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PRIMAL-DUAL FIRST-ORDER METHODS FOR AFFINELY
CONSTRAINED MULTI-BLOCK SADDLE POINT PROBLEMS

JUNYU ZHANG*, MENGDI WANGT, MINGYI HONG¥, AND SHUZHONG ZHANGS

Abstract. We consider the convex-concave saddle point problem miny maxy ®(x,y), where the
decision variables x and/or y are subject to certain multi-block structure and affine coupling con-
straints, and ®(x,y) possesses certain separable structure. Although the minimization counterpart
of this problem has been widely studied under the topics of ADMM, this minimax problem is rarely
investigated. In this paper, a convenient notion of e-saddle point is proposed, under which the con-
vergence rate of several proposed algorithms are analyzed. When only one of x and y has multiple
blocks and affine constraint, several natural extensions of ADMM are proposed to solve the problem.
Depending on the number of blocks and the level of smoothness, O(1/T) or O(1/+/T) convergence
rates are derived for our algorithms. When both x and y have multiple blocks and affine constraints,
a new algorithm called Extra-Gradient Method of Multipliers (EGMM) is proposed. Under desirable
smoothness conditions, an O(1/T) rate of convergence can be guaranteed regardless of the number
of blocks in x and y. An in-depth comparison between EGMM (fully primal-dual method) and
ADMM (approximate dual method) is made over the multi-block optimization problems to illustrate
the advantage of the EGMM.

Key words. saddle point problem, multi-block problem, affine constraints, primal-dual method,
iteration complexity, first-order method
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1. Introduction. In this paper, we consider the multi-block convex-concave
minimax saddle point problems with affine coupling constraints:

N M
minmax (x,y) = > hi(z:) + U(x,y) = > ;(y)
i=1 j=1
(1.1) st. x=[z],,zx]", 2 €X;CR% =12 N,

y=W - uyl, yeY,cRY j=1,2--- M,
A1$1+"'+ANLUNZG,, Bly1+"'+BMyM:b.

In problem (1.1), h; and g; are simple convex functions that allow efficient proxi-
mal operator evaluation. The function W is a smooth convex-concave function that
couples the multiple blocks of x and y together. &; and ); are compact convex

sets for Vi,j. A; € R”Xd;,Bj € RdezJ,Vi,j are a group of matrices and a € R,
b € R™ are two vectors. The proposed problem lies in the conjunction of the affinely
constrained multi-block optimization problem and the convex-concave saddle point
problems, which are extensively studied in the alternating direction method of multi-
pliers (ADMM) and the monotone variational inequality (VI) literature respectively.
Many works on the saddle point problems do allow convex constraints on the vari-
ables. However, they usually assume an easy access to the projection operator to the
constraint sets, which is hard to evaluate when there are multiple blocks of variables
that are affinely constrained in addition to the convex set constraints. To our best
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knowledge, our paper is the first one to consider the saddle point problems with affine
constraints. Though rarely studied in the literature, this problem has many potential
applications. Several motivating examples ranging from multi-agent Reinforcement
Learning (RL) to game theory are listed below.

Team-collaborative RL. Consider the team-collaborative RL setting, where the
state space S is the nodes in a network and is partitioned into N clusters: S = UN | S;.
Each cluster S; has an agent to control its own policy, i.e., w(-|s) for Vs € S;. Let
A, P and v € (0,1) be the action space, transition probability, and discount factor
respectively. Let pf € RISl he the state-action occupancy measure under some
initial state distribution ¢ and policy 7, then the goal of the agents is to collaboratively
solve a general utility RL problem: 7* = argmax, >, ri(uf (Si, 1)) + p(pf ), where
7;(-) and p(-) are concave functions, see e.g. [40], and xf (S;, :) stands for the submatrix
of pg that includes the row index s € S;. To avoid the nonconvexity in terms of 7,
we reformulate it as a convex-concave minimax occupancy optimization problem:

N

(1.2) I:lea]l@r‘m‘gﬁr minimize 2. (1(Sis2) + (ps 2) = p*(2)

s.t. Z wu(s,a) =~ Z u(s',a" ) P(s|s',a") + £(s), Vs €S,

acA s’€S,a’e A

where the conjugate function p* of p is used to decouple the multiple u(S;,:) blocks
owned by each individual agent respectively.

Resource constrained game. The problem (1.1) can also be interpreted as several
game theory settings, including two-player multi-stage games and multi-player games.

(i) (Two-player multi-stage game). Consider two players playing a sequence of N —
1 games, with their strategies in the i-th stage denoted by z; € X; and y; € Y
respectively. The minimax objective function at stage i takes the form h;(z;) +
U, (x,y) — ¢i(y;). After taking the strategies x; and y;, the two players will incur a
resource cost of A;x; and B;y; respectively. The total resource of the two players are
limited by two vectors a and b respectively. Therefore, the problem can be written as

N-1

13 . (h )+, _.,)
09 i e 3 () + %:00) - 600
N-1 N-1

s.t. Z Az + 2N = a, Z By + yn = b,

i=1 i=1
where xy, yn are slack variables. Let B(z,r) denote a Euclidean ball centered at z
with radius 7. Then we can specify Xy := R NB(0,7x), Yy := RTNB(0,7y). Simple

choices of ry is 4 = ||a|| + Zfi}l A;|| - max,,ex, ||2;:]], which bounds the magnitude
of all feasible slack variable z. The radius ry can be constructed similarly.

(ii) (Multi-player game). Instead of two players playing an (N — 1)-stage game, we
can consider the cases where two groups of players play a single-stage game. There
are N — 1 and M — 1 players in the two groups respectively and the players in each
group play collaboratively against the players in the other group. The strategy of
these players are denoted by z; € &;,1 <i < N—-landy; € V;,1 <7< M-—-1.
Each player has its own interest represented by h;(z;) or g;(y;) as well as a coupled
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common interest U(x,y). The two groups have their shared resource budget of a
and b respectively. The resource cost of taking strategy x; or y; are A;z; or Bjy;
respectively, for Vi, j. Therefore, the problem can be formulated in a similar form

of (1.3), with 2y and yas being the slack variables, and ®(x,y) = vazzl hi(x;) +

U(x,y) — 00 g5(u)-

Related works. In this work, the main problem (1.1) is mostly related to the affinely
constrained multi-block optimization problem and the convex-concave minimax saddle
point problem, both of which have long history of research in convex optimization and
variational inequalities. The proposed methods are closely related to the extragradient
(EG) method and the Alternating Direction Method of Multipliers (ADMM).

Multi-block ADMM algorithms. As a special case of (1.1), the affinely con-
strained multi-block convex optimization problem

N
(1.4) wlggnlnéllzge]v ; hi(z;)) + U(x) st Ayzy+ Az + -+ Ayaen = a,
has vast applications in statistics, signal processing, and distributed computing, see
e.g. [28, 23, 12, 3]. Despite the popularity of ADMM, its convergence is very subtle.
When there are only two blocks of variables, i.e. N = 2, the convergence of ADMM to
optimal solution is well established, [16, 30, 14, 26, 17]. When N > 3, counterexamples
where ADMM diverges are constructed [8]. Additional assumptions or algorithm
modifications are needed to ensure the convergence. For example, with additional
error bound [17] or the partial strong convexity [9, 26, 25, 21, 4], convergence to
optimal solution can be guaranteed; by making strongly convex e-perturbations to
the objective function [27] or certain randomization over the update rule [15], the
convergence of multi-block ADMM can still be achieved without additional conditions.
Convex-concave minimax problems. Saddle point problems are beyond the scope
of the pure optimization. Such problems are crucial in many areas including game
theory [36, 34], reinforcement learning [13, 11], and image processing [6], to name a
few. As a special case of the monotone variational inequality problems (VIP), most al-
gorithms derived for monotone VIPs apply directly to the convex-concave saddle point
problems. In terms of first-order algorithms, representative classical works include the
extragradient (EG) method [20, 5], Mirror-Prox method [31, 19], and dual extrapo-
lation methods [33, 32], among others. For problems with bilinear coupling objective
function, optimal first-order algorithms have been derived in [6, 7, 10], which matched
the iteration complexity lower bounds provided by [35, 39]. For general nonlinear cou-
pling problems, near-optimal first-order algorithms [24, 37] are also discovered. More
recent algorithmic development in first-order methods include [1, 22, 29]. Recently,
people also start to consider the saddle point problems with multi-block structure. In
[38], the authors proposed a stochastic variance reduced block coordinate method for
finite-sum saddle point problem with bi-linear coupling. In [18], a randomized block
coordinate algorithm for saddle point problem with nonlinear coupling term is pro-
posed. To our best knowledge, the algorithmic development for affinely constrained
multi-block saddle point problems remains unexplored.

Contributions. We summarize the contributions of the paper as follows.
e We propose a concept of the e-saddle point for the affinely constrained mini-
max problem and a handy sufficient condition to guarantee a point to be an
e-saddle point.
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e We consider a simple case of problem (1.1) where only x has N = 2 blocks
coupled through an affine constraint, while y is subject to no multi-block
structure and affine constraint. Under different smoothness assumptions,
we design two algorithms called SSG-ADMM and SEG-ADMM that achieve
O(1/V/T) and O(1/T) convergence rates respectively. The analysis frame-
work for SSG-ADMM and SEG-ADMM is very versatile. We show that it
can easily incorporate classical multi-block (N > 3) ADMM analysis, given
additional conditions or proper algorithm modification.

e We consider the general case of (1.1), where both x and y have multiple
blocks coupled through affine constraints. An EGMM algorithm is proposed
to solve the general problem (1.1) with an O(1/T) convergence rate. Unlike
the ADMM-type algorithms SSG-ADMM and SEG-ADMM, EGMM is fully
primal-dual and it abandons the augmented Lagrangian terms. EGMM not
only keeps the benefit of SEG-ADMM and SEG-ADMM in solving small
separable subproblems, but also guarantees the convergence regardless of the
number of blocks.

e Under the special case of multi-block minimization problem, we make an ex-
tensive comparison between EGMM (primal-dual method) and ADMM (ap-
proximate dual ascent) to illustrate the benefits of the primal-dual methods.

Organization. In Section 2, we introduce the definition of an e-saddle point as well
as a convenient sufficient condition. In Section 3, we propose the SSG-ADMM and
SEG-ADMM algorithms and derive their convergence rate for solving a special case of
problem (1.1). In Section 4, we propose and analyze the EGMM algorithm in solving
the general case problem (1.1). In Section 5, we make extensive comparison between
EGMM and ADMM to illustrate the advantage of the primal-dual methods. Part of
the discussion and proof has been moved to the Appendix.

Notations. For the ease of notation, we will often write x = [z],---,2}]", and
Xij = [z], ,ar;jT]T for i < j. Similarly, we write y = [y{, -+ ,y1]", and y;.; =
[y, ,ij |7 for i < j. We denote the dimension of a as n and the dimension

of b as m, i.e. a € R™ and b € R™. We also define X = X} x --- x Xy and
A(x) := Axz1 + Agxo + - - - + Ay . Similarly, we also define Y = Yy x -+ x Vs and
B(y) := Biy1 + Bay2 + - - + Byyar. In some situations, it will be more convenient
to write A = [A1,---,AN], B = [B1,---,Bn] and A(x) = Ax, B(y) = By. We
often switch between the two notations. We also write h(x) = Zfil h;(x;) and
9(y) = Z;\il 9j(y;). Therefore, we can also write (1.1) in a more compact form:

(1.5) min max (x,y) = h(x) + ¥(x,y) — g(y)

st. Ax=a,By =b.

For the compact convex sets &;,¢ =1,--- ,N and V;,j = 1,--- , M, we denote their
diameters as Dy, = max{|z; — z}|| : =, 7] € Xj} < 400, Dy, = max{|ly; — v :

Y;,Y; € Vj} < +oo. We also denote Dy = \/m and Dy = \/m

2. The e-saddle point condition. As the first step of solving problem (1.1),
let us study the definition of an e-saddle point. For convex-concave minimax saddle
point problems, the classical concept of an e-saddle point is often defined as a feasible
solution where the duality gap is bounded by e. That is, a point (X,y) such that
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Ax =a,By =b,x€ X,y € Y and

A(x,y) = max d(x, y)—argl d(x,y) <e.
Byyzb Ax=a

By weak-duality theorem, A(x,y) > 0 always holds as long as (X,y) is feasible.
Such definition of e-saddle point is more suitable for measuring the convergence for
algorithms that keep the iterates feasible throughout the iterations. However, for
problem (1.1), keeping the feasibility of the affine coupling constraints throughout the
iterations can be prohibitively expensive. A(X,¥) may even be negative when X and y
are infeasible, which makes the common definition of an e-saddle point meaningless.
Therefore, we adopt the following definition of an e-saddle point that allows an e
constraint violation.

DEFINITION 2.1 (e-saddle point). We say (X,¥) € X x Y is an e-saddle point of
the multi-block affinely constrained minimazx problem (1.1), if

max ®(X,y)—min ®(x,y) € [—¢, €] and |AX —al| <€, |By —b| <e.
By;ib fi;f;va

It is worth noting that Definition 2.1 reduces to the commonly used e-optimal solution
in the convex ADMM literature when problem (1.1) takes the special form of (1.4).
For any x € X and y € }, let us define the functions py(-) and ¢x(-) as

(2.1) py(v) ;== min ®(x,y) and gx(u) ;== max P(x,y).
A;—Etfzv B;Ez;:u

Then py (v) is a convex function in v, and ¢x(u) is a concave function in u, see [2]. To
facilitate the convergence analysis, we require Slater’s condition to hold.

ASSUMPTION 2.2 (Slater’s condition). There exists (X,¥) € int(X) x int(}) s.t.
Ax = a, By = b, where int(-) denotes the interior of a set.

As a result of Slater’s condition, we have the following lemma.

LEMMA 2.3. Let Opy(-) denote the subgradient of the convex function py(-) and
let Ogx(+) denote the supergradient of the concave function qx(-). Suppose ®(-,y) is
conver and lower semi-continuous in X for Yy € Y, ®(x,-) is concave and upper
semi-continuous in Y for Vx € X, and ®(-,-) is bounded over X x Y. If Assumption
2.2 holds true, then there exists a positive constant p* > 0 s.t.

su inf wi| < p* and su inf woll < o
yeg)) wleapy(O)H 1“ > p xeg wzeaqX(O)H 2“ > p

The proof of this lemma is placed in Appendix A. Next, we introduce a handy
sufficient condition for claiming a point (X,y) to be an e-saddle point.

LEMMA 2.4. Let p* be defined by Lemma 2.3. Then any (X,y) € X x Y satisfying

(2.2) max B(x,y) - min B(x,y) + pl| A% — af| + p By ~ b < e
ye x€E
By=b Ax=a

for some p > p* will be an O(€)-saddle point of (1.1).
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Proof. First, by adding and subtracting the term ®(x,¥),

max ¢(X,y)—min ¢(x,y)

yey xeX
By=b Ax=a
- (max oR,y) @(x,y>) n (<1><x, %) — min @(x,y>)
By;ib X;;Ya

Consider the term ®(X,y) — minkex, ax=q P(x,y). Because AXx = a does not neces-
sarily hold, the point X may not be feasible. Therefore, we cannot simply argue that
this term is non-negative. Let py(-) be defined by (2.1) with y = y. Then, by Lemma
2.3, there exists wy € Ipy(0) s.t. ||wi| < p*. Take v = AX — a, we have

®(x,y) — min ¢(x,y) > min P(x,y) — min P(x,y)

xEX xEX xEX
Ax=a Ax—a=7 Ax—a=0
(2.3) = py(v) — py(0)
> (w1, - 0)

> —[len]] - [Ax — all.
Similarly, there exists we € 0gz(0) satisfying |lwa|| < p* such that

(2.4) max $(%,y) ~ ®(%,5) > s |- By ~ 0]
By=b

Combining (2.2), (2.3) and (2.4), we get

€ > (p = [len DI AX = all + (p = [lw2]))[[ By — b]]

yey

+ (mix @0 y) - min B0, 2) + o] A% al + a1 B3 3] ).
By=b Ax=b

>0

Because p > p* and max {||w |, [|wz||} < p*, we have p — |lw1]| > 0 and p — ||wz]| > 0,
which further implies that (X,¥) is an O(e)-saddle point described by Definition 2.1.0

3. One-sided affinely constrained problems. Before solving the general
form problem (1.1), we consider a slightly simpler setting:

N
3.1 i P = > hi(z, (x, b Ax=a,
(1) minmax ®(x,y) ; (@oy) +¥(x,y) s X =a

where only x is subject to the multi-block structure and the affine coupling constraint.
In contrast to the main problem (1.1), we also make (3.1) a bit more general by
allowing h;(z;,y) to depend on y.

For problems with this structure, we develop the SSG-ADMM and SEG-ADMM
algorithms which naturally extend the well-studied ADMM algorithm to the minimax
setting. We will show that the analysis of the proposed methods is very versatile
and can easily incorporate the existing results of ADMM research. On the other
hand, these methods also suffer from the fundamental restrictions of all ADMM-type
algorithms. That is, the methods in general diverge when N > 3. Moreover, such
ADMM-type algorithm is extremely hard to analyze for the general problem (1.1)
which will be solved with a new approach later.
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In this section, we will only discuss the SSG-ADMM and SEG-ADMM algorithms
for solving problem (3.1) with N = 2, while leaving the discussion for N > 3 to the
Appendix. The following assumptions are made for the objective function under
different scenarios.

ASSUMPTION 3.1. For Vx € X, ®(x,-) is concave and upper semi-continuous in
Y. For¥yeY, hi(-,y) is convex and lower semi-continuous in X;, fori=1,..,N.
The overall function ®(-,-) takes bounded value over X x Y. ForVy €)Y, U(-y) is
smooth and convez in X, and VxW(-,y) is Lx-Lipschitz continuous:

[Vx¥(x,y) — V¥ (X, y)|| < Lillx —X||, Vx,x' € X,Vy € ).

If ®(x,-) is nonsmooth, the following assumption is made.

ASSUMPTION 3.2. The supergradient of ®(x,-) w.r.t. y is upper bounded by some
constant 0 < ¢ < +oo. Namely, sup {||ul| : u € 0,®(x,y),x € X,y € Y} < L.

If ®(x, ) is smooth, we make the following assumption.

ASSUMPTION 3.3. The partial gradient Vy®(-,-) is Ly-Lipschitz continuous:

IVy@(x,y) = Vy@(x', ¥ )| < Ly VIx = x'[2 + [y —y'[%, vx,x' € X, Vy,y' €.

Define the linearized augmented Lagrangian function as
(3.2) L,(x,\ %, ¥) :Zh 20, ¥) + (VR (%, §),x >~<>7<>\,Axfa>+g||Axfa||2.
Based on this notation, we introduce the Prox-ADMM module described by Algorithm

1, which is a common ingredient of both SSG-ADMM and SEG-ADMM.
Algorithm 1: Proximal ADMM step (x*, A\*)=Prox-ADMM(x,\; y;v,{H}Y,)

input: xe X, y e Y, A € R”, v > 0, and matrices H; >~ 0,i=1,2,...,N.
Update the decision variable x*:

xi‘r = argminwlez\.’l ‘C’y (’I,Ul, X2:N )\1 X, y) + %”wl - xl”%{l

x;’_ = argminwleXg ‘C’Y (xi‘r7w27x311\77 A;Xv y) + %HwQ - x2H%—IQ
o = argmin,, c v, £y (X1, wi, Xip1n, A X,y) + Sllwi — a3,

xf\, = argmin,, ¢y, £~ (Xf:N,l,wN,)\;X,Y) + %”wN - mNH%{N

Update the Lagrangian multipliers: AT = A\ — v (Ax™ — a)
output: (xT,AT).

We assume the subproblems in Algorithm 1 can be solved efficiently. In particular, if
we set the positive definite matrices as H; = oI — yA, A;, the subproblem becomes

w;— {xi—%<Vxl\P(x y)— AT/\—|—7(ZA T +ZA xj—a>>} HQ,

j>i

o
in h(ws,y)+=
i, hi(wi )43

which can be viewed as linearizing the augmented quadratic penalty term. Next, we
characterize the iteration of the Prox—ADMM module by Lemma 3.4.
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LEMMA 3.4. For problem (3.1), suppose Assumption 3.1 holds and N = 2. Let
(xFHL ALY = Prox-ADMM(x® \F; 35+, {H;}Y.) for some y € V. Define the block
diagonal matriz H :=Diag(H1, ..., Hy). Then, for VA and Vx€ X s.t. Ax=a, we have

. - 1 2 2
O 9)- 006, 3) — (A A =) < o (A=A A=A )

< 2 (v + Avak —all* — || vy + Asas* —a?)

1 1
(33) 5 (= I =l — %13 — Sl -

The analysis of this lemma mainly combines the techniques from [26] and [15]. The
proof is presented in Appendix C.

3.1. The SSG-ADMM for nonsmooth problem. In this section, we con-
sider the setting where Assumptions 3.1 and 3.2 hold. Namely, ®(x,-) can be a
nonsmooth function of y. Under these conditions, we propose the following Saddle-
point SuperGradient Alternating Direction Method of Multipliers (SSG-ADMM), see
Algorithm 2, which is able to obtain an O(1/+/T) rate of convergence.

k+1H
H—LxI"*

Algorithm 2: The SSG-ADMM Algorithm

input: x° ¢ X,y% €Y, A\’ =0 € R", v > 0. Matrices G = 0 and H; > 0.
for k=0,...,T do
Apply the Prox-ADMM submodule:

(xF T AR = prox-ADMM(x®, A y* 4, {HVY).

Compute u® € 9y ®(x**1, y*) and apply supergradient ascent step:

o1 _ 2
y**! = argmin 3 Hy —-y*+aG 1uk]HG.
yey
end
output: xfTZk 1x :TZkOy

In the SSG-ADMM algorithm, we apply one Prox—-ADMM step to update x and one
supergradient step to update y. While x update is directly characterized by Lemma
3.4, we analyze y update in the following lemma, see proof in Appendix D.

LEMMA 3.5. Let y* and y**1 be generated by Algorithm 2. ForVy € Y, we have

1 1
(34) T y) — (L yE) < S (Ily —¥HIE — Iy =y E) + et
As a result, we have the following convergence rate result.

THEOREM 3.6 (Convergence of SSG-ADMM). Consider problem (3.1) with N =
2. Suppose Assumptions 3.1 and 3.2 hold and (X,y) is returned by Algorithm 2 after

T iterations. If we choose H; = Ly - I,¥i and G = \g—TyZ -1, it holds for Vp > 0 that

2 2 272

p° /vy + 1H|| D5 + (| A2||°D%, €Dy

-+ < CH .

I)I’lgi](@(x y) xej’.’ng)lc GCI)(X y) p”AX || - 2T \/T

In particular, if we set H; = Ly - I for Vi and G = ‘Df—Tf - I, by Lemma 2.4, it takes
T = O(e™2) iterations to reach an e-saddle point.
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Proof. First, let us sum up (3.3) (with y = y* and {H;}}¥,) and (3.4):

(I)( k+1ay) - (I)(X7yk) - <)\7Axk+1 - Cl>

1

%(H/\ [ )\k“Hz)+%(HAllerAQ:c’gfaHzf||A111+A2x’§+1—aH2)

1 1
(le xXMH = Ix = x"E) + (Ilyfy’“l\'é*Inyy’““HéHgHukHQG_l-

Averaging the above inequality for £k = 0,...,7 — 1, then Jensen’s inequality implies

@()‘( y) —P(x,¥) — (N, Ax — a)

il Z ( XL y) = B(x, yF) — (A, AxFH - a>)

| N

< IIA—AOII2 L ol Avzs + Asay = alf? + x = X0 + ly = ¥OllE Yo ¥ 1%

% -T o7 2T
< A=A 4 vz + Apzf — a? N |H||D3 + [|G|1D3, Z o llu¥]?
=Ty T 2T 2T 2||G||

By setting
AX —a _ . I
A=—p - ———, y=argmax ?(X,y’), and x= argmin P(x',y)
[Ax — a y'ey x'€X,Ax'=a

and applying the fact that \° = 0, [[A=\°|2 = p?, [[u*||? < ¢? and || Ayz1+A229-b||? =
Az (2§ — x2)||* < ||A2||?* - D%, proves the theorem. |

3.2. The SEG-ADMM for smooth problem. Due to the nonsmoothness of
P(x, ), our SSG-ADMM algorithm applies a supergradient ascent step to update y,
resulting in an O(1/v/T) convergence rate. In this section, we show that an improved
O(1/T) convergence can be obtained by replacing the supergradient step with an
extragradient step, given better smoothness condition. Based on this feature, we
call the new algorithm Saddle-point ExtraGradient Alternating Direction Method of
Multipliers (SEG-ADMM), as is decribed by Algorithm 3.

Algorithm 3: The SEG-ADMM Algorithm

input: x° ¢ X,y° €Y, \> =0 € R”, v > 0, and matrices G = 0 and H; > 0.

for k=0,...,T do
Apply the gradient ascent step:

1
y**! = argmin 3 ||y ~ [y +G Vo (x”
Yy

ye

2
YNl
Apply the Prox-ADMM submodule:

(xF T AR+ = prox-ADMM(x", AF; gF Ly {H DY),

Apply the extra-gradient ascent step:

1 - g )
yiHl = argn;ln = |y — [y + ! .vy@(xk+1,yk+1)]f|0.
ye

end
cx=A5T xk o g=LST gk
output: T=7, X" y=%> .Y
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Similar to the analysis of SSG-ADMM, the x update of SEG-ADMM is fully
characterized by Lemma 3.4 by setting y = y**1. We only need to analyze the y
update in the following lemma. See the proof in Appendix E.

LEMMA 3.7. Suppose Assumption 3.3 holds. Let y*, yF+1

by Algorithm 3. Then for Yy € Y, it holds that

and y**1 be generated

. 1 L
DO y) = B P < 2 (ly = yFIE — lly - yHUR) St P

1, . .
(3.5) *5(”)’“1 - ka2G—LyI + Hka - Yk+1||2G—Ly1)-

It is worth noting that the error term —&—%ka — x**1|2 in (3.5) will be canceled by
the descent term —3||x* —x*™|[3;_, | in (3.3). This is the reason why choosing the
proximal version of ADMM (Prox-ADMM) for x update is essential. With the Lemma
3.4 and Lemma 3.7, we can prove the following theorem.

THEOREM 3.8 (Convergence of SEG-ADMM). Consider the problem 3.1 with
N = 2. Suppose Assumptions 3.1 and 3.3 hold. Suppose the output (X,y) is returned
by Algorithm 8 after T iterations. As long as we choose H; = (Lx + Ly) - I,i =
1,--- N, and G = Ly - I, it holds for ¥Yp > 0 that
p* /v + 9 A2|* D3, + || H|ID3 + IG|ID3,
2T '

max (X, y)—min ®(x,y)+p||Ax —al <
vey A5

By Lemma 2.4, it takes T = O(e~ ') iterations to reach an e-saddle point.
The proof of this theorem is similar to that of Theorem 3.6, thus we omit it here.

3.3. Discussion. Given the analysis of the SSG-ADMM and SEG-ADMM al-
gorithms, we can see that the traditional ADMM algorithm can be easily extended to
the multi-block affinely constrained minimax problems of the form (3.1), by applying
a proximal ADMM update on the affinely constrained variable x, while making a
simple supergradient update for y or an extragradient update for y that sandwiches
the x update. Therefore, we would like to make a brief discussion on the pros and
cons of this approach.

Versatility of analysis. Throughout Section 3, and the analysis of the SEG-ADMM
with N > 3 in Appendix B, it can be observed that the analysis of x blocks’ Prox-ADMM
step and the analysis of y block’s supergradient/extragradient step are almost inde-
pendent. This implies that many existing results of ADMM under different conditions
can be incorporated into the analysis of the x update in SSG-ADMM and SEG-
ADMM, making the algorithm framework versatile for many potential extensions.

Restriction in N. Like classical ADMM in convex optimization, the SSG-ADMM
and SEG-ADMM can easily diverge when N > 3, unless additional assumptions or
algorithm adaptation is available. For example, an O(1/T") convergence can be derived
for SEG-ADMM if we adopt the partial strong convexity condition for problem (3.1).
When such condition does not hold, we can adopt the perturbation strategy to obtain
a worse O(1/+/T) convergence rate. We place these results in Appendix B.

Inability against general problem (1.1). In contrast to the versatility of SSG-
ADMM and SEG-ADMM in terms of the simpler problem (3.1), the asymmetry of
ADMM updates makes it very hard to be analyzed when we extend it to the general
problem (1.1), where both x and y have affinely constrained multi-block structure.
This is also the reason why we propose the EGMM algorithm in the next section.
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4. The extra-gradient method of multipliers (EGMM). As discussed in
the last section, it is hard for the ADMM-type methods to handle the general problem
(1.1). To resolve this difficulty, we introduce the Extra-Gradient Method of Multipliers
(EGMM), which takes a strategy that represents a significant departure from the
ADMM-type methods in section 3. Note that problem (1.1) can be compactly written
as (1.5), which is rewritten below for readers’ convenience:

i o =h v — 4. Ax=a,By =b.
iy max (x.y) 1= hx) + V(x.y) ~gly) st Ax=a.By

For this problem, we make the following assumptions.

ASSUMPTION 4.1. h;(+) and g;(-) are convex and lower semi-continuous functions,
fori=1,...Nandj=1,...,M.

ASSUMPTION 4.2. We assume U(-,y) is convex in X for Vy € Y and ¥(x,-) is
concave in Y for Vx € X. The gradient of V is L-Lipschitz continuous, i.e.,

IVU(x,y) - VI, ) < LVx = x 2+ [y -y vx.x' € X, vy,y' €,

where VU(x,y) = (Vx¥(x,y), V¥ (x,y)) is the full gradient of the coupling term.
The overall objective function ®(-,-) is bounded over X x ).

To derive the EGMM algorithm, let us first rewrite (1.5) as a new minimax problem:

(4.1)  min max L{xy;Au)=h(x)+¥(xy)—g(y)—{Ax—a,A)+(By —bu).
xEX ye)y

Then our EGMM algorithm attempts to solve the original problem (1.5) by working

on problem (4.1). However, we should also notice that, as long as (X, y; A, i) does not
satisfy AX = a and By = b simultaneously, the duality gap of (4.1) is infinity, i.e.,

max L(X,y;[i,\) — min L(X,¥;0,A) = +oc.

AERM HER™

yey xeX
Therefore, one should not simply apply the existing analysis of convex-concave saddle
point problems and try to prove the convergence in terms of the duality gap. Instead,
we should carefully utilize the special structure of the original problem, and try to
analyze the convergence to an e-saddle point in the sense of Definition 2.1. If we

denote z = [XT,yT,)\T,,uT]T EZ:=XxYXxR"XR™, R(z):=h(x)+ g(y),

Vi¥(x,y) — ATA oxla,
~Vy¥(x,y) - BTu _
Ax —a ’ and - H = UAIn

By —-b U,u,Im

F(z) = oyla

where dx = Y, d%, dy = Zj d%, I is a d x d identity matrix, and ox, oy, 05,0, > 0
are some positive constants. We can simply write the EGMM algorithm as

. ) _ 2
(42) {zk“ = argmin, 5 % ||z —[F—HL. F(zk)]HH + R(z),

4~ argmin, 3|2 — 5 — B PR + R(:).

Without the augmented Lagrangian terms that couple the multiple blocks of x and y
together, i.e. || Y, A;z; — al/? and || > Bjyi — b||?, the above subproblem is a group
of separable small subproblems. Assuming the solvability of these subproblems, we
describe the EGMM method as Algorithm 4.
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LEMMA 4.3. Let 2%, 2**1 and 2*t1 be generated by Algorithm 4. Then

(4.3)  R(ZM') - R(z) + (F(RHh), 26— 2)
1 k

§||Z

—_

1
G - = A e = I =

< 5ll* =2l - *Hz -

[\V]

forVze Z, where G = Diag { L+£|AH I, L+gB|‘ Iy, ”%”In, ”Lg”Im} is a diagonal matriz.

Proof. Consider the compact form of Algorithm 4 summarized in (4.2). The
KKT condition of the two subproblems implies that 355+ € OR(2F+1) and v**+! €
OR(2F*1) s.t.

(4.4) (H(FFH =25 + F(P) + o1t 2 = 2FH1) >0, Ve 2

(4.5) (H(M =29+ FEMY) oM 2 =M >0, veeZ

Set z = zF*t1 in (4.4) yields

<F( )+ ,Uk+1 sk+1 _ k+1> < <H(2k+1 _ Zk),2k+1 _ 2k+1>

Lok K Lok sk Lok k
= §||Z EH - §HZ — 2 - §||Z AR 7

Similarly, (4.5) can be equivalently written as

1
St =2 - HZ — M

1
() 4o 24 zy < Lk ]

Summing up the above two inequalities yields:

(@) Sk — 2l = Le - o - Lk - g - L o
> (F(3MHY) ok 2R ) (F(F) 4 oh L g+ ko)

¢ (F(EF), M = 2) 4+ (F(25), 8 = 21 + R(2M) — R(2)
_ R(ék_H) _ R(Z) + <F(2k+l)’2k+l _ Z> + <F(£’k+l) _ F(Zk),zk_H _ 2k+1>

(i) 1 1
S R(FH) = R(2) 4+ (P, 2500 — ) — ]l - shH 2 2k sk

where (i) is due to the convexity of R:

<,Uk+17zk+1 _ z> + <,ﬁk+1’2k+1 _ Zk+1> >
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and (ii) is due to the Lipschitz continuity of V¥ and Cauchy inequality:

<F(2k+1) — F(2%), 2 - 2k+1>
_ <VX\II(§<’“H FEH) — VL0 (xF, y k) — AT(j\kH kY, L 7§<k+1>
_|_<Vy\1,(xk’ B) - V0 (xR yk+1) BT (gt — ik, ket _yk+1>
_|_<A(Ak+1 — xRy, AR )\k+1> 4 <B(yk+1 — k), i - ﬂk+1>

L+ A Al s .
||V U(xF L gh ) v, w (xR yR) |12 - 72H | [|&F L — xR 2 — 141 5 ” AR — \F2
. L+|B|, . Bl,.
”v \I’( k+17yk+1) Vy\II(Xk,yk)Hz 2H ” HykJrl yk+1||2 ” 5 ” ” k+1 k||2
Al s B A B
||2||H)\k+1 /\k+1H2 H ”HAkJrl k+1||2 ”2” ||Ak+1 kH2 H ”HAkJrl k||2

1 . 1 .

> — ol - SR - )l R,

Hence we complete the proof. 0
Until this point, the analysis of Lemma 4.3 follows that of the extragradient (EG)
method, except for additional effort to deal with the positive definite scaling matrix
H and proxiaml-gradient step of (4.2) instead of the simple gradient step of EG. In the
next step, our analysis diverges from the existing methods by skipping the convergence
analysis of the duality gap as well as that of the multiplier sequence {/\ T T 2,.

Instead, we utilize the structure of the original problem (1.1) and only focus on the
convergence of {f{k, Vi k=12,.. We present the result in the next theorem.

THEOREM 4.4 (Convergence of EGMM). For problem (1.1) with general block
numbers N, M > 1, suppose Assumption 4.1 and 4.2 hold. Let (X,y) be generated by
A : ; ; ; _ L+]A] _ L+|B]| _ LAl — 1Bl

lgorithm 4 after T iterations, with ox 550y o = 50, =
Then it holds for any p > 0 that
max &(X,y) — min &(x,y)+p|Ax —al| + pl|By — |
Byy:b Ax=a
_LtlAl

L+|B| 2 IAI+[Bl -
—_ 7" . D Ll e Y a0
< AT + p

2
Dx+ = y oT

Therefore, it takes T = O(e~ 1) iterations to reach an e-saddle point.
Proof. Consider the LHS of (4.3). By utilizing the detailed form of F(z), we have

(4.13) R(ZFt1) — R(z) + (F(£FH1), 2M1 — 2)

— R(2k+1) _ R( ) <v \I’( k+1 ykJrl) ATXIC+17}A(IC+1 _ X>
+<A}A<k+1 o )\k+1 o )\> + <Byk+1 o b Iak+1 o ,U>
TR - BT )
—(

V=

(I)( k+1 ) (I)(X ykJrl) <AT5\I€+1’§<I€+1 _ X> + <A§(k+1 —a, AL >\>
B i k+1 FEHL _y) o (BYRHL b, gk — )

where (i) is because of the definition of R and the convex-concave nature of U:

R(zM) = R(2) = (h(x*) = g(y)) — (h(x) — g(3**))



14 J. ZHANG, M. WANG, M. HONG AND S. ZHANG

Algorithm 4: The EGMM algorithm

input: xX°c X, y° e Y, \’ =0 € R", u® = 0 € R™, matrix H.
for k=0,...T—1do

Update the variable blocks by one proximal gradient step:
fori=1,2,...N,j=1,2,...M do

F,. = (Vi U(xF yk) — AT)\F
Denote { : (Vo W(x",57) d

for Vi, j. Then compute
F,, = Vyj\Il(xk,yk) - B/ i

& _ 2
(4.7) ikt = argmln ||;vz [aF — ot F||” + ha(es)
T, €EX;
2
(4.8) gt = argmmf v — [t + 03" F| " + 95 (y;)
Y;€Y;

end

Update the multipliers by one gradient

(4 9) 5\k+1 —\k_ —1 (val A; xk _ (1)
' AR =k = ot (0L Byl —b)

Update the variable blocks by one proximal gradient step:
fori=1,2,...N,j=1,2,...M do

Denote{ =V, U(% k+1 yk+1) A;I'j\k+1

i ) for Vi, j. Then compute
= v \I’( k+1 yk+1) B]T'ulﬁ—l

(4.10) xf+1—argm1n = ||z — | [2F -0t F,)] 2 i(x4)
T, €X; 2
. O ~1 & 42
(4.11) y;-chl:argn)l}]n?y yi—lus +oy, - Ey | +95(y5)
Y;i€Y;

end

Update the multipliers by one gradient step:

AR — \F —1 (ZfV1A 56k+1 a)
(412) {/.Lk+1 — ,U/k _ (Z] 1B Ak?-‘rl b)

end

_ T _ T
output x =4, %Fandy=~+>, ,y"

<v \I’( k+1 ykJrl) Sk+1 >> \I’( k+1 ykJrl) \I/(X yk+1)

(= Ty W(EHH FEH) gt y) > gk y) - B(EEL gt
If we further require (x,y) € X x Y to satisfy Ax = a and By = b, then we have
(= AT FHL ) 4 (AP — g, A )

= (= AL AR — Ax) 4 (AKFTY — a, AFFL Q)
= — (A" —a,))
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and

(- BT+ Ak+1_y>+< By*t —p ﬂk+1—ﬂ>
:< Ak-'rl Byk‘-‘rl By>+<Byk‘+1 b ~k+1 //['>
< ~k+1 b ,u>

Combined with (4.13) and Lemma 4.3, we have

@()A(k-Fl’y) ‘I)(X yk-‘rl) <A§Ck+1 —a, A> _ <Byk+l _ b,/.l/>
(

(4.14) < R(2FTY) — R(2) + (F(2FHY), 24 — %)
1 1
< gl = 2l — s =
where the —|| - ||%,_ terms in Lemma 4.3 vanish since H = G. Next, similar to the

analysis of Theorem 3.6, we can average (4.14) and use Jensen’s inequality to yield:
Iz — 2%

@(X,y)—@(X,y)—<A§<—a,/\>—<B}7—b,,u>S 5T

Since the above inequality holds for V(x,y) € X x Y with Ax = a, By = b, we can
set A= —p- HAx_ZH and p=—p- ﬁ also notice that u® = 0, )\0 = 0, we have

max &(x,y) — min (x,¥) + pl|Ax — af| + pl| By — b
By;ib Axyfja

LAl o LBl o  IAI+IBI
< 2T p2 2T 20 p2 o DT NPT
=TT Yt Y+ 57 o

which proves the theorem. 0

It can be noticed that although the duality gap w.r.t. problem (4.1) is always infinity,
the special structure of the original problem (1.1) allows us to circumvent this issue
and establish a convergence to the e-saddle point in sense of Definition 2.1, which is
different from the traditional duality measure.

4.1. Extension to conic inequality constrained problem. The EGMM al-
gorithm can also easily adapt to the conic inequality constrained problems:

(4.15) miﬁ s O(x,y) :==h(x)+¥(x,y) —g(y) st. Ax =g, a, By <k, b,
XeX y€

where K1, K5 are two closed convex cones. The notation a <x b means that b—a € K.
Therefore, we can add two slack variables zy 41 and yar4+1 and reformulate (4.15) as

ceAninimize | maximige | ®(xy):=h(x)+¥(xy) = g(y)
s.t. Ax+xnN41 =a, By +yps1 =0,
Xni1 i ={weR" :we Ky, |w| <|al +||A|Dx}
V1 :={w € R™ 1w € Ky, [Jw| < [|b]| + || B|| Dy}

which is a special case of (1.1). Note that EGMM works regardless of the number of
blocks, we can again apply this algorithm to yield an O(1/T') convergence rate.
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5. Primal-dual vs. approximate dual: a comparison between EGMM
and ADMM. Throughout the previous discussion, it is observed that the EGMM,
SSG-ADMM and SEG-ADMM algorithms share the same advantage of subproblem
separability, while EGMM has much better theoretical guarantees w.r.t. the general
problem (1.1) under various scenarios. In this section, we would like to discuss the
insights of such advantage by inspecting EGMM and ADMM under the classical
affinely constrained multi-block convex optimization problem (1.4).

5.1. EGMM & ADMM for minimization. Consider the special case of our
main problem (1.1) where ®(x, -) is a constant for Vx. Then (1.1) becomes the exten-
sively studied multi-block convex optimization problem with affine constraint (1.4),
which can be written as

min ®(x):=h(x)+ ¥(x) s.t. Ax =a.

xeX
The optimal solution of this problem is denoted as x*. To formalize the discussion,
we specialize the previous assumptions as follows.

ASSUMPTION 5.1. Fori=1,...,N, h(:) is convez in X; and its proximal mapping
can be efficiently evaluated. () is a smooth and convex in X, and Vx¥(-) is Lx-
Lipschitz continuous, i.e., ||Vx¥(x) — VxU(x)|| < Lg||x — X'||, Vz,2’ € X.

Multi-block ADMM algorithm. For problem (1.4), both SSG-ADMM and SEG-
ADMM reduce to the proximal ADMM algorithm:

(5.1) (xF T AR = Prox-ADMM(x®, \¥; y = null; v, o).

For (5.1), both the existing ADMM literature and Theorem 3.6, 3.8 indicate the
following result: Under Assumption 5.1 and N = 2. Set v > 0, 0 = Ly. Then after T’
iterations of (5.1), we have for x = & ZZ=1 x* and Vp > 0 that

2 —|—LXD2+ A 2D2
B(x)  0(x) + pllax —af < 0 (AL PL ),

2T
When N > 3, (5.1) diverges unless additional conditions or proper algorithm adap-

tation is made. E.g., making a strongly convex e-perturbation to problem (1.4), see
(B.1), yields an O(1/v/T) convergence rate.

EGMM algorithm. For the optimization problem (1.4), if we denote

z " Vil(x,y)—ATA LAl g
Z|:)\:|EX><R, F(z)[ E‘lxy—)a }, and H[ 2 dx @In'

and R(z) := h(x), then EGMM still takes the form of (4.2). As a corollary of Theorem
2 2
4.4, it takes T' = (’)( (K +(L"+”A“)DX) iterations for EGMM to get an O(€)-optimal

€

solution.

5.2. Primal-dual method vs. approximate dual method. To explain the
restriction of the ADMM compared to EGMM, let us investigate the hidden logic
behind these algorithms.

ADMM as an approximate dual method. The traditional interpretation of
ADMM type algorithms is to view them as an approximate gradient ascent of the
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dual function:

P,(\) = I%IE Ly(x;A) :==h(x) + ¥(x) — (Ax —a, \) + %HAX —al?.

If we define x*(\) := argmin, ey £(x; ), then Danskin’s theorem indicates that
VAP, (N) = —(AX"(\) — a),

which is known to be (1/+)-Lipschitz continuous in A. Consider the special case
where ¥(x) = 0, the ADMM update in (5.1) with o = 0 can be viewed as computing
x"t1 ~ x*(\*) by one iteration of block coordinate minimization in L. (x; \), and then
update N+ = \F — v (AxFH —a) & AF + 4V P, (AF). When N = 1, xF1 = x*(\F)
holds exactly. When N > 3, the approximation x**! ~ x*(\¥) is very inaccurate and
may cause divergence in hard instances. Therefore, instead of a primal-dual method,
it is more appropriate to view ADMM as an approximate dual method.

EGMM as a primal-dual method. In contrast to ADMM, EGMM proposed in
this paper mainly focuses on the minimax formulation of problem (1.4):

i max h(x) + ¥(x) — (Ax — a, \).

Note that EGMM can actually be viewed as a proximal gradient variant of the extra-
gradient (EG) method, while adopting a positive definite gradient scaling, as well as a
different convergence analysis. Therefore, EGMM experiences no issue of inexact dual
gradient that has long troubled ADMM. Besides, the symmetricity of the primal-dual
update makes it straightforward to be applied to the main problem (1.1). We can
view EGMM as a fully primal-dual method, while avoiding all convergence difficulties,
it preserves the benefit of ADMM in solving small separable subproblems.

6. Numerical Experiments on Team work RL. In this section, we consider
the teamwork RL problem introduced in (1.2). Given any partition of the state space
S=85USU---US,, we consider the following general utility for this MDP:

N is gy B oy (S ) mSs )Y
<T(Si ), 1(Si )>_|'Sz| Z<<r(s7.),u(s,.)>— S > .

sES;

2
—
=
—
o
I

pp) = min {m(u(&w))}-

In this utility, for any s € S,a € A, r(s,a) stands for the reward that node s
receives if it takes the action a when visited by the system. Suppose p is a state action
occupancy measure under some policy 7. Then the first term of p;(u(S;,:)) equals
the total discounted cumulative reward received by the cluster S;. The second term
of p(u(S;,:)), if we ignore the —f factor, equals the variance among the cumulative
rewards received by the different nodes in the cluster S;. That is, the agent in charge
of the cluster S; would like to maximize the overall reward of the cluster while using a
variance penalty to impose fairness among the member nodes. For the whole system,
the common goal is to maximize the minimum utility among the n clusters. To solve
this team RL with general utility, we reformulate it as follows

n
(6.1) maximize minimize @ (u,y) = Zyi - pi((Siy 1))
O\S\XM\SMSIE%XVM‘ ¥205,1, y=1 i=1

s.t. Z u(s,a) =~ Z u(s',a" ) P(s|s’,a') + £(s), Vs €S,

acA s’€S,a’eA
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where the upper bound p < 1'%{‘;‘” is a redundant constraint satisfied by all state
action occupancy measures.

In the experiments, we test our algorithm in two networks illustrated by Figure
6.1a and Figure 6.2a. In particular, the network in Figure 6.2a is generated by a
stochastic block model, with 4 clusters of size |S1| = -+ = |S4] = 60. For any
two nodes from the same cluster, the probability of having a link between them is
p = 0.25; for any two nodes from different clusters, the probability of having a link
between them is ¢ = 0.005. Then a random adjacency matrix is generated accordingly.
For both cases, we set the action space to have size |A| = 3. Once the action space
A, the network structure and nodes clusters are determined, for each (s,a) € S x A,
the transition probability P(:|s,a) is generated randomly among the neighbourhood
of s in the network, and the reward r(s,a) is also randomly created. For all the
experiment, we randomly generate the initial state distribution £ and we take the
discount factor to be v = 0.9. With these generated P, and &, we can rewrite the
constraint in the form of >0 | A;u; = &, with p; = u(S;,:).

Team work RL, =0 Team work RL, 3 =0.2

10 [—6—SSG-ADMM —o—S5G-ADNM
|—4&— SEG-ADMM | —&— SEG-ADMM
—&— SSG-ADMM-L ~—&— SSG-ADMM-L
\‘v SEG-ADMM-L SEG-ADMM-L
M, —e—EGMM —o—EGMM

MAX{|Obj Gap|, Violation}
=
MAX{|Obj Gapl, Violation}

05 1 5 2 25 3 35 4

s
o s 1 15 2 25 8
runing time (in secs) runing time (in secs)

(a) Network structure (b) Case =0 (c) Case 8 =0.2

Fig. 6.1: State space partition structure and experiments with § =0 and 5 = 0.2.

Team work RL, 8= 0 Team work RL, 8= 0.2
10f 10
—6— SSG-ADMM ‘ | —0— SSG-ADMM
—A— SEG-ADMM —A— SEG-ADMM
= —=—SSG-ADMM-L| = —&— SSG-ADMM-L.
8 10 SEG-ADMM-L 2 w0 SEG-ADMM-L
5 —e—EGMM s —e—EGMM
2 Il
> >
g 102 &
] [
3 a
= (=}
= =

s
0 5 10 15 2 25 30 3B 40 o 5 10 15 20 25 3. 3 40 45
runing time (in secs) runing time (in secs)

(a) Network structure (b) Case =10 (c) Case B8 =0.2

Fig. 6.2: State space partition structure and experiments with § =0 and g = 0.2.

For this problem, we test all three proposed algorithms. In particular, for Algo-
rithm 2 and 3, if we simply set the matrices H; = o, then we call them SSG-ADMM
and SEG-ADMM respectively. In this case, due to the box constraint, the subproblems
does not have closed form solution and thus we solve them with the standard Matlab
quadprog function. Let g be the penalty coefficient in the augmented Lagrangian. If
we set H; = ol — 'YOAZT A; to eliminate the quadratic term in the subproblem, we will
call them SSG-ADMM-L and SEG-ADMM-L because choosing this specific proximal
term is equivalent to linearizing the augmented quadratic penalty term. In this case,
the subproblems have closed form solution. And we use EGMM to denote the curve
of Algorithm 4. For all the step size and penalty parameters, they are tuned from
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{1,10,100,1000}. For example, for SSG-ADMM, we select the penalty coefficient vy,
and the step size o that have best performance from the above set. For any iteration
(i1, 9), the reported error measure is chosen as

max maximize  ®(u,y) — minimize P(f,y)

n

D AS,:) — §H :

i=1

7

1isixlAl y>0,,1 y=1
vy

O|s|xja| SpS—52

We report the results in Figure 6.1 and 6.2.
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Appendix A. Proof of Lemma 2.3 .

Proof. First, consider the optimization problem that defines py(0):

py(0) = min o(x,y) st. Ax—a=0.

Due to the compactness of the non-empty feasible region, as well as the lower semi-
continuity of ®(-,y), there exists a minimizer x*(y) for this problem. Due to the
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convexity of ®(-,y) and Slater’s condition, there is an optimal Lagrangian multiplier
wy € Span(A) associated with the linear constraint Ax = a and the strong duality
holds. Then the classical Lagrangian multiplier theory and sensitivity analysis for
convex optimization tells us that

(A1) x*(y) = arxgengl(in d(x,y) — (Ax — a)Tw;‘,, Ax*(y) =a, and wy € dpy(0)

Since we assume ®(-, -) is bounded over X x ), there exist ® and ® such that
P < P(x,y) <O, for Vx € X,Vy € ).

Because wy, € Span(A), then exists ¢ s.t. Ac = wy. In particular, if we pick a c as the

llewg

Omin(A)”’
Omin(A) is the minimum non-zero singular value of A. Overall, there exists ¢ s.t.

minimum norm solution to this linear equation, then we know ||c|| < where

(A.2) Ac=uwi  with  [lc] < |will/omin(A).

By Assumption 2.2 (Slater’s condition), there 3% € int(X') s.t. Ax = a. Consequently,
there 30x > 0 such that B(%,0%) C X. Combined with (A.2), we have

~ 5)2 : O'min(A) .

X =%+ " ¢ € B(x,0%) C X.
g

Finally, by (A.1), we have

D(x*(y),y) = min®(x,y) - (Ax — a) "wy

xeX Y
55( * Umin A T
<P(x,y) — (A <§c+ ||Uw*||( ) ~c) — a) w;
y

= ®(X,y) = 0% - Omin(A4) - [wy |-

That is [lwy || < 5*_%;2(14) for any y € Y. This also indicates that

[
<

su inf w1l < sup ||wi _—
bl el € sup g <

yeEY w1 Eapy(o

Through a completely symmetric analysis, there exists an upper bound

i ) € 2
sup in wal| < ,
x€X w2€099x(0) 55/ . Umin(B)
where dy > 0 is a constant s.t. B(y,dy) C Y, which proves the existence of a finite
positive constant p*. ]

Appendix B. Convergence of multi-block (N > 3) SEG-ADMM. Similar
to convex optimization, the ADMM-based methods SSG-ADMM and SEG-ADMM
in general diverge when N > 3. In this Appendix, we will consider a partial strong
convexity condition [9, 26, 25, 21, 4] for problem (3.1), under which an O(1/T") con-
vergence can be derived for SEG-ADMM. A perturbation strategy from [27] can be
adopted in case this condition does not hold.

ASSUMPTION B.1. h;(:,y) is u;-strongly convex in X;, fori=2,...N, Vy € Y.
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Specifically, hq(-,y) is only required to be convex, instead of strongly convex. Note
that Lemma 3.7 is still valid, and we only need to extend Lemma 3.4 as follows.
The analysis mostly comes from the proof of [26], while we apply the linearization
technique from [15] to handle the smooth coupling term ¥(x,y) in addition. The
analysis is very similar to that of Lemma 3.4, thus we omit the proof of this lemma.

LEMMA B.2. Suppose Assumptions 3.1 and B.1 hold. For some fired y € Y
and H; = 0,i = 1,...,N, suppose (x**1 \¥+1) = Prox-ADMM(x* \¥;y;~, {H;} V).
Denote H = Diag(Hy, - ,Hy). ForVx € X s.t. Ax = a, we have

(I)( k+1’y) - (I)(X7 y) - <>\3 Axk+1 - a’>
1 1
<5 (I = A*)1% = H/\*)\kﬂﬂz)+5(\|X*Xk||%* I — x"*113)

1
gz(HA i1, X) —al|” = [ A1 x5 R —al|*) = S IKE X

2

N | =

(s = YN(N = 1) A|*) | — 2%
2

i

By Lemma 3.7 and setting ¥ = y**! in Lemma B.2, we have the following theorem
whose proof is omitted.

THEOREM B.3. Suppose Assumptions 3.1, B.1 and 3.8 hold, and N > 3. Let
(X,¥) be the output of Algorithm 3 after T iterations. As long as we choose H;
(Lu+Ly)l,i=1,- N, G = Lyl, andy = gi=g min { T ey T2 } it holds
for ¥p >0 that

d(x d(x,y Ax —
max (%,y) = min_ &(x,y)+pl|Ax — af

<0 (NQPQ/’Y + |Gl - D3 + | H|| - Dy +7 S0 (2N + /) (j - 1)|Aj||2D3cj>

T

By Lemma 2.4, it takes T = O(e~ ') iterations to reach an e-saddle point.

When Assumption B.1 does not hold, we can apply the strongly convex e-perturbation
strategy of [27], where problem (3.1) is modified as

B.1 i o, = ®( ,— 2% st Ax=a.
(B1)  minmaxd(x,y) = ¢(x,y) lew A st Ax=a

Therefore, ®. satisfies Assumption B.1. By properly choosing the parameters, we
have the following corollary.

COROLLARY B.4. Suppose Assumptions 3.1 and 3.3 hold, and N > 3. Suppose
(X,y) is generated by applying Algorithm 3 to the perturbed problem (B.1) for T
iterations, with the parameters chosen as € = O(1/V/T), 7 N—l)‘max26< AT

and H; = (Lx + Ly)I,i=1,--- |N, and G = LyI. Then for any p > 0, we have

r;le:au))fq)(x y)— 21na(1>(x V) +pllAx —a|| < O (\/1?> .

Therefore, it takes T = O(e~2) iterations to reach an e-saddle point.
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Proof. As a direct corollary of Theorem B.3, we have

1
®.(%,y) — min ®.(x,5) +pAx —al| <O —= .
max &c(%, y) E%l;rga (x%,¥) + pllAx —al| < ( ﬁT>

Then by the compactness of X;’s and € = O(1/v/T), we know that

N 2
max ®.(X,y) —max ®(x,y)| <O <Zz—2Dz>

yey yey 20T
and Ny
. _ . _ S, D?
¢6 ) - @ ) < O ==t )
min c(x,y) — min &(x,y)| < ( Wia
Ax=a Ax=a
combining the above inequalities proves the corollary. 0

Note that such perturbation significantly deteriorates the convergence rate of the
x variable. Therefore, it is not necessary to apply the extra-gradient step to the
y-update to accelerate the convergence of y variable. We can also directly apply
the SSG-ADMM method to the perturbed problem, which still yields the O(1/v/T)
convergence rate without requiring the differentiability of ®(x,-). We summarize the
result in the following corollary without a proof.

COROLLARY B.5. Suppose Assumptions 3.1 and 3.2 hold, and N > 3. Suppose
(X,y) is generated by running Algorithm 2 to the perturbed problem (B.1) after T
iterations, with the parameters chosen as € = O(1/v/T), v = N(N—l)'maxjgigN{HAiHQ}
and H; = Lyl,i=1,--- N, and G = LyI. Then for any p > 0, we have

1
ax ®(X,y) — min ®(x,§) + pl|A% —al| <O —= ) .
e 0(x,) ~ min 0(x.5) + pllax — ol < 0 )

Therefore, it takes T = O(e~2) iterations to reach an e-saddle point.

Ax=a

Appendix C. Proof of Lemma 3.4.
Proof. First, the KKT condition of block z5+!:

Jflf—i_l = argmin h1($175’) + <v$1\1’(xk75,)5 Ty — xlf> - <Ak7A1x1 =+ A2x12€ - a>

T1EX]
l A A k 2 1 k2
+2H 171 + Agzy —al|” + 2\\551 oy |3,

gives

(ur + Vo, U(xP §) = AT Ny AT (A2 Aol —a) + Hy (2T —2F), 2y — 2 > 0,

for Vo, € Xy, where u; € 9y, hy(z¥"1,§). Applying the update rule of A*+! and
rearranging the terms indicates for Vr; € X; that

(ur + Vo, U(x*,3), 07" — 1) < (YA Aa(af — 25™1) = AN 2y — 2 t)
(C.1) + (Hy (28 — 2k 2y — 28T,
Similarly, the KKT condition of the block :c’;"’l gives

(02) <'LL2 + VIZ\I/(Xk, y)v .’L']2€+1 - x2>
< 7<A;>‘k+1712*x126+1>+<H2(x12€+1*x12€)7$2*x§+1>7v$2 € &y,
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where uy € 9y, ha(zh!,§). Note that we have assumed that z; in (C.1) and z
in (C.2) satisfy Az + Asxs — a = 0. Summing up the above two inequalities and
applying the convexity of ®(-,y) yields

®(x"y) - (x,y)
hy (2§71 9) +ho (251 §)+ U (L §) = hy (21, 5) = ha (22,9) - U (x,3)

(@)
<

(ur, @i T =)+ (ug, a5t =22 ) + W (L Y)W (xR §) U (xM, §) - U (x, )
(ii)<

< {ur+ Ve, (x5 §), e T =21 )+ (ua + Vo, U (%K ¥), x§+lfx2>+%||xk+lka||2
< <7AIA2 (x2 kaH) fAT)\k“, T1 ka+1>f <ATA’“+1, foxl;H)
+(5Ulf+1 _ml) H, (3?1 _ k:+1) +<x12c+1 —952) H, (ch _ 12c+1) % ||Xk+1 —xk||2

N A g ) (A=) (VN (o ) Ha 1)
(C3)  +y(ri-a k+1) A Az (a5 —a5™) + ($§+1—$§)TH2 (va—a5t"),
where (i) is due to the convexity of hi(-,¥) and ho(-,¥), (ii) is because

Lx
P Y) - W) < (Vo (e, 3), X =) o S -

U(x",y) - U(x,y) < (V¥ (xF,3),x* —x),

and (iii) is because Ajx1 + Asxe = a. Note that for any vectors a, b, ¢, d, and matrix
H > 0, it holds that

(a—b)H(c—d) = (VHa - \/ﬁb)T (\/ﬁc - \/ﬁd)
(la = dlB — Nl = cli) + 5 (lle =l — lld = bl3)

(C.3) by

(C.4) -

5 N~ /N

We can bound the terms i

T 1
(>\7>\k+1) (/\k+1 _ )\k) _ 5 (”)\7)\]@”27H)\f}\k+1”27”)\ki)\kJrl”Z)

1 2
= 5 (A= X2 = A= XY 2) = o Asad ! 4 Apah ! — al?,
1
(Hy (o =) o =2t ) = 3 (s = ably, = o — o, = llof =231,
1
k k k k k
(Ha(ah™ = ab).wa = ab ™) = = (les — b, — llea — 25, — 25 — 25" 1%,)

and

(21 — a5 )T AT Ag(ah — 2+h) = [(Ary — a) — (AaafHT — a)] | [~ Agahtd — (—Aga)]

1
7||A13?1 + AQCL‘IQC — aH2 — 5”1413?1 + AQCL‘kJrl — aH2
fHA a4 Agah T — g — HA M Ak — a2

Substituting the above bounds into (C.3) proves the Lemma. d
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Appendix D. Proof of Lemma 3.5.

Proof. First, the KKT condition of minyecy % Hy — W+ G Uk HZ gives
(D.1) (W y —y") < (G —yh),y —yMT) iy e .
By the concavity of ®(x¥*1,.) and the fact that u* € 9, ®(x**1,y*), we have
(D.2) " y) - e(x"y") < (uhy —¥F)
=Why —y" ) + WF v T —yF)
e A R [ PR e

We also have the following identity that
1
(D3) (Gy* ' =y")y =" =5 (ly = ¥*1& = lly = y* & = Iy* = y*1E) -

Combining (D.1), (D.2) and (D.3), we have

1 1 1
O(x"y) — (ML yY) < Sy = yEIE = Slly = yIE + et IE
which proves the lemma. ]
Appendix E. Proof of Lemma 3.7.
k+1

Proof. The optimality of y —argmaxy€y<Vy<I>(xk,yk), y=y")—1ly—y"||Z gives

—(Vy CI’( EyR), T —y) S (GEPT - yR)y 9T, vy e
By setting y = y**! in the above inequality yields

(E1) (T Bty ) T -y < (G - )y - g,

k+1 k+1 k41

= argmaxy ¢y (Vy (x"*1, )y — y*) — 3lly — y*[|2 gives
(B2) —(Vy@(x"T g™t y" —y) <(Gy"' —¥5),y ¥, Wy e
The concavity of ®(x¥*+1,.) indicates that

The optimality of y

( k-‘rl ) ( k-‘rl’yk-‘rl)
< —(Vy ( FELYREL M —y)
_ < ( 1 k+1) yk?+1 y> _ <qu)(xk’yk)’yk?+1 _ yk?+1>
H(Vy®(x", y*) — Vy (xFH gh ) giFh -yt
< —(Vyo(x kH,S’kH)’ka —y) — (Vy@(x", k) yrEr =y
7||V O(x*,y*) — Vyd(x" 1 g |1? + yHka y" P

(%) R )
< <G( k+1 yk),yk-‘rl _ yk-‘rl) + <G<yk+1 _ yk)7y _ yk+1>

Ly ) )
+—= 5 <||Xk —xF2 4 ”yk _ yk+1||2 + ||ylc+1 _ yk+1||2)
1 L

=5 (ly =y"11E =y = y* &) + S = "))

S (e PR M P

where (i) is due to Assumption 3.3, and (E.1) and (E.2). This completes the proof.O
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