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TRAPPING OF PLANAR BROWNIAN MOTION: FULL FIRST PASSAGE TIME
DISTRIBUTIONS BY KINETIC MONTE-CARLO, ASYMPTOTIC AND BOUNDARY
INTEGRAL METHODS.

JAKE CHERRY, ALAN E. LINDSAY, ADRIAN NAVARRO HERNANDEZ AND BRYAN QUAIFE

Abstract. We consider the problem of determining the arrival statistics of unbiased planar random walkers to complex
target configurations. In contrast to problems posed in finite domains, simple moments of the distribution, such as the mean
(MFPT) and variance, are not defined and it is necessary to obtain the full arrival statistics. We describe several methods to
obtain these distributions and other associated quantities such as splitting probabilities. One approach combines a Laplace
transform of the underlying parabolic equation with matched asymptotic analysis followed by numerical transform inversion.
The second approach is similar, but uses a boundary integral equation method to solve for the Laplace transformed variable.
To validate the results of this theory, and to obtain the arrival time statistics in very general configurations of absorbers, we
introduce an efficient Kinetic Monte Carlo (KMC) method that describes trajectories as a combination of large but exactly
solvable projection steps. The effectiveness of these methodologies is demonstrated on a variety of challenging examples
highlighting the applicability of these methods to a variety of practical scenarios, such as source inference. A particularly useful
finding arising from these results is that homogenization theories, in which complex configurations are replaced by equivalent
simple ones, are remarkably effective at describing arrival time statistics.
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1. Introduction. We consider the problem of describing the full arrival time distribution of diffusing
particles to complex absorbing sets in planar regions R?\ € (see Fig. 1). For a particle released from location
xo € R?\ , the central quantities of interest are its occupation density p(x, t;Xq) and its survival probability
P(t;x0) = fRQ\Q p(x,t;X0) dx together with the dependence on the number and location of absorbing sites.
Our new contributions are several new efficient numerical and asymptotic methods to rapidly determine

these quantities in the presence of complex configurations of targets (cf. Fig. 1).

Fi1G. 1. Schematic of planar Brownian motion to a collection of targets Q := U;—1.A;. The shape of each target can be
general and the boundary of each target can be combinations of absorbing and reflecting sections.

The general problem takes the form of a diffusion equation in x € R? \  where Q := U;_1.4; is a collection

of targets. We solve for the probability p(x,t;x¢) of a particle originating at x( being free at position x at
1
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time t. This probability density solves the exterior parabolic problem

(1.1a) %:DAP, x€R*\Q, t>0; p(x,0) = 6(x —xp), x€R*\Q

(1.1b) p=0, x¢€0; DVp-n=0, x¢€dN,,

where D is the diffusivity of the particle and € is a subset of R?. The boundary 95 is partitioned into an
absorbing set {2, and its impermeable complement €2, where reflecting boundary conditions are applied. We
choose n, the normal to the surface 0f2, to point into the bulk. Some key quantities of interest for which
rapid and accurate determination is desirable include the fluxes over each target, the splitting probabili-
ties (likelihood particle encounters a certain target first) and the arrival time distribution. The survival

probability
P(t;x9) = / p(x,t;x0) dx,
R2\Q
is another important quantity obtained, together with its dependence on the number and location of targets.

First passage time problems and their variants appear in a variety of disparate applications from cellular
biology [6-8, 23], ecology [2, 22, 30, 40], and electrostatics [10]. A few comprehensive survey references can
be found here [5, 15, 35, 36]. Preceding works on the theory of first arrival times to small absorbing sites have
largely focussed on determining moments such as the mean first passage time (MFPT) [11, 15, 18-20, 33, 34]
and in some cases the variance [22, 26, 28]. In the present scenario of an unbounded domain, these moments
are not finite [35, 36] and we must therefore seek the full distribution of arrival times. In the scenario where
diffusion occurs in a bounded domain, the full arrival time distributions to small absorbing targets have been

considered in two [7, 28] and three [6, 17] dimensions.

In the planar (unbounded) scenario considered here, capture is guaranteed; however, it may occur over very
long timescales. This becomes apparent from the arrival time distribution x(¢) for a particle of diffusivity
D =1, initially at distance R from a target disc of unit radius centered at the origin. This distribution x(¢)
and its large time behavior (see [37] and Appendix A) are given by
(1.2) xo(t) = 2 /Oo {JO(W)YO(‘;R) — Jo(wR)Yp(w) et du = O ( 1 > 7 £ o0,

T Jo Y (w) + J§ (w) tlog®t

where Jy(2), Yo(z) are Bessel functions. The slow rate of decay in the tail of this distribution reveals that very

long arrival times are typical (see Fig. 5(a)). For example, when R = 10, a particle with diffusivity D = 1
still has an approximately 20% chance of being free after t = 101°. Equilibrium quantities (e.g. splitting
probabilities) therefore emerge on timescales that may not necessarily be the most biologically meaningful.
For example, in applications such as a moth’s search for a mate [40], or cellular signaling where a downstream
event initializes as soon as a molecule reaches a receptor [23], the statistics of particles which reach the target
first are of most interest. These extreme statistics are governed by the behavior of P(¢;x¢) for ¢ < 1 [24]

and so it is necessary to have methodologies for determining full distributions of arrival time statistics.

In the present work, we outline several methods to solve (1.1). First, in Sec. 2 we apply a Laplace transform

p(x,8) = f;oo p(x,t)e st dt to (1.1) to arrive at an elliptic problem of modified Helmholtz type
(1.3a) DAp —sp=—0(x—%o), x € R?\ O

(1.3b) p=0 x€Qq; Vp-n=0 x€&,.
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In the limit of well-separated traps, we solve the resulting transform problem in terms of an asymptotic
expansion where solutions are obtained in terms of modified Helmholtz Green’s function. This methodology
was originally developed in [28] and recently applied in [6, 7] to the study of first passage times of particles
with resetting. The Laplace transform is inverted numerically by Talbot quadrature [1] resulting in a hybrid
numerical-asymptotic method. In Sec. 3, we take a similar approach, but replace the asymptotic solution
of (1.3) with a layer potential representation. This results in a boundary integral equation that is solved

numerically using a collocation method.

In Sec. 4 we develop a particle based kinetic Monte-Carlo (KMC) method that evaluates solutions of (1.1)
by dividing the sojourn of particles into projection steps where exact solutions are available [16, 25]. This
offers a rapid, accurate and easy to implement method for the solution of (1.1) in very general geometries. In
Sec. 5 we demonstrate the applicability of these methods on a variety of examples. In particular, we provide
numerical validation of previously derived homogenization theories and find them to be highly effective in
reproducing the arrival time distributions. We also investigate the time dependent fluxes into the targets
which are observed to converge very slowly to the static splitting probabilities that describe the relative flux
into each target. This suggests that a relevant physical or biological time scale should be considered before

using receptor arrival information to make inferences on environmental conditions.

2. Asymptotic description of arrival times of particles diffusing in R?. In this section we use
matched asymptotic expansions to derive an approximation for the density of a particle diffusing in R? \
in the presence of well-separated target sites. The assumption is that there are IV targets A; with centers

{x; }j\le so that the collection of target sites are described by

24) Q:QA(f;”), x = (2.y).

where ¢ is a parameter controlling the extent of the targets and enforces the well-separated condition as

€ — 0. The geometry of individual targets can be quite general.

The aim is to solve the solution of the initial-boundary value problem (1.1) and determine the free probability
P(t) = [, p(x,t) dx together with the capture time density C(t) = —P’(t). The first step [28] in the analysis
is to define, for s € C, the Laplace transform p(x,s) = [~ p(x,t)e " dt that solves (1.3). The mixed
boundary conditions (1.3b) indicate that the target boundary may have a combination of absorbing or
reflecting components so that 9Q = Q, U Q,.. In the absence of the target set ), the solution p of (1.3) is

defined in terms of the free space modified Helmholtz Green’s function G (x;&, s)

(2.5a) DAG) — sGp = —6(x— &), x € R?\ {¢};
(2.50) Gi(xi€.s) = g Ko(V3/Dlx =€), [ Gulxigos)dx =1

(25C) Gh(X7€7 ) ~ _ﬁlog |X_£‘ +Rh( )+O(1)a X—>€
Here Rp(s) is the regular part of Gp(x;&,s) at the source. The small argument asymptotics Ko(z) ~

—log(z) +1log2 — 7. as z — 0 give this self-interaction term to be

27:1) (10g2 ~e — log \/STD) :

(2.6) Ri(s) =
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where v, ~ 0.5772 is the Euler-Mascheroni constant.

In the limit of well-separated absorbers ¢ — 0, we employ a matched asymptotic analysis to replace each
target (1.3b) by effective singularity conditions. To establish this singularity condition, the following change

of variables is introduced near the j** absorber

(2.7) y = ; v(y) = p(x; +ey).

In these coordinates, the transformed equation (1.3a) is DAyv — se?v = —£2§(x — xp). In addition to the
limit e — 0, we additionally consider the case se? < 1 which is valid provided s is not too large. The limit
s — oo corresponds to t — 0 and therefore we cannot expect good agreement for arbitrarily short times.
With these points in mind, we continue by considering the local solution v(y) = v;(y) + O(e) near the target

where v;(y) satisfies the exterior problem

(2.8a) Ayv; =0, yeR?/A;,
Py
(2.8b) vj(y) ~ log|y| —logd; + e +-, |yl — oo

Here the parameter d; is the logarithmic capacitance and depends on the shape of A; and the boundary
conditions applied to it. In section 2.2 we give an overview of many scenarios in which d; can be calculated.

The behavior of v;(y) at infinity gives the matching condition for p(x) as x approaches x;. That is,

1
loged;’

X—Xj

29 plxs) ~ Sy (1o

—logdj> = S;v;log |x — x|+ S5, x— xj; v; =

where S; is a strength term to be determined in terms of (N + 1) parameters (s,v) = (s,v1,...,Vn).

Therefore, in the outer region away from targets, we pose the asymptotic expansion
P(x;8) = po(x;s,v) + ep1(x;8,v) + o(e), e — 0.

The leading order solution po(x; s, v) “sums-the-logs” and is accurate to all logarithmic orders. The correction
term p1, which we do not explicitly determine, describes how target orientation influences capture and can

be found following methods outlined in [27]. The leading order problem satisfies
(2.10a) DApy — spo = —0(x —xg), x€R?*/{x1,...,xn},
(2.10b) po ~ Sjv;log|x — x|+ S5, x—xj, j=1,...,N.

The solution pg(x,s) of (2.10) is described in terms of the modified Helmholtz Green’s function (2.5) as
N

(2.11) Po(x,8) = Gr(x;%0,8) — QWDZ S;viGh(x; x5, 8).
j=1

The coefficients S; can be determined by equating the regular parts in (2.10b) and in (2.11). That is,

N
(212) Sj ZGh(Xj;X(),S)—27TD Sjl/th(S)+ZSZ‘ViGh(Xj;Xi7S) y j: 1,...,N.

i=1
1#£]
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In summary, we have that the transform equation (1.3) has asymptotic solution p(x;s) ~ po(x;s) + -+ as

e — 0 where po(x;s) satisfies

N
(2.13a) Po(x,8) = Gp(x;X0,8) — QWDZ S;viGr(x;%;,5).

j=1

The strengths {S;}7C, satisfy (2.12) which can be represented in compact matrix form as

2.13b T+2rDGV)S = Gul i = Ry(s), i=7j, N i= 7,
(2.13b) (ZT+2rm nV)S = go, [h]m_ Gh(Xi;Xj,S), i []w— 0. i

where Z € RV*¥ is the identity, S € RY and gy € RY are given by
(213C) S = [51,527.-.,SN]T7 g0 — [Gh(xl;x07S)th(XQ;X07S)7'"7Gh(XN;X078)]T'

The matrix G describes the interactions between targets and their competition for flux while the vector gg
reflects the influence of the initial location on each of the targets. The vector J = 27 DVS(s) describes the

transformed fluxes through each of the targets and is obtained from solving the linear system (2.13).

At this stage we calculate additional quantities of interest, namely the survival probability P(t) and arrival

time distribution C(¢). Using equation (2.11) and (2.5¢), the Laplace transform P(s) of the free probability

is given by
(2.14a)
. N 1 N
P(s) = / Po(x,s)dx = / G (x;xq,8)dx — 27rDZSj1/j/ Gh(x;xj,8)dx = 5 1-— ZﬂDZVij(S)
Q Q Q

j=1 j=1

The relationship C(t) = —P’(t), yields that the Laplace transform of the arrival time distribution C(t) is

(2.14b)

Q
—~
V)
~—
I
|
"o
e}
—~
V)
~—
I
e}
—~
e
=
I

N
—sP(s)+1= 27TDZI/ij(s).
j=1

2.1. Inverse Laplace Transform. To obtain P(t) and C(t) defined by (2.14), the inverse Laplace

transform
1 .
2.15 P(t) = — *'P(s)d
(215) (0= 57 [ Pl ds
must be evaluated where I'g is the Bromwich contour 'y = {y 4+ iy| — 00 < y < oo}. The parameter v is

chosen so that all singularities of P(s) lie to the left of Re(s) = +. In the present scenario associated with
diffusive motion, the singularities of P(s) lie along the negative real axis due to the branch cut of 1/s. Rapid
and effective numerical evaluation of (2.15) can be achieved by deforming the contour around Re(s) = 0 since
the integrand of (2.15) decays very rapidly for Re(s) < 0. The Talbot contour I'r is a family of deformations
(see Fig. 2) to I'p where

(2.16) I'p={c+u(@cotd+vid)| —m <6 <m},

and o, and v are parameters that control the curve shape [43, 44]. Rapid and accurate evaluation of the

inverse Laplace transform is then achieved by applying the midpoint rule on this curve.



6 Jake Cherry, Alan E. Lindsay, Adridn Navarro Hernandez and Bryan Quaife

4 T T T T
Im(s) = mpvi

3.

Im(s)

'
w
T

!

-20 -15 -10 -5 0
Re(s)

F1G. 2. A schematic of the Talbot curve (2.16) for parameter values o = 0, up = 2, v = 0.5. The red line indicates the
singularities along the negative real line arising from the /s singularity.

2.2. Logarithmic capacitance for various shapes. The asymptotic solution (2.14) encodes the
geometry of each target A; into the logarithmic capacitance d;, determined by the solution of (2.8). Here we
discuss the determination of d; and briefly recap known results for regular geometries and simple boundary

conditions.

Regular geometric shapes. For simple shapes such as circles, ellipses, triangles and squares with all
absorbing perimeters, the logarithmic capacitance is known exactly. A list of these quantities, reproduced
from [22], is included in Table 1.

Shape of A; | Logarithmic capacitance d;
circle of radius a dj =a
ellipse, semi-axes a, b d; = “TH’

— VBLGh ) 490h

82

equilateral triangle, side-length A d;

isosceles right triangle, side-length h | d; = 33/247%7;622'1 =~ 0.476h

square, side-length h d; = % ~ 0.590h

TABLE 1
The logarithmic capacitance of some simple geometries with absorbing boundary conditions, reproduced from [22].

Partially absorbing disk: Single window. For a circular trap that is absorbing except for the reflecting

portion 6 € (—o, ), the problem (2.8) may be expressed in polar coordinates (r, ) as
(2.17a) Av=0, r>1, 0¢c(—mm);
(2.17b) Oyv =0, r=1, 6é¢€(-o,0); v =0, r=1, 6€ (o,m)U(—m —0);

(2.17¢) v~logr —logd. +O(r~'), r— oo.
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The separable solution of (2.17) takes the form of the cosine series
v(r,0) =logr + % + T; % cosnb,

where the coefficients {a, }°2 , satisfy the dual trigonometric series

ao >
(2.18a) 5 + ;an cosnf =0, 6¢€ (o,m),
(2.18b) Z nan cosnd =1, 0 € (0,0).
n=1

The solution of (2.18) was determined in [27] from an integral equation theory which reveals that

(2.19) —logd, = “0 f/ using
v/ COSU — COSU

For the half absorbing case (o = 7/2), ap = 2log 2, while in the singular mostly reflecting limit o < 1, it can

be determined that ag ~ —4log §. In other scenarios, the integral (2.19) is readily evaluated by quadrature.

Partially absorbing disk: Multiple windows. In the scenario of a circular trap with IV small absorbing

windows of length o centered at points {y;}%_;, it was shown in [27] that as 0 — 0

Jj=0

(2.20a) logd, = %~ ~ 21057 221 11 |
.20a —logd. = — ~—=log - — — 0 i — Vil

& 2 IR acl § R ANRE

J#i
For windows centered at roots of unity y; = (cos 217{[] sin 217{,] ), and for No < 1, (2.20a) reduces to

ap 2 o 2 aN
2.20b —logd, = — = ——=log — Nlog N ——l —
( ) og 5 v logy — e (NlogN) = —log —

Partially absorbing disk: Homogenization limit. The results (2.20) can be used to identify an homog-
enization limit as N — oo and ¢ — 0. The absorbing fraction f is defined through No = 27 f and the
homogenized logarithmic capacitance problem satisfies

avh

(2.21a) Avp, =0, r>1; . +k(flun=0, r=1,;

(221b) Vp, N]ogr—logdc+... R r— oo.

In the dilute limit f < 1, the homogenized parameters were identified in [27] to be

S _
(2.21c) k(f) = f@, logd, = R

In Section 5.2, we show numerical results that validate this homogenized formulation and demonstrate that

it is highly accurate in predicting the arrival time statistics of the full problem.

The logarithmic capacitance for a two trap cluster. In the case of two circular traps separated by distance
¢, it was derived in [22] (see also [18, 33, 38, 41]) from an expansion in bi-polar coordinates that

(2.22) logd, — -1 (52—4)—§+§:ﬂ B = cosh™* ¢
‘ 08 e =508 2 " £ kcosh(kp)’ -t \g )
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Numerical evaluation of the logarithmic capacitance for general configurations. For very general config-
urations of clusters, the logarithmic capacitance problem (2.8) can be obtained numerically by a boundary
integral approach [12]. Another approach developed in [18, 33], and based on works [10, 42], is to develop a
series solution of (2.8) followed by a least squared method to obtain the unknown coefficients. For the case

of m circular absorbers with centers {c;}",, the series takes the form

J=1

(2.23) v(z) = —logd, +Ze§ log|z—cj|+zz (ajeRe(z — ¢;) 7 + bjIm(z — ¢;) %), zeC.
j=1k=1

The constants d., €;, a;, bj, are to be determined while ijl e; = 1 enforces the far field behavior v ~ log |z

as |z| = co. A system for the unknown constants is formed by evaluating (2.23) at a collection of boundary

points along which v = 0. A similar methodology was used in [27] to solve a truncated version of the dual

trigonometric series (2.18) by evaluation at a set of boundary values followed by least squared solution.

3. Boundary integral equation description of arrival times of particles diffusing in R2. An
alternative approach to matched asymptotics for solving (1.1) is to use an integral equation approach.
Integral equations are a natural choice for unbounded complex domains such as the one in Fig. 1 since
they easily resolve complex geometries while automatically satisfying the far-field boundary conditions.
Others have applied integral equation methods to solve (1.1) using the full space-time heat kernel [14] or
by discretizing in time and solving the resulting elliptic PDE with an integral equation formulation [9,
21]. However, these approaches have several challenges that include maintaining long time histories and
computing volume integrals. We take a new approach by solving for the Laplace transformed variable p(x, s)
that satisfies (1.3). We only consider the case where 02 is absorbing so that the boundary condition is

Dirichlet and homogeneous.
We begin by writing p as the sum of a particular and homogeneous solution of (1.3)
B(x,8) = Gr(x;%0,5) + P (x, 5),

where G, is the free space modified Helmholtz Green’s function (2.5). Using the boundary condition (1.3b),
pH satisfies the homogeneous PDE

(3.24a) DA — sptl =0, x €,
(3.24b) P (x) = f(x), x€099,

where f(x) = —Gp(x;x0,s). We represent the solution of (3.24) with the double-layer potential

T (x /—Gx7 dsy, x €,
56) = [ n Gy )0 (y) day

where o is an unknown density function. We remind the reader that the unit normal ny points into the

bulk. To satisfy the boundary condition (3.24b), the density function must solve
1
(3.25) f(x) = ia(x) + Dlo](x), x €.
A numerical solution of the second-kind integral equation (3.25) is formed by discretizing 92 at N quadrature
points and approximating the integrals with the trapezoid rule. The resulting linear system is

(3.26) ) = =

N
1
2a(xi) + o Z;Gh(xi;xj,s)a(xj) Asj, i=1,...,N,
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and the diagonal term of this linear system is replaced with the limiting value

Jim, G 8) = = 5A(%),

x€0Q
where k(x) is the curvature of 9. The linear system (3.26) is solved with the generalized minimal residual
method (GMRES), and since it is the discretization of a second-kind integral equation, the number of
required iterations is mesh-independent. This method to solve for p(x, s) is coupled with the inverse Laplace

transform (2.15), where we use the same Talbot contour illustrated in Fig. 2.

The flux at point x € 9Q and time ¢ is J (x,t) = %p(x, t). Since we write p(x, s) as the sum of a fundamental
solution and a homogeneous solution, we compute the flux of these terms individually, and the flux due to
the fundamental solution is computed analytically. The flux due to the homogeneous solution p is

0 o 0

(327) T065) = guPlol00 = [ 5-Guay. soty) dsy.

which needs to be estimated with quadrature. The trapezoid rule or odd-even integration [39] cannot be
used to approximate (3.27) because

0 0

Ony a

Gu(xiy,s) ~ [lx —y|| 7%

To formulate the normal derivative of the double-layer potential with a tractable integrand, we first add and

subtract the leading order asymptotics of G}, described in (2.5¢). That is, jH(x; s) = I — I where

o 9 1

1= ) oy omy (Gh("’y’s) g loslx - y') 73 dsy.
o o (1

I, = o O Oy (27r log |x — y|> o(y) dsy.

The singularity of the integrand in I; behaves as |x — y|| ™!, and odd-even integration can be applied. The

integral I5 is further decomposed as

1 o 0 o(x) o 0
Ih=— ——log|x—y|(o(y) —o(x))dsy — —= ———log|x —y| dsy.
2= 5 |,y O Oy glx —yl(o(y) —o(x)) dsy — —— ) 9 Oy glx —yldsy
The second integral in this expression is the normal derivative of a constant function, and therefore is zero.
The remaining integral has an integrand with a singularity that also behaves as ||x — y||~!, and odd-even

integration can be applied.
Having developed a quadrature method to compute JH (x;s), the point-wise flux can be computed at time ¢
by applying the midpoint rule along the Talbot contour in Fig. 2.16. Then, the total flux into ) can easily
be computed by applying the trapezoid rule to

S(t) = J(s,t)ds.

[219]

4. Particle based Kinetic Monte Carlo simulations. Monte Carlo simulations provide a valuable
tool for numerically estimating the distribution of capture times of diffusing particles for problems such as
(1.1) and have been used extensively [4, 29, 31, 32]. Trajectories associated to the density (1.1) can be

constructed through the discretization

(4.28) x(t + dt) = x(t) + V2Ddt Z, x(0) = xo,
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where Z ~ N(0,1). The sequence of small displacements (4.28) terminates when the particle encounters the
absorbing surface 9€,. The algorithm is repeated for many particles (millions or even billions) to sample
the capture time distribution. This approach is flexible and easy to implement but hampered by a set of

problems.

If a fixed stepsize dt is adopted, errors are introduced at that lengthscale that accrue near boundaries. First,
for a capture event in the interval (¢,t + dt), we typically choose t + dt as the arrival time which is an
overestimate. Second, trajectories drawn from (4.28) will necessarily miss some encounters with boundaries
and therefore overestimate the hitting time. Another challenge is that capture problems associated with
(1.1) are notorious for their fat-tailed distributions, i.e., a significant fraction of realizations undergo long
excursions before capture. A key component of any efficient method is adaptivity in stepsize since a trajectory

of (4.28) simulated with a fixed step method will take a very long time to reach an absorbing site.

4.1. Kinetic Monte Carlo (KMC) method for simulation of planar diffusion to absorbers.
Decreasing the step size in an adaptive manner based on distance to target can ameliorate these issues. The
Kinetic Monte Carlo (KMC) method [3] maximizes this opportunity by advancing the diffusion process in
a spatial stepsize corresponding to the distance to the target, d(xg,0f2). The geometry of each step can
take many forms, but it should be chosen such that the details of the sojourn can be rapidly and accurately
sampled from closed form expressions. Similar ideas have been employed in N-body simulations of kinetic
gases [32] and chemical reactions [45]. In this paper we describe implementation details and rudimentary
analysis of such a scheme that can handle complex geometries and mixed boundary conditions. This method

completely bypasses the need to advance particles based on discretized steps such as (4.28).

Setup. We adopt a piecewise linear representation for the boundary 02 of the target set Q based on
vertexes with M straight edges 0€); so that 0Q = U;‘il 0€2;. On each boundary edge 0f1;, we precalculate
midpoints, unit normal vectors and associate either Neumann or Dirichlet boundary conditions (others such
as Robin can be incorporated too). In addition, we calculate Ry, the radius of the smallest circle centered

at the origin that encloses all targets (see Fig. 4(b)).

A frequent and potentially expensive operation is the determination of d(x¢, d9), the distance of xq € R?\
to the nearest target. A simple approach is to calculate the distance of x¢ to each vertex of 92 and select
the minimum. However, for highly refined target geometries or numerous targets, the number of vertexes
to scan over may be prohibitive. To accommodate such scenarios, we employ a particle-in-cell method that
consists of a hierarchy of Cartesian grids that envelop 09 (Fig. 3). The method first queries the midpoints of
the coarsest grid and uses simple geometric criteria to eliminate those that cannot contain the closest point.
Queries are made of remaining subgrids at the next level of refinement until a predefined level of refinement
or a single point remains. This results in a vastly smaller set of candidate vertexes to calculate pointwise

distances at the cost of some overheard and extends this approach to large and complex targets sets.

With this setup in place, for each free particle xq € R?\ Q, we calculate the shortest distance R = d(xg, 99)
and the associated projection p = projp Xo where P; is the line that contains the closest edge 9€2;. The

position of the particle is advanced based on four projection steps (Fig. 4) described below.
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Level 1
Level 2
Level 3
Level 4
Level 5
Level 6

X0

N

Fic. 3. Visualization of the tree based particle-in-cell method for efficient evaluation of the distance d(xo,0). The
coloring of each point indicates the highest grid level that the vertex of OS2 is considered for the closest point evaluation. If the
mazimum refinement level is k, then all points in levels 1,2,...,k—1 are excluded from the distance calculation of d(xq,0%2).

Stage I: Radially symmetric projector. If R € (Rmin, Rmax) such that the particle is neither too close
nor too far from a target, we project to a ball of radius R centered at xy. The parameters Ryin, Rmax are
associated with stages IT and III respectively and defined shortly. The time duration of this projection step
is determined from the solution of the radial diffusion equation with a zero Dirichlet boundary condition at
r = R and a Dirac initial condition specifying the particle is initially at the origin. The solution u(r,t) of

the parabolic equation

ou 10 ( ou o(r)
o B <T57"> , re€(0,R), t>0 u(R,t) =0, ¢>0; u(r, 0) o TE€ (0, R),
gives the cumulative distribution of arrival times at r = R to be
X e D
4.29 Flry=1-2 _— t=— Jo(zn) =0, =0,1,2,....
( ) (T) Z ZnJl (Zn)7 R2 T, O(Z ) n

n=0

This distribution is sampled by drawing a uniform number U € (0, 1) and solving F(7) = U. The CDF F(1)
is efficiently sampled by precomputing values of z,, and Ji(z,) and using only as many terms as is necessary

to approximate F'(7) to a predetermined tolerance.

Stage I (alternative for convex shapes): Plane projector. This projector can be adopted when the target
is strictly convex so that the entire absorbing target lies to one side of the tangent plane to the surface.
After translating the projection point p to the origin and rotating by the slope of the incident edge, the
projection step arises from the solution to the heat equation in the upper half plane with initial location

(0,90). Combining the relevant fundamental solutions with method of images yields the density

u(z,y,t) = 1Dt DT

1 |: _ 224+ (y—yg)? _ 22+ (y+yg)?
iDt —e

with association arrival time distribution to the plane

pr(t) = / uy(x,0,t)dz = S ——
R
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@ Start Location.
@ Finish Location. @ Start Location.
@ Finish Location.

(a) Stage I: walk on sphere step. (b) Stage II: reinsertion step.

@ Start Location. @ Start Location.
@ Finish Location. @ Finish Location.

(c) Stage III: square projection step. (d) Stage IV: reflection step.

Fic. 4. Schematic of the four stages of the planar KMC' algorithm.
The cumulative distribution is fg pr(7) dr = erfe(yo/V4Dt) so that the arrival time is sampled as

1 w 17
4.30 o= — | —2 || € (0,1).
(4.300) ] - me0

The hitting location on the tangent line is determined by the displacement x, from the projection point p
which has the (Gaussian) distribution

*707t* 1 _i
(4.30D) Px(z.) = uy (7 ) _ o~ T

pT(t*) \/47TDt* ’

so that z, ~ N (0,2Dt,).

Stage II: Reinsertion. It is inefficient to simulate the detailed trajectory of particles far from the ab-
sorbers. Therefore, when the distance R = d(xg,02) exceeds a threshold (R > Rmpax), we project the
particle to a smaller disc of radius Rj,s > Ro that encloses all the absorbers (Fig. 4(b)). Similar reinsertion
procedures have been utilized in Monte Carlo solutions of elliptic problems [13, 16]. Here we must take
additional care to sample both the reinsertion time and the time dependent reinsertion location correctly.

The arrival distribution for a particle initially on the z-axis (see Appendix A) is

D 1
RZ2 | 2n

ms

(4.31a) J(r,0) = Xo(T) + S g Xn(T)cosné| , e (-mm), t>0, 7=——
T
n=1
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where the coefficients are

2 [ (W)Y, (wp) — Jn(wp) Y (w) 2
4.31b n(7) = — YT dw.
) win =2 [ [P TR e
Here p := |Xg|/Rins is the ratio of the distance |xg| of the initial location from the origin to the reinsertion

radius Rj,s. The optimal reinsertion radius is Ri,s = Ro where Ry is the radius of the smallest disc enclosing
all absorbers as shown in Fig. 4(b). However, many computational efficiencies are gained by sampling (4.31)
for a fixed value of i - in practice we take ;1 = 60, Ryax = pRo and reinsert to the disc of radius Rj,s = |Xol/ -

By fixing u, the integrands of (4.31b) can be tabulated over a range of w values for efficient quadrature.

The first step in the sampling of (4.31) is to determine the arrival time density f;;ro J(r,0)do = R%XO(T)
with associated CDF Fr(t) = [] xo(n) dn where 7 = Z5-t. The arrival time is sampled first since the
location will be dependent on this value—for shorter tir;l)«sss the arrival location is more tightly focussed
around the initial location while for larger arrival times, the insertion location has a weaker dependence on
the start location and approaches a uniform distribution (see Fig. 5(b)). For smaller values of 7 (in practice
7 < 1019), the values of the integrand (4.31b) and the associated CDF are tabulated over a range of w values
for rapid quadrature. The sampling of x((7) can be quite delicate for large 7 due to the slow convergence
of the integral. To see this, consider that for 7 > 1 the main contribution to the integral x((7) is when

w?T = O(1) or w < 1. In this regime we have that,

R ———
4.32 ~ T =0 HioerE ) o
( ) XO(T) 2 o 1+ %('}/e —|—10g(1U/2))26 w 7.|10g7-|2 T o0

When 7 > 1 (in practice 7 > 10'°), we use the limiting form (4.32) to posit the following explicit form of
the density

4log 1 1
_ o= 3 = 1’
Xo(7) 72 7(ay +azlogT + as logTQ) * <7'2) e

for constants a1, as, as determined from fitting. This gives the exact cumulative density function for 7 > 1

o0 41
(4.33) FT(t)zl—/ Xo(n)dnzl—w<w—2tan_l t,

n2\/4aia3 — a3

where for ;1 = 60, we obtain from fitting the constants

as + 2as log7]> D
—— ||, T

V4aiaz — a3 " R?

ms

a; = 1.4670, as = 0.3102, a3 = 0.2029.

For a particular arrival time realization 7 = 7, the angular location 6 of reinsertion satisfies

0 [o ST
v [T TI@en) 04Tl osin(nb) xa(Ts) 3
(4.34) Fp(0; 1) = ) dn = 5 + - nil n xo(r) 0 € (—m,m).

To sample from (4.34), a uniform number U € (0,1) is drawn and the equation Fyp(0;7.) = U solved for 6.
In practice we use an adaptive procedure where we retain only the terms satisfying |y, (7)/(nxo(7«))| > Ttol
in the summation of (4.34). For a large proportion of realizations, the arrival time 7, is sufficiently large (in
practice 7, > 10%°) so that the first term is negligible and the arrival location is uniformly distributed on the
disc. In Fig. 5, we plot the CDFs of arrival time distribution and arrival location distribution for pu = 60.

This method permits rapid and accurate sampling of the reinsertion step.
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1.0 1.0 T
—t. =100
—t. =200
t, = 1000
2 0.8 = 0.8
g £
2
206 06t
14 ®
204 2
= 504
© 0.2 < 0.2
0.0 : ‘ 0.0 ‘
10’ 10" 10% 10% 10% - -f2 0 w2 w
Time (4
(a) Arrival time distribution. (b) Arrival angle distribution for several ¢, values.

Fic. 5. C’DFS of arrival time and location for the reinsertion step when D = 1, u = 60. Left: The reinsertion time
distribution Fy(T f() xo0(n) dn given by (1.2) (dashed line indicates the cutoff T = 1010 after which the fitted density (4.33)
is used). Right: The arriwal location CDF (/.3]) for several arrival times 7«. The distribution is largely uniform for large T«.

Stage III: Square projector. If R < Rpy, then the particle is close enough to determine if contact
occurs. By “close enough”, we mean that the projection p lies within the edge segment so that a square of
side length 2R centered at xq lies entirely within the target edge (cf. Fig. 4(c)). This gives explicitly that
Rumin = min(dy,ds) where dy, dy are the distances between p and the edge vertexes (cf. Fig. 4(c)). The

projection step is then determined from the solution to the parabolic equation on the square S = [~ R, R]?
ou u 0%u

(4.35a) Bt:D<8x2+8y2>’ xe8, t>0; wux,t)=0, xe€dS, t>0;

(4.35b) u(x,0) =0(z)d(y), xe€8, t=0.

The separable solution to (4.35) yields the CDF of first arrival times to the square edge 98

T 2k +1 (—1)l+k _ 2 2y, 2 D
P — dn=1— ((2141)°+(2k+1)*)m T =t
7(7) /0 pr () dn ZZ 0 +1 (2k+1)2+ (2+1)2° TT R

This distribution is sampled by drawing a uniform number U € (0,1) and solving Pr(7*) = U. Each side of

the square has an equal probability 1/4 of being hit and the arrival location is sampled from the density

§ : 2l + 1 l+k 67((2l+1)2+(2k+1)2)7r27* sin[(?k + 1)7TCE]
duy (,0,7%) 7 120 k=0
px(x) pr(T*) 2

ii 2k+ 1 1)k e (I +(2k+1))rr

=0 k=0

~

In practice, we precalculate a large number of pairs {(7;,z;)} to draw from when needed during simulation.

Stage IV: Reflection step. In the scenario that the particle hits a reflecting portion of the target surface,
it is then projected back into the bulk onto a semi-circle of radius R = min(dy,ds), corresponding to the
distance to the nearest vertex. In practice, we avoid rounding errors by setting R = max(e, min(dy, ds))
where € is a small number comparable to machine precision. In the reflecting boundary condition scenario,
the projection step is identical to that of stage I with uniform location and arrival time sampled from (4.29).

For highly convoluted geometries, it may be that this semi-circle intersects with distal elements of the target.
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This scenario can be accounted for by calculating the shortest distance d to other segments of the boundary

and setting R = max(e, min(dy, da, d)).

4.2. Rudimentary convergence analysis in half plane case. In this section we present some
analysis of the convergence properties of the KMC approach in the simplified scenario of diffusion in the
upper half plane with capture in the window {(z,0) | |z| < h/2} with particular emphasis on the role of
reinsertion. Specifically, we solve the equation

ou 0%u O%u

(436&) 52@4‘87#7 rxeR, y>0, t>0;

h h
(4.36b) u=1ly=0, [gl<g5,  wy=0 y=0, |e|=3;
(436C) u = 5(3’] - xO)é(y - yO)a T e ]Ra y > Oa t=20.

with a simplified KMC method composed of Stages 1(alternative) and 3. From an initial point xo = (xg, yo),
this algorithm results in a sequence of points (x1,Xa,...,%,) € R?>* which will eventually alight on the

absorbing portion. For an ensemble of particles, we denote a,, to be the fraction free after n iterations so

Ap4+1 = (]- _pn)ana ag = ]-7

where p,, is the probability of capture at the nt" iteration. To investigate p,,, we first consider the splitting
problem p(z,y) for the probability that a particle starting at (x,y) first contacts the plane y = 0 on the

absorbing window. This satisfies

9?2 0?
(4.37a) 6712) 8—;2’ —0, z€R, y>0;
(437b) p=1, y =0, |:L'| <h/27 p=0, y =0, |J}| zh/2a
and admits the solution
h _h
4.37c T = l tan™! Tty —tan~! 73 .
(4.37c) p(,y)
™ Y Yy

We consider that the current location x,, = (2,,y,) has arisen from a projection step (stage III). Without
loss of generality, we assume the previous contact (Z,,0) with the y, = 0 plane is such that z, > % We

may then parameterize (cf. Fig. 6) the point x,, = (2, y,) as

h
T =5 FTa(l+cosg),  yp=Tusing, o€ (0,m), T (h/200)

(2,0) (2.0)

Y

(a) KMC step (b) Reinsertion

Fic. 6. A schematic showing the simplified KMC' solution in the upper half place. (a) the projection step from the real
line back into the bulk. (b) The reinsertion step to keep the particle in the vicinity of the absorbing set.
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It follows from the splitting probability (4.37c) that
il B h n— b
P(ﬂﬁmyn) = — [tan™! ’ 2 +— ] - tan~! $ 2
m I Yn Yn Yn
1 h
= — [tan™! ( cot ? + —cscod | —tan~t [ cot ?
T | 2 2
S T ¢ h T ¢
—W-tan (tan<2—2>+rncsc¢)—(2—2 ,

where the angles ¢ € (0, 7) are distributed uniformly. Applying the change of variables n = ylelds

[tan_l (tann + oy, csc2n) — 1|, Q, =

h
b= e
7

1
™
We now define the average probability p, = X f;;o pdp =2 f;:/ g pdn and find that

™

2

2 h

(4.38) Pn = 7/ [tan™! (tann + a, csc2n) —n] dny,  an, = —.

™ n=0 T

Without reinsertion, many trajectories will yield very small values for the parameter o, as 7, can attain

very large values. To gain further insight into this scenario, we consider the limiting case of (4.38) as a — 0.

4.3. Asymptotic analysis of splitting probability. Here we develop an asymptotic approximation
for (4.38) in the limit as o — 0 (subscript n dropped for convenience). The integral features global contri-
butions and local contributions near n = 0. To delineate between these contributions, we define the small

parameter & > 0 such that a < § < 1. Then we have that

2

5
2 2
— / [tanfl (tann + acsc2n) —n| dn+ — / [tanfl (tann + avesc2n) — ) dn.
n=0 ™ Jn

(4.39)  pala) = —
™ =5

Al A2

where A; and As will be considered separately and combined so that their sum is independent of §.

Evaluation of A;. In this region we apply the approximation tan~!(z+y) = tan~!(2)+y/(1+2%)+O(y?)
for y — 0 with z = acsc2n and y = tann. Then we have that

tann

2 [0 2 [
Ay ::;/0 [tan™" (tann 4 a csc2n) — 1) dnwﬁ/o {tan (acsc2n)+m

— 77] dn.

Applying small argument approximations for n < 1, we have that

2 [ «@ a‘n z
Ay~ — tan~! | — = — tan~! — — | d = 2
Y /o (an (27l> 4n? +0‘2> a / (an & 222+1> - (1= z/2)
25

1 1 g 1 462\ 20
- {2 log(1 4 2?) + ztan™! o %log(l + 22)} = % [( - ) log <1 + a2> + Etanfl 20;5] .

0 s 2 4

N

(V)

The parameter § is defined so that o < § and therefore g > 1. Applying Taylor we find that

« 20 od 1)
4.4 A= — (log= +1 2log =] ).
(4.40) 1 wz(Oga+ )+(’)<62,a og<€>>
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0.25 T T T T 1.0
0.20 0.8 q
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0.10 0.4} q
0.05} 02} i 1
0.00 ‘ : : : 0.0 : - - '
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o h/R
(a) Capture probability without reinsertion. (b) Capture probability from reinsertion disk.

FiG. 7. (Left figure) Comparison of the capture probability pn(a) (solid curve) (4.38) and the small arguement approzi-
mation (4.42) (dashed curve) without reinsertion. We note that p — 1/4 for an = h/Tn — oo. (Right figure) Here we show
the probability of capture with reinsertion to a disk of radius R.

Evaluation of A. In the integral A we have that a < § and apply the approximation tan=!(x + y) =
tan=1(z) + y/(1 + 22) + O(y?) for y — 0 with 2 = tann and y = aesc 2n. It then follows that

9 3 » 2 % . csc 2n
Ai= g | [tan™ (tann +aesean) =] di ~ P/(; {tan () + oy )
200 [ csc 2n a (2 « . 5
= ?/5 T+ a2y U1 7?/5 cotrdn = 7 logsinn];
a
(4.41) == log 4.

To finalize the approximation of (4.39), we combine expressions (4.40) and (4.41) and reintroduce «,, reflect-

ing that this parameter changes over each iteration. This yields that

@ 2 h
(4.42) pnNAl—f—AQ:—Z (log—i—l), an — 0, p = —.
s Oy, Tn
Hence we see that while the probability of capture is positive at each iteration, it can become arbitrarily

small as |2,,| = % + 7, — co. This results in an algorithm with polynomial convergence rate (see Fig. 8(a)).

4.4. Reinsertion analysis. The aim of reinsertion is to reestablish exponential convergence rate in

the algorithm by limiting the maximum value of Z, and hence promoting faster capture.

Reinsertion projects wayward particles back to a smaller disc of radius R that encloses all targets and
therefore omits simulating trajectories far from the capture regions. When reinserting from sufficiently
distant points, the placement on the disc is largely uniform with (x,y) = R(cos 6, sin #) with small corrections

given by (4.34). Points on this disk have average probability of capture (see (4.37))

1 (" 1 [7 h h
Pn=— ; p(Rcosf, Rsinf) df = = ; [tanl (Cot9 + ECSC&) — tan™! (cot@ — ﬁcscﬁ) do
2 h h
(443) ~ ﬁﬁ’ as E —0
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In an ensemble of particles, some will be reinserted to the disk 22 + y2 = R? while others remain inside it.
Those inside have greater probability of capture at the next step, therefore the quantity (4.43) reflects a lower
bound on the likelihood of capture. Hence we see that the probability of capture after n stages has bound
Pn R %% The key observation here is that the probability of capture at each iteration is now bounded
below by a constant defined in term of the geometric parameter i and the reinsertion radius R. This ensures
an exponential convergence rate of the algorithm with slower rates associated with smaller targets (h < 1)

and a faster rate associated with a smaller reinsertion radius R.

As an exposition of this analysis, we show in Fig. 8 the convergence of the KMC method on the simplified half
plane problem (4.36) with and without reinsertion. In the absence of reinsertion, polynomial convergence is
attained as shown by linear behavior on a log-log plot. When reinsertion is implemented (to radius R = 1),
we observe exponential convergence shown by linear behavior on a log plot. This demonstrates the key role

of reinsertion in attaining exponential convergence of the KMC method.

0
10 T 10° r
——h = 1e-01 ——h = le0L
—h = le-02 m—h = le-02
10,1 h = 1e-034 1L h = 1e-03
—h = le-04 =—h = le-04
= )
g =
o= -2 =]
£ 10 B
= =
T 10° K
=} =
2 =]
= B
5
£ 10 g
- o
10°
10° 0 » ” 3 " 5 6 10 X
10 10 10 10 10 10 10 0 200 400 600 800 1000
Number of iterations Number of iterations
(a) Convergence without reinsertion (b) Convergence with reinsertion

Fic. 8. Convergence statistics of the KMC method for the simplified problem (4.36). Left: In the absence of reinsertion,
a polynomial rate of convergence is attained shown by the linear behavior on the log-log plot. Right: Reinsertion recovers
exponential convergence as seen in the linear behavior on the log plot. Simulations based on ensemble of 10® particles.

5. Results. In this section we show a variety of examples to demonstrate the ability of these method-
ologies for approximating full arrival time distributions to complex absorbing sets. In our simulations, we
have used a common diffusivity of D = 1. Arrival times from the KMC method are translated with t — t+1
so that ¢ = 0 is mapped to 10° in log space. MATLAB’s histogram function is then applied with the “proba-
bility” normalization option. The hybrid approaches refer to solving the Laplace transform using either the
expansion asymptotic (2.13) or the boundary integral method (BIM) described in Sec. 3. This is followed

by numerical inversion of the transform equation as described in Sec. 2.1.

5.1. Planar results. Here we use three examples to validate the numerical KMC method and corrob-
orate with both the hybrid approaches (asymptotic and boundary integral). The first example is a simple
one target scenario in which the closed form solution (A.57) is available for comparison. The remaining two

examples show the efficacy of the method on more complex absorbing sets consisting of multiple targets of
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varying radii. The parameter values for the three examples are

(One target) x3 =(0,0), r =0.05, =xg=(5,0).
1 1 1
(Three targets) x; = (3,3), x2=(8,8), x3=(10,10), n=g, T2 g T3=3, X= (0,0).
(SIX targets) X1 = (_370)7 X2 = (07 _2)7 X3 = (\/_7 _\/5)7 X4 = (270)a

x5 = (V2,V2), x¢=(0,2), i =0275, rp=...=1r5=002 x9=(0,0).

The results shown in Fig. 9 show good agreement between the three approaches. In Fig. 9(a) we com-
pare the hybrid-asymptotic, KMC and exact one-pore solutions showing excellent agreement. In the two
more challenging examples, we generally see good agreement between the asymptotic and boundary integral
approaches. In the more challenging 6 target case, we see in Fig. 9(c) a slightly diminished agreement is

observed near the peak.

0.05 0.07 0.09
[ Capture Times (KMC) \ T Capture Times (KMC) [ Capture Times (KMC)
—— Asymptotic Density (One Pore) Ff N —— Asymptotic Density 0.08 —— Asymptotic Density  |{
Exact Density (One Pore) 0.06 Boundary Integral Boundary Integral

10° 10? 10* 10° 10° 10'° 10° 10? 10° 108 108 10° 10' 10? 10°
1+t 1+t 1+t

(a) One target example (b) Three target example (c) Six target example

FiGc. 9. Relative frequency of arrival times to planar targets by KMC, ezact solution (one target case), and hybrid
approaches (asymptotic and boundary integral). Schematics of target arrangements shown as insets.

5.2. Homogenization. In this example, we consider the case of a single target with a mix of absorbing
and reflecting portions. This describes the scenario where an impermeable cellular membrane surface is
covered in surface receptors. We determine the full distribution of arrival times using both the KMC method
and the hybrid asymptotic-homogenization result (2.21). In the application of the hybrid approach, we use
the analytically determined logarithmic capacitance (2.21), or equivalently the effective radius, in the single

patch result.

In the two examples shown in Fig. 10, we take a circular absorbing target centered at the origin with
radius € = 0.05. The target itself features M equally spaced absorbing windows centered at the roots of
unity (cos %, sin %) The windows occupy a combined fraction f and each has common angular extent
o= %ﬁ In each case we use the homogenized formula (2.21¢) to obtain the logarithmic capacitance d and

then apply the result (2.14) for N = 1.

The relevant parameters obtained for the two examples are

1

(5.44a) Exl: M=12, f=g5, d=08078 xo=1[50};

1
(5.44b) Bx2 M=8 f=g d=0665T x=[20]
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(¢) Ex2: M =8, f=1/8.
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(b) Ex 1: M =12, f = 1/3.
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(d) Ex2: M =8, f=1/8.

Fic. 10. Results from the KMC and asymptotic method on the homogenization examples (5.44). Left panels: target (scaled
to unity radius) with layout of absorbers. Contours indicate the numerical solution of (2.8). Right figures: Agreement between
the full arrival time densities obtained from KMC and the hybrid-asymptotic method.

In Fig. 10(b),(d) we show good agreement between the two methods while in Fig. 10(a),(c) we display a
visualization of the solution to the capacitance problem (2.8). We remark that the homogenization effect

can be seen through the gradual radial symmetrization of the contours.

5.3. Clustering. In this section, we use two examples of clustered target configurations to compare
results from the KMC method with both the asymptotic and BIM approaches. In addition, we show the
effectiveness of homogenization where the clustered target configuration is replaced by a single circular target
of appropriately chosen radius. The specific parameters are given by

3/ ok ok
(5.45) Ex 1 xi=3 <cos %,sm %) . k=1,...,5, x5=1(0,0), r1.6=01, x=/(10,0);

ok . omk
(5.45b) Ex 2: xk=g<cosi,sini>, k=1,....8, ri.s=005 x0=(5,0).

8 8



Arrival times of planar diffusion 21

101

- FT""‘ (Asymplolics) 00 [ Capture Times (KMC)
— Right (Asymptotics) | —— Asymptotic Density (Full)
Back (Asymptotics) 0.05F 3 Homogenized Density (One Pore)
= Center (Asymptotics) 3
—=— Front (BIM)
—=— Right (BIM)
Back (BIM)
—a— Center (BIM)

0.8r

o
=)

o
IS

Normalized flux

0.2

2 1 0 1 2 00 | . S |
10° 10! 10? 10° 10* 10° 102 10* 108 108
1+t L+t
(a) Numerical solution of (b) Normalized target fluxes. (c) Agreement of capture times (from KMC)
(2.8) yielding logarithmic ca- with asymptotic and homogenized densities.

pacitance d = 1.2295.
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Fic. 11. Comparison of the full asymptotic density with those arising from the KMC method, boundary integral method
(BIM) and homogenization (replacing the target cluster with a single absorbing target).

The numerical method described by equation (2.23) allows for the computation of the logarithmic capacitance
for each of the absorbing sets (cf. Fig. 11(a,d)). For the parameters specified in (5.45), we determine
d =1.2295 (Ex 1) and d = 1.2737 (Ex 2). The logarithmic capacitance can be interpreted as the effective
radius of a single target that reflects the capture potential of the cluster. As with the homogenization
example in Sec 5.2, we observe that replacing complex configurations with a single target of appropriately
chosen radius produces a very accurate representation of the full arrival time distribution. However, the
single target representation does reduce certain direction information encoded in the distribution of arrivals
over the targets in the cluster. The hybrid-asymptotic method can rapidly determine the fluxes by numerical
inverse Laplace transform of J; = 27 Dv;S; where each S; is determined by (2.13). In Fig. 11(b,e) we show
normalized fluxes into four sets of traps that are symmetrically arranged with respect to the initial location.
The traps aligned towards the initial data accrue most of the inbound flux while the peaks, representing
most likely arrival times at a particular target, are ordered by their distance to the initial location. The

distribution of fluxes over the targets encode directional information that can infer the source location [23].

5.4. Splitting Probabilities. In this section, we demonstrate the convergence of the dynamic fluxes
to the static splitting probabilities {¢y(x)}2_,, where ¢ (x) denotes the probability that a diffusing particle

originally at x reaches the k*" target before any others. For exposition purposes, we focus on the scenario
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of completely absorbing targets. These probabilities satisfy the exterior Laplace problem
(5.46a) Agp =0, xcR*\Q; (%) = 01, X € DA, j=1,...,N;
(5.46b) ¢r(x) finite as |x| — oo,

where ¢;, is the Kronecker delta. The asymptotic solution of (5.46) as € — 0 is developed along similar lines

to Sec. 2 (also see [22, Sec 5]). Accordingly, we present the solution as ¢ — 0 directly as

N
- 1

(5.47a) or(x) ~ 271 E vjA;Go(x;%5) + ¢, Go(x;y) = o log|x —yl,
=1 T

where the (N 4 1) constants (Ay,..., Ay, ¢) are determined from the linear system,

N N
(547b) ZVjAj ZO7 —Aj +27TZV¢A1'G0(X]‘;X1‘)—|—Q?): ik ] = 1,...7N.
j=1 i=1
i#£]
The gauge functions v; = —1/loged; are defined in (2.9). We remark that since capture is guaranteed for

planar Brownian motion, we have that Z,[j:l or(x) =1.
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(a) Schematic of target configuration. (b) Splitting probabilities and dynamic fluxes.

Fic. 12. Left: A schematic of the three target configuration from Sec. 5.1. Right: The fractional fluzes qi(t) =
Tk (t)/ Z;V:1 J;(t) into each target together with the steady state splitting probabilities ¢y, obtained from (5.47).

To demonstrate this theory, we compare these static splitting probabilities with the time-dependent frac-
tional fluxes g (t) = Jx(t)/ Zj\;l J;(t) into each target (see Fig. 12) obtained from the hybrid-asymptotic
method (Sec. 2). We draw attention to two important conclusions from this example. First, the dynamic
fluxes converge to the static splitting probabilities on a very long timescale. For many physically or bio-
logically relevant timescales, this questions the usefulness of using splitting probabilities for inference [23]
purposes. Second, the ordering of the relative fluxes into each target changes over the displayed time interval.
Specifically, at short times (¢ < 10'), target 1 captures almost all the flux and indeed is the most significant
absorber over the entire timeline. Target 1 is the smallest target but closest to the initial location demon-

strating that this distance is a significant indicator of capture ability. Later in the timeline, we see that
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[ Absorbing
[ Reflecting

X0

F1c. 13. A tricky first passage time distribution to evaluate using either KMC' or hybrid-asymptotic methods.

targets 2 and 3 interchange their prominence in capture fluxes (around ¢ ~ 10*) implying that proximity to
the initial location promotes faster capture at short times while at larger times, target size can play a more
significant role. Importantly, none of these subtleties are apparent from the static splitting probabilities

highlighting the necessity of obtaining full time dependent statistics.

6. Discussion. In this work we have demonstrated several methodologies for obtaining arrival time
statistics of diffusing particles to complex sets of absorbing targets in planar regions. The Laplace transform
approach seeks to solve an equation of modified Helmholtz type by either an asymptotic expansion for well
separated targets or a boundary integral representation. In both cases the target geometries can be very
general, but for the boundary integral method, it is presently limited to purely absorbing targets. The
inverse transform is obtained by quadrature of the Bromwich integral. To complement these approaches, we
developed a particle based kinetic Monte-Carlo (KMC) method that can resolve the arrival distribution for
very general configurations of targets and boundary sets. These methods are rapid, accurate and easy to
implement. The hybrid asymptotic method is particularly suited to the scenario of well-separated targets

while the KMC method is applicable to general geometric scenarios and varied boundary conditions.

There are a few conclusions that emerge from our study. Homogenization is a powerful technique that
accurately reproduces the first passage time distributions of complex target sets by replacing them with a
single circular target of appropriately chosen radius. However, homogenization brings limitations with it,
particularly as it coarse grains the spatial distribution of arrivals across the targets. The relative fraction
of particles that arrive across a distribution of targets has directional information that can be used to infer
source location [23]. Additionally, the dynamics available from the full distribution of arrival statistics reveals
the limitations of using static information, (e.g. splitting probabilities) which are only representative of very
long time behavior. Our example of dynamic splitting probabilities (Sec. 5.4) suggests that there are several
timescales over which arrival statistics can be important and that the relevant physical or biological timescale

must be considered when inferring source location from arrival information.

While the methods developed here are quite general, there are certain scenarios where they fail and new
approaches are needed. For example, in the scenario where there are numerous targets but only a few are

reactive (Fig. 13), particles must navigate a torturous route through inert targets to reach the destination.
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The combination of targets with either purely Neumann or Dirichlet boundary conditions hampers all the
approaches developed here. This scenario is particularly challenging for the KMC method due to the fact
that on a reflecting target surface, the particle will tend to perform a surface diffusion characterized by many
small jumps. The very long wait time for a large jump necessary to leave the target vicinity means that
the convergence rate is greatly reduced. To address these shortcoming, we plan extensions to the boundary

integral formulation.

Appendix A. Two dimensional problem arrival problem. Arrival time and angle distribution.

For a particle with diffusivity D originally at x € (b,0), the occupation density in r = |x| > a satisfies

(A.48a) pr=D (prr + %pr + :2pee> ) r>a, 0¢€(-mm), t>0
(A.48b) p(a,0,t) =0, 0e(—mm), t>0

(A.48c) p(r,6,0) = %5(7’ —b)o(0), r>a, 6¢€(—mm).

Our goal is to determine closed form expressions for the quantities

(A.49a) P(t) = /W /00 p(r,0,t) rdrdd, [Survival probability]
(A.49b) =1 —/ / (r,0,t) rdrdf, [Capture probability]
(A.49¢) :_iPT’ ; [Arrival time distribution]

Applying the divergence theorem to S(t) = —P’(t), we see that

(A.50) S(t) = —/ / pe(r,0,t) rdrdd = —D/ / (rpy), drdf = Da/ pr(a,0,t)do.
O=—m Jr=a O=—m Jr=a O=—m

To obtain the flux p,(a,0,t), we non-dimensionalize by introducing variables

(A.51a) p(r,t) = %f)(F,G,f), 7= %7‘, t= a%t, R= S

so that S(t) = == fe_fﬂpr(l 6,t) df. Under the change of variables (A.51a), (A.48) becomes
(A.51Db) Dy = <ﬁw + %ﬁf + 7321309) , F>1, 0¢e(-mmnm), t>0;

(A.51c) p(1,6,t) =0, 0¢c(—m,m), t>0;

(A.51d) 5(7,0,0) = %5(7: _RS(0), F>1, e (—mm).

After dropping the tildes, we solve for the dimensionless occupation density p(r,0,t) by transforming to
Laplace space p(r,0,s) = [, p(r,0,t) e~*'dt, to see that (A.51b) satisfies the PDE

1 1 1
(A.52) Drr + ;ﬁr + ﬁﬁee —sp= —;5(7" — R)4(0), r>1, 6¢e(—m,m), secC.

The separable solution that is continuous, bounded and satisfies p(1,6,s) =0 is

iAn |:In(\/§7ﬂ) - I?L((\/\/?) Kn(\/gr)] cosnf, 1<r<R;
(A.53) p(r,0,s) =< "0 "

S L) sr) cosn r
;:OA { fR) Kn(\/g)]Kn(\f) 9, >R,
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with constants A, determined from incorporation of the Dirac source to be

2 - {;KMWW)HZO

(A.54) An = Ku(Vsh) U@ ‘3052(”9)‘19] "\ LK.(VER) n>1

=0

Correspondingly, the flux over r = 1 is given in series form by

) 1 Ko Rf 1
(A.55) b=t = 5 R s Ez

cos nb.

To invert the Laplace transform of p,.|.=1, we must evaluate the Bromwich integrals

i c+ico Kn(\/gR)
2mi c—100 K’ﬂ(\/g)

where c is chosen to lie to the right of any poles of the integrand. Since the only singularity is a branch cut

estds, n=20,1,2,...

on the negative real axis, we deform the contour to a hairpin along the negative real axis and introduce the
substitution s = —w?. The integral becomes

L[ (Bl Bl ey, 2 [ [0 —do (e

—w?t
i Kn(iw)  Kn(—iw) ™ Y2(w) + J2(w) et

where we have used K,(—iz) = 5[~Y,(2) +iJn(2)]. The expression for the flux J(t,6) = p;|,—1 is now
(A.56a) J(t,0) = an ) cos nd, 0e(—m,m), t>0,
where the coeflicients are

2 [ [J (W)Y, (wp) — Jp(wp) Yy, (w N
(A.56Db) Xn(t) = ;/0 [ () Yg(g))—i—(]ﬁ((wl;) ( )} we dw.

The total flux to the inner disk, and distribution of arrival times, is given by

_ [T Jo(@)Yo(wR) = Jo(WR)Yo(w)] oz
(A.57) Xo(t) = ; J(t,0)do p /o [ Y2(w) T J2(w) } we dw.

Returning to dimensional time through (A.51a), we have that S(t) = S x¢(Z£t). To determine C(t) and
P(t) =1— C(t), we note from P’(t) = —S(t) that

(A.58) P(t)=1- / T emdn,  O(t) = / “ oln) dn

For the dimensional arrival time ¢ = t*, the conditional distribution of arrival angles € is then given by
T (5t*,6)/x0(Zt*) with cumulative distribution

v T(Lt. n( Lt
J(Geton) 0+ *ZX azts)

A.59 F(0;t,) =
(4.59) b= | (@) o xo( Dt

sin nd, 0 e (—m,m).
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