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ON ADMISSIBLE POSITIONS OF TRANSONIC SHOCKS FOR
STEADY ISOTHERMAL EULER FLOWS IN A HORIZONTAL
FLAT NOZZLE UNDER VERTICAL GRAVITY

BEIXIANG FANG AND XIN GAO

ABSTRACT. In this paper we are concerned with the existence of transonic shocks
for 2-D steady isothermal Euler flows in a horizontal flat nozzle under vertical
gravity. In particular, we focus on the contribution of the vertical gravity in
determining the position of the shock front. For steady horizontal flows, the
existence of normal shocks with the position of the shock front being arbitrary in
the nozzle can be easily established. This paper will try to determine the position
of the shock front as the state of the flow at the entrance of the nozzle and the
pressure at the exit are slightly perturbed. Mathematically, it can be formulated
as a free boundary problem for the steady Euler system with vertical gravity,
and the position of the shock front is the very free boundary that need to be
determined. Since the unperturbed normal shock solutions give no information on
the position of the shock front, one of the key difficulties is to find where the shock
front may appear. To overcome this difficulty, this paper proposes a free boundary
problem of the linearized Euler system with vertical gravity, whose solution could
be an initial approximation for the shock solution with the free boundary being
the approximation for the shock front. Due to the existence of the vertical gravity,
difficulties arise in solving the boundary value problem in the approximate subsonic
domain behind the shock front. The linearized Euler system is elliptic-hyperbolic
composite for subsonic flows, and the elliptic part and the hyperbolic part are
coupled in the 0-order terms depending on the acceleration of gravity g. Moreover,
the coefficients are not constants since the unperturbed shock solution depends
on the vertical variable. New ideas and techniques are developed to deal with
these difficulties and, under certain sufficient conditions on the perturbation, the
existence of the solution to the proposed free boundary problem is established
as the acceleration of gravity g > 0 and the perturbation are sufficiently small.
Then, with the obtained initial approximation of the shock solution, a nonlinear
iteration scheme can be constructed which leads to a transonic shock solution with

the position of the shock front being close to the initial approximating position.
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1. INTRODUCTION

This paper concerns the existence of transonic shocks for steady 2-D Euler flows
of isothermal gases in a horizontal flat nozzle under the vertical gravity(see Figure
. Assume the flow enters the nozzle with a supersonic state and leaves it with a
relatively high pressure, then it is expected that a shock front occurs in the nozzle
such that the flow pressure rises to coincide with the pressure at the exit. Then the
position of the shock front is one of the most desirable information one would like
to know. This paper is devoted to determine the admissible position of the shock
front with a given supersonic state at the entry and the receiver pressure at the exit,
under the assumption that the fluid cannot penetrate the nozzle walls, as proposed
by Courant and Friedrichs in [12] for supersonic flows with shocks in a nozzle. In
particular, this paper is going to investigate whether or not the vertical gravity
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helps to determine the position of the shock front and to show the mechanism if the

answer is “yes”.

gravity

FIGURE 1.1. The transonic shock flows in a flat horizontal nozzle
under vertical gravity.

Let (x,y) be the space variables with z-axis standing for the horizontal direction
and y-axis the vertical direction. Then the motion of the inviscid isothermal gas
under vertical gravity is governed by the following system

Oa(pu) + 0y (pv) = 0, (1.1)
dx(pu® + p) + 9, (puv) = 0, (1.2)
B (puv) + 9, (pv* + p) = —pg, (1.3)

T are the horizontal component and

where p is the density, p is the pressure, (u,v)
vertical component of the velocity, and ¢ is the acceleration of gravity. For isothermal
gases, its state equation is assumed to be p(p) = p in this paper. Then the sonic
speed ¢ :=p'(p) = 1.

Then for a shock front occurs in the flow field whose position is z = (y), the fol-
lowing Rankine-Hugoniot conditions (which will be abbreviated as R-H conditions)

should be satisfied

[pu] — ¢ [pv] =0, (1.4)
[ou® + p] — ¢ [puv] = 0, (1.5)
[puv] — ¢ [pv* +p] =0, (1.6)

where [-] stands for the jump of the corresponding quantity across the shock front.
Let

D:={(z,y) eR*:0<z<L,0<y<1} (1.7)
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be the domain bounded by a flat horizontal nozzle with the entrance Ej, the exit
Ep, as well as the walls W, and W (see Figure :
Ey:={(z,y) eR*:2=0,0<y<1},
EL::{(x,y)GRQ:x:L,O<y<1},
Wo::{(x,y)ER2:0<x<L,y:0},
4%} ::{(m,y)€R2:0<x<L,y:1}.

The assumption that the fluid cannot penetrate the nozzle boundary yields the
following slip boundary condition on Wy and Wj:

v=0. (1.8)

Then the existence problem of the transonic shocks could be formulated as follows.

The Free Boundary Problem [SP].

Let the independent flow parameters be denoted by U := (p,0,q)", where 6 =

v

arctan — is the flow angle, and ¢ = v/u? 4+ v? is the magnitude of the flow velocity.
u

Given a supersonic state U = U, (y) at the entrance Fy, and a relatively high

pressure p = Puy(y) at the exit Fp, whether or not there exists a shock solution

U = U(z,y) in D to the 2-D steady Euler system ({1.1)-(1.3), with the position of
the shock front being

Eyi={(z,y) eR* 1z =p(y), 0 <y <1},

such that the R-H conditions ((1.4)-(1.6) are satisfied on Fy, and the boundary
condition (L.8) holds on W, and W (see Figure [L.1).

1.1. Steady normal shock solutions in a flat nozzle. We first show the ex-
istence of special shock solutions to the problem [SP] for horizontal flows. The
special solutions can be established under the following assumptions:

(H1) The velocity directions are horizontal for the flows both ahead of and behind
the shock front, namely, v = 0 in D. Then the shock front is a vertical
straight line such that ¢'(y) = 0 (see Figure [1.2).

(H2) The states for the flows both ahead of and behind the shock front depend
only on the vertical variable y, and is independent of the horizontal variable

z. That is, U = U(y).

Let pg, qo are positive constants and gy > 1. Then it can be easily verified that

U-(y) = (p-(v).0-(y),3-(y))" := (poexp(—gy),0,q0) ", (1.9)

satisfies the Euler system ((1.1))-(1.3]), which describe a horizontal supersonic flow.
Then, under the assumption (H1) that ¢'(y) = 0, the R-H conditions ([1.4))-([1.5])



become, with U, (y) = (p4(y),0,G,(y))" being the state behind the shock front,

Then it follows that

1 (1.12)
)
It can also be verified that U, (y) also satisfies the Euler system (1.1))-(1.3), which

describe a horizontal subsonic flow.
Thus, for any z; € (0, L) such that the position of the shock front being

Ey={(z,y) eR*:x=¢(y) =T, 0<y <1},
(U-(y); Us(y); @(y)) consists a transonic normal shock solution to the problem
[SP]( see Figure[L.2)), with Ui,(y) := U_(y) and Poy(y) := p1(y), in the sense that

_ U_(y), for0<az<z,0<y<]l,

Ulx,y) == (1.13)

Uc(y), forz,<az<L 0<y<l.

In this paper, the subscript “—” will represent the parameters of the flow ahead of
the shock front and the subscript “+” behind of the shock front.

Y
A gravity
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1
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FIGURE 1.2. The transonic shock flows in the flat nozzle.

Remark 1.1. Analogous to the transonic planar normal shocks for steady Euler flows
in a flat nozzle without gravity, namely, g = 0, the position E, of the shock front
could be arbitrary in D since Z, € (0, L) could be arbitrary, and the subsonic state

U, (y) behind the shock front is uniquely determined by the supersonic state U_(y)

given by (1.9).

Remark 1.2. In case ¢_(y), with Oinflq_ (y) > 1, is a function depending only on
<y<

y, special shock solutions (U_(y); Us(y); #(y)) to the problem [SP] could also be
established with U, (y) being determined by (1.12)), and the position of the shock
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front could also be arbitrary. This fact means that in general the perturbation of
the horizontal component of the velocity does not help to determine the position of
the shock front.

Remark 1.3. In case the flat nozzle boundary is slightly perturbed, by applying the
ideas and techniques in [17], it turns out that, as the acceleration of gravity g > 0 is
small, the primary ingredient that helps to determine the position of the shock front
is contributed by the perturbation of the nozzle boundary as well as the receiver
pressure at the exit. That is, the contribution of the vertical gravity is covered
and could not be observed clearly. Hence, in order to show the contribution of the

vertical gravity, the flat nozzle boundary will not be perturbed in this paper.

Remark 1.4. Tt is worth of pointing out that, for polytropic gases p = A(S)p? with
the entropy S and the adiabatic exponent v > 1, there is no shock solutions to the
problem [SP] satisfying the assumptions (H1) and (H2).

1.2. The small perturbation problem. Based on the established special solu-
tions defined by , this paper is going to investigate the mechanism how the
vertical gravity contributes to determine the position of the shock front by slightly
perturbed the pressure at the entrance and the exit of the flat nozzle. Then the
problem [SP] is further described as the small perturbation problem [FBP] below
with more detailed boundary data.

The small perturbation problem [FBP].

Let
Un(y) :== U_(y) + o(P1(y),0,0) ",
Poui(y) =0+ (y) + Pe(y; g,0),

where 0 > 0 and g > 0 are sufficiently small constants, P;(y) € C**(R,) is a given

(1.14)

function with o € (0,1), and P.(y; g,0) € C>*(R,) is a given function of y with
parameters g > 0 and o > 0. Then try to determine a transonic shock solution
(U_(z,y); Ui(z,y); p(y)) (see Figure to the problem [SP] in the sense that:
(i). The position of the shock front is
By ={(z,y) eR*:z=¢(y), 0 <y <1}, (1.15)
and the domain D is divided into two parts by Fj:

D ={(z,y) eR*: 0 <z <p(y), 0 <y<1}, (L.16)

1.16
D, ={(z,y) eR*: p(y) <z <L, 0<y <1},

where D_ is the region of the supersonic flow ahead of the shock front,
while D, is the region of the subsonic flow behind it.
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(ii). U(x,y) = U_(x,y) satisfies the Euler system (1.1)-(1.3)) in D_, the bound-
ary conditions at the entry of the nozzle

U_=Uwn(y), on FEy, (1.17)
and the slip boundary condition on the walls of the nozzle
6.=0, on (WouW)ND_; (1.18)

(iii). U(z,y) = Uy(z,y) satisfies the Euler system (1.1)-(1.3) in D, the slip

boundary condition on the walls of the nozzle
6, =0, on (WouUW;)NnDy,, (1.19)
and the given pressure at the exit of the nozzle

Py = Pow(y), on Ep; (1.20)
(iv). (U_, U, ) satisfies the R-H conditions ({1.4])-(1.6)) across the shock front Fj.

This paper is going to show the existence of a transonic shock solution to the
small perturbation problem [FBP] for certain given functions P; and P,.
Let o € (0,1). Suppose that P; € C>%(R,) is a given function satisfying

(i). For some constant C; > 0 independent of g,
1 Prllczer,y < Cr; (1.21)

(ii). For some constant Cry > 0 independent of g,

Pi(y) > Cpy, forany ye€[0,1]; (1.22)

(iii). Let 81’,5—@3)’) = p(y). Then p(y) satisfies
p(0) =p(1) = -y, (1.23)
p(y) <—9, for ye (07 1) (124)

Moreover, for any [11, 7] & (0,1) and the constants 7y, 7, > 0 independent
of g, there exist uniform constants Cj; and Cr, independent of g, such that

—CH < p(y) < —012, for Y € [Tl,TQ]. (125)
Let P, be a function with the following form
Po(y;9,0) == 0 - q;Pi(y) + go - ¢, Pe(y), (1.26)

where Py € C>*(R,) is a given function at the exit of the nozzle.
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Remark 1.5. There exist functions P; satisfying (1.21])-(1.25)). For example, let

g—1/1 3
Ty -arew) e velnl
1
ply) =< -1, Yy € 11, 7]
1 _
—(1 _ Tj)g (yg - 37’2?/2 + 37'223/ — 7'23> —1. y€lm,1]

Then it is easy to find functions for P; that satisfies the conditions ([1.21])-(1.25]).

Remark 1.6. (1.21)-(1.26)) are sufficient conditions on P;(y) and P.(y; g,0), under
which the position of the shock front can be determined and the existence of a

transonic shock solution to the problem [FBP] can be established. These sufficient
conditions show a mechanism how the vertical gravity contributes to determine the
position of the shock front. In particular, the conditions — yield that the
break-down of the balance between the pressure and the vertical gravity, such that
the velocity direction is deflected and the flow is no longer horizontal. Then it will
be observed that the action of the vertical gravity is not canceled, which contributes

to determine the position of the shock front.

Define
QY ={(En)eR*:0<E< &, 0<n <1},
M2 -1
with & = Y¥————.
Pogo
Let (p®,0™)T be the solution to the following problem in the domain Q:
(%pN + quggN = 0, (127)
1— M?
00" — ———0:p" =0, 1.28
! na (129
with the initial-boundary conditions
6%(0,m) =0, p(0,m) = Pr(n), (1.29)
0%(,0) =0, 6%(&,1) =0, (1.30)
Let
1 rg
Rgg(f) =K - / / 0% (7, n)drdn, (1.31)
0o Jo
where
2 _1)2
it ) (1.32)

Poqo



FIGURE 1.3. The characteristics for the equations ((1.27)) and (1.28]).

Remark 1.7. For the problem (1.27))-(1.30)), direct calculations yield that

(@1(5777>7 Oggg%aég Sl_é
’ O3(&.m), En<E<&G(I—n),0<y<t
@4(57707 %Sfﬁfbl—g—lﬁnﬁé
where I = —VQZig_l,
er6n) K (Pi(n-£) - P+ 7).
_ S8y _pan_ &
0,(¢, 1) ’C(Pz(n 51) Pr(2—n £1)>,
_ § §
©3(&,n) K(B(a —n)—Pr(n+ g)>>
§ S
©4(&,m) _K<PI(5 —n) —Pr(2—n- a))
Thus, implies that
n(¢), for 0<E<Y,
R? = 2
wold { w(6), for §<E<é,

where

¢ e e
b1(€) :=K</O /0 63(T,n)dnd7+/0 / ©1(r,n)dndr
3

1

13 1
+ / O, (T, n)dnd7>,
0 1-=

3

(1.33)

(1.34)

(1.35)
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0a(6) ==K (n(3) + /j /: Ox(r. s + [ : /01—51 Os(r, ) dndr

¢ ore
+£ /§ Oy(T, n)dnd7‘>. (1.36)
vl

Then we are going to prove the following Theorem in this paper.

Theorem 1.8. Suppose that (1.21)-(1.26) hold. R”ga be the function defined in
[C39), and

b qg -1 [
P o= /P dn. 1.37
" ) e(n)dn (1.37)

Assume that
Ri,(€1) < Pgy < Ri,(0), (1.38)

then there exist a sufficiently small constant gy > 0 such that for any 0 < g < g

and
O0<o< g3, (1.39)

there exists a transonic shock solution (U_(z,y); Uy(z,y); ¢(y)) to the problem
[FBP].

Remark 1.9. The condition (1.39)) can be replaced by
0<o<g*e, (1.40)

where the constant € > 0. Then gy will depend on ¢.

Remark 1.10. Under the condition of (1.38]), there exists a solution &, € (0,¢;) such
that

Rip (&) = Py (1.41)

It turns out that this solution &, helps to obtain the initial approximating position
of the shock front. See Theorem 2.5 for details.

In order to establish the existence of transonic shock solutions to the problem
[FBP], one of the key difficulties is to obtain information on the position of the
shock front since it can be arbitrary for the special solution . Motivated
by the ideas introduced by Fang and Xin in [I7], a free boundary problem for
the linearized Euler system with vertical gravity will be proposed to obtain an
approximating position of the shock front. Analogous to the problem without the
gravity in [I7], the linearized equations of the Euler system for the subsonic flow
behind the shock front are elliptic-hyperbolic composite and a solvability condition
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should be satisfied in order that the boundary value problem for the elliptic sub-
system has a solution, which is employed to determine the approximating position
of the shock front. However, there are differences in the linearized system that
bring new difficulties. The first difference is the existence of the O-order terms that
depend on the acceleration of gravity g in the linearized Euler system. It leads to the
coupling between the elliptic part and the hyperbolic part. The second difference is
the variable coefficients of the linearized system since the unperturbed shock solution
depends on the vertical variable y. Both differences are brought by the existence of
the vertical gravity. They couple together and make it more difficult to deduce the
solvability condition for the elliptic sub-problem and to further analyse its relation
with the approximation position of the shock front. To overcome the difficulties
brought by these differences, an auxiliary system is introduced to help deduce the
solvability condition for the linearized problem of elliptic-hyperbolic coupled type
for the subsonic flow, and establish the existence of its solution. Then further careful
analysis on the solvability condition will be carried out to show the existence of the
approximating position of the shock front under the prescribed conditions on P;(y)
and P.(y; g,0). Since the nozzle boundary is not perturbed, it turns out that the
leading terms in the solvability condition are g - o-terms among the higher order
terms. These g-o-terms show the contribution of the vertical gravity in determining
the position of the shock front. Once the initial approximation is obtained, a further
nonlinear iteration could be constructed and proved to lead to a transonic shock
solution to the problem [FBP] if the acceleration of gravity g > 0 is sufficiently
small and o is of order ¢°.

The flow pattern of gas flows involving a single shock front in a nozzle, which
enter the nozzle with a supersonic state and leave with a subsonic state, is one
of the fundamental phenomena for nozzle flows. In the mathematical analysis for
it, how the position of the shock front can be determined is one of the key issues.
In [12], Courant and Friedrichs first gave a systematic analysis from the viewpoint
of nonlinear partial differential equations. They point out that, the position of
the shock front cannot be determined unless additional conditions are imposed at
the exit and the pressure condition is suggested and preferred(see [12, Page 373-
374]). Since then, in order to establish a rigorous mathematical analysis for the flow
pattern, various nonlinear PDE models and different boundary conditions have been
proposed, fruitful ideas and methods had been developed, and substantial progresses
had been made. In 1980s, for the unsteady transonic gas flows governed by the quasi-
one-dimensional models, in [29,30], T.P. Liu proved the existence of shocks solutions
for certain given Cauchy data, and established a stability theory for them. In [13],
Embid-Goodman-Majda showed that, in general, there exist more than one shock
solutions for the steady quasi-one-dimensional model. See also, for instance, [10], 31]
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and references therein for literatures on quasi-one-dimensional nozzle flows. As to
the steady multi-dimensional models such as potential equations or the Euler system,
thanks to continuous efforts of many mathematicians, there have been substantial
progresses in the past two decades, for instance, see [II, 2, B, 4, Bl ©, [7, 8, Ol 1T,
15, 16, 17, 20, 21, 22, 23], 24, 25, 27, 28, 32, B33, 34, B85, 36, 87, B8, 39, 40|, 41].
Two typical kinds of nozzles are studied. One is an expanding nozzle of an angular
sector or a diverging cone. In [I2], Courant and Friedrichs established the unique
existence of a transonic shock solution in such a nozzle with given constant pressure
at the exit. Based on this shock solution, in [9] by Chen and in a series of papers
[20, 21), 25] by Li-Xin-Yin, the well-posedness of shock solutions in an expanding
nozzle has been established, with prescribed pressure at the exit as suggested by
Courant and Friedrichs. See also [22], 23], 24], 33], 34] for related studies on transonic
shocks in a 3-D axisymmetric conic nozzle. The other is a flat nozzle with two
parallel walls. In this case, the existence of planar normal shock solutions can be
easily established. However, the position of the shock front cannot be determined
since it can be arbitrary in the flat nozzle. Thus, as the state of the incoming flow
or the nozzle boundary is perturbed, since no information is available in advance,
catching the position of the shock front is one of the key difficulties. An idea to deal
with this difficulty is presuming that the shock front goes through a fixed point which
is given in advance artificially, and spontaneously replacing the pressure condition at
the exit by other conditions, for instance, see [3] 4, [35, 136, 137, [38]. Recently, in [17],
Fang-Xin proposed another idea to determine the position of the shock front with
the pressure condition at the exit. They proposed a free boundary problem for the
linearized Euler system whose solution could be taken as an initial approximation
for the transonic shock solution, including the approximating position of the shock
front. Then a nonlinear iteration scheme starting from the initial approximation
could be designed, which leads us to a shock solution. In the above literatures, the
exterior forces are neglected. In this paper, the force of gravity will be taken into
account and it will be investigated whether and how the vertical gravity contributes
to determine the position of the shock front for the flow in a horizontal nozzle.

1.3. Outline of the paper. The rest of the paper is organized as follows. In Sec-
tion 2, the problem [FBP] is reformulated via the Lagrangian transformation. Then
a free boundary problem of the linearized Euler system based on the background
normal shock solution is proposed in order to obtain an initial approximation of the
shock solution. Moreover, the main theorems are stated. In Section 3, a preliminary
solving boundary value problems of a typical elliptic-hyperbolic composite system is
given, solvability conditions will be described, and the existence as well as the a prior
estimates will be established. They will be employed later in solving the linearized
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problem for the subsonic flows. In Section 4, with the help of the preliminary in
Section 3, the existence of the initial approximation for the shock solution can be
established, and, the approximate position of the shock front can also be determined
by applying the solvability condition given in Section 3. Based on the initial ap-
proximation, in Section 5, a nonlinear iteration scheme will be described. Finally,
in Section 6, the nonlinear iteration scheme will be verified to be well-defined and

contractive, which concludes the proof for the main theorem.

2. THE LAGRANGE TRANSFORMATION AND THE MAIN RESULTS

In this section, the Lagrange transformation will be introduced to straighten the
streamline and reformulate the problem [FBP]. Then, the free boundary problem
for the linearized Euler system will be introduced, which will be used to determine an
initial approximation of the shock solution. Finally, the main theorems, describing
the existence of the initial approximation and the transonic shock solution, are

presented.

2.1. Reformulation by the Lagrange transformation. For steady flows, the
streamlines coincide with the characteristics associating to the linearly degenerate
eigenvalue of the Euler system. It is useful to employ the Lagrange transformation
to straighten the streamlines which turns out to be crucial for the regularity analysis
of the solution in the subsonic region. We describe formally the Lagrange transfor-
mation below and refer the readers to, for instance, |7, 20} 25] and references therein
for more details.

Let

g - 1'7
= f(o,o) pu(s,t)dt — pv(s,t)ds.
Under this transformation, the equations ((1.1))-(1.3)) become

z%(pu> an(“>__o (2.2)

O <u + ) ( ) (2.3)

@v+@p+—: (2.4)

Under the Lagrange transformation, the upper boundary W, becomes {n = 1y} with

o = Qo /01 (ﬁf(y) + UPz(y))dy,

which depends on the quantities g and o. Obviously, the value of 7y changes as
g and o change. Therefore, it would be better to further introduce the following
transformation such that W; becomes a fixed boundary {7 = ppqo} independent of
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g and o:
£=¢,
- _ Podo (2.5)
n=-—1mn
7o
where Dod
20 =14 Hi(g,0), (2.6)
o
with

Lo 1) o ! '
o ::po(u;(e D Py -

1 T
—p0—<e_9 — 1) +o- / Pr(y)dy
g 0
Then the equations (2.2)-(2.4) are reformulated as

o(2)- (0 mino)afl) o o
ooe D) -(emla() 0 e
De + (1 + Hi(y, a)>&,p +2 -0, (2.10)

“~n

For simplicity of the notations, we shall drop in the sequel arguments. In
addition, without loss of generality, we may assume pyqy = 1.
Further computations yield that the equations (2.8))-(2.10) can be rewritten as

the following form:

0 0
<1+H1(g,a)>8np— sin Oep + qcos 00:0 + o8 g =0, (2.11)
51119 cosf 1 — M?> sin

1+ H ,a>89— e — Dep — —0, 2.12

(14 Hilg,0)) 000 = =200 = =2 o 0p — = g (2.12)
1 1

0 <§q2> + —9ep + gtanf = 0. (2.13)
p

The equation (2.13) can be replaced by the following form:
OB+ gtanf =0, (2.14)

1
where the Bernoulli constant B = §q2 + ¢ and ¢ = In p being the enthalpy.

Remark 2.1. Tt is easy to see that (2.13) is a transport equation and is hyperbolic.
Moreover, the equations (2.11) and (2.12]) can be rewritten in the matrix form as
below:

ALU)0(p.0)" + A20,(p,0)" + a(U) = 0. (2.15)
: T
where a(U) = ((:oqseg’ __S;I;fg) ,
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: 2
1 —sin6 pq° cosf 1+ H 0
AU)=—| M2 -1 . . Ay = (9, 9) :
pq 5—cosf)  —sind 0 1+ Hi(g,0)
Pq
Direct calculations follow that the eigenvalues of (2.15)) are
—sinf £ v/ M? — 1cost
s = sin cos ¢ (2.16)

pa(1+ Hi(g,0))
For supersonic flows, Ay are real since the Mach number M > 1, which implies that
the system is hyperbolic, while for subsonic flows, AL are a pair of conjugate
complex number since the Mach number M < 1, which implies that the system

(2.15)) is elliptic. Therefore, the system ([2.11))-(2.13)) is hyperbolic as M > 1, while
it is elliptic-hyperbolic composite as M < 1.

Let
Do={(&n) eR*:&=v(n), 0<n<1}
be the position of a shock front under the transformations and , then the
R-H conditions — across the shock front are reformulated as

[piu} + (14 Hi(g,0) v/ [2] =0, (217)
[u+ pﬁu} + (1+ Hi(g,0)) ! [%] —0, (2.18)
(o] = (14 Hi(g,0)) ¥/lp] = 0. (2.19)

Applying the equation (2.19), one can eliminate the quantity ¢ in the equations

(2.17) and (2.18) respectively, which yields that

1
G(U,,U-) ::[p—u} [p] + [ﬂ W] =0, (2.20)
Go(Us, U) i=[u+ p%] [p] + [%} W] =0, (2.21)
Ga(Uy, U_s ') =[] — (1 + Hl(g,a)>w’[p] ~0. (2.22)
Under the transformations and , the domain D becomes
Q:={¢neR:0<E<L,0<n< 1} (2.23)

It is separated by the shock front I'y into two parts: the supersonic region and
subsonic region respectively, denoted by,

Q_={(EneR*:0<E&<y(n),0<n<1}, (2.24)
Qr={(n) eR*:Y(n) << L,0<n< 1} (2.25)
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U
gravity
Pl
1
9) O,
I r, 'y
UI I

r
-
L, 3

FIGURE 2.1. The transonic shock flows in the Lagrangian coordinate.

Moreover, the boundaries Ey, Wy, Er,, W1 become

Iy ={(n) eR*:£=0,0<n<1}, (2.26)
Ty ={(n) €eR*:0< <L, n=0}, (2.27)
Is={(neR:{=L,0<n<1}, (2.28)
Pi={(¢n) eR*:0<E<L,n=1}, (2.29)

respectively( see Figure [2.1)).
Then, under the transformations ({2.1)) and ([2.5]), the small perturbation problem

[FBP] is reformulated as the problem below.
The free boundary problem [FBPL]
Try to determine a transonic shock solution (U_(&,n); Us(€,n); 1(n)) such that

(). U-(&,n) satisfies the equations ([2.11))-(2.13]) in 2_ and the following initial-
boundary conditions

U- =Un(Yo(n;9,0)), on I, (2.30)
6_ =0, on (TLUuTy,)NQ_, (2.31)
where
Yo(n: g, 0) ! / R (2.32)
7 9,0) = : y .
0N g 1+ Hi(g,9) Jo qop_(0,5)
and,
Pu(Yo(n; 9,0)) :=p_(n) + P{(Yo(n; 9. 0)), (2.33)
with
- (n) = . (2.34)
p—(n) :==po—g (1+H1(g,0))qon’ :

Pi(Yo(n: g,0)) =0 - P(Yo(n: g,0))



17

H1(970)_H1<970) n
(1+ Hi(g,0)) (1 + Hi(g,9))a0

Yo(n;9,0)
+ go - / Pr(7)dr; (2.35)
0

(ii). Uy (&, n) satisfies the equations (2.11))-(2.13)) in €, and the following bound-

ary conditions:

+g9-

6, =0, on (TLUTy)NQL, (2.36)
b+ = Pout(YL<77;g7 0—>;ga 0)7 on F3a (237}
where
Yi(ng.0) = — / ! ! d (2.39)
n,9,0) = : S, .
- 1+ Hi(g.0) Jo (prascosty)(L,s)
and,
Pou(Y(n:9,0); 9.0) =p+(n) + PX(Yr(n:9.0); 9,0), (2.39)
with
_ 2 qo
= g — 2.40
p+(n) ==pogy — g : +H1(g’0)n (2.40)

Pi(YL(n;9,0);9,0) :==P.(Y1(n; 9,0); 9, 0)
(Hl(gv U) - Hl(g’ 0))(10

+9-
(1+ Hi(g.0)) (1 + Hi(g,0))
Y1 (1:9,0)
+g-/ Fe(;g,0)dr; (2.41)
0
(iii). On the shock front T's, (U_(&,n),U(&,n)) satisfies the R-H conditions

E17-([219).

Remark 2.2. Under the transformations (2.1) and (2.5), the states Uy (y) for the
background solution become:

U_(n) = (p-(n),0-(n),q-(n)"

= (15—(77)7 0, QO)Ta (2'42)
Us(n) = (p+(n),0-(n), @(n) "
o, 1N\
= (r-ta 0. 1) . (2.43)

Moreover,

Hi(g,0) — Hi(g,0)
(1+ Hi(g.0) (1 + Hi(g,0))a0”

It shows that the compatibility conditions hold for the hyperbolic system in €)_.

0,PH(0) = ,P}(1) = - (2.44)
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2.2. The free boundary problem for the initial approximation.

gravity

QO
I, Iy

FIGURE 2.2. The domain for the initial linearized problem.

To solve the free boundary problem [FBPL], one of the key issue is to determine
the position of the shock front I'y. However, there is no information one can get
from the unperturbed shock solution. Motivated by the ideas introduced in [I7]
to determine an approximating position of the shock front, we shall propose a free
boundary problem for the linearized Euler system as below, whose solution gives an
initial approximation of the shock solution.

Assume that the initial approximating position of the shock front is

Io={(&n):€=6, 0<n<1}, (2.45)

where 0 < £, < L is unknown and will be determined later (see Figure . Then
the whole domain 2 is divided by I'y into two parts: the supersonic region _ and

subsonic region Q+, denoted respectively by
Q_={(En)eR*:0<E<E, 0<n<1}, (2.46)
Q, ={(&n)eR?: 6, <E<L, 0<n<1}. (2.47)
Let U_ = (p—, 9,, ¢_)" be the initial approximate supersonic flow ahead of the shock

front governed by the following linearized Euler system at the supersonic state U_
in Q_:

(1+ Hi(g,0 ) p— + Q-0 — qiq = H, (g,0), (2.48)
1Mz g
q-0O¢q— + ﬁ—ﬁdi +g0_ =0, (2.50)

where
Hl(.gvo_) - Hl(gvo)
q(1+ Hi(g,0))

Hy (g,0)=g-
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Let U, = (P, 0., ¢+)" be the initial approximate subsonic flow behind of the shock

front governed by the following linearized Euler system at the subsonic state U, in

Q+:

where

. _ ; g .
(1 + Hi (g, 0))8,7p+ + 1004 — q—_2q+ =3, (g,0), (2.51)
+
. 1 — M? g
(14 #100,0)) 001 = — 06 =~ (2.52)
o L. :
0+0:q+ + ﬁ—aprr + g6 =0, (2.53)
+

(Hi(g,0) — Hi(g,0))qo
1 + Hl(g,())

Hy,(9,0)=g- (2.54)

Then the following free boundary problem will be employed to determine the

initial approximation (U_, U+, §*), and together with the updated approximating
shock profile ¢
The free boundary problem [IFBPL] for the initial approximation

Try to determine (U_(£,71), Up(&,n), &; ¢/ (n)) in Q such that:

().

U_(¢,n) satisfies the linearized equations (2.48)-(2.50) in Q_, with the

initial-boundary conditions

U_ = (P} (Yo(n;9,0)),0,0)7, on Ty, (2.55)
b_ =0, on (IUL,) N, (2.56)
where
* . _ 1 + Hl (g’ U) i . R *
PI (Yb(nagva)) - 1—|—H1(g,0) PI(YE)U%Q’U)) T PI (77)’ (257)

with PIﬁ being defined in (2.35));

). U, satisfies the linearized equations (2.51))-(2.53)) in Q. with the boundary

conditions
b, =0, on (TLUTy) N, (2.58)
p+ = PE(YL(1:9,0):9,0), on Ty, (2.59)
where P? is defined in and
Yi(n;9,0) = S — /77 1 g (2.60)
1+ Hi(9,0) Jo G+p+(s)
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(iif). On the shock front Ty, (U_, U, ) satisfies the following linearized R-H con-

ditions:
ajy Ui +a; U =0, j=1,2, (2.61)
gy - Us +ag - U — (1+ Hi(g, 0))[Bld" =0, (2.62)
where
(62 E= :VUiGi(U+,(_]_), Q34 :VUiGg(Uv_HU_;O). (263)

Remark 2.3. Direct computation yields that

5 1 1\T
onp =+ P (=m0 -2) (2.64)
P+q+ P+CL q+
D ) 7] T
cop = £ (1= 25,0, puge - 25) (2.65)
P+q+ P+CL q+
T
Oy = j:(o, fs, 0) . (2.66)

Remark 2.4. By applying — and poqo = 1, it follows that
Yi(n;9,0) = Yo(n;9,0), Yi(1;0,0) = Yo(n;0,0) = 7. (2.67)
Denote
P!(n) := P}(Y1(n;9,0); 9, 0).
Then applying , and , one has
PHn) =45 P (Yo(1; 9,0)) + g0 - 45 Pe(Yr (15 9,0))

Yo(n;9,0)
+g-/ (Pe(T;g,U) —0~q§Pz(7)>dT
0

Yo(n39,0)
=q3 P} (Yo(n;9.0)) + g0 - 4 Pe(Y1(1;9,0)) + g°0 - ¢ / Pg(r)dr.
0
Thus, one can deduce that
Pi(n) = ¢3P; (n) + go - 3 Pe(n) + O(1)g%c + O(1)0?, (2.68)

where Pj is defined in (2.57)) and O(1) is a bounded function and depends on py, o,
Py, Pg, P, and P},

2.3. Main results. Before we state the main result, some function spaces will be
first introduced.

In the supersonic region, it is natural to introduce the classical Holder spaces. For
any bounded domain 2 C R", m > 0 be an integer, and 0 < o < 1, C"™%(Q2) de-
notes the classical Holder spaces with the index (m, «) for functions with continuous
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derivatives up to m-th order, equipped with the classical C"™(€2) norm:

[D™u(x) — D™uly)|

lulleme@ =D sup|D™u(x)| + sup . (269)
( ) |r§m xeN |rnZ:m x,yeQxAy |X _ y‘cx
where D™ = 071022 --- 0, m = (my, ma,...,my,) is a multi-index with m; > 0

be an integer and |m| = > m,.
i=1
In the subsonic region, since the boundary of the domain has corner singularities,
the Sobolev spaces W;3(2) with 1 < 8 < oo will be employed. The index s will take
real value, as defined in [19], for the trace function on the boundary. Let s = m+«,
where m is a nonnegative integer and 0 < a < 1. Define

(e Dmu(x) — Du(y)]’
o = Vil + 30 [ [ = Zmay | )

|m|=m
It should be pointed that for any u € Wﬁl(Q), its trace on the boundary belongs to
1—1
Wy 7(09).
Moreover, since the Euler system for subsonic flows is elliptic-hyperbolic compos-

ite, for the flow state U = (p, 0, q) ", the function spaces for (p, )" are different from
q. Define

1M @ e = IPllwsa) + 10wy + ldlleo@y +llall oy (2.71)

7ty
5
Since the shock front T'y := {{ = ¥(n)} is a free boundary, then the following

coordinate transformation will be employed

L—¢,

c— L4+ — > (£—L
A el )
n=m,
with the inverse
o L=v@,
7__1: €_L+ L_é.* (5 L)>
n=1-.

Obviously, under this transformation, the free boundary I’ is changed into the fixed
boundary T'y. Correspondingly, the domain Q. (see Figure is transformed into
the fixed domain €2, .

Therefore, we define the norm of U in the domain €2, as below:

Ul @) = U o T M, it (2.72)

In this paper, we will establish the existence of the transonic shock in the flat

nozzle by proving the following theorems.
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Theorem 2.5. Let 3 > 2. Suppose that (1.21)-(1.26) hold and &, satisfies (1.41]).

There exist a sufficiently small constant go > 0 such that for any 0 < g < g9 and
0 < o < g3, there exists a unique solution (U_(€,n), Uy (€,1), &; ¥'(n)) to the free
boundary problem [IFBPL], with the unknown constant £ € (0,&1). Moreover, the
following estimates hold:

’f* - f_*‘ < O*ga (2.73)

Uz y < C-o, (2.74)
__— ., _

HU+||(Q+;FS) + |l HW;_%(fs) < C,o, (2.75)

where the constant C, depends on po, qo, Pr, Pg and 1608 co((0.6.)%(0,1))» the constant
C_ depends on po,qo, Pr and L, the constant C’+ depends on po,qo, Pr, Pg, L, 8
and f*

With above preparations, the main result can be stated as follows:

Theorem 2.6. Under the assumptions of Theorem[2.5, there exists a unique solution
(U_, Uy, &5 0") to the free boundary problem [FBPL] and the following estimates
hold:

. o
W(l) - f*‘ S Cs_a HWH 1—% < 0507 (276)
g Wy 7 (s)
||U_ - U_||C2,a(Q7) S C_O', (277)
10+ = Uil < Cio, (2.78)
_ ) 1 s
A e (2.79)
_ - - I s
Uo7 = (Uy + U+)||(Q+;F5) < 5092> (2.80)
. 1
I = 1 < sogl, (2.81)
w, Py T 2

B

where the constants Cy and Cy depend on py, qo, Pr, Pg, L, § and |]9N||Co((07£~*)x(0,1)).

Remark 2.7. 1t should be noted that, under the conditions —, when the
length of the nozzle L < &, 6% has the sign-preserving property such that the
function REJJ is strictly decreasing. Then has a unique solution. That is, the
approximate position of the shock front in the nozzle can be determined uniquely.
Theorem [2.6] shows that there exists a transonic shock solution with the position of
the shock front close to it. However, under the given boundary conditions, it is still
an open problem whether the obtained shock solution is unique or not.

Moreover, when L > &, the solution 6% no longer enjoys the sign-preserving
property such that the function Rgo will not be monotone. Therefore, there may
exists more than one solutions &, to the equation . Thus, there may exist
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more than one initial approximating shock solutions, and each approximation will
lead to a transonic shock solution to the free boundary problem [FBPL]. Hence,
there may exist more than one shock solutions to the problem [FBPL].

3. A PRELIMINARY: BOUNDARY VALUE PROBLEMS OF A TYPICAL
ELLIPTIC-HYPERBOLIC COMPOSITE SYSTEM

To establish the existence of the shock solution and prove Theorem [2.6] one of the
key steps is to solve the boundary value problem of the linearized Euler system for
the subsonic flow behind the shock front, which is elliptic-hyperbolic composite. As
a preliminary, in this section, we are going to establish theorems on the existence
of the solutions to such problems, which will be employed later in proving Theorem
2.5 and Theorem 2.6

We remark that the notations used in this section are independent and have no
relations to the ones in other parts of the paper.

Let & and L be two positive constants, and
Q={(n) eR?:§{<E<L, 0<n<1}, (3.1)

be a rectangle with the boundaries

Fo={(n) eR*:£=¢&, 0<n<1},
Py ={(n) eR*: & <E<L, n=0},
Ts={(¢neR: =L, 0<n<1},
Ty={(¢neR:&<E<L, n=1}

Consider the following boundary value problem for the unknowns (U, V, W) ':

OU + A10cY — AW = Fr, in (3.2)
0,V — A3(n)0cU — As(n)V = F, in (3.3)
OW + As(n)0cU + AgV = 0cF5 + Fu, in Q (3.4)
UuU=u, w=Ww,, on I (3.5)
Y =0, on I'yUTy (3.6)
U=Us, on I (3.7)

where A;, A; and Ag are constants, A; > 0(: =1,---,6), and i?f )A3(77) > 0.
ne(0,1

Since A; and Aj are positive, the equations (3.2]) and (3.3]) form an elliptic system
of first order for (U, V)7 in its principle part. Moreover, it is obvious that the

equation (3.4) is a transport equation. Hence, the equations (3.2))-(3.4) form an
elliptic-hyperbolic composite system with the unknowns being coupled in the 0-

order terms. The appearance of the coupled terms brings difficulties in deducing
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the solvability condition on the non-homogeneous terms and the boundary data,
which is observed to be required for the elliptic sub-problem of the boundary value
problem of the linearized Euler system without the gravity for subsonic flows. To
deal with the difficulties, an auxiliary problem for a modified elliptic system of first
order for the equations — will be introduced. It turns out that the solvability
condition can be easily reduced with the help of the introduced problem. Then the
existence of the solution and its a priori estimates can be established by employing
classical theory for the elliptic equations and the hyperbolic equations.

In this section, we are going to prove the following theorem for the boundary

value problem ({3.2))-(3.7)).
Theorem 3.1. Let 3 > 2. Suppose F; € LP(Q),(i = 1,2), F; € C°(Q),(j = 3,4)

1

and U, W, € W;_B(Fs), Us € W;_B(F3>7 then for the boundary value problem
(3.2)-(3.7), there exists a unique solution (U, V, W) if and only if

1
| [AmFenisan - [ amame-thma. 6
where .
A =exp| — Ay (T)dTr ).
)= e (= [ Airyar)
Moreover, (U, V, W) satisfies the following estimate:

[tlhwyon + Vllwyien + W leoay +IVI 1oy

2
<C( Y IF oy + 15 = Folbos oy + I Filleney ) (39)
=1

Ol uy  + Iy
W, 2T w, 2 (

el iy ).
) Wﬁ (Fd)

where the constant C' depends on &, L, 8 and the coefficients A;, (i =1,---,6).

E] s

Proof. We divide our proof into three steps.
Step 1: In this step, the following auxiliary problem will be solved

OUY + A0V =0, in Q (3.10)

0 (AL (VD) = 0 (A A(UY ) = AL () Fs, i © (3.11)

Uy =u,, on T, (3.12)

U = s, on T (3.13)

v =, on T,UTl, (3.14)
where

Acn) =exp (- [ Autrya).
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The equation (3.10) implies that there exists a potential function ¥ such that
VU = (0:V,0,0) = (U, A, YY), (3.15)
then the problem (3.10)-(3.14) can be formulated as

A .
0,(P a0 o (As ) Amocw) = A in 0 (3.16)
1
ot =Us on T, (3.17)
T ov =1, on Ty (3.18)
9,V = 0. on TLUTs  (3.19)

By applying Corollary 4.4.3.8 in the book [19], there exists a unique solution ¥ &
WE(Q), up to an additive constant, to the problem ({3.16))-(3.19), if and only if

/ / A ()Pl m)decdn = / Aa(m)As () Uy — Us) (), (3.20)

which is exactly the solvability condition (3.8]). Moreover, without loss of generality,
we may assume [ [, U(&,7)dédn = 0. Then, by applying Poincaré inequality, there
exists a constant C(q) such that

1W][r2) < Cy V¥ r20)- (3.21)

Then, multiplying ¥ on both sides of the equation (3.16)), integrating over 2 and
then employing the formula of integration by parts, one has

IVPIIZ20) <ClIF2l 20 1¥] 220

(3.22)
+ C<||Us||L°°(FS) + ||U3||L°°(F3)> 11| 22 (a6 -

1

Therefore, by employing Trace theorem and (3.21), F, € LP(Q), U, € W;_E(Fs),
_1
Us € W;, 7(T'3), it follows that

V| 10y < CFu, (3.23)

where

Fu = || Fallps) + IUs]] 1= + 1]l ia
W, W

5 (1) 5 (rs)
Employing the embedding theorem, and Theorem 4.3.2.4 as well as Remark 4.3.2.5
in the book [19], one has

||‘I’||WB2(Q) < CFy. (3.24)
By the definition of ¥ in (3.15)), it is easy to see that
||u(1)||Wﬁ1(Q) + ||V(1)||Wé(9) < CFy. (3.25)
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Step 2: Let (U®, V)T = U, V)T —(UD, V)T by employing (3.2)-(3.7)), then
U, V)T satisfies the following problem in €2:

OUP + A0V — AW = F, (3.26)
O (AL VP ) = 0 (AL () As(U® ) =0, (3.27)
OW + As(n)0UP + AV = 0. F3 + Fy — As ()0 UV — A VD, (3.28)

with the boundary conditions

W =W, on T (3:29)
U? =, on I,UT; (3.30)
V@ =, on IhyUT, (3.31)
Applying and , one can deduce that
we [ (an3 + Fi— As(m)o, U — A6v<1>) (r,m)dr
o (3.32)

3
- / (AsmoU® + AV®) (r.n)dr + W,
&o

Substituting (3.32)) into (3.26)), one has

3
U + AV + Ay Ag / VO mdr + A As (U™
&o

3
=Fi + Ay (fg — Fs(&o, 77)) + Ay /£ (ﬂ — As(mou) — AGV(1)> (7, n)d7 (3.33)

+ AWV
=F.
Let .
B (n) := exp (/0 A2A5(T)d7'>,

then the equation (3.33) can be rewritten as

3
0(BonU®) + 06 (AiBL V) + 4deBi (o) | Ve

=B (n)F1.
By applying (3.27)), there exists a potential function ® such that
Vo = (9:9,0,0) = (AL (n)V?, Ay () As(mU?). (3.35)
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Then ([3.34) becomes
B, (n) B.(n) B, (n)
a(—aq>)+a(A aq>)+AA (@—@5,77)
s )+ O %8) AL (P = 2] )
=B (n)F1.
In addition, the boundary conditions (3.30)-(3.31]) are changed into
0,® =0, on [,UTl; (3.37)
85@) =0. on FQ U F4 (338)
Without loss of generality, one may assume that ®(&y,0) = 0, then one has
®=0. on 0N (3.39)
By employing standard elliptic theory (cf.[14], [19]), it follows that
1@ [lwz0) < ClIFllLs@)- (3.40)
Then by applying the definition of @, it holds that
162wy + VP i) < ClIFs@)- (3.41)

Step 3: Finally, it remains to solve W. Recalling the equation , one has
W(E,n) =F3(&,n) — Fa(€osn) + Ws(&o,n) + As(n) U(E,m) — Us(§0,m))

3
+ / (Fi— AgV) (. )dr,
éo

from which one can deduce that

<C (175 = Foléo mlleoy + | Falleogoy + I 1oy
Wy 7 (Ts)

B

(3.42)

Wlleoy + VI 1oy
wy 7 ()

E]

Iy ooy + V]l ) (343)
W, P ()

s

Therefore, by applying (3.25),(3.41)), (3.43) and the definition of 77, the estimate
(3.9) can be obtained immediately. O

4. THE INITIAL APPROXIMATION

In this section, we are going to establish the existence of the solution to the initial
linearized free boundary problem [IFBPL] with the help of Theorem . That is,
the Theorem [2.5 will be proved.

4.1. The solution U_ in Q. For the linearized equations (2.48)-(2.50) in the do-
main {2 with the initial-boundary conditions ([2.55))-(2.56|), the existence of the
unique solution U_ € C>*(Q) can be easily obtained by applying the theory in
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the book [26]. In order to clearly analyze the solvability condition of the sub-
sonic solution in the following arguments, the linear equations — with
the initial-boundary conditions — will be divided into the following two
parts.

Let (57, 6™)T satisfies the following problem (a):

0,5 + q00ef = 0, (4.1)
, 1— M?
0,0% — —— =0 =0, (4.2)
090
with the initial-boundary conditions
6% =0, p = o Pr(n), on Iy (4.3)
6% =0. on IyUTl, (4.4)

Recalling the problem ([1.27)-(1.30)), one can find that (p(f),é(f)) = a(p®, ). Let
(p(z) 9(2))T be the solution to the following problem (b):

— sV __

0,0? + qo0:6® = —Hi(g,0)0,p_ + %q + H, (g,0), (4.5)
0
: 1— M2 1—M2 /1 1 . gh_
0,0 — =9ep® = —<_———)ap—H 9,000,0_ + L= (4.6
! na g \r n)" 1(g:0)8, p-qs (45)
with the initial-boundary conditions

6@ =0, p@ = Pr(n) —oPi(n), on I (4.7)

6® =o. on I,uly (4.8)

Then it is obvious that
(p-.0-) = (M, 60) + (), 69).

This decomposition will only be employed in the analysis for the solvability condi-
tion later. Moreover, it turns out that (p(_l), s )) contributes the principle part in
RFE)

analyzing the solvability condition, and ( contributes in the higher order

term.

Remark 4.1. For the problems (a) and (b), the initial data only ensures that the
zero order compatibility conditions hold, then applying the method of characteristic,
one can only obtain global C° estimate and the piecewise C! regularity of the solution
(}5@, 9@), (i = 1,2). Fortunately, the global C° estimate is sufficient to analyze the
solvability condition.

Consequently, the following lemma holds:

Lemma 4.2. Suppose that ((1.21)-(1.25)) hold, then there exists a unique solution U_
to the linearized equations (2.48)-(2.50) in the domain 2 with the initial-boundary
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conditions (2.55))-(2.56)), and satisfies the following estimate:

1U-llez(0) <C|Pfllcze(r,) < C-o, (4.9)

where the constant C_ depends on py, qo, Pr and L. Moreover, for the problems (a)
and (b), there exist solutions (p(f),é(_’))T, (1 = 1,2) satisfying

1P eo@y + 1162 |eoy < €2V, (4.10)

Hp(_Z)HCO(Q) + ”é(_z)HCO(Q) < Ch_(Q) (ga + 02), (4.11)

where the constants C"h,(i), (i =1,2) depend on po, qo, Pr and L. In particular,
Coo <0V(En) < o, forany €€ (0,&), ne(0.1),  (412)

JIE =1
Doqo
Proof. By applying , the compatibility conditions hold at the corners up to
second order. Then the existence of the unique solution U_ € C*>*(Q2) can be

where & = and the constants Cy, Cy > 0 depend on py, qo and P;.

obtained by employing the theory in the book [26]. Moreover, the existence of the
unique solutions (5, 6”)T € C°(€) can be easily obtained. In addition, it is easy

to see (4.10) holds. Besides, (4.11) can be derived immediately by applying the

estimate (4.9). Finally, employing (1.21))-(1.25) and ((1.33), one can deduce that

(4.12)) holds.
O

4.2. Reformulation of the linearized R-H conditions (2.61))-(2.62). The equa-
tion (2.61]) can be rewritten as the following form:

A*(p-i-’ Q+)T = (j17 jQ)Tv (413)
where J; := - - U._, (1=1,2),

1 1
A — Pl m}gi [
P+d+ 1 — = tz Py — =
p+C1 q+

Then the following lemma holds on the shock front I,.

Lemma 4.3. On the shock front T, it holds that

12

det(A,) = _[f]_g (1—-M2)#0, as M, #1, (4.14)
P145

Py =41, (4.15)

iy =L, (4.16)

Y =£s, (4.17)
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with
= =2 2 3
L PG (1= qg o, / '
7y = P (i
1 M3_1< o 1 () +g i (7, m)dr
3
S+ B 0)2 - o0, [ -(rdr), (A1)
0
L (lg./§9 (r,m)dr — (1 + Hi(g,0)) =0 /59 (rn)dr),  (4.19)
1—M2\g” J, g o T ’
£a = G0+ — G0 , (4.20)

T+ Hile,0) )

Proof. By applying the definition of A,, (4.14]) can be obtained immediately.
By employing the fact of p g, = p_G_, then (4.13)) implies that

1 . 1. 1 . 1.
—— D+ + —q4 = ——DP-+ —q-, (4.21)
P+Cy q+ p-Cc_ q-
. . _ I . 1.
(p+ + P+Q+Q+> — P+ <—_ — D+ + _—Q+>
P+Cy q+
. . _ I . 1.
z(pf + pquq7> —D- < —— D + _—qf). (4.22)
p_c? q_
Substituting (4.21)) into (4.22), one has
. . ) _ . _ 1 . 1.
Py +pididy =D+ p-q-G +[p] (5 = b+ q—q) (4.23)
By employing the equations (4.21]) and (4.23)), it follows that
M2 -1, 1 _
— 5 P+ =7 = (p_+p_q_q_)
P+d3 P+47
D 1 —9 . _ .
+ (1 - [p]2> — (pr_ + p_q_q_>, (4.24)
P+4+7 P-4-
q+ ( _ )
4r = — P+ P-G-4-
p+ci (1 — M?)
Qs ( [p]><_2, o
_ ___(1-2 M_p_+,0_q_q_>. (4.25)
p-q(1— M3) P+
Moreover, employing the equations (2.49) and (2.50)), one can obtain
. 1 1 _
0,6 + Oe(M2p +p-gq ) =0, 4.26

Furthermore, one has

_ _ €,
M2j +pg - = M2P}(n) — (1 + Hi(9,0))72 39, / 0_(rmydr.  (427)
0
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In addition, (2.50) implies that

3
ﬂﬂw44—=EW%ﬁﬂ/94ﬁWh (4.28)
0

Substituting the expressions (4.27)) and (4.28)) into the equations (4.24]) and (4.25)),

then employing the equation ([2.43)), one can obtain the equations (4.15]) and (4.16]).
Finally, substituting the coefficients asy in (2.66|) into the equation ({2.62)), one

can obtain the equation (4.17)) immediately. O

4.3. Determine 5* and U,. With the help of Theorem , Lemma and Lemma
[4.3] one can now determine the approximating position of the shock front.
By employing Theorem [3.1] and taking

: ; : Hy\ (g,0
U:=ps, VZ:9+, W=q4, F1:= 1_‘_24];19(9 2))7 Fo=F3=F, =0,
Z/{s = 0‘51’ WS = fz, Z/{3 = Pj,
q+ 1 g 1 1 - M3
Aj=—————— Ay = ————— = A3 = ——
Y14 Hi(g,0) TP 1+ Hi(g,0) @ 77T 1+ Hig,0) A
1 g 1 g
A:: 77,.,42:77,./42:7—,
VU Hi(g,0) pegt T peas’ T s
then (3.8]) yields that
1
0= [ Acds(Eien) - i) an (4.29)
0
where
"
A, =exp ( - .A4(7')d7’>
0
g Tl
:exp<— / — dT) 4.30
T+ h(9.0) Jo @pe(r) (4:30)

“(“ g |, 7o)

We can now prove the following lemma.

Lemma 4.4. Suppose that (1.21))-(1.26|) hold. If

where

1 e
Ryo(€) =g - K / / 60 (7, m)drdn, (4.32)
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q2 -1 1
Pyo :=g0 - 02 / Pg(n)dn, (4.33)
Podo Jo
2 1 2 _
with K = —M < 0, then there exists a &, € (0,&1), such that
Pogo
Ryo (&) = Pyor. (4.34)
Furthermore, for 0 < o < ¢®, there exists a unique &, € (0,&1) such that
R(&) =P, (4.35)
where
1 ﬁ_ q%—l 3 .
R©i=g K [ (Z)" [ o (rmparan (4.36)
o “Po 0
2 1
g5 — 1 221 . .
P == / p (5 BHn) — Pr(n) ) di. (4.37)
Do’ qo 70 4o
In addition,
‘5* - g*| Sé*ga (4.38)

where the constant C, depends on py, qo, Pr, Pr and |\9NHC0((O’§;)X(O71)).

Proof. Now we analyze the identity (4.29). By employing the equation (4.18)), it
holds that

1
/A+A3£1<§*777)d7]
0
! 1 PG 1 ¢ —1
= —_ | — Pf(n)d 4.39
/0 1+H1(970)<P0> P+q+ p- 7 (n)dn (4.39)
! 1 NG 1 /f
- — (=) —g 0_(r,n)drd
/01+H1(9a0)<p0> P+q+  Jo (r.m)drdn
&

+/01 (%)qg (2—(]3)&7/0 0 (7,m)drdn

Z:J1 —|' JQ + Jg,

where

! 1 pN% 1 ¢—1
J :/ —(—) — 07 P* d 9
Yo T Hi(g,0)\po/  prge p- 7 n)dy

L 1 pNGE 1[5
J::—/—— __/9_7', drdn,
? 9, 1+H1(g70)<p) P+d+ Jo (r,mdrdn

J3 = /01 (p—_)qg (2 — qé)@n 05* 0_(r,n)drdn.

Po




For the term J3, integrating by parts, one has

g (2 — 48 /1 p— qﬁ—l/é*-
Jy = — 0_(7,n)drdn.
1+ Hi(g,0)  po 0 <P0> 0 (r,mdrdn

3

Furthermore, one can obtain

Jo+ J3

1 2 2 1 o 2_1 f.* X
-9 (— + = qo> / (p—>q0 / 0 (7,n)drdn
1+ Hq(g,0) Poqo Do o \Do 0

2 _1)2 rlo,5 Ngg-1 [b .
9 (@-1 / (=) / 0 (7, m)drdy.
1+ Hi(9,0) pogo Jo \po 0

Moreover,
1
| AcAEE -,
0
1 Vg 1 /11— M2 . @-1_,
—moo | () s (S - B )y
1+ Hi(9,0) Jo \po/ p+G+\ p+G P
1 /1<ﬁ>qa 1 qg—1<1.
= — ) -/ ——— —Pj n —P*(n)>d77
1+ Hi(9,0) Jo \po/ pr@r pP- \Gp () = Fi
1 qg_l/l_q§2<1 St *
= pr \=ZPin)— P n)dn-
T H(0,0) gy Jo 7 N e i)
Then the equation (4.29)) yields that

1
Jo + J3 = / A+A3P£(n)dn — Ji.
0

That is

2 _1)2 5 N2l &
_QM/ (&) / 0. (7, m)drdy
Podo o “Po 0

2 1

4y — 1 _q3— L *

== / P 2(—33(77)—131 (n))dn-
Po'qo 70

Let

R© =0 K [ (2" [0 tmmaran
2

q 1 ! _q2—2 1 *
P == / P (—QPf(n) — P (n))dn,
Do qo 7O 4o

(g5 — 1)
Poqo

qigpf(n) — Pi(n) = Pe(n)go + O(1)g°c + O(1)o”.

where K := — < 0. Applying ([2.68]), one has

33

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)
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In addition, by employing (2.42)), it follows that

77 = (o - ) o B2 o) (449
- (1+ Hi(g,0))qo ’ @
Therefore,
2 1 . 2_
P (P = i) = " Pe(n)go + O()go + O(e?, (4.49)
0
where O(1) depends on py, qo, P; and Pg. Denote
1 e
Ryn(€)i=g- K [ [ 60 mydra (4.50)
o Jo
@—1 [
Pyo :=g0 - — / Pg(n)dn. (4.51)
Podo Jo

By applying Lemma , it is obvious that R'gg(f) < 0. Furthermore, applying

(L.21)-(1.29) and (L.34), one has

N 1 ré
~Cogo > inf Ry(€) = Ryo(&1) = g- K / / 60 (7, m)drdy
£€(0,61) o Jo

=go - R%, (&) > —Cigo,

(4.52)

where the constants C, C; > 0 and depend on Cy, Cf, &, K,Crand Oy, (i =0,1,2).
In addition,

sup Ry (&) = R,(0) = 0.
56(0,1:5)1) g0 (§) g0(0) (4.53)
Obviously, there exists a &, € (0,&;) such that
Rga(g*) = Pgm (4-54)
if and only if
R0 (1) < Pyo < Ryo(0). (4.55)
Let 5* = E* + 65*, denote
[(66:R(E), P;U-) == R(&) = P. (4.56)
Applying (4.54), one has
j(03 Ryo (&), Poos U,) = Ryo(&) = Pyo = 0. (4.57)
Moreover,

[(66;R(E), PiU-) =g - K / 6 (& m)dn - 66, + O(1) (g0 + go®) - 66,

+O0(1)g% + O(1)0%,

(4.58)

where O(1) depends on py, qo, Pr, Pr and &,.



35

The expansion yields that
oI
D3¢,
Therefore, by applying the implicit function theorem and 0 < o < g3, there exists a

R (E), Py U ) = - K/ NEm)dy + O(1) (%0 + go?) < 0. (4.50)

unique 55* such that
961 < Cu(g + g) < Clg, (4.60)
where the constant C, depends on pq, qo, Pr, Py and 160%(co(0.6.)(0.1))- Furthermore,
for sufficiently small g, there exists a &, € (0,&;) such that
R(E) =P. (4.61)
U

Once &, is determined, then we can determine U, in the domain €, as the

following lemma shows:

Lemma 4.5. Let 3 > 2. Under the assumptions of Lemmal{.4), there exists a unique

solution U, to the equations (2.51))-([2.53)) with the boundary conditions ([2.58)-(2.59)

and (4.15))-(4.17)). Moreover, the following estimate holds:
U 5T + B 1—4
|| +||(Q+,Fs) ||¢ ”WB L

L.
o | (4.62)
C- <\|P7ch7a(n) + ([ PEllcz.ary) + H2+(9a<7)> < Cyo,
where the constant C’+ depends only on Uy, L, P;, Py and B.
Proof. By applying (3.9) in Theorem 3.1, it follows that
1P+ lwaaey + 10+ llwz @y + 9+ lleoer) + HQ+||W;—E S
' (4.63)
<0(Z 1460103 g, WPy + i (0,0))
Moreover, according to (4.17)), one has
el ([ [ A N } (4.64)
w, P () w, P () w, (i)
Therefore, employing Lemmaft.2land Lemmal4.3] one can obtain the estimate (4.62)).
U

5. THE NONLINEAR ITERATION SCHEME

5.1. The supersonic flow U_ in €.
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Lemma 5.1. Suppose that — hold, then there exists a positive constant oy,
depending on U_ and L, such that for any 0 < o < oy, there exists a unique solution
U_ € C**(Q) to the equations (2.11)-(2.13) with the initial-boundary conditions
—. Moreover, denote U_ := U_ + SU_, then the following estimates hold:
10~ = U-llesi@y SCI1 2oy < Cio (5.1

[0~ = U flereny <Clo? (5.2)

where the constants C, and C’E depend on U_, Py, and L.

Proof. The existence of the unique solution U_ € C*%(2) can be obtained by em-
ploying the theory in the book [26]. Thus, it suffices to verify (5.2]).
The equations ([2.11))-(2.13)) can be rewritten as the following matrix form:

B(g,0)0,U + B1(U)0:U +g-b(U) = 0, (5.3)
6 sinf T
where U = (p,0,q)", b(U) = €0 ,———,tanf ) ,
(p,0,9) ", b(U) ( . o )
Hy(g.0) —ﬂ qcos® 0
1+ Hy(g,0 0 0 , P4 _
B(g,0) = 0 14 Hi(go) 0|, Biv) = | Y _212,0059 -2n7
0 0 0 qu Pq
Z 0 q
p
Therefore, §U_ — U_ satisfies the following problem:
B(g,0)0,(0U_ —U_) 4+ By(U_)0:(0U_ —U_) + g - Vb(U_)(6U_ —U_) 5.4
—F_(0U_), in 0 '
with the following initial-boundary conditions
SU_—U_ =(P!(Yo(n;g,0)) — Pi(1),0,0) ", on T (5.5)
60 —0_ =0, on I'yuly (5.6)
where
F_(8U_) := — B,d,0U_ + (Bl(U,) - Bl(U,)>a§5U,
g (b(U,) —B(T_) — Vb 1>5U,), (5.7)
with
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Then, applying , one can infer that
16U~ = U-[lere@y
<C(I1F- U lereq@y + I Pf(Yo(n: 9, 0)) = P () lc2eqry ) (5.8)
SCGﬂ&ﬁUka@n+HQ&1M0&myH5uﬂwamy+ﬂwuﬂéa@y+aﬂ

§C'202.

5.2. The shock front and subsonic flow. For the given quantities P;, Pr and
U_ in Lemmal5.1] one needs to find the shock solution (U, ;). Here, 4 is the shock
front:

Ts:={(&n) : E=v(n) =&+ 0p(n),0 <y < 1}, (5.9)

which close to the initial approximating shock front I's. Correspondingly, the sub-

sonic region is

Qe ={(m) R 19(n) << L,0<n<1}, (5.10)

and the subsonic flow U, is supposed to be closed to UL,
Thus, The solution U, satisfies the following free boundary value problem

B(g,0)0,Us + B1(U1)0:Uy + g - b(Uy) =0, in Q (5.11)
The R-H conditions — (2.22), on T (5.12)
0, =0, on ([LUl,)NQ, (5.13)
p+ = Pou(YL(n:9,0); 9,0). on T (5.14)

The next step is to solve this free boundary value problem near (U, ;). It should
be pointed out that the free boundary v will be determined by the shape of the
shock front ¢’ and an exact point &, := 1 (1) on the nozzle. That is, ¥(n) will be

rewritten as below:

v(n) =& —/ oy’ (7)dr, (5.15)

where &, 1= &, + 6¢,, and 8¢, will be determined by the solvability condition for the
solution U, .
Then the following transformation will be introduced to fix the free boundary I';:
. L—&
E=p+ =
T L—4(n)
n=mn,

(&—1L),
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with the inverse

L—v(i) ;

Tt L—¢&,
n=1-
Under this transformation, the domain €2, becomes
O, ={(&n) eR*: € << L,0<n<1}, (5.16)

which is exactly the domain of initial approximating subsonic domain.
Let U (é ,n) =U;o T‘l(é 7). Direct calculations yield that U satisfies the fol-

lowing equation in €2,:

Bo:U + B(g,0)0;U + g - b(U) = 0, (5.17)
where
B= & f)w';él)(")g(g, o)+ —LL__wi%)Bl(U).
In addition, U satisfies the following boundary conditions
0 =0, on (ToUTy) N, (5.18)
p= Fou(YL(7:9,0);9,0). on I (5.19)
Moreover, the R-H conditions - become
Gi(U,U_(4',€)) =0, i=1,2, on T, (5.20)
Gs(U,U_(¢,&,):1) = 0, on I, (5.21)

where U_(¢/, &) == U-(4(7)),7)-

Therefore, the free boundary problem — can be transformed into the
fixed boundary problem —. Then an iteration scheme will be constructed
to prove the existence of the solutions.

w~n

For simplicity of the notations, we shall drop in the sequel arguments.

5.3. The linearized problem for the iteration. This subsection is devoted to
describe the linearized problem for the nonlinear iteration scheme, which will be used
to prove the existence of solution to the problem — in the next section.

Given approximating states U = U, + 6U of the subsonic flow behind the shock
front, as well as approximating shape of the shock front ¢/ = §¢’, then we update
a new approximate state U* = U, + dU* of the subsonic flow and the shape of the
shock front ¢*' = §y*'.
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(). 6U* := (6p*,66*,6q*)" satisfies the following linearized equations in 2
(1 + Hi(g, O)>an5p* + 3. 0:00" — q%aq* = [(0U, 60, 68) + Ha, (g,0),  (5.22)
+
1 1-M2

9 /
14 Hy(g,0))0,00" — —— ——"0:0p" — ——=060" = fo(0U, ¢’ 6&,), (5.23
(1 F(0,0)) 000" =~ 208y’ = —00° = SV, 00/, 36.), (529

1
O (q+ L 6q" + p—5p*) 4 g 80" = B f3(8U) + f1(8U, 80/, 5€,), (5.24)
+

where
F e (. 0.60 — g s I
F1(0U,6',06.) = (00000 = 2o+ )

_ ( _ Sm‘gangr qcos 000 + gcos@)
pq

+ (14 Hilg.0) s 00/ )k
06 — [, 8¢/ (r)dr (sme

L —(n) pq

- (Hilg.0) = Hi(9,0)) 0,0p.

/ - 1 1-M2 g9
sin 0 cosf 1 — M? sin 0
Y 0.0 — Oep —
( o g g/’q3>
L-¢
+ (1 + Hi(g,0))7— 7= - 00 ()00
(L Hlg, o) g - 0/ ()

66, — Lo/ (7)dT g Ve
& fn Y'(7) 7'(51n9 0 cos01—M 8§p>
L —(n) pg*

O¢p — q cos 98&)

+
rq rq
— (Hi(g,0) = Hi(9,0)) 9,00,
F(6U) = (2, - b0+ =-0p) = BU)

06, — [ 0/ (r)dr
L—¢

f12(0U, 6, 6E,) =g - tan @ + g - (60 — tan0).

(ii). On the nozzle walls,

00" = 0, on (FQ U F4) N Q+. (525)
(iii). On the exit,
op* = P} (n,0U) := PE(YL(n; 9,0;0U); 9, 0), on T, (5.26)
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where
Yi.(n;9,0;0U) = ! /17 ! ds.
1+ Hi(g,0) Jo (pgcosb)(L,s)
(iv). On the free boundary I,
ajy - 0U" = G5(0U,0U_, 09, 66,), j=1,2, (5.27)
aszy - 6U* — (1 + Hi(g,0))[p]ov™ = G5(8U,0U_, 6/, 6&,), (5.28)
where
G5 (8U,8U_, 80/, 66,) = ayy. - 0U — G, (U, U-(¢/,.)), (5.29)
G5(0U, 6U—, 0¢',6&,) := asy - 6U — (1 + Hi(g,0))[ploy’
— G3(U, U-(¢",&); ¢¥"). (5.30)
Remark 5.2. The condition can be rewritten as the following form:
A (6p*,6¢") " = (GF,G5)T = G. (5.31)

Applying Lemma [4.3| one has det A, # 0. Thus (6p*,dq*) can be determined
uniquely, that is

op* =£7, (5.32)
oq" =4£%, (5.33)

with
(£3,£3)7 = A7'G. (5.34)

Moreover, employing (5.28)), one has
o sy - 0U = GE(0U,0U_, 69, 0€,)
o = —
(1+ Hi(g,0))[p]

In order to find the solution (U, 1), one needs to construct a suitable function

= £, (5.35)

space for (0U, §¢)") such that J£, can be determined, and the iteration mapping
I1: (6U;6¢") = (8U*; 695 6¢.)

is well defined and contractive.
For simplicity of notations, define the solution (§U*;d1*';d&,) to the linearized

problem ([5.22)-(j5.28)) near (U+;1/}’ ;0) as an operator:

(6U*; 00" 08,) = T(F 19 ), (5.36)
where .7 = (f1 + Ha(g,0), fa2, f3, f4), ¥ = (£3, £3, £3). In particular,
(Uy;950) = Z(F:9; PY), (5.37)

where . := (Hy,(g,0),0,—B(U,),0), 4 := (£1, £4, £3).
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When 0&, is omitted, it will be denoted by
(6U*;09™) = T (F1 9 FY), (5.38)
and

(Uysd') = T(F; 4 BY) (5.39)

e

respectively.

5.4. The solvability condition and a prior estimates of dU*.
By applying Theorem [3.1] and taking

f1+ Hoy(g,0) fo
U:=0p*, V:=00", W :=0dq", F =  JFy = ———————
b ¢ 1+ Hi(g,0) "~ 1+ H(g,0)
Fom B = e oW g Uy = P
Q+ Q+
qy 1 g 1 1— M2
A=, A= ————— 5, A = :
VU1 H(.0) 77T 1+ Hi(,00 @ 77T 1+ Hi(g,0) 2@
1 g 1 g
Ay = —— Ay = ——, Ag = —,
1+ Hi(g,0) pedl a0 @
then (3.8]) yields that
AL fo /
dédn = | AL A £* P*)d 5.40
//Q+1+ng’ §dn = +3 n. (5.40)

Applying the arguments in Theorem 3.1, one can obtain the following estimates
for 6U* immediately.

Lemma 5.3. Suppose that, for given (6U;0v'), there exists a 0&, such that ((5.40)
holds. Then there exists a solution (SU*;d1*) to the linearized problem ((5.22))-(5.24)

with the boundary conditions (5.25)-(5.26) and (5.32)-(5.33)), and satisfying the fol-

lowing estimates:

10P" sy + 1007 lwsary + 10" lleoayy + 110071

Q\*—‘
—

1—
B S
§C<Z||fi||LB(Q+)+||f3_f3(é*a77)“60(ﬂ+)+||f4||CO(Q+)+H2+(gvg) (5.41)
=1
2
SN ey IR ),
; W, 7(I) Wy 7 (Is)
607 iy OISO oy Gy ). (5.42)
W ) (Ts)

1—
B s 3 Fs B s

where the constant C depends on Uy, 5*, L and .

A

E
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6. WELL-POSEDNESS AND CONTRACTIVENESS OF THE ITERATION SCHEME

In order to carry out the iteration scheme, one needs to find a suitable function
space for (U, 6¢') such that d¢, can be determined, and the iteration mapping IT
is well defined and contractive.

Let € > 0. Define the function space

N = {(60,64) : 16U + 16070, oop 3 (6.1)

s

To begin with, one needs to show that there exists a 0&, such that the solvability
condition (5.40) holds. In fact, the following lemma holds.

Lemma 6.1. Let 0 < 0 < g3, and (60U — U,; 6¢/ —2//) € N(%ag%), then there exists
a solution 0&, to the equation ((5.40) with the estimate:

g

where the constant Cs depends on py, qo, Pr, Pg and ||0N||Co((07£-*)x(071)).

Proof. Define
I(6&,, 00, 0U; £7(6U-))

A+.f2 * * (63)
//mHng’ dédn +/A+A3 £ P)d

It is easy to verify that

1(0,0,0; £,(U)) = 0. (6.4)
We first claim that when 0 < ¢ < ¢ and (6U — U; 8¢ — o)) € N(%ag%), one has
ol
0,0,0; £, # 0. 6.5
563000 51(0) (65)
Then by employing the implicit function theorem, there exists a 6, to the equation

53).

To prove this, we show the expansion of I near the state (0,0, 0; £1(U_)) and
analyse each term of I(0&,, v, 6U; £3 ((5U ).

Since (6U — U, 64 — ') € N(3 092) by applying Lemma , it is easy to see
that

w, ()

16U, 00 + 11601 121 < Cuo, (6.6)

where the constant C, depends on C’+.
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Now, we consider the first term on the right hand side of (6.3]). After a routine
calculation, one has

A2
d
/LJ+M% ded

(55* cosf1— M? (6.7)
//m 1 +H1 (9,0 w< rq  pg 8£5p>d€dn
2.8+ 01 )

where O(1) depends only on C,, U, and f* Notice that

6¢, /cosf1 — M? 1
1930
L9 ( P> pids 7 ) «or
o6, 1 10
+ — ———0:(0p — p
L—¥piqs  polt £(0p = )
66* . fnl 5¢/(T T 1

1—M28 6 1 I_M‘%a'
R, T 0p
T-0L-6) mts m@ T T emts e
s&, 11— N2

— 9, + O(1)og? - 66, + O(1)o? - 8¢,
L& pd eortOWo (Do

where O(1) depends only on C,, U, and &.. Then, by applying ([2.52), it follows
that

A+ 1—M2 // ‘
* Oep,dédn = 0:(AL A déd
//QJr 1+ Hi(g,0) p2q spdidn = o (A4 Asp,)dédn

(6.8)
:/ o 8W(A+9+)d§dn = /5 <A+é+(f7 1) — A+é+(§70)> dg = 0.
—+ *
Therefore, ((6.7]) implies that

//Q+ 1 —’_"j——;;fQ dédn = O(1)ag? -

56, +0(1)a? - 5, + O(1)0?

(6.9)
where O(1) depends only on C,, U, and &
Then we estimate £35. Recalling (5.27)), for 7 = 1,2, one has
Gy =z - 0U = G (VU (30, .))
=(ags - 0U + a5 U (00, £) = G5 (U, U_(8¢,€.)) (6.10)

—aj - (U0, €) = O (6m) — - - U-(&s).
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Notice that
ajy - OU + - SU_ (80, &) — G5 (U, U_(5¢, &)
:% /0 1 D*G(Uy +t5U, U_ + tsU_)dt - (6U, 6U_)? (6.11)
=0(1)0?,

where O(1) depends on C, and Cp. In addition, by employing Lemma and
Lemma [5.1] it holds that

SU_(5¢/, &) — U_(&m)

=(oU_(¢, — 15¢’(T)dr, ) = U_(& — 16w’<7>d7, )
( /n ! /" n> (6.12)

(06 [ i ~ 0 em)
=0(1)0?, '
where O(1) depends on C%, C_ and C,. Therefore, yields that
G5 = —aj_ - U_(& + 6&,m) + O(1)0”. (6.13)

Thus, one has
£5 = E5(E+0¢.,m) + O(1)o”. (6.14)

Moreover, by applying and (|1.26)), it holds that
P =g3 - (PHYo(1:9.0)) = Pi(Yo(n; 9,0)))

Y1,(1:9,0) Y1,(139,0)
+g- (/ P.(1;9,0)dT — / P.(t; g, 0)dt>
0 0

) Yo(n;9,0) Yo(1;9,0)
~g0-a3 / Py(r)dr - / Pi(1)t) (6.15)
+go-q (PE(YL(H; g,0)) — Pp(Y(n; 9, 0)))
+ Pi(n)

=PHn) +0(1)0?,
where O(1) depends on po, qo, Pr, Pg, Py, Py and C,.
Furthermore, by applying , (6.15) and Lemma , then (6.3)) implies that
I8¢, 60/, 6U; £(6U))

1
=/ Ay As (fl(é* +06.,m) — Pﬁ(n)>dn +0(1)og? - 66 + O(1)o? - 6. + O(1)0?
0

1

:HH—M(R(E* +08.) —P) + O(1)ag? - 6¢, + O(1)0” - 6¢, + O(1)0”



45

3

(o- K/ )G (€mdn) 6. + O(1)go - (36 + Oy’ - .
+O(1)0? - 36, + O(1)g%0 - 5€. + O(1)0 (6.16)

K\)

(o5 / (Ec.)dn) - 66, + O(1)go - (5€.)? + O(1)g% - 6¢,

3

+O0(1)og? - 6¢, + O(1)o* - §¢, + O(1)0?

which indicates that

I
8(00049 gK/ 5*,

D3¢, (6.17)

+0()og® +0(1 )agg +0(1)0?
where O(1) depends on py, g0, Pr, Pg, P;, Py, C,, C’E, Cp, Cy and &,. Applying
0<o<g®and S )(é*, n) > Cyo, for sufficiently small g, one can deduce that
ol
855

Moreover, the expansion (6.16|) implies the estimate ([6.2]).

= (0,0,0; £1(U_)) # 0. (6.18)

i

Lemma and Lemma yield that the existence of the subsonic solution
(6U*; 65 6€,) to the linearized problem (5.22)-(5.28) as (6U — U,; ¢’ — 4') in
the function space N(%ag%) with the sufficiently small g and o. In the sequel ar-
guments, we will prove (§U*; §¢*) also satisfies (3U* — U,; 6¢* —4/) € N(%Ug%) as
long as g and o are sufficiently small. Define

o . . 1
N (U3id) = { 0U300) - (OU = Uy 60/ = ') € N(509% ) }.
Then the following lemma holds.

Lemma 6.2. Let 0 < 0 < g%, if (6U;8¢') € A (Uy;4'), then there exists a solu-
tion (5U* 6y*') to the linearized problem (5.22)-(5.28) and satisfies (OU*;6¢*') €
‘/V<U+7 w )

Proof. Tt suffices to verify that (8U*;0¢*') € A (Uy;4)).
Recalling the definitions ((5.38))-(5.39)), one has

(U = Up; 09" =) = T(F — F:4 -4, P, — P}, (6.19)
where

F

(fl (5U7 5¢/7 55*) + H2+(g) 0)7 f2(5U7 577Z)/a 55*)7 f3(5U)7 f4(5U7 5¢/7 55*))7
ﬁ ::(HQ-i-(g? U)v 0, _B(U+)7 O),
£ (£;(6U76U—76¢/755*)a] - 1a273)>
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g I:(fl, £2, £3)
Similar as Lemma one has

10U = U+, >+||5¢*’—@/}|| -
B
B S
2

(X Whllony + s + BO) o,y + I filleoca (6.20)

=1
- (rs,))'

Now, we analyze the terms on the right hand side of (6.20]). Applying the expression

+ZH£* L] Wb, +HP§—P3H
B

@

of fi, one has
111(0U, 09", 06| s 6o,
sin 6 cos 6
- 0kin (q cos ) — q+) D¢ — (g Iy %5(1)

q 7+ q3 LA ()
A+ Hy(g,0) =28 5w (o (6.21)
,0' _— . .
ARy e B S T

—fldwl(T)dT sin 0
+ U 0:0p — q cos 00:60

L—(n) <pq €OP T AR >L6<m>
+ <Hl(97 o) — Hi(g,0 )0 cSpHLm+

<C{ 1601 = 0y (1002, 30) g ) + 1013l 1, ) + 910U ] e )2
F 1109 || oo ) | (O, 56)”W51(Q+) + |6€*|||5‘9||W[}(Q+) +‘7||5P||Wl§(ﬂ+)}

§C<02 + 0502% + CSU%)

02

<Cy—
g

Similarly, one has
2

’ g
12000, 64", 68) | 1o,y < CS;‘ (6.22)

Moreover, since

£(0U) + B(T,) = - (B<U> BT — (4,60 + piam)
- (6.23)

1
—/ D} B(Uy + toU)dt - (8U)?,
0

then one can obtain
/s + B(U+) o,y < Cy0°. (6.24)
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Moreover,
| filleoga,) < € (901061 + go*) < Clo® (6.25)

The constants C?, (i = 1,2,3,4) depend on &, Cy and C,.
On the exit I's, recalling (6.15)), one has
IP;=PH| .y <Co’ (6.26)
W, P (Ty)

Finally, on the fixed boundary T'y, for j = 1,2, employing (6.14)), one has
2

14 = &l 1y S C(I00-ereiey 1061 +07) <G (020
In addition, a similar argument yields that
. 0‘2
15 = £3I|W;7%(m < CE? (6.28)

The constants C?, (i = 5,6) depend on C%, C% Cy, &,, Cs and C,.
Therefore, for sufficiently small g, one has

loU" — U+H(Q+;1'“S) + 0w =] L

(6.29)

2
<C(Z+0*) <Cogi(gh +9%) <
g

The Theorem [2.6] will be proved as long as we prove that the mapping IT is
contractive. The following lemma completes the proof.

Lemma 6.3. Let 0 < o < g3, then the mapping II is contractive.

Proof. Suppose that (6Uy; d1b,) € N Uy g//), (k =1,2), then by employing Lemma
and Lemma , there exists 0,y satisfying the estimate (6.2) and (SU;; 51i') €
N (Uy;4') such that

(SU; 0075 66r) = T Fr; G; Pl (n;0UL)), (6.30)
where

y’f ::(fl <5Uk7 577Z);47 55*16) + H2+ (g7 0)7 f2(6Uku 6¢;7 5§*k)7 f3<5Uk)7 f4(5Uk7 5¢;w 6§*k))7
Gy, i =(L3(0Ux, 0U_, 6y, 6&u1); 5 = 1,2,3).
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To prove the mapping IT is contractive, it suffices to verify that, for sufficiently small

g and o,

16U5 = U7 Iy, sty + 1095 =805 1oy
i Wy P (D)

w %(1'“ )>'

1—
B s

1 (6.31)
<5 (1602 = ULl v,y + 60" — b0

Applying , one has
(0U5 — 8UT; 603 — 607 (6.32)
=T(F2 — F1;% — %1; P (n;0Us) — P} (n;6U1)).
Since the right hand side of includes 0&,, which is determined by Lemma
with given (6U;; 695 ), thus one has to estimate |6&,o — 0&,| first.
0 =1(6&42, 00>, o1y, £1(0U-)) — 1(6&1,0U1, o, £1(0U-))
=1(6&.2,0Us, 60y, £1(8U_)) — 1(8&4s1, 6Us, 610y, £5(06U_))
+ ](65*1, OUs, 01y, £7(0U-)) — I(0&1,0U1, 640", £3(8U-))

(6.33)
= [ e 580 60, £1(6U ) (s — o)
+ / Vsvoe (0641, 0U, 0, £1(0U-))dt - (0Us — 8Un, 0v" — dupr),
0
where
6£*t = t5£*2 + (1 — t)éﬁ*l, 5Ut = t5U2 + (1 — t)éUl,
51/Jt/ = t(5¢2, + (1 - t)(;@bl/ (634)
Similar calculations as in Lemma 6.1, one has
ol
((55*) <5§*t7 5U27 5"9112 ) (5U—))
ol S
1 oI . o
+/ V(&g*,w,aw/,,e;(w_ (55 )(35f*t, 50U, 85@/)2 , 8L (5U ) (1 - 5)51(U—))d3
0 *

’ <5£*t7 6U27 5¢2/7 *<5U7) - ogl(Uf))

g K / ) mdn + O(L)ag® + O(Log + O(1)?
Moreover,

Vsvsey I (0641, 00U, 00, £1(0U-)) = O(1)o. (6.36)
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Therefore, (6.33)) implies that
o602 =80 || oy o —ow |y )
ﬂ

(1) W, (0
Kg- fo f*, n)dn + O(1)og? + O(l)ag§ +O0(1)0?
< Clg™ - (1602 = 001 gy + 11607 = 000" Il iy ).

B

1660 — 06| < C)

Applying , one can deduce that

111(6U2, 64", 08.2) — f1(6UL, 691", 06)ll 1 (6.38)
<C((190 ey + 102l ey + 100 o)

< (I16U2 = 60 Ny + I 6002 =8 || b,

1—
B s

+‘5£*2 - 55*1‘)

+ (108 | + 10821002 = 6Unlwy o, i,y + o l10p2 = 5p1||w;m+>>

SC(J—i—%).(H 0Us = 8Uy ||, py + | 000" — 000" || - . )

Wy

g
s%-(ﬂ 0U = 0UL ll@oyity + I 00" = 301" || oo (F)).

B S
Similarly, one has
1 f2(6Usa, 690, 0842) — fo(6UL, 091, 061) 1o er, (6.3
g il / /
=G (16U2 = 0U Nl sty + Il 62" = 39 it )

s ()

13(6U2) — f5(0U1)]|coger, (6.40)
<Cio - ||6Us = 6U1 e, s

1£1(6U2) = fa(0U1)||coger, (6.41)
<Clo - (|| 60Uy = U |, 5, + || 000" — 60y’ I | ).

m\
—

B S
On the free boundary Iy, for j = 1,2, one has

1£7% ~ £I1|| .

5 7 (T
10 o o /
SCGE : ( 16Uz = 0UL ([, 5,y + || 992" = 04 Hw;*%(rs) )-

Similarly,

I — £

w,

ST

SC@'(H 0Us = UL ||(er, 0,y + || 02" — 00 I (F))-

ﬁ s
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Moreover,
1P =P oy < CE-0ll6Us = 8UL| g, i) (6.44)
W, 7 (Is)
By employing (6.37))-(6.44)), it holds that

16U5 = Uz ||y, iy + 11605 — 805 (| o1
" Wy P (0)

o . . /_ /
<C- (10U = ULl gy, .1y + 103" — 64 ”W;é(m) (6.45)
<Cig* - (118U = U| gy, . + 169" = 00'|| 1oy ),
Wy P (T
The constants Cg, (j =1,---9) depend on py, q0, Pr, Pg, B, L and £,. Therefore,

we can choose C’gg2 = % for sufficiently small g. Thus, the proof of Lemma is
completed. O

ACKNOWLEGEMENTS

The research of Beixiang Fang was supported in part by Natural Science Founda-
tion of China under Grant Nos. 11971308, and 11631008. The research of Xin Gao
was supported in part by China Scholarship Council (No0.201906230072).

REFERENCES

[1] M. Bae, M. Feldman; Transonic shocks in multidimensional divergent nozzles. Arch.
Ration. Mech. Anal. 201 (2011), no. 3, 777-840.

[2] G.-Q. Chen, J. Chen, M. Feldman; Transonic shocks and free boundary problems for the
full Euler equations in infinite nozzles. J. Math. Pures Appl. (9) 88 (2007), no. 2, 191-218.

[3] G.-Q. Chen, J. Chen, K. Song; Transonic nozzle flows and free boundary problems for the
full Euler equations. J. Differential Equations 229 (2006), no. 1, 92-120.

[4] G.-Q. Chen, M. Feldman; Multidimensional transonic shocks and free boundary problems
for nonlinear equations of mixed type. J. Amer. Math. Soc. 16 (2003), no. 3, 461-494.

[5] G.-Q. Chen, M. Feldman; Steady transonic shocks and free boundary problems for the
Euler equations in infinite cylinders. Comm. Pure Appl. Math. 57 (2004), no. 3, 310-356.

[6] G.-Q. Chen, M. Feldman; Existence and stability of multidimensional transonic flows
through an infinite nozzle of arbitrary cross-sections. Arch. Ration. Mech. Anal. 184
(2007), no. 2, 185-242.

[7] S. Chen; Stability of transonic shock fronts in two-dimensional Euler systems. Trans.
Amer. Math. Soc. 357 (2005), no. 1, 287-308.

[8] S. Chen; Transonic shocks in 3-D compressible flow passing a duct with a general section
for Euler systems. Trans. Amer. Math. Soc. 360 (2008), no. 10, 5265-5289.

[9] S. Chen; Compressible flow and transonic shock in a diverging nozzle. Comm. Math. Phys.
289 (2009), no. 1, 75-106.



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

51

S. Chen, J. Geng, Y. Zhang; Isentropic approximation of quasi-one-dimensional unsteady
nozzle flow. SIAM J. Math. Anal. 41 (2009), no. 4, 1693-1712.

S. Chen, H. Yuan; Transonic shocks in compressible flow passing a duct for three-
dimensional Euler systems. Arch. Ration. Mech. Anal. 187 (2008), no. 3, 523-556.

R. Courant, K.O. Friedrichs; Supersonic flow and shock waves, Springer-Verlag, New York,
1948.

P. Embid, J. Goodman, A. Majda; Multiple steady states for 1-D transonic flow. STAM J.
Sci. Statist. Comput. 5 (1984), no. 1, 21-41.

L. C. Evans; Partial differential equations. Graduate Studies in Mathematics, 19. American
Mathematical Society, Providence, RI, 1998. xviii4+662 pp. ISBN: 0-8218-0772-2

B. Fang, X. Gao; On admissible positions of transonic shocks for steady Euler flows in a
3-D axisymmetric cylindrical nozzle. J. Differential Equations 288 (2021), 62-117.

B. Fang, L. Liu, and H. Yuan; Global uniqueness of transonic shocks in two-dimensional
steady compressible Euler flows, Arch. Ration. Mech. Anal., 207 (2013), pp. 317-345

B. Fang, Z. Xin; On admissible locations of transonic shock fronts for steady Euler flows
in an almost flat finite nozzle with prescribed receiver pressure. Comm. Pure Appl. Math.
74 (2021), no. 7, 1493-1544.

D. Gilbarg, N.S. Trudinger; Elliptic partial differential equations of second order, 2nd ed.,
Grundlehren Math. Wiss. 224, Springer, Berlin, New York, 1983.

P. Grisvard, Elliptic problems in nonsmooth domains, Monographs and Studies in
Mathematics, 24, Pitman: Boston, 1985.

J. Li, Z. Xin, H. Yin; On transonic shocks in a nozzle with variable end pressures. Comm.
Math. Phys. 291 (2009), no. 1, 111-150.

J. Li, Z. Xin, H. Yin; A free boundary value problem for the full Euler system and 2-D
transonic shock in a large variable nozzle. Math. Res. Lett. 16 (2009), no. 5, 777-796.

J. Li, Z. Xin, H. Yin; On transonic shocks in a conic divergent nozzle with axi-symmetric
exit pressures. J. Differential Equations 248 (2010), no. 3, 423-469.

J. Li, Z. Xin, H. Yin; The existence and monotonicity of a three-dimensional transonic
shock in a finite nozzle with axisymmetric exit pressure. Pacific J. Math. 247 (2010), no.
1, 109-161.

J. Li, Z. Xin, H. Yin; Monotonicity and uniqueness of a 3D transonic shock solution in a
conic nozzle with variable end pressure. Pacific J. Math. 254 (2011), no. 1, 129-171.

J. Li, Z. Xin, H. Yin; Transonic shocks for the full compressible Euler system in a gen-
eral two-dimensional de Laval nozzle. Arch. Ration. Mech. Anal. 207 (2013), no. 2, 533-581.

T.-T. Li, W.-C. Yu; Boundary value problems for quasilinear hyperbolic systems. Duke
University Mathematics Series 5. Duke University, Mathematics Department, Durham,
N.C., (1985).

L. Liu, H. Yuan; Global uniqueness of transonic shocks in divergent nozzles for steady
potential flows. SIAM J. Math. Anal. 41 (2009), no. 5, 1816-1824.



52

BEIXTANG FANG AND XIN GAO

[28] L. Liu, G. Xu, H. Yuan; Stability of spherically symmetric subsonic flows and transonic
shocks under multidimensional perturbations. Adv. Math. 291 (2016), 696-757.

[29] T.-P. Liu; Transonic gas flow in a duct of varying area. Arch. Rational Mech. Anal. 80
(1982), no. 1, 1-18.

[30] T.-P. Liu; Nonlinear stability and instability of transonic flows through a nozzle. Comm.
Math. Phys. 83 (1982), no. 2, 243-260.

[31] J. Rauch, C. Xie, Z. Xin; Global stability of steady transonic Euler shocks in quasi-one-
dimensional nozzles. J. Math. Pures Appl. (9) 99 (2013), no. 4, 395-408.

[32] H. Park, H. Ryu; Transonic shocks for 3-D axisymmetric compressible inviscid flows in
cylinders. J. Differential Equations 269 (2020), no. 9, 7326-7355.

[33] Y. Park; 3-D axisymmetric transonic shock solutions of the full Euler system in divergent
nozzles. Arch. Ration. Mech. Anal. 240 (2021), no. 1, 467-563.

[34] S. Weng, C. Xie, Z. Xin; Structural stability of the transonic shock problem in a divergent
three-dimensional axisymmetric perturbed nozzle. STAM J. Math. Anal. 53 (2021), no. 1,
279-308.

[35] Z. Xin, W. Yan, H. Yin; Transonic shock problem for the Euler system in a nozzle. Arch.
Ration. Mech. Anal. 194 (2009), no. 1, 1-47.

[36] Z. Xin, H. Yin; Transonic shock in a nozzle. I. Two-dimensional case. Comm. Pure Appl.
Math. 58 (2005), no. 8, 999-1050.

[37] Z. Xin, H. Yin; The transonic shock in a nozzle, 2-D and 3-D complete Euler systems. J.
Differential Equations 245 (2008), no. 4, 1014-1085.

[38] Z. Xin, H. Yin; Three-dimensional transonic shocks in a nozzle. Pacific J. Math. 236
(2008), no. 1, 139-193.

[39] H. Yuan; A remark on determination of transonic shocks in divergent nozzles for steady
compressible Euler flows. Nonlinear Anal. Real World Appl. 9 (2008), no. 2, 316-325.

[40] H. Yuan; Persistence of shocks in ducts. Nonlinear Anal. 75 (2012), no. 9, 3874-3894.

[41] H. Yuan and Q. Zhao, Stabilization effect of frictions for transonic shocks in steady com-
pressible Euler flows passing three-dimensional ducts, Acta Math. Sci. Ser. B Engl. Ed., 40
(2020), pp. 470-502.

B.X. FANG: SCHOOL OF MATHEMATICAL SCIENCES, MOE-LSC, AND SHL-MAC, SHANGHAI

JIAO ToNG UNIVERSITY, SHANGHAI 200240, CHINA

Email address: bxfang@sjtu.edu.cn

X. GAO: SCHOOL OF MATHEMATICAL SCIENCES, SHANGHAI JIAO TONG UNIVERSITY, SHANG-

HAI 200240, CHINA

Email address: sjtu2015gx0@sjtu.edu.cn



	1. Introduction
	1.1. Steady normal shock solutions in a flat nozzle
	1.2. The small perturbation problem
	1.3. Outline of the paper.

	2. The Lagrange transformation and the main results
	2.1. Reformulation by the Lagrange transformation.
	2.2. The free boundary problem for the initial approximation.
	2.3. Main results

	3. A preliminary: boundary value problems of a typical elliptic-hyperbolic composite system
	4. The initial approximation
	4.1. The solution  -  in  
	4.2. Reformulation of the linearized R-H conditions (2.61)-(2.62).
	4.3. Determine  *  and  + .

	5. The nonlinear iteration scheme
	5.1. The supersonic flow U- in 
	5.2. The shock front and subsonic flow
	5.3. The linearized problem for the iteration
	5.4. The solvability condition and a prior estimates of U*

	6. Well-posedness and contractiveness of the iteration scheme
	Acknowlegements
	References

