arXiv:2105.08546v1 [math.CO] 18 May 2021

The equivariant inverse Kazhdan-Lusztig polynomials of
uniform matroids

Alice L.L. Gao', Matthew H.Y. Xie? and Arthur L.B. Yang3

School of Mathematics and Statistics,
Northwestern Polytechnical University, Xi’an, Shaanxi 710072, P.R. China

College of Science,
Tianjin University of Technology, Tianjin 300384, P. R. China

Center for Combinatorics, LPMC
Nankai University, Tianjin 300071, P. R. China

Email: '11gao@nwpu.edu.cn, >xie@email.tjut.edu.cn, >yang@nankai.edu.cn

Abstract. Motivated by the concepts of the inverse Kazhdan-Lusztig polynomial and
the equivariant Kazhdan-Lusztig polynomial, Proudfoot defined the equivariant inverse
Kazhdan-Lusztig polynomial for a matroid. In this paper, we show that the equivariant
inverse Kazhdan-Lusztig polynomial of a matroid is very useful for determining its equiv-
ariant Kazhdan-Lusztig polynomials, and we determine the equivariant inverse Kazhdan-
Lusztig polynomials for Boolean matroids and uniform matroids. As an application, we
give a new proof of Gedeon, Proudfoot and Young’s formula for the equivariant Kazhdan-
Lusztig polynomials of uniform matroids. Inspired by Lee, Nasr and Radcliffe’s combina-
torial interpretation for the ordinary Kazhdan-Lusztig polynomials of uniform matroids,
we further present a new formula for the corresponding equivariant Kazhdan-Lusztig
polynomials.

AMS Classification 2020: 05B35, 05E05, 20C30

Keywords: Equivariant Kazhdan-Lusztig polynomial, equivariant inverse Kazhdan-Lusztig
polynomial, Boolean matroid, uniform matroid, Frobenius characteristic map, Pieri rule,
plethysm.

Corresponding Author: Matthew H.Y. Xie, xie@email.tjut.edu.cn

1 Introduction

Since the introduction of the matroid Kazhdan-Lusztig polynomials, due to Elias, Proud-
foot and Wakefield [5], these polynomials have attracted much attention, for instance see
[9, 10, 15, 6, 1, 22] and references therein. As noted by Proudfoot [17], the Kazhdan-
Lusztig polynomials of matroids can also be considered as a special case of the Kazhdan-
Lusztig-Stanley polynomials, which were first introduced by Stanley [20] and further stud-
ied by Brenti [3, 1]. Within the framework of the Kazhdan-Lusztig-Stanley theory, Gao
and Xie [7] defined the inverse Kazhdan-Lusztig polynomial of a matroid. To study the
properties of the matroid Kazhdan-Lusztig polynomials, Gedeon, Proudfoot, and Young
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[8] introduced the concept of the equivariant Kazhdan-Lusztig polynomials of matroids. In
[19] Proudfoot further developed the equivariant Kazhdan-Lusztig-Stanley theory, noted
that the equivariant Kazhdan-Lusztig polynomial of a matroid can be realized as an equiv-
ariant Kazhdan-Lusztig-Stanley polynomial, and further defined the equivariant inverse
Kazhdan-Lusztig polynomials of a matroid. Gao and Xie [7] showed that the inverse
Kazhdan-Lusztig polynomials of uniform matroids are not only easy to compute, but also
very helpful for determining their Kazhdan-Lusztig polynomials. The main objective of
this paper is to develop their idea for the equivariant case of uniform matroids. To this
end, we compute the equivariant inverse Kazhdan-Lusztig polynomials for Boolean ma-
troids and uniform matroids, and further use them to give an alternative proof of Gedeon,
Proudfoot and Young’s formula [8] for the equivariant Kazhdan-Lusztig polynomials of
uniform matroids.

Let us first follow Gedeon, Proudfoot, and Young [3] to recall some related definitions
and notations on equivariant matroid Kazhdan-Lusztig polynomials. Let M be a matroid
on the ground set Z, and let W be a finite group acting on Z and preserving M. Gedeon,
Proudfoot, and Young referred to this collection of data as an equivariant matroid W ~
M. Let VRep(W) denote the ring of virtual representations of W over Z with coefficients
in Z, and let VRep(W)[t] denote the polynomial ring in ¢ over VRep(W). Gedeon,
Proudfoot and Young defined the equivariant characteristic polynomial of W ~ M as

rk M
HY (1) = S (1) #M=08Y € VRep(W)[t), 1)
=0
where OSXZZ- is the degree i part of the Orlik-Solomon algebra of M, a natural represen-
tation of T induced by its action on M. Note that the graded dimension of Hj} (t) is just
the usual characteristic polynomial x,(t) € Z[t].

Let L(M) denote the lattice of flats of M. For any F' € L(M), denote the localization
of M at F by Mp, the matroid on the ground set F’ whose lattice of flats is isomorphic to
Lp:={G € L | G < F}. Dually, denote the contraction of M at F' by M* the matroid
on the ground set Z\F with its lattice of flats isomorphic to LY := {G € L | G > F}.
Moreover, let Wi C W be the stablizer of F' and let rk M denote the rank of M. Gedeon,
Proudfoot, and Young [8, Theorem 2.8] showed that there is a unique way to assign to
each equivariant matroid W ~ M an element P}/ (t) € VRep(W)[t], called the equivariant
Kazhdan-Lusztig polynomial, such that the following conditions are satisfied:

(1). If tk M = 0, then deg Py (t) = 0, and P}}(t) is the trivial representation of W.
(2). If rk M > 0, then deg Py (t) < 3 tk M.
(3). For every M,

~—

FMPHE = > mdi, (HE @ PE®), (2
[FleL(M)/W

where L(M)/W denotes the set of orbits of the natural action of W on L(M).
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The equivariant Kazhdan-Lusztig polynomials have been computed for uniform ma-
troids [%], g-niform matroids [18], and thagomizer matroids [9, 23]. Gedeon, Proudfoot,
and Young [, Conjecture 2.13| conjectured that for any equivariant matroid W ~ M the
coefficients of P} (t) are isomorphism classes of honest representations of W. Recently,
Braden, Huh, Matherne, Proudfoot and Wang [2] proved this conjecture by using the
singular hodge theory.

As remarked by Gedeon, Proudfoot, and Young [], their computation of the equivari-
ant Kazhdan-Lusztig polynomials for uniform matroids relies on a guess on the generating
function of these polynomials. Our proof given here is more direct, and uses the concept
of the equivariant inverse Kazhdan-Lusztig polynomials of matroids. As noted by Proud-
foot [19, Section 4], there is a unique way to assign to each equivariant matroid W ~ M
an element QY (t) € VRep(W)[t] such that the following conditions are satisfied:

(a). If tk M = 0, then QY () is the trivial representation in degree 0.
(b). If tk M > 0, then deg QY (t) < 3 vk M.
(c). For every W ~ M,

FOL (C)IMQEET = Y Idiy, (C)RM QU () @ ek H ).
[FleL(M)/W
(3)

We call Q% (t) the equivariant inverse Kazhdan-Lusztig polynomial of W ~ M. Note
that (3) is equivalent to

T T — F
CDMMQEW = Y mdl (((orQire e HIT M) (@)
[FleL(M)/W
By using the equivariant Kazhdan-Lusztig-Stanley theory, it is easy to deduce that
> (U mdl, (P © QUED) =0, (5)
[FleL(M)/W

We would like to point out that (5) was used by Braden, Huh, Matherne, Proudfoot
and Wang to define Q}/(t). Moreover, they showed that the coefficients of QY (t) are
isomorphism classes of honest representations of W. For notational convenience, let

Q) = (=1)™MQy ().

Then the relations (4) and (5) can be written as

A= > (BT © HYE®)), (6)

[FIEL(M)/W



and

>, mdf, (A0 @ QiE0) =0 (7

[FleL(M)/W

This paper is organized as follows. In Section 2, we will review some basic definitions
and notations of the symmetric functions and give some results which will be used later.
In Section 3, we first compute the equivariant inverse Kazhdan-Lusztig polynomials for
Boolean matroids, and then compute these polynomials for uniform matroids, based on
which we present a new proof for Gedeon, Proudfoot, and Young’s formula for the equiv-
ariant Kazhdan-Lusztig polynomial for uniform matroids, as well as a new formula of
these equivariant Kazhdan-Lusztig polynomials.

2 Symmetric functions

The aim of this section is to review some basic definitions and results on symmetric
functions. We refer the reader to Stanley [21], Macdonald [16] and Haglund [!1] for
undefined terminology from the theory of symmetric functions. We also prove some sym-
metric function identities which will be used in the evaluation of the (inverse) equivariant
Kazhdan-Lusztig polynomials for uniform matroids.

2.1 The Frobenius characteristic map

Let A,, denote the Z-module of symmetric functions of degree n in the variables x =
(1,9, ...). From the theory of symmetric functions, the Frobenius characteristic map is
an isomorphism

ch : VRep(S,) — Ay,

which maps the irreducible representation V) of S, to the Schur function s,(x) for
each partition A of m. In particular, the image of the trivial representation V() is
S(n)(X) = hy,(x), which is called the complete symmetric function, and the image of
the representation Viiny is sany(x) = en(x), which is called the elementary symmetric
function. Moreover, the image of the skew Specht module V), under ch is the skew Schur
function s/, (x). The definition of ch carries over directly from VRep(S,) to VRep(S,)[t].
It has the property that, given two graded virtual representations Vi € VRep(S,,)[t] and
Vo € VRep(Sy,)[t], we have

chIndg™ 3 (Vi ® Vo) = ch(Vh)ch(Va). (8)
2.2 Plethystic
Here we adopt the notation of Haglund [11]. Let E = (t1,%2,13,...) be a formal series of

rational functions in the parameters. Let piy[E] denote the plethystic substitution of E
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into the k-th power sum py, i.e.,
pilE] = B(t, 15, . .).

For any symmetric function f, suppose that f =Y, capx = D, ea [ [, pa,, and then define
=2 o]lnlE
A i

Note that if X = )" z;, then pi[X] = pi(x), from which we get f[X]| = f(x) for any
symmetric function f. It is also easy to see that p[—X] = —pr(x) = —pi[X] and
em[tX] = t"en(x).

Lemma 2.1 ([11],Section 3.3). Let E = E(t1,to,t3,...) and F' = F(wy, ws, ws, . ..) be two
formal series of rational functions in the parameters ty,ts, ... and wy,ws,.... Then

mlE = F1=> (=1)"e;[Elhm;[F.
7=0

2.3 The Pieri rule on Schur functions

In this subsection we present three symmetric function identities, which might be known.
To be self-contained here, we will use the Pieri rule to give proofs of these identities.

Let us first recall the well known Pieri rule on Schur functions; see Stanley [21] for
details. For any ¢ > 1, we have

S(Z Z SH

summing over all partitions g such that p/\ is a horizontal strip of size i. Meanwhile, we

have
san(X)sa(x) = ) su(x)

summing over all partitions p such that p/A is a vertical strip of size 1.

We proceed to prove the first symmetric function identity, which is stated as follows.

Lemma 2.2. Form >2,7>0 and j — i > 2, we have
S(1i+1)(X)8(m71j—1)(X) - 8(1i)(X)S(m’1j)(X> = 8(m+172i71j—i—1)(x) + 8(m72i+171j7i72)(x>. (9)

Proof. For m > 2 and i,j > 0, by Pieri rule, we have

min {i—1,5} min {7,5}
S(li)(X)S(m’lj)(X) = Z S(m+1’2x71i+j7172x)(x) + Z S(m72m71i+j—2x)(x).
=0 =0



It follows that, form > 2,7 >0 and j > 1,

S(1i+1) (X)S(mijl) (X) — S(19) (X)s(m,lj) (X)
min{i,j—1} min{i+1,j—1}

= Z S(m+172171i+j—1—2x)(x) + Z S(m,2x71i+j72x)(x)
=0 =0

min{i—1,5} min{s,j5}

- Z S(m+17gz71i+j71721)(x)— Z S(m72z71i+j72:c)(X).
=0

z=0

In view of that j —¢ > 2, and hence i < j — 2, the above four summations reduce to the
right hand side of (9). This completes the proof. O

The second symmetric function identity we are to prove is as follows.

Lemma 2.3. Forn >0, m > 2 and j > 1, we have

n min {m—2,n}
D (s (s () = (D" Y Spin-zarazin(X).
1=0 =0

Proof. We may assume that n > 1 since the case of n = 0 is obvious. Given m > 2, j > 1
and n > 1, let A = (m,27,1"7%) for 0 < i < n. According to Pieri rule, we have

S0 (X)S(m,2r 10 (X) = Y _ 8,,(x), (10)

where the summation ranges over all partitions g = m + 2j + n such that u/\ is a
horizontal strip of size i. Considering the shape of A\¢, such a partition u must be of the
form (A, B, 2% 1") for some A > m, B > 2, u = j—1 or j, and nonnegative v > n—i— 1.

Assume that .

D (1) 50 (%) m 2010 (%) = D cusiu(x),

i=0
where = (A, B,2% 1) Fm+2j+nfor A>m, B>2 u=j—1orj andv>0. It
remains to determine the coefficient c,,.

Now fix a partition u = (A, B,2%,1"). It is easy to see that
Cn = Z(_l)lv

where the sum is over all 4 such that s;)(x) 5,21 1n-#)(X) contains s,(x) in (10). We claim
that ¢, = 0 for v > 1. There are two cases to consider.

(i) Suppose that v > 1 and u = j — 1. To guarantee that s,(x) appears in the Schur
expansion of s(;)(x)syi(x), there are only two choices for i: i = (A —m) + (B — 2)
ori = (A—m)+ (B —2)+ 1. Precisely, we have \' = (m,2,271,1%) or \! =
(m,2,27711°71). Thus, ¢, = 0.



(ii) Suppose that v > 1 and u = j. To guarantee that s,(x) appears in the Schur
expansion of s;)(x)s,i(x), there are only two choices for i: i = (A—m)+(B—-2)+1
ori = (A—m)+ (B —2)+ 2 Precisely, we have \' = (m,2,2/71 1"*1) or \ =
(m,2,2771,17). Thus, ¢, = 0.

We proceed to determine the coefficient ¢, for p being of the form (A, B,2%). We
would like to point out that for 0 <4 < n — 2 the product s;)(X)s(m,2i,1n-i)(X) does not
contribute such s,(x) due to the fact that the number of occurrences of 1 in partition
(m,27,1"%) is n — 4 > 2, which implies that, for each s,(x) in the Schur expansion of the
product s(;)(X)S(y,2/,1n-i)(X), the partition y must contain 1 as a part by the Pieri rule.
It remains to consider the contribution of s3;)(x)s(n 21 1n-i)(x) when i =n — 1 and i = n.
Note that, by the Pieri rule,

min {m—2,n—2}

S(n—l)(X)S(m,zj,l)(X) = Z s(m+n—2—m,2+m,2j)(x) + Z Sp(X)
P

=0
and
min {m—2,n} min {m—2,n—2}
S(n) (X)S(mﬂj)(X) = Z S(m+n—:c,2+:c,2j*1)(x> + Z S(m+n—2—:c,2+:c,2j)(x>
=0 =0

+ Z ST(X),

where p and 7 are some partitions each of which contains 1 as a part. Hence, we have

n

Z(—l)iS(i) (X) S (21 171 (X)

1=0
min {m—2,n—2}
:(_1)n—1 Z S(m+n—2—m,2+m,2j)(x)
=0
min {m—2,n} min {m—2,n—2}
T (—1)”( Z S(m+n—m,2+m,2j*1)(x> + Z S(m+n—2—m,2+m,2j)(x>)
=0 =0
min {m—2,n}
:(—1)" Z S(m+n_m72+m72j—1)(x).
=0
This completes the proof. O

The third symmetric function identity we are to prove is as follows.

Lemma 2.4. Forn >0 and m > 1, we have

> (1) 506 (%) Sgn1m-) (%) = (= 1) S gy (%).

=0



Proof. We may assume that n > 1 since the case of n = 0 is obvious. Now apply the Pieri
rule to s(;)(X)s(m+1,17-7)(x). For i = n, we have

min {m+1,n}
s )semin () = D Smattn-sm (X)-
=0
For 1 <7 <n —1, there holds
min {m,i—1} min {m,i}
S(z) (X)S(m+171n—i)(X) = Z S(m—l—i—m,m—l—l,l”*i)(x) + Z S(m+1+i_x’w+1’1n7i71)(X),
=0 =0
and hence
n—1
(=1)"s(5) (%) S(n1,10-1) (%)
=1
n—1 . min {m,i—1} n—1 ' min {m,:}
= Z<_1)Z Z S(m—i-i—x,x—i-l,l"*i)(X) + (_1>Z Z S(m-i—l-i—i—x,x-‘rl,l”*i*l)(x)
i=1 =0 1=1 =0
n—2 ' min {m,i} n—1 ' min {m,:}
= (_1>Z Z S(m-i—l-i—i—x,x-‘rl,l”*i*l)(x) + (_1>Z Z S(m—i-l—i-i—x,x—i-l,l”*i*l)(x)
1=0 =0 1=1 =0
min {m+1,n}
= — S(mi1,1m(x) + (=) Z S(mtnt1—a,2)(X).
=1
Therefore, we obtain
Z(—l)is(i) (X)S(mt1,1n-1) (X)
=0
n—1
—(=1)"5m) (X)S(m1) (%) + S(ms1,0) (%) + D (=1) (3 (%) S (1,101 (%)
=1
min {m+1,n} min {m+1,n}
=(-1)" Z S(m+1+n—z,2)(X) + (-t Z S(mtn+i—a.2)(X)
=0 z=1
=(=1)"S(mt+n+1) (%),
as desired. This completes the proof. O

2.4 The Littlewood-Richardson rule

The Littlewood-Richardson rule gives a combinatorial interpretation of the Schur expan-
sion of a skew Schur function. There are many ways to state the Littlewood-Richardson
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rule; see Stanley [21] and references therein. Here will use its Littlewood-Richardson
tableaux version.

Recall that, given two partitions A and p with g C X (ie., pu; < A; for all i), a
semistandard Young tableau of shape A/p is defined to be an array 7" = (1};) of positive
integers of shape A\/p that is weakly increasing along every row and strictly increasing
down every column. We say that T has type o = (a, g, . ..), if T has «; entries equal to
t. The reverse reading word of T'is the sequence of entries of T" obtained by concatenating
the rows of T" from right to left, top to bottom. For example, the tableau

112

171
2|2
3|3
11212144

has the reverse reading word 2111 22 33 44221. We say that a word ajas - - - a,, is a lattice
permutation if in any initial factor ajas - - - a;, the number of 7’s is at least as great as the
number of i + 1’s (for all ). A Littlewood-Richardson tableau is a semistandard Young
tableau 7" such that its reverse reading word is a lattice permutation.

The well known Littlewood-Richardson rule is stated as follows.

Theorem 2.5 ([21, Section 7.10]). If
SA/M ZCHVSV

then the Littlewood-Richardson coefficient c,’)u 1s equal to the number of Littlewood- Richardson
tableaux of shape \/u and type v.

3 Uniform matroids

Given a positive integer d and a nonnegative integer m, let U,, 4 be the uniform matroid of
rank d on m+ d elements which admits an action of the symmetric group S,,.4. By using
the generating functions and the Frobenius characteristic map, Gedeon, Proudfoot, and
Young [8, Proposition 3.9] obtained a formula for computing the equivariant Kazhdan-
Lusztig polynomial for equivariant uniform matroids, which could be stated as follows.

Theorem 3.1 ([3, Theorem 3.1]). For any m >0 and d > 1, we have

[(d—1)/2] min{m,d—2j}

P?Zd() Vim+a) + Z Z Vimtd—2j—z+1,041,21-1)- (11)

r=1

The main result of this section is as follows.



Theorem 3.2. For any equivariant uniform matroid Sp,1q ™~ Up,q withm >0 andd > 1,
we have

[(d—1)/2]
Uzzd Z Vimy1,29 14-2i-1) (12)

where Vi 1,01 10-25-1y vanishes if (m + 1,279,192~ s not a valid partition.

In subsection 3.1 we first prove the above theorem for the case of m = 0. Then in
subsection 3.2 we prove Theorem 3.2 for general m. In subsection 3.3 we use (12) to give a
new proof of (11). Finally in subsection 3.4 we present a new formula for P, ’”Zd( ), which
refines Lee, Nasr and Radcliffe’s combinatorial interpretation for the ordinary Kazhdan-
Lusztig polynomials of uniform matroids.

3.1 Proof of Theorem 3.2 for m =0

Given a positive integer n, let B,, denote the Boolean matroid of rank n, which is equipped
with a natural action of the symmetric group S,,. Gedeon, Proudfoot, and Young [] ob-
tained a formula for computing the equivariant characteristic polynomials for equivariant
Boolean matroids, which could be written as follows in terms of the plethystic notation.

Lemma 3.3 ([8, Proposition 3.9]). For any equivariant Boolean matroid S, ~~ B, with
n > 1, we have

ch H5? (t) = ha[(t — 1)X]. (13)

Note that the equivariant Boolean matroid S,, ~ B,, can be considered as the equiv-
ariant uniform matroid S,, ~ Uy ,,. Thus, the case m = 0 of Theorem 3.2 is equivalent to
the following statement.

Theorem 3.4. For any equivariant Boolean matroid S, ~ B, with n > 1, we have

QF,(t) = Vany.
Proof. 1t suffices to show that, for n > 1,

ch Q3 (t) = (—1)"en(x).

Applying (6) to the equivariant Boolean matroid S,, ~ B,,, we obtain

A ) R n I A Sn —_ Sn
Qrt)= Y  Indf (t Q) ®H((Bn§§(t)>

[FleL(Bn)/Sn

— Z Indgnxs (tl S XSn 7,( ) ® Hg::i;snfz (t)),
=0
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which is equivalent to

=Y mdd, (K05 M @ HE ().
i=0
From (8) and (13) it follows that

ch Q3 thchQB ~ch Hy" ' thchQB i (t = 1)X].

Thus, we have
ch Q7 (t) — t"ch Q3 Ztlch Q7Y - byt — 1)X]. (14)

Now we proceed to prove that ch Q%’:L(t) = (—1)"e,(x) by induction on the value of
n. For the base case, assume n = 1. Now (14) turns out to be

ch Q5 (£) — teh Q3 (1) = hu[(t = 1)X] = (t = ) ().
Since Q?l(t) is of degree zero, we have
ch QF (1) = —hi(x) = —e1(%).
Assume the assertion for n — 1, namely
ch Q% (t) = (—1)'e;(x) = (—1)'e;(X) for 0 < i < n.

From (14) we have
ch Q7 (t) — t"ch Q3 Zt@ )e it = 1 X]

- Zti(—wei(x)hn_i[(t — DX] = t"(=1)"en[X].

Recall that t'e;[X] = e;[tX] for 0 < i < n, which tells us that

n

ch Q. (1) = t"ch @ (t71) = (=1)" Y (=1)" e[t X]huil(t = 1)X] = t"(=1)"en [X].

=0
Taking F =tX and F' = (t —1)X in Lemma 2.1 leads to

ch@%’;(t) —t"ch @%’;(t_l) = (=1)"e,[X] —t"(—1)"e,[X].
In view of deg Q%’:L(t) < g, we find that
ch Q3 (1) = (—1)"en[X] = (=1)"e(x),

as desired. This completes the proof. O

11



3.2 Proof of Theorem 3.2 for general m

We proceed to prove Theorem 3.2 for general m.
Proof of Theorem 3.2. Tt suffices to show for 0 < j < |(d — 1)/2], the coefficient of # in
ch Qi (t) i

(= 1) "8 ms1,27,10-201) (X).

By applying (6) to the equivariant uniform matroid Sy,4+q ™ Uy, 4, we obtain

ASrn m r n A Sm - Sm
D= > mdg (K Omr QR @ B (). (15)
[FI€L(Um,a)/Sm+d
It is obvious that for any flat F' of L(U,,4) with 1k (U,, 4)r =i < d we have
(Una)r = B;, (Uma)™ = Una—i, (Smtd)r =2 Si X Sptd—i-

Note that there is only one flat of rank d which is in fact the ground set Z, for which there
holds

(Um,d)I = Um,d> ([]m,d)Z = U0,0> (Sm-l—d)l = Sm-i—da

and hence H (Sm“)l) (t) is just the trivial representation of S,,.4. Thus, (15) can be rewrit-
ten as

Zlnds”;*s,ﬁdz(ti@%i( he Hy ) Q). a6)

nd %

Applying the Frobenius characteristic map on both sides leads to

ChQ m+d( ) tdChQ m+d Z tich QB . m+d 1(t)‘

md %

By a result due to Gedeon, Proudfoot, and Young [3, Proposition 3.9 |, we know

d—i—1

ch Hy™t i) = > (=1)it" (3(m+d—z’—j,1j>(x) + S(m+d—i—j+1,1f*1>(x)>
j=0
+ (=D S g1 001y (%) (17)
Meanwhile, by Theorem 3.4, we have
ch Qg (t7) = (=1)'s) (%). (18)

Substituting (17) and (18) into (16), we obtain

U
—_

ch Q5 (8) — b QO (171) = S (= 1) 510y ()8 10 1) ()

i

Il
o
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+ (—1)Z+]td_33(11)(X) <S(m+d—i—j,lj) (X) + S(m+d—i—j+1,1-1) (X)) .

Substituting d — j for j in the second part of the above equation and then interchanging
the order of the summation, we obtain

d—1
b Qe (1) — e QA (17) = (1) 10 (X)) ()
1=0
-1 d
+ Z (=)™ 540y (x) (S(m—m’,ldﬁ) (x) + S(m—i-l-j-‘rl,ld*j*l)(x))
i=0 j=i+1
-1

—0

<
Il

_
~

Note that the degree of ch Q "”d( ) is strictly less than g and hence the degree of lowest

term in t?ch Q7 vt ~1) is strict greater than . Thus,

00 Q5 (8) = (—1) 81,01 (). (19)

Also, for 1 < j < d/2, the coefficient of #/ in ch Q m+d( ) is

[asry

(_1)d5(1f)(X)S(m+1,1d*j*1)(x) + (_1)i+d_j3(1i)(x) <S(m—i+j,1d*j)(x> + S(m—i+j+1,1d*j*1)(x)>'

i (20)

.

Il
o

Forany1<j<— let

1
(—1)i+d_j3(1i)(x) <8(m—i+j,1d*j)(x) + 8(m—i+j+1,1d*j*1)(x)>

b
—
.
~—
I
<.
I I
= O
—_

j_
(19) (X)S(m—iﬂ‘,ldﬂ’) (x) + (_1)Z+d_]$(1i) (X)S(m—i-i-j-i-l,ld*j*l) (%)

(S
|

I
]
I
—_
~—
<
+
U
d
»

i=0 1=0
Jj—=1 Jj—2
=Y (1) 00 () (miggaa-)(X) = 3 (=D F 50000 (%) 8nigjao-s-1) (%)
=0 i=—1
j—2
=) (1) <8(1i)(X)S(m—i+j,1d*j)(x) - S(1i+1)(X)S(m—i+j,1d*j*1)(x>)
=0
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+ (1) s 1) (X)8ma1,10-9) (%) + (1) S(n 1450051 ().
Form>1,1<j5< %l and 0 < ¢ < 7 — 2, it is easy to verify that m — ¢+ 7 > 2 and
(d —j) —i > 2. By applying Lemma 2.2, we obtain

S(li)(X)S(m_i_i_j’ldfj)(X) — 8(1i+1)(X)S(m_i_i_j’ldfjfl)(x)
= _S(m_i+j+172i71d—j—i—1)(X) - S(m_i+j72i+171d—j—i—2)(X),
from which it follows that

j—2

= Z(—l)i-i-d—j( — S(m_i+j+172i7ld7j7i71)(X) - S(m_i+j’2i+1’1d7j7i72)(X))
i=0
+ (1) s 01 ()8 (n1,10-9) (%) + (1) S 1451051y (%)
Jj—2 7j—1

== (D) s i (X) + ) (=D T s 201001 (%)
1=0 i=1
+ (1) s Spmara05) (%) + (1) s(mp1g 0051 (%)
= _(_1)d_]8(m+j+1,1d*j H(x) + (= 1" 15(m+2 9i-1,14-27)(X)
+ (—1)d—15(1j,1)(x)g(erle,j)(x) + (1) smgagjae-i-1) (%)

= (=) spnpo0m1 1020y (%) + (= 1) 81521y (%) S (1,109 (X).

Therefore, in view of (20), for 1 < j < d/2 the coefficient of #/ in ch Q ””d( ) is

—1)d_1$(m+2 21 1a-27) (%) + (= 1) 505-1) (%) S n1,10-9) (%) + (1) 5(15) (%) 8 (m1,10-5-1) (%)

—~

= (=) s(nrazi-1 ga-2i)(x) + (1) <S(1j*1)(X)S(m-‘rl,ld*j)(x) - S(u‘)(X)S(m+1,1dfjfl)(x))
= ( 1) m+272j—1’1d72j)(X) + (_1)d_1< — 8(m+272j71’1d72j)(X) — 8(m+172j,1d72j71)(X))
= ( ]_) S m+1 27 1d 25— )(X), (21)

where the second last equality is obtained by applying Lemma 2.2 with the fact that
m+1>2and (d—j)— (5 —1)> 2. Combining (19) and (21), we obtain

[/]ch Q m+d( ) = (_1)d3(m+1,2j,1d*2j*1)(X)a for 0 <j <d/2,

as desired. This completes the proof. O

3.3 The equivariant Kazhdan-Lusztig polynomials

Note that the proof of Theorem 3.2 only relies on the evaluation of the equivariant char-
acteristic polynomials for uniform matroids and the inverse Kazhdan-Lusztig polynomials
for Boolean matroids. In fact, Theorem 3.1 can be proved in the same manner, assuming
that the following result has been proved.
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Lemma 3.5. For any equivariant Boolean matroid S,, ~ B, with n > 0, we have

We would like to point out that Lemma 3.5 is a special case of Theorem 3.1. Since
this lemma can be proved following the lines of the proof of Theorem 3.4, we omit its
proof here. We proceed to prove Theorem 3.1.

Proof of Theorem 3.1. Applying (7) to the equivariant uniform matroid S,,+q ~ Up,a,

we obtain ; "
S mdg (PO () @ QErr (1) =o.
[FIEL(Unm,d)/Sm+d

Recalling the previous arguments on the equivalence of flats in the proof of Theorem 3.2
and applying the Frobenius characteristic map lead to

> " ch PEi(t) - ch Qi (t) + ch P (k) = 0., (22)

Lemma 3.5 tells us that, for 0 <7 <d —1,
ch P (t) = hi(x) = 509 (x).

Meanwhile, from Theorem 3.2 it follows that

(d-i-1)/2] |
e O e e D
=0
In view of (22), we get
-i-1)/2] |
ch Py ’”*d 25(2 i Z S(me+1,29,10-1-2i-1) (X)t?
=0

d1[(d21/2j

:_Z Z (=150 (%) (1,23 1-i-20-1) ()t

[(d— 1)/2Jd 1— 2]

)S(m+172j 71d7i72j71) (X)tj,
7=0 =0

where the last equality is obtained by interchanging the order of the summation.
Hence, for 0 < j < [(d — 1)/2] the coefficient of ¢/ in ch Pg;"zd (t) is

[#]ch P (1) = +1 Z ) 5(5) (X) S (et 1,2 10-i-25-1 (X). (23)



To simplify the summation on the right hand side of (23), we first consider the constant
term of ch Pg;"zd (t), for which we have

[tO]ChP () = d“Z )51 (X)S (1, 10-i-1) (X)
= (=)™ (—1)d 'S(mra) (X)
S(m—i-d)( )

where the second last equality is obtained by letting n = d — 1 in Lemma 2.4. For
1<j5<|(d—-1)/2], lettingn =d—1—2j and m =m + 1 in Lemma 2.3, we find that

min {m—1,d—1-25}

[t/]ch Pg;";d () =(—1)4 . (=1)d-1-% Z 8 (m1-4d—1—2j—a,242,2-1) (X)

z=0

min {m—1,d—1-25}

_ Z S(mtd—2j—z,2+2,2-1)(X)

z=0
min {m,d—2j}
= E 8(m+d—2j—x+l,x+l,21*1)(X)'

r=1

To summarize, we get the desired (11). The proof is complete. O

3.4 A refinement of Lee, Nasr and Radcliffe’s formula

Lee, Nasr and Radcliffe [12, 13] considered the combinatorial interpretation for the Kazhdan-
Lusztig polynomials of p-removed uniform matroids and sparse paving matroids. In par-
ticular, they gave the following combinatorial interpretation for the Kazhdan-Lusztig
polynomials Py, ,(t) for uniform matroids Uy, q.

Corollary 3.6 ([!2, Theorem 2]). For any m,d > 1, suppose

L(d—1)/2]

Py, ()= Y ot

i=0

Then for each 0 < j < |(d—1)/2| the coefficient ¢; equals the number of standard Young
tableauz of shape (m +d — 24, (d — 25+ 1)7) /((d — 2j — 1)7).

We would like to point out that Lee, Nasr and Radcliffe actually used the conjugate
partition of (m +d — 2, (d —2j +1)7) /((d — 25 — 1) ') to express ¢;. Next we will show

that the equivariant Kazhdan-Lusztig polynomial P, "”d( ) admits a more compact form,
which implies that the above presentation is more natural in some sense.
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Theorem 3.7. For any m,d > 1, we have
5 L(d—1)/2]
m+d _ .]
Py (t) = v(m+d—2j,(d—2j+1)j)/((d—2j—1)i)t :

~

[en]

j=

Proof. By Theorem 3.1, it suffices to show that, for any m,d,j > 1, we have
min {m,d—2j}
s(m+d—2j,(d—2j+1)j)/((d—2j—1)j) (x) = 2_; 5(m+d—2j—r+17r+172j*1)(X)-
Note that, for A = (m+d—2j, (d—2j+1)) and p = ((d—2j —1)7), since the number
of cells in the i-th row of A\/u is
m+1, for ¢ = 1;
Ai — i = 2, for 2 <14 <j;
d—25+1, fori=j5+1,

there is a subdiagram of a straight shape v = (m + 1,27) such that all other cells of
A/p are to the left of v and form a single row partition p. For example, for d = 10 and
m = j = 3, the partition v is composed of the cells occupied by the bold numbers in
Figure 1, and the partition p is composed of other left cells.

11

=W N
=W N

Figure 1: The Young diagrams of A/, v and p

In order to get a Littlewood-Richardson tableau T of shape A/u, there is only one
way to fill the cells of v with positive integers, namely, the i-th row of v is filled with ¢’s.
Moreover, the cells of p can only be filled with 1’s and 2’s. Suppose that the number of
2’s filled in p is x — 1, and hence the number of 1’s is d — 25 — x. According to the lattice
permutation condition of T, we have 1 <z < d—-2jandm+1>x—1+2 =2+ 1,
from which it follows that 1 < x < min{m,d — 2j}. This means that the type 7, of T’
can only be (m+d —2j —x+ 1,2+ 1,277) for some 1 < z < min {m,d — 2j}, and for
such a fixed z there is only one Littlewood-Richardson tableau of shape A\/u and type 7,.
This completes the proof. O
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