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MULTIDIMENSIONAL KYLE-BACK MODEL WITH A RISK
AVERSE INFORMED TRADER*

SHREYA BOSE! AND IBRAHIM EKREN?

Abstract. We study the continuous time Kyle-Back model with a risk averse informed trader.
We show that in a market with multiple assets and non-Gaussian prices an equilibrium exists. The
equilibrium is constructed by considering a Fokker-Planck equation and a system of partial differential
equations that are coupled with an optimal transport type constraint at maturity.
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1. Introduction. The objective of this paper is to continue the study of Kyle-
Back models with a risk averse informed trader using the optimal transport theory
based methodology initiated in [5, 8]. In this paper, we study markets with multiple
stocks and show the existence of equilibrium under the assumption of log-concavity
of the distribution of the fundamental value of the assets.

Kyle’s model, introduced in the seminal work [24], has been one of the most
influential models in finance. In its original form, the model shows how an equilibrium
between a profit maximizing informed trader and a risk-neutral market maker is
reached. In this equilibrium, an informed trader who knows the fundamental value
of an asset trades optimally to maximize his expected profit against a market maker.
The market maker who has inferior information observes the total demand of the
informed trader and noise traders and quotes a rational price for the asset. In this
seminal work, the distribution of the fundamental value is assumed to be Gaussian
and the pricing rule of the market maker is particularly simple. Indeed, the increments
of the price quoted by the market maker is proportional to the total demand received.

A large number of extensions of this model has been considered in the literature.
In particular, the risk neutral single-period Kyle models are studied in [10, 27, 22].
In discrete time, the risk aversion of the informed trader is studied in [30]. The
continuous-time model with non-Gaussian fundamental value was introduced in [2].
Many extensions of the continuous time model have been studied, see [2, 4, 7, 3, 11,
12, 1, 13, 6].

Recently, it was shown in [5] that there exists a deep connection between optimal
transport theory and Kyle-Back models and many financially important quantities
can be computed using the Monge-Kantorovich duality'. The connection stems from
the fact that in many versions of Kyle’s model, the strategy of the informed trader
has the inconspicuous trading property as defined in [15]. This property means that
the current trading rate of the informed trader has zero mean conditional to the
information of the market maker . Such a property creates distributional constraints
on the total demand received by the market maker at maturity. Thus, a natural
pricing rule at maturity for the market maker is to use the optimal transport map (or
Brenier’s map) as defined in [9, 26]. The strategy of the informed trader can also be
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2 S. BOSE AND I. EKREN

interpreted as the Brownian bridge whose final condition is determined by an optimal
transport map and the private information of the informed trader. Additionally, the
potential functions, which are the optimizers of the dual formulation of the optimal
transport problem, provides expressions for the profits of the informed trader and the
market maker, see [5, Theorem 3.2 and Corollary 3.1].

In this paper, we aim to extend the results in [8] to a multi-dimensional case. A
fundamental challenge in treating the case of the risk-averse insider is the fact that the
total demand Y; is not a sufficient statistic for the pricing rule of the market maker
and the strategy of the informed trader. This point was noted in [15], where the
author shows that both the pricing rule and the strategy of the informed trader are
path-dependent functionals of Y, see also [14]. It is also shown in [15] that the relevant
statistic is a stochastic integral & = fot AsdYs driven by Y where the integrand A,
called the price pressure, is a deterministic function of time. The price pressure is
then determined by an algebraic equation. Given the fact that the price pressure is
taken to be deterministic, it is shown in [15] that an equilibrium can only exist if the
fundamental value of the asset is Gaussian.

In [8], in order to relax the Gaussianity assumption of the fundamental value, the
authors allow the price pressure to be a function of (£;). Thus, (&) solves a stochastic
differential equation driven by Y. Then, the algebraic condition identifying the price
pressure was shown to be an optimal transport type condition between the law of &7
in equilibrium and the belief of the market maker on the fundamental value. This
condition yields, in the context of [8], to the existence of a fixed-point between a
Fokker-Planck equation and a quasilinear parabolic partial differential equation. This
fixed point allows the construction of an equilibrium.

The multi-asset framework studied in this paper brings forward major challenges.
First of all, although the quasilinear equation describing the pricing rule in [8] can
be stated in this multi-asset framework, we are not able to construct other functions
needed to carry out the existence proof. Thus, we derive novel tools to construct the
price pressure function. The main advantage of this methodology is to completely
avoid the study of the quasilinear pricing equation. The solution of this equation is
readily provided from a first order optimality condition of a convex conjugation.

Secondly, in our multi-asset framework the optimal transport map is not explicit
and we need to prove the continuous dependence of the transport maps as a function
of marginals of the transport problem. Given the fact that the PDE methods in [8]
require strong regularity assumptions, it was conjectured that the existence of an
equilibrium for the multi-asset problem studied here would require strong continuous
dependence estimates of the transport maps. However, our novel optimization theory
based construction presented here do not require stringent condition on the functions
defined. Thus, we are able to obtain the continuous dependence estimates needed
with tools available in the literature, see [32, Corollary 5.23].

Our optimal transport theory based construction also grandly simplifies the fil-
tering problem of the market maker. Indeed, we show that in the equilibrium we
construct, the solution of the Kushner’s equation associated to the filtering problem
of the market maker is solved by the transition density of (&) in equilibrium. In
fact, the optimal transport type constraints defining the fixed-point are exactly the
condition we need so that this property of the filtering problem holds.

The paper is organized as follows. We introduce the problem of interest in Section
2. After providing preliminary results in Section 3, we state our main theorem in

terms of existence of equilibrium in Section 4. In section 5, we discuss properties
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of the equilibrium and compute explicitly the equilibrium for Gaussian fundamental
value. In Section 6, we provide the proofs of the results of the previous sections.

1.1. Notations. Throughout this paper we will use the following notations. We
denote by 8™ (resp. SZ, go) the set of n-dimensional symmetric (resp. symmetric
positive, symmetric non-negative) matrices. The components of the vector valued
functions will be denoted using superscripts, while a point 2 € R® = R"*! has its
components written with subscripts. For vector valued functions uw : R" — R™ u =
(ul, ..., um)T, we write the Jacobian matrix as

dul Aut 1
oor 0 tan Du
D,u = . = : € R™*",
ou™ ou™ m
oz o Oxy, Du

Note that with this convention, in the case m =1, D,u = (g—;l, e 6‘97“) € RIxn
denotes a row vector which is the transpose of its gradient. In the case m = 1, the
Hessian matrix D2u € 8", is given by

8%u 8%u
61? T 0x10xy,
2, _
Dzu - .
3%u 8%u
O0xn,0x1 te ox2

For simplicity of notation, we use D and D? instead of D, and D2 respectively,
whenever there is no risk of confusion. For any A € R™*"™, we denote A(A) and A(A)
respectively the smallest and largest eigenvalues of A. By tr(A), we denote the trace

of A given by
tT(A) = Z Aig.
i=1

Let A = [0,T] x C([0, T],R™) denote the set of n dimensional continuous paths.
We endow A with the pseudo-metric

dOO((tvy)v (Svg)) = |t - S| + sup |yt/\r - gs/\r|-
0<r<T

Similarly to [18, 16, 19], we say that a mapping u : A — R is C%2(A) if there
exists three continuous mappings Giu : A — R, dyu : A —= R", 9y,u : A = S, so
that for any continuous semi-martingale Y with bounded characteristics, we have the
decomposition

du(t,Y)) = (atu(t, Y) + %tr (Byyu(t, y)%?t)) dt +dyu’ (t,Y.)dYs.

Note that any functional which is continuous with respect to d, is non-anticipative.

2. The multivariate model setup. Let us consider a filtered probability space
(0, F, (Ft)teo, 1), P) which satisfies the usual conditions of right continuity and com-
pleteness. We assume that the probability space carries a random vector v € R™ and a
standard n-dimensional Brownian motion B. We assume that F is the augmentation
of the filtration generated by the process t — ¥+ B; so that v and B are independent.
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In the economy that we consider, there are n > 1 stocks that can be traded
continuously over the time interval [0, T]. There are three market participants namely
an informed trader, noise traders and market makers. At the initial time (¢ = 0), the
informed trader learns the fundamental value of the n assets at the terminal time
(t =T), which we denote by © € R™. At the terminal time, this private information
becomes available to the other market participants. The noise traders trade in the n
assets because of some exogenous needs. The position of the informed trader at each
time t is denoted by X; € R™ and that of the noise traders is assumed to have the
form Z; = 0By € R", where 0 € 8%, is a deterministic symmetric positive matrix.

The market makers only observe the total demand Y; € R™ where Y; = X; + Z;
without being able to observe the separate trades from X; and Z;. They have an
apriori belief on the distribution of the n—dimensional random variable v, which we
denote as v. Based on the information set (F ) of the market maker, in equilibrium,
the risk neutral market maker quotes the following rational pricing rule for the n
stocks

(2.1) P, =E[5|F)],t €[0,T).

The main objective of the informed trader is to maximize the expected profit by
choosing his trading strategy X optimally. As shown in [5, 9], the wealth of the
informed trader at final time T is given by

(2.2) Wp =Wp(X,H) := /OT@ ~H(t,X. +Z))TdX, — zn}Xi, H'(t,X. + Z.))r.
i=1

We assume that the informed trader is risk averse with exponential utility

—vyexp(—yWr)

where v > 0 is her risk aversion parameter.
We make the following standing assumptions on the data of our problem.

ASSUMPTION 2.1. The distribution v of ¥ is k-strongly log-concave for some Kk >
0, i.e. there ewists a function V with D?*V > kI, such that the density of v with

respect to the Lebesgque measure is © € R — e~ V().

Before going into the definition of the equilibrium, we first define the pricing rule
of the market maker followed by the class of admissible strategies of the informed
trader. As studied in [17, 15, 8], in equilibrium the pricing rule of the market maker
will be path-dependent.

DEFINITION 2.1. A pricing rule is a mapping H : A — R™ so that H € C*2(A)
foralli=1,...,n and satisfies the integrability condition

T
(2.3) E[|H(T, Z.)|?] +/O E[|H(t, Z.)|*]dt < co.

We denote the set of pricing rules by H.

DEFINITION 2.2. For any given pricing rule H € H, a trading strategy for the
informed trader is a continuous integrable semi-martingale X with Xo = 0, adapted
to the filtration F, and satisfying

(2.4) E [ef f0T|a(17—H(t,X.+Z.))|2dt] < 00
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Given H € H, we denote the set of admissible strategies of the informed trader by
A(H).

The objective of the paper is to establish the existence of an equilibrium defined
as below.

DEFINITION 2.3. A pricing rule H* € H of the market maker and a trading strat-
eqy X* € A(H*) for the informed trader is said to form an equilibrium if the following
two conditions hold.

e Rationality of the pricing rule: If the informed trader chooses the trading
strategy X*, then P, = H*(t,Y.) = E[0|F}] and Pr =17 a.s.

e Profit maximization condition: If the market maker’s pricing rule is P, =
H*(t,Y), then X* is a maximizer of

(2.5) sup K [—yexp(—yWr (X, H"))].
XeA(H")

3. Preliminary Results. Denote by
Cy = {¢ € C*(R™;R),0 < D*¢ < l1d, $(0) = 0}

the set of convex functions with second derivatives bounded by [Id. Let 0 <

l
m and ¢ € C) be fixed and define on [0,7] x R™ the functions (E,x, T, P)

(B%,x%,T%, P%) by

A

3.1) Bt 2) = %lnE lexp (vé(= + o(Br — B.))] € R

1

(3.2) x(t, &) := argmin {E(t, z) + WT—1

w1@—zw}eR”
zER™
1

29(T —¢t)

Rn

(84)  P(t,€) == (DE)T (t,X(1,€)) € R™.

(3.3) I(t,€) = E(t,x(t,&) = Zmin {E(t, 2) + lo=t (€ - z)|2} eR

The following lemma shows that these functions are well-defined and provides their
properties that we will need to construct an equilibrium.

LeEmMMA 3.1. For0 <1< Xg( T and ¢ € Cy, the function defined by
1

(t,g,Z) € [O,T] x R" XR"HE(f,Z)-Fm

o7 = 2)?

is strongly convex in z for all t < T, and x(t,€) is its unique minimizer in z for all
(t,€) € [0,T] x R™. The functions (x,T, P) are C2([0,T) x R™) N C°([0,T] x R™)

solutions of

35 Do+ 1i(oT 00T ODTE DY 1,0) = 1O
66 210+ 2ir(oT OV TLODA DN (1)) =1 (0P(1.)
61 2o+ ti(o (00T (0D DY (1 6)0) =
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for alli=1,...,n, with final conditions
(3.8) P(T, &) = (Dg(€) T, X(T,€) = & T(T, ) = (&)
Additionally, let ¢y, ¢ € C; be such that

(3.9) ér — ¢ uniformly on compact sets of R™ as k — co.
Then,

(3.10) (T?£(0,0), x?*(0,0)) — (I'*(0,0), x*(0,0)).

Remark 3.2. (i) Using the first order optimality condition

(3.11) X(t,6) =€ = (T = t)y*P(t,€)

of the optimization problem (3.2), one can eliminate Dy from the equation (3.7) so
that P solves a quasilinear parabolic equation. In the one dimensional case of [§],
the function P was directly constructed as the solution of such an equation, see [8,
Equation (3.1)]. After constructing P, one can obtain I and y by simple integration
of P. However, we are not able to extend this methodology to the multi-dimensional
case of this paper where in order to be able to integrate P, we need some symmetry
properties of Dx that we are unable to check.

(ii) The novel multi-dimensional construction presented here also removes strong
regularity requirement on the class C; imposed in [8]. Because of these strong reg-
ularity requirements, in [8], it was conjectured that the extension of [8] to multi-
dimension would require the proof of strong continuous dependence estimates for the
Monge-Ampere equation. However, by removing these regularity requirements, our
novel methodology is able to use simple continuous dependence estimates of optimal
transport plans to construct the equilibrium.

As mentioned, in the equilibrium we construct, Y; is not a sufficient statistics to
define the strategies of both agents. We introduce below a novel state process (&)
allowing us to define these strategies. The next Lemma provides a solution of the
Fokker-Planck equation associated with this state variable in equilibrium.

LEMMA 3.3. For 0 << m, let (€))ieo1) = (gf’o)te[oﬂ be the solution of
the stochastic differential equation

t
(3.12) & = / (Dx?) (5., £9)od B,

and define for x,y,€ R" and 0 < r < t < T, the function G = G by

-t —x(r,z))|?
det(Dx(t,y)) exp (vl“(t,y) —AT(r,z) — le—y—a(ro)l )
det(o)(2m(t —r))n/2 :

(3.13) G(ryz,t,y) =

Then, G is the transition density of £ and G® only depends on D?¢ (and not on
D¢(0) which would fully determine ¢). We denote u®, the distribution whose density
is G*(0,0,T,-).

Remark 3.4. (i) The main assumption we make to establish the existence of equi-
librium is based on [15, Hypothesis 4] where the author postulates that in equilibrium
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both the pricing rule of the market maker and the strategy of the informed trader are
functions of a novel state variable ({;):e[0,) that is a stochastic integral driven by Y’

of the form & = fg AsYs for a deterministic function A. In [8], it is shown that this
novel state variable solves a stochastic differential equation driven by Y.

In the equilibrium we construct, the strategy of the informed trader satisfies the
inconspicuous trading property of [15]. Thus, under P, the 7Y -distribution of Y is the
distribution of o B. In this sense, the solution of (3.12) describes the distribution of
the new state variable under 7 and in equilibrium. In fact, we only need £° through
its distribution described with the transition density G and not the exact value of the
random variables (£9).

(ii) Through an application of the Ito’s Lemma to I'(t, &) —o " x(¢, &), the dynam-
ics of T, x, and the endogenously determined state variable (&) allow us to simplify
the dynamic problem of the informed trader (2.5) into a problem of utility from termi-
nal wealth. In this sense, the equations (3.5)-(3.7), allows us to pass from the dynamic
problem of Kyle’s model to a static problem of optimal transport at time 7.

We now state the following theorem which is the main mathematical contribution
of the paper and an extension of [8, Theorem 3.1] to the multi-dimensional case.

THEOREM 3.5. Under Assumption 2.1, there exists vo > 0 so that for all v €
(0,70) there exists ¢ € C; for some | > 0 so that (D¢¢)yu® = v. Equivalently ¢ is a
convex solution of the Monge-Ampere equation

(3.14) G?(0,0,T,z) = det(D2¢(x)) f, (D) " ().

Remark 3.6. i) We note that the main contribution of Theorem 3.5 is to establish
the existence of a fixed-point. Indeed, for any ¢ € Cj, in Lemma 3.1, we define the
function I'? and x?. Using these functions we can define G?. Then, given G one can
find, thanks to the Brenier theorem [9, 26], a convex function ¢ solving

(3.15) G?(0,0,T,z) = det(D21(x)) £, (Da) " ().

Thus, we have defined a mapping from the set of functions Cj to the set of all convex
functions. Theorem 3.5 states the existence of a fixed point for this mapping.

(ii) The reason why we require this fixed-point comes from the fact that for such
a fixed-point (D¢)~1(9) (the inverse function of D¢ : R™ — R*™) has distribution
G?(0,0,T,-). Thus, the informed trader can find a trading strategy so that the family
of random measures G(t,&;,T,-) solves the filtering problem of the maker-maker of
the unknown quantity (D¢)~!(9). This crucial point simplifies the filtering problem
of the market maker in equilibrium and allows us to pinpoint an equilibrium.

4. Main result. We fix [ and ¢ € C; as constructed in Theorem 3.5 and omit
the dependence of different quantities in these variables. Thanks to the first order
optimality condition in (3.2), we have

X(t,€) + (T = t)yo*(DE) T (t,x(t,€)) = &

Thus, x is invertible in ¢ and for all y € C([0,T],R™), we can define the mapping
&:(t,y.) € A— R" by the equality

(4.1) X(t€(t 1)) = x(0,0) + 1 + / 202 P(s,€(s,y.))ds.

The following Lemma defines our candidate equilibrium strategy the informed trader
and pricing rule for the market maker.



8 S. BOSE AND I. EKREN

LEMMA 4.1. Under Assumption 2.1, there exists y1 > 0 so that for all v € (0,71)
and ¢ as in Theorem 3.5, the mapping (t,y) € A £(t,y.) is CY2(A) and the pricing
rule for the market maker defined as

(4.2) (t,y) € A H*(ty) = PO(t,&(t ) = P(t,£(t,y.)
is in H. The trading strategy for the informed trader defined as

. (D) HO) - &
(4.3) e

where & = £(¢,Y.) is in A(H*).
We are now ready to provide the main result of the paper.

THEOREM 4.2. Under Assumption 2.1, the pair (H*, X*) forms an equilibrium
where the conditional distribution of & conditionally on FY is G(t,&,T,-) and the
conditional distribution of U is ¢3G(t,&,T,-)*. In the equilibrium we construct, the
expected utility of the informed trader conditional to his information is

(62 @)= L 1o (5-P(0,0))[2) ~T(0,0)~ 12T PT (0,007 P(0,0)

Proof of Theorem 4.2. The proof is provided in Subsections 6.2, 6.3, and 6.4. 0O
5. Properties of the Equilibrium and Examples.

5.1. Properties of Equilibrium. In the risk neutral case of [5], it was shown
that the expected wealth of the informed trader is ¢¢(0). By convexity of ¢¢, large
values of ¥ are advantageous for the informed trader. Indeed, these values correspond
to unexpected or low probability events from the perspective of the market maker.

With risk aversion, the part of the expected utility depending on v is

5 (@) ~ Tlo(o ~ PO,0)P*

Since ¢° and ¢ are smooth and convex conjugate of each other, we have the
equalities

D¢* (D(€)) = € and D*¢° (D¢(€)) D*¢(€) = I,

Since by construction 0 < D2¢ < :gl—TIn, we have

— A (o)y
A(D2¢%) > X (0T

and

- ey AT

¥ ¢°(0) = - lo (@ = P(0,0))*
is a convex function. Thus, the profit of the informed trader is still large for large
values of 0. However, there is a loss of utility due to the fact that the informed trader
is risk averse.

2We abuse notation here by identifying distribution and density.
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5.2. Gaussian Example. We assume that v is the Gaussian distribution
N(m,o?)

where 0, is a symmetric positive matrix and m € R™. Due to the linearity of transport

maps between Gaussian distributions, we conjecture that ¢ constructed in Theorem
3.5 is a quadratic function

1
o(z) = §ZTAZ +B'z
for some A € S and B € R™. Our objective is to use the fixed-point condition (3.14)

to find A, B. To exhibit the fixed-point condition on A and B we conjecture that F
is a quadratic function

1
E(t,z) = §ZTAtZ + B/ 2+ C,

for some functions A; € St, By € R", C; € R.
Injecting these in (6.5), we get

.
%ZT%Z + agtt z+ 9Cs + %tr(azAt) + % (ZTAtO' + Bt—ra) (O’A;FZ + 0By)

ot

1 0A OB Tos0, 1 y

37 (G +oacta) o+ (B 4aio®s) s T4 Surto*a + 15T B
=0.

Using the final condition of the PDE of E, we have A = A, Br = B,Cp =0 and

0A

—8tt + ’)/At0'2At =0

0B

—att + ’)/AtU2Bt =0
oc; 1 9 TpT 2p _
o + 2t7‘(0 Ar) + 2Bt 0°B; = 0.

Given its final condition, we have A; as
A= (A =T =)o) !
1 _
==0"'((yodo)™' = (T - t)I,,) Yot
Y

Similarly, we have that the solution of

Bt = —’}/At0'2Bt
Br =B

is
By = AAT'B.

Finally, C' can be characterised as the solution of

. 1
Ct = —5157“(0214,5) - %B;Uth
Cr=0
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so that
1 1
E(t,z) = 5(2+ AT'B)T Ay(z+ AT'B) + Cy — §BTA‘1AtAB.

Then, performing the minimization problem (3.2)-(3.3) or using the first order opti-
mality condition (3.11) and the Woodburry matrix identity,

(1= 11~ (T =040 1)) " = 1= (1= [T = (4T = o))

=I1—~(T—t)cAc

we obtain

=
|
=
~
|
=
S
b
2
S
L
722"
|
=
~
|
=
S
[V
oy

+A™'B) = A¢ + B.
Thanks to Lemma 3.3, up to a normalization factor

(5 1) G(O 0,7 y) o 67%(w77(9+A713)TA(y+A*13)>

which is the Gaussian distribution

p® = N(Map, 53%)

where Ma p = (%2 —*yA)_l (#x(0,0) —|—*yB) and X4 = (%2 —*yA)_l/z. The

fixed point condition on A and B is that D¢(z) = Az + B pushes p® to v =
N(m,0o2). Recall that for any two non-degenerate Gaussian distributions N(mq, S?)
and N(mg, S3), the Brenier map between these distributions is

z = mg+ Az —my).

where A is the unique symmetric positive solution to AS?A = S2.
Thus, the fixed-point condition can be written as

A=A, B=m—-AMup
where AX4 A = o2, This yields
oo’

T

g

=cAc (I —yToAc)” ' gAc

o2 g2

We compute x(0,0) = —yT'o%B so that

B =m.



MULTI ASSET KYLE-BACK MODELS 11

2
go0,0

To compute A, we diagonalize = U T DU for a symmetric positive matrix D and
orthongal matrix U. Then, A = UcAcU " satisfies

i (In —TVA)_IA - D.

Denoting by d; the diagonal terms of D, we have that A s diagonal with diagonal
terms a; satisfying

~2
4 g,
1—"T~a;
Thus,
T T2 1
& o2 N1ty

and A is determined, which intern yields to A via the expression
A=oc"UTAUs.

Finally we obtain
P(t,&) = A& +m

and the dynamics of §; are given by
d¢ = (Dx) "t &)dY, = o(I, — (T — t)o Ao) Lo tdY,

In one dimension, we have

4 A2 2 2
e 1 _ . Jo o, 0
TUQ’Y+ T254~2 _|_T<72 4 To? 2
2 4 o2

which is denoted by A*(1) in [15]. Thus, we recover the equilibrium computed in
[15, 8].

For v = 0 and general distribution for v, for all ¢, u? is the Gaussian distribution
with mean x(0,0) = 0 and covariance matrix To? and & = Y; for all ¢ € [0,7].
Thus, ¢ is necessarily the Brenier’s map from this given Gaussian distribution to v.
Additionally (3.5)-(3.7) are reducued to the same heat equation. The final condition
for P is the gradient of the final condition for I'. Thus, for all t, P(t,y) = (DE)" (t,y)
with T'(T,y) being the Brenier’s map from N (0,T,02) to v. This is the equilibrium
described in [5].

6. Proofs.

6.1. Proofs Results in Section 3.

Proof of Lemma 3.1. We fix (t,z) € [0,T) x R™. Note that exp(yE) is defined
via the expression

(6.1) Elexp (Y¢(z + o(Br — By)))]
= ﬁ /exp (fy <¢(z—|—aa:) — %)) dz.
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Thanks to convexity of ¢ and the multivariate Taylor expansion, for all z € R", we
have that

19() +7(D9)" () - % < (2 + o) - %
b o x 2
<79(2) +v(D9) " (2)o + 4 (2)71 |z — 27(|T|— t)’

~2 N2
Combining this inequality with 0 < 22 (Ug(T_t) < b Q(U)T < %, the fact that ¢ has
at most quadratic growth and D¢ has at most linear growth, we obtain that E is well

defined and there exists a constant C' = C, ; 1 pg(0)| SO that

|E(t,2)| < C(|z* +1).

Similarly, by a dominated convergence theorem, we can obtain the wellposedness
of the first two derivatives of F in z and for all 4,5 = 1,...,n, these derivatives admit
the stochastic representations

6.2 OF . B E [g—:i (Z + U(BT — Bt))e(bz*t}
( . ) 6_2_]( 52) - ]E[edjz*t] .
and

% | 96 0 B
6.3 aQE . E[(azjazi—F’}/a—zja—zi) (Z+O'(BT—B,5))€ ’:|
(6. ) 8zjazi( 72) B E[e¢z,t]

E [g—i(z +o(Br — Bt))eabz,t} E [g—i(z +o(Br — Bt))eqbz,t}

-7
E [e¢z,t]2
where e®zt = ¢¥9(z+0(Br—Bt))

Thus, for any vector v € R™ we have that

(6.4) v D2E(t,z)v =E [v D*¢(z + o(Br — By))v]
+7 (E [ [Dé(z + o(Br — By))v|*] — [E[Dé(z + o(Br — By))v) |2) .

where E is the expectation with respect to the probability distribution which is defined
with the Radon-Nikodym derivative % which is integrable. (6.4), the convex-
ity of ¢, and the Cauchy-Schwarz inequality give that E is convex in z. Well-known
Malliavin derivative representations of the derivative of conditional expectation (see
[20, Lemma 2.1]) also show that E is 3 times continuously differentiable on [0, 7).

Since the derivatives in space are continuous and E solves

OF
(6.5) s

(6.6) E(T, z) = ¢(z).

1
(t,2) + 5t (6*D?E(t,2)) + %|DE(t, 2ol =0

we have that E is C13([0,T),R"™). E is also C°([0,T],R™) by its stochastic represen-
tation and the dominated convergence theorem.
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The convexity of £ combined with the strong convexity of z — mb’l({ -

2)|? gives the strong convexity of

1

(t,f,z) — E(t,Z) + m

oM e~ 2)I%

Thus, x(t,&) is unique, well-defined, and characterized via the first order optimality
condition

(6.7) T =)o (DE)T (¢, x(t,€)) + x(t,) = ¢
for all ¢t € [0,T) and x(T,&) = £. We define
(6.8) R(t,z) :==~(T —t)o*(DE) " (t,2) + 2

so that by (6.7) we have
(6.9) R(t, x(t,€)) = ¢

The implicit functions theorem shows that the inverse of R, which is y, is continuously
differentiable and

(610) (DX)il(tv 5) = 7(T - t)02D2E(t7 X(tv 5)) + 1,

Thus, x € CH2([0,T),R") U C°([0,T],R™). By the definition of I' and P, these
functions are also in C12([0,T),R"™) U C°([0, T], R™).

We now show that the functions defined by (3.2)-(3.3) satisfy (3.5)-(3.6). Dif-
ferentiating (6.9) in time once and in space twice with respect to & and ¢;, for all
k=1,...,n we obtain

k n k l
() + Y S (.6 = 0

- 0% Rk ox™ n 82 l
> Py (t,X(tvﬁ))a—gi( 35; Z (%ng (t,§) = 0.

I,m=1 =1

We multiply the second equality with (o7 (Dx)~ " (£,€)), , ((Dx)~'(t, §)o)j , and sum
in 7,4, 7 to obtain for all k =1,...,n the equality

n k l
> G 6x.0) (G0 + 5 (o700 T a0 .01

=1

k
(6.11) +88i;(t, X(£,€) + %tr(anﬁRk(t, X(t,g))a) —0.

Differentiating (6.8) in time once we obtain

k T
8;; (t,2) = — (6*(DE)T (t,2))" + (T — 1) (02@@, z))k.

Differentiating (6.5) and using (6.8), we have

-
%tr (JTD2Rk (¢, z)a) =—y(T-1) (02@ (t, z))k

(T — 1) (02D2E(t, 2o (DE)T (¢, z))k
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Thus, injecting this equality and the expression for 28 (¢, 2) in (6.11), we have
0= = [T =) (*D2E(t, x(1,)0*(DE) T (t,x(1,)))" + (*(DE) " (£, x(1,)))"]
i 2L tx(t.9) (Bo0.0) + 5r(oT (D0 T (9PN DN 1:610) ).
Using the definition of P(t,£) given by equation (3.4) we have,
— [T = 1) (* DBt X (£, )0* P(,9)" + (o2 P(1.))"]
A

l

(0 x0.9) (S0, + 31r(0T (D0 TODN D0 0. 60) )

+
M:
Q;‘QD

N
Il
-

(7(T —t)o?D2E(t, x(t,€)) + Id)w (UQP(t, 5))11

I

|

)
| —
(]

T =

ox!
—-(t,

(1.9 + 50r(oT (D0 T (L ODN (DN 1 €))

N
Il
A

+
(1=
| @
|3
=
=
=
o
/‘\

B

9~ 0P

-
Qv‘%

Il
—
E

l

©txt.) (B 0.9+ 50(oT (00 TP DY 1.0 ).

_l’_
M:
Q;‘%

-
Il
-

Finally we obtain that for all k,

Z t X(t,€))
ox! 1 _ -
. ( a’; (1.6 + 30r (o7 (D0 T LD DN (160) - (10°P(1.9))
Multiplying with the inverse of the matrix %(t, x(t,€)), which by the help of equa-

tions (6.9) and (6.10) is Dx(t, &), we obtain that for all [ = 1,...,n, the equality

0= 8(9); (t,&) + ;tr( (DX)iT(f,f)D2xl(t,§)(Dx)fl(t,§)o) _ (’VUQP(t,f))l

which is (3.6). Next, we prove equation (3.5). Using the definition of I" given by (3.3)
and differentiating it once in time and twice in space with respect to & and ;, we get

(6.12) %(f,f) %?(t x(t,€)) + Z ngl( x(t, 5)) ( £)
=1
82 n
n 25!
(613) +Z§—f(t (, s>>§§ )
=1 L 7St
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Similarly to (6.11), using (6.13), we form the trace term, which is given by

tr(oT(Dx) T (1D (DY) (1,60 ) = tr(oT DXE(L,x(1,€)7))

+> g_zEl(t,x(t,é))tr(O’T(DX)_T(fa§)D2Xl(t=§)(DX)_l(t’§)a)

=1
Combining this equality with (6.12) and using (6.5), (3.6), and (3.4), we have

0.6+ 50T (DX (1O DD (1,6)0)

n l
#3 G tx:) (r.0 + gir(o7 (D0 TP (DY 0.60)
=1

- —%|DE(t, X(t,9)ol* + ¥yDE(t, x(t,€))0” P(t, &)

gl i
= —3lo PP +loP(tLOP = SloP(E O
In order to obtain (3.7), we write the optimality condition (6.7) as

WT —t)oP(t,€) + x(t,€) = ¢

and use (3.6).

It remains to show the continuous dependence of T', x in ¢. Let ¢, ¢ € C; be
such that ¢, — ¢ uniformly on compact sets of R®. Denote E¥ = E® and fix
(t,€) € [0,T) x R". Thanks to (6.4), the functions z — E¥(t,2) are convex and
given the representation (6.1) and the subsequent bounds on the integrands, uniform
convergence on compact sets of ¢F to ¢ easily implies that z — E* converges pointwise
to z — E(t,z). By an application of [28, Theorem 10.8], this convergence is uniform
on compact sets of R™.

The sequence of functions

1

R™ — E*(t —
z€R" — (’Z)+27(T—t)

o™ = 2)?

are strongly convex uniformly in k. This is also the case for

1

R™ E(t _—
z € — (’Z)+27(T—t)

o7 HE )%

Due to uniform strong convexity of this function and the uniform convergence on
compact sets, one can easily construct a ball a round x(,€) so that x*(t, &) is in this
ball for k large enough. Thus, the sequence (x*(t,&)), admits a limit. Due to the
uniqueness of the minimizer of

1

zeR HE(f,Z)'i‘m

o™ (€~ =)

we have x*(t,£) — x(t,€). This convergence combined with the uniform convergence
on compact sets of EX yields to T*(t,&) = E¥(t,x*(t,£)) — T['(¢,€) which completes
the proof. a
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Proof of Lemma 3.3. Fix r € [0,T) and for ¢ € [r, T], denote
(6.14) Yr,t = x(r,z) + o(B; — B,) and Zr,t = VB Yr)=vB(tx(r))
Thanks to (6.5), we have
Z’rt — ef% f: 72|UP(57X71(Sv{/T,S))'QdS‘Ff: 'YPT(vail(SvYT,S))UdBS_
We now define the process ¥ = x(t,£Y) which satisfies the dynamics
dxi = 0dB; + 0 P(t, X" (t,x?))dt
with x? = x(r,z). Thanks to (3) and [31, Theorem 3.1], the density of x? is given by
! R B,V = ]

det(o) (2 (t — r))"2° rHnt = Yl

Thanks to (6.14), this density is
1 x|

d t( )(2 (t )) /26 2(t—r) e’YE(t’y)i'yE(th(T,z))-
el\o m(t —1r))™

Thus, the density of &) = xy~1(¢,x?) is (3.13).
It remains to show that u® only depends on D2¢. Note that since ¢(0) = 0 for

all ¢ € C, due to the equality ¢(z) = fol 2T D¢(sz)ds we directly have that u® only
depends on D¢. Additionally, the equality

1 s
zZ) = ZT2 rz)zaras ZT .
o(2) // D2g(rz)zdrds + = D(0)

shows that x® only depends on D?¢ if and only if for all A € R™,

ILL¢A — Iu¢
where ¢4 (z) = ¢(z) + AT z (this means that shifting the derivative of ¢ by a constant
does not change 1?). In order to prove this claim we fix A € R” and denote

(EA, 1—\A7 XA, PA, GA) — (E¢A , F¢A,X¢A,P¢A7G¢A)_
Thanks to (6.1),
e’YEA(tvz) _ L /eV (¢(Z+UI)+AT‘m_ 27‘&‘2’”>da¢
2n(T — t))n/2
AT, (T =1)sAl?
et 19(e+00) — s Loy (T—0)0 A
2n(T — t))/?

2
— AT XE=TAL Ly B(t 24y (T—t)0? A)

Thus, by direct computation and using (3.11) and the definitions of x“, T, we have
T —t)|ocAl?
EA(t,2)=ATz+ % + E(t,z + (T — t)o?A)
DEA(t,2) = AT + DE(t,z + (T — t)o? A)
XA(tu 5) = X(tu 5) - W(T - t)U2A
DAt ) = EA(t X (t,6))

(T = 1)loAP

;9
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Thus, using the definition of G, we obtain the invariance

o Y (xA(ty)—xA (r,2)|?
det(Dx*(t,y)) exp (VFA(t,y) — AT A(r, z) — l7 o () )

GA(r,z,t,y) =
(ry,ty) det(0)(2m(t — r))n/2
ot ) —x(r,z))|?
det(Dx(t, ) exp (VT (t, ) — AT (r, ) — 12—l xeDl )
N det(o)(2m(t —r))n/2
=G(rz,ty).
which concludes the proof. a

Proof of Theorem 3.5. The proof is based on the proof of [8, Theorem 3.1]. We

only provide a detailed proof of the technicalities that are due to the multi-dimensional
VE 1
22 (o)VT No)VKT

and [ =

aspects. Given k > 0 defined in Assumption 2.1, define vy =
so that for all v € (0,70), we have that
1 1 1

O oV W) Xy

Thus, we can use Lemmas 3.1-3.3 and the Brenier’s theorem [9, 26] to define a mapping
M : Cl — Coo

that associates to ¢ € Cj, M(¢) which is the Brenier map pushing x® (which has
density G?(0,0,T,-) to v and normalized to be 0 at 0. Note that

(7"1 — 2
exp (W(y) —~I(0,0) — %)

d
det(0) (27T /2 o

G(0,0,T,y) =

o |2
_ | | —")/’UTDQ(b(y)US_i

—v"D2(InG(0,0,T,y))v
Y T X (0)T

for all v € R™. Thus, [23, Theorem 6.1] implies that

_ 1
KAD*M(9)))? < 5.
A (o)T
Equivalently
X(D2M(9)) <~
A (0)Tk
Due to our choice of [, we have that
X(D2M(9)) <~ = 1.
A (0)Tr

Thus, M(¢) € C; and M is indeed a mapping from C; to itself.

We endow Cj with uniform convergence on compact sets of derivatives, i.e., ¢x €
Cy— ¢ € Crif sup,c i |Dor(x) — Dé(x)| — 0 for all compact K C R™. We now show
that M is continuous in this topology. Fix ¢ € C; — ¢ € C;. Note that the uniform
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convergence on compact sets of the derivatives imply the uniform convergence on com-

pact sets of the functions. By Lemma 3.1, (I'?*(0,0), x**(0,0)) — (I'*(0,0), x*(0,0)).
Thus, we have the uniform convergence on compact sets

o~ y—r® 2
exp (v (y) — 4T (0,0) — LTy OO

6.15 G9%(0,0,T,y) =
(6:49) ©.0.T.9) det(o)(27T)"/?
o Y y—x? 2
0070 (voly) —41*(0,0) — L OIE)
= GO0y = det (o) (27 T)"/? -

Note that G only depends on D?¢ and ¢ € C;. By the choice of [ and simple
estimates we also have that

(6.16) G?(0,0,T,y) v G®(0,0,T,y) < CG(y) 0

where G(y) is the density of some non-degenerate Gaussian distribution and C' > 0.

We now show that DM(¢y) — DM (¢) in probability with respect to the density
G. (6.15)-(6.16) easily implies that u®* — u® for the weak convergence of probability
measures. Similarly to the proof of [32, Corollary 23], this convergence implies the
convergence of transport plans, meaning for all continuous bounded function f we
have the convergence

/ £y, DM(68) ()G (0,0, T, y)dy — / £y, DM(6)()G? (0,0, T, y)dy.

Thanks to the continuity of M(¢), we take f(y,z) = 1A % to obtain from
this convergence that

im [ 1A |IDM(¢)(y) — DM (1) (y)|

k—o0 S

G%(0,0,T,y)dy = 0.
Thus, we have the convergence in measure

klij;o/1{|DM<¢><y>—DM<¢k><y>\za}a(y)dy =0.

Since the function DM (¢y) is uniformly Lipschitz continuous, their convergence in
measure easily implies their pointwise convergence. This in return implies the uniform
convergence on compact sets. This is precisely the convergence in C; of M(¢x) to
M(¢). Thus, M : C; — C} is a continuous mapping.

We now show that M(Cj) is compact which is sufficient to have a fixed-point.
Let ¢ be a sequence in C;. Define ¢y (z) = ¢p(z) — Dép(0)z. Thanks to (3.3),
G9* = G and therefore M(¢y) = M(¢y). Thus, without loss of generality we
can assume that D¢y (0) = 0. This property combined with the uniform Lipschitz
continuity of D¢y and Arzela-Ascoli theorem yield that there is a subsequence of D¢y,
denoted D¢y, converging to some v uniformly on compact sets of R™. By the uniform
convergence, v is a conservative vector field and there exists ¢ € C; so that ¥» = D¢.
We can now use the continuity of M to obtain the fact that {M(¢x) : k& > 1} has an
accumulation point. Thus, by the Schauder fixed-point theorem, there exists ¢ € C}
so that M(¢) = ¢.
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6.2. Admissibility of candidate equilibrium strategies.

Proof of Lemma /.1. The definition of (&) as (4.1) and the regularity of x directly
implies that for all i = 1,...n, & € CY2(A) and by composition with a smooth
function (¢,v.) — H*(t,y.) = P(t,&(t,y.)) is in CH2(A).

Given our definition, H* (T, o B.) has the same distribution as P(T,£2) = (D¢) T (£2).
Since D¢ is Lipschitz continous we easily have the integrability. Similarly H*(¢,oB.)
has the same distribution as P(t,£)). Due to the martingality of P(t,£)) we easily
have the integrability condition of Definition 2.1.

In order to show the admissibility of the strategy (4.3), we only need to check the
Novikov condition (2.4) for v small enough. The proof of this statment is similar to
[8, Section 5.2]. O

6.3. Market maker’s problem. If the informed trader uses the candidate
strategy (4.3) then & satisfies

(Do) (0 ~&

(6.17) dgp = (DX)™ " (4, 6)—7—

dt + (Dx) "' (t,&)od B,

where (D¢)~1(?) is unknown by the market maker. By the choice of ¢, (D¢)~1(7)
has distribution G(0,0,T,-). Thanks to [25], the filtering equation implies that the
density p(t,) of (D@)~1(%) conditional to F) = FF is the unique solution to

(6.18)  p(0,y) = G(0,0,T,y)

dp(t,y)  (y—J2p(t,2)dz\" _, Jzp(t,2)dz — &

Since G is the transition density of &0, G(t,&Y,T,y) is a martingale on [0,7) and
(t,€) € [0,T) xR = G(t,&,T,y) solves (3.7). Thus, applying Ito’s formula we obtain

dG(t7 §t7 T7 y) = DfG(tu gta T7 y)dé—t

Note that
DeG(t,6,T,y) _ 1 (x(t,6) —y)To2
Gty ) (DF(t,é‘)(Dx) (t,€) + =0 ) Dx(t,€)
— ) To2
= — (pT(t,g) + (x(t,f()T _yi) )Dx(t,§)
— N To2
= _V%Dx(t,é)

where we used (3.11) to obtain the last equality. Thus,

dG(t,ft,T, y) B (y_gt)'l' B
G(tagtha y) B (T_t) o 2DX(t’§t)d§t

Additionally, by martinality of £°, we have

(6.20) /G(t, &, T, y)ydy = &.

Thus, the density G(t, &, T, -) solves (6.19). It also satisfies the initial condition (6.18)
and we have that G(t,&,T,-) = p(t, ).
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Note that G(T,&r,T,y) is a Dirac mass at &p. Thus, & = (D¢)~ T (9) almost
surely. (6.20) also implies that & = E[ér|F) | = E[(D¢)~ " (9)|FY] which means that
(&) is a F¥ martingale. Finally, by (3.7) an application of Ito’s Lemma P(t,&;) is
a martingale satisfying P(T,ér) = Do ((D¢)~ T (9)) = ©. Thus, P(t,&) = E[0|F)].
This proves the rationality of the pricing rule H defined in (4.2).

Note the proof provided here is self contained and does not rely on construction
of Markov bridges as in [12].

6.4. Informed trader’s problem. We now assume that the market maker uses
the pricing rule (4.2) and we fix X € A(H*) an admissible strategy for the informed
trader which has the semimartingale decomposition dX; = 0;dt + a;dB;, where a4 is
a n X n symmetric matrix valued F-progressively measurable process. If the informed
trader uses this strategy Y then satisfies

d}/t = tht + (0’ + O[t)dBt.
¢ is defined as the solution of (4.1). By conjecturing its dynamics as
(6.21) dé = (DéX)fl(tagt) (dYy — mudt)

and applying Ito’s formula to (4.1), we can easily identify that

i =5t (Do) (1,60 D2 (1, 6) (Dex) ™ (1, &)ox)
+ 5t (o(Dex)™ T (1) DI (1, 6)(Dex) ™ (¢, o)

+ gt (o (Dex)™ T (5, E6) DI (1,6 (Dex) ™ (¢, €0)o)

By a direct computation we also have

(6.22) WZ d(P', X")¢ = ytr (a: DeP(t,&)(Dex) ™" (t, &) (o + o)) dt

= ~tr (athE(t, x(t, &) (a4 o)) dt.

Using the dynamics of &, the multidimensional Ito’s formula yields

2
(&) = {%PIHR +ADEL(t,6) (D)™ (1:6) (0~ m)

+ 2tr[of (D)™ (1,€)DEN(L, &) (D)™ (1 €)o

(o +a)T (Dex) ™ (1&)DEN(L&) (D)™ (4 &)ae] }dt
+ DL (1,6) (Dex) ™ (£,6)(0 + an)dB,

_ [7; PT®P, 4 4P (0 —m) |dt + 1P (o + au)dB,

+ 2tr[of (D)™ (1,€)DEN(L, &) (D)™ (1 €)o

+ (o +a)T (Dex)™ " (LEDIT(E, &) (Dex) ™ (&) dt
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where we use D¢I(t,€) = DE(t, x(t,£))Dex(t, &) = PT(t,€)Dex(t,€) to get the sec-
ond equality. Differentiating D¢I'(¢, &) one more time and using the the expression of
7, we obtain that

2
~d(D(t, &) = [%PtTO'QPt " thTHt} dt + P (o + ay)dB,

(6.23) + %tr [at D2E(t, (1, &))o + (o + ar) T DZE(t, X(t, gt))at] dt

Similarly, we have

n

—yd(% " x(t,&)) Z X' (t, &)

(6.24) = (=*0"o®P, — 40 Ht)dt — 0" (6 + oy)dBy
Combining (6.22), (6.23), and (6.24), we get the following decomposition of the wealth
T no
Wi == [ (5= P+ 3P X
0 i=1

T; 5T o5 — (ﬁTﬁT — o)) + (57 x(0,0) — T(0,0))
T
+/O gtr{at DfE(t7X(t7§t))Oét}dt

T 72 T
—/ o lo(P — o))%dt — 7/ (P, —0) " odB;.
0 0

Thus, finally we obtain

- —~v(@®T o 3tr| aZD2E(tx(t,&) )

(6.25) « V@TX(0,0)-T(0,0)+ 25757 025

where E is obtain by an application of Girsanov’s theorem and under the associated
probability
dBt - ”)/U(’LN) - Pt)dt

defines a F Brownian motion. Note that this is indeed an equivalent change of measure
by the definition of admissibility in Definition 2.2.
Since D?E and o? are symmetric non-negative matrices, their product only has

non-negative eigenvalues and therefore tr(afoE (t,x(t,gt))) > 0. Additionally,
0 ér — ¢(ér) < ¢°(0) == sup{d "y — d(y)|y € R™}. Thus,

E[—e 1|5 < 9@+ (T X(0,0)-T(0,0)+ 5L 5T 025
and any strategy of the informed trader with o = 0 and D¢(£7) = ¥ achieves this

upper bound and is therefore optimal. As shown in Subsection 6.3, these properties
hold the strategy (4.3).
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