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A generalized primal-dual algorithm with improved
convergence condition for saddle point problems
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Abstract. We generalize the well-known primal-dual algorithm proposed by Chambolle and Pock
for saddle point problems, and improve the condition for ensuring its convergence. The improved
convergence-guaranteeing condition is effective for the generic setting, and it is shown to be optimal. It
also allows us to discern larger step sizes for the resulting subproblems, and thus provides a simple and
universal way to improve numerical performance of the original primal-dual algorithm. In addition,
we present a structure-exploring heuristic to further relax the convergence-guaranteeing condition for
some specific saddle point problems, which could yield much larger step sizes and hence significantly
better performance. Effectiveness of this heuristic is numerically illustrated by the classic assignment
problem.
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1 Introduction
A fundamental mathematical model is the saddle point problem:

: . T
min ma L(z,y) = f(x) —y Az —g(y), (1.1)

where X C R"™ and Y C R™ are closed convex sets, f : X — R and g : Y — R are proper
convex but not necessarily smooth functions, and A € R™*™ is a given matrix. The saddle point
problem includes many special cases such as the optimality condition of the canonical convex
programming problem with linear constraints (see Section , scientific computing problems (see
[1]), and particularly a number of variational models arising in image reconstruction problems (see
[6, [7, 111, [30]).

To solve the saddle point problem , the primal-dual algorithm proposed by Chambolle and
Pock in [6] is influential. Its iterative scheme reads as

2 = argmin {£(z, y¥) + ng —2F|? |z e xd, (1.22)

a—:k+1 — xk+1 + a($k+1 _ .flfk), (12b)
B s

y" = argmax {L(z"y) — Slly —o*)* |y € V) (1.2¢)
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where « € [0, 1] is an extrapolation parameter, > 0 and s > 0 are the regularization parameters for

the proximal regularization terms in the decomposed subproblems (1.2a)) and (1.2c)), respectively.

We refer to, e.g., [8, 10, 1T, 13} 16l 2T), 23], 29], for discussions and generalizations on the algorithm
(1.2) from different perspectives. In particular, the algorithm is reduced to the Arrow-Hurwicz
method in [I] when o = 0, and it has been reemphasized as the primal-dual hybrid gradient method
(PDHG) since the work [30]. As studied in various literatures such as [3], [0l [IT], [16], convergence of
the PDHG can be established only when some more restrictive conditions are additionally assumed,
such as strong convexity of the functions or some demanding requirements on the step sizes. Most
recently, it was shown in [I5] that, for the algorithm with o = 0, convergence is not guaranteed
in the generic setting without these additional conditions. Moreover, to the best of our knowledge,
convergence of the algorithm with « € (0,1) is still unknown. Then, the most popular choice
is the remaining case with @ = 1 for the primal-dual algorithm , and the resulting scheme is

2" = arg min {E(:p,yk)+g\|m—:ﬂk||2 |z e X}, (1.3a)

(CP-PPA){ zh+l — gkt _ oh. (1.3b)
_ s

Yy = argmax {L£(7°y) - Slly -t |y € V- (1.3¢)

In [6], the parameters > 0 and s > 0 are required to satisfy the condition
r-s > p(ATA) (1.4)

to theoretically ensure the convergence of , where p(-) denotes the spectrum of a matrix. For
(1.3]), it was shown by He and Yuan in [I7] that it can be interpreted as an application of the classic
proximal point algorithm (PPA) proposed in [22] 24], and the condition essentially ensures the
positive definiteness of the underlying matrix which is used to define the corresponding proximal
term. We thus call the algorithm “CP-PPA” for short. The CP-PPA is more preferable
than the general primal-dual algorithm ([1.2)) with other choices of «, because of its better theoretical
properties such as the guaranteed convergence and the mentioned PPA interpretation, as well as
its more attractive numerical performance widely shown in the literatures such as [5] 6] [7, [17].
Numerical performance of the CP-PPA certainly depends on the choices of r and s. Indeed,
r and s determine the step sizes for solving the subproblems (1.3al) and (1.3c), respectively. To

discern more appropriate choices of r and s for a specific problem, it is necessary to first investigate
their theoretical role in ensuring convergence of the CP-PPA for the generic setting of .
An apparent effort is to consider relaxing the condition and hence gain the possibility of
enlarging the step sizes, while convergence of the CP-PPA can be still kept theoretically. Our
main purpose is to propose a generalized version of the CP-PPA and improve the convergence
condition in the generic setting of . More specifically, we generalize the CP-PPA as

(il = argmin {£(z, y*) + ng —2F|? |z € &}, (1.5a)
| B = R oo — b, (1.5b)
(Generalized CP-PPA) 7+ = argmax { £(z, y) - g”y 2y e V) (1.5¢)
\ gl = gl (1 - O‘%A(“’Hl —z"), (1.5d)
in which a € [0, 1], and then improve the condition as
r-s>(1—a+a?)p(ATA). (1.6)



It is trivial to see that the generalized CP-PPA with includes the CP-PPA with
as the special case of a = 1. It is also clear that (1 —a +a?) <1 for a € [0, l]ﬂ Hence, the
theoretical lower bound of r-s determined by is improved from scratch and it becomes possible
to enlarge the step sizes for the subproblems and in lieu with the new condition .
We will prove in Section that the generalized CP-PPA coincides with the CP-PPA for
any « if the saddle point problem is formed by the canonical convex programming problem
with linear equality constraints (see ) Obviously, « = 1/2 is the best choice to yield the
minimal value of (1 — a + a?) = 0.75. Hence, if we choose a = 1/2, then the improved condition

(1.6) becomes
r-s>0.75p(ATA), (1.7)

and this improvement is effective for the generic setting of the canonical convex programming
problem with linear equality constraints (see). More specifically, the improved condition
theoretically enlarges the range of r - s so that better choices of r and s can be empirically probed
to accelerate the CP-PPA for specific problems. We will verify the acceleration of in
Section [6] by some concrete applications. Indeed, we will prove in Section [3.2] that the condition
is optimal for the CP-PPA in the sense that there always exists an example for which the
CP-PPA is divergent if the constant 0.75 is replaced by any other smaller positive number in
(1.7). It is certainly non-meaningful to expect that the numerical acceleration could be dramatic,
given that the lower bound is refined by 25% from (1.4]) to and the refinement is effective for
the generic canonical convex programming problem with linear equality constraints. Note that the
generalized CP-PPA does not entail any substantial additional computation because there is
no need to compute the multiplications Az* and Az**1 in the step ; they are available when
the subproblems ((1.5al) and (L.5¢|) are solved. It is also worth recalling that convergence of the
algorithm is unknown for o € (0, 1), while convergence of the generalized CP-PPA can
be rigorously ensured (see Section , along with its provable worst-case convergence rate measured

by iteration complexity (see Section , for any « € [0, 1].

The other purpose of this work is to further relax the condition heuristically for some
specific cases of the saddle point problem , and improve the performance of the CP-PPA
empirically by discerning even larger step sizes. This consideration is necessary if the corresponding
p(ATA) is too large and thus r - s is restricted by a large lower bound in either or . For
this case, it is necessary for implementing the CP-PPA to avoid tiny step sizes. Generically, a
convergence-guaranteeing condition for certain algorithm is sufficient, but not necessary, and thus
such a condition is generally too conservative despite that the sufficiency favors theoretical analysis
and mathematical rigor. This means such a sufficient condition can and should be relaxed to some
extent when an algorithm is implemented, though mathematical rigor may not be maintained.
Of course, relaxing such a theoretically sufficient condition should not be random, but be niche
targeting. For the condition , one possible strategy is exploring the structure of ATA per
se meticulously for a given specific problem, and combining it with the generic-purpose condition
. Indeed, such a heuristical study for a specifically given problem is complementary to the
methodological and theoretical study in the generic setting. We will show in Section [7] that this
heuristic idea works extremely well for the classic assignment problem when it is relaxed as a convex
programming problem with linear equality constraints.

®Indeed, a could be any number to carry out our theoretical analysis to be presented, but we are only interested
in a € [0, 1] because a larger lower bound of r - s is less meaningful.



2 Preliminaries

In this section, we summarize some preliminaries and recall some known results for further analysis.

2.1 Lemma

The following lemma is basic and will be frequently used in our analysis. Its proof can be found
in, e.g., [2].

Lemma 2.1. Let Z C R" be a closed convex set, 0(z) and f(z) be convex functions. If f is
differentiable on an open set which contains Z, and the solution set of the minimization problem

min{f(z) + f(z) | z € Z}

1s nonempty, then we have
2" € argmin{f(z) + f(2) | z € Z} (2.1a)
if and only if
FEeZ 0z -0+ (z—-2)TVf(z") >0, VzeZ. (2.1b)

2.2 Variational inequality reformulation

Similar as our previous work [17], theoretical analysis for the generalized CP-PPA ([1.5) will be
based on the variational inequality (VI) reformulation of the saddle point problem ([1.1)). Note that
a solution point of (1.1), denoted by (z*,y*) € X x ), satisfies the following inequalities:

Lyey(a®,y) < L(z",y") < Loex(@,y7).
That is, for a solution point (z*,y*) of (1.1)), we have

2* € argmin {L(z,y*) |z € X'},
y* € argmax {L(z*,y) |y € V}.

Recall that the functions f and g in (1.1} are not necessarily smooth. According to Lemma
(z*,y*) satisfies the following inequalities:

{ BANS Xa f(.T) - f(.%'*) + (:U - x*)T(_ATy*) > 07 Ve Xv
v ed, gly)—gly)+ (y—y ) (Az*) >0, Vye.

These two inequalities can be compactly written as the following VI:
VI(Q,F,0): v €Q, 60u)—0u)+u—u)'Fu*)>0 VYueq, (2.2a)

where

x —ATy
uz(y), O(u) = f(x) + g(y), F(u)z( A ) and Q=X x). (2.2b)

Note that the operator F' given in (2.2b]) is monotone, because
(u—v) (Fu) — F(v)) =0, Vu,veR0m. (2.3)

We denote by Q* the solution set of the VI (2.2) throughout.

4



3 Connection between ([1.3)) and ({1.5))

In this section, we take a closer look at the generalized CP-PPA (1.5) and its connection to the
CP-PPA (1.3 in the context of the canonical convex programming problem with linear equality
constraints. That is, we consider

min{f(z) | Az =b, z € X}, (3.1)

where f : R™ — R is a proper convex function, X C R" is a closed convex set, A € R™*" is a given
matrix, and b € R™. The Lagrangian function of (3.1)) is

L(z,y) = f(z) —y" (A — b) = f(x) —y" Az — (—b"y),

with y € R™ the Lagrange multiplier. Then, (z*,y*) is called a saddle point of L(z,y) if the
following inequalities hold:

Lyegm (27,y) < L(z",y") < Loex(z,y").

It is clear that finding a saddle point of L(x,y) is a special case of (1.1)) with g(y) = —bTy and
Yy =Rm"

3.1 Equivalence of (1.3)) and (|1.5) for (3.1])
When the CP-PPA is applied to the specific model , it follows from g(y) = —b’y that
L2054 — ab], ) = F(2ak*1 — 2%) — yT A0k — 2%) 10Ty,
Because ) = 1™, the solution of the subproblem satisfies
— A2z —2F) 4 b — s(yFT —yF) = 0.

Thus, the CP-PPA (1.3) for (3.1) is specified as

2" = arg min {L(x,yk)—i—%Hx—wkHQ |z e X}, (3.2a)
1
yhtl =k — B [A(22F T — 2F) — ). (3.2b)

Similarly, it is easy to see that the generalized CP-PPA (1.5 for (3.1) is specified as

2F*1 = argmin {L(m,yk)—i-%Hx—wkH2 |z e X}, (3.3a)
1
FHl = gk ;(A[xk-&-l +a(zP = ak)] - b), (3.3b)
1
yH = gt (1 - a);A(:L‘k"H — "), (3.3¢)

To see the equivalence of (3.2]) and (3.3) for the specific model ({3.1]), we know that

e B3 e (g a)lA(mkH g

Y = Y s
; 1 1
3ib yk N ;(A[l‘k—H + a(a:kH o Qj‘k)] o b) o (1 N a)gA(xk—I—l - $k)
1
_ k k+1 k
- ~ZTA@ER — ) ).
yh - [AQe ") — 0]

Thus, (3.2) and (3.3)) coincide for any o when the specific model (3.1)) is considered.



3.2 Optimality of (1.7) for CP-PPA (|1.3)

We take the example in [I4], which is a special case of the model (3.1]), to show that the condition
(1.7) is optimal for the CP-PPA (1.3) to ensure its convergence in the generic setting of (|1.1)).
Recall that the example in [14] is

min{0-z | =0, z € R}. (3.4)

It is clear that x = 0 is the solution point of and p(ATA) = 1 because A = 1 for the example.

Now, we show that convergence of the CP-PPA for the example is not guaranteed if
the constant 0.75 in is replaced by any other smaller positive number. Let us fix s = 1. Then,
the condition becomes r > 0.75 and we need to show that the CP-PPA is divergent for
any 0 < r < 0.75. When the problem is considered, it is easy to derive that the CP-PPA

with s = 1 becomes

1
ot = gk ;yk, (3.5a)

yk+1 — yk _ (2$k+1 _ :L‘k) (35b)
Note that

B30 B-54) 1 2
1 B3 g — @i oy B ok ;yk) CFl = b (1 ;)yk'

Hence, iterations generated by (3.5)) can be recursively rewritten as

-1 1

T

. 1
WM = P(ryuF with P(r) = ICE (3.6)

It is clear that the matrix P(r) has the following two eigenvalues:

i =a-H oLl d e =a- by /it (3.7)

Thus, when r = 0.75, we have A\1(0.75) = —1 and \2(0.75) = 1/3. Note that

2 1
/\/(T)ZLJF B2
! r? 2./L —

r2

>0 when re€(0,1).

i

That is, A\i(r) < —1if 0 < r < 0.75, and this means divergence of the iterations (3.6 for any
0 < r < 0.75. Hence, the condition (1.7)) is optimal for the CP-PPA ((1.3)) in the sense that there
always exists an example such that it is divergent if the constant 0.75 in (|1.7)) is replaced by any

other smaller positive number.

4 Convergence analysis

In this section, we prove convergence of the generalized CP-PPA ([1.5)) with the improved condition

().



4.1 Some matrices

To simplify the notation for the convergence analysis, we first define two matrices as the following;:

rl, AT I, 0
@ ( aA sl ) an ( ~1-w)id I, > (41)
Then, with the matrices M and @ defined in (4.1]), we define two more matrices as
H:=QM™' and G:=QT+Q-MTHM, (4.2)

and show that the condition (1.6 ensures their positive definiteness.
Proposition 4.1. The condition (|1.6)) ensures the positive definiteness of both the matrices H and

G defined in (4.2)).
Proof. 1t follows from and . that

HeqQmt=|n AT In 0\ _( rlt(Q-agAta AT (4.3)
N \ ad sl (1— a)%A In | A sl ) .

and

G = QT+Q—MTHM:QT+Q—MTQ
- 2rl, (1 + a) AT —(1-a)lA” rl, AT
-\ (+a)A oA sl
B 2rl, (1 + a) AT rl, — o )%ATA aAT
B (14+a)A

rIn—i—al—afATA AT
- o SI). "

Let us define a nonsingular matrix as

Then, it is clear that

I —*IAI rl, + (1 — Oz)*lAzA Az I 0
T n n n

Hence, it follows from the law of inertia that the matrix H is positive definite if and only if
r-s-I, = aATA. Since 1 — a + a® > a for any o € R, it is clear that the matrix H > 0 when
r-s>(1—a+a?)p(ATA). Similarly, because

I, —iaAT rl, + a(l—a)tATA AT I 0
T _ n s n
cee = (0 I )( A sl -4 I,
rl, —1(1—a+a?)ATA 0
0 sl ’

the matrix G is positive definite if and only if 7-s- I, = (1 —a + a?)ATA. It is obvious that G > 0
when 7 - s > (1 — a+ a?)p(ATA). This completes the proof of this proposition. O



4.2 Prediction-correction representation

Then, we rewrite the generalized CP-PPA as a prediction-correction framework, and this
framework further helps us conduct the convergence analysis with easier notation. More specifically,
for a given u* = (2, y*), the iterate u*t! = (z*+1, y**1) generated by the generalized CP-PPA
with can be represented as the following two steps. Recall that the matrix M in is

defined in ({4.1J).

i* = argmin { £(z,y*) + ng —a|? |z e X}, (4.5a)
(Prediction) <

g = argmax {L([7" + a3 —2")],y) = Sly — "7 |y € ¥} (4.5D)
(Correction) u* ™! =u¥ — M(u* — @F). (4.6)

We would emphasize that this prediction-correction representation is merely used for theoret-
ical analysis, and there is no need to implement the generalized CP-PPA ([1.5) by following this
prediction-correction framework.

4.3 Convergence

Now, we take advantage of the prediction-correction representation (4.5)-(4.6), and prove con-
vergence of the generalized CP-PPA ((1.5). The following lemma characters the difference of the
predictor ¥ represented by (4.5 from a solution point of the VI (2.2).

Lemma 4.1. Let @* = (&*,4%) be the predictor represented by ([&.5) with given u* = (z*,y*).
Then, we have

i e, 0w — 0@k + (u—dTF@E) > (u—d)TQWr —a¥), Vueq, (4.7)
where the matriz Q is defined in .
Proof. For the subproblem , it follows from Lemma that
Pex, flx)— @)+ @—iT{-ATy* 4 r@@F - 2F)} >0, Vzeax,
which can be further rewritten as
e, fo)—f@E")+ @—-iT{—ATF +r@* - 28+ ATGF - yF)} >0, VeeX. (4.8)
Similarly, for the subproblem , we have
7" ey, gly) —g(@) + (y— ") {AE" + a@ - )] + 57" - yF)} 20, Vyey. (49
Adding and (£.9), we have @* = (z*,§*) € X x Y such that

— ik T ATk
f(ﬂﬁ)+g(y)—(f(f?fk)+g(z7’“))+(y k) {( ji.g >

RIS UT
aA(FF — 2F) 4+ s(gF — yF)

)}20, V(z,y) € X x ).

Using the notation in (2.2) and the matrix @ defined in (4.1)), the assertion of this lemma follows
immediately. O



The following lemma refines the right-hand side of the inequality (4.7)), and it enables us to use
the predefined matrices H and G in (4.2) to quantify the difference of @* from a solution point of
the VI (2.2) by quadratic terms.

Lemma 4.2. Let u* be a given vector. The predictor @* and the corrector uF+"

(4.5) and (4.6), respectively. Then, we have

are represented by

1 1
) — 0) + (u— i) F(u) > 3 (Ju— a1~ o~ ) + ok~ 3, Yuen, (410)
where the matrices H and G are defined in (4.2)).

Proof. According to (4.6) and @ = HM (see (4.2)), the right-hand side of (4.7) can be rewritten
as -
(u— @ TQMP — @) = (u— @) THM W — @) =2 (u — @) T H(P — b ).

It follows from the monotonicity of F (see (2.3))) that
0(u) — O(aF) + (u — )T F(u) = 0(u) — 0(@*) + (u — a*)TF ().
The inequality (4.7)) is thus equivalent to
O(u) — 0(@") + (u— @TF(u) > (u— @) THW — o), Vue. (4.11)
Applying the identity
1 1
(a=b)TH(c—d) = {lla—dlf —lla—clt} + 5{llc=blH - ld -0l },
2 2
to the right-hand side of (#.11)) with a = u, b = @*, ¢ = v* and d = v**!, we have
1 . -
(u—a")"H(u" —u") {Hu uF I - Hu—ukH%}Jrg{lluk—ukH%{—Huk“—ukH%}- (4.12)

For the second part of the right-hand side of (#.12)), because Q@ = HM and 2u” Qu = u* (QT +Q)u,
we have

- - (4.6) - -
[ P e e e A [ (G v I A (T
= 2wF —aMTHM W — %) — (¥ — a*TMTHM (u* — @)
= (W-a"N(Q" + Q- MTHM)WF — i)
Il — 2. (4.13)
Then, substituting (4.12)) and (4.13) into (4.11]), we prove the assertion (4.10)). O

The right-hand side of (4.10|) represented by quadratic terms is easier to be operated recursively,
and it helps us derive the strict contraction of the sequence {u*} generated by the generalized CP-

PPA (L.5)) in Theorem [4.1]

Theorem 4.1. Let u¥ be a given vector. The predictor @* and the corrector u
by (4.5) and (4.6]), respectively. It holds that

o =l < ot =t = e - Ve, (414

k41 gre represented

where the matrices H and G are defined in (4.2)).



Proof. Setting u in (4.10) as arbitrary u* € Q*, we obtain
lu? = ([ = [l = > [ = @+ 2(0(@") - 0(u”) + (@ - w)T F(u”)).
Since u* is a solution point of the VI ({2.2)), we have
(@) — O(u*) + (@ — u*)" F(u*) > 0.

Thus, it holds that

= = = >t - atE Vet e
and the assertion (4.14) is proved. O

Now, we are ready to prove the global convergence of the generalized CP-PPA (1.5 with the
condition (|1.6]).

Theorem 4.2. The sequence {u*} generated by the generalized CP-PPA (L.5) with the condition
@ converges to a solution point of the saddle point problem .

Proof. Tt follows from (4.14) that the sequence {u*} is bounded. Summarizing (4.14) over k =
0,1,...,00, we obtain

oo
DMt = a7 < [l =",
k=0

which implies
lim |[u* — @) = 0. (4.15)
k—o00
Therefore, the sequence {@*} is also bounded. Let u™ be a cluster point of {@#*} and {@*} be a
subsequence converging to u®. Then, it follows from (4.7) that

@ e, 0u) —0(@") + (u—a)TF(") > (u—a")TQur —ah), YueQ.

Since the matrix () defined in (4.1) is nonsingular, it follows from the continuity of §(u) and F'(u)
that
u® € Q, O(u) —0(u®) + (u—u®) ' Fu>®) >0, YuecQ.

This means u® is a solution point of the VI (2.2)), which is also a solution point of the saddle point

problem (1.1)). Moreover, it follows from ({.15]) that lim;_, e uki = u>. Also, according to (4.14]),

we obtain

e Tl I8

which indicates that the sequence {uk } does not have more than one cluster point. Therefore, we
have limy_,oo ¥ = u™ and the proof is complete. ]

5 Convergence rate

In this section, we derive the worst-case O(1/N) convergence rate measured by the iteration com-
plexity for the generalized CP-PPA (|1.5]) in both the ergodic and point-wise senses, where N denotes
the iteration counter.

10



5.1 Convergence rate in the ergodic sense

We follow our previous work [18] and prove the worst-case O(1/N) convergence rate in the ergodic
sense for the generalized CP-PPA ((1.5). First of all, recall the characterization of the solution set
of the VI (2.2)) given in [12].

Theorem 5.1. The solution set of the VI ([2.2]) is convex and it can be characterized as

= {aeQ: 6(w) —6(a) + (u— )" F(u) > 0}. (5.1)
ue
Proof. See the proof of Theorem 2.3.5 in [I2], or Theorem 2.1 in [I§]. O

Accordingly, for a given accuracy € > 0, @ € € is called an e-approximate solution point of the
VI (2.2)) if it satisfies
0(i) — O(u) + (i —u) ' F(u) <e, Yue Day»
where Dig) = {u € Q | [lu—al| < 1}. Now, we show that, after N iterates gencrated by the
generalized CP-PPA (1.5]), we can find a point @ such that

€N and s%p {0(2) — 0(u) + (@ —u)"F(u)} < e:= O(1/N). (5.2)
ueDq)

Theorem 5.2. Let {u*} be the sequence generated by the generalized CP-PPA with the condi-
tion (1.6). The predictor i* and the corrector u**1 are represented by [@.5) and (4.6)), respectively.
For any integer N > 0, we define

N
k
N =N kzo (5.3)

Then, it holds that

ay €Q, O(ay) —0(u)+ (ay —u) T F(u) < !

02
—_— — v € 0. 5.4

Proof. Tt follows from the inequality (4.10)) and the positive definiteness of the matrix G that
- - 1
0(a") = 0(u) + (@ — )" F(u) < e = WFIEH = u =G} Yee. (5.5)

Adding (5.5)) over k =0,1,..., N, we get

N
ZG - (N+1)0 <Zu —(N+1) > F(u)ﬁ%Hu—uoH%, VueQ.
k=0

Using the notation @y defined in (5.3]), the above inequality can be rewritten as

T 1 012
E - < fu- . :
N—|—1 0(a + (ay — u) F(u)_2<N+1)||u wllfy, YVue (5.6)

Since X and Y are convex sets, and @* € Q for all k > 0, we have @y € Q. On the other hand, 6
is convex and thus we have

N
1 ~k
U < — . .
O(un) < N+1kz_09(u ) (5.7)
Substituting ([5.7]) into (5.6)), the assertion of this theorem follows immediately. O
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Then, it follows from Theorem [5.2] that, with the first N iterates generated by the generalized
CP-PPA (1.5), the point @y defined in ([5.3) satisfies

uy € Q and sup  {0(un) — 0(u) + (ay — u) VY F (u (w)} < 5 ¢

o RES A

an)

where Dy = {u € Q| [[u— ay|| < 1} and ¢ = sup{|ju — u°||}; | u € D(zy)}- The worst-case

O(1/N) convergence rate is thus established for the generalized CP-PPA (|1.5) in the ergodic sense.

5.2 Convergence rate in a point-wise sense

Now, we follow our previous work [19] and derive the worst-case O(1/N) convergence rate in a point-
wise sense for the generalized CP-PPA (1.5). The following lemma shows certain monotonicity of
the sequence {||M (u* — @*)||%}, and it helps us operate these terms recursively.

Lemma 5.1. Let {u*} be the sequence generated by the generalized CP-PPA with the condition
@ and recall its prediction-correction representation -. For any integer k > 0, it holds
that

1M (u* = @3 < || M (® = a3 (5.8)

Proof. Utilizing the identity ||a||% — ||b]|% = 20" H(a —b) — |la — b||3 with a = M (u* — @¥) and
b= M(uF*! — @**1), we have

IV (= )3 — M (T — a4 5 5
= 2(u* — @) TMTHM{( — @) — (W — @)} — |M{ (= ) — (@ = O

Let us first bound the crossing term in the right-hand side of (5.9) by a quadratic term. More
specifically, setting v = @**! in , we have

0@ = 0(@") + (@ — @) TR > (@ - ah)TQ( — ). (5.10)

Rewrite the inequality (4.7) for the (k + 1)-th iteration and obtain

O(u) — 0(**Y) + (u — @ HTF@EY > (u— adHTQWF — @), Vueq. (5.11)
Setting u = @ in (5.11)), we get
o(a*) — 0@ty + (aF — T FR(@EH) > (@F — @ T QU — aF ). (5.12)

Adding (5.10)) and (5.12]), and using the monotonicity of F' (see (2.3])), we obtain

(ﬂk _ ﬂk+1)TQ{(uk _ ﬂk) _ (uk—i-l _ ﬂk;—i-l)} > 0. (5‘13)
Moreover, adding the term {(u* — @*) — (uF 1 — G*+HINTQ{(uF — a@F) — (u+1 —a@**1)} to both sides
of (5.13)) and using u’ Qu = %uT(QT + Q)u, we have

(uk - uk+l)TQ{(uk _ ka) _ (ukJrl _ akJrl)} > ;”(uk _ uk) ( k+1 ~k+1) (5.14>

1o
Note that the left-hand side of ((5.14)) can be rewritten as
uk+1)TQ{(uk _ &k) _ (uk—i-l _ ak-i-l)}

{M(uk - ﬂk)}TQ{(uk o ka) o (uk—i-l o ﬂk—i-l)}

(uk: o ’l]k)TMTHM{(uk N ’l]k) _ (uk-‘rl - ﬂk+1)}.

(u*

= 1[E]
D) (o))

12



Thus, we obtain
Furthermore, substituting (5.15)) into ([5.9)), we have

IV (= )3 — M (T — a4 5
2(ut — @ MTHM{(u — @) — (! — )} — | M{(f = ) — @ =

) = @ = @) G — MY = @) = (T @

I

(
(u* —a
(

k) o (ukJrl _ akJrl)

where G is defined in (4.2). Recall that G is positive definite under the condition (1.6)) (see
Proposition . The assertion of this lemma is proved. O

Now, we are ready to derive the O(1/N) convergence rate in a point-wise sense for the gener-

alized CP-PPA ([1.5)).

Theorem 5.3. Let {u*} be the sequence generated by the generalized CP-PPA with the
condition @ and recall its prediction-correction representation —. Then, for any positive
integer N, we have

1
(N +1)co

where cg > 0 is a constant independent of N.

M (™ —a™)|3 < [u® —u*||7, Vu*eQr (5.16)

Proof. Recall Theorem Because of the equivalence of different norms, there exists a constant
co > 0 such that

=y < o — | = coll @b =), Vut e (5.17)

Summarizing (5.17) over k =0,..., N, we have

N

Do colM(ut =@M < Ju® —w*|f, Vute Q.

k=0
It follows from (5.8) that the sequence {||M (u* —@*)||%} is monotonically non-increasing. We thus
have

N
(N + Deol M (N = a7 < Y- col M Wb — @) < o —w'|lf, Vu* €0,
k=0
which leads to the assertion of this theorem immediately. O

Let d := inf{|lu® — u*||% | u* € Q*}. It follows from Theorem m that
d

(N + 1)60

Recall the inequality (4.7) and the fact Q = HM. Then, @* is a solution point of the VI (2.2)

if and only if [|[M(u* — @*)||%; = 0. Hence, the assertion (5.16) indicates the worst-case O(1/N)
convergence rate in a point-wise sense for the generalized CP-PPA (|1.5]).

Remark 5.1. Recall {4.6) and we have u* —u*+1 = M(uF —aF). The assertion also implies
that ||uf — u**1|| < € can be used as a stopping criterion for implementing the generalized CP-PPA
(1.5), where € > 0 denotes the error tolerance.

1M (™ = a™)[IF < = O(1/N).
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6 Numerical experiments

In this section, we test some specific applications of the saddle point problem and report the
numerical results to verify our theoretical assertions. In particular, we verify that the improved
condition leads to better numerical performance for the CP-PPA . The acceleration is
moderately but universally effective for a class of problems in form of . We particularly focus
on the best choice of & = 0.5 and compare it with the original choice of @ = 1, i.e., . That
is, we mainly compare the numerical difference of the CP-PPA with the conditions and
. Our codes were written in Python 3.9 and they were implemented in a Lenovo laptop with
2.20 GHz Intel Core i7-8750H CPU and 16 GB memory.

6.1 Basis pursuit

We first consider the basis pursuit problem
min {[|z||; | Az =b, z € R"}, (6.1)

where ||z|1 = D0 @], A € R™ (m < n) is a given data matrix, and b € R™. The basis
pursuit problem (6.1]) plays a fundamental role in various areas such as compressed sensing, signal

processing and statistical learning. We refer to, e.g., |4, [9], for some survey papers.
When the CP-PPA ([1.3)) is applied to (6.1)), the resulting scheme is

{ 2F = argmin {|lz] + 5|z — (=% + LATYP)|3 | 2 € R}, (6.2)

yk-‘rl — yk _ %[A(2:1}k+1 _ :L‘k) _ b] ]

Note that the z-subproblem in has a closed-form solution, and it is represented by the shrinkage
operator defined in [9]. Recall that the CP-PPA and the generalized CP-PPA coincide
for the model , and our purpose of testing is to verify that the condition can result
in numerical acceleration.

To simulate, we follow some standard way (e.g., as elucidated on & https://web.stanford
.edu/~boyd/papers/admm/basis_pursuit/basis_pursuit_example.html) to generate z* € R"
randomly and s coordinates of it are drawn from the uniform distribution in [—10, 10] and the rest
are zeros, and then generate the matrix A € R"*" whose entries satisfying the normal distribution
N(0,1). We set b = Az*, and use 2° = 0 and y° = 0 as the initial point. Moreover, we take
m = n/4 and set the sparse parameter s = n/20. The stopping criterion for is

o =k = ek — 2t + g — g2 < 1070,

Since our focus is not discussing how to tune the parameters r» and s empirically for a specific
problem, but verifying acceleration of the improved theoretical lower bound of r - s, we fix the
mechanism of determining r and s individually (which is also experimentally probed) and test the
numerical difference with different lower bound of r - s. More precisely, they are chosen as follows
subject to the only difference of the constant 1 — o + .

e CP-PPA with : r = +/p(ATA)/10 and s = 10/ p(ATA).

e CP-PPA with (1.6): 7 = /(1 — a+ a2)p(ATA)/10 and s = 10,/(1 — a + a2)p(ATA).
e CP-PPA with (1.7): r = \/0.75p(ATA)/10 and s = 10,/0.75p(ATA).
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In Table for different cases of n, the iteration number (“It.”), computing time in seconds
(“CPU”), the objective function value (“||x||;”), and the violation of constraints (“||Az* —b||”) are
reported. The moderate acceleration of the optimal condition over is clearly seen in
Table To see the acceleration of other values of « in , we plot the iteration numbers with
respect to some values of o € [0,1] for the cases of n = 200 and n = 2000 in Figure From
the plotted curves, the optimality of & = 0.5 and the acceleration of other values near 0.5 are well

demonstrated.

Table 6.1: Improvement of 1} for CP-PPA (|L.3)).
. D(ATA) CP-PPA with (1.4) CP-PPA with (1.7)

It. CPU |aby [lAzF —b| It. CPU |ab|y || Az* —b|

100 214.14 464 0.13  23.61 7.84e-8 342 0.06 23.61 8.98e-8
200 44451 714  0.17  49.88 6.84e-8 531 0.11  49.88 7.71e-8
300 691.99 1065 0.29 83.25 247e-7 827 0.17  83.25 1.57e-7
400 863.35 780 0.19 116.46 1.58e-7 596 0.13 116.46 1.56e-7
500  1071.84 928 0.25 142.75 1.75e-7 703 0.16 142.75 1.69e-7
800  1749.00 858 0.24 234.90 2.26e-7 647 0.16 234.90 2.37e-7
1000 2213.51 948 0.27 281.97 3.58e-7 734 0.19 281.97 2.56e-7
2000 4486.57 1022 0.92 507.92 1.16e-7 782 0.61 507.92 9.80e-8
3000 6651.24 1103 2.97 768.48 2.97e-7 886 2.30 768.48 2.12e-7
5000 11230.30 1092 9.62 1244.81 3.62¢-7 869 7.62 1244.81  1.39e-7

—o— max{It.} x (1-a+a?) 1000 4 —o— max{It.} x (1 —a+a?)

800 -

200 A

0O 01 02 03 04 05 06 07 08 09 10 0 01 02 03 04 05 06 07 08 09 1.0
a a

(a) n =200 (b) n = 2000

Figure 6.1: Performance of CP-PPA (|1.3)) with different « in 1D for (6.1]).

6.2 Potts-model-based image segmentation problem

Then, we test the convex-relaxed version of the Potts model for multi-phase image segmentation

Z/uZ p(li, z) + p|Vu;(z |dx) Z“’ —1}

problem
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where p > 0 is the weight parameter for the regularization term of the total perimeter of all
segmented regions, [ |Vu;(z)|dx (i =1,...,m) are total variation (TV) regularization terms (see
[25]), p(li,x) (i =1,...,m) are used to evaluate the cost of assigning the label /; to the specified
position z, and Q is the image domain. As analyzed in [28], its corresponding dual problem can be
reformulated as

maX/ ps(x)dx
Q

s.t. Div ¢;(x) — ps(x) + pi(x) =0, i =1,2,...,m, (6.3)
|Q’L(x)‘ S My pz(x) S p(llvx)a 1= 1727 cee, M,

where Div = (—V)* is the adjoint of the —V operator, ps(x) and p;(x) (i = 1,...,m) stand for the
source flow and the sink flow, respectively. After discretization, let I(p(x),q(x)) be the convex
characteristic function on the convex set

C:={(p(x);q(x)) | pi(z) < p(ls, ), |qi(x)| < p, i =1,2,...,m},

1 be is the n-vector whose elements are all 1, and I,, be the n x n identity matrix. Then, the model

(6.3) can be rewritten as

min —1"p, + Io(p, q) (6.4a)
ps,p,q ~~
f(ps»p,q)

subject to the following linear equality constraints

—I, Div 0 I, 0 0
-1, 0 0 0 0 0

P2 R e B K P D o I O D (6.4D)
—I, 0 Div 0 I, 0
A(ps; g1+ qms P13 Pm) b

Hence, it is a special case of (3.1)) with the specific matrix A defined as

-1, Div o .- 0 I, - 0
e S S
I, 0 0 DZ."U 0 0 I,
We thus have
2, —A I, In
AT — I, 21, - A I,
L L, 20, A

As analyzed in [27], we have p(ATA) = p(AAT) < 9 + m for the Potts-based image segmentation
model (6.4), and the CP-PPA (1.3) for (6.4) can be specified as

f+1 _ Pﬂ(qf—%Vuf),i:L---ama

pi = Pulplgul) i =1 m, (6.5)
Pyt = Pl (1= 0 ub), |
uft = uf = H{Div (247 - qf) - 25— ph) + @ P} i =1 m,
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where the projections P, and P,, (i = 1,...,m) are respectively defined as follows:

P.(q) = q/ max {1, |Z‘} and P,,(p) = min {p, p(li,x)} for i=1,...,m.

For succinctness, we only consider the case of m = 4 for the Potts-based image segmentation
model (6.4). Note that p(ATA) <9+ m =13 in (6.4). We simply follow [27], and choose r-s = 13
to satisfy the condition (1.4)) (which is numerically reasonable because the condition only
requires that r - s be arbitrarily larger than p(AT A)). Accordingly, the optimal condition
becomes r - s = 0.75 x 13. Again, for comparison purpose, we use the same mechanism to choose
r and s for implementing , and they are chosen in the following ways subject to the only
difference of the constant 0.75:

o CP-PPA with ([.4): r = 13/s and s = 3,4, 5,6, 7.
e CP-PPA with (1.7): » =0.75 x 13/s and s = 3,4,5,6, 7.

We follow the package developed by the authors of [28] (which is available at = https://www.ma
thworks.com/matlabcentral/fileexchange/34224-fast-continuous-max-flow-algorithm-to-2d
-3d-multi-region-image-segmentation) and take the stopping criterion for (6.5)) as

|

ADE(k) := <1077,

size(u)

where “ADE” denotes the average dual error. For experiments, we test the image “flowers” with
size 539 x 359 which can be downloaded from | https://github.com/taigw/GrabCut-GraphCut,
and the image “butterfly” with size 768 x 512 can be downloaded from | https://homepages.ca
e.wisc.edu/~eceb33/images/.

Table 6.2: Numerical results of CP-PPA (|1.3) for (6.4]) with m = 4.

Parammeter s CP-PPA with (1.4) CP-PPA with (1.7)
It. CPU ADE It. CPU ADE

flowers

s=3 426 78.74 9.99e-8 335 62.19 9.99e-8
s=4 422 7854 9.97e-8 336 61.68 9.93e-8
s=5 419 7830 9.99e-8 332 61.78 9.94e-8
s=6 412 76.47 9.91e-8 329 60.30 9.89e-8
s=1T7 408 7545 9.86e-8 318 58.39  9.89e-8
butterfly

s=3 572 194.13 9.99e-8 480 162.97 9.91e-8
s=4 529 181.25 9.91e-8 450 154.28 9.87e-8
s=5 503 172.59 9.96e-8 433 147.86 9.85e-8
s=6 488 167.92 9.99e-8 422 143.75 9.96e-8
s=1T7 482 164.87 9.95e-8 423 144.63 9.99e-8

Some numerical results of the CP-PPA (|1.3) for solving the Potts-based image segmentation
model (6.4)) are reported in Table The moderate acceleration of the optimal condition ([1.7))
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over the original condition (1.4) is shown again for the CP-PPA (1.3). In Figure some tested
images and the computationally segmented results are visualized.

(a) Original image: flowers (b) Segmented result of flowers

(c) Original image: butterfly (d) Segmented result of butterfly

Figure 6.2: Clean and computationally segmented images by CP-PPA 1) with 1} for (6.4])
with four labels; s = 7 for “flowers” and s = 6 for “butterfly”.

7 Heuristic for improving ((1.4)

The convergence-guaranteeing condition is less restrictive than the original condition ,
and its optimal choice with a = 0.5 is verified to be effective for accelerating the CP-PPA
moderately. This improvement is effective for the generic case where the corresponding A4 is not
assumed to have any specific structure. As mentioned, if p(ATA) is too large, then the condition
restricts the choices of r - s severely and tiny step sizes become unavoidable. For this case, the
condition becomes the bottleneck to the efficiency of the CP-PPA , and the improved

condition ([1.6]) or ([1.7]) does not help much, either.

7.1 DMotivation

When p(ATA) is too large, it is necessary to consider how to further relax these conditions and thus
to avoid too small step sizes, even though rigorous convergence may not be guaranteed. Note that
the essential role of the conditions (1.4]), (1.6) and (1.7)) in the convergence proof of the CP-PPA
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(1.3) is to sufficiently hence most conservatively guarantee the inequalities
k k+1))2 k E+1y)12
rosllat — 2t > | A(Y — 2" (7.1)

for all iterations uniformly. In this sense, these conditions provide iteration-independent and hence
globally applicable bounds for the choice of r - s. Indeed, all these conditions are for the generic
setting of and no structure of AT A is pre-assumed. Our essential idea is to consider the less
restrictive condition directly, and explore the structure of A to probe smaller lower bound of
r-s iteratively in lieu with the iteration-dependent condition directly. If the average eigenvalue
of ATA (denoted by paverage(ATA)) is significantly smaller than the largest one, then we are inspired
to determine the range of 7 - s heuristically in terms of payerage (ATA), instead of p(AT A), and we
even allow for certain flexibility in the requirement of satisfying the condition strictly. Though
there is no mathematical rigor, the condition may be satisfied for some iterations. Once it is
satisfied, tiny step sizes are avoided and hence much computation can be saved. This is how the
niche targeting heuristic works for the CP-PPA .

7.2 Assignment problem

Recall that the classic assignment problem in operational research aims at assigning n jobs to n
persons with each job being exactly assigned to one person, and its model is

max  ®(z) =30 D70 ¢ijwyj
s.t Z?:lxijzlﬂ i:l,...,n,
Y mg=1, j=1,...,n,
ri; € {0,1},

(7.2)

where ¢;; > 0. It is well known (e.g. Section 6.5 in [20]) that the assignment problem (7.2)) can be
relaxed as the following one in which the binary constraints are replaced by box constraints:

. n n
min - —®(x) = >0, > iy —CijTi
s.t Z?zlxij:L i=1,...,n,
Z?:l‘rij:]-) j:17"‘7n7

(7.3)

The model ([7.3)) is obviously a special case of the model (3.1)) with a linear objective function, linear
equality constraints, and box constraints. Now we focus on finding an efficient heuristic to further
accelerate the CP-PPA (1.3 by exploiting the special structure of the specific problem (|7.3]).

Let us define

T
xr = (1‘11,$12, ey TN, 21, X225« v« s L2yt """ " " s Tnly Tny .- - ,xnn).

Then, for the model (7.3)), the matrix A corresponding to (3.1)) has the form

a- eT 7 (74)
e

I, I, e I, I,

where e is the n-vector whose elements are all 1, and I, is the n X n identity matrix. Notice that
the 2n x n? matrix A defined in (7.4) is totally unimodular, and as analyzed in, e.g., [26], this
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property essentially ensures the equivalence between the assignment problem ([7.2)) and its relaxed

one .

Now, we explain how to calculate the largest and average eigenvalues of the matrix ATA. First, it
follows from basic linear algebra knowledge that p(ATA) = p(AAT) and Trace(ATA) = Trace(AAT).
Using the structure of the matrix A in (7.4), we have

o1 1 ... ... 1
0 n . S R R |
0 1 1 1 .
r_| 0 .. 0 n 1 1 1| _( nly ee
A" = 1 1 .1 n O 0 _<eeT nIn>' (7.5)
1 1 .1 0 n
1 1 ... ... 1 : .00
1 1 ... ....10 ... ... 0 n

According to the assertion of the Gerschgorin-circle for the eigenvalues of a matrix, for every
eigenvalue p; of the positive semi-definite matrix AA”, we have

i —nl <n and thus 0<p; <2n.
lpi — n p

()= () () -m (1)

Therefore, it holds that

In addition, we have

p(ATA) = p(AAT) = 2n.
On the other hand, it follows from ([7.5) that
Trace(ATA) = Trace(AAT) = 2n?,

and thus paverage(ATA) = 2. That is, for the matrix A defined in p(ATA) = 2n while
paverage(ATA) = 2. When n is large, the condition , as well as its improved ones and
(1.7), are all too conservative to yield favorable step sizes, because of p(ATA) = 2n. To avoid
tiny step sizes for this case, the significant difference between p(ATA) and paverage(ATA) naturally
inspires us to consider replacing these conditions heuristically by

r-s= 2paverage(ATA)’ (7.6)

to implement the CP-PPA ([1.3)) for the model ([7.3).
To simulate, we generate some data for the model (7.3 with different values of n. We take
¢ij =random x 10 fori =1,...,n,5=1,...,n; x?- = % fori=1,...,n, 7=1,...,n;and y" = 0.

The stopping criterion is
max { |2 — 2" Mo, 9F = v* Moo} < 10710,

We still include the improved condition (1.7 for comparison, although our main purpose is to
verify the effectiveness of the heuristic condition ([7.6|). More specifically, we compare the following
specific choices of r and s to implement the CP-PPA (1.3).
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e CP-PPA with (L.4): » = (10/n) x y/n/2 and s = 0.4n x \/n/2.
e CP-PPA with (1.7): » = v/0.75 x (10/n) x y/n/2 and s = v/0.75 x 0.4n x /n/2.
e CP-PPA with (7.6): » = 10/n and s = 4/r = 0.4n.

We report some numerical results for the CP-PPA with different conditions in Table It
can be seen that the structure-exploiting heuristic accelerates the CP-PPA significantly.
Indeed, the acceleration of over the conditions and can be as much as more than
20 times. Hence, the possible loss of mathematical rigor in leads to a significant acceleration
empirically for the CP-PPA . In addition, for all the cases tested, it is empirically verified that
solutions of the relaxed problem are all binary. Hence, the CP-PPA with the heuristical
condition provides a very efficient solver to the challenging assignment problem . We
visualize the solutions for some tested scenarios in Figure below.
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Figure 7.3: Numerical results for 1j solved by CP-PPA (]1.3]) with the heuristic condition ([7.6]).
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Table 7.3: Numerical results of the CP-PPA (1.3) for (7.3).

CP-PPA with (T.4) CP-PPA with CP-PPA with (7.6
It. CPU &®@&F) It. CPU &(zF) It. CPU &(zF)

20 229 0.06 186.64 201 0.03 186.64 74 0.01 186.64
50 317 0.10 486.51 275 0.08 486.51 57 0.01 486.51
80 438 0.12 78231 381 0.10 78231 69 0.02 78231
100 1053 035  983.74 910 0.28 983.74 144 0.05 983.74
200 2139 1.3 1983.47 1841 1.27 1983.47 200 0.14 1983.47
300 2407  3.82 2983.28 2081 3.20 2983.28 217 0.33 2983.28
400 10330 76.77 3982.58 8886 64.82 3982.58 699 5.29 3982.58
500 4739 53.62 4983.45 4070 45.76 4983.45 296 3.43 4983.45
600 9321 151.68 5983.80 8049 130.17 5983.80 505 8.14 5983.80
700 18774 413.38 6984.00 16280 358.55 6984.00 1041 23.03 6984.00
800 20660 597.20 7983.59 17816 517.03 7983.59 1034 30.16 7983.59
900 9500 349.11 8983.77 8240 300.18 8983.77 443 16.52 8983.77
1000 16699 759.72 9984.04 14466 659.46 9984.04 704 31.85 9984.04

Size n

8 Conclusions

In this paper, we generalize the well-known primal-dual algorithm proposed by Chambolle and
Pock for saddle point problems, and improve the condition for ensuring its convergence. The
improved condition is effective for the most generic setting of convex programming problems with
linear equality constraints, and it is shown to be optimal. We particularly recommend the choice
of @ = 1/2 to implement the generalized primal-dual algorithm for various applications of the
saddle point problem , because of the resulting optimal convergence-guaranteeing condition
. It is also verified by some standard applications that the improved condition can easily lead
to numerical acceleration. We would reiterate that the acceleration is generally moderate because
it is resulted by a theoretically optimal condition and it is effective for the generic setting. But
it is extremely easy to realize the acceleration; essentially there is no need to tune any parameter
additionally and basically we just need to adapt the available codes by attaching the constant
0.75 to the current way of determining the parameters r and s. Hence, the improved condition
immediately provides a simple and universal way to further improve the numerical performance of
the original primal-dual algorithm proposed by Chambolle and Pock. We also propose a structure-
exploiting heuristic to further accelerate the original primal-dual algorithm empirically for some
specific saddle point problems, and verify its significant acceleration by the classic assignment

problem.

References

[1] Arrow, K.J., Hurwicz, L., Uzawa, H.: Studies in Linear and Non-linear Programming. Stanford
Mathematical Studies in the Social Sciences, vol. II, Stanford University Press, Stanford (1958)

[2] Beck, A.: First-Order Methods in Optimization, vol. 25. STAM, Philadelphia (2017)

22



[3]

[15]

[16]

Bonettini, S., Ruggiero, V.: On the convergence of primal-dual hybrid gradient algorithms for
total variation image restoration. J. Math. Imaging Vis. 44, 236-253 (2012)

Bruckstein, A.M., Donoho, D.L., Elad, M.: From sparse solutions of systems of equations to
sparse modeling of signals and images. STAM Rev. 51(1), 34-81 (2009)

Chambolle, A., Caselles, V., Cremers, D., Novaga, M., Pock, T.: An introduction to total
variation for image analysis. In: Theoretical Foundations and Numerical Methods for Sparse

Recovery, vol. 9 of Radon Series on Computational and Applied Mathematics, pp. 263-340.
Walter de Gruyter, Berlin (2010)

Chambolle, A., Pock, T.: A first-order primal-dual algorithm for convex problems with appli-
cations to imaging. J. Math. Imaging Vis. 40, 120-145 (2011)

Chambolle, A., Pock, T.: An introduction to continuous optimization for imaging. Acta Nu-
mer. 25, 161-319 (2016)

Chambolle, A., Pock, T.: On the ergodic convergence rates of a first-order primal-dual algo-
rithm. Math. Program. 159, 253-287 (2016)

Chen, S.S., Donoho, D.L., Saunders, M.A.: Atomic decomposition by basis pursuit. STAM
Rev. 43, 129-159 (2001)

Condat, L.: A primal-dual splitting method for convex optimization involving Lipschitzian,
proximable and linear composite terms. J. Optim. Theory Appl. 158, 460-479 (2013)

Esser, E., Zhang, X., Chan, T.F.: A general framework for a class of first order primal-dual
algorithms for convex optimization in imaging science. SIAM J. Imaging Sci. 3, 1015-1046
(2010)

Facchinei, F., Pang, J.S.: Finite-Dimensional Variational Inequalities and Complementarity
Problems. Springer Series in Operations Research, vol. I. Springer, New York (2003)

He, B.S., Ma, F., Yuan, X.M.: An algorithmic framework of generalized primal-dual hybrid
gradient methods for saddle point problems. J. Math. Imaging Vis. 58, 279-293 (2017)

He, B.S., Ma, F.; Yuan, X.M.: Optimal proximal augmented Lagrangian method and its
application to full Jacobian splitting for multi-block separable convex minimization problems.
IMA J. Numer. Anal. 40(2), 1188-1216 (2020)

He, B.S., Xu, S.J., Yuan, X.M.: On convergence of the Arrow-Hurwicz method for saddle
point problems. Manuscript (2021)

He, B.S., You, Y.F., Yuan, X.M.: On the convergence of primal-dual hybrid gradient algorithm.
SIAM J. Imaging Sci. 7, 2526-2537 (2014)

He, B.S., Yuan, X.M.: Convergence analysis of primal-dual algorithms for a saddle-point
problem: From contraction perspective. STAM J. Imaging Sci. 5, 119-149 (2012)

He, B.S., Yuan, X.M.: On the O(1/n) convergence rate of Douglas-Rachford alternating di-
rection method. STAM J. Numer. Anal. 50, 700-709 (2012)

23



[19]

[20]

He, B.S., Yuan, X.M.: On non-ergodic convergence rate of Douglas-Rachford alternating di-
rection method of multipliers. Numer. Math. 130, 567-577 (2015)

Luenberger, D.G., Ye, Y.: Linear and Nonlinear Programming, 4th ed., Internat. Ser. Oper.
Res. Management Sci. 228, Springer, New York (2016)

Malitsky, Y., Pock, T.: A first-order primal-dual algorithm with linesearch. SIAM J. Optim.
28, 411-432 (2018)

Martinet, B.: Regularision d’inéquations variationelles par approximations successive. Rev.
Francaise d’Inform. Recherche Oper. 126, 154-159 (1970)

Pock, T., Chambolle, A.: Diagonal preconditioning for first order primal-dual algorithms in
convex optimization. In: IEEE International Conference on Computer Vision, pp. 1762-1769
(2011)

Rockafellar, R.T.: Monotone operators and the proximal point algorithm. SIAM J. Cont.
Optim. 14, 877-898 (1976)

Rudin, L.I., Osher, S., Fatemi, E.: Nonlinear total variation based noise removal algorithms.
Phys. D 60(1-4), 259-268 (1992)

Schrijver, A.: Theory of Linear and Integer Programming. Wiley, New York (1998)

Sun, H.P., Tai, X.-C., Yuan, J.: Efficient and convergent preconditioned ADMM for the Potts
models. STAM J. Sci. Comput. 43(2), 455-478 (2021)

Yuan, J., Bae, E., Tai, X.-C., Boykov, Y.: A continuous max-flow approach to Potts model.
In: European Conference on Computer Vision, vol. 6316, pp. 379-392. LNCS (2010)

Zhang, X., Burger, M., Osher, S.: A unified primal-dual algorithm framework based on Breg-
man iteration. J. Sci. Comput. 46, 20-46 (2011)

Zhu, M., Chan, T.: An efficient primal-dual hybrid gradient algorithm for total variation image
restoration. CAM Report 08-34, UCLA, Los Angeles, CA (2008)

24



	1 Introduction
	2 Preliminaries
	2.1 Lemma
	2.2 Variational inequality reformulation

	3 Connection between (1.3) and (1.5)
	3.1 Equivalence of (1.3) and (1.5) for (3.1)
	3.2 Optimality of (1.7) for CP-PPA (1.3)

	4 Convergence analysis
	4.1 Some matrices
	4.2 Prediction-correction representation
	4.3 Convergence

	5 Convergence rate
	5.1 Convergence rate in the ergodic sense
	5.2 Convergence rate in a point-wise sense

	6 Numerical experiments
	6.1 Basis pursuit
	6.2 Potts-model-based image segmentation problem

	7 Heuristic for improving (1.4)
	7.1 Motivation
	7.2 Assignment problem

	8 Conclusions

