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GRADUAL-IMPULSIVE CONTROL FOR CONTINUOUS-TIME
MARKOV DECISION PROCESSES WITH TOTAL UNDISCOUNTED
COSTS AND CONSTRAINTS: LINEAR PROGRAMMING
APPROACH VIA A REDUCTION METHOD*

ALEXEY PIUNOVSKIY! AND YI ZHANGH#

Abstract. We consider the constrained optimal control problem for a continuous-time Markov
decision process (CTMDP) with gradual-impulsive control. The performance criteria are the expected
total undiscounted costs (from the running cost and the impulsive cost). We justify fully a reduction
method, and close an open issue in the previous literature. The reduction method induces an
equivalent but simpler standard CTMDP model with gradual control only, based on which, we
establish effectively, under rather natural conditions, a linear programming approach for solving the
concerned constrained optimal control problem.

Key words. continuous-time Markov decision processes, gradual-impulsive control, linear pro-
gramming approach, reduction method
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1. Introduction. The present paper investigates continuous-time Markov deci-
sion processes (CTMDPs) in Borel state and action spaces, where the decision maker
can control the process via its local characteristics (transition rate), and also can con-
trol directly the state of the process. Such a model is called the gradual-impulsive
(control) model. For the gradual-impulsive CTMDP model, we are concerned with
the following constrained optimal control problem: the expected total undiscounted
cost is to be minimized, subject to other performance measures (objectives) in the
same form not exceeding predetermined levels.

The gradual-impulsive CTMDP model is quite general. It has two important
submodels. One is the standard CTMDP model, in which the decision maker only
controls the transition rate of the process. The other one is the impulsive control
model, in which the decision maker can only control instantaneously the state of the
process. Fach of them has a vast literature: for standard CTMDP models, see the
monographs [16, 18, 25] and the more recent one [21], which is influenced by [12, 13];
for the impulsive control model, see e.g., [7, 15, 24]. (The latter references actually
dealt with a more general class of processes than what is of concern here, namely,
piecewise deterministic processes (PDPs); see [6].) The optimal stopping problem
is an important example of impulsive control models, where the decision maker can
decide when to stop the process, applying the impulse once and for all; see e.g., [2, 4].
Compared to the aforementioned two submodels, there is relatively less literature on
gradual-impulsive CTMDP models; see e.g., [9, 10, 23, 26, 28, 29].

*Received by the editors September 3, 2021; accepted for publication (in revised form) February
28, 2022; published electronically June 27, 2022.
https://doi.org/10.1137/21M 1444060
Funding: This paper was discussed at the Liverpool workshop Modern Trends in Controlled
Stochastic Processes (July, 2021), supported by the EPSRC (EP/T018216/1).
TDepartment of Mathematical Sciences, University of Liverpool, Liverpool, Merseyside, L69 7ZL,
UK (piunov@liv.ac.uk).
fCorresponding author. School of Mathematics, University of Birmingham, Edgbaston, Birming-
ham, B15 2TT, UK (y.zhang.29@bham.ac.uk).

1892

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.


https://doi.org/10.1137/21M1444060
mailto:piunov@liv.ac.uk
mailto:y.zhang.29@bham.ac.uk

Downloaded 08/30/22 to 147.188.245.167 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

CTMDP WITH GRADUAL-IMPULSIVE CONTROL 1893

Most of the previous literature on gradual-impulsive CTMDP models allows one
to apply at most one impulse at a given time moment, and the effect of the impulse
is often deterministic, as in the recent work [19]. In the gradual-impulsive CTMDP
model considered in this paper an impulse can be applied at any time moment, and
one can apply multiple impulses at a single time moment. Such gradual-impulsive
CTMDP models were considered in [28, 29] and more recently in [9, 10]. The analysis
in [9, 10, 28, 29] as well as in [19] is direct, in the sense that no connection with the
standard CTMDP model was explored therein. A different method (the so called time
discretization method) was taken in [23, 26], where the gradual-impulsive CTMDP
model and the associated optimal control problem were studied as the limit of a
sequence of discrete-time problems (for the skeleton models). The skeleton models
include complicated transition probabilities.

The present paper differs from the previous literature in terms of the problem
statement and the methods of investigation. The concerned optimal control problem
for the gradual-impulsive CTMDP considered in the majority of the previous liter-
ature is unconstrained (with a single objective), as is the case in [9, 19, 23, 28, 29]
as well as in [5, 8, 17]. The main optimality result in these papers was the estab-
lishment of the Bellman (optimality) equation, which is used to characterize and
show the existence of optimal strategies (often known as the dynamic programming
method). One of the relatively few works dealing with constrained problems for
gradual-impulsive CTMDP models is [10], where the performance criteria are the ex-
pected total discounted costs, and a linear programming approach was established.
The linear program formulation in [10] is a consequence of direct investigations of the
occupation measures and their characterizations. For their arguments, extra condi-
tions (e.g., bounded transition rate) are needed, and the role of the positive discount
factor is important. In this connection, we point out that the discounted problem
is a special case of the total undiscounted problem considered in the present paper,
and the method of investigation here is quite different from [10], and consequently,
we do not need to impose any conditions on the growth of the transition and cost
rates. More precisely, our investigation is based on the reduction of the gradual-
impulsive CTMDP model to an equivalent but simpler standard CTMDP model.
The reduction of the gradual-impulsive model for PDPs to an equivalent model with
gradual control only was proposed in [8]. The reduction method in [8] is different
from the one proposed here. In greater detail, in PDPs, apart from natural jumps,
the process also jumps when it hits the active boundary of the state space. In the
gradual control model of PDPs, apart from controlling the transition rate, there is
also boundary control, corresponding to when the process hits the active boundary.
The target in [8] was to reduce the impulse control to a boundary control in the
new model by introducing, along with other extra components, fictitious time in the
state of the induced model. The idea is to replicate the original impulse epoch when
the fictitious time component in the new model hits a suitably introduced bound-
ary. When applying this method to a CTMDP, the induced model will be a PDP
(no longer piecewise constant), with additional boundary control (besides the control
of the transition rate) and a much more complicated state space than the original
one.

Our main contributions are as follows.

(a) We fully justify that the gradual-impulsive CTMDP model can be reduced to
an equivalent and simpler standard CTMDP model with the same state space. This
reduction method was partially addressed and justified in [22], where it was assumed
that the transition intensities are separated from zero at each state. This condition
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was essentially used in the argument in [22]. Here we manage to remove this extra
condition, which, in our opinion, is a significant improvement. In fact, this turns out
to be a delicate issue, and calls for a new and different proof. The proof is based on the
investigation of several new classes of control strategies, which can be of independent
interest in their own right, and were not considered in [22]. The situation is much
simpler if one only deals with strategies in a simple form (e.g., stationary), but we
consider general strategies.

(b) We establish the linear programming approach to solving constrained gradual-
impulsive optimal control problem for CTMDPs with total undiscounted cost criteria.
The linear program formulation itself is interesting, and was not reported in the
previous literature, to the best of our knowledge. Moreover, no extra conditions on
the growth of the transition and cost rates are needed. This is achieved by referring
to the relevant results for the equivalent standard CTMDP problem, and thus also
demonstrates the effectiveness of the reduction method fully justified in (a).

The rest of this paper is organized as follows. In section 2 we describe the gradual-
impulsive CTMDP model and the standard CTMDP model, and state the constrained
optimal control problems under consideration. In section 3 we present the main state-
ments concerning the reduction method as well as the linear programming approach
to the constrained optimal control problem. The justification of the reduction method
is postponed to section 4, which also introduces some new classes of strategies and
the auxiliary statements for them.

2. Model descriptions. In this section, we describe the gradual-impulsive con-
trol model M and the model M%© with gradual control only, as in [22], which also
goes back to [27, 29].

2.1. Gradual-impulsive control model. We describe the primitives of the
gradual-impulsive control model M =: {X, A% AT ¢, 0, {c§, eI} } as follows. The
state space is X, the space of gradual controls is A%, and the space of impulsive
controls is A, Tt is assumed that X, AG, and A’ are all Borel spaces, endowed
with their Borel o-algebras B(X), B(AG), and B(A'), respectively. Furthermore, we
assume without loss of generality that A% and A! are two disjoint measurable subsets
of a Borel space A such that A = A9 UA!. The transition rate, on which the gradual
control acts, is given by ¢(dy|z, a), which is a signed kernel from X x A%, endowed with
its Borel o-algebra, to B(X), satisfying the following conditions: ¢(T'|z,a) € [0, 00) for
cach € B(X),z ¢ I'; ¢(X|z,a) =0, 2 € X, a € A®; ¢, := SUPLeac ¢z (a) < 00, T €
X, where ¢, (a) := —q({z}|, a) for each (z,a) € X x AY. We introduce the postjump
measure §(dy|z,a) = q(dy\{z}|z,a) V€ X, a € A%, If the current state is z € X,
and an impulsive control b € A’ is applied, then the state immediately following this
impulse obeys the distribution given by Q(dy|z,b), which is a stochastic kernel from
X x A’ to B(X). We assume, without loss of generality that

(2.1) Q({z}|z,b) =0 Yz eX, be AL,

Finally, there are a family of cost rates and functions {c¢{, ¢!}/, with J being a fixed
positive integer, representing the number of constraints in the concerned optimal
control problem to be described below; see (2.3). For each i € {0,1,...,J}, ¢ and
cl are [0, oo]-valued measurable functions on X x A% and X x A , respectively. We
emphasize the following.

Remark 2.1. The assumption on the positivity of the cost functions is relevant

to optimality results and for brevity. The reduction results (see Theorem 3.1 below),
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actually hold for [—oo, oc]-valued ¢! and c&: one only needs to apply the reduction to
the two performance measures induced by the positive and negative parts of ¢/ and
ciG separately.

The description of the system dynamics in the gradual-impulsive control problem
is as follows. Assume ¢, (a) > 0 for each z € X and a € A“ for simplicity. At the
initial time 0 with the initial state x, the decision maker selects the triple (¢, 130, p%)
with é € [0,00], by € A, and p° = {p?(da)}re(0,00) € R(AS). Here, R(AY) is the
collection of P(AG)—Valued measurable mappings on (0,00) with any two elements
therein being identified the same if they differ only on a null set with respect to
the Lebesgue measure, where P(AG) stands for the space of probability measures on
(AC, B(AG)). Then, the time until the next natural jump follows the nonstationary
exponential distribution with the rate function [, ¢ ¢z, (a)p?(da) =: gz, (p}). Here and
below, unless stated otherwise, if p € R(AY), then ¢, (p;) := Jac @z(a)pi(da) and
q(dylz, pi) := [po q(dylz,a)pi(da). If by time ¢, there is no occurrence of a natural
jump, then the first sojourn time is ¢y, at which, the impulsive action bo € Al is
applied, and the next state X follows the distribution Q(dy|xo, I;O). If the first natural
jump happens before ¢y, say at t;, then the first sojourn time is ¢, and the next state

G(dylz , 0
X follows the distribution w
=0 Pty

occurs immediately after a sojourn time. At the next decision epoch, the decision
maker selects (¢1, 131, p'), and so on. It is thus natural to embed the gradual-impulsive
control problem into a discrete-time Markov decision process (DTMDP) (but with a
complicated action space involving the space of relaxed control functions.) This way of
describing gradual-impulsive control problems for CTMDPs goes back to Yushkevich
[29].

The state space of this DTMDP is X := {(00, 240 ) }U[0, oo) x X, where (00, T) is
an isolated point in X. The first coordinate of & = (0,x) € X represents the previous
sojourn time in the gradual-impulsive control model, and the state of the controlled
process in the gradual-impulsive control model is given in the second coordinate. The
inclusion of the first coordinate in the state allows us to consider control policies that
select actions depending on the past sojourn times.

The action space of the DTMDP is A := [0,00] x AT x R(A%). Recall that
R(AY) is the collection of P(A%)-valued measurable mappings on (0,00) with any
two elements therein being identified the same if they differ only on a null set with
respect to the Lebesgue measure, where ’P(AG) stands for the space of probability
measures on (A%, B(A%)). We endow P(A®) with its weak topology (generated
by bounded continuous functions on A®) and the Borel o-algebra, so that P(A%)
is a Borel space; see Chapter 7 of [3]. An element p of R(A®) is understood as a
relaxed control function, and its value p; € P(A®) at t > 0 can be understood as the
distribution of the gradual control after time duration ¢ from the moment when this
relaxed control function is selected. In the case p;(da) does not change with ¢ > 0, i.e.,
the relaxed control function is a constant one, with slight abuse of notation, we often
write it as p(da), omitting the subscript ¢t. According to Lemma 3 of [27], each element
in R(AY) can be regarded as a stochastic kernel from (0, 00) to B(A®). According to
Lemma 1 of [27], the space R(AG)7 endowed with the smallest o-algebra with respect
to which the mapping p = (pi(da)) € R(A®) — Jo° e tg(t, py)dt is measurable for
each bounded measurable function g on (0,00) x P(A®), is a Borel space.

The transition probability p in the DTMDP is defined as follows. For each
bounded measurable function g on X and action G = (¢, l;, p) € A,

. Except for the initial one, a decision epoch

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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| sttt x ayl(6.). / [ ottt p)e i =0 ar
X

+1{e = 00}g(00, moo)e™ I8 4P 1 [{z < oI5 atp)is / 9(e,9)Qdylz,b)
X
for each state (6,z) € [0,00) x X; and [5 g(t,y)p(dt X dy|(c0, T ), @) := g(00, Too)-
The object p defined above is indeed a stochastic kernel from X x A to B(X), see
Lemma 2 of [27] and its proof therein.
Similarly, the cost functions {/;};_, defined below are measurable on X x A x X:

(2.2) Li((0,2),a,(ty)) :=I{xe X} {/0 S (x, ps)ds + I{t = ¢ < oo}l (, 13)}

for each i = 0,1,...,J and ((0,z),d, (t,y)) € X x A x X. Here, the generic notation
a = (&b,p) € A of an action in this DTMDP has been in use, and we have used the
following generlc notation: for each probability measure f; on B(AG) and measurable
function f on A€ , we put f(u f ac f(x)p(dz) whenever the right-hand side is well
defined. This notatlon is only for brev1ty, and w111 be used when there is no potential
confusion regarding the underlying space A%, The interpretation is that the pair
(¢, l;) is the pair of the planned time duration until the next impulse and the next
planned impulse (provided that no natural jump has taken place before then), and p
is the relaxed control function to be used during the next sojourn time. Without loss
of generality, the initial state is (0, zo) with some zg € X.

Let {X,}5%0 = {(On, X)}22, and {A }olo be the controlled and controlling
processes in this DTMDP model, and {(C,, B,)}2, the coordinate process corre-

sponding 0 {(é. b)} 0 in {a, ).

DEFINITION 2.1. (a) A strategy in model M is given by o = {an O F, 1o o, where
for each n > 0, ol )(dc X db|h ) is a stochastic kernel, and F, is an R(A%)-valued
measurable mapping in (hn7 ¢, b) where hy, := (&g, (Co,b0), Z1, (¢1,01), .., &n).

(b) A strategy o = {an JF, )20 in M is called stationary if for each n > 0,

O (dé x dblhy) = 05O (dé x db|ay), Fy(hn, é,b)¢(da) = F¥(x,)(da) ¥t >0,

where 050 (dé x dblz) and FS(x)(da) are stochastic kernels on B(]0, 0] x AT con-
centrated on {0,00} x AT and on B(A®) given x € X. Here, in line with the inter-
pretation of the element of R(A®), F*(x,)(da) is understood as a constant relazed
control function. We identify such a stationary strategy in M with o° = (o), F’S)

Under a strategy o in M, having in hand iLn, the decision maker selects (¢, I;n)
according to & (dc x dblhy), and after that, chooses the relaxed control function
p" = Fy(hn,én,by) € R(AC) to be used during the next sojourn time. Note that the
class of strategies defined above covers the particular case when one a priori deter-
mines a fixed time moment, say T, of applying an impulse: this then corresponds to
0&0)(dé x Allh,) = 6, i (dé) provided that , < T, where &, = i, 0, is the re-
alized time of the nth jump moment, induced by either natural or active (impulsive)
jumps.

Given g = (0,x0) € X and a strategy o, let f)go be the strategic measure in
the DTMDP, and Ego the corresponding expectation. Then the concerned gradual-
impulsive control problem with constraints reads

(2.3) minimize over o € X : Wg(xo,cr) such that Wj (xo,0) <dj, j=1,...,J,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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where for each 0 < j < J, Wj(zo,0) = Ego S 1 (X Ay Xin) | {d;}]_, e R’

is a fixed vector of constants, and xg is a fixed element of X.

2.2. Standard CTMDP model. In a standard CTMDP model, there is only
gradual control. Its system primitives are M9 := {X, A, ¢%9 {cF9}/ }. Here the
state and action spaces X and A are Borel spaces, ¢©© is the transition rate from
X x A to B(X), and {cf9}/, is a collection of [0, co]-valued measurable functions
on X x A, representing the cost rates, J > 0 is a fixed integer. The superscript “GO”
abbreviates “gradual only”, as the model only allows gradual controls.

In the standard CTMDP model M9, a decision epoch occurs after each natural
jump of the controlled process (except for the initial decision epoch at time zero).
At each decision epoch, one selects the relaxed control function p € R(A), where
R(A) is understood as R(AY) with A“ being replaced by A, until the next decision
epoch occurs. We sketch the more rigorous construction as follows. The sample
space ) is taken as the union of (X x (0,00))* and the collection of sequences in
the form (xg, 01,21, ..., 0m—_1, Tm—1,00, Too, 00, Lo, - - - ), Where m > 1, and xo, ¢ X
is an isolated point. We endow 2 with the o-algebra F obtained as the trace of
B((Xoo x (0,00])%°) on Q, where Xoo = XU{Z }. The generic notation for an element
of Q is w. For each w € Q, define 0y := 0, t,, := > 0i, hy == (20,01, 21,...,0n, )
for each n > 0. The collection of all possible h,, is denoted as H,, for each n > 0.
Let us put to := lim,, o t,,- When regarded as coordinate variables, we use capital
letters ©,,, T,,, X,, and H, corresponding to 6,,t,,x, and h,. The state process
{X(t)}+>0 is defined by X (t) := X,, if T), <t < T}, 41 for some n > 0, and X (¢) := x5
if t > To,. As usual, we omit w whenever the context excludes confusion.

_ DEFINITION 2.2. A strategy S in _the standard CTMDP model MEO s given by
S ={F,}52,, where for eachn > 0, F',, is a measurable mapping on H,, taking values
in R(A). It is called Markov if F,,(h,) = Fi/[ (zn,) for some measurable mapping Fi/[
from X to R(A). In this case, we identify S with {Ff}nzo — 5" 4 strategy
S = {Fo}nso in MO is called stationary if F,(hy)i(da) = Fs(xn)(da) for some
stochastic kernel Fs(x)(da) on B(A) given x € X. In this case, we identify such a
stationary strategy S with Fs.

Given a strategy S = {F,}5, and initial state xo € X, there is a unique proba-

bility measure P3 on (2, F) such that P§O (Xo € dx) = d4,(dx), and for each n > 1
and I'y € B([0,00)), Ty € B(X),

PS (0, €Ty, X, € Ty|H, 1)
_ s ,GO T .
= [ TR TG00 0y X B (Hy ) ),
Iy

- oo GO anl
Pfo (@n = 007 Xn - SCoo|Hn—1) == 67 jO anil(Fn—l(Hn—l)t)dt’

and Pgo(@” =00, X, € T9|H,1) = Pgo(@” €T, X» = @oo|Hpn-1) = 0. Let the
expectation corresponding to Pfo be denoted as Ego.

We consider the following optimal control problem corresponding to problem
(2.3):

(2.4)  minimize over S : Wy(z0, S) subject to Wj(zo,S) <dj, j=1,...,J,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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with W;(z0,5) := ES [S2°°  I{T,, < o0} f;::‘“ (X, Fr(Hy)e—r,)dt] for each i =
0,1,...,J Here, the constants J and {dj}3]=1~ are the same as in problem (2.3).

3. Main results.

3.1. Reduction results. In the rest of this paper, we consider the following
standard CTMDP model M%? induced by the gradual-impulsive control model M,
defined as follows:

A= AT UAY; ¢9Odyl|z,a) == q(dy|z,a) V (z,a) € X x A,

3% (dylz, a) = Q(dylr,a), ¢°O(a) =1 ¥ (v,a) € X x A';

9(x,a) = c%(z,a) ¥ (x,a) € X x AY; FO(x,a) == cl(z,a) ¥ (z,a) € X x AL
(3.1)

(Equality (2.1) guarantees that ¢©© defined in the above is indeed a transition rate.)

One purpose of this paper is to show that the gradual-impulsive control model
M can be reduced to this induced model M&© in the following sense. We say that
the model M can be reduced to the model M%© if each strategy in M is replicated
by a strategy in MY, and each strategy in M%? is replicated by a strategy in M,
where a strategy in a model is said to replicate another strategy in a possibly different
model if the performance measures of the two strategies in their respective models
coincide. We formulate our first main result as follows.

THEOREM 3.1. The model M can be reduced to the model MO That is, for
each strategy o in M (or S in MEO) there is some strategy S in MO (respectively,

o in M) such that W;(xg,0) = W;(zo,5), i € {0,...,J}.
Proof. The proof of this theorem is postponed to section 4. 0

This reduction issue was partially addressed in [22]. where it was established
that any strategy in M can be replicated by a strategy in M&?; see Theorem 3.2 of
[22] therein. The opposite direction is more delicate. The corresponding statement,
collected as Proposition 3.2 below, was established in [22] under the following extra
condition.

CONDITION 3.1. For each x € X, there is some € > 0 such that q,(a) > € > 0 for
alla € AC.

PROPOSITION 3.2. Suppose Condition 3.1 is satisfied. Then each strategy in MEO
can be replicated by a strategy in MSO, i.e., for each strategy S in MZO, there is a

strategy o in M such that Wi(zo,0) = Wi(zo,S), i € {0,...,J}.
Proof. See Theorem 3.1 of [22]. O

Let us describe a simple example where Condition 3.1 is not satisfied. Let X = Z.
The state x € {0,1,...} represents the number of infected population. The subset
{0,—1,—2,...} can be viewed as a cemetery, but instead of merging them to a single
state 0, we keep it in the current form, so that (2.1) is satisfied. Each individual
gives an infection rate A > 0, and one may (gradually) vaccinate the population to
reduce this infection rate. Suppose ¢({z + 1}|x,a) = e~ *Azl{x > 0} = ¢y(a) for

aecAY = [0,00). Here a € A€ is the intensity of vaccination. One may also remove
the virus carriers impulsively (at a certain cost), and so Q({z — b}|z,b) = 1 with
be Al . — ={1,...,7} for some T € {1,2,...}. One may consider the following

cost functions. Let c§(z,a) be a function that increases in z for fixed a, cf(x,b) be
an increasing function in b, ¢f(z,a) be an increasing function in a, and ¢! (x,b) = 0.
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Note that g;(a) =0 for z € {0,—1,...} and inf,cpc gz (a) =0 for z € {1,2,...}, so
that Condition 3.1 is violated.

The main contribution of this paper lies in showing that Condition 3.1 can be
withdrawn from Proposition 3.2, and that removal would also complete the proof
of Theorem 3.1. We underline that the argument in the proof of Theorem 3.1 of
[22] essentially made use of Condition 3.1. Here we will get over this difficulty by
introducing and investigating in section 4 auxiliary and new classes of strategies in
M and in M%9 which can be of independent interest.

The situation is simpler if we only consider stationary strategies in M“©. They
can be replicated by stationary strategies in M as observed in the next statement.
Its proof can be done directly without assuming Condition 3.1 or involving auxiliary
strategies, though the argument cannot handle the case of general strategies. For this
reason we omit the details. (They can be found in the preprint of this paper available
at arXiv:2112.02674.)

PROPOSITION 3.3. Each stationary strategy FS in MP© is replicated by the sta-
tionary strategy o° = (%) FS) in M defined as follows: for each x € O with

0={reX: [400(@)F (2)(da)+F*(z)(a) >0}, on B(A),

o3 O x dblz) =0 ¥V T € B(0,00)
F (a:)(dl}) 7
J e @:(@)F (2)(da) + F°(z)(AT)
(

A 7 () (db) Ja6 4:()F° (@) (da) SF (AT > 0
50 ({o0} x dbjz) =  F@AD o n@F @@ man 01 @A)>0,
p**(db) otherwise,

[

oSO ({0} x dblz) =

where p** is an arbitrarily fixed probability measure on B(AI );

A Fi@)(dand®) 75 (1046 > 0
FS@)(da) = | Twae ()(A%) >0,
p*(da) otherwise,

where p* is an arbitrarily fived probability measure on B(AG); whereas for each x €

X\ 0, 050 (dé x dblz) = 5o (de)p*™ (db), FS(x)(da) =F (z)(da).

3.2. Optimality results. Theorem 3.1 and Proposition 3.3 assert that if one
can obtain a stationary optimal strategy for the standard CTMDP problem (2.4) in the
induced model M%?, then a stationary optimal strategy for the gradual-impulsive
optimal control problem (2.3) can be constructed. In view of this observation, we
present conditions that guarantee the existence of an optimal stationary strategy for
problem (2.3), and establish a linear program, solving which, one can produce such
an optimal stationary strategy.

CONDITION 3.2. A% and A” are compact; {c§'}7_, and {c!}7_, are [0, 00]-valued
and lower semicontinuous on X x A and X x A , respectively, and for each bounded
continuous function f on X, the functions (z,a) € X x A® — Jx fw)a(dy|z,a) and
(z,b) e Xx AT — Jx f(y)Q(dy|z,b) are continuous.
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Suppose that Condition 3.2 is satisfied in this subsection. Let v* be the minimal
nonnegative lower semicontinuous function on X satisfying the first equality in

ot (@) = i { 2= @) | v @iyl ) + (@)
a€A €+q ( ) 6+q ( )
Y0 GO @) | vt )a O dyle, @) + v (@)

= e O (@ >> e+qG0(f*( ) reX

(recall A = A9 U AT), where f* is a measurable mapping from X to A. Note that
v* is actually independent of € > 0, and the existence of v* and f* is guaranteed
under Condition 3.2, according to, e.g., Theorem 4.2.1 of [21] and its proof. Put
R := {x € X : v*(z) > 0}. (The intuitive meaning of R is the part of the state
space at which it is optimal to apply f* in the model M%?; the process will remain
there with no cost being incurred. Thus, the nontrivial part is to determine the control
in M%“when the process is in R.) Now consider the following linear program:

/ c§(x,a)v(dx x da) +/ cb(x,a)v(dz x da) — min

RxAC RxA!

v

s.t. /AG qy(a)v(dy x da) + v(dz x A') = &, (dz) +/ q(dz|y, a)v(dy x da)

RxAC

(3.2) + /RxAI Q(dzly, a)v(dy x da),

| Saptis o+ [ cleauldex da) < dy, € {12,
RxAG RxAT

v is a measure on B(RxA) : v(dexA) is a o-finite measure on B(R); [, ¢ ¢z (a)v(dz x
da) + v(dz x A') is o-finite on B(R).

Here the set of o-finite measures v on B(R x A) forms a positive cone in a
suitable vector space of certain set functions, which can be identified as sequences
of finite signed measures on a countable measurable partition of B(R x A). (The
partitions may be different for different set functions.)

THEOREM 3.4. Suppose that Condition 3.2 is satisfied, and there is a feasible
strategy for problem (2.3). Then the following assertions hold.

(a) There exists an optimal stationary strategy for problem (2.3).

(b) Suppose the linear program (3.2) has a feasible solution, which is the case
if problem (2.3) has a feasible strategy with finite value. The linear program (3.2)

has an optimal solution, say v*. Consider the stochastic kernel Fs(x)(da) on B(A)
given x € X satisfying v*(dz x da) = v*(dx x A)Fs(x)(da) for each T' € B(R), and
Fs(x)(da) = 0p+()(da) for each x € X\ R. (Such a stochastic kernel exists because
v*(dz x A) is o-finite on B(R).) Then the stationary strategy o° = (o5 F'S)
defined in terms offs in Proposition 3.3 is optimal for problem (2.3).

Proof. By Theorem 3.1, problem (2.3) can be reduced to the induced standard
CTMDP problem (2.4). Statement (a) follows from this reduction, Theorem 4.2.2(b)
of [21], and Proposition 3.3. Statement (b) further follows from the proof of Theorem
4.2.2(b) of [21]. O

DEFINITION 3.5. A stationary strateqy o° = (JS>(0),F’S) in model M is called
pure stationary if

5O (dé x dbla) = 6,(2)(de)d¢ () (db), F5(x)(da) = §ps(p)(da) ¥t >0,
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where @ (or ¢, f5) is a measurable mapping from X to {0, 00} (AI, A%, respectively).
We identify such a pure stationary strategy in M with (o, ¢, f5).

Pure stationary strategies are the easiest for implementation. They are often suf-
ficient for problems with a single objective, i.e., when J = 0 (see e.g., [9, 17]) or when
the model satisfies additional structural conditions, such as being convex or atomless
(see e.g., [11, 14]). The next example demonstrates that without further conditions,
pure stationary strategies are often not sufficient for the constrained problem (2.3).
This is a typical situation in the constrained optimization when J > 0; see [1].

Ezample 3.1. Let X = {0,1,2,...}, A¢ = {a}, AT = {b} with a # b, so that
we may put A = {a,b} = A UA’. Let go(a) = 1 = ¢({1}|0,a), g.(a) = 0 for all
x€{1,2,...}, Q{z + 1}|z,b) = 1 for all x € X. Finally, fix J =1,d; =1, 20 =0,
and consider the cost rates and functions defined by

c§(0,a) =1, c§(z,a) =0V ze{l,2,...},
ez, b) =0, §(z,a)=0V2zec{0,1,2,...},
c0,0) =2, cl(z,b) =0V xe{l,2...}.

Apparently, since the process is essentially only controlled at the state 2 = 0 (once the
process leaves the state 0, no further cost will be incurred), as far as the performance
of pure stationary strategies is concerned, one only needs to consider pure stationary
strategies in the following form: 025 = (¢, ¢, f5) with ¢(0) = 0 and o P5 = (¢/, ¢, 5)
with ¢’(0) = co. We may compute

Wo(0,0P5) =0, Wi(0,0P5) =2 >d; =1, Wy(0,0 P5) =1, Wi(0,0 %) =0.

Consequently, o5 is not feasible for problem (2.3). Now consider ¢ = (¢5(0), ['S)

such that o> ({0} x {b}|0) = 0.5 = 50 ({oo} x {b}|0). Then one can verify

that Wy(0,0%) = 1 < Wy(0,0 %), W1(0,0%) = 1, which is feasible and strictly
D

outperforms o DS , and thus strictly outperforms any feasible pure stationary strategy.

4. Auxiliary statements and proof of Theorem 3.1. The proof of Theorem
3.1 takes several steps, and makes use of auxiliary classes of strategies in the model
M and the induced model M&?, which are introduced in separate subsections below.

4.1. Pseudo-Poisson-related strategies in M%C. In what follows, we fix
some strictly positive constant A > 0. Consider the induced model M%©. Let A(a) :=
M{a € A} ¥ a € A. For each n > 0, consider a sequence of stochastic kernels
{Pnx}r>0 on B(A) given x € X. By a pseudo-Poisson-related strategy in MEO e
mean (X, {B,, 1 }n.k>0). Under such a pseudo-Poisson-related strategy, at the beginning
of a sojourn time, when the state is x,,, a marked point process is generated according
to (A, {D,.1 }n.k>0), and during the sojourn time, we use actions as the marks and
change actions only at the arrival times of that marked point process. We illustrate
the implementation of such a pseudo-Poisson-related strategy as follows.

e At the initial time with the initial state zq, generate CI)SO) ~ Do o(dalzo) and

\I/go) ~ Exp(X(@éO))), where Exp(y) represents the exponential distribution
with rate y € [0,00); an exponential random variable with rate 0 is co. Use
<I)(()O) as the action during [0,77 A \Ilgo)). Recall that T} is the first sojourn
time in MO,

o If \Ilgo) < T, then generate @50) ~ Do 1 (dalxo), \Iléo) ~ Exp(X(@go))). Use
<I>(10) as the action during [\I/(lo)7 Ti A \Ilgo)).
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o If \Ilgo) > Tj, then generate CIJ(()I) ~ P1o(da|Xy) and \Il(ll) ~ Exp(X(CI)(()U)).
Recall that X is the state variable in MY© after the first sojourn time. Use
q)gl) as the action during [T1, T2 A (T + \Ilgl))).

e And so on.

Below we give a more precise definition of a psuedo-Poisson-related strategy, and
introduce notations to be used throughout this subsection. We first fix the canon-
ical sample space of the aforementioned marked point process: 2P := [0,00) x
A x ((0,00] x A)™ is the countable product. The generic notation for an element
of 299 is ¢ = {(¥n,n)}n>0. Consider the coordinate random variables (viewing
(EGO, B(EF)) as a sample space): for each & = {(¥n, ) }nso € BECC, U, (€) 1= 9,
and ®,,(§) == an, and 7, 1= > _ k.

DEFINITION 4.1. A pseudo-Poisson-related policy in M© is given by a sequence

of stochastic kernels 5" = {Pn(dé|z)}ns0 on B(EYC) from x € X, where for each
n >0 and z € X, under p,,(d€|z), P, (Vo € dt|x) = do(dt), and the random vectors
(Po, U1), (P1,P2)),... are mutually independent satisfying

Pn(®x € dalz) =: D, 1 (dalz) ¥V k € {0,1,2,...},
D (P € da, Vip1 > tlz) =e ’\(a)tpn p(dalz) ¥V ke {0,1,2,...}, t € (0,00).
(Note that Uy, may take +oo with a positive probability under b, (dé|x). If Xa) = A,

then {Z?:o U;}n>0 forms a standard Poisson point process, justifying the use of the
prefix “pseudo” here.)

Given a pseudo-Poisson-related policy 5" = {Pn}152 and initial state zy € X,
there is a unique probability measure Pf: on (Q,F) such that Pf: (Xo € dz) =
0z (dzx) for each n > 1 and T’y € B([0,0)), I's € B(X),

—p <P
PS (0, €T, X, €To|H, 1) = /_GO PS40, €T, X, € Ta|Hn_1)p, (dé|x)

::/ {/ e quo (t)dt~GO£(F |X )ds}pn(d§|x),
=co Jr,

PS5 (0, = 0o, X, = 2| H, 1) = PS L0, = 0o, X, = zu|H,_1)p. (d
Io( n — 00, n—xoo| n—l)— oo O ( n = 00, n—xoo| n—l)pn( f‘l‘)

I R G SR AT

and PS5, (0, = 00, X, € Ts|H, 1) = P5. (0, €Ty, X, = 2oo|Hp_1) = 0, where

o0

GOL(dy|z, s) ZqGO (dylz, ap)I{s € (T, Tk+1]}s
k=0

q

o0

20 5) = 324 dale s € (el

and qGO S(s) == D005 (ar)I{s € (T, Tk+1]}. Let the expectation corresponding
to P;jo be denoted as Efo .
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The system performance under S° is measured by

Wi(z0,S") —ES lZI{X # Too}

n=0

/ / / GOL (X, 5)dsPS €(,11 € dt|X,)p, (dE| X,n)
0,00]

where ng $(O,11 € dt|X,,) is defined in (4.1), see the terms inside the parentheses
therein, and ¢“9¢(z, s) := > neo ¢ (@, ) I{s € (Thy Tht1]}-

THEOREM 4.2. Fach Markov strategy Y = {Fff}nzo in MYO can be replicated
by a pseudo-Poisson-related strategy gp in MO,

Proof. Let some Markov strategy R {FnM}nZO in M%© be given, and define
the following 5" = {Pn}n>0 by

—M

F, (z):(da)dt,

—=M )

(42)  Poo(dalz) = / 5 OHaZOT (480 (a) + K(a)

where (A + ¢$°)(F = [L,(A(a) +¢§°(a ))FIL (7)s(da); and for each k > 1,

k-1

o .
P 1o (dalz) ;:/0 AE, ) (f(ok A(ST, )d )

S e B3 OHaZN I 945 (460 () + X(a))Fy (x)i(dar)dt
oo X(Fn ,w) (fow X(FfLJ’u)du)k_l —f“’(XJquO)(fMAs)ds
o &—1)! e o N ¥ dw

(4.3) X dw

if the denominator does not vanish, otherwise p,, ;. (da|z) is put to be a fixed probability

measure 7* on B(A), concentrated on A’
For notational convenience, let us introduce

-1

f() du w Y, GO\ M
Qui(w,2) = ((k i ) e o,
so that
_ _ k—1
. o0 )\(FnM,w) (fow /\(FTZLV[,u)du)
pn,k( a‘|x) _/0 (]C . 1)'

M )

" j;zo e fot (X+qfo)(fn ,s)ds <ng(a) + X(CL))FLW (x)t(da)dt ;
fooo Qn.i(w, z)dw

w.
It is useful to observe that if

/000 Qn.x(w, z)dw

d k—1
S U
(4.4) = / <f° ) o= Jo' Ok (F 0ds | g

0 (k—l).
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vanishes for some k& > 1, then so does fooo Qn(w,z)dw for all 1 € {1,2,...}.
First of all, let us verify that

(4.5) PY (X, € dy) = P5. (X, € dy)

as follows. The case of n = 0 is evident. Suppose it holds for some n > 0, and let
_p =M

us prove P53 (X,41 € T'|X,, = x) = P (Xn41 € I'|X,, = @) for each z € X and

I’ € B(X), as follows. Note that

—p o0 s s - —
(4.6) Pfo (Xnp1elX,=2) = /GO / e Jo al? §(t)dthO’g(l“ms)dspn(alg\a;)
=co Jo

—1
/ G5O, ap) [ e ¥+ (@) == @) g, ()
GO J(ThyTh+1) i=0

m

I
g I[M]e

Yrt1

H eaa? @0 [y < 00}GO0(Tle, o) / e~ ) s, (dg]a).
0

L

Since (P9, ¥1), (1, ¥s),... are mutually independent under p,,(d§|z), we see, upon
computing the integrals with respect to p,,(d¢|z) in the above, that

5° _
PS (X1 € F|Xn )

Zo
oo k—1

(4'7) ZH/ )\ + GO pnl da|ac / /\ F|x a )ﬁn,k<da|x)7

k=0 i=0

where we recall that A(a) + ¢$°(a) > min{1,A\} > 0 for all @ € A. Let us verify for
k > 1 that

(4.8) H / T qGO )pn,i(dah) _ /Ox’ Qn ik (w, z)dw

as follows. When k = 1, the left-hand side can be written as
Aa)
Pno(dalz)
/ Ma) + qGO( )
M

//\ +q (@) / ¢~ BSOFaE P45 (490 () 1 X(a)) Py (), (da)dt

:/ )\(Fn ,t)e” Jo ()‘+qfo)(ff’s)d5dt:/ Qn,1(w, z)dw
0

0

as desired. (Again, we used here the fact that A(a) + ¢5°(a) > min{1, A} > 0 for all
a€A)
Now assume that (4.8) holds for some k > 1, and we now must show that

H/ GO )Pm(da\x / Qn i1 (w, z)dw.

The case when the right-hand side vanishes is trivial, because it implies the same for
the left-hand side by the definition of p,, ; (see (4.2) and (4.3)), and the observation
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below (4.4). Thus, we assume that fooo Qn. k+1(w, z)dw > 0, which is equivalent to

15" Qn.k(w, z)dw > 0 for all k > 1 as was observed below (4.4). Then, by the inductive
supposition,

H/ +qGO a7 g0 Pedale) = H/ +qGO S g0 el

1=0

Aa) _ [ ﬁf alx
XAan,k(da|w)_A Qn,k(w’x)de/\(a)_i_qgo(a)pn,k(d | )

The above expression is equal to

— =M w~ =M k=1
00 X(a) oo )\(Fn ,w) (fo )\(Fn ,u)du)
/0 Qn,k(wvx)dw/A X(a) n qgo(a) /0 (k—1)!
<f X e JiOHEDFL ) (46O () 4+ N (a)) Fy| <x>t<da>dt)
X w ) dw
fO Qn,k}(wax)dw

B Na) = X(F, ) (Jy MF u)du)]%l
_/I;X ) +q5°( )/ (k—1)!
x ( / e~ Js CraZ ) (Tl s)ds (46O () +A(a))F§’(x)t(da)dt> dw

k—1
N —M d
/ |:/ A Fn ,t)e — Iy O+ ’S)dsdt:| <fo U) dw.

(k — 1).

Integrating by parts the above integral, we may write the previous expression as

k- °°

oo u)d
/ MF, t)e faGra ) S)dsdtUO Kl %)

w
0

f wydu) . _ 00
+/ ( 0 ! ) NEM w)e Jo! CHai O F 9)ds gy :/ Qn i1 (w, z)dw,
0 : 0

where for the equality, one may apply routine analysis based on A(a) + ¢¢°(a) >
min{1, \} > 0 for all « € A. This thus proves (4.8) for all k > 1.
We may substitute (4.8) back into (4.7):

¢ (T|z, a)
Aa) + 45 (a)

“°(r —
o [ D dafe) = [T 00, B e BRI i
A a 0

57 =
Py, (Xpy1 €T|X, =2) = / =—— P oldalz) + Z Qn K (w, z)dw

/ o) o AFw 1O, Fy 1) / o= Js O+aEOY L 9)ds gy
0

w
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with the above equalities being valid whether fooo Qn .k (w, z)dw vanishes or not; in-
deed, if fOOO Qnx(w,z)dw = 0, then the summands in the last one of the previous

equalities vanish, too.
Note that, for k > 1,

k—1
oo A(F u)d oo _ _
/ (f((;c ! u) dco(F\x,Fﬁ[,t)/ e S8 CHaZOFEY 9)ds gy g0
w~ =M k=1
ANE,, ,u)du _
/ / AE ) & ((k—l))l ) dwi®® (T, Fy! t)e” O Fl gy

] t k—1
= / / X(Ff, w)/ H X(Fi/l,vj)d’l)ld'UQ oodog_1dw
0 0 {0<vy Swp << <w} 5o

., GOy FM
~GO(F|x Fn , ) — [E+4SO)(F,, ,s)dsdt

k—1
_ / / [IXEY o)XFLY  w)dvidos ... dv,—rduw
0 {0<v) <vo <+ <vp g <w<t} j=1

. GO~/ TM
%GO (|2, FM  t)e Jo Orad )@l o)ds gy

k

o0 (fo n7Udu) — [t 3, GONFM

:/ - GO (D), FY  t)e Jo Ora ) Fnloo)ds gy
) !

where the first equality is by the Fubini—Tonelli theorem, and for the second as well
as the last equality, recall the following equality, which is valid for any real-valued
integrable function f:

(/Ow f(u)du> =t = (k — 1)!/{ H f(vj)dvidvs . .. dvg_y.

0<v <wa < - <wp_ 1<w}j 1

With the above equalities, (4.9) can be written as follows:

yu)du
(4 10) ( nt+1 € F|Xn = IE Z/ %l ) (F|'T Fn ’ )

xe™ Jo Ok )T )ds gy — / GEO(Tz, F' t)e Jo 070 (Pl s)ds gy
0

EIVI
=P5 (X1 €T|X, =),

Zo

as desired.
The rest verifies

ES" [I{X £ o) / / / GO (X, 5)dsPS (Onsy € dt|Xon)B, (€| Xn)
=GO 0,00]

— n+1
(411) =E5 ll{X #xoo}/ G0 (X, F, ,5)ds
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which would complete the proof of this theorem. It is sufficient to assume in the rest
of this proof that ciGO is nonnegative and bounded on X x A: the general case can
be handled based on this simpler case with the help of the monotone convergence
theorem.

Note that on {X,, # z},

/ / GO&(X, s)dsPS €(Ons € dt|X,) = ES €
0,00]

en+1
/ cz-Go’f(Xn, s)ds|Xp |,
0

where Egp’fHXn] is understood with respect to P§P7§(®n+1 € dt|X,,), which is de-
fined in (4.1); see the terms inside the parentheses therein.
Now, the left-hand side of (4.11) can be written as

Ef: I{Xn 7& -roo}/ / / 7o 5 dSPS 7E(@n-‘rl € dt|X7l)p7L(d§|Xn)]
0,00]

—B5 1, 2o [ B [T o4, >I{s<en+l}dsxn] p(dEl )|

z/ PS (X, € dz) {/ / 9%z, 5)e Jo @ foyg(t)dtdSpn(dﬂx)}-
X =GO

Note that the term inside the parenthesis is in the same form as the term on the right-
hand side of (4.6), where §%9+¢(T'|z, s) is replaced by ciGO’6 (z, s) with the latter term
having been assumed to be nonnegative and bounded. Therefore, the calculations in

é4 10 apply with obvious modifications (more precisely, replacmg GO Tz, a)
¢

by ), leading to

Eff [I{X # woo}/co /0 1/ (X, )P (O € dt|Xn)p"(d£|Xn)]

oo k—1 CGO(ZE a)
= PS (X, € dx) / ————7p, ;(da|x) /77@1 (da|x)
Z {ZOH +qGO ()" J Xa) +45°(a) "
(412) = / Pfj (X7L c dx) {/OO Cigo(z7fi\:[7 t)e* fot qg()(fﬁlys)dsdt} ,
X 0

where for the first and the second equality, compare the corresponding terms in the
parentheses with (4.7) and (4.10).
On the other hand, the right-hand side of (4.11) can be written as

B {I{Xn £ 2o} ES [/ CO(X,, FY ) I{s < @n+1}ds|Xn”
0
= / ngw (X, € dx) {/ cZ.GO(Jc,FQ/I,t)e_ Jo qgo(Ff’s)dsdt}.
X 0

Since P§f (X €dr) = Pg: (X, € dr) as was verified earlier in this proof (cf. (4.5)),
we see that the previous expression coincides with the term on the left-hand side of
(4.11), as required. o
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4.2. Poisson-related strategy in M. Recall that A € (0,00) is a fixed con-
stant. Let E := [0,00) x A x ((0,00) x A®)*® be the countable product. The
generic notation for an element of = is still £ = {(¢n, @n)}n>0, and the coordinate
random variables are still denoted, for each £ = {(¢n, ) }n>0 € B, by U, (§) := ¢,
and ®,(¢) := a,. The context should exclude any confusion with 2. For each
n € {0,1,...}, let p,(d¢|x) be a stochastic kernel on B(E) given x € X, which is
specified by the following: for each x € X, under p,(d¢|z), the coordinate random
variables ¥, &g, ¥y, ®1,... are mutually independent and

p(Ug € dt|z) = do(dt), pp (U <tlz)=1—eM VEke{1,2,...},
pn (P € dalz) =: ppr(dalz) ¥V k€ {0,1,2,... }.
(Hence, we have under p,(d¢|z), {>°;_; Vk}n>1 is a Poisson point process.) Let

o5 (dé x db|z, &) be a stochastic kernel on B([0, 00] x AT) from (z,€) € X x E.

P

DEFINITION 4.3. The pairs {(05’(0),])7,)}”20 =: o° are called a Poisson-related

strategy in M.

Given & = {(¢n, ) }n>0 € E with the generic notation 7, := Y, _, ¢y for each
n € {0,1,...}, we put

(4.13)  ¢*(dy|z, s) Zq dy|z, ag)I{s € (T, T+1]},
k=0
¢ (dy|z, s) Z (dylx, ap)I{s € (Th, Thr1]}, ¢5(s) = qu(ak)l{s € (Thy Th+1] }-
k=0 k=0

Under a Poisson-related strategy ol = {( P(O),pn)}n>o7 the transition law of
Xn+1 (@n+17Xn+1) given H, depends on H, only via (Gn,X )=(0,z) € X. It is
denoted by Gg , and is defined for each bounded measurable function g on X by

(4.14) /X o(ty)G2 (dt x dy|(6,2)

-/ { | [ st ayle. et
[0,00]x Al xE 0 JX

FI{e = o0} g(00, o Je~ Ji dE5)ds

+1{é < o} Ji A /Xg<é, y)Q(dylz, 6>} PO (de x dbla, €)pn (d€]x)

- / { / gt 9)G7E(dt % dy|(8,x). ¢, 6)} PO (dé x dblz, €)pa(dé|z)
[0,00]x Al xE X

for each (6, z) € [0,00) x X, and [5 g(t,y)GZP (dt X dy|(00,Ts0)) = g(00, Too)-

Remark 4.1. Note that, G~ (dt x dy|(0,z)) and G"P’f(dt x dy|(0, x), ¢,b), which
is defined in (4.14), see the terms inside the parentheses therein, depend on (6, x)
only through z € X = X U {Zs}, and, therefore, we will write G (dt x dy|z)
and G (dt x dy|z, é,b) for G (dt x dy|(0,z)) and G €(dt x dy|(6, z), ¢, b) in what
follows. The same applies to lfp’"(:fs) = lfp’” (z) introduced below.
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The cost function under o’ over the corresponding sojourn time is given by

[e'e] t
lfp’n(x) = / / I{z € X} {/ &8z, 8)ds + I{t = ¢ < oo}l (x, l;)}
[0,00]xAIx=E JO 0
(4.15)  x GZ E(dt x Xoo|z, &, 0)0P O (dé x dblz, €)pn(délz) ¥ & = (0,7) € X,

where X, = X U {2z}, and ciG’g(x, 8) = oo ¢S (@, ) I{s € (Th, Tht1]}-
The sequence {G;’LP tn>0 together with the initial distribution d,,(dy)do(dt) de-
fines a probability Pg: on {Un21([0, 00) x X)™ x {(oo,xoo)}OO} U ([0, 00) x X)*°. Let

Eg: be the expectation with respect to 15;: The system performance under o is

measured by

i(z0,0 ZE [ZUP " n)} ,

n>0

where we recall the generic notation X,, = (én, X,,) for a state variable in M.

THEOREM 4.4. Fach pseudo-Poisson-related strategy 57 = {Pn}nzo in MO can
be replicated by a Poisson-related strategy of = {(o, B0 ,Dn) fn>o0 in M.

Proof. Let a pseudo-Poisson-related strategy o {Pn}n>0 in MYO be fixed.

Consider the Poisson-related strategy of = {(05’(0),17“)}”20 in M defined by the
following: on B(A%), for each = € X,

Do i (dalz) .. _ G
(4.16) pos(dalz) = { Prr(A%T) if pp, (A7 ]z) >0
p*(da) otherwise,

where p* € ’P(AG) is fixed; for each z € X and £ = (¢o, ap,¥1,01,...) € B with
Tn = ZZ:() Ufk,

(4.17) o2 O (de x dbl, €)

00 k—1
Zé‘rk dC pn k db‘ H pn m A |x) + 0o dC H pn m AG|£) **(db)
k=0 m=0 m=0

where p** € P(A') is a fixed probability measure. Observe that 05’(0)(dé x db|x, €)
defined above depends on £ € B only through £~ := (¥g, ¥1, 2, ... ).

In what follows, we will show in two steps that o defined above is a required
replicating strategy.

Step 1. First, let us verify that

(4.18) P (X, € dy) = PS. (X, € dy).

Since the above is clearly valid when n = 0, both sides being equal to d,(dy), using
an inductive argument, it is sufficient to verify that for an arbitrarily fixed I' € B(X)
and z € X, for all n > 0,

(4.19) G2 ([0,00) x Tla) = P5, (Xp41 € T|X, = ),

n x

as follows. (Recall (4.14) and Remark 4.1 for the definition of G € (dt x dy|(z,¢,b)
with a generic o%.)
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Recall the right-hand side of (4.19) was computed in (4 7) which can be now writ-
ten out more explicitly using A = ATUAY, ATNAY =0, ¢5°(a) = q.(a)I[{a € A®}+
I{a € A}, G%O(T|z,a) = Q(T|z,a) for each a € AT, and X(a) = M {a € A} on A:

5 Oo
PY (Xn41 € T|X, = 2) [H /AC up (da|x)]

([ e, sdalo) + [ Qe a)pnk<da|x>)

g s A i(T|z,a) _
(4.20) :];) Ll}) /AG Mz(a)pn,i(dalx)] /AG mpn,k(da|$)

H/G A+ gz ( 1i(da|x)‘| /AI Q(F|x7a)pn7k(da|l’)

1=0
=: B1 +B2.

D3

On the other hand, the left-hand side of (4.19) may be written as

G ([0, 50) xF\x):/pn(df\x)/ {/ G (Dl t)e= i (s gy
= [0,00] x AT 0
+I{é < cote™ o “EAQ(Dg, B)} o O (dé x dblz, €)

k—1
/pn dg|x) (Z/ E(Cfz, t)e™ o = qtp,  (AT|2) [ B (AC]2)
m=0
+ / G (Dl £)e Jo a5 )ds gy H Do (AC|2)
0 m=0
421 +Ze fo qz(s / Q F|£L‘ b)pnk db|£L’ H pnm AG|$)> 5
k=0 m=0

where the first equality is by (4.14), and the second equality is by the above definition
of o2 (®); gee (4.17). Thus,

G7"([0,00) x Tla) = / Pn déle / §(Tlz, t)e Jo sqep,  (AT|x)

k—1

_ bl (s T -
X |1 Prm (A7) + Lpn(dflﬁ)/o G (Tlw, t)e” Jo =%t T b, (A]2)
m=0 =

m=0

oo k—1
+ /_ pa(de]z) 3 e i as e / Q(TYe, 0B (dbl) [T B (AC]2)
= k—O m= 0

(422) =:C1+Cy+ Cs.

We analyze the above summands term by term as follows.
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As for C3, we see

[e%s) k—1
Cy = /_ pu(de|z) Y e Jot aitds / Q(T|z,b)p,, 1, (dblx) Hpn m(AC|7)
= k=0
[e%s) k—1 ) R —
=> / P (d€|z) ([Hewqm(a”] / Q(T|x,b)p,, 1. (dbz) H pn,m(A%))
k=0"% Al

k—1

—Z[H/GA+ pnzdalx]/ QL )7 4 (dbf) T P (A1)

m=0
o z [H / a )\+ q 7l(da|x)] /AI Q(F‘I7b)ﬁn,k(db‘x) = B27
k=0 Li=0

where the second to the last equality holds by the definition of p,;: b, (da|z) =

1 (A%[2)py(dalz) (see (4.16)), no matter whether [] 5, ,,,(A%|z) vanishes or

not, and the same remark applies to the calculations for C; and Cy below, which will
not be repeated.
As for C1, we have

> k—1 -1
Cl == Z/ d£|w (Z F|.’,C, al) <H e_wU+1(Zz(O¢,,)>
k=077 =0 v=0

Yy -
X / e_tq’(“’)dtf? A |) H AG|:E
0

=0

- > 4Tz, a) alz 8| A alz
- ZZZ/AG qz(a )+)\pn’l(d ) <u—o/AG )\—i—qw(a)p"v”(d | )>

k—1
Xﬁn,k(AI ‘x) H pn,m(AG|x)

m=0

q(I'|z, a)
/Acqm()“i’)\ nlda|x (H/,AG)‘+Q pnu(da’|x)>

k—1

x(1 =P u(A%2) I Pum(AI2).
m=Il+1

It is convenient to introduce the following notation:

_ gz, a)
Dl = AG qu( )+)\ nl da|x (HAG )‘+QL( )pnu(da|‘r)> .

Then B; in (4.20) can be written as

= = (T A Gz, a) _
"X (H e <><'>) o A st = >

which is finite because so is the left-hand side of (4.20).
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With the notation of D;, we now write
oo k—1
:Z Dll_pnkA |I H pnmAG|I)

k=0 1=0 m=Il+1

By a similar calculation as for C', we may write

O, ::/pn(dﬂm)/ G (D), t)e Jo 42 (o)ds gy 11 P (A% 2)
= 0

m=0

_ 1"|;va /
7Z/AG A+ g ( k(dalz) (H AG /\+q p"”dax>m1._k[+1pnmA |z)
ZDk [ Pun(AC2).

m>k+1

Thus, Cy + Cs equals

oo k—1 k—1
D Dl =P (A1) T Pom(A%e) + ZDk [T 7om(A2)
k=0 1=0 m=Il+1 m>k+1
=0  k=it1 m=l+1 =0  m>i+1
1=0 k>141 \m=i+1 m=I+1 m>1+1
= ZD; = B;.

I
=)

(Recall that Zfio D; converges.) Combining this with the previous observation, we
see that C; + Cy + C5 = B + Bs, and by (4.20) and (4.22), we see that (4.19) holds.
Consequently, (4.18) follows.

Step 2. In view of the definitions of W;(zg,o¥) and Wi(xo,gp), it remains to

show that
I{X717£$oo}/ / / GOE n75 ds
0,00]

(423)  xPS (@1 € | X,)p, (d€|X.)]

B 17" (X)) = BS,

for bounded [0, oo)-valued functions ¢{, ¢!,

using the monotone convergence theorem.

because the general case can be handled
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Note that for each z € X

& gt
lfp’n(x) :/ / / / &8 (x, 5)dsq (t)e™ Jo 4 (e)ds gy
=2 J[0,00]xAal | Jo Jo

+I{é = OO} / CiG75 (a’;) S)dse_ fooo qg (S)ds
0

0

e gt
= lim // //ciG’g(x,s)e_%dsqg(t)e_fo/qg(s)dsdt
m=o0 J= J[0,00] x AL o Jo

+I{c= oo}/ ciG’E(;U, s)e”mdse” P HOL I{¢ < co}e™ J§ a3 ()ds
0

FI{é < oo}e~ Js i(9)ds (/‘Cic,f(x’ s)ds + c! (z, 5)) } 2O (de x db|x, €)py, (dE|x)

X (/ cf’g(x, s)e*ﬁds + c{(x, 5)) } 05’(0) (dé x d@|x,§)pn(d§\x),

0

where the first equality is by (4.15) and (4.14). Applying, legitimately, integration by
parts, we see

¢ ot
/ / &8, 5)e” mdsql (t)e Jo %) gy
0 Jo

N ¢
:/ (G (g, ) e I3 a5 )ds gy _ o I oS (s / e ez, 5)ds,
0 0

where all the terms are finite, ¢ being finite or not, because so are ¢!, ¢ assumed.

1771

Substituting the previous equality back into the above formula and applying the
monotone convergence theorem, we see

17" () = / / / G, e I 95Oy 4 [ < so}e 5 BG4, h)
= J[0,00]x AT

0
(4.24)  xoPO(dé x db|x, €)pn (de|z).

Observe that the term inside the parenthesis in the above expression is in the same
form as the one in the first equality of (4.21), where ¢¢(I'|z,t) and Q(T'|z,b) are now
replaced with cf’g (z,t) and cf(x, 5), respectively. Therefore, by repeating the calcu-
lations below (4.21) in Step 1 with obvious modifications, we see that the following
equality holds, which corresponds to (4.19) (or more precisely, the established equality
C1 + Cy + C3 = By + Bs; see more explanations below):

o0

UP,n = A —
;) = /;) <E) /AG )\Jrqx(a)pn,i(d@x)>

([ g Ll + [ el ptdale))

Indeed, the term on the right-hand side of the above equality corresponds to the term
on the right-hand side of the first equality in (4.20), which coincides with the right-

hand side of (4.19), whereas it was observed earlier that lfp’”(a:) corresponds to the
left-hand side of (4.19).
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Consequently, the left-hand side of (4.23) reads

E” ¢ ’”(Xn)]z/ P;:(Xnedx)lfp’”(x)z/ f)g:(Xnedx)
X X

{ (H /AG A+ ¢(a (da|:c))
¥ (z,a
<(/. A;(q;(;)pn,k(dm + [ oo )}
On the other hand, by (4.12), we may write the right-hand side of (4.23) as
e e an { (H IR +qGO )pn,xdam)
O w.a)
<[ Sl
9] k—1
= 5" x #* (da|x
—/XP% (X, ed ){kz_% <1:£/AG )\Jrqx(a)pn,z(d | ))

([ i)y dal)+ [ eleap ) ).
</A A+ qz(a) A

where the equality is by the definitions of A(a), A, ¢¢©, and ¢%©. In view of (4.18)
which was established in the above, we see from the previous equality that (4.23
holds, as desired.

O3

4.3. Proof of Theorem 3.1.

Proof. In view of the discussions below Proposition 3.2, we only need to show
that each strategy S in M&© can be replicated by a strategy in M.

According to Theorem 2 of [20] (or Theorem 4.1.1 of [21]), for each strategy S
in M%9, there is a replicating Markov strategy S in the same model MY© (recall
Definition 2.2). Theorems 4.2 and 4.4 imply that the Markov strategy ?M in MO
is replicated by a Poisson-related strategy o in M. To complete the proof of the
statement, it remains to show that this replicating Poisson-related strategy o in M
can be replicated by an (ordinary) strategy o in the same model M. This is justified
as follows. Without loss of generality, we assume that ¢ and ¢! are nonnegative and
bounded in this proof.

Let some Poisson-related strategy of = {(of p,)}n>0 in M be fixed. Let

ar(LO)(dé x db|z) := Jzon 20 (dé x db|x,€)pn(dé|z). Then, by Proposition 7.27 of [3]
(or Proposition B.1.33 of [21]), there is a stochastic kernel p,, (d€|x, &, b) on B(Z) given
(z,é,b) € X x [0,00] x AT satisfying

(4.25) o PO (de x dblx, €)pn(de|z) = pn(de|a, &, b)o D (dé x db|x).

We define a strategy o = (0,(10), E, Jn>o in M as follows. Let ol )(dc X dblhy,) =

or(LO)(dé x db|z,) (Recall the generic notation &, = (,,2,) for the state in the model

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/30/22 to 147.188.245.167 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

CTMDP WITH GRADUAL-IMPULSIVE CONTROL 1915

_ fa e~ Jo d&, (W Zk>0 oy, (da)[{Ty <t < Thy1 }Pn(dE|zyn, ¢, ZA’)
Jg e Jo GG (|, &, b)

= Fn($n7 67 I;)a
where the generic notations & = {(¢¥n, @n) }n>0 € B and 74, = Zi‘c:o 1; are in use.
We will show that
A ~ P
(4.26) P7 (X, € dx) =P7 (X, €dx)Vn>0.
(Recall the generic notation X, = (én, X,,) in the model M.) Since the initial states

are the same, with an inductive argument, it is sufficient to show for I' € B(X) and
zeX,

(4.27) P? (Xp1 €)X, =2) =P (X1 €T|X, =) ¥V n > L

x

Then,
§(T|z, B (x, b))

_ / i(T|z, a) J e S 00A ST Sa(da){my <t < Tipr Ypa(dElz, ¢,b)
AG Jze Js i dup (de|z, ¢, b)
J2 @ (Dl t)e™ Jo (b, (de|a, ¢,b)

T fee B, (defe,e,b)

recall (4.13) for the definition of §¢. Applying the above equality to I' = X, we see

f_ () -y qL(u)duA n (d€|z, )
Jze fo a(dup, (de|x, e, b)

qm(Fn(maéa B)t) =

d t 7
=i / e I W (de|, ¢, )

for almost all ¢, and thus e~ [0 % (Fu(@&b).)ds — Jze J gz (wdup w(d€|z, ¢, b). Now,

P, (X < 11X, o) = { [ 00, Bt e ie -1
o] x AT

[0,

+I{é < oote™ Jo r(Fu(zeb))ds (1, E)} o0 (dé x db|z)

-/ { | L e oiomy, aele. e s
[0,00] x AT =

+I{¢ < oo}/ e Jo S wdup (de|z ¢, H)Q(T), b)} ) (dé x db|x)

/ / {/ (Dl tye™ Jo w0t + e < cobe™ Ji (D, B))}
[0,00] x AT
(4.28) x o2 (dé x dblz, €)p, (dé|x) =PI, (Xp41 € T X, = ),
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where the second to the last equality is by (4.25), and for the last equality, see (4.14).
Thus, (4.27) is verified, and (4.26) follows.
Finally, one can show with a similar argument as for (4.24) that

[0,00] x AT
x o g e En (i gy I{e < oofe” Jg ax(Falw.e, ))dscl g b) 8 0O (de x dblz),
where I; was defined by (2.2). Having inspected that the term in the parenthesis of

the last equality is in the same form as the term on the right-hand side of the first
equality in (4.28), we see now

é
Egg li(Xn7An7Xn+1)|Xn :il':| :// / C?xﬁ(x7t)e—f0’q§(u)dudt
= J[0,00]x AT 0

+ I{é < cote™ S b du T (g )4 PO (e % db|w, €)py (de|a) =17 " (x),

where the first equality corresponds to the second to the last equality in (4.28), and
the last equality holds by (4.24). The previous equality and (4.26) imply that

7, [1:(%0, Any Xi)] = B2y 177 (X0)]

for all n > 0. The statement is thus proved. 0
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