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CONVERGENCE ANALYSIS OF THE NEWTON-SCHUR METHOD
FOR THE SYMMETRIC ELLIPTIC EIGENVALUE PROBLEM *

NIAN SHAOT AND WENBIN CHEN?

Abstract. In this paper, we consider the Newton-Schur method in Hilbert space and obtain qua-
dratic convergence. For the symmetric elliptic eigenvalue problem discretized by the standard finite
element method and non-overlapping domain decomposition method, we use the Steklov-Poincaré
operator to reduce the eigenvalue problem on the domain €2 into the nonlinear eigenvalue subprob-
lem on I',; which is the union of subdomain boundaries. We prove that the convergence rate for the
Newton-Schur method is ey < CH?(1 + In(H/h))2€2, where the constant C' is independent of the
fine mesh size h and coarse mesh size H, and € and € are errors after and before one iteration step
respectively. Numerical experiments confirm our theoretical analysis.
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1. Introduction. It is well-known that the smallest eigenvalue problem is very
important in scientific and engineering computations. Suppose V is a Hilbert space
with inner product (-,-), the eigenvalue problem can be defined as

(1.1) a(vx,v) = A(vy,v) Yo e,

where a(+,-) is a symmetric bilinear form on V' x V.

There are many classical methods for computing the eigenvalue and its corre-
sponding eigenvector in algebraic view [4,15,32,34,39]. However, traditional methods
suffer from slow convergence for problems from fluid dynamics or electronic device
simulation [33]. Therefore, preconditioning techniques are often necessary for con-
verging fast. One of the most famous preconditioned method for eigenvalue problem
is the Locally Optimal Block Preconditioned Conjugate Gradient (LOBPCG) method
proposed by Knyazev et al. [23-25].

In PDE view, especially for symmetric elliptic eigenvalue problems, there are
many effective methods. For the early important researches on computing the eigen-
pair, a multigrid method was proposed by Hackbusch in [17], a mesh refinement
strategy was introduced by McCormick in [31] and a multilevel inverse iteration pro-
cedure was analyzed by Bank in [5]. As for the theoretical analysis, the standard
Galerkin approximation scheme for computing the approximate eigenpair was ana-
lyzed by Babuska and Osborn in [1-3]. When it comes to the domain decomposi-
tion method, some two-domains decomposition methods for computing the smallest
eigenpair were proposed by Lui in [28] and a Schwarz alternating method for many
subdomains case was constructed by Maliassov in [29]. Another effective eigenvalue
solver is the two grid method proposed by Xu and Zhou in [42,43]. There were some
further study about it, such as [18,45,46]. Moreover, some methods based on correc-
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tion were also proposed for eigenvalue problem, such as [27,40]. Recently, a two-level
overlapping hybrid domain decomposition method for solving the large scale ellip-
tic eigenvalue problem by Jacobi-Davidson method was proposed by Wang and Xu
in [36,37].

One important theoretical problem for these methods is to find conditions such
that the algorithm is optimal [35], which means that there exists a constant C' inde-
pendent of fine mesh size h such that

€N < CE,

where ey and € are errors after and before one iteration respectively. In early versions
of two grid method, some conditions between h and H are needed to ensure the
optimality, where H is the mesh size of the coarse space. The first method proposed by
Xu and Zhou in [42,43] needs O(H?) = h, another two level methods based on inverse
iteration can be optimal under the condition O(H*) = h, see [18,45]. Recently, the
method proposed by Wang and Xu in [36,37] is optimal with no assumptions between
h and H. For Maxwell eigenvalue problem, similar results can be found in [26].

One popular non-overlapping domain decomposition method for eigenvalue prob-
lem is the spectral Schur complements method proposed by Bekas and Saad in [6].
It can be regarded as a variation of Automated MultiLevel Substructuring (AMLS)
method in [7], whose numerical implementation can be found in [14]. Recently, the
spectral Schur complement method was developed into the Newton-Schur method
in [19-22] by Kalantzis, Li and Saad. All these researches focused on algorithm de-
sign and numerical implementation in algebraic view. As for the convergence rate,
since the Newton-Schur method is essentially Newton’s method, it could be expected
to converge quadratically, at least if a sufficiently accurate initial approximation is
provided [21]. But a rigorous theoretical analysis is hard.

In this paper, we focus on the theoretical analysis of the convergence rate. The
Newton-Schur method is studied in the abstract Hilbert space, and the quadratic
convergence is obtained under some assumptions on the bilinear form a(-,-) in (1.1).
For symmetric elliptic eigenvalue problems discretized by the standard finite element
method and non-overlapping domain decomposition method, we use the Steklov-
Poincaré operator to reduce the eigenvalue problem in the domain €2 into the nonlin-
ear eigenvalue subproblem on I', which is the union of subdomain boundaries. The
assumptions on the bilinear form are verified and the convergence rate of the Newton-
Schur method is

(1.2) en < CH2(1+In(H/h))*é,

where the constant C'is independent of h and H. The theoretical results are confirmed
by our numerical examples for both two-dimensional and three-dimensional elliptic
problems. To the best of our knowledge, similar results are not found in the references.

The outline of this paper is organized as follows: we extend the Newton-Schur
method into Hilbert space and provide some results about convergence in section 2. In
section 3, we analyze an important problem, the symmetric elliptic eigenvalue prob-
lem discretized by the standard finite element method and non-overlapping domain
decomposition method, we prove the rate of convergence in (1.2). Finally, numerical
experiments are given in section 4. In the rest of this paper, we use notations in [41].
Let A < B represent the statement that A < ¢B, where the constant c is positive
and independent of h, H and the variables in A and B. The notation A 2 B means
B < A and A = B means that A < B and B < A.
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2. Newton-Schur method in Hilbert space.

2.1. Setting the problem. Let W be a Hilbert space with inner product (-, -)
and norm ||-||, and V' C W be a closed subspace. Suppose a(, -) is a symmetric bilinear
form on V x V. Let VI be a closed subspace of V' and suppose a(-,-) is coercive on
V1, i.e., there exists a constant o > 0 such that

(2.1) a(v,v) > a|ol?

for all v € V; and with equality for some v; € V. Since @ > 0, a(+,-) can be regarded
as an inner product on V;. For a scalar p < «, let

(22) G’P('v') Ea('?')_p('v')v
then a, (-, -) is positive definite on V;, and the a,-orthogonal space of V; is defined as
(2.3) Vep={veV]ay(v,vr) =0, Vv € V;}.
By using the Lax-Milgram’s lemma, we can get the following decomposition for V.
PropoSITION 2.1. For any p < a and all v € V, there exists a unique decompo-
sition
v =1v; +vB,

where vr € Vi and v € Vg p.

Suppose Wr is another Hilbert space with one inner product (-, -)r and the cor-
responding norm |[|-||r, and Vp C Wr is a closed subspace. Let #, be a bijective
bounded extension from Vi to Vg , satisfying

(2.4) IHll < ex

for all p < «, where ¢y is a constant independent of p and

H
Il = sup VHoul
o2 Tl

Moreover, for any pi1, p2 < o, the extensions H,, and H,, satisfy

(2.5) Hpuw —Hpu € Vi

for all u € Vr. The following lemma describes the continuity of H, respect to p.
LEMMA 2.2. Let p1, po < o and 6H = H,, — H,,, then

\,01 —P2| C’H|P1 —Pz\
loHu] < ——=Hpul < = —==|lullr
P1 @ —p1

for all u € Vp.
Proof. According to éHu = H,u — Hpu € Vi and V; is a,-orthogonal to Vg, ,

ap,(OH, SHY) = ap,(SHU, Hpu — Hpu) = —a,,(0HY, H o).
Due to V7 is a,-orthogonal to Vg ,, and the linearity of a, respect to p,

a’pl(aHuv Hp2u) = ap2(6Hu7 szu) + (p2 — p1) ((Hu, HPZU’) = (p2 — p1) (0Hu, szu)'
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Therefore, by combining these two equations above,
(2.6) ap,(0Hu, SHu) = (p1 — p2) ((Hu, Hpu).

Since a,,(-,-) is coercive on Vi and 0Hu € V7,

(c = p1) [FHul? < (p1 = po) (FHu, Hpt) < |1 — pal [5Hu| [Hpul].

By eliminating |[6Hul|| on both sides of the equation above and using the bound for

H, I,
lorul < P22l gy o < Ller =2l
a— p1 & — p1

This inequality means H,u — H,,u goes to zero when |p; — pa| — 0, which leads to
the continuity. 0

The Steklov-Poincaré operator S,: Vp — (Vr)' can be defined as
(2.7) (Spur,uz) = a,(Hpur, Hyuz)

for all uy, ug € Vr, where (V)’ is the dual space of V- and the bilinear form (-, -) is
the duality pairing.

2.2. The smallest eigenvalue problem and the Newton-Schur method.
We are interested in the smallest eigenvalue problem of a(:,-) in V, which is to find
the smallest A and ||vx|| = 1 such that

(2.8) a(vy,v) = A(va,v)

for all v € V. In the rest of this paper, we assume that the smallest eigenvalue of a(-, -)
is simple and —oco < A < «. Actually, due to the variation principle of eigenvalues
(see Equation 2.1 in Section 3 of [38]),

A= min Cl(’U,’U) < min a(’U,U) = a,
0#veV (v,v) 0#vevr (v,v)

with equality only when vy € V;. So A < a means that the eigenvector vy correspond-
ing to the smallest eigenvalue )\ is not in V;. If there exists a scalar A and uy € Vp,
u) # 0 such that

(2.9) <S,\U)\, u) =0

for all u € Vr, by using the definition of Steklov-Poincaré operator in (2.7),

a,\(H,\uA,H,\u) = (SAu,\,u> =0

for all w € V. On the one hand, as H) is injective on Vg ,, uy # 0 leads to Hyuy # 0.
On the other hand, since H, is surjective to Vg and Vg, is the ay-orthogonal
complement of V7, by Proposition 2.1,

(210) a,\(’H,\uA,v) =0

forallv € V, i.e., Ais the eigenvalue of a(-, -) and H uy is parallel to the corresponding
eigenvector. It is easy to verify that if A is the smallest root of (2.9), then A is the
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smallest eigenvalue of a(-,-). So we can use Steklov-Poincaré operator to reduce the
smallest eigenvalue problem of a(-,-) into the smallest root finding problem of S,
respect to p. The Newton-Schur method in [6,19-22] is in this framework of algebraic
view. In this paper, we take a look at the method in Hilbert space and extend the
Newton-Schur method to infinite dimension space. First, let us consider the eigenvalue
problem of S,:

(2.11) (Spup,u) =60, (up,u)r Vuerp,

where (0,,u,) is the smallest eigenpair of S, and |u,|[r = 1. The root of (2.9) is
found if we can find a A such that 65 = 0. Therefore, the root-finding problem (2.9)
can be transformed into the nonlinear eigenvalue problem (2.11). In order to apply
the Newton-Schur method for (2.11) to find p such that §, = 0, the first order Fréchet
derivative S}, = S’(p) with respect to p needs to be calculated first. By Hju € V7 for
all u € Vi, we have the following proposition.

PROPOSITION 2.3. The linear operator S),: Vo — (Vr)" can be expressed as
<S;)’U,1,UQ> = —(Hpul,HPUQ) Vul, Ug € VF.

LEMMA 2.4. Assume (6,,u,) is the smallest eigenpair of S, as (2.11). If p < «,
then the first order derivative 0/, = ¢'(p) satisfies

0, = (Spup, up) _ ~ (Hpup, Hpuyp) <0
(Ups up)r (up, up)r

Proof. By taking the derivative of (2.11) first:
(212) <S;/)UP> u> + <SPU‘;;7 u> = elp (uPa U)F + ep (ulpv u)F'
Let u = u,, since (0,,u,) is the eigenpair of S, and S, is symmetric,
<Spu;;7up> = <Spup,u’p> =0, (up, Ulp)l" =0, (u’p,up)p.

The lemma is proved by combining these two equations above with Proposition 2.3.0

The Newton iteration px = p — 0,/0), becomes

(Spttp, up)

PN Sy, )

by Lemma 2.4 and (2.11). Furthermore, let us take v, = H,u,, since

<Spupv up) = ap(Hpumeup) = a(vpa Up) - p (Upa Up)a

and (S,u,,uy) = —(vp,v,), the Newton iteration becomes
a(Vp; vp)

(2.13) py = e el
(Up: Up)

Based on the iteration (2.13), the Newton-Schur method in Hilbert space can be
sketched as Algorithm 1.
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Algorithm 1: Newton-Schur method in Hilbert space
Input: initial point p.
Output: The approximation for the smallest eigenvalue p.

1 repeat
2 Solve the smallest eigenvalue problem (2.11) in Vr to get u,;
3 Extend u, to V by v, = H,up,;
4 Update p with (2.13):
_ a(vp,vp)
p - 9
(Vs vp)

5 until Convergence;

Since each iteration point p is a Rayleigh quotient of a(-,-) and A is the smallest
eigenvalue of a(-,-), p > X always holds during the algorithm. Let € and ey be errors
before and after one step of Newton iteration respectively:

(2.14) e=p—X and ey =py— A

The following proposition can guarantee the convergence of Algorithm 1.

PROPOSITION 2.5. Let pg € (A, @) be the initial point of Algorithm 1, where « is
the constant for coercivity and X\ is the smallest eigenvalue of a(-,-). The Newton-
Schur method is convergent and at each iteration

0<eny <e.
Proof. According to (2.13) and (2.14),
0,

EN —€— —.
%,
Due to Lemma 2.4, we know 6, < 0\ = 0. By combining it with 0], <0,
P
EN —€— — < €.
%,
On the other hand, as py is a Rayleigh quotient of a(-,-), we have ey = py — A > 0.0

2.3. Convergence factor for the Newton-Schur method. In order to ana-
lyze the convergence, we need to use the well-known result about Newton’s method.

PROPOSITION 2.6. Let € and ey be errors before and after one step of Newton
iteration. Suppose the iterative point p is in (A, «), the error en salisfies
9//
§ 2
EN = — €,
20/,
where A <& < p and 0¢ = 0" (§).
The Newton-Schur method will converge quadratically if 6 /26, is bounded. In

this paper, we refer to the upper bound of 92’/20; as convergence factor 7, i.e.,

0//
n=_swp Lt
A<e<p<po 20)
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then errors satisfy ey < ne?.

LEMMA 2.7. Assume (6,,u,) is the smallest eigenpair of S, as (2.11). If p < «,
then the second order derivative GZ respect to p satisfies

/!
0, <O0.
Proof. First, let us take the derivative in (2.12) respect to p again,

<S;/>Iupv u> + 2 <S;/>u;)7 u> + <Spu;;/7 u> = olp/ (uPa U)F + 2 0; (u;w U)F + GP (uga U)F'

Let u = u, and by using (2.11), it becomes

0 (Up, up)r = (Sytp, up) — 20, (ul,, up)r + 2 (S)u,, up).
Let u = uj, in (2.12),

(2.15) <S;)Upa “;;> + <Spu;;7 Ulp> = 9; (up, u:;)l" +0, (u;, U;)F-
Combining these two equations above, we know

(2.16) 0 (Up, up)r = (Syup, tp) + 20, (u,, u,)r — 2 (Spuy,, ul,).

Since 0, is the smallest eigenvalue of Sy, we have 0, (u},, u),)r < (Syuj,, u;,). Thus, the
¢, can be bounded by

(2.17) 0, (wp, up)r < (Spup, up).

By taking the derivative of S}, in Lemma 2.4,

.1
(Spup,up) = lim — ((Hpume“p) - (Hp+a“p7Hp+s“p))'

e—=0 ¢

Let 0H = Hpte — Hp, then

(Sytp, ) = lim é ((’Hpup — My ety Houy) + (Hpty — Hppctiy, Hp+5up))
(2.18) = tim ©(— (T Hy,) — (FHuy, Hpen,))
= — lim 1(2 (0Hup, Hpteup) — ((5’Hup7(5’Hup)).
According to (2.6),
ap(0Hu,, 0Hu,) = e(0Huy, Hpyetip).

Substituting it into (2.18), we have

1/2
(2.19) (Sup,up) = — lim — (g a,(0Hu,, 0Hu,) — ((5’Hup,(5’Hup)).

e—=0 ¢

Since a,(-,-) is coercive on V7, then

1
(2.20) (0Hu,, dHu,) < P a,(0Hu,, 0Hu,).



8 NIAN SHAO AND WENBIN CHEN

Therefore, by combining (2.17), (2.19), and (2.20),

(SVup,up) -1 2 1
"< p PP < . - - <0.
(2.21) 0; < AT R CTRTAE gl_I}%) (52 (oo ) a,(0Hu,, 0Hu,) ) <0
ps Up ps Up p
The lemma is proved. O

Remark 2.8. Lemma 2.7 also holds for other eigenvalues of S, if p < «a.

Proposition 2.6 can be relaxed to

9//
ey < sup 82

T ee(np) 20;

based on Lemma 2.7.

THEOREM 2.9. Suppose py € (X, ) is the initial point of Algorithm 1, denote g,
the gap between the smallest two eigenvalues of S,, if there exists a constant cg > 0
such that

(2.22) 90 > ¢

for all p € (A, po), then Algorithm 1 is quadratic convergence, and

1 2
ENS( +C—H)e2.
o — po Cq

Proof. Suppose |u,|[r = 1, according to (2.16), (¢ /2¢/,) can be divided into two
parts:

(2.23) - <S,/;,Upvup> <Ci ||v,,||27
and
(2.24) (Spupy, ) = 0,(w,,up)r < Cy flu[|?,

where v, = H,u,. According to (2.18),

1
— (S, u,) = lim — (2 (Huy, Hypett,) — (Hu,, (mup))

e—=0 €

1
= lim = (2 (6Hup, Houp) + (0Hu,, (mup))

e—0 €
- 19Hw, |
< N2l
— ;1_1{(1) |€| (2 HHPUP” + ”5HUPH)
Due to Lemma 2.2,
[ Hpupll lel
_<Sl/)/up7up> < &11_1}'(1) ﬁ(? ||HPUP|| + ai—pHIHPUPH)
2 9 9
= v < v,||°.
ol < =l

Then the constant C; in estimation (2.23) can be 2 (a — pg)~!. For the estimation

(2.24), an orthogonality about u, and w}, is needed. By taking the derivative on both
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?ide;s ofLHupH% =1, we have (up,u;,)r = 0, which means u, and u), are orthogonal in
)T et

(2.25) Vo, ={u e Vr | (u,u,)r = 0}.

Since g, is the gap between 0, and the smallest eigenvalue of S, in Vr ,, and u'p € Vrp,
(2.26) (St ) = B, (1, ) > g, |12

Let u = u’p in (2.12), by combining the orthogonality of v, and u;),

(2.27) (Spuy,ul) — 0, (uy,, u),)r = —(Spu,, us,) + 6, (up, u

) = —(Spup, ).

/
P

According to the Cauchy-Schwarz inequality and Proposition 2.3,

(2.28) = (Spup,up) = (Mpup, Hpup) < [opll [ Hpupll < exllvp] lupir-

By combining the inequalities (2.26)—(2.28) and eliminating [u/,|[r on both sides,
CH

(2.29) luplle < —= [lvpll-
9p

And combining the inequalities (2.27)—(2.29), we have

2 2
U 2 o H 2
<Spu;au/p> -0, (“/pvu;)l“ < g [[vpll* < o l[va |l
which means Cs in estimation (2.24) can be set as cgﬂcg_l. Therefore, the constant in
Theorem 2.9 can be ((a —po) L+ c%c;l), which is independent of p. ]

The condition (2.22) in Theorem 2.9 may be difficult to verified directly, here we
give a lemma for the existence of c,.

LEMMA 2.10. Let X be the second smallest eigenvalue of a(-,-). If the initial point
po € (A, A) and X < «, then the constant cg in Theorem 2.9 exists and

//\\—Po (2)
Co > —= 0\,
g N A

where 95\2) 1s the second smallest eigenvalue of S).

Proof. Suppose 9,(,2) is the second smallest eigenvalue of S, since 9;,2) is concave,
(2) (2) (2) _ p(2)
Oy — 0\ > 05 9X

=

pP=A  p—=2A

for A < p < X. Since A is the second smallest eigenvalue of a(-,-), we know that
9(;) = 0. By using 9&2) > 0&2) =0 and

~ —~

A=p 2 — P0 4(2)
92 > 2" P 5 27 POy ,
L VD W U

the proof is finished. 0
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If the bilinear form a(-,-) satisfies some more conditions, the convergence factor
1 can be estimated more specifically.

LEMMA 2.11. Suppose pg € ()\,X) is the initial point, where X\ and X are the
smallest two eigenvalues of a(-,+) respectively. If there exists a constant ¢ > 0 such
that

(2.30) a(Hau, Hau) > cif|ul[
holds for all w € Vi, then there is a lower bound for the constant cg, i.e.,

N\ —
cg > fpo CsCt,
A

where 0 < ¢y = 9;2)/9;3) <1 and 9&2), 9&3) are the second and third smallest eigenvalue
of S\ respectively, including multiplicities.

Proof. Let 0, 05\2) and 05\3) be the smallest three eigenvalues of S\ with cor-
responding eigenvectors uy, Ue and us, where ||ux|r = ||u2lr = ||us]lr = 1 and
(U)\,ﬂg)p = (ag,ag)p = (ﬂg,U)\)p = 0. Let

(Haux, Haz) uz — (Haux, Hauz) s

ay = 4 1O, Halia) s — (Haun, Hati) tz|r

if (Haux, Hauz) # 0,

U if (Haux, Haz) =0,

then it is easy to be verified that ||uy|[r = 1 and (Haux, Hauyn) = 0. Since Hyuy is
the eigenvector corresponding to A of a(-,+), (Haux, Hauy) = 0 leads to Hyuy lies in
the eigenspace corresponding to the eigenvalue at least A, then

ax(Hatx, Hatn) = a(Haux, Hatin) — A (Hatx, Hatin)
A . R A
Z (]. — X) CL(H)\U)\,H)\U/\) Z Ct (1 — X)
A A
Since @y is the linear combination of @y and @3, and ||@y||r = 1,

60 < (Saiin, iy) < 0.

Therefore, the second smallest eigenvalue of S satisfies

9(2) . R R R
95\2) = ﬁ 95\3) > cs (SatUn, Ux) = cs ax(Hawy, Hauyn) > (1 —

A

) CsCt

> >

Then the constant ¢, can be bounded by

by using Lemma 2.10. ]

COROLLARY 2.12. Let A and A be the smallest two eigenvalues of a(-, ) satisfying

A< <a. Suppose the constants cs and ¢ are defined as Lemma 2.11, if the initial
point pg € (A, ), then the rate of convergence for Algorithm 1 is
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3. Finite element method for the symmetric elliptic eigenvalue prob-
lem. In this section, we focus on the smallest eigenvalue problem of the symmetric
elliptic operator. The problem is discretized by finite element method and solved
by the Newton-Schur method, the space V;, Vg, and Vr are constructed by non-
overlapping domain decomposition method.

3.1. Elliptic eigenvalue problem and finite element method. Let Q C R?,
where d = 2 or 3 be a bounded convex polygonal domain, the smallest eigenvalue
problem of the symmetric elliptic operator is to find the smallest A € R and sufficiently
smooth vy such that

AU)\ = )\’U,\ in Q,

(3-1) vy =0 on 0f),
where
I dv(x)
Av = — 1;1 pr (aij (z) oz, )
and [yvide = 1. Assume the matrix {a;;(z)}¢ ,_, is symmetric and uniformly

positive definite and a;;(z) € C%1(Q) for i,5 =1,...,d. Let W = L?(), (-,-) be L?
inner product on € and V be the Sobolev space H} (), then the variational form of
(3.1) is

(3.2) a(vy, v Z/ Ugv,\ 8811 dz = X (vy,v) _)\/w\vdx YoveV.

1,7=1

Let A be the smallest eigenvalue of (3.2), it is well-known that A is simple (see The-
orem 2 in Section 6.5 of [13]). Moreover, we assume that a(-,-) is equivalent to the
square of the H§ norm, i.e.,

(3.3) [v|, = (a(v,v))1/2 ~ (/Q|Vv|2 dx)l/z

We construct continuous and piecewise linear element spaces VH ¢ V" c V based
on quasi-uniform triangular partitions 7 and 7", where 0 < h < H < 1 are mesh
sizes of TH and T" respectively and 7" is refined by 7. By using the finite element
discretization, the variational form of (3.2) becomes

(3.4) a(of, o) = N (vl oh) vl e VI
where v} € V", Then the discrete elliptic operator A" is defined as

(Ahv17v2) = a(v{‘,vé‘) vv{bv 'Ug € Vh'

The convergence of the discrete eigenvalues can be found in [1].

PROPOSITION 3.1. Suppose A" and A" are discrete elliptic operators with mesh
sizes h and H respectively, then, following properties hold.

(3.5) MoAxh?, N—X=h? and N\ -\~ 02

where X, \* and M are the smallest eigenvalues of A, A" and AY, X and N\ are the
second smallest eigenvalues of A and A" respectively.
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From Proposition 3.1 and the variational principle of eigenvalues (see Equation 2.1
in Section 3 of [38]), the gap between A" and A\ can be bounded by

(3.6) 0< A -\ < H2

In the rest of this paper, we take the initial point pg = A, thus 0 < pg — \* < H?2.

3.2. Non-overlapping domain decomposition methods. Suppose {2 is di-
vided into N non-overlapping convex polygonal subdomains {Q}&_, with diameter
no more than H and the union of the boundaries are denoted by I' = Ufc\'zlaflk. Let
Wr = L*T), (+,-)r be an inner product on T', whose corresponding norm ||-||r is
spectral equivalent to ||| 2(r), and Vp = Hi/Q(F), where u € H./? (T") means that the
restriction of u on 98, belongs to HY/?(Qy) for all k =1,..., N. Let

N 1/2
”u}LHHi/z(F) = (leuh”?{lﬂ(@ﬁk)) )
k=1

where the scaled full-norm (see, for examples, [35,44]) in Qy is defined as

_ _ 1/2
w1 ) = ("7 ) + H 21U 172 ()

)

_ _ 1/2
[u" 1200, = (14" 3200, + H 1" 17200,)

Then we can define Vi as the trace space of V" on I and V}* as the subspace of V'
whose members vanish at T, i.e.,

Vit = {uh e HYA(D) | 30" € VP, ul = Tr(o)],
Vi ={o"h e Vi Tr(o") = 0},

where Tr: HY(Q) — o2 (T) is the trace map defined as Tr(v) = v. In order to define
the extension, a lemma for the coercivity of a(-,-) in V}* is needed.

LEMMA 3.2. Suppose « is the smallest eigenvalue of a(-,-) in VIh, i.e.,

. a(v oM
a= min ———*
vaVIh (Uh,”uh) )

then we have o > H™2.

. N
Proof. For every v" € V}' it can be decomposed as v = Y ket v, where

supp(vy) C Q. Since a(vf,v?) = (vlh,v;-’) = 0 for all i # j, we know
N
a(v®,vh) ST a(o),vp) . a(vl, o) min Al

- m
(v, oM) SOV (uloh)y T ASkSN (up,up) T 1<ksN

where A} refers to the smallest eigenvalue of a(-, -) restricted on Q. Since the diameter
of € is no more than H, then o > H~?2 holds due to the Poincaré inequality. 0

For all p < a, denote a,(-,-) = a(-,+) — p(-,-), the a,-orthogonal space of V}* can
be defined as

Vi, ={v" e V' a,(" v}) =0, Vi € V/'}.
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Then the discrete a,-harmonic extension HJi: Vi +— Vi  can be defined. For all
ul € Vi, let ngh be the solution of

ap(’HZuh o) =0 VYol e V],

3.7
3.7 ’HZuh =u" onT.
Here are some propositions about the extension H}! (see [9]).

PROPOSITION 3.3. The extension ’HZ is bijective since the functions in V]Q,p are
completely determined by their values on T'.

PROPOSITION 3.4. For any u" € Vi and v" € V", if u" is the trace of v on T,
i.e., Tr(v") = u”, then ap('}-lhuh Hh h) < a,(v",v") holds for all p < a.

PROPOSITION 3.5. For any u" € Vi and \' < p < po, H||u"||} < [HIu"[2.

LEMMA 3.6. Suppose D C R?, where d = 2 or 3, is a convex polygonal domain
with unit diameter. Let

8 0
A(vy,v9) Z / a—za—z —c(x) vivg dx

1,7=1
be a symmetric positive definite bilinear form on H'(D) satisfying
(3.8) A(v,v) = [[vll3, ()

where a;j(z) and c(x) € C¥Y(D) fori,j=1,...,d. For allu € H'Y?(0D), let Hu be
the solution of

A(Hu,v) =0 Yv e H}(D),

(3.9)
Hu=u ondD,

then the following estimation holds:

[Hull 20y S lull-1200)-

Proof. For any v € L%(D), let ¢ € Hi(D) be the solution of

Alw,9) = (3, w)op = (0,w)sam) Ve € H'(D)

where

Za Cosnx)a—w
& Y Oz

1,j=1

with n is the outer normal to the boundary 9D and

<g—qf,w>3D:/ a—wwds.

By using Aubin-Nitsche’s trick, for all u € H/2(dD)

(%U, U)L2(D) 7<Hua %>8D + A(HU, 1/})
|Hullp2(py = sup —————— = sup
ozver2(p)  Nvllrz(p) 0#£veL?(D) [vllz2(D)
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Since v € Hi(D) and Hu is the solution of (3.9), A(Hu,v) = 0, then

—(Hu, oY 5
(3.10) |HullL2(py =  sup —(Hu, 5, )op
0#£veL2(D) ||U||L2(D)

By using the Cauchy-Schwarz inequality and trace theorem,

o oy
(3.11)  [(Hu, w)op| < HUIIH—Uz(aD)H@

ov S ||U||H71/2(3D)||¢||H2(D)-

[

Due to the H? regularity (see Theorem 3.2.1.2 in [16]),

(3.12) 1¥1l2(py S llvllL2(p)-

By combining (3.10)—(3.12), the proof is finished. ad
COROLLARY 3.7. If the diameter of domain D is H, it can be verified that

[Hull 2oy < Nl g-1r20m) S HY? [l 20)

by a scaling argument and the Sobolev inequality.
The following lemma gives a finite element method version of Lemma 3.6.

LEMMA 3.8. Suppose D and A are defined as Lemma 3.6. Let Vi C HY(D) be the
continuous and piecewise linear elements space based on the quasi-uniform triangular
partition Tp with mesh size h and VahD is the trace space of Vi on OD. For all
ul € VI, let H'ul be the solution of

AH ul o™)

Hhuh —

0 Vo"e HY(D)nVE,
(3.13) o(D)NVp
u

k' on oD,
then the following estimation holds:
[H"u" |20y S I1u" | 5-172(0D)-
Proof. According to Lemma 3.6, it is enough to prove that
[H" " — Hu|| 2y S 0] gr-12(0) -
By the L? estimation for #"u" (see Theorem 5.4.8 in [10]),
(3.14) [H" " = Hu|| 2oy S Bl H 0" = HuP || 511 ().
Since Hu"— Hu" vanishes on 9D and Hu" is the solution of (3.13),
A(Hu", Hruh — Hul) = 0.
By using the norm equivalence (3.8) and the Cauchy-Schwarz inequality,
[H " = Ha |3 oy = AH " — Ha!', H 0" — Ha!)

= A(H "l — Hu 1)
S A " = Hu (| o) [|H " (| 111 (-
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Then eliminating ||%"u"— Hu"|| ;1 (p) on both sides, we have
(3.15) ||Hh h_HuhHHl(D) ~ ||Hh h”Hl

Since H"u" is the solution of (3.13), by using Proposition 3.4 and the extension
theorem (see Lemma 3.77 in [30]),

(3.16) [H" ™| 1oy S 6™l gz oy-

And by combining (3.14)—(3.16),
[H 0" — Hu| p2py S B l[u]| 1200

Since u” is piecewise linear on 9D, by using the inverse estimation (see Theorem 4.1
and Theorem 4.6 in [12]),

||Hh h—HuhHL?(D) ~ h||uh||H1/2 D) N Hu | - 1/2(8D)>

which finishes the proof. 0
COROLLARY 3.9. If the diameter of domain D is H, it can be verified that

1H" 4" | 2y S lu" | ir-1r20p) S H? [0 (| 22(0D)
by a scaling argument and the Sobolev inequality.
Suppose ’Hﬁ’kuh is the solution of
a (’szuh,vz ) =0 Vvﬁk € VIh, supp(vzk) c Qu,
HEu =u" on Oy,
then ’H,Z’kuh is well-defined in € and ngh = ’Hﬁ,kuh in Qg for all 1 < k < N, where

"H’;uh is the solution of (3.7). In other words, the extension 'HZuh can be computed
in each subdomain by the boundary value problem separately.

LEMMA 3.10. Assume A < p < po < «, the extension operator H, is bounded
with norm

[HEuk |
HE|| = Tl
H| pm 0¢ilhlepvr” |uh|lp

and the bound for |H'H2H| is ¢y, where ¢y < HY2,

Proof. For all u" € V| according to Corollary 3.9,

A2 = /mh " dx—Z/ H 2 dx—z/ H 2 d < H 2.

Therefore ¢y = max H”Hhm < H'/2, d
A<p<po

The Steklov-Poincaré operator S%: Vi — (Vi)' can be defined as

<Sh“17u2> = ap(HhUth )



16 NIAN SHAO AND WENBIN CHEN

and the eigenvalue problem on T is

(3.17) (Shul uhy = 92 (u" uMypr Vul e V.

oo P
Now we can use Algorithm 1 to calculate the elliptic eigenvalue problem (3.1).

Remark 3.11. Suppose {gzﬁj _, is the basis of VF, then the discrete L? inner
product on I' can be defined as

(u, u™)i2(1) = . Zuj

for uw = 37" uj¢; and w* =377, uid;. Since |Jullp2r) = [lulliz(r) (see Equation 2.2
in [8]), the convergence analysis also holds for the discrete L? norm. Moreover, the
mass matrix for (3.17) becomes a scalar matrix, which makes it easy to compute.

LEMMA 3.12. For all \* < p < po, |Hhul|| ~ HY?|ul|r.
Proof. On the one hand, by Lemma 3.10, we have ||Hhul|| < H1/2||UZ||1". On the
other hand, since u'g is the eigenvector of (3.17) and 92 <0,

ap(Hpwy, Hhul) = (Shul ul) = 60 ||lul||2 < 0.
The lemma is obtained by using Proposition 3.5. 0

3.3. Convergence analysis. In order to analyze the convergence factor of Al-
gorithm 1, some estimations on the eigenvalue of S ,}j should be calculated first. Similar
to Lemma 3.10, a bounded bijective extension H, from Vr to Vg , can be defined as

a,(Hpu,vr) =0 Yoy € V7,

(3.18)
Hoyu=u onl,

where Vr is the trace space of V on I', and V; is the subspace of V' whose members
vanish at I' and Vg, is the a,-orthogonal space of V7, i.e.,

Vi={veV|Tr(v) =0},
Vi, = {veV| ap(v,m) =0,Vvr € Vi}.

The Steklov-Poincaré operator S,: Vp — (Vr)' can be defined as
(Spur, u2) = a,(Hour, Hpus),
and its eigenvalue problem is
(Spup,u) =0, (up,u)r Vue V.

Now we can generalize Theorem 3.1 in [1] to estimate the gap between eigenvalues of
h
S, and 5.
LEMMA 3.13. Suppose 0{‘ < 9’2’ < Gg and 61 < 0y < 03 are the smallest three
eigenvalues of Sl’} and S, respectively, where N < p < po, then

lim|f"— 6, =0 j=1,2,3.
hli%wj 0;|=0 ,2,3
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Proof. Since 03 may be equal to 03, we need to consider both cases. According
to the well-known variational principles of eigenvalue (see Theorem 2.3 in Section 3
of [38)), for j =1,2,3,

S Sty uh
(3.19) 0; = min rnaxM and 9;-‘ = min max %.
U;CVrueU; (u,u)r Ubcvluheur (uh, uh)p
dim U;=j dim Ul'=j

Suppose the first minimal of 6; and 9;‘ in (3.19) are reached by U; and U]h respectively.
Let

~ S, ul uly
3.20 h — <f’7’
(320) j ur;flea(zh Wh, a)p

then the error |6; — 9]h| can be decomposed as
10; — 07| < 10; — 071+ 107 — 0}

3.21 h ,h
(3:21) <|max 7<Spu,u> — max 7<Spu > U >‘
uel; (u,u)r  wrevh (u,uh)p

(S’puh, uly — (SLluh7 ul)

(uha uh)F

+ max
uhGUJh

For the first term, it can be regarded as the error between the eigenvalue of S, in Vp
and V. Let
(Sp.pu1,u2) = (Spur, uz) + B (w1, u2)r,

it is obvious that eigenvalues of S, g are eigenvalues of S, plus 3 in both Vi and Vrh,
so it is enough to analyze the error between the eigenvalue of S, 5 in Vr and Vi
When 8 = pyc3, + H™!, by the trace theorem and the norm equivalence (3.3),

N
1 2
ull3r2 oy D ulinsea,) + ﬁllull% S [Hpuls + (8 = p IH[I7) [l
k=1
< [Houls + Bllullf = (Sp,pu,u).
On the other hand, by the definition of a,(-,-), Proposition 3.4 and (3.3),

(Sp.pu,u) = ap(Hpu, Hpu) + B (u,u)r < ap(Hu, Hu) + B |[ul|?

N
< [Hulz + B llullp ~ Y[ Hulipq,) + B lullf
k=1

N
<D lulon + Bl S fulZse
k=1

where Hu is an extension satisfying [Hulm1(a,) S [Ulgi/2(00,) for all 1 <k <N (see
Lemma 3.78 in [30]). So S, s is bounded in Hi/Q(I‘). Let

_ 1/2
lalla = ((Sp ) % Nl o2
by using the Theorem 3.1 in [1],

‘(maxm— max M)‘ < 5]2-’h,

3.22
(3.22) wel; (u,u)r  wrevr (ul,uh)p
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where
0;pn = inf inf |ju—u? i=1,2,
e AL
llullg=
and

inf inf |lu—u” if 6 0
u€eM(63) u’LEVh” Hﬁ 2 7& 37
lullp=1

03,n = inf inf |lu—ul|s if O = 63,
u€EM (2)uh eVl
llulls=1
(u,u2)3=0

where us is the choice of the first infimum of 02, and M (6;) is the eigenspace corre-
sponding to ;. Due to Theorem 3.2.3 of [11], we have limj_,¢ J, = 0, thus, the first
term in (3.21) goes to zeros as h — 0, i.e.,

2 lim|0; — 0"| = 0.
(3 3) hlif%)WJ 0] I O
For the second term,

(Spu” uy — <Sguh,uh> = a,(H,u"— ’H;juh,’Hpuh—i— ’HZU”).

Since H,u" — Hhu" vanishes on T', due to #,u" is the solution of (3.18),
a,(Hpu"— ngh7 H,u") = 0.

Since a,(-, -) is positive definite on V7, combining these two equations above, we have

(S u") = (S )|
(3.24)

‘ Hou —’H,huh Hou +’Hh h)‘
‘ ~Hul+ Hhuh)(
p(H,,u —Hhuh Hou" = Hou").

Similar to Céa’s lemma, for all v" € Vgp with trace u” on T,
(3.25) ap(Hu"—Hou", Hou"—HIu") < ap(Hou"— 0", Hou"—o") S |Hu"— 0" 30

due to the norm equivalence (3.3) and the Poincaré inequality. Combining (3.21),
(3.24), and (3.25) we know

H ul — vl|?
‘Qh 9h| < max lnf w
’thGUh hevg,p ||’u, ||F
|H ul 2, f |'Hpuh—vh|ip}
[l wnevg,  [Hput|E

(3.26)

= max{

According to the definition of é? (3.20) and the norm equivalence (3.3),

g > (S,ul, ul _ ap,(Hpu" , Hou) N |H ul 2 — pl|Hpul||?
T (uhuh)p (uh, uh)p ||Uh||%
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for all u" € UJ’-’. So

|H ul 2

(3.27)
[[u” (|7

SO0"+poH <05+ 6%, + poH
due to Lemma 3.10 and (3.22). By combining (3.26) and (3.27),

_ H Uh 2 H Uh— Uh 2
(3.28) lim\Q;L— 9;L| < lim | max {% inf W} =0.
h—0 h—0 uh’EU]}?‘ ||U HF ,Uhevg,yp |Hpu |H1

Combining (3.23) and (3.28), we finish the proof. d

COROLLARY 3.14. Let (9’;)(j) and Qf\j) be the jth smallest eigenvalue of St and
S respectively, then

Ai_>mO|c? —¢s| =0,

@
h _ (9};)(2) _
where ¢y = RIS and cg = ok

Now we can give the convergence factor for Algorithm 1.

THEOREM 3.15. Suppose that the coarse mesh size H is small enough, there exists
a constant C independent of h and H such that

en < Cé,

where € and e are errors of the eigenvalue before and after one iteration.

Proof. This proof is mainly based on Corollary 2.12. First, some conditions in
Lemma 2.11 need to be verified. According to Proposition 3.5, the constant ¢; in
Lemma 2.11 satisfies ¢; 2 H. Due to Proposition 3.1, Lemma 2.11, and Corollary 3.14,
the constant c, satisfies

h
c, = 1min (0(3) 79(2)) > A :Po
g pe()\h,po) ’ ? - )\h

A=A+ =N+ (A o)
X+ (A=)
N 2 2
> A )\A-l-h +H
A+ h?

h
CsCt

(3.29)

h
CsCt

c.H > H.

~

By using Lemmas 3.2 and 3.10, Theorem 2.9, and Proposition 3.1, the convergence
factor is bounded by

EN 1 c%{ 9
(3.30) S <——+ S H +1,
€ a—po ¢

which finishes the proof. ]

3.4. A sharper bound for the convergence factor. After carefully checking
the numerical results in next section, we find the estimation in Theorem 3.15 can be
further improved. In this part, we will give a sharper estimation for the convergence
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factor by using a special norm ||-||r on T, which is spectral equivalent to ||-||2(ry. Let
Vlffp be the Sg—orthogonal space of u’,} in Vi, for all u € Vlf‘,p, we have

(S, ul) - 61 (M) 2 H (M)

due to the estimation for ¢4 in (3.29). In Vlffp, the operator (S,}j - 92)_1 is symmetric
positive definite, and it is spectral equivalent to (56‘)*1, which means

(3.31) <(S:} — QZIh)_luh,uh> ~ ((S§) "l ul)

holds for all u" € Vi |, where I" is the identity operator in V;*. Now we need some
important results in non-overlapping domain decomposition methods, whose detailed
proof can be found in many papers and books, for examples, [30,35,44].

PROPOSITION 3.16. For 2 € RY, where d = 2 or 3, there exists a decomposition
ny
V=RV + ) RIVE,
i=1

where RII and R} ’s are interpolation operators, such that following properties hold.
e The space RV is a global coarse space, and all functions in RV are
linear in coarse meshes. Other spaces, i.e., RIV{i’s, are local spaces.
o Let M" be the preconditioner defined as

7]
M" = R (RgSyRY) ™Ry + Y R} (RiS{R]) 'R,
=1
then for all uh € VI,
(Stul uly < (14 In(H/h))(Shu”, M"Shul).
e For allu" € Vp,
(3.32) (MM uy S H™Y[Rpu||2 + Hlu([7,

where |Rgu”| . is defined as

hooh
|Reul||s = sup (', ug)r

oz erL v ullle

Remark 3.17. The estimation (3.32) can be obtained by the Poincaré inequality
and scaling arguments when R] V;{’s are local spaces with diameters no more than H.

Let Qg be the L?(T) projection from Vi to RL Vi i.e.,
(3.33) (QHuh7u}[L{)L2(p) = (uh,ufﬁ)Lz(p) Vu'}{ S RIIVFH.

From the definition we know

h h
oy
(3.34) IRur]. = sup (> wi)r

h = HQHTZ”F
0£uly eRT, Vi [lugy e
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Now, we can define a bilinear form (-, -)r as follows:
(3.35)  (u},uf)r = H ' (HeQuut, HiQuub) + (u}f — Quul, uf — Quub)r>(r).

It can be verified that (-,-)p is an inner product on VFh. Moreover, Qg is also a
(-, )r- projection, and

(3.36) H'Y?|Quu" |l = | HEQuu"|
holds for all u” € Vi, where ||-||r is the norm corresponding to (-, -)r.
LEMMA 3.18. For all u" € Vi, |[u”||r = [|u"|| 2(r).
Proof. By (3.35), it is sufficient to prove that for all u};l € RquVph,
lufrllzey = lufylle = H™?|[Hgul ).

On the one hand, by Lemma 3.10, we have

IHGul |l < HY 2 [luly |2 -

On the other hand, according to Theorem 1.6.6 of [10] and the Cauchy-Schwarz in-
equality,

N
lufillZzwy S D IHGul |20 [HEul o)
k=1

h, h h, h —2(jq/h, h
< [IHGul | (MG u B+ H 2 Hug]*)2.
By the inverse estimation, Proposition 3.4 and (3.3),

N

Hauly B S 200, S H k32
k=1

Combining these two inequalities above, we have
w2y S H V2| Houl |,

which finishes the proof. ]

LEMMA 3.19. Let Iy denote the interpolation operator associated with the coarse
space RLVEL, for all \' < p < po,

g lle = lluglle| S Hlluplr-
Proof. By the estimation of interpolation and the trace theorem, we have

N
h h |2 h h
Tl = uplie]” < IMgu) —ull S HY Jubln e, S H Mk G o)
k=1

According to (3.3) and Lemma 3.10,

Hypuplin < [Hpugls = 05 lug|f + plHpup | < H [lug .

The lemma is proved by combining these two inequalities above. 0
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COROLLARY 3.20. Since Qu is a projection, |HQHUZ||1" - ||1LZ||1"| < H|ub|p.
LEMMA 3.21. By using notations in Theorem 2.9, in the finite element space,
(S = 05T (wp)', (uf)') < H2(1+ n(H/ 1)) [lop
holds for all \* < p < po, where v = Hhul and ||ult|lp = 1.

Proof. Let vt = (02)'uly — (Sh)'ul, according to (3.31) and (3.34) and Proposi-
tion 3.16, we have

h _ phyhy(, h h h _ ghphy=1.h b h o, h
<(Sp — 0,1 )(up)’,(up)'> = <(S —0,1") -1 s p> < 17‘p,7“p>
= (SE(SE)Y T, (ST S (14 In(H/R)) (Mo
S+ 1n<H/h>) H(HNQur IR+ H IrjI12)-
By Lemmas 2.4 and 3.12 and Proposition 2.3,
lrplle < 163 lluplie + lopH|H5]] < H-
Combining these two inequalities above, we have
2/ . _
(337)  ((Sh— ORIl (uh)) S (U4 (/W) (HYQurk I} + H?).
According to Proposition 2.3, Lemma 3.10, and Corollary 3.20,

1Qurslle < [[65) Qury = Qu(S) Qurup . + Qe (55) (wy — Qurip) |
S 1065) Qe — Qu(Sp) Qug | + H.
For the first term, due to Lemmas 2.2 and 3.10,
162) Qe = Qua(S,) Quruy|
(339)  <[[(0) Quuy — Qu(Se) Quuyly + [|Qu ((S5) = (55)) Qg
SO0 Quul — Qu(Sy) Quull| . + H®.

By Proposition 2.3 and (3.35)

102 Qrul — Qi (S Qa7

(3.38)

Q U ,7—[ Quu
5.40) =(@)2 I+ 26+ sup (L HBQur)|
0£ubeVih [l

<((@)? + 260 H + H) [ Quubl}2 < ((68) + H)®.
Using Lemmas 2.2, 2.4 and 3.10 and (3.36), we know that
oy O+ BB I Quf ]+ IPhQmu 1 — 1 Qun
+H||Quup|It — llug|F] < H?.

Thus the lemma is proved by Lemma 3.12 and (3.37)—(3.41). d

Combining Lemma 3.21 with Theorem 2.9, we obtain a sharper estimation for
the convergence factor.
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THEOREM 3.22. Suppose the coarse mesh size H is small enough, if the inner
product (+,-)r is defined as (3.35), there exists a constant C independent of h and H
such that

ey <CH?(1+ ln(H/h))2€2,

where € and €y are errors of the eigenvalue before and after one iteration.

Remark 3.23. In this part, we only prove that when (-, -)r is defined as (3.35), the
rate of convergence is ey < CH?(1 + In(H/h))%€2. For other inner products, whose
corresponding norms are spectral equivalent to ||-|| L2(ry, whether similar results can be
obtained is still unknown. We do not know similar results before, and the discussions
along this direction is quite interesting.

4. Numerical experiments. In this section, we present some numerical results
to support our theoretical analysis above. We compute some second order symmetric
elliptic eigenvalue problems in 2D and 3D by Algorithm 1. Assume K" and M"
are the stiffness matrix and mass matrix generated by the finite element method as
section 3 respectively. Due to the non-overlapping domain decomposition method,
K" and M”" can be partitioned as

K! K& |\ L (A
K" — { 1T IB} and M = { IT IB} ’
K} Khp M}, Mg

where K, = (K%;)T and M", = (M%,)T, indices I are associated with the nodes
in UN | Q; while B are associated with the nodes on I'. Let

h— (1ch h h h h h \—1(1ch h
(4.1) Sp = (Kgp —pMpp) — (Kg; — pMp,) (K7 — pMpp) 1(KIB - pMjp),
the eigenvalue problem K"v"* = \» M"v" can be rewritten as S’;\h u” = 0, where u”
is the restriction of v on T'. Suppose M}t = h?~1 I is the mass matrix on I, where
1" is identity matrix on I', the nonlinear eigenvalue problem can be written as

(4.2) Sgug = 9;‘ M%uz.

By defining the extension operator from I' to 2 as

H — —(K} —pMpy) (K — pMlp)
P Ih )

we get the matrix version of Algorithm 1. Our numerical experiments were performed
in Matlab 2020b, the real solution A" is calculated from solving the smallest eigenvalue
of (K" M") by the MATLAB function “eigs” with tolerance 107!°, the stopping
criterion is chosen as € < 10712 and the subproblem (4.2) is solved by the Matlab
function “eigs” with tolerance 107 '2. Let p;, and 7 be the approximated eigenvalue
and convergence factor after k steps of Newton’s method respectively, i.e.,

€k = Pr — A and N = 61;1
k

In our experiments, Algorithm 1 converges after few steps, so we only consider 7.
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for coarse mesh. Meshes in 7" with same color belong to a same subdomain.

4.1. The Laplacian eigenvalue problem in 3D. In this subsection, the do-
main  is the unit cube [0,1]? in 3D, and a partition is shown in Figure 4.1a. We
consider the relationship between the convergence factor 7 and the fine mesh size h
or the coarse mesh size H separately. For the relationship with the fine mesh size,
the coarse mesh size is fixed as H = 27! and fine mesh sizes h are chosen as 277 for
7 =2,...,5. For the relationship with the coarse mesh size, the fine mesh size is fixed
as h = 27° and the coarse mesh sizes H are chosen as 277 for j =1,...,4. Table 4.1
and Figure 4.2 show that the Newton-Schur method converges quadratically. We can
see that the convergence factor 7y decreases in O(H?) from Figure 4.3, which means

the logarithmic factor may be removed.

h €0 €1 €9 €3 €4 €5

2721 0.6000 | 0.0220 | 2.5235e-05 | 3.2885e-11 | 3.7896e-16 Vv

272 1 0.9031 | 0.1442 0.0030 1.2326e-06 | 2.1061e-13 Vv

2=110.9943 | 0.2411 0.0119 2.7295e-05 | 1.4354e-10 | 4.3693e-15

275 1 1.0183 | 0.2799 0.0183 7.4511e-05 | 1.2260e-09 | 2.2229e-14

(a) Various fine mesh sizes

H (&) €1 €9 €3 €4 €5
2-1 ] 1.0183 0.2799 0.0183 7.4511e-05 | 1.2260e-09 | 2.2229¢-14
2721 0.2614 0.0029 3.5313e-07 | 2.7726e-14 N v
27371 0.0605 | 2.7729e-05 | 5.8386e-12 | 2.2946e-14 Vv v
2741 0.0120 | 1.0350e-07 | 2.1750e-14 Vv Vv Vv

Table 4.1: Relative errors for approximated eigenvalues by Algorithm 1 for the 3D
Laplacian eigenvalue problem. The “,/” entry means that the algorithm converged.

(b) Various coarse mesh sizes
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Fig. 4.2: Convergence history of the 3D Laplacian eigenvalue problem. The green
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Fig. 4.3: Convergence factor for the 3D Laplacian eigenvalue problem.

4.2. The Laplacian eigenvalue problem on a 2D L-shaped domain. In
this subsection, the domain €2 is an L-shaped domain in 2D, which is shown in Fig-
ure 4.1b. Similar to the previous subsection, we also consider the relationship between
the convergence factor n and the fine mesh size h or the coarse mesh size H separately.
For the relationship with the fine mesh size, the coarse mesh size is fixed as H = 272
and fine mesh sizes h are chosen as 277 for j = 3,...,9. For the relationship with the
coarse mesh size, the fine mesh size is fixed as h = 278 and the coarse mesh sizes H are
chosen as 277 for j = 2,...,6. Table 4.2 and Figure 4.4 show that the Newton-Schur
method converges quadratically. We can see that the convergence factor 7y decreases
in O(H?) from Figure 4.5, which is similar to the 3D case, even though the domain
Q is no longer convex.

5. Conclusions. In this paper, we study the Newton-Schur method in Hilbert
space and obtain some sufficient conditions for quadratic convergence. Moreover, we
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h €0 €1 €9 €3
273 [ 0.0811 | 5.5397e-04 | 2.5657e-08 | 1.7824e-16
2=110.1061 0.0011 1.2506e-07 | 1.4172e-16
272 10.1139 0.0014 2.0185e-07 | 2.0201e-15
2-610.1164 0.0015 2.4069e-07 | 1.4172e-14
2771 0.1172 0.0015 2.5877e-07 | 6.8337e-14
278 10.1175 0.0015 2.6718e-07 | 2.8761e-13
279 10.1176 0.0016 2.7114e-07 | 1.1677e-12
(a) Various fine mesh sizes

H €0 €1 €2 €3
2721 0.1175 0.0015 2.6718e-07 | 2.8761e-13
273 1 0.0337 | 2.8695¢-05 | 2.0531e-11 | 2.9258¢-13
2=110.0103 | 6.5277e-07 | 2.9424e-13 Vv
275 1 0.0033 | 1.5976e-08 | 3.0769¢-13 Vv
276 10.0010 | 3.6742¢-10 | 2.9516e-13 vV

(b) Various coarse mesh sizes

Table 4.2: Relative errors for approximated eigenvalues by Algorithm 1 for the 2D
Laplacian eigenvalue problem on an L-shaped domain. The “y/” entry means that
the algorithm converged.

| o—H =27
——H =2
——H =2 o
H=2"° s

105 F T * “Yk+1 = y}% \

9
— 42
10187 T * Ykl = Yj

0 1 2 3 0 1 2 3

The number of iteration step The number of iteration step

(a) Various fine mesh sizes (b) Various coarse mesh sizes

Fig. 4.4: Convergence history of the 2D Laplacian eigenvalue problem on an L-shaped
domain. The black dashed lines are references lines with yo = 0.01.

analyze the Newton-Schur method for symmetric elliptic eigenvalue problems dis-
cretized by the standard finite element method and non-overlapping domain de-
composition method. Theoretical analysis shows that the rate of convergence is
en < CH?(1+ In(H/h))?€2, which is supported by our numerical results.
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