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GRADIENT ESTIMATES FOR ELECTRIC FIELDS WITH
MULTI-SCALE INCLUSIONS IN THE QUASI-STATIC REGIME
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ABSTRACT. In this paper, we are concerned with the gradient estimate of the
electric field due to two nearly touching dielectric inclusions, which is a central
topic in the theory of composite materials. We derive accurate quantitative
characterisations of the gradient fields in the transverse electromagnetic case
within the quasi-static regime, which clearly indicate the optimal blowup rate
or non-blowup of the gradient fields in different scenarios. There are mainly
two novelties of our study. First, the sizes of the two material inclusions may
be of different scales. Second, we consider our study in the quasi-static regime,
whereas most of the existing studies are concerned with the static case.
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1. INTRODUCTION

Stress concentration is a peculiar phenomenon that widely occurs in continuum
mechanics. It is a central topic in the theory of composite materials, where the
concentration occurs due to the nearly touching of material inclusions that are
the building blocks of the composite material. The degree of concentration is
characterised by the blowup rate of the gradient of the underlying field. There are
extensive studies in the literature on the gradient estimates of the underlying fields
due to two nearly touching inclusions. We refer to [19,20] for related results in gen-
eral elliptic system, [3[T0LITT4.17,23] for elastostatics, [4] for stokes flow problem,
and [B5HO, 16,18, 21.22] in electrostatics for optical materials. The gradient esti-
mates depend on the background field as well as the asymptotic parameter ¢ which
signifies the distance between the closely spaced material inclusions. Generically,
the optimal blow up rate of the gradient field is of order 1/4/€ in two dimensions,
whereas it is (e|Ine])™! in three dimensions. In establishing those results, it is
usually assumed that the inclusions are of regular size, i.e., the size is of order
O(1) compared to the asymptotic distance parameter € < 1. In fact, it is shown
in [5,I5] that if the size of the two objects are of the same order as the distance
between them, the gradient stays bounded. To our best knowledge, there are few
studies on the case that the sizes of the inclusions are of different scales. More-
over, very few results are concerned with the gradient estimates for waves in the
frequency regime. There is a major difficulty for the latter case, i.e. the maximum

principle fails for the wave system (cf. [12]).
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In this paper, we study the gradient estimate for the electromagnetic field in the
transverse model in R? due to nearly touching dielectric inclusions. We consider
our study in the quasi-static regime, namely the size of the inclusion is smaller
than the operating wavelength. Nevertheless, we allow the sizes of the inclusions
to be of the same scale or different scales. That is, one inclusion may be of regular
size, while the size of the other one can be very large (actually, can be related to
the asymptotic parameter €). Geometrically, this means that the curvatures of the
nearly touching faces of the two inclusions may be in sharply different scales, say
e.g. one is very high while the other is very low (nearly flat). In such a general
scenario, we derive an accurate gradient estimate of the electric field, which is con-
tained in (2:22]) in Theorem (ZI]). There are two parts in the asymptotic estimate:
the first one accounts for the static effect, whereas the second one accounts for
the frequency effect. The static part recovers the known results in the literature
if both inclusions are of regular size. It also covers the more general scenario that
the two inclusions are of sharply different scales. It is more interesting to note
that the frequency part can induce new blowup phenomena. In fact, even if the
static part vanishes, there might still be the blowup phenomenon in certain generic
scenarios due to the frequency part. In deriving the new gradient estimate, we de-
velop techniques that combine layer-potential operators with asymptotic analysis
and singular decomposition of the wave field.

The rest of the paper is organized as follows. In Section 2, we present the
mathematical setup of our study as well as state the main results of the paper. In
Section 3, we use layer potential technique to derive the integral representation of
the solution as well as the associated asymptotic expansions. The estimates of the
nonsingular and singular parts of the gradient fields are established in Sections 4
and 5, respectively.

2. MATHEMATICAL SETUP AND STATEMENT OF THE MAIN RESULTS

In this section, we present the mathematical formulation of the transverse elec-
tromagnetic scattering with multi-scale dielectric inclusions. Then we state the
main results in this paper, whose proofs shall be postponed to the subsequent
sections.

2.1. Mathematical setup. Let B; and B, be two disks in R2. Let z; € R?
and r; € Ry be the center and radius of B;, j = 1,2, respectively. Define € :=
dist(B1, B2) and suppose € < 1. Here, B; and B, represent the two dielectric
inclusions and they are closely spaced, characterised by the asymptotic distance
parameter € € R,. By rigid motions if necessary, we can assume without loss of
generality that

71 = (-1 — %,O) and  zo = (rg + %,O). (2.1)
In what follows, we set

= Tl,aleal and Ty = T27a2€a27 a] S Ra .7 - 17 27 (22)



where 7 o, and 734, are positive constants that are independent of e. It is pointed
out that if one takes a; = ap = 0, then both By and By are of regular size. It is
emphasized that a; can be negative or positive, respectively corresponding to the
high- and low-curvature cases. Define

ap =max(ag,a) and a_ = min(ag, as). (2.3)

As mentioned earlier, B; and Bj signify two dielectric inclusions embedded in
a uniformly homogeneous medium. The medium parameters are characterised by
the electric permittivity ¢ and magnetic permeability . By normalisation, we
assume that ¢ = u = 1 in R? \ B1UBy. Let € = ¢y and pp = 1 in By U By, where
g1 € R.. We consider the transverse magnetic scattering, which is described by
the following system (cf. [13]):

Au* 4 wur =0 in R?\ By U By,
V- (2Vu*) +w?u* =0 in By U By,
* i * ou* 1 Ju* (24)
uly = utls, G e oD 0B, U 0By,
(u* — u')(x) satisfies the Sommerfeld radiation condition,

where w € R, signifies the angular frequency of the wave propagation and, u’ and
u* respectively denote the incident and total wave fields. u’ is an entire solution
to Au’ +w?u’ = 0 in R?, and one special case is that it is a plane wave of the form
ut = %4 where d € S? signifies the impinging direction. By the Sommerfeld
radiation condition, we mean that the scattered wave u*(x) = (u* —u’)(x) satisfies

1/2 (8%}(;() _ iqu(X)) =0. (2.5)

Throughout the rest paper, we shall consider w < 1 and &1 = O(w).

2.2. Main gradient estimate and discussion. We present our main result in
this paper as follows:

Theorem 2.1. Suppose w - €*~ K 1, and
u' = ul + Z wjué, (2.6)
j=1

where the functions ué, Jj=0,1,2,... are independent of w. Let u*(x) be defined
in (24). Then for any bounded set Q containing By and By, it holds that

* CO min(a — i 1 1
IV oo Broms) ~ € (o 1)/2-1/2 (axlu (0) + —w?| Inw| Ox, U
- T B1UB; (2.7)

+0(?) +0(1),
where r_ s defined by

ag—o_ al—a_
r_ = az—ar | Lo + at—ag | 2020 X 7& @2, (28)
1,04 + 72,005 o = (g,




and Cy > 0 is the coefficient of the leading order term of T defined in (218) in

what follows.

Remark 2.1. 1t is worth mentioning that if a; = ap = 0 then from (2.18]), one has

CO = \/27"1707"270(7"170 + T2,0)7

and there holds the estimate

2r10m20 19 ‘ L '
VU] ) oo pon e oy | 10720 —1/ (5,( u'(0) + —w”| Inw O, !
IV oo [ oot WO el [

+0(W?) +0(1),
which recovers the blowup estimate for the static case ( [5&,[15]).

Remark 2.2. 1t can be seen that if one inclusion is of high curvature, Le., aq > 0
and Oy, u}(0) # 0, then the blowup rate is e™n(@+:1)/2=1/2 which is less than ¢ 1/2,
No blow up occurs in the case that ay > 1.

Remark 2.3. We emphasise that the estimate (2.22)) also holds for the low curvature
case, i.e., ay < 0. In such case, the blowup rate is €*+/271/2 which is bigger than
e 12 if O, ub(0) # 0. Moreover, even if Oy, u’(0) = 0, one can still have the
blowup if dy,ui(0) = 0 and

—log.w < ay <1—2log, w,

[ ogu 2o
B1UB>

—log, w < a; < 1—2log (w?Inwl|).

or

o satisfies

2.3. Key decompositions. In this subsection, we present the main auxiliary
results that we shall derive in order to prove the main result in Theorem 2.1
whose proofs are deferred to the subsequent sections. To estimate the gradient
filed of the solution to (24]), we shall decompose the system into several parts. We
first introduce the following system:

Au+w?u=0 in R2?\ ByUB,,
u=M\ +0O(w?* on 9By,

2.9
u=MN+Ow? on 0By, (2.9)
(u — u')(x) satisfies the Sommerfeld radiation condition,
where the constants \;, 7 = 1,2 are determined by
/ ouly = O0W?), j=1,2, (2.10)
OB;

and they are unique up to O(w?).
We have the following result:



Lemma 2.1. Let u* and u be the solution to system (24) and (Z39), respectively.
Then it holds that

Vu* = Vu+ Cw + O(w?) in R*\ By U By, (2.11)
where C' is a generic constant that does not depend on w and €.

In what follows, we shall decompose the solution to (23] into two parts as
follows:

u(x) = aq,(x) + b(x), (2.12)

where ¢, (x) is the solution to

A 20, = in R?\B,UB
{ dw + W= q, 0 mn \ 1 U 25 (213)

¢w(x) satisfies the Sommerfeld radiation condition.

The concrete form of ¢, will be shown in the next section. Let gy be the singular
function defined by

1
%ﬂx)3::§;UH|X‘-P1|—1H|X"P2Da (2.14)

where p; and ps; denote for the fixed points of the reflection R1 Ry and RyRj,
respectively. Here, the reflection R; with respect to dB;, centering at z; and of
radius r;, are defined by

Ry = )

|x — z;]?

+z;, j=12 (2.15)

If a; = ap = 0, then it is proved in [22,23] that p;, j = 1,2 admits the following
asymptotic expansion:

= (Vo v o )T’ = (VB [ 0000 )T.

T10+7’0 7’10—|—T0
(2.16)

In this paper, we shall consider the case that aq, as # 0, and we derive the explicit
forms of p; and ps as follows:

B _(Tl—T2)€/2+\/ET(T1,T2,€) i T
P1 = 7"1+T‘2+€ ) )

py = (<T2 —r1)e/2+ \/ET(ﬁ’,,,z,E)’O)T’

1+ To+ €

(2.17)

where

T(ry,ra,€) = \/27“1’/‘2(7“1 + 7o)+ (r} + 3rirg +r2)e + (11 +12)e2 + €3/4. (2.18)
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The formula ([ZI7) can be verified by straightforward computations. It can be
seen that ¢g is the solution to the following equation (see [21]):

’Aqozo in R2\ B, U Bs,
on 0B,
, 2.19
/ auCJO|+ - )j’ j = ]-72a ( )
aB
(x) = O(|x|” 1) as  [x| — oo,
where Cj, j = 1,2, are
= (c1yt gy Tk OVerr o, (2.20)
2 (2rj+e)Ve+ 27
In what follows, we define b(x) in ([ZI2) by
bx) = u(x) = S (), (2.21)

where u, \; and C}, j = 1,2 are defined in (29) and (220). We shall prove the

following critical result:

Lemma 2.2. Suppose w - €*~ < 1. Let b(x) be defined in (Z21). Then for any
bounded set §) containing B, and Bs, there is a constant C which is independent
of € and w such that

V0|l o mrom) < C(1+ O(w?). (2.22)

3. QUANTITATIVE APPROXIMATIONS OF THE SOLUTION

3.1. Layer potentials. Before the estimation of the gradient field, we introduce
some necessary notations and results on the layer potential operators, which shall
be need in our subsequent analysis. Let I',(x) be the fundamental solution to
PDE operator A + w? in R?, given by

,(x) = _ZH (w|x\) (3.1)

where Ho(l)(w|x|) is the Hankel function of the first kind and zeroth order. We
mention that if w = 0 then Iy(x) = 5= In|x|. For any bounded C** domain
B C R?* a > 0, we denote by S8 : L?*(0B) — H'(R?\ dB) the single layer
potential operator given by

Sl = [ Tufx=y)oly) dsy. 5:2)
and (K%)* : L?(0B) — L*(9B) the Neumann-Poincaré operator
)00 i=pr. [ T Yoty as,, 33)

where p.v. stands for the Cauchy principle value. In ([B3) and also in what

follows, unless otherwise specified, v signifies the exterior unit normal vector to the
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boundary of the concerned domain. We also introduce the double layer potential
D% : L*(0D) — H'(R*\ dB) given by
" al,(x—y
e R (3.4
OB 81/y

It is known that the single layer potential operator S is continuous across 0B
and satisfies the following trace formula

9 sslol|, = CeaT +(Kh)l6] on 0B, (35)

where % stands for the normal derivative and the subscripts 4 indicate the limits
from outside and inside of a given inclusion B, respectively. The double layer
potential operator D% satisfies the following trace formula across 0B:

Dilel|, = (57 + Ki¢l on 0B (3.6)

When w = 0 the operators 8% and DY stand for the single layer potential operator
and double layer potential with kernel function I'.

3.2. Asymptotic estimates. Recall that the Bessel function Jy(w|x) and the
Neumann function Yp(w|x) admit the following integral formula (see, e.g., [1]):

Jo(w|x|) = %/0 cos(w|x| cosf)do,
4 w/2 L (37)
Yo(w|x|) = —/0 cos(w|x| cos0)(y + In(2w|x| sin” 0))d0,

T2

where v = 0.5772... is the Euler-Mascheroni constant. The Hankel function ap-
peared in ([BJ]) can be represented by

H (wlx]) = = Jo(wlx]) + {¥olwlx]). (38)
Note that for w sufficiently small, one has the following asymptotic result:
[u(x) = a, + To(x) + Au(x), (3.9)
where q,, is a constant defined by

1 ¥ 1 w
S I M
“ 1 o T My

and the function A, (x) is defined by

A, (x) ::ﬁ\x| /0 sin(n|x| cos @) cos Odb
R (3.10)
— x| / sin(n|x| cos 0) cos O(~y + In(2w|x| sin? #))d#,
T 0
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where 7 € (0,w) is some fixed positive number. It is worth mentioning that A, is
a smooth function in R? for any w € R, . Besides one has

1
A,(x) = —4—|X|2w2 Inw + O(w?). (3.11)
s
We define the boundary integral A% by
A3lol0) = [ Aulx—y)oly)ds, (312
B
In the sequel, we let ¢, be the following singular function:
G =Tu(x = p1) = Tu(x = p2) = ¢o + Au(x — p1) — Au(x — P2). (3.13)

3.3. First approximation. We next consider the solution to (24]). By imploring
the layer potential techniques, one can represent the solution to (Z4]) by

. u'+ 8 7] in R*\ B,
u =
Sk [05) in B,

where B, := By U By and k. = w4/e;. By using the transmission conditions across
0B, there holds

(3.14)

A3 [¢*|=U on 0B, (3.15)

where the operator Ay, : H'/?(0B.) x H"'*(0B.) — H"*(0B,) x H~'/?(9B.)
is defined by

A4 ::( N S5, ) (3.16)
NG RR)) S5+ (KR)) )

1

go*:<901), U:<§Z) (3.17)
902 o

For the later use, we define the operator S by
S:= ( Spilom Spilon, ) : (3.18)

8%1 ‘ 0B2 S%g ‘ 0B2

and

and the operator K* by
/CO * 8V180
K* = (X5 B (3.19)
81/28%1 (ICOBQ)*

where 11 and v, are the unit normal directions to 0B; and dB,, respectively. It
can be verified that S = S} and K* = (K% )*. Similar to the Calderén type
identity introduced in [2], we have the following identity:

SK* = KS, (3.20)

where K is the ajoint operator of K* given by

K% DY lon,
K:= 0 = BQ(laB .
DBl |BB2 ICBQ
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For completeness and convenient reference to the reader, we shall present the proof

to the identity ([3.20) in Appendix [Al

Proof of Lemma[21]. By using the asymptotic estimates in the previous section,
one can derive the following asymptotic expansions for the layer potentials:

5% [o] =a. /a o Shlel+ A3l

(K.) [l =(K'p,)"[¢] + 0, AR 0]
By using (.15 and the definition of a,,, one has

/ <p’{=/ w5+ O(w). (3.22)
OB OB

We declare that there holds the decomposition u* = u + v’ in R? \ B; U By, where
u' is the solution to

Au' +w?u' =0, in R?\ B, U B,
w =0(w), on 0B;U0Bsy (3.23)

u'(x) satisfies the Sommerfeld radiation condition,

(3.21)

together with the relation
ou =0W?, j=1,2 (3.24)
9B,
In fact, we assume that ¢ and @3 admits the following asymptotic expansions:
©1 :QOT,O +wln WSDT,l + WSDTQ +w’ln W‘PT,?, + O(w2),
©5 :sz,o +wln WSOZJ + W@z,z +w’In W‘P;s + O(WQ)-
It then follows from (B3] and the asymptotic expansion ([B21) that

I * * * *
(-5+E ) horwmusl =0 [ w-ow) @)

Thus one has
S[p3.0] = Aax(0B1) + Xaax(0B2),  Slws ;] = Max(9B1) + Ae2x(0Bs), (3.26)

where A;;, 7,1 = 1,2 are constants. It follows by straightforward computations
that

* € * 7 I 1
S%c [902,2] = 2;1 (S%C [902,0] + S%C [0, ug) — <_§ + ICOC) [“o]) )

Sh.loss] = = 2280, s ]
One thus has
S]lgcc [©3] :S%c [90;,0 +wln WS0;,1 +w’ln WSOS,?,] + WSOC[SOS,Q] + O(WQ)
A — 268y [D,uf] — equl + O(w?) on 9By, (3.28)
B { As — 268 [O,uf] — equf + O(w?) on  IBs.
9
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One can thus set
u=u'+8% [¢i] — 26183, [Oup] — eruf + O(w?),

and the higher order term is arranged such that Au+w?u = 0 holds in R*\ By U Bs.
Now it is readily verified that v’ = u* — u satisfies ([8.23)). More precisely, one has

u' = =268} [O,u)] — eruf + O(w®) on 9B UIBs.
Suppose v’ = e;u) + O(w?), where u is the solution to

Au’l =0 in R2\31UBQ,
uy = =283 [0,uf] —ufy on OBy UBy, (3.29)
uj(x) = O(|x|™).

We mention that Vu) is uniformly bounded with respect to the distance e. In
fact, the solution to ([B:29)) can be represented by

uh = Sp.[¢](x), x€R?*\ By U By,

where the ¢’ satisfy

and

I 4
<—— + K*) [¢'] = —2K*[0,up] on OB.. (3.30)
One can show that

uh (C1) — uy (—G) = e(Duf(Cr) — 20,uh(—C1)) + O(€%),

where (; = (5,0). One can then prove that u; is uniformly bounded by using the
same strategy in the proof of Lemma O

3.4. Further approximation. In order to prove the main result, we need to
estimate the key quantities at the right hand side of (Z12), where

AN

. —C
o ?

a



By using (B.I1]), one has

)\2 — )\1 :/ UauCJO + / UauCJO + O(WQ)
OB> 0B

:/ (u - ui)équ + / (u - ui)ﬁqu + / Ui@uQO
0B2 0By 0B1U0B2

1 )
- %uﬂ lnw/ Vu' - (p1 — p2) + O(w?)
BB (3.31)
:/ d,(u — u")q, + / u'd,q0 + O(w?)
0B1UOB>

0B1UOB>

1 4 <
:—w2 lnw/ VUZ . (p1 — p2) + / u' 40 + O<w2>
B1UB>3

™ HB1UO B,

. . 1 .
=w@o—w@g+—wmw/ Vai - (pr — po) + O(7),
™ B1UB>5

where we have used the results

/ (u - ui)al/<Qou - QO)
0B1UO B>

1 4
:4—w2 lnw/ (u —u")0,(|x — pa2|* — [x — p1]?)
s 0B1UO B>y
1 4
:2—w2 lnw/ (u—u')v-(p1 — p2)
s 0B1UO B>
1, / <
=—wlhw Vu' - (p1 — p2),
27 B1UB,

and

/ D — u) (g — o)
0B1UOB>

1, <2 X —17 ) ,
=—w'lhnw|r o,(u—u)——= +r o,(u—u)——=
5 . L ( )|X_Z1|2 . L ( )|X_Z2|2

™

1 A
+OW) = ghuw [V (b1 = pa) + O)
2 B1UB>
Moreover, one has

1
V. =Vqo + w? lnw%(pl —p2) + O(w?)

1 — — 1
:_< X —P1 _ X — P2 )+w2lnw%<pl_p2)+0<w2).

2r \|x = p1]?2  |x— p2f?

(3.32)




4. ESTIMATE OF b(x)
By definition of (221]), one finds that b(x) is the solution to
Ab+ w?b =0 in R2\ B U By,
b= (AC) — MC2)/(C1 — Cy) on OBy UOBs, (4.1)

(b — u')(x) satisfies the Sommerfeld radiation condition.

By using layer potential techniques, one can represent b in ({1]) by

b(x) = u'(x) + S5, [1] (%) + S, [2] (%), (4.2)
where p; € L?(0B;) and o, € L*(0By) satisfy
UZ<X> + Sgl [(pl](X) -+ th [QOQKX) = él, X € 381 U 832, (43)

with él = ()\201 — )\102)/(01 — CQ)
Note that it is proved in [I5] that Vb(x) is uniformly bounded if w = 0. We need
some further analysis on the solution b. First, by using (£.3]) and the expansion

[B.8) one has
aw/ @ +S[p] + A“[@] = C; —u' on OB, UdBy, (4.4)
0B1UOB>

for w sufficiently small. Here ¢ = (1, p2) and the operator S is given by (B.IF)).
The operator A“ is given by

A% lop, AL lon )
AY = BB B2 0P ) 4.5
( ABl |8B2 AB2 |BB2 ( )

By using the definition of a, there holds:

/ p = 0(w). (4.6)
0B1UOB>
Suppose ¢; = ;o + O(w), j = 1,2. Direct asymptotic analysis shows that
b(x) = u'(x) + by(x) + O(w?), (4.7)
where by = S [01,0](x) + SB,[2,0](x) is the harmonic function which satisfies
AbQZO in RQ\BlLJBQ,
bo = él - Ui on 831 U 082, (48)

bo(x) = O(Ix|™).

Proof of Lemma[Z2. By the asymptotic result in (4.7), it is sufficient to prove
that Vby, where by is the solution to (), is uniformly bounded in R?\ (B; U By).
Since Vb is harmonic in R? \ By U By, and Vb, = O(|x|™2), the function |Vb|;~
in R?\ (B; U By) attains its maximum on the boundary dB; U OB,. Note that by

is smooth on R?\ By U By. Tt is enough to show that Vb is uniformly bounded
12



with respect to € on the two points ¢; and —(;, where ¢; = (5,0). Since by(¢1) =
Cy — u'(¢y), one has

Vbo(C1) =v(C1) - Vbo(C)v(Cr) + Orbo(C1) T (C1)
=, b0(€1)(—1,0) + Oru'(G1)T (1)

:(—1JDHH1%(_§Qg_deD-+(O,D6bu%§ﬁ

e—0

=Vu'(¢),

where O stands for the tangential derivative and 7' is the unit tangential vector.
Since Vu'((;) is uniformly bounded, one thus has verified that Vb, (¢;) is uniformly
bounded with respect to e. Similarly, one can show that Vby(—¢;) is also uniformly
bounded. U

Remark 4.1. We mention that the bound on Vb, can be shown by following a
similar argument in [8] and [I5]. Here, we provide a different proof.

5. ESTIMATE OF ¢, (x)

In this section, we shall estimate the singular function g, (x). The asymptotic
result (332)) shows that one only needs to estimate Vgo. We mention that if
and ry are constants which do not depend on ¢, the estimate of Vg is well settled
in [I5]. We shall consider the case that r; and ry depend on €. Note that

—(2ry + €)e + \JeT
T+ rote€

—(2r1 + €)e + \JeT
T +rete

x —pi1| > , and |x—pa| >

9

hold for x € R?\ By U By. It follows that

X—P1 X — P2

x=pi[?  [x—pof?

L‘X’(RQ\BlUBg)
<||x=p P (5.1)
Ix — p1| L (R2\B; UBs) [x — pa L°°(R2\B1UB3)

1 1
S(—(27“1 +€)e/2 4 \JeT * —(2ry + €)€/2 + JeT

)(7’14—7“2—0—6).

On the other hand, setting x = (3, 0)7, one has

X—p1  X—P2
x —p1/? X — p2f?
1 1

(—(27’1 +€)e/2 + e * (2g+ €)€/2 + Jfer

[

)(Tl + 79 + €).



Similarly, setting x = (—3, 0)%, one has

X—P1  X—P2
[x=pi*  [x—=paf*|
_( 1 . 1
A\ —(2ry F€)e/2+\Jer  (2ry +€)e/2 4+ JeT
Thus there holds
rit+rote Tty te
< ||V o <2 .
—(max(ry,re) + €/2)e + /e — IV 4oll o o\ mroms) < —(max(ry,re) + €/2)e + /€T
(5.2)

)(Tl + 79 + €).

Proof of Theorem [27. 1t is sufficient to show the estimation for Vu in Q\ By U Bs.
By using ([Z.20) one has

Firstly, if «_ < 1, then one has
T = Coeo=tmin(ewD/2(1 4 o(1)), (5.4)

where Cy > 0 does not depend on € and is a generic constant which may vary for
different choice of a;; and as. It follows that

[ R ), <
1— Gy = 2
In (1_r_+Co>’ ay > 1,

where a_ is defined in (2.8)). By (5.2)), one has

e 3T, oy < 1
IVaoll BB ™~ | £ no
Lo (R?\B1UB2) T— 1
o€ - ay > 1

Finally by (8.31]), one can derive that

. 1 .
Al—Azszuh%(nr—m)+;wHHW/‘ Vu' - (p2 — p1) + O(w” + [p1 — p2f’)
B1UB>
1

. : 1
:2_61/2+m1n(a+,1)/2(1 + 0(1)) (8x1uz<0) 422 lnw/
r_ s B

O " + (’)(w2)) ,

1UB2
which together with Lemma further yields that

AL — Ao
Cy — C%

Co i , 1
N_0€m1n(a+71)/2—1/2 (8)(1“1(0) + _w2| lnw\
r_ T

IVl + Ow?)

[Vullz ~|

Ot + O(w)) +O(1).
(5.5)

B1UB>y

14



In the above estimation, L stands for L>°(Q2\ By U By). Similarly, if — > 1 then
one can derive that

7= Coe¥?(1 + o(1)).
It then follows the estimates Cy — Cy = O(1), Vol oo @2\ 505, = Ole!) and

p2 — p1 = O(¢) and thus |[Vul| ;o\ 505;) 18 uniformly bounded. The proof is
complete. 0
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APPENDIX A. CALDERON TYPE IDENTITY

In this appendix, we prove the Calderén type identity (8:20). By straightforward
computations one can show that

SK* — 8%1 (ICOBl >* |aBl + 8%2 al’ngl |aBl 8%1 81/1 S%Q ‘aBl + 8%2 (ICOB2>* |aBl
8%1 (ICOBl >* |aBQ + 8%2 al’ngl |aBQ 8%1 81/1 S%Q ‘aBQ + 8%2 (ICOB2>* |aBQ

and
— ( K9, S, + D Shlon, Kby Sp, + Dy Shlos, )
DBlsBl |BBQ + IC SBl D31832 |8B2 + ’CBQSBQ

Note that there holds the Caldrén identity:
Sp, (Ky,)"lop, = K, S, Sp,(Kp,)"lon, = K, S5,
We first show the identity
85,00, S5, o5, = D%, Sp o5, -
In fact, letting ¢ € L?(0B;) and by integration by parts, there holds

Ca(v —
Sh0uS 1100 = [ Tox—y) [ T i,
0B> 0B vy
6F
:/ / To(x—y) Og )dsygo( )ds,
0B1 J 0By Vy
8T
_ / / =I5y — 2)dsyp(a)ds,
0B1 J OBy

/ Hubey) /a  Tuly ~ D)pla)dsads, = D3, Sh[¢](x).

0B>



for any x € dB;. Next, by integration by parts again one has

or —z
:/ To(x — y)/ 70(8}, )w(z)dszdsy
0B1 0B>

or —
i / Lo(x — y) / Y22 5)as,
BBQ 8B2 Vy -

/ / Mo(x—y)
9B J 0By Vy

/BB /aB o )i_ >F0( — z)dsyp(z)ds,
=K', 53, [)(x) + D5, 5, [¢] (),

for any x € dB;. Similarly, one can show that

0 0 _ 0 0
SBl aVl SBQ ‘aBQ - D31832 |aBQ7

1
dsy + 3 / Co(x — y)@(y)’ dsy
OBs

Toly —2)dse(ds — 5 [ Tux=y)e)] ds,

and

8%1 (ICOBl)*|aB2 + 8%26V2S%1 |8B2 = D%lsgl |BB2 + ICOBQS%l

REFERENCES

[1] M. Abramowitz and I. A. Stegun, eds., Handbook of Mathematical Functions with Formulas,
Graphs, and Mathematical Tables, Dover, New York, 1972.

[2] H. Ammari, G. Ciraolo, H. Kang, H. Lee and G.W. Milton, Spectral theory of a Neumann-
Poincaré-type operator and analysis of cloaking due to anomalous localized resonance, Arch.
Rati. Mech. Anal., 208 (2013), 667-692.

[3] H. Ammari, G. Ciraolo, H. Kang, H. Lee, K. Yun, Spectral analysis of the Neumann-Poincaré
operator and characterization of the stress concentration in antiplane elasticity, Arch. Ra-
tion. Mech. Anal., 208 (2013), 275-304

[4] H. Ammari, H. Kang, D.W. Kim and S. Yu, Quantitative estimates for stress concentration
of the Stokes flow between adjacent circular cylinders, larXiv:2003.06578.

[5] H. Ammari, H. Kang, H. Lee, J. Lee, M. Lim, Optimal estimates for the electric field in two
dimensions, J. Math. Pure Appl., 88 (2007), 307-324.

[6] H. Ammari, H. Kang, H. Lee, M. Lim, H. Zribi, Decomposition theorems and fine estimates
for electrical fields in the presence of closely located circular inclusions, J. Differ. Equ., 247
(2009), 2897-2912.

[7] H. Ammari, H. Kang, M. Lim, Gradient estimates for solutions to the conductivity problem,
Math. Ann., 332 (2)(2005), 277-286.

[8] E.S. Bao, Y. Li, B. Yin, Gradient estimates for the perfect conductivity problem, Arch.
Ration. Mech. Anal., 193 (2009), 195-226.

[9] E.S. Bao, Y. Li, B. Yin, Gradient estimates for the perfect and insulated conductivity prob-
lems with multiple inclusions, Commun. Partial Differ. Eq., 35 (2010), 1982-2006.

[10] J. Bao, H. Li, Y. Li, Gradient estimates for solutions of the Lamé system with partially
infinite coefficients, Arch. Ration. Mech. Anal., 215 (2015), 307-351.
[11] J. Bao, H. Li, Y. Li, Gradient estimates for solutions of the Lamé system with partially
infinite coefficients in dimensions greater than two, Adv. Math., 305 (2017), 298-338.
16


http://arxiv.org/abs/2003.06578

[12]

[13]
[14]

[15]

H. Berestycki, L. Nirenberg and S. R. S. Varadhan, The principal eigenvalue and mazimum
principle for second-order elliptic operators in general domains, Communications on Pure
and Applied Mathematics, 47 (1) (1994), 47-92.

X. Cao, H. Diao and H. Liu, Determining a piecewise conductive medium body by a single
far-field measurement, CSTAM Trans. Appl. Math., 1 (2020), no. 4, 740-765.

H. Kang, H. Lee and K. Yun, Optimal estimates and asymptotics for the stress concentration
between closely located stiff inclusions, Math. Annalen, 363 (2015), 1281-1306.

H. Kang, M. Lim, K. Yun, Asymptotics and computation of the solution to the conductivity
equation in the presence of adjacent inclusions with extreme conductivities, J. Math. Pure
Appl., 99 (2013), 234-249.

H. Kang, M. Lim and K. Yun, Characterization of the electric field concentration between
two adjacent spherical perfect conductors, STAM J. Appl. Math. 74 (2014), 125-146.

H. Kang and S. Yu, Quantitative characterization of stress concentration in the presence of
closely spaced hard inclusions in two-dimensional linear elasticity, Arch. Rati. Mech. Anal.
232 (2019), 121-196.

J. Lekner, Analytical expression for the electric field enhancement between two closely-spaced
conducting spheres, J. Electrostatics, 68 (2010), 299-304.

Y. Li and L. Nirenberg, Estimates for elliptic systems from composite material, Commun.
Pure Appl. Math., LVI (2003), 892-925.

Y. Li and M. Vogelius, Gradient estimates for solutions to divergence form elliptic equations
with discontinuous coefficients, Arch. Rational Mech. Anal., 153 (2000), 91-151.

M. Lim, K. Yun, Blow-up of electric fields between closely spaced spherical perfect conductors,
Comm. Part. Diff. Eq., 34 (2009), 1287-1315.

K. Yun, Estimates for electric fields blown up between closely adjacent conductors with
arbitrary shape, STAM J. Appl. Math., 67 (3) (2007) 714-730.

K. Yun, Optimal bound on high stresses occurring between stiff fibers with arbitrary shaped
cross sections, J. Math. Anal. Appl., 350 (2009) 306-312.

SCHOOL OF MATHEMATICS AND STATISTICS, CENTRAL SOUTH UNIVERSITY, CHANGSHA,
HUNAN, CHINA.
Email address: youjundeng@csu.edu.cn, dengyijun_0010@163.com

COLLEGE OF SCIENCE, HUNAN UNIVERSITY OF COMMERCE, CHANGSHA 410205, CHINA;
KEY LABORATORY OF HUNAN PROVINCE FOR STATISTICAL LEARNING AND INTELLIGENT
COMPUTATION, HUNAN UNIVERSITY OF COMMERCE, CHANGSHA 410205, CHINA

Email address: £xp12220@163.com

DEPARTMENT OF MATHEMATICS, CITY UNIVERSITY OF HONG KoNG, HONG KONG SAR,
CHINA.
Email address: hongyu.liuip@gmail.com

17



	1. Introduction
	2. Mathematical setup and statement of the main results
	2.1. Mathematical setup
	2.2. Main gradient estimate and discussion
	2.3. Key decompositions

	3. Quantitative approximations of the solution
	3.1. Layer potentials
	3.2. Asymptotic estimates
	3.3. First approximation
	3.4. Further approximation

	4. Estimate of b(x)
	5. Estimate of q(x)
	Acknowledgements
	Appendix A. Calderón type identity
	References

