin observing that it is equivalent to the continuity of the map & ~ y(S5).

The right continuity at g9 = 0 is straightforward. Let us show that € +— y°(S) is
right continuous at any ey €0, £[. By the continuity of the input-output map, in order

to show that limgﬁaﬁ y*(S) = y*0(S) it is enough to estimate, for every e €eg, £, the

L!-distance fOS |(w°, w, @)z s(s) — (w°, w, @)¢%(s)| ds. Let us observe that

1/1 _
6—50 S
+/ |w. (s) — 2w 0 ¢ (s)| ds —|—/ > |we(s) — we, (s)| ds,
s S—egg

_el/t

where we have set w.(s) := wg .11 (s—(5—¢'1) and ws, (s) := W 11 (s—(é—séﬂ)) for
a.e. s. Each of the first and the third terms in the right-hand side of (4.16) is clearly
bounded above by 6|e — gg|. As for the remaining terms, let us choose a continuous
L'-approximation @° of w such that [ [@¢(s) — w(s)|ds < |€(1)/l —el/!|. Let p. be the
modulus of continuity of @®. Then, the second term on the right-hand side of (4.16)
can be estimated as

s5—el/t 5—et/t
/ 2|1Dog05(s)f@o<p50(s)|d5§/ 2|w o p°(s) — w0 p°(s)|ds
5725(%/1 5726(1’”
s5—et/l s5—et/l
+/ ” 2|’[I)COSD5(S) _wCngeo(S)‘ds"i_/ i 2|’[I)Cog050(5) —w0§050(3)|ds
5—2¢, s—2¢,

= [ |w(s) — w(s)| ds —l—[ » 2|w® o p°(s) — w0 p*°(s)| ds

1/1
+2e1/l—de, —2e,

w
§—2(£1/l—€1/l)
+/— j(s) — @ (s)| ds < 2le’" — /'] + pe(leo — e]).

725[;”
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Let us examine the fourth term on the right-hand side of (4.16). One has

1/1
S €o
e welds = [ fogan (742 =) — s (o] do
5—gg 0 ’

1/1
€o
€0 1/1
= ‘w 11 (— (J+51/1750/))7w 1/1(0)’d0,
0 €0 e =

where, in turn, we have changed the integral variable o = s — (5 — 6(1)/ l) and used the
two (equivalent) relations

(4.17)  w.(s) = we, (5%) Vs € [0,¢], Weo () = we (si) Vs € 0,eq].

Let @S be a continuous map satisfying the relation f0§ |ws (o) — W 1/t (0)]ds < \e(l)/l _

et/!], and let p. ., be a modulus of continuity for w, . Then, we get

[ (o) = o) ds

0
o\t 1 e\t in 1/
<2 () el = 1 s ((22) I - 1 - )

where =2 < 1. From the previous relations we deduce that the map e > y°(5) is right
continuous at any ¢ > 0.

It remains to show that the function € — y*(S) is left continuous at any gq €]0, £].
To this aim, one can proceed similarly as above by writing for any ¢ € ]%0,50[
a relation similar to (4.16), in which the roles of € and gy are interchanged. The
resulting estimates are very similar to the previous ones, with exception of the term

Q171

( | / ; | (s) — wey(8)]| ds = /0 ’wi"gl/l (o) — W 1/t (o + e(l)/l — 51/1)‘ do
4.18) Js—e! ’

o1/
_ €o /U 1y
= A ‘wf,s(l)/l (;0’) — w&,aé/l(a +ey —¢ )’ do’,

where, in turn, we have used the change of variable ¢ = s—(5—¢!/!) and relation (4.17).
If ¢, is a continuous L'-approximation of We 1)1 satisfying the relation fos |wS (o) —

W, an(o)lds < |Eé/l — &' and fpc., is a modulus of continuity for @S, one can
€0

obtain an estimate akin to (4.18), where now =2 < 2. This concludes the proof of the
continuity of the map e — y°(S) (and hence of € — h(e)) for any ¢ € [0, £]. |

4.2.4. Composition of several variations. Let us define the family of varia-
tion generators as the set
E:=WUB.

Let us fix (£,5) € £x]0, 5] and, for an £ €]0, 1] small enough and any € €]0,£], let us
introduce the operator

A L= (0,5, Ry xExA) = L>([0,5],Ry x € x A)

(W’ w,a) ﬂg’g(wo,w,a) = (wo,w,a)z,g'
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LEMMA 4.4. Let N be a positive integer, and let us consider an N-tuple of vari-
ation generators § 1= (51,...,51\[) =N of lengths (Iy,...,ly). Fiz (51,...,5n) €
10, 1V, where 0 =: 59 < §1 < --+ < §n < S and 5; €]0, S]Lep as soon as l; = 1. For

each &:= (e1,...,en) €]0,&[N for some £ €0, 1[ small enough,'® set
(woa wf, ag) — Qfgﬁm .o ﬂggj .o ﬂg,&l(w w,a), 7

and let (S,wog, w?, af, y'% e, ﬁgj denote the corresponding process of the extended
system (1.2). Then, there exist a pseudo-modulus p and a continuous map h :

[0, 8N — RY™™ such that for every s €)5y,S] and every £ €]0,["V, one has

N

o) (100 - > = (s Y en@ 1n@N < in
and
(4200 B(s) = Bls) = D & (Jwyl — [@(55)D) + €N+ D ()7
VSIS je{1,....,N}\I1
where Iy :=={j=1,...,N : I = 1}. In particular, if all §; are needle variations, i.e.

& = (wjo,wj,ozj) for every 7 =1,...,N, then

B(s) = B(s) = ij(le\ — @(5;)1) + [€lp(|&1).-

Proof. Apart from the specification on the continuity of the function h, this re-
sult is proved in [3, Lemma 6.10]. Instead, the continuity of h is a straightforward
consequence of the continuity properties established in Lemmas 4.2 and 4.3. ]

4.2.5. Approximating the original reachable set by higher order ex-
tended cones. Let Pr : R x # x R — R x . denote the projection defined by
setting Pr(y°,y,8) := (v°,y) for all (°,y,8) € R x M x R.

For any r > 0, let us introduce the projections ‘%;if and %;ig of the reachable

set and the extended reachable set at fixed time S, respectively,

R = Pr(R'y 5) Rops 1= Pr(R 5s).
+
DEFINITION 4.8. Let N > 0 be an integer, letf = (51,...,51\/) € =N be an N-
tuple of variation generators, and fix (51,...,5n5) €]0,5)Y as in Lemma 4.4. The
convex cone in RM",

V0
4.21 R~::span+{ ( §5,55 ):j:l,...,N}gR””,
( ) € M(S’,s]) Ve s

will be called a higher order extended variational cone corresponding to the feasible
extended sense process (S,w°,w,a,y°, 1y, B). In the case when all N variations are

16Precisely, we require that & < (% A él/ll) ARERWA (% AEYINY, where € is as in

Proposition 4.1.
17Since (w®, w) € L'([0, S], C) and the intervals [5; — 2(11_1)A1€;/lj , 5] are disjoint by the choice
5_'

E

of &, the control (w° af) turns out to belong to Wj.
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needle variations, i.e., & = (w?,wj,aj), j=1,...N, we can also define the standard
(first order) extended variational cone in RIT7HL

0

v _
_ 5]’75]'
(4.22) 'g::span+ M(S,8;) ve,5, | 1 i=1,...N » CR! 118
v
Ejvg]'

In Theorem 4.1 below we establish that Rg is a QDQ approximating cone to the
union of {(7°,7)(S)} with the reachable set Rz Though we already know that Rz
+

is a QDQ (actually, a Boltyanski) approximating cone to the extended reachable set
Rizs (see [3]), the fact that Rz approzimates 3?;&5 U{(@° 9)(S)} as well is trivial
because of the strict inclusion ‘%Z’ff u{@, 98} < Ris-

THEOREM 4.1. Let (S,w°,w,a,y°,7,3) be the reference canonical, feasible ex-

tended sense process at which there is a local infimum gap such that 3(S) < K. Then,
for some v > 0 the higher order extended variational cone R is a (7°,9)(S)-ignoring

@QDQ approzimating cone to R.;.s U {(@°,9)(9)} at (7°,9)(5).
+

Remark 4.9. The fact that the QDQ approximating cone Rf is (°, )(S)-ignoring
is crucial in order to apply the set separation result of Corollary 2.1 in the proof of
Theorem 3.1.

Remark 4.10. Whenever no variation &; is bracket-like, then one can establish
a result like Theorem 4.1 for the whole variable (y°,y,3) as well. Indeed, if all
&, are needle variation generators, the (first order) extended variational cone ng -

R*7+L turns out to be a (°, 9, 3)(S)-ignoring, QDQ approximating cone to %;}5 U
+

{(#°,9,B)(S)} at (§°,9,B)(S). This can be straightforwardly deduced from a general
result established in [26] by means of the notion of “abundance.”

Proof of Theorem 4.1. For some positive integer N > 1, let 5:: (&1,...,€N) €
ZN be an N-tuple of variation generators and fix (51, ..., 5y) €]0, S]" as in Definition
4.4. Set 6 := &, T :=[0,4+oc[V, and for any &:= (¢1,...,en) € BsNT, set

0,0)es (6% y) = (%)@, @, a)).

By Lemma 4.4, we have

" (5) — 5°(
4w (140
L

where the linear operator
0 0
I ( Vés o e Vensw ) ,
M(S,51)vey 5 oeennn M(S,5N)Vey 5n
and h is a continuous function which, for some pseudo-modulus p, verifies |h(£)]| <

|€1p(|€]) for all €€ Bs; NT. Let us now define the set-valued map G : By N T ~ RIT7
by setting

Y0 [0(00.0,a)2(6%)] (5)> B }
G(e) = ) 6€0,6 vee B;NT,

181n this case, one clearly has Rg" = Pr(R’E).
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where the function 7 + 050 5 4)=(r) is defined as in Lemma 4.1. Tt follows from the
latter that the map

satisfies the relation
\hé(g)‘ <ES®  ¥5€0,5, VEeBsNTD

for a suitable constant £ > 0. Furthermore, using Lemmas 4.2 and 4.3 and standard
ODE results about the continuous dependence of solutions on initial data, one deduces
that the mapping &' iL(;(i::) is continuous at each €€ B3 NI'. Then, Lemma 4.1 and
(4.23) imply that for any & €]0, ] and for every £€ BsNT,

7°(S) B}
@@) + L2+ hs(8) € G@),

where hs(£) := h(€) + hs(€) is continuous and verifies
\hs ()| < |E1p(|81) + B8 < 6 (p(6) + ES) Vee BsnT.

Setting A = {L} and extending arbitrarily G to a set-valued map G : RN ~ R*7,
the previous arguments show that for every r > 0, Rg is a QDQ approximating cone

to ‘%;if U{(@° 9)(S)} at (5°,9)(S), generated by the triple (G,T, A). Furthermore,

by the fact that (S, w,a,3°,7, ) is an isolated process, there exists some r > 0
such that #'5;s N (T x [0, K]) = 0 (see (4.1)). In addition, since we are assuming
+

B(S) < K, we can choose this r so that the projection ‘%;/75 satisfies

(4.24) R NT = 0.
+

In view of Lemma 4.1, for such r (by reducing 4, if necessary) one has G(B; NT) C
R Hence, (#°,9)(S), which is in T by definition, cannot belong to G(B;NT) and
+

the QDQ approximating cone RE is (9", 7)(S)-ignoring (see also Remark 2.9). d

4.3. Conclusion of the proof of Theorem 3.1. Let us recall that the ex-
tended sense process (S,w°,w,a,7°,7,3) is canonical, isolated, feasible, and such
that B(S) < K. Let N > 0 be an integer, let € := (&1, ...,&x) € 2V be an N-tuple
of variation generators and fix (51, ...,5y) €]0, 5]V as in Definition 4.4. As observed
in the proof of Theorem 4.1, for some r > 0 the condition (4.24) holds true, namely,
the sets T and 9?;%5 U {(7° 9)(S)} are locally separated at (7°,7)(S). Let & be a

QDQ approximating cone to the target set T at (7°,7)(S), as in the statement of
Theorem 3.1. Since, by Theorem 4.1, the higher order extended variational cone Rg
is a (7°, 9)(S)-ignoring QDQ approximating cone to 9?;@ u{(@°,9)(S)} at (5°,9)(9),
from Corollary 2.1 it follows that the convex cones & and R are not transversal. As

a consequence, in view of Proposition 2.2 they are linearly separated, namely, there
exists (Co,¢) € (T(gog)(5) (R x 4))*\{0} such that (¢o,¢) € —F+ N Ré Setting
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po = o, p(8) := (- M(S,s) for every s € [0,S5], where M(S,s) is the fundamental
matrix of the state-variational equation defined in (4.8), we get

(po,p) #0,  (po,p(S)) € —H™,

and

L6 = p(6) (DS ). a0 + 3 Das(als) () )
=1

When coupled with the dynamics, the last equation can be expressed as the Hamil-

tonian system % (y,p) (s) = Xpg (s, (4,p)(s)) for almost every s € [0, S]. Moreover,
from (¢, () € (Rg)L it follows that, for every j =1,..., N,
(4.25) 0=>¢o ng,gj +¢- (M(§7 55) V§j7§j) = Po ng,gj +p(55) - ve, 5,

Therefore, the lift (y,p) and the multipliers py = (o, 7 = 0, and A = 0 satisfy the
nontriviality condition (3.3), the nontransversality condition (3.5), and the adjoint
equation (3.7) of Definition 3.5. Moreover, for a needle variation generator §; =
(wf,wj,a;), by (4.25) we get

(4.26)
H (5055, (55, o, 0w w0 ) = H(5(57). p(5,). po. 0,0 (5,), 0(5,), a(55) ) <0,

while for a bracket-like variation generator &; = (B;,h;), we obtain

(4.27) p(s;) - B;(hy)(5(s;)) < 0.

So far, we have obtained the maximality condition (3.8), the condition (3.9), and
the higher order conditions (3.11) for every finite set of variation generators E =
(&1,...,&n) € ZN of lengths (I1,...,Ix) and of times (51,...,5y) €]0, 5]V verifying
0=:50<5 <--- <35y <8, with 55 €]0, S]r.ep as soon as l; = 1. Tt remains to prove
(i) the validity of (4.26) for every control (w§,w;,a;) € W and almost every time,
and (ii) the validity of (4.27) for every admissible bracket pair (B,h) € Bt® and for
all times s. Actually, this can be obtained through Cantor’s intersection theorem, as
done in, e.g., [31, 26, 3]. The vanishing of the Hamiltonian (3.10) follows from the
fact that we have proven the maximality condition on the larger set of control values
‘W, which contains the set of canonical values C x A in its interior. Indeed, since the
process (S, w", w, &, y°, 7, B) is canonical, by (4.26) one has

H(g(s),p(s),po, 7T7’LT)0(8)7’J)(8),54(8)) = (w(]’r%ruliécewH(g(s)m(s),po,w,wo, w, a)
= m H(g(s),p(s),po,mwo,w,a)

= ax
(w9, w,a)eCxA

for a.e. s € [0,5]. Now, as one can easily verify, the two maxima cannot coincide if at
some 5 MaxX(y0,u,a)ecxA H(U(s8), p(s), po, T, w®, w,a) # 0, so (3.10) is proved. Finally,
the drift-involving higher order conditions (3.12) can be achieved by differentiation
(see [3, Cor. 4.5]). O

5. Example: Higher order normality. In the following example the absence
of an infimum gap, while being undetectable by means of first order conditions, is en-
sured by proving that the extended sense minimizer is a normal higher order extremal
and applying Theorem 3.2.
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Let % := L'([0,1],R3) and consider the optimal control problem

minimize ¥(z(1))
over the processes ( x) € U x AC([0,1],R*) such that

dx
(5.1) dt (t ‘|’ Zgz ;

dv
)= (o),

(z,2)(0) = (=1,0,0,0,0),  (z(1),2(1)) € Tx[0,3],

where x = (2%, 2% 23,2 ) f(x) = (0,220, (2*)?), gi(z) = (1,0,—2%,0), g2(x) =
(0,-1,2%,0), g () ( O)T—{O}X{O}X{O}XRand\Il():x4. Set
W = US>O({S} {(w® w) € L>=([0,5],Ry x R3) : w’+ |w| =1 a.e.}).

The corresponding extended optimal control problem reads

minimize ¥(y(S5))
over the extended sense controls (S,w’ w) € # and the functions
(", y,B) € AC([0,5],Ry x R* x Ry) such that
0

W () = u0(s),

ds

(5.2 : |
D)= 1)) + Y iy’ (s),
dﬁ =1
P (5) = ),

(y 7yaﬂ)(0) = (07_150707070)’ (y05y76)(5) S {1} X T % [073]5

where y = (y', 4%, y%,y?) and w = (w', w?, w?). The extended sense control

(S @ 1172 ﬂ}g) = (2, 1[1,2], 1[0’1],0,0) Sy/4
generates the extended sense trajectory

(goagl7g27g37g476) (S) = ((8 - 1)1[1,2]7 (S - 1)1[0,1]707()’078) ) s € [072]

The extended sense process (S , 20,0, 7%, 7, B) is clearly a minimizer for the extended
problem (5.2), as the cost is increasing along all trajectories of the system. The
unmaximized Hamiltonian of the problem is

H(xap>p07 ™, ,wO’ U))
2
= (po + pox?® + py (2%) ) w’ + (p1 — psa?) w' + (—p2 + pszt) w? + prwd + 7w,
where p = (p1, p2, p3, p4). By the first order maximum principle in [3, Thm. 3.1] there
exist A > 0, an adjoint arc (po,p) € AC([0,2],R x R*), and 7 < 0 satisfying the first
order necessary conditions (i)—(v) in Definition 3.5 of higher order W-extremal. In

particular, 7 = 0 since 3(2) = 2 < 3, and A, po, and p satisfy
(a) the nontriviality condition

(po(s),p(s),A) # (0,0,0) Vs €[0,2];
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(b) the adjoint end-time problem!?
(5.3)

(dpo dpy dp> dps dp4) (s) = (0,0, ps(s)w*(s)—w"(s)p2(s),0,0), s € [0,2],

(Po7p17p2yp3,p4)(2) = (Co,Cl,CQ,C3, —)\)

for some constants Cy, C1,Cs, C3 € R;
(c) the first order maximality and the vanishing condition, for a.e. s € [0,2],

0= H(g(s),p(s),po(s),W,lf}o(s), ’LT)(S)) - (w}})lg)xecH(g(s)ap(5)7p0(5)v'/Tawovw);

(d) the first order relations for all s € [0, 2],

Integrating (5.3), one gets pg = Cy, p1 = C1, p3 = Cs3, py = — A, and

5.4 =
(5.4) pa(s) Coe+Cy(s—1), 0<s<1.

{ Coe?s, 1<s<2,

By condition (d) one easily obtains C; = Cp = 0, while the maximality condition
(c) on the interval [1,2] implies that Cyp = 0. The maximality condition (c) on the
interval [0, 1] now reads as

max _ {(—C3(s — 1)+ Cs(s — 1))w’} = 0.
(w07w17w2)

Since this condition is verified for every C3 € R, the previous analysis shows that
the extended sense process (S, ", w,7°, 7, 3) is a (first order) abnormal extremal in
that we can choose the multipliers A = 0, po = 0, p(s) = (0,C3(s — 1)1[g,1],C3,0) on
[0,2] for some C5 # 0. Hence, a first order normality criterion for no-gap, like the
one obtained in [22], does not allow one to exclude the presence of a gap between
the infimum cost of the extended problem and the original problem. However, the
higher order maximum principle in [3, Thm. 4.1] establishes that, with reference to
the process (S,w°,w,°, 7, 3), there are multipliers (po,p, 7, A) which, in addition
to complying with the previous conditions (a)-(d), also satisfy, in particular, the
following second order condition:

(5:5) p(s) - 193, 92 (4(s)) = Cs = 0.

Hence, C3 = 0, so that (pg,p) = 0, and the nontriviality condition (a) implies that
A # 0 necessarily. Therefore, (S, w°,w, g, 7, 3) is a normal second order W-extremal
and the higher order normality criterion for no-gap in Theorem 3.2 guarantees the
absence of an infimum gap.
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