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Abstract. In this paper we consider a generalized equation that is mainly characterized by a
cone-valued mapping. It is well known that optimality conditions for different classes of optimization
problems can be formulated as such a generalized equation. Moreover, we generalize Kojima’s concept
of strong stability and introduce appropriate constraint qualifications. We discuss corresponding
properties between strong stability and these constraint qualifications. Finally, we apply these results
to the particular class of mathematical programs with complementarity constraints and to that of
mathematical programs with abstract constraints.
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1. Introduction. In this paper we consider the problem of finding a solution of
a given generalized equation:

(1.1) PO(f,F): Find z € R" such that D, f(z) € [O(F(x))]' D, F (),

where f € C2(R",R), F € C}2(R",R™), and ©: R™ = R™ is a cone-valued mapping;
here, PO (f, F) can be rewritten as

Find 2 € R™ such that D, f(x) =6'D,F(z) for some § € O(F(x)).

Ezample 1.1. Consider a standard nonlinear program (NLP):
(1.2) min f(z) st. hi(x)=0,i€l, g;j(x)>0,j€J,

where I,.J are finite index sets and all describing functions belong to C?(R",R). The
problem of finding a stationary point of NLP can be written as in (1.1) by letting

Flz) = (hi(x),iel>7

gj(x)aje']
oy — R @0 {y) iyl =0,ie L 20, 5€
’ 0 otherwise,

where y" € Rl and 39 e RII.

This generalized equation appears as optimality (KKT-type) conditions for a
broad family of optimization problems; see, e.g., [2, 5, 25]. However, we do not assume
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that the point under consideration is an optimal solution of a certain optimization
problem; our focus lies on stability properties of a given solution of (1.1), which we
call a stationary point.

When stationarity is motivated by optimality, ©(F(x)) is often a regular or a lim-
iting normal cone; see, e.g., [27, Chapter 6]. However, considering other cone-valued
mappings with (perhaps) larger graphs is also relevant. For instance, in mathematical
programs with complementarity constraints, C-stationarity plays a crucial role in the
description of topological changes of the feasible sublevel sets via Morse theory, which
has applications in global optimization and homotopy methods; see [16].

In this paper, we consider certain constraint qualifications. Roughly speaking, we
say that a constraint qualification is stronger than another one if it is always the case
that the fulfillment of the former implies that of the latter. In the forthcoming Defini-
tion 3.9, ©(F(z)) is used to define the generalized Mangasarian-Fromovitz constraint
qualification (GMFCQ). Here again, an argument could be made in favor of consid-
ering at most limiting normal cones: a larger O(F(x)) results in a stronger constraint
qualification. Note that the tradeoff is worth it when considering, for instance, the
local stability of feasible sets; see, e.g., [17]. In our view, our general setting regard-
ing GMFCQ and strong stability is a preliminary step for the study of the interplay
between different stability concepts.

For a stationary point, we will generalize the concept of strong stability which was
introduced by Kojima [21] for standard nonlinear programs. This concept refers to the
local existence, uniqueness, and continuity of a stationary point for each sufficiently
small perturbed problem. Here, the values of perturbations and their derivatives up
to second order are taken into consideration. However, they do not necessarily depend
on real parameters. In particular, many results about strong stability can be applied
whenever only sufficiently small linear and quadratic perturbations are allowed; see,
e.g., [21, Corollary 4.3]. We refer to several papers which are related to strong stability
[4,9, 15, 18, 28].

We will also introduce another stability concept, called weak stability, which, in
general, is weaker than strong stability. However, it turns out that both concepts are
equivalent in many cases.

Besides dealing with strong stability, we generalize two constraint qualifications
that appeared in the context of mathematical programs with disjunctive constraints:
the generalized linear independence constraint qualification (GLICQ) (cf. [23, Def-
inition 3.1]); and the GMFCQ; cf. [5, Definition 4]. For (1.1), it is not necessarily
the case that GLICQ still holds after a sufficiently small perturbation. Thus, to
strengthen GLICQ, we define the closed linear independence constraint qualification
(CLICQ). If CLICQ holds at a point Z, then it also holds in a neighborhood of Z.
Furthermore, strong stability and CLICQ imply the existence and uniqueness of a
Lagrange vector for any sufficiently small perturbed problem. For NLP, GLICQ and
CLICQ are identical, and GLICQ and GMFCQ are the well-known LICQ and MFCQ),
respectively.

Another difference between the problems (1.1) and (1.2) is that for the former
GMFCQ need not be a necessary condition for strong stability. This situation with
corresponding properties is discussed in the forthcoming Theorem 3.25.

The so-obtained general results on strong stability and constraint qualifications
for (1.1) will be applied to the important classes of mathematical programs with com-
plementarity constraints (MPCC); see, e.g., [18, 19, 22], and mathematical programs
with abstract constraints; see, e.g., [1]. In particular, we will show that for cer-
tain stationary points for these classes, GMFCQ is a necessary condition for strong
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stability. Note that for the class of problems with abstract constraints, GMFCQ and
the Robinson Constraint Qualification [24] are equivalent.
Summarizing, the goal of this paper is threefold:
e To extend Kojima’s concept of strong stability for the family of generalized
equations (1.1).
e To introduce appropriate constraint qualifications and show their relation to
strong stability.
e To discuss these results for MPCC, here the concepts of M- and S-stationarity
are considered, and for mathematical programs with abstract constraints.
This paper is organized as follows. In section 2 we present basic notation and
some auxiliary results. Section 3 starts with a generalization of some well-known ter-
minology related to stationarity. Moreover, the concepts of weak and strong stability
as well as appropriate constraints qualifications are presented. Then, section 4 mainly
discusses the interplay between both weak and strong stability, and these constraint
qualifications, whenever © is outer semicontinuous. In sections 5 and 6 we apply the
results from sections 3 and 4 to the particular classes of MPCC and mathematical
programs with abstract constraint, respectively.

2. Some basic notation and auxiliary results. The first part of this section
is mainly taken from [12]. For w € R™ let w;, ¢ =1,...,n denote its components and
define the index sets

I°(w)={ie{1,...,n}w; =0},
I"(w)={ie{l,...,n}|w; #0}.

Given z,z € R", let (Z,z) denote the scalar product of the vectors  and z. As usual,
here ||z| stands for the Euclidean norm of z, that is, ||z| = v/(z,2). Furthermore,
for 6 >0 let

B"(7,0) = {z e R"|||lz — z[| <4},
5"(2,0) = {z eR"[ ||z — 2| =6} .

We abbreviate the sentence “V is a neighborhood of z” by letting V(Z) be the set of
all neighborhoods of & and write then the aforementioned statement as “V € V(z).”

Let CK(R™,R™) be the space of k—times continuously differentiable mappings
with domain R™ and codomain R™. For f € C2(R",R) denote the partial derivative
of f at £ € R™ with respect to x; by 3(!;5?), i=1,...,n. In addition, D, f(Z) stands
for its gradient taken as a row vector and D2 f(z) for its Hessian at z. Moreover,
for F € C*(R",R™) let D,F(z) € R™*" be its Jacobian at Z. By R". we denote the
n-dimensional nonnegative orthant.

For applying the concept of strong stability we need a seminorm for functions.
Let V € V(z) and G € C}(R",R™). Following [21], denote

(2.1) _
9G;(x)
{‘ D

where the indices ¢ and j, k are varying in the sets {1,...,m} and {1,...,n}, respec-
tively. The set of all neighborhoods of G with respect to the seminorm induced by
V € V(z) is denoted by UV (G).

Let O C R™. Throughout this paper, intO and clO denote the interior and
the closure of O, respectively. Moreover, O° and O~ stand for its complement and
its orthogonal complement, respectively. Furthermore, aff O and span O denote the

{’32@(3;)

(%cjaxk

} , SUp max

|C_?||V:max{supmax{|éi(x)|},supmax n:
zev ! zeV ik

zeV ]
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smallest affine set and the smallest subspace containing O; those are the so-called
affine hull and the linear hull of O, respectively. The relative interior and the relative
boundary of O are defined as follows:

relint O — {x co ‘ there exists § > 0 with } ’

B"(z,6)naffOCc O
relbd O =cl O \ relint O;

see, e.g., [26]. For A€ R and 7 € R" let

O+z={z+z|x €0},
A0 ={\z|z € O}.

Identifying R™ with R™*! we define the transpose of O as the set
O'={2*|x € O},

where ! denotes the transpose of the column vector z. For O', 0? C R” recall that
the Minkowski sum is

o! +O2:{$1 +$2|$1 601,.132 602}.

The set O' — O? is analogously defined.

The set K C R™ is called a cone if AK C K for each A > 0. Note that in this
paper it might happen that 0 € K, whereas other authors would not call a set a cone
if it does not contain the origin. Regardless, it is always the case that 0 € cl K. The
conic hull of O is the smallest cone containing O and it is denoted by coneO. The
set

K*={zeR™|(z2,0) >0 for all 6 € K}

is called the dual cone of K. The lineality space of a convex cone K, denoted by
lin K, is the largest subspace contained in K, that is, lin K = K N (—K). If K is also
closed, then lin K = [K*]*; see, e.g., [2]. The following two results play a crucial role
in section 6.

LEMMA 2.1.
(i) If K CR™ is a convex cone, then relint K + K =relint K.
(ii) If C CR™ is a conver set, then

Arelbd C + (1 — A)relint C C C°

for all A > 1.
Proof. Both conditions follow immediately from [26, Theorem 6.1]. O
THEOREM 2.2 (see [26, Theorem 11.3]). Let Cy,C2 C R™ be nonempty convex

sets. The following two conditions are equivalent:
(i) relint C Nrelint Cy = 0.
(ii) There exist w € R™ and v € R such that
(wyh) sv<(wy?), y el y*el.

Moreover, for some i=1,2 and some §' € C;, it holds that (w,y") #v.
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Let A € R™*™. The rank of A is denoted by rank A and its transpose by A'. The
linear subspaces
imA={yeR"|y= Az, x € R"},

ker A= {z e R"| Az =0}
are the image and the kernel of A, respectively. These subspaces fulfill the properties
im A= [ker A']*,  ker A=[im A*]*;

see, e.g., [3, section 2.5]. Let
AO ={Az|z € O}

be the set O*A’ is analogously defined for A’ € R"*™,

Let E C R™ be a linear subspace. The projection of y € R™ onto E is denoted
by projg(y). The dimension of F is denoted by dim E.

Next, we present some concepts related to set-valued mappings. Let Z and Z’ be
two seminormed spaces, and let ¥: Z = Z’ be a set-valued mapping. The inverse of
U is the set-valued mapping ¥~!: Z' = Z given by

Ul (y) ={z€Z|¢p e V(2)}.
For V. C Z let

zeV

The sets dom V¥ = {z € Z|¥(z) # 0} and im ¥ = ¥(Z) are the domain and the image
of W, respectively. The set

gr U ={(2,9(z))|z € dom ¥}

is called the graph of ®. If the set gr ¥ is closed, then ® is said to be a closed set-valued
mapping. The following definitions are adaptations of those in [27, p. 152]. There,
the spaces under consideration are R™ and R™, whereas in this paper the definitions
are given for two seminormed spaces.

DEFINITION 2.3.
(i) The outer limit and the inner limit of U at Z are given by

limsup ¥(z) = {1/) A

there exist sequences 2k =z
zZ—Z

and YF — 1 with Y* € U(2F)

and

for each sequence z¥ — Z there
liminf W (z)={ ¢ € Z'| exists v* — 1 and ko €N ,
= with Y% € W(2%), k> ko

respectively. The index k used for describing a sequence is always varying
over N.
(ii) W is called outer semicontinuous (osc) at zZ € Z if

limsup ¥(z) =¥ (z2),

Z2—Z

and inner semicontinuous (isc) at zZ € Z if

liminf ¥U(z) = W¥(2).

zZ—Zz
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Moreover, it is continuous at zZ € Z if

liminf U(z) =limsup ¥(z) = ¥(z).
2=z z—Z
(iii) U is called locally bounded at Z if there exists V € V(Z) such that U(V) is
bounded.

In particular, Definition 2.3 implies that

liminf ¥(z) C ¥(z) C limsup ¥(z);
z—Z z—Z
see [27, p. 152]. We end this section by recalling an auxiliary result from topology
and presenting two lemmas about || - ||

LEMMA 2.4 (see [14, Lemma 2.2.2a]). Let V1 CR" be a closed subset, and let V>
be an open neighborhood of V1. Then, there exists a function & € C2(R™,R) such that

(1) 0<&(x) <1 for all x e R™.

(ii) &(x) =1 on some neighborhood of V1.

(iii) supp& C V2, where supp& = cl{z € R"|{(x) #0}.

LEMMA 2.5. Let & € R", f € C3(R",R), F € C*(R",R™), and V € V(Z). Then,
it holds that

1f-FIY <4l fIVIFEN

Proof. The proof is an immediate consequence of the product rule for

derivatives. ]

LEMMA 2.6. Let V1, V2, and £ be given as in Lemma 2.4. Assume that for
Fk e C?2(R™,R™), k €N, it holds that |[F* — F||Y" — 0 and define

F&F(z) =€(a) F*(2) + (1 - £(2)) F (@)
Then, the following conditions hold:
(i) F&F(z) = F*(z) for allz € V1.
(i) [|[F&F — F||V* =0 for all V3 € V() with V2 C V3.

Proof. (i) The proof easily follows by observing that £(x) =1 for all z € V1.
(ii) Note that

_ 3 — 2 — 2
IFS* — RV = |[F&* = B =l (F* = B)|V"

Hence, an application of Lemma 2.5 yields the desired result. 0

3. Strong stability and constraint qualifications. In this section we con-
sider the problem P = PO(f,F) as given in (1.1). Recall that © is a cone-valued
mapping, which means that the set ©(y) is a cone for each y € dom ©. The first part
of this section is devoted to the generalization of well-known stationarity concepts
mainly related to optimality conditions and also to other aspects of Optimization and
Numerical Analysis; see Remark 3.2.

DEFINITION 3.1.
(i) A point T € dom© o F is called a feasible point for F.
(ii) A point T € R™ is called a Fritz John point for P if

00D, f(%)=60"D,F(Z)
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for some (0y,0) € [Ry x O(F(z))]\{0}. The set of Fritz John points for P is
denoted by L (P).

(iii) A point T € R™ that solves P is called a stationary point for P. The set of
stationary points for P is denoted by ¥(P).

Obviously, we have
(3.1) Y(P)c2F(P)Cdom®©oF.
Define for x € R™ the set of Lagrange vectors as
L(P,x)={0€O(F(z))| Dy f(x) =0"D,F(x)}.

In particular, it holds that z € X(P) if and only if L(P,x) # (.

Remark 3.2. As mentioned in section 1, the concepts given in Definition 3.1 are
mainly related to certain normal cones, whenever optimality conditions are considered.
The generality in Definition 3.1 allows the consideration of other cones and stationarity
concepts as well, e.g., those related to the topology of the feasible sublevel sets; see
[16]. The forthcoming Remark 4.4 presents such a cone.

For the following it is important to mention that P =P®(f, F) is more than just a
notation. Given © as in (1.1), we define the mapping C?(R", R™*+1) — C2(R", R™+1) x
{©} by the expression

PO(f,F)=(f,F,0).

Obviously, the mapping P® is a bijection and, thus, it naturally provides the set
C%(R™,R™*1) x {©} with the same structure as that of C2(R™,R™*1). In particular,
given Z €R™, V € V(Z), and P =P®(f, F), we can define

1PV =l )Y,

where the right-hand side is obtained from (2.1) by choosing G = (f, F'). Furthermore,
for 6 >0 define
BY(P.5)={P||P-P|" <4},

and let WY (P) denote the set of all neighborhoods of P.

In the remainder of this section, let P =P®(f, F) and € R" be the problem and
the point under consideration, respectively. Next, we generalize Kojima’s definition
of a strongly stable stationary point [21].

DEFINITION 3.3. A point & € ¥(P) is called strongly stable if there exists a real
number § > 0 such that for each ¢ € (0,0] there exists a real number € >0 such that
for every P € BE"(®:9) (P ¢) it holds that

IS(P) N B"(%,38)| = |S(P) N B"(z,6)| = 1.

The set of strongly stable stationary points for P is denoted by ¥°(P).

Kojima [21] defined strong stability with respect to a family of functions. Here,
we focus on the case where such family is the whole space of twice continuously
differentiable functions. In the following we present another stability concept which
relaxes Definition 3.3. In the forthcoming Theorem 4.6, we prove that both stability
concepts are equivalent whenever © is osc.
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DEFINITION 3.4. A point T € X(P) is called weakly stable if there exist real
numbers 6 >0 and & >0 such that for every P € BE" (@9 (P &) it holds that

|¥(P)N B"(z,6)| =1.

The set of weakly stable stationary points for P is denoted by Eg(p).

Now, we turn our attention to a set-valued mapping that can be osc regardless of
strong stability.

DEFINITION 3.5. Let V € V(Z). The set-valued mapping LV : C2(R™, R™1) x
{8} = R™ given by
V()= £(px)
zeV

represents the union of Lagrange vectors for all x € V.
LEMMA 3.6. If V €V(Z) is compact and © is osc, then EV() is osc.
Proof. The proof follows immediately from a continuity argument. 0

The next example illustrates that strong stability does not imply the continuity
of LV ().
Ezample 3.7. Let n=1, £ =0, and consider the standard nonlinear program

P:minx st. x>0,2>0.

According to [21, Theorem 7.2], it holds that 0 € ©°(P). Fix V € V(0) sufficiently
small and consider the two sequences of problems given by

1
PV . minz  s.t. er%ZO, x>0

and
2,k . - 1
P*" :minx st. x>0, x—i—EZO.
Obviously, it holds that -
lim PY* = lim P**=P.
k— o0 k— o0

However, we have £V (PY%) = {(0,1)!} and LV (P**) = {(1,0)'}, which implies that

liminf £V (P) = 0.
P—P

Thus, strong stability does not imply that Lv (-) is isc and, thus, continuous at P.

Next, we generalize the two most well-known constraint qualifications in nonlinear
programming.

DEFINITION 3.8. We say that the GLICQ holds at & for F if
ker D, F(Z)" Nspan ©(F(z)) = {0}.
DEFINITION 3.9. We say that the GMFCQ holds at & for F if
ker D, F(z2)*NO(F(z)) C {0}.

The set of points for P at which GMFCQ does not hold is denoted by X5 (P).
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Remark 3.10. If we consider NLP, which is described in (1.2), then GLICQ and
GMFCQ are equivalent to the (standard) LICQ and MFCQ whose definition we recall
in the following. We say that LICQ holds at Z if the vectors

D.hi(z), i€l, Dgg;(z), j€Ig(z))

are linearly independent. We say that MFCQ holds at Z if the following two conditions
are fulfilled:

(i) The vectors D h;(Z), i € I are linearly independent.

(ii) There exists u € R™ with D h;(Z)u=0, i€ I and D,g;(Z)u>0, j € I°(g(7)).

Remark 3.11. Let ©',0%: R™ = R™ be two cone-valued mappings with gr©! C
gr©2. Obviously, we have

ker D, F(z)'NOY(F(Z)) C ker D, F(Z)' N O*(F(z)).

Therefore, according to Definition 3.9, GMFCQ with respect to ©2 is stronger than
GMFCQ with respect to ©'. Stronger constraint qualifications are more restrictive
and, thus, cone-valued mappings with smaller graphs are more desirable. However,
as mentioned in section 1, the tradeoff of having larger graphs is worth it when
considering certain stability properties; see, e.g., [17].

Remark 3.12. If we consider mathematical programs with abstract constraints, as
in the forthcoming section 6, then Definition 3.8 is analogous to that of nondegeneracy
in [2, Definition 4.70]. Moreover, note that Definitions 3.8 and 3.9 generalize [23,
Definition 3.1] and [5, Definition 4], respectively.

Obviously, if Z is not feasible, then GLICQ holds at . Moreover, GLICQ implies
GMFCQ and also that |£(P,Z)| < 1. By Definition 3.9, we have

»F(P)y=xt(P)ux(P).

LEMMA 3.13. Assume that for 77 € O(F(z)) N S§™(0,1), it holds that
N*DyF (%) =0. Furthermore, for k €N define

F¥(x)=F(x) + k™D, f(2)(z - 7),

and let P* =PO(f,F*). Then, kij € L(P*,%) for all k €N.

Proof. Fix k € N. Since O(F(Z)) is a cone, we have kij € O(F(z)). Moreover, it
is ['*(z) = F(z) and, therefore, k7j € ©(F*(z)). Furthermore, it holds that

kD, F*(Z) = k' D, F () 4+ ki'k 7D, f (%) = D, f(Z),

which completes the proof. 0

Remark 3.14. Analogously to [9, Remark 3.1], the perturbation described in
Lemma 3.13 can be refined by means of a bump function to get a problem P*¢ whose
describing functions coincide with those of P* inside a given ball B"(z,d) and with
those of P outside B"(Z,20) for certain § > 0. To see this, apply Lemma 2.6 with
V1= B"(z,0) and V2 =int B"(Z,2J) to the functions describing P* and P.

PROPOSITION 3.15. If L(P, ) is a nonempty compact set and ©(F (%)) is convez,

then GMFCQ holds at & for F.
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_Proof. Let § € L(P,Z) and suppose contrarily that 7°D,F(z) = 0 for some 7] €
O(F(z))\{0}. The convexity of the cone O(F(z)) yields 0+t € L(P, ) for all £ >0,
which contradicts the compactness of L(P,Z). d

The following stationarity concept plays a crucial role in a necessary condition
for the weak stability of stationary points at which GMFCQ does not hold.

DEFINITION 3.16. A point Z € R™ is called an inner stationary point for P if
D, f(z) €int[0(F (7)) D, F(z)].

The set of inner stationary points for P is denoted by %" (P).

For standard nonlinear programs, a property analogous to Definition 3.16 is
a sufficient condition for a point to be a local minimizer of order one; see [31,
Remark 3.6].

LEMMA 3.17. Ifz € Yin(P), then the following conditions hold:
(i) D.F(Z)ug O(F(z))* for all ue S™(0,1).

(i) im D, F(z) N O(F(z))* = {0}. B
(iii) m >n and rank D, F(Z) = n, that is, ker D, F(z) = {0}.

Proof. We prove (i). Conditions (ii) and (iii) easily follow from (i). Suppose
contrarily that D, F(z)u € O(F(z))* for some @ € $™(0,1). Since z € £ (P), for all
¢ > 0 sufficiently small, there exists 6° € ©(F(Z)) such that
(3.2) D.f(Z) +eu' =[0°]'"D,F(z).

Multiplying by 4, we obtain ¢ = — D, f(Z)@ which is a contradiction since (3.2) holds
for all € > 0 sufficiently small. ]

COROLLARY 3.18. If z € ¥™"(P) and
(3.3) span O(F(z)) = {0 e R™[0; - F;(z) =0, i€ {1,...,m}},
then |I°(F(z))| >n and n of the following vectors:
D, F;(z), i € I°(F(z))
are linearly independent.
Proof. By (3.3), we have
O(F(z))* = lspan O(F(z))]* = {0 € R™| I°(F(z)) C 1°(6) }.

Hence, we have
D F(f)ueO(F(z))*

for some uw € R™ if and only if
D, Fi(z)u=0, ie€lI’(F(z)).

Thus, by Lemma 3.17 (i), the only possible solution to the previous system of equations
is u =0, which yields the desired result. ]

The next result presents a necessary condition for weak stability.
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THEOREM 3.19. If € X5(P), then there exist V € V(z) and W € WY (P) such
that

(3.4) S(P)NV=xF(P)nV
and that

(3.5) Py NV cx™(P)
for allPeW.

Proof. Take V = B™(z,0) and W = int BB"(#:9) (P &), where the balls are those
given in Definition 3.4. Therefore,

(3.6) S(P)NV|=1

for all P € W. Suppose contrarily that (3.4) does not hold for some P° € W. Hence,
by (3.1), choose

22 € [ZF(PY)\ (P NV.

By (3.6), let ' € (P°) N V. Next, fix §° > 0 such that 2! ¢ B"(2°,26°). By
Definitions 3.1 and 3.9 it follows that GMFCQ does not hold at z° for P°. After
applying Remark 3.14 with P = P°, z =20, and § = 6°, we obtain P*¢ € W for k € N
sufficiently large with

|Z(Pk7£) nvi> |{LL‘0,$1}| =2,

which contradicts (3.6).
Next, suppose contrarily that for some P° € W, with P® =P®(f° F°), and some
2% € BF(P%) NV, it holds that
D, fO(2°) ¢ int [O(F°(z°))" Dy F(°)].
Hence, for some sequence v* € R™ with v* — 0, we have

Dy f(2°) + 0" ¢ [0(F°("))] Do FO(a”).

Define
) = () + oMz —2°)
and P* =PO(f*, FO). It is easy to see that

(3.7) 20 e oF(PF)\ B(PF).

Moreover, for k sufficiently large, we have P¥ € W. Consequently, (3.7) yields a
contradiction to (3.4), which completes the proof. |

LEMMA 3.20. Assume that for some V € V(Z) there ewists a sequence Fk with
|F* — F||Y =0 and

(3.8) V Ndom (© o F*) =,

Then, T ¢ ¥°(P).
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Proof. Suppose contrarily that z € ¥%(P) and fix B"(#,0) as in Definition 3.3.
Assume without loss of generality that V is open and that V C B"(z,d). Choose § > 0
with B"(Z,6) C V and apply Lemma 2.6 with V! = B"(z,0), V2 =V, V3 = B"(z,6) to
the functions F* and F. The latter yields PF = P®(f, F&F) with || P* — P||B"(@29) —
and

»(P*)N B"(z,6) =10,

which contradicts that € £9(P). |

The next lemma is essentially a restatement of a classic idea: having too many
constraints implies local unfeasibility for sufficiently small perturbations of P. Pre-
liminarily, we present two definitions.

DEFINITION 3.21. The family of sets M is called a subpartition of {1,...,m} if
0 €M and the following conditions hold:
o M c{l1,...,m} for all M € M.
o M'NM?=0 for all M*,M? € M, with M" # M?.

DEFINITION 3.22. Let M be a subpartition of {1,...,m}. A set I C{1l,...,m} is
called a choice of indexes from M if there exists a bijective mapping ¢: I — M with
i€ @(i) for alli € I. The set of choices of indexes from M is denoted by T(M).

Roughly speaking, Definition 3.22 means that each choice of indexes I € Z(M) is
obtained by choosing exactly one index from each M € M.

LEMMA 3.23. Let M be a subpartition of {1,...,m}, and let a',...,a™ €R™ be
linearly independent vectors. If M| >n and for some V' € V(F(Z)) it holds that

(3.9) V' Ndom® C U {yeR™|(a',y)=0,ic I},

TeT(M)

then & ¥9(P).

Proof. Let A be the matrix whose rows are (a')t,..., (a™)". Analogously, for
I € I(M), let A’ be the matrix whose rows are (a‘), i € I. Since |I| = M| > n, by
[13, Lemma 1.1, p. 68|, for any I € Z(M) the set AL F(R") has Lebesgue measure
zero on RIMI. In the remainder of the proof, we use the convention that the rows
of Al are indexed by the elements of M instead of 1,...,|M]|. Choose a sequence
v* = (v8,) psrem with vF — 0 and

(3.10) g | ATFRY).
I€I(M)

For k € N, let the components of ©* € R™ be given as follows:

k_{vﬂ if 7 € M for some M € M,
5=

0 otherwise.
It is easy to see that for w* = A=19", it holds that w* — 0 and that
(3.11) Alwh = ATAT R = ok,

Define
F*(z) = F(z) — w".
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By (3.10) and (3.11), we obtain
og |J AFFRM,

TeT(M)

and therefore,

(3.12) U {verR™(a'y)=0,icI}nF*R")=0.

1€Z(M)
Now, assume without loss of generality that V' is open and choose V' € V(7) with
cl F(V) C V'. The latter implies F*(V) C V' for k sufficiently large which, together
with (3.9) and (3.12), yields

F*(V)Ndom®© =),

and therefore, we have
V Ndom (0o F*)=1.

By Lemma 3.20, we get 7 ¢ ¥%(P). d

The previous result generalizes [10, Lemma 5.2]. In many applications, A is
the identity matrix and the property that defines the class of problems is given by
the subpartition. For instance, [10, Lemma 5.2] follows from Lemma 3.23 by taking
Fo_1(z) = 7(2), Fy(r) = &(x), and M = {{2 — 1,2I},] € L}. The following
corollary deals with a case where considering certain A, instead of the identity matrix,
is advantageous.

COROLLARY 3.24. Let V' € V(F(7)). If dim[V’' Ndom O]+ > n, then & & X5 (P).
Proof. Let m® = dim[V’ Ndom ©]+ and M = {{1},...,{m°}}. Choose linearly

independent vectors al,...,a™ € R™ such that the first m® vectors form a basis of
the space [V’ Ndom ©]+. Note that

V'NdomO C {y e R™| (a’,y) =0,i=1,...,m"}.
Thus, by Lemma 3.23, it follows that z & %(P). ]

In general, GMFCQ need not to be a necessary condition of a stationary point. As
an example we refer to [11, section 5], where a C-stationary point for a mathematical
program with complementarity constraints is considered. However, as stated in the
next result, several conditions are necessary for strong stability when GMFCQ does
not hold; cf. [10, section 5].

THEOREM 3.25. Assume that T € Y3 (P) and that GMFCQ does not hold at T
for F. Then,

(i) 2 €X™(P).
(i) dim[span©(F(z))] > n. )
(iii) dimspan [V Ndom®©] >m —n for all V' € V(F(Z)).

Proof. (i) The proof immediately follows from Lemma 3.19.
(ii) Considering the orthogonal space in Lemma 3.17 (ii), we get

(3.13) ker D, F(z)" + span ©O(F(z)) =R™.
Moreover, since GMFCQ does not hold at Z for F, it follows that

(3.14) ker D, F(z)" Nspan O(F(z)) # {0}.
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By (3.13) and (3.14), we obtain
dim[span ©(F(z))] > m — dim[ker D, F(7)"],

which, together with Lemma 3.17 (iii), yields (ii).
(iii) Suppose contrarily that

dimspan [V'Ndom©] <m —n
for some V' € V(F(z)). Since
dimspan [V’ N dom O] 4 dim[V’ N dom 6]+ = m,

it follows that
n < dim[V’ N dom O] *.

Thus, by Corollary 3.24, we get a contradiction to z € ¥°(P). d

4. Strong stability when the cone-valued mapping is osc. Throughout
this section, we assume that © is osc, which implies some interesting properties:
e GMFCQ locally holds after sufficiently small perturbations.
e GMFCQ implies the boundedness of the set of Lagrange vectors.
e Weak stability and strong stability are equivalent properties.
In this section we prove the latter three properties and introduce yet another
constraint qualification.

LEMMA 4.1. Assume that GMFCQ holds at T for F. Then, there exist V € V(%)
and U € UV (F) such that for all z €V and all F € U the condition GMFCQ holds at
x for F.

Proof. First, we show that there exists V' € V(Z) such that for all z € V' the
condition GMFCQ holds at z for F. Suppose contrarily that there are sequences
z¥ — z and n* € O(F(z*)) N S™(0,1) with

(4.1) [¥]t Dy F(2%) = 0.

After perhaps reducing to an appropriate subsequence, assume that n* — 7 with 7 €
S™(0,1). Since © is closed, by letting k — co and using (4.1), we obtain i € ©(F(z))
with 7D, F(Z) = 0, which is a contradiction since GMFCQ holds at # for F'.

Now, we assume without loss of generality that V' is compact and show that there
exists U € UV (F) such that for all z € V and all F € U the condition GMFCQ holds
at = for F. Suppose contrarily that for some sequences z* € V, F¥ € C2(R",R™), and
n* € O(F*(2*)) N S™(0,1) it holds that |F*¥ — F||Y — 0 and that

(4.2) ("] D, F*(a*) = 0.

After perhaps reducing to appropriate subsequences, assume that z* — 29 for some
2% € V and that n* — n°. Since O is closed, by letting & — oo and using (4.2), we
obtain #° € ©(F(2°)) and [n°]*D,F(2°) = 0, which is a contradiction since GMFCQ
holds at ¥ for F. a0

Remark 4.2. Note that in the previous proof the existence of V € V(z) and, in
a second step, that of U € U" (F) were shown in an analogous way. For the sake of
simplicity, in the remainder of this paper we will often avoid repetition by skipping
the proof of the existence of V' such that a certain property holds for the mapping or
problem under consideration on V. As an example, we could have started the previous
proof by saying “Suppose contrarily that there exist sequences z¥ — z, F¥ — F ...
with (4.2)” and then proceeding with the last three lines of the proof.
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THEOREM 4.3. The following three conditions are equivalent:
(i) GMFCQ holds at T for F. B
(i) There exist V€ V(z), W e WY (P), and a compact set Q CR™ such that

L(P,z)CQ

forallz eV and all PeW. B
(iii) There ezists V € V() such that LV is locally bounded at P.

Proof. (i) = (ii) Suppose contrarily that there exist sequences z* — z, P¥ — P,
and 0% € L(P*,2*) with ||0%| — co. By 6F € L(P*,2%), it follows that 0F € ©(F*(2*))
and that

(4.3) Do f* (%) = [0*]* D F* ().
Assume without loss of generality that

919

—_— 77]

1611
for some 77 € O(F (7)) NS™(0,1). Since ||0*|| — 0o and D, f*(z*) — D, f(z), dividing
by [|6% | and letting k — oo in (4.3) yield a contradiction to (i).

(ii) = (i) Suppose contrarily that for some i € ©(F(z)) N.S™(0,1) it holds that

n*D,F(z) = 0. For k € N, let P* be given as in Lemma 3.13. Note that for k
sufficiently large, we have P¥ € W. By Lemma 3.13 and (ii), we get

(4.4) kneQ,
where @ is a compact set. By letting k — oo in (4.4), we get a contradiction.

(ii) = (iil) It is obvious.

(iii) = (ii) Since LV is locally bounded at P, there exist W € WY (P) and a
compact set QQ C R™ with
(4.5) LYwW)caq.
By (4.5), for any x € V and any P € W it holds that

L(P,z)c LY (P)cQ,

which completes the proof. ]

Remark 4.4. Note that Theorem 4.3 is analogous to that of Gauvin [6] for standard
nonlinear programs. However, in general, the set £(P,Z) can be compact even when
GMFCQ does not hold at z. We refer, e.g., to [10, Remark 1], where L is a finite
index set, 71,5 € C2(R",R), 1 € L, F = (7,5), 0 = (p,0) € R?El, y = (y7,¢%) € RAL]
and

(4.6) ®(y’“,ys) _ Ec(yﬂys) if min{'yf’yls} =0,leL,
0 otherwise,

with

= (7 ) — oLf | Y1 o=y =0, €L,
ey, y°) {(P,U)GR p-01>0, l€L

There, the stationarity concept under consideration is the C-stationarity for mathe-
matical programs with complementarity constraints.
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LEMMA 4.5. Assume that for all V € V() and all W € WY (P) there exist x € V
and P € W with x € ¥ (P). Then, it holds that & € X (P).

Proof. If GMFCQ does not hold at z for F, then # € XF(P). Now, assume
that GMFCQ holds at & for . By Lemma 4.1, Theorem 4.3 (ii) and a continuity
argument, we get T € X(P). d

THEOREM 4.6. Assume that T € X(P). Then, the following three conditions are
equivalent:
(i) z€X5(P).
(ii) z € 29(P).
(iii) There exist V. € V(z) and W € WV (P) such that for all P € W the set
Y(P)NV contains exactly one element which we denote by &(P). The mapping
W =V, P— &(P) is continuous.

Proof. (i) = (iii) Take V € V(Z) and W € WY (P) as in Lemma 3.19. Suppose
contrarily that there exist P° € W and a sequence P¥ € W with P* — P° and
#(P*) /4 #(PY). Since V is compact, assume without loss of generality that (P*) —
x! with 2! # 2(PY). By Lemma 4.5, we get 2! € £ (P?). Note that

(P NV ={&(P°)} ¢ {#(P°),z'} cSF(PO) NV
Consequently, by Lemma 3.19 and, in particular, (3.4), we get a contradiction.

(iii) = (i) By using an analogous argument as in the proof of Lemma 3.19, a
moment of reflection shows that there exists § > 0 such that

(4.7) »F(P)n B"(z,26) = {z}

and that B"(z,20) C V. Now, suppose contrarily that there exists a sequence P* =
(f*, F*) with ||P* — P||B"(#29) — (0 such that

(4.8) I2(P*) N B"(%,20)| #1.

By (4.7) and Lemma 4.5, assume without loss of generality that

(4.9) »(P*)n[B"(z,26)\ B"(%,6)] = 0.

Next, apply Lemma 2.6 with V! = B"(z,6), V2 = int B"(z,26), and V> =V to the
functions describing P* and P. From (4.8) and (4.9), we have

(4.10) |X(P*€)n B™(z,0)] # 1.

Moreover, it holds that ||[P*¢ — P||V — 0, which, together with (4.10), yields a con-
tradiction to (iii).

(i) = (ii) It follows analogously to the proof of (i) = (iii) by choosing P° = P
and noting that #(P°) = z.

(ii) = (i) It immediately follows from Definitions 3.3 and 3.4. O

Now, we turn our attention to a constraint qualification which is stronger than
GLICQ. First, we define the set-valued mapping
(csO)(y) =limsupspan O(y'),
Y =y

which is osc at each y € dom ©. This notation stands for the closure of the set-valued
mapping span ©(-), we refer to [27, p. 155] for more details about the semicontinuity
of cs®. For simplicity, in what follows we write cs©(y) instead of (csO)(y).

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 08/11/23 to 129.177.169.228 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

966 GUNZEL, ESCOBAR, AND RUCKMANN

DEFINITION 4.7. We say that the closed linear independence constraint qualifi-
cation (CLICQ) holds at T for F if

ker D, F(z)"NesO(F(z)) = {0}.

Note that CLICQ implies GLICQ because of span ©(F(z)) C csO(F(Z)). More-
over, CLICQ and GLICQ are equivalent whenever the set-valued mapping span O(-)
is osc at F(z). One might expect that, as it is in the case of LICQ for standard
nonlinear programs, GLICQ holds in a neighborhood of the point at which GLICQ
holds. The following example illustrates that this does not happen in general. The
motivation to consider the stronger constraint qualification CLICQ is that it holds
after sufficiently small perturbations as it is shown in the next lemma.

Example 4.8. Let n =1, m = 2, £ = 0, and consider the problem P whose
describing functions are

and its cone-valued mapping is

cone {(cosyy,siny;)?, (1,0)} if y; €0, Z],
Oy, 1) = {(cosyr,sinyy)", (1,0} if g [ 5
0 otherwise.
Note that
R x {0} if y1 =0,
span O(y1,y2) = { R? if y1 € (0, 5],
(0,0)*  otherwise,
whereas

R2 if Y1 € [O, g],
(0,0)" otherwise.

csO(y1,2) :{

Consequently, GLICQ holds at z for F, but CLICQ does not. Neither GLICQ nor
CLICQ hold at « for F' for any = > 0 sufficiently small.

LEMMA 4.9. Assume that CLICQ holds at & for F. Then, there exist V € V(z),
W € WY (P) such that CLICQ holds at x for F for all z €V and all PO (f, F)eW.

Proof. The proof follows analogously to the proof of Lemma 4.1. Note that if
CLICQ does not hold at z* for P* =P (f*, F¥), then

[nk]tDka(xk) =0

for some 7% € [esO(FF(z*))] N S™(0,1), and recall that cs© is osc at each
y € dom O. O

THEOREM 4.10. Assume that CLICQ holds at T € X5(P). Then, there exist
V eV(z) and W € WY (P) such that the following occur:
(i) Condition (iii) in Theorem 4.6 holds.
(ii) For all P € W the set L(P,&(P)) contains exactly one element which we
denote by G(P).
(iii) The mapping W — R™, P+ é(P) s continuous.
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Proof. (i) and (ii). These conditions follow from Lemma 4.9 after perhaps shrink-
ing V and W.
(i) By (ii), we have £V (P) = {6(P)}. Hence, by Lemma 3.6, Theorem 4.3 and
[27, Corollary 5.20], we get (iii). d
THEOREM 4.11. If 7 € X%(P), then there exist V € V(%) and W € WY (P) such
that
Y(P)NV=2F(P)nV=%%(P)nV ={&(P)}

for all P € W, where &(P) is defined as in Theorem 4.6.

Proof. By choosing V € V(z) and W € WY (P) as in the proofs of Lemma 3.4 and
Theorem 4.6, we have

(4.11) Y(P)NV=SF(P)nV ={2(P)}

for all P € W. For simplicity of notation denote intV by V and, after perhaps
shrinking W, fix P € W with #(P) € V. Note that V € V(2(P)) and W € WV (P).
Hence, by Theorem 4.6, we get

(4.12) i(P) e ¥%(P).

Obviously, ©°(P) € X(P). Thus, by (4.11) and (4.12), the desired result follows. O

For several classes of optimization problems, GMFCQ is a necessary condition for
strong stability; we refer, e.g., to NLP [9]. In the following two sections we consider
further two classes where GMFCQ turns out to be a necessary condition for strong
stability.

5. Application to M-stationary and S-stationary points for MPCC. In
this section we consider the following MPCC:

min f(z) s.t. x€ M]r,s]

with
Mr,s] = {z € R"| min{r;(z),s;(z)} =0,l€ L},

where L is a finite index set and all describing functions f: R™ — R and r;,s;: R® —
R, [l € L, are assumed to be twice continuously differentiable. For the definition as
well as properties and applications of MPCC, we refer, e.g., to [20, 22, 29, 32, 33].
For & € M|r,s] we define the following active index sets:

In particular, there are several stationarity concepts for MPCC; see, e.g., [20]. We
consider two of them: M-stationarity and S-stationarity. In both cases the feasible
set is the same. By Lemma 3.23, we can restrict ourselves to the case |L| <n. Next,
we recall the definition of an M-stationary point for MPCC.
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DEFINITION 5.1. A point T € M|r,s] is called an M-stationary point for MPCC
if there exists (p,o) € R such that

D, L(%, p, o) =0,
pi-mi(Z)=01-5(2)=0, l€L,
p1>0,0,>0 or p-0,=0,1€eL,

where

L*(z,p,0) = f(z) — Z [pr - ri(2) + 01 - s1(2)]

leL
1s the MPCC-Lagrange function.

Having (1.1) in mind, we consider a corresponding generalized equation with
y=(y"y*) eR** and

» Em(y",y®) if min{y],y'}=0,1€L,
5.1 Qy",y*) =
(5.1) Wy {(/) otherwise,

where

ylr'pl:yf'o-lzoa l€L7 }

= ro8) — 2|L|
Zm (", y°) {(p’U)ER p>0,0,>00r p-00=0, l€L

For © given in (5.1) and F = (7,5), GMFCQ does not hold at € M[r, 5] for F' if
and only of there exists (a, 8) € S?IX1(0,1) with

(52) > lou - Dari() + Bi - Dasi(7)] =0,
el

(53) (a7} -’Fl(i'):ﬁl '§l(.f‘):0, le L,
a>0,8,>0 or «-5,=01€L.

The following theorem shows that GMFCQ is a necessary condition for strong stability
in this context.

THEOREM 5.2. Let © be given as in (5.1), F = (7,5) and P = PO(f,F). If
T € ©9(P), then GMFCQ holds at & for F.

Proof. Suppose contrarily that Z € ¥%(P) and that GMFCQ does not hold at Z
for (7,5). Then, there exists (o, 3) € ©(7(Z),5(z)) N S?F1(0,1) such that (5.2) holds.
For € > 0, define

r$(x) =7i(z) +e, ie€lI%a)n (),
rf(x) =7i(x), i€ L\[I%(a)N Is(T)],
si(x) =5;5(x) +¢, §€[I°(B)NILs(@)]\ I°(),
si(x) =5;(x), JEL\[I°(B)N Ls()]\ I°(a)],

and P°=PO(f,r%,s%). It is easy to see that (o, 3) € O(r°(),s°(Z)) and that

(5.4) > law Durf(®) + B - Dysi (7)) =0,
leL
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that is, z € B (P¢). Hence, by Theorem 4.11, it follows that # € X%(P¢). Note that
Ie5e (Z) = I*(a) N I*(f). Since |L| <mn, by Theorem 3.25 and Corollary 3.18 we have
I.e5:(Z) #0. For k €N define

ri(@)=rj(z) = 7, l€lew (), 17(x)=rf(z), 1E€L\I=(2),

sh@)=si@) =1, 1€ Dewe(@), (@) =si(), 1€ L\ e (),

and Pk =PO(f, rk s*). By 7€ £9(P?), let 2% € ©5(P*). Since

1
rlk(x) = _E < 0, le ITESE(f),

it follows that Z # 2*. Assume without loss of generality that

k- z -
. = u
|z* — Z||

for some u € S™(0,1). Moreover, by x* € M[r*, s*], we obtain

r(xF) >0, 1€ Leg(T), 75(2F)=0, l€l-(7),
sS(xf) >0, 1€y (Z), si(z¥)=0, 1€l (%)
Hence, by using the mean value theorem and letting k — +o00, we get

(5.5) Dyri(R)u>0, 1€Iese(T), Dyri(Z)u=0, [€l.(T),

(5.6) Dysj(B)u>0, 1€Iese(Z), Dgysi(T)u=0, [€Ile(T).

By Corollary 3.18, it follows that there are n linearly independent vectors in the set
{D,r}(z), 1 € I,=(Z), Dysj(z),l € L= (Z)} .

Thus, assume without loss of generality that

(5.7) Dyrjo(Z)u>0

for some [° € I, (7). By (a,f) € O(r¢(z),s°(z)), multiplying by u in (5.4), using
(5.5) and (5.6), it follows that

0= Z [ag - Dyri (Z)u+ By - Dysi(Z)u]
leL

= > o Darf(z)u+ By - Dasi(z)u] > o Dorfo (Z)u,
l€l,c5c(T)

which, together with a0 > 0, yields a contradiction to (5.7). This completes the
proof. ]

Now, we recall the definition of an S-stationary point for MPCC.
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DEFINITION 5.3. A point T € M|r,s] is called an S-stationary point for MPCC' if
there exists (p,o) € R2E such that

D, L (7, p,0) =0,
pr-ri(Z)=01-5(2)=0, €L,
Pl > 07 o> 0; le Irs(-/i‘)-

Analogously to (5.1), for the S-stationarity we consider a corresponding general-
ized equation with

CN TN if mi [ :Oal La
(58) @(yr7ys):{ (y y) 1 mln{yl yl} €

] otherwise,

where

E(y" ys):{(p o) € R yi-p=yp-or=0, €L, }

pl207 Ulzoy ZEIO(yT)mIO(yS)

For © given in (5.8) and F = (7, 5), GMFCQ does not hold at € M[r, 5] for F' if
and only if there exists (a, 3) € S2I¥1(0,1) with (5.2), (5.3), and

a; >0, B3>0, lelns(T).

In this context again, GMFCQ is a necessary condition for strong stability. How-
ever, since © is not necessarily closed, the results in section 4 and, particularly,
Theorem 4.11, cannot be applied as in the proof of Theorem 5.2. Instead, we use two
auxiliary results. For simplicity of notation, in the remainder of this section we assume
without loss of generality that Ir;(Z) = L. Moreover, fix (o, ) € O(7(Z),5(z)) \ {0}
such that (5.2) holds, and let

17 =1%(a) N I°(B),

whenever GMFCQ does not hold at z for (7, 3).

LEMMA 5.4. Assume that GMFCQ does not hold at T for (7,5). If for some
I C I%F it holds that
(5.9) dimspan {D,7;(z), i € I*(a) U1, D,;5;(z), j € I*(B) U[I*’\ I]} <n,

then & & ¥5(P).
Proof. Suppose contrarily that z € ¥°(P). For ¢ > 0 sufficiently small let

ri(z)=7i(x), i€ I"(a)UI, r(z) =7(z) +e, i€ I°a)\ I,
s5(2)=5;(x), jeF(B)UINI],  s5(x)=5;(x) +e, j€I°(B)\ I\ ],
and P° = P(f,r%,s°%). It is easy to see that z € L' (P?). By Theorem 3.19, we get
T € X(P¢). Hence, by Corollary 3.18, we obtain a contradiction to (5.9). d

LEMMA 5.5. Assume that GMFCQ does not hold at T for (7,5). Moreover, for
keN and I C I°P let

min{7 (z),5(x)}= k', 1eL\ I,
MM 5] =S z eR” ri(z)=0, i€l
j(x)=0,  jelI*\I
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If for some I C I*% it holds that
dimspan {D,7;(Z), i € I*(a) U1, D,5;(2), j € I*(B) U[I*’ \ I]} =n.
Then, there exist VI € V(Z) and k! €N such that
MUFFsinvi=0

for all k> kL.

Proof. The proof follows analogously to the part right after taking sequences in
the proof of Theorem 5.2. Note that we mainly use there the feasibility of z*. |

THEOREM 5.6. Let © be given as in (5.8), F = (7,5), and P = PO(f,F). If
T € ©9(P), then GMFCQ holds at & for F.

Proof. Suppose contrarily that z € ¥9(P) and that GMFCQ does not hold at Z
for F. By Lemmas 5.4 and 5.5, there exist V € V(Z) and k° € N such that
(5.10) U M sinv=0

IeIaB

for all k> k9. Let

1
rlk(x) fl(x)—g, leL\Iaﬁ, rlk(a:):ﬁ(sc), lerlo?,

1
sk (x) 51(33)7? le L\I*®  sF(z)=5(x), leI*P.

Note that
Mk s c ) MBS,
Ielop
which, together with (5.10), yields

Mk s* 1NV =0.

By Lemma 3.20, we get a contradiction to z € ¥%(P). O

We end this section by mentioning the relation between GLICQ and the so-called
MPCC-LICQ; see, e.g., [18]. Note that

spanZg(y",y%) = {(p,g) GRQILW Yy -pm=y;-o=0,1¢€ L}

and that

span=¢(y",y*) =span =y (y",y°) = span Zs(y", y*).
Hence,
spanZ¢(y",y°) if min{y;, 4/} =0, l€ L,

. ® T7 ) =
spanO(y",y*) {{0} otherwise,

whenever O is given as in (4.6), (5.1), or (5.8). Consequently, in these cases the set-
valued mapping span© is closed, and therefore, GLICQ, CLICQ, and MPCC-LICQ
are equivalent. Thus, by Theorem 4.10, the mapping of Lagrange vectors é(P) is well
defined and continuous in a neighborhood of P. However, this result has been already
established in [18] for C-stationary points and in [8] for M- and S-stationary points.
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6. Application to mathematical programs with abstract constraints. In
this section we consider the following mathematical program with abstract constraints:
(6.1) min f(z) st. F(z)eC,

where (f, F') are defined as in (1.1) and C C R™ is a closed and convex set; see, e.g.,
[1]. Recall that the tangent cone and the normal cone of C' at y € C are

(6.2) Tc(y) = cleone (C —y),
Ne(y)={0eR™(0,z—y)<0,z€C},

respectively, and that To(y) = No(y) =0, whenever y & C. Tt is

(6.3) Ne(y) = —[Te ()

and, in particular, To(y) and Ne(y) are closed and convex cones for each y € C.
We focus on the optimality condition given in [2, section 3.1] which can be written
as
D.f(z)=0'D,F(z), 0€—Nc(F(z)).

In particular, we study the strong stability of a stationary point Z for a problem
P =P°(f,F), where f, F, C are fixed and ©(y) = —N¢(y). Recall that the Robinson
Constraint Qualification (RCQ) [24] holds at a feasible point Z for F if

(6.4) 0 €int [F(Z) + D, F(z)R" — C].

It is well known that, under the assumptions of this section, RCQ and GMFCQ are
equivalent; see [2, Corollary 2.98].

LEMMA 6.1. Let K C R™ be a closed and conver cone. Assume that y € K,
0 € K*, and that (y,0) =0. Then, the following two conditions hold:

(i) yerelbdK or e K+.

(ii) @ erelbd K* ory € [K*]*.

Proof. We prove (i). The proof of (ii) runs analogously since K = K**. Suppose

contrarily that y € relint K and that # ¢ K+. Hence, for ¢ > 0 sufficiently small, it
holds that y — eprojgpa, x (¢) € K and that

<y - EprojspanK(a)v 9> = _€||projspanK(6) ||2 < 07

which contradicts that 0 € K*. 0

The next lemma will be used in the proof of Theorem 6.5, and it is a generalization
of Stiemke’s theorem of the alternatives [30].

LEMMA 6.2. Let A € R™*™ and K C R™ be a closed and convex cone. Then,
exactly one of the following two conditions hold:

(i) There exists y € relint K with Aty = 0.

(i) There exists u € R™ with Au€ K*\ K=.

Proof. First, we show that (i) and (ii) cannot hold both. Suppose contrarily that
there exist y € relint K and u € R™ with Aty = 0 and Au € K*\ K=, respectively.
Note that

(y, Au) = (A'y,u) =0,
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which is not possible according to Lemma 6.1 (i). Second, we show that if (i) does
not hold, then (ii) holds. If
ker A* Nrelint K =0,

then, by Theorem 2.2 and by noting that ker At is a subspace, we obtain w € R™\ {0}
with

(6.5) (w,y") =0, y' €ker AY,

(6.6) (w,y?) >0, y?€K.

By (6.5) and (6.6), we get w = Au for some u € R™ and that w € K*, respectively.
Furthermore, according to Theorem 2.2, there exists 2 € K with (w,%?) # 0. Thus,
w ¢ K+, which completes the proof. ]

Remark 6.3. In Lemma 6.2, if K is a subspace, then (i) is fulfilled with y =0 and
(ii) cannot hold because of K*\ K+ =0. If we have K =R, then Lemma 6.2 yields
Stiemke’s theorem of the alternatives [30].

_LEMMA 6.4. Assume that T € Y(P) and that GMFCQ does not hold at & for F.
If F(7) €relint C, then T & X°(P).

Proof. By F(z) € relint C, choose V' € V(F(z)) with
V'Ndom®=V"NnC=V'NspanC.
Moreover, we have T¢(F(z)) =spanC. Hence, by (6.3), we obtain
spanO(F(z)) = O(F(2)) = [To (F(@)))* = C*.
Thus,
dimspan [V’ N dom O] + dim[span O(F(z))] = dimspan C + dim C+ = m.

By Theorem 3.25 (ii) and (iii), we get z & X5 (P). 0
The next theorem states that GMFCQ is a necessary condition for strong stability.

THEOREM 6.5. If ¥ € ©%(P), then GMFCQ holds at T for F.

Proof. Fix V € V(z) and W € WY (P) as in Theorem 4.6 (iii). Suppose contrarily
that GMFCQ does not hold at # for F, that is, there exists 77 € No(F(z)) N S™(0,1)
with

7D, F(x)=0.

Since N¢(F(Z)) is a nonempty convex set, by [26, Theorem 6.2], it follows that

relint No(F(z)) # 0. By Lemma 2.1 (i), fix n¥ € relint No(F(z)) N S™(0,1) ar-

bitrarily close or perhaps equal to 7. Next, choose a rotation matrix R € R™*"

arbitrarily close or perhaps equal to the identity matrix with n® = R7. Now, define
FR(x)=F(x) + (RD,F(z) — D, F())(x — ),

and let PF=P~Ne(f FE). Note that

(6.7) (' D FR(z) =7 R'RD, F(z) = 7' D, F(z) =0
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and that FF(z) = F(z). Hence, # € ©F(PF). By Theorem 4.11, we obtain Z €
¥ (PF). Fix v €relint C, and for k €N let

A =1+ %,
FF(z) =M FER(z) 4+ (1 = Ao,

Pr=p=Ne(f,F").
By Lemma 6.4, we have F?(Z) € relbdC. Applying Lemma 2.1 (ii) with A = \*, we

obtain

FF@) = FR@) + (1 - g,
and, hence, Z ¢ X(P*). Let 2% € X(P*) for k sufficiently large. By the convexity of
C, we get

1 1
FR(zk) = FFk(xk) + (1 - )\k> vedC,
which implies that
Fi(a*) — Ff(z)
[l —Z|

(6.8) € To(FR(x)).

By Theorem 4.6, it follows that 2* — Z. Assume without loss of generality that

-z

—_— U
la* — x|

for some u € S™(0,1). By letting k — 400 in (6.8), we obtain
(6.9) D, FR(z)u € To(FR(z))
and, by (6.3),
O(F(z)) = —Nc(F(2)) = [Tc (F*(2))]".
Therefore, by (6.7), (6.9), and applying Lemma 6.2 with K = O(F(z)), it follows
that
(6.10) D, FE(z)uec O(Ff(z))*.
By Theorem 3.25 (i) and (6.10), we get a contradiction to z € ©°(PF), which com-
pletes the proof. O

The following lemma will be used in the proof of Theorem 6.8 and it is a gener-
alization of Gordan’s theorem of the alternatives [7].

LEMMA 6.6. Let A € R™*™ and K C R™ be a closed and convex cone. Then,
exactly one of the following two conditions hold:

(i) There exists y € K \ lin K with Ay =0.

(ii) There exists u € R™ with Au € relint K*.

Proof. The proof follows analogously to the proof of Lemma 6.2 by using lin K =
[K*]* and applying Lemma 6.1 (ii). d

Remark 6.7. An application of Lemma 6.6 with K =R’ yields Gordan’s theorem
of the alternatives [7].
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As mentioned above, the constraint qualifications RCQ and GMFCQ are equiva-
lent for the class of problems considered in this section. Several characterizations of
RCQ can be found in [2]. The next theorem presents yet another one. Note that an
analogous characterization holds in the setting of Banach spaces whenever int C # 0);
see [2, Lemma 2.99].

THEOREM 6.8. Let T be a feasible point for F. Then, GMFCQ holds at T for F
if and only if the following both conditions hold:

(i) ker D, F(z)' N (C — F(z))* ={0}.

(ii) There exists u € R™ with D, F(z)u+ F(Z) € relint C.

Proof. First, we find expressions for the sets lin K and relint K* for K =

—N¢(F(Z)). Note that
linK ={0€R™[(0,2— F(z)) <0VzeC}N{0eR™|(,z— F(z)) >0Vz€C},

which yields ~
linK = (C — F(z))*.
Moreover, by (6.2) and (6.3), it holds that
relint K* = relint To (F(Z)) = relint [clcone (C — F(Z))].

By consecutively applying [26, Theorem 6.3, Corollaries 6.8.1 and 6.6.2], it follows
that

relint [clcone (C' — F(z))] = relint [cone (C — F(z))]
= cone[relint (C — F(z))]
= cone (relint C' — F(7)).

C

C

Thus, we have -
relint K* = cone (relint C' — F(Z)).

Second, note that (ii) is equivalent to the existence of u’ € R™ with
D, F(z)u’ € cone (relint C' — F(z)).

Let A= PmF(E) Now, we show that GMFCQ implies (i) and (ii). If GMFCQ holds
at = for F, then

(6.11) ker A*N K = {0},

which, in particular, implies that

(6.12) ker A*Nlin K = {0}.

Hence, (i) holds. Moreover, by (6.11) and (6.12), it follows that
ker A* N (K \ lin K) = 0.

Therefore, by Lemma 6.6, we obtain (ii). The proof of that (i) and (ii) together imply
GMFCQ runs analogously. ]

Remark 6.9. In Theorem 6.8, if C is a closed and convex cone, the condition (i)

can be rewritten as B
ker D, F(z)' nC* = {0}.
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That is, F(Z) does not play any role in (i). To see this, observe that

span C = span (C — F(7)).

Remark 6.10. For the standard nonlinear program (1.2), the conditions (i) and

(ii) in Theorem 6.8 are equivalent to the conditions (i) and (ii) in MFCQ), respectively;
see Remark 3.10.
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