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Abstract

We consider a space of sparse Boolean matrices of size n x n, which have finite
co-rank over GF'(2) with high probability. In particular, the probability that such a
matrix has full rank, and is thus invertible, is a positive constant with value about
0.2574 for large n.

The matrices arise as the vertex-edge incidence matrix of 1-out 3-uniform hyper-
graphs. The result that the null space is finite, can be contrasted with results for the
usual models of sparse Boolean matrices, based on the vertex-edge incidence matrix of
random k-uniform hypergraphs. For this latter model, the expected co-rank is linear
in the number of vertices n, [5], [§].

For fields of higher order, the co-rank is typically Poisson distributed.

1 Introduction

For positive integers r > 1, s > 2, let M (s, r,n) be the space of n X rn matrices with entries
generated in the following manner. For each i = 1, ..., n there are r columns C; ;, 7 =1,...,7.
Each column C;; has a unit entry in row ¢, and s—1 other unit entries, in rows chosen
randomly with replacement from [n], or without replacement from [n] — {i}, all other entries
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in the column being zero. In general we consider the arithmetic on entries in the matrix,
(and thus the evaluation of linear dependencies), to be over GF(2). If so, in the “with
replacement case”, if two unit entries coincide the entry is set to zero. When r = 1, the
matrix consists of an identity matrix plus s—1 random units in each column.

If s = 2, and entries are chosen without replacement, M is the vertex-edge incidence matrix
of the random graph G, _ou(n). This model of random graphs has been extensively studied,
and is known to be r-connected for r > 2, Fenner and Frieze [9], to have a perfect matching
for r > 2, Frieze [10], and to be Hamiltonian for » > 3, Bohman and Frieze [4]. If s > 3
we are considering r-out, s-uniform hypergraphs. Random Boolean matrices based on the
vertex-edge incidence matrix of s-uniform hypergraphs where the columns (edges) are chosen
i.i.d. from all columns with s ones were studied by Cooper, Frieze and Pegden, [8]. A very
general paper by Coja-Oghlan, Ergiir, Gao, Hetterich and Rolvien, [5], gives the limiting rank
in this latter model for a wide range of assumptions on the distribution of non-zero entries
in the rows and columns. The fundamental difference between the r-out model of random
matrices, and those of [5], [§] is the presence of an n x n identity matrix as a sub-matrix (in
the without replacement case).

A set of vectors is said to be linearly dependent if there is a nontrivial linear combination
of the vectors that equals the zero vector. If no such linear combination exists, then the
vectors are said to be linearly independent. The (row) rank p of an n X m matrix, (m > n)
is the maximum number of linearly independent rows, and the co-rank is n — p. If the
field is GF(2), ¢ € {0,1}" is a linear dependency (dependency for short) if @M = 0. Let
|| = |{j : z; = 1}|. We say that a set of rows D C [n] is a dependency if D = {j : z; =1}
for some dependency x. An (-dependency is one where || = ¢ or |D| = {.

Of particular interest is the case r = 1 which gives n x n Boolean matrices. We will show
that over GF'(2), for r = 1, s = 3, the linear dependencies among the rows of M are w.h.p.
either small (bounded in expectation) or large (of size about n/2), and the distributions of
these dependencies are somewhat entangled. For r = 1, s = 3, define a Poisson parameter ¢
for small dependencies. The value of ¢ differs marginally in summation range between the
“with replacement” ¢p, and “without replacement” models ¢ as follows:

1 = 1 =
or = Zz(26_2)62ﬁ7 R = Zz(%_z)gz i (1)
21 J=0 £>2 j=0

The numeric values are ¢p ~ 0.5215, and ¢ ~ 0.1151, where a ~ b means approximately
equal.



Let m be the probability distribution given by
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where here and later in the paper, ¢ indicates the dimension of the space induced by small
dependencies and A indicates the dimension of the space induced by large dependencies.

Theorem 1. Let M be chosen u.a.r. from M (3,1,n). Let d > 0 be integer. The limiting
probability that, over GF(2), the matriz M has co-rank d, is given by

n—oo

d
lim P(co-rank(M) =d) = Z P(o,d— o). (5)

In particular,
P(rank(M) = n) ~ P(0,0) = e *7(0) = ¢ H <1 - (%) ) :

Theorem [ differs from many previous results on sparse random Boolean matrices. The
co-rank (dimension of the null space) is finite, and the matrix is invertible with probability
e~ *m(0), where m(0) ~ 0.2888. The problem can be seen as an instance of the change in
rank, if any, arising from small perturbations of the identity matrix.

The finite co-rank given in Theorem [Il can be contrasted with results for the edge-vertex
incidence matrix of random hypergraphs, ([5], [8]), where the expected co-rank is linear in
the number of vertices n, and the probability of a full rank matrix is exponentially small.

The joint distribution of co-rank given by (4)) is a mixture of a Poisson with parameter ¢
given in (), and the distribution 7 given in (2)). This mixture arises due to a gap property
in the size of the dependencies (small or large), which we next explain.
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Theorem 2. Let M be chosen u.a.r. from M (3,1,n), then w.h.p. either (i) a dependency
x is small i.e. |x| < w where w — oo slowly or (i1) x is large i.e. || =n/2+ O(y/nlogn).

A gap property in solutions to random XOR-SAT systems over GF'(2) was previously ob-
served by Achiloptas and Molloy [1], and by Ibrahimi, Kanoria, Kraning and Montanari [12].
They found that the Hamming distance between XOR-SAT solutions was either O(logn) or
at least an; where n is the number of variables. In our case, large dependencies have inter-
section about n/4 (see Section M), giving a precise value of .

Estimating the interaction between small and large dependencies is the main problem we
solve. The negative correlation between the two types of dependency is characterized by the
binomial term in ().

A dependency x is fundamental if there is no other dependency y # «x such that y <
x, componentwise. We will prove in Section 2] that the number Z of fundamental small
dependencies is asymptotically distributed as Po(¢) i.e. Poisson with mean ¢. The quantity
P(o, ) in (@) is the limiting probability that small dependencies span a space of dimension
o, and large dependencies span a space of dimension \.

The distribution (k) given in (2)) was previously observed in a model of random matrices over
GF(2) in which the entries m; ; are i.i.d Bernoulli random variables with P(m;; = 1) = p.
For a wide range of p the distribution of dimension & of the null space is given by 7 (k).
The result was proved by Kovalenko et al., [13] for p = 1/2, and extended to the range
min(p(n), 1 —p(n)) > (logn + ¢(n))/n, (where ¢(n) — oo slowly) by Cooper [6]. A similar
result holds for the model of random matrices over the finite field GF'(t), see Cooper [7].
Here the non-zero entries a« € GF(t)\{0} are independently and uniformly distributed with
P(m;; = o) = p/(t — 1). The distribution of co-rank m;(k) equivalent to 7(k) = m2(k) in (2)
is obtained by directly replacing the (1/2) terms in ([2) by (1/t).

Finally we consider some related cases for r-out s-uniform hypergraphs. For r = 1 and s = 2,
M has expected rank ~ n — (logn)/2. This is because the expected number of components

in a random mapping is ~ (1/2) logn, (see e.g., [11]). Note: For s even, the rows of M add
to zero modulo 2. The following theorem will be immediate from the proof of Theorem [Il

Theorem 3. Ifr > 2 and s = 2, 3, then M has rank n* =n — ly,—o), w.h.p.

Results for other finite fields follow easily from the analysis over GF(2). We use the non-
standard notation GF(t) for a finite field of order ¢, rather than the usual GF(q); and for
brevity we consider only the ‘without replacement’ case. We consider three simple models
with entries from the non-zero elements of GF'(t), in each column. Let {f;} be a distribution
oni e GF(t),i#0.

Model 1: The diagonal and other two non-zero entries in a column are 1.
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Model 2: The diagonal entries are 1, and the two other non-zero entries in each column are
drawn u.a.r. from the distribution {f;}.

Model 3: The diagonal and other two non-zero entries in each column are drawn u.a.r. from
the uniform distribution {f;}.

For Model 2, let Y= ft—la o = Z fift—i—l- For Model 3, let v = Zz fift—ia a = Zi—l—j—l—k:O fzfjfk
Let ¢, be given by

1 ¢ i 0
O = Z 7 (27e7?) Z R (6)
0>2 i=0

Because M has 3 entries in each column, there is a special case of Model 1 for GF(3).

Theorem 4. The following asymptotic results hold over GF(t).

1. Model 1: Ift = 3 the limiting probability that M has rank n — 1 is 1, and M has rank
n otherwise.

2. Models 2 and 3: Ift > 3 then provided a < 2y <1,

d
P(rank(M) = n —d) ~ % e %

In the simplest case where entries are sampled uniformly from the non-zero elements of
GF(t), Theorem (2 holds for Models 2, 3 with v =1/(t — 1).

Notation: Apart from O(-),0(-), () as a function of n — oo, we use the notation A4,, ~ B,
if lim,, oo A,/ B, = 1. The symbol a ~ b indicates approximate numerical equality due e.g.,
to decimal truncation. The notation w(n) describes a function tending to infinity as n — oo.
The expression with high probability (w.h.p.), means with probability 1 — o(1), where the
o(1) is a function of n, which tends to zero as n — oc.

Outline of the proof for GF(2) with r =1,5 =3

Because the proofs are rather technical, we give a detailed proof in the “with replacement”
model, and indicate separately in Section [0 why these results are also valid in the “without
replacement” model. The difference in the range of summation indices for ¢ is explained
in detail in Section 0.2

We refer to the rows of M as M;,i € [n] and to the columns as C},j € [n]. By a set of rows
S, we mean the set of rows M;,i € S. A set of rows with indices L is linearly dependent



(zero-sum) if Y .., M; = O(mod 2). A linear dependence L is small if |L| < w, where
w = w(n) is a function tending slowly to infinity with n. A linear dependence L is large
if |L| = (n/2)(1 + O(y/logn/n)). As part of our proof, we show that w.h.p. there are no
other sizes of dependency. A set of zero-sum rows L is fundamental if L contains no smaller
zero-sum set and is disjoint from all other zero-sum sets. The zero-sum sets of size about
n/2 are not disjoint. We count k-sequences of large dependencies with a property we call
simple. Many of the problems with the proofs arise because the large dependencies are not

disjoint, and are conditioned by the simultaneous presence of small linear dependencies in
M.

We next outline the main steps in the proof of Theorem [II

1. In Section Pl we prove that the number Z of small fundamental dependencies has
factorial moments E (Z), ~ ¢, where ¢ is given by (I). Thus Z is asymptotically
Poisson distributed and

P (M has 7 small fundamental linear dependencies ~ gé—'e_d’) .
7!

2. For M € M(3,1,n) w.h.p. any fundamental sets of zero-sum rows of M are either
small (of size ¢ < w) or large (of size ¢ = (n/2)(1 + O(y/logn/n))). This is proved in
Section [3]

3. In Section Al we discuss simple sequences of large dependencies, and in Section [6] we
estimate the moments of these sequences and determine their interaction with small
dependencies.

4. We estimate the number of simple sequences, conditional on the the number of small
fundamental dependencies. This leads to an approximate set of linear equations whose
solution completes the proof of Theorem [Il

2 Small linear dependencies in GF'(2): with replace-
ment

Notation For 1 < k < w, where w — oo arbitrarily slowly with n, let X (M) or Yi(M)
denote the number of index sets of k-dependencies in M. A k-dependency is small if k < w
and we use Y; when k < w and use X when k ~ n/2. We will show that for other values of
k, Xy =0 w.h.p. We also use Z;,d < w to denote the number d of fundamental (minimal)
dependent sets among the rows of M.



We first consider dependencies with s = o(n'/?) rows. For S C [n], let F(S) denote the
event that the rows corresponding to S are dependent. Let Y denote the number of s-set
dependencies.

Lemma 5. If |S| = s = o(n'/?) then

Ifw— 00, w < s=o0(n"?) then Y, = 0 w.h.p.

Proof. Suppose that s = o(n'/?) and S = [s]. Then,

=) (5) (6 (5 )

(2) e using s = o(y/m). (8)
(%)

n

Explanation: The probability that exactly one of the two random choices in a column of
S lies in a row of S is 2 ( ) (”_s). The probability that both or neither of the two random

s
n n

choices in a column of [n] \ S lies in a row of S is (%)2 + (u)2

This verifies (7). It follows that

1) (3] -2

AsEY,,1/E (Y,) ~ 2/e we have that EY,, = e~**“) and so w.h.p. there are no dependencies

with w < s = o(n!/?). O
Define o, kg by
s—1
s/ (s —1)!
s — TR d s — S- 9
o ]Z:;]! an K pr— 9)

For S C [n], let F*(S) denote the event that the rows corresponding to S form a fundamental
dependency. The next lemma deals with small fundamental dependencies.

Lemma 6. P(F*(5) | F(S)) = ks.

Proof. The rows of the dependency S consist of an s x s sub-matrix Mg g and a zero (s xn—s)
sub-matrix. For ¢ € S, if M;; = 1, then w.h.p. there is a unique entry M,; = 1 which gives
rise to an edge (i,7). If M;; = 0 we regard this as a loop (7,7). Thus Mg is the incidence
matrix of a random functional digraph Dg, and S is fundamental iff the underlying graph
of Dg is connected. For s > 1, P(Dg is connected) = kg (see e.g., [2] or [I1]). O
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We now prove

Lemma 7. Small fundamental dependent sets of M are pairwise disjoint, w.h.p.

Proof. Let S, T be two small fundamental zero-sum row sets with a non-trivial intersection
C = SNT and differences A = S\T, B =T\S, where AU B # (). Suppose A # (). As the
functional digraphs Dg, Dy are connected, one of the following events must occur. Either
(i) some column of C' has two non-zero entries in the rows of S U T’ or (ii) some column j
of A has a non-zero entry in the rows of C. The latter is not possible as then a column of S
has a non-zero entry in the rows of 7. Let k = |S UT|. The former has probability at most

i (Z)k (%)“ (%)2 —o1). (10)
O

Given this lemma we can now prove

Lemma 8. The number Z of small fundamental dependent sets among the rows of M s
asymptotically Poisson distributed with parameter ¢r, and thus

¢d
P(Z =d) ~ jfe—% (11)
Proof. Fix S C [n] and let Sy,..., Sy be a partition of S with |S;| = s;,i =1,2,...,d. Let
P(s1,...,84) be the probability that each S;,;i =1,2,...,d is a fundamental set, given that
S is a dependency. Thus,

d
(51)° -+ (5a)* 1
P(sq,... = . = — — 1)lo,,.
(S1,. -+ 84) . | H P(Dg, connected) - H(s, 1)los,
i=1,....d i=1
Explanation: the factor M is the conditional probability that the random choices

for columns with index in S; are in rows with index in S;.



Thus, using (), we see that

E(Z)dNZ@6_2S Z (81’.%.’Sd)P(sl,...,Sd) (12)

s>1 ’ S1++54=s

- X ey

s>1 s1+...4s4=s i=1

= (Z %(26_2)“903)

g, (13)

Thus, by the method of moments, the number of small disjoint fundamental zero-sum sets
Z tends tend to a Poisson distribution with parameter ¢g. O

3 Large zero-sum sets: First moment calculations

Define an index set J, as follows,

J, ={n/2 —/anlogn <€ <n/2+/anlogn} and J, = [n] \ J,, a > 0. (14)

Lemma 9. (Large linearly dependent sets.) Let X, denote the number of (-dependencies
among the rows of M.

(1) ey, EXe~ 1.
(ii) Let F' = [n]\([w]UJ1), where w — oo arbitrarily slowly withn. Then ), . E X, = o(1).

Proof. From (8)), the expected number of dependencies of size £ is

o)) (5 (- (59

We next approximate the expression for E X,. We note the following expansion.

(14) log(1—2*)+(1—x) log(1+2?) = =2 | 2° + i + o + Z 1 o 1+ ka”
g g - 9 3 £ {k even} k .



We write E X, = (})®}, £ = (n/2)(1 + ¢), where
. (1-e)
o, — 1 —¢&? = 1+e¢ 2+ 1—e\? E
T2 2 2
(1-e)

(1+e%) >

=5 exp {% (14 2)log(1 — €2) + (1 — £) log(1 + 52))}

1 ; et gl A el
s - -~ - 1 even 7
2exp{ <€+2+3+Z {k 1€ k+k+1

k>4

—1 — 53+—84+5
=—eX
5 p B 7 )

where |e7| < 2|e|7/3 for sufficiently small €.
Also for ¢ = (n/2)(1 +¢), |e] < 1,

()= (-00) = oo (o (550

where |g6] < |]®/10.

Case 1: (€ J; . From ([I7) with |¢| = 24/(logn)/n we have

3 3 (1) = o

so that

2% (Z) =1-0(1/n?).

Using (I6), for £ € J;, &, = (") /2" Then, as ne® = O(log** n/\/n),

1 .
Y EX, =) (Z) 2769("53) =1+o0(1).

ledy ledy
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For future reference, we note that for || < ¢ < 1,

()il (0050

4
2
(14 0(1)) g2 el
= eXp (S84 +—+56+57
22

V2mn(1 — €?) 2 12
s en{ - (e er s G roe) |

Case 2: (€ F. Write F' = [n]\ ([w ]UJl) as F' = F1 U Fy U F3 where Fy = {w, .
F2 = {7n/10 n} and F3 F\ F1 U FQ) ThU.S for ¢ S F3, (= (n/2)(

—2/5 <e < —y/(2logn)/n or \/(2logn)/n <e < 2/5

Case ¢ € F. For sufficiently large n, Stirling’s approximation implies that

n < n"
¢) — tn— E)"‘e’

so for some constant C' (in both with and without replacement models)

s e (o () () () (5))

Continuing with this expression, using ¢ = An for A < 1/2,

22 2\
EX, < <W)\)\(1 — DM+ (1= N)H! )\)
>\2 1-A\ "
1_
0( (132 )
<C (2,\ (1— M) o~ AM1- A)+A2)
=C

(2( —\) —1+2/\)/\
Clg(M™

(18)

.,3n/10},
¢) where

The function g(A) is strictly concave and has a unique maximum at A = 1/2 with g(1/2) = 1.

For A < 3/10, g()\) < ¢(3/10) = (7/5)e~?/% < 1 so that

Y EX, <C) g(3/10)" = o(1).

leFy le
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Case { € Fy. Referring to ([I8), the function h(e) = (¢2/2)((1 +¢)* 4+ %/6 + &6 + &7) satisfies
h(g) > 2/25 for ¢ > 2/5, and so

Z EX, < Z e~ = o(1).

LeF> LeF>

Casel € F3. For y/(2logn)/n < |g| < \/(25logn)/n, the function h(e) > (1—o(1))(logn)/n.
Let F3, be the values of ¢ in this range

Y EX,=0(y/nlogn)/n'~V) = o(1/n'/?).

leF3,

Let Fy, = F3\ Fs,. Then £2/2 > (25/2)(logn)/n, and (1 + ¢)? + £2/6 + ¢ + &7 > 9/25.
Referring to (I8)),
> EX,=0(n)/n* = o(1/n%).

LeFsy,

4 Higher moments of large zero-sum sets: Background

Let A® B denote the symmetric set difference of the sets A and B. Thus A&B = (AU B)\
(AN B) = (A\B)U (B\A). Suppose that, over GF(2), the rows M[i],i € A indexed by A
are zero-sum, thus z4 = » .., M[i] = 0. Let B be another set such that zp = 0. We can
write 24 = 24\ + 2anp and zp = zp\ 4 + 24np. Adding these two sets of rows modulo 2
has the effect of canceling the intersection AN B. Thus (i) z4 + zp = 0, whether z4np is
itself zero-sum or not; and (ii) z4 + 2 = Zags-

Recall that a set of zero-sum rows is fundamental if it contains no smaller zero-sum set of
rows. For small sets we were able to count fundamental dependencies directly. We have to
adopt an alternative strategy for large zero-sum sets. We use an approach similar to the one
given in [6]. We count simple sequences of large linearly dependent row sets B = (Bj, ..., B),
k > 1 constant, and where |B;| € J; so that |B;| ~ n/2. A k-tuple of large dependent sets
B = (B, ..., By) is simple, if for all sequences (j; < j2 < ... < j;) and (1 <[ < k) the set
differences satisfy

|Bj1@Bj2@"'@le| € Jl (20)

For any given matrix M there is a largest k such that By, ..., By are simple. In which case,
we say k is mazximal and By, ..., By is a mazimal simple sequence.

Let V(M) = {0} U{B : B is zero-sum in M}, then (V(M),®) is a vector space over GFy
under the convention that 0- B =0, 1- B = B. In V(M) a simple sequence (B, ..., B) is
an ordered basis for a subspace S of dimension k.
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Given k linearly dependent sets of rows with index sets By, - - - , By, there are 2* intersections

of these sets and their complements. For each © = (zy, -+, %), © € {0,1}* we let I, =
Niz1,... kBi(xi) where BZ-(O) = B; = [n] \ B; and Bi(l) = B;. The index sets I, are disjoint by
definition and their union (including @y = (0,---,0)) is [n].

Next for € {0,1}" let B(x) = @, _,Bi. Let K = 2¥ — 1. Let U be a K x K matrix
indexed by ,y € {0,1}*, &,y # 0; with entries U(x,y) = 1 if I, C B(x), and U(z,y) =0
otherwise. In summary,
Row index & = (z1, X9, ..., xy) is the indicator vector for B(x) = @ __1BZ-,
Column index y = (y1, Y, - - -, Yx) is the indicator vector for I, = m Bi(yi).
i=1,...k

The row of U representing the set B(x) is formed by adding the rows of those sets B; such
that z; = 1 in @; the addition being over GF'(2). Thus B(x) is the union of the sets I,,
where y; = 1 for an odd number of those sets B; where x; = 1. This can be seen inductively
by generating By, By ® By, (B1® Bs)® B3 etc. in the given order. In summary U(x,y) = 1
iff both z; = 1 and y; = 1 for an odd number of indices 4, and thus, over GF'(2),

k
Uz, y) = szyz (21)

Our aim is to use U, treated as a real matrix to show that w.h.p. |I.| ~ n/2* for every
x. We do this by observing that given the characterisation U(x,y) = 1;,cp), the vector

(|Ia], & € {0,1}",  # 0) is the solution z over the reals of an equation
Uz = b where b ~ gl, (22)

assuming that B = (By, ..., By,) is simple. To prove that |I,| ~ n/2*, we prove the properties
of U listed in Lemma [I0 below.

Equation (ZI]) implies that by arranging the rows and column indices of U in the same order,
U will be symmetric. We will choose an ordering such the first k rows correspond to B;,7 =
1,...,k. Thus z; = e;,1 = 1,2,..., k where e; = (1,0,...,0) etc., and y; = ¢;,1 = 1,2,... k.
After this we let ) be the k x K matrix with column indices x made up of the first k rows.
Thus row ¢ represents B;,7 = 1, ...,k and U contains a k X k identity matrix in the first &
rows and columns.

The row indexed by & = (z1,...,x)) is the linear combination Zle x;7; of the rows of @,
and corresponds to B(x) in the vector space V(M) given above.

Lemma 10. The K x K matriz U has the following properties:
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(i) The matriz U symmetric.
(ii) Every row or column of U has 2¥=! non-zero entries.
(iii) Any two distinct rows of U have 282 common non-zero entries.

(iv) The matriz U is non-singular when the entries are taken to be over the real numbers,
and the matriz S = UUT = U? = 28721 + J) is symmetric, with inverse S™1 =
(1/25=2)(I — J/2%); where J is the all-ones matrix.

Proof. (i) This follows immediately from (21]), and the above construction.

(ii) Fix z and assume that z; = 1. There are 2¢~! choices for the values of y;,i = 2,3, ..., k.
Having made such a choice, there are two choices for y;, exactly one of which will give

Zle ziy; = 1.

m) Fix @, " and think of rows x,x’, x + &' as non-empty subsets o . en we have
iii) Fi "and think of ! ! b f [2¥]. Th h
|| = |&'| = &\ 2|+ |z’ \@| = 27!, by (iii). Thus |@|+|2'| - (| \z|+|2"\z|) = 2lzNa’| =
2k—1,

(iv) That the matrix U is non-singular over the real numbers, uses an argument given in
[3] (pages 11-13). Let S = UU'. Let u,v be distinct rows of U, then u - u = 2¥~! and
w-v =22 Thus S = 2""2(I + J), where J is the all-ones matrix. The reader can check
that 5™ = 55 (1 — 5¢J) 2"! which implies that U is invertible too. O

The definition of a simple k-tuple (Bj, ..., By) requires that all sets B; be large and their set
differences to be distinct and of size ~ n/2. Let (|By|,...,|Bk|) ~ (n/2)1 be the vector of
these set sizes. Over the reals, solving (22)) gives the sizes of the subsets .

Lemma 11. Let (B, ..., By) be a simple sequence. Then for all = € {0,1}*,

n logn
L= — [ 1+£4%/—==]. 2
| 2k< v n) (23)

Proof. Let i = 1,..., K index the rows of U, and j = 1, ..., K index the columns. Let B(7)
be the set corresponding to the row i of U. Referring to ([22)), let y = (2/n)z, and Uy = b
where now b; = 2|B(i)|/n = 1 + ¢, so that |g;| < 24/logn/n. The matrix S = U2 so
Sy = Ub = c where ¢; = 2871 (14+0;) and 0; = 3, 17, =1 €;/2"7", the summation being over
the 2¥~1-subset of non-zero entries of row i of U. Thus, as J is K x K where K = 2% — 1,

1 k—1

where |n| < 2%y/logn/n. It follows that w.h.p. the solution z to (22)) over the real numbers
satisfies |Ip| = (n/2%)(1 + 4%\ /logn/n) for all x € {0,1}". O
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Remark 12. The proofs above generalize to the case where b ~ ({n,én, ... &n) for some
constant £ € (0,1/2] in equation 22)). In which case [23) becomes

|[w|:2§l 1:1:2/61/1()& )
2k n

5 Simple sequences of large zero-sum sets.

Let By, By, ..., By, be a simple sequence. In row M, of the matrix M, there is a 1 in the
diagonal entry M;;. As s = 3 there need to be two (random) 1’s in column C; chosen in a
way to ensure the linear dependence of Bj, ..., By. The following lemma describes where
these non-zeros must be placed.

Lemma 13. By,---, By are dependencies if and only if the following holds for all i € [n].
Suppose that row i is in I, and that the two random non-zeros ey(i), ea(i) in column i are
in Iy, I, respectively. Then we must have x = u + v(mod 2).

Proof. Let ® = (x4, ..., xx) and consider z,, for 1 < m < k. If z,,, = 0 then i ¢ B,,, so either
none or both of j, j are in B,,, and so zero or two unit entries in this column are in B,,,. We
must therefore have either w,, = v,, = 0 or u,,, = v,, = 1 and z,,, = Uy, + V. If z,,, = 1 then
i € By, and so exactly one of e;(7), e5(7) must also be in B,,. Hence w,, = 1,v,, = 0, or vice
versa. Thus in all cases x,, = U, + Uny. OJ

The main result of this section is the following.

Lemma 14. Let k > 1 be a positive integer, and let Xy count the number of simple k-
sequences of large dependencies. Then E (Xj) ~ 1.

Proof. We have to estimate the expected number of simple sequences (Bj, ..., By) of large de-
pendencies. By (23) of LemmaMIlthe index sets I, have size |I,| = (n/2%)(1+O(y/logn/n)).
Let K = 2F — 1 as above, and let

K
Q= {h = (ho, h1, ..., hi) : h; satisfies @’Zhi € Jl} )
i=1

15



Then we define ®(h, k) by

he
ho
n Dy Do ha\

E (X 2 —— — 24
- o) D2 2 55 ) ()
utv=ax

n
— o(h, k). 25
hzef:2<h0’hl’ >hK> ( ) ( )

Explanation of (24)). Let h, = |I;z|. The multinomial coefficient (ho,h:f.“’h}{) counts the
number of choices for the subsets I,. In the product, in order for By, ..., B, to be zero-sum,
for © # 0 we need to cancel the diagonal entries M;; = 1 of j € I, within the columns
indexed by I,. This is achieved by putting one entry in rows [,, and one in rows [, where
u + v = x. The last factor counts the choices for the entries of columns indexed by I, over
the row index sets I, either zero or two in an index set, in order to preserve the zero-sum

property.
Set hy = (n/2%)(1 4 &) where |e;z| = O(y/logn/n). We note that Y _e, = 0, implies that

Zhwew:2k25m+5 QkZE and the ka 2+O<10i1/2 )

And then Stirling’s approximation implies that

2mn

(hOvhlvT-l- -=hK) - Hwe{o,l}k((n/Q’“)T(Ll +eg))te (/210 /2F)?*
— 2" exp Z ha ( 2) + O(logn)

ze{0,1}*

K
— 9okn exp —% Z Ei + O(logn) p = okn,, O(1)
ze{0,1}*

In addition, by considering random 2*-colorings of [n] we see from the Chernoff bounds that

2 <ho,h1,n hK) =271 = 0™ (26)
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With respect to (24]), using Zm ee = 0, we see that

Z ( 1+2€u+6)>

ue{0,1}*
) (e r5e)
(ik) exp{ (1+so)10g<1+22k>}
_(;)p{ziZw(li—/")} (27)

If & # 0 then each index z occurs exactly once in ) (ue) (Eu+Ep) and S0 Y fuw) (Eu+Ew) =
utv=ax utv=x
>, €2 = 0. Therefore,

ha ha

Py, Py

1
2 2 e =12 {;,} 22k(1+5u+51}+5u50)

utv=ax utv=a

ha

|
VR
3] -
~
>
8
—_
+
2| =
[\"]
Q)
e
[}
]

1\"™ 5usv
- (27) exp 2k(l +ez)log | 142 Z
{0}

utv=ax

1\"™ n 28 uw logg/zn
~(3) ot X ot

{uw,v}

utv=ax

Note that
A= Z Z 26uEs = ZE“ZE‘H“ ZE“ZE’"’
z#0 u{r{;}m ﬂ;;iot u v#u
gives
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Thus using > _ he = n,

>opha 3/2
1 n 9 log”“n
q)(h, k‘) = <?) exp ﬁ E €u + E E 2511,5'0 + O <W>

x#0 {u,v}

utv=ax
1 :
:%eo(logwn/\/ﬁ)_ (28)
It follows from (23]), (26) and (28] above that
1 3/2
E(Xk):1+o<°g\/ﬁ”> =1+ o(1). (29)

6 Conditional expected number of small zero-sum sets

Let (By,..., By) be a fixed sequence of subsets of [n] with |B;| € J; fori=1,2,....k < w.
Let B be the event

B = {(By, ...By) is a simple sequence of large row dependencies} . (30)

Lemma 15. Given B and i € I, |Iz| = hy, the distribution of the row indices ¢, ' of the
other two non-zeros in column v is as follows.
If x # 0 then choose w,v such that x = w + v mod 2 with probability

B hra
Zy—i—z:m hy h’z ’

and then randomly choose £ € L,, 0" € I,,. If & = 0 then choose u with probability

p(“» ’U) =

h2

u

p(u,u) = =,
Zye{o,l}k hz2/

and then randomly choose (,0' € I,,.

Proof. This follows from the fact that the non-zeros in each column are independently chosen
with replacement and from the condition given in Lemma [13] O
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For m < w, let S;, 7 = 1,2,...,m be pairwise disjoint subsets of the rows of M, where
Sj] <w. Let S=Jj_, 5; and s = |S]. For j = 1,2,...,m define the following events

S;j = {9; is a small zero-sum set}, S; = {S; is a small fundamental zero-sum set}.

Let .
S=(s and S =[)S.
j=1

We need to understand the conditioning imposed by the event B in (B0) on the small
dependencies.

Lemma 16.

P(S* | B) ~ P(S*). (31)

Proof. Let I, € {0,1}*, be as defined in Section @l Let hy = |I;|. By Lemma [[I] we can
assume that |Ip| = hy ~ n/2% for all € {0,1}". For j =1,2,...,m, let S;, = S; N I, and
Siw = |9j«|. Similarly, let Sy = S NI, s = |Sz|. These definitions include = 0, so that
So =IpN S and s;0 = |50 etec.

For each i € [n], we consider the probability that column i of M is consistent with S
according to four cases.

Case 1: i € Ip\ S. For each column i € Ip\S = Iy \ So, we must estimate the probability
that the two non-zeros e (i), e2(i) are in rows consistent with the occurrence of S. Because
i € Ip and B occurs, we know from Lemma [3 that e;(i), e2(i) € I, for some u € {0, 1}*.
For S to occur, we require that zero or two of e;(i), e2(7) fall in S,,, an event of conditional

probability (1 — 54 /hu)? + (Su/ha)?.
Let E,, denote the number of non-zero pairs from Ig \ Sp falling in 7,,. Then the conditional
probability that the non-zeros of Iy \ Sp are consistent with S is given by

Py Doy

u

2\ Pu
P(lo \ So is consistent S | B) = E H (1 — 9% 4o (8—u) ) . (32)

Given B, we see that FE, is distributed as Bin(hg — so, p(u,u)), and has expectation

h2 ho

E(Ey) = (ho - =
) = o = o) o ™
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By Lemma [[1] we can assume that hg ~ N = n/2*. The Chernoff bounds imply that E,, is
concentrated around its mean (hg — so)p(u,w). Thus,

9 < n?3  with probability at least 1 — e~/ (33)

Going back to (32)) and using (33)) gives

P(1p \ So is consistent with the occurrence of S | B) ~

2Su N/2* Su k—1
H<1_W) ~ exp _2Z§ =% (34)

u

Case 2: 1€ [, \ S, x #0. Given B, and i € I, we know from Lemma [I3 that the non-
zeros e1(i), ez (i) of column i lie in I, I, respectively, for some u € {0, 1}*. The probability
of this is p(u,x + w). The number E,(u,x + u) of such pairs of non-zeros in I, I, has
distribution Bin((hy — s)p(u, T + u)), and expectation asymptotic to (hg — sz)/2871.

The rows of Sy,...,S5,, have to be zero-sum in this column, so either exactly one non-
zero falls in some S; 4, S ztu for some 1 < j < m or exactly one non-zero falls in some
Iy \ Su, Ipiw \ Seiw. The conditional probability of this is

m Er(u,z+u)
SiwS; hy — Su h -5
P u. T u :E 7,u 2j,x+u u u x+u r+u
( ’ - ) <; hu hm—l—u * hu hm—l—u

m (N—sg)/2F1
N Z SjuSjaxtu i N — Su N — Sxtu
N? N N

J=1

o o~ (utsera) /251

For a given x there are 2¥~! unordered pairs S, Sgiu, SO

1 —1
P(I \ Sz is consistent with §) ~ exp ¢ ——— Z (Su+ o) p =€ (35)

9k—1
{u,z+u}

Note that, in the sum in (B5]) sy + Sgie and Sgi + Su, contribute as one term. Thus

P(I, \ Sy is consistent with S, Vi # 0) ~ e~ ~1s/2"" (36)
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Case 3: i € S;, C I, © # 0. Suppose that the pair e;(i), e2(d) fall in I,,, I,,4,. For
it € S &, one non-zero needs to be in S;, and the other to completely avoid S. Let v = z+u.
The probability this happens is

1 Sjwhy — Su  Sjwhy — Sy

The events {u,x + u} are disjoint and are an exhaustive dissection of S;. For a given
i € S}z, the probability p(7, j) of success is

.. ]_ 8'7’U,N_81) S’,’UN_su
plij)= Y, Plwwtaz)~ o ) (JW R )

{u,u+x} u,v=r+u

i (0(2)): 9

Every column of S}, has to succeed or some S; is not a small zero-sum set. Thus

P(S;,» succeeds) ~ <Sj(1 ;;(j/zv))) :

As Y ..o 8jx = Sj — Sj0, the above allows us to calculate

]P)(Sj@ succeeds Va 7£ 0) ~ (N;i_l)s]‘—sj,o . (39)

Case 4: 1 € S C Ip. In the case that x = 0, and S; o C Io, the non-zeros in a column of
S;.0 must both fall in the same index set I,,; one in S;,, and one in I, \ Sj,. Thus P(u,u) is
now summed over all I,,, a total of 2% such sets. For i € S}, the probability p(i) of success

1s
o Sisu ulN — Sju S; w
= 3 P~ X (255 ) ~ i (00 (3)
{u,u}
The final term is the same as in (38), and we obtain

P(S; 0 succeeds) ~ <i)8m (40)

Nok—1
Using (34)), (36), (39) and (0), we obtain
i ok _ sklskfl - 2s; sj_s
s (C) RN

Applying (8)) to the right hand side of (1) completes the proof of P(S | B) ~ P(S). To
replace § by §* the conditional probability that S; is fundamental is obtained by multiplying
by ks, of ([@). This completes the proof of the lemma. O
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We can now use inclusion-exclusion to prove the following lemma.

Lemma 17. Let Y, be the event that there are exactly o disjoint small fundamental depen-

dencies. Then,
¢%€_¢R
T P(%,).

P(Xs | B) ~

Proof. Let s = s+ ---+ sy, then

1 . 1 X
=g > X P(ﬂs ) a2 X P(ﬁ5>
1<81,..,80<w \S \—sle 1<s1,...8¢<w \S ‘_SZZ

AAAAAAAA

1 n 25\ 1
_ 91 —2s; ~ —251
/) Z (Sl,...,SE,n—S)H<n) AT 5
1<81,..,80<w i=1 1<s1,...80<w i=1
L ey N o
e °)* R
i (Z ; “s) ~
s=1
The first approximation follows from Lemma [I6] and the second from (g]), ().
Using Inclusion-Exclusion, we have
p(s, 1 8) = Y1) () Sy () e o
0 (>0 g Z (>0 o) o!
Lemma [ gives the unconditional probability. O

Let X}, count the number of simple k-sequences as in Lemma [141

Lemma 18. If o = O(1) then E (X} | ¥,) ~ 1.
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)

P(B (N1
LE () 2, S (s

L—l..e

P(B o\ 1
< E () 5, S (0]

L—l . .,e

7 Joint distribution of small and large dependencies

7.1 P,(0,d): the case of no small fundamental dependencies.

Let P,(0,d) be the probability that M € M (n) has no small fundamental dependencies and
the maximum number of large simple dependencies is d. Let m(d) be given by (2)). The
purpose of this section is to prove the following.

Po(0,d) ~ m(d) e?. (42)

Let V' be the vector space generated by the dependencies. Let £, be the event that the
dimension of V' is A. Let

p(0,A) =P(Zg A Ly) and p(0) = P(%).

Lemma 19. For 0 < X = 0O(1), p(0,\) ~ P(0,\) where P(0,\) = 7()\) e™?.
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Proof. For 0 < k = O(1), we have from Lemma [I§ that

LB (X, | ) =SB (X | S 4 £y) x A0

2 (0] (43)

Let H be the event that there exists a set of dependent rows H where w < |H| ¢ J;. Then
we have

E(Xy|20ALy) =EXg | Lo, \CANH)P(=H) + E (Xy, | 3o ALy AH)P(H)

k—1

~ ]2 -2). (44)

1=0

Justification for ([@)): Given Yy A £y A —=H there are 2* vectors in V. Choosing i members
of a simple sequence generates a subspace of dimension 7, and we eliminate 2¢ vectors from

consideration as the next member of the sequence. Given —H the number of simple sequences
is given by the RHS of (@4)). Equation (@4]) then follows from P(H) = o(1).

It follows from (44)) that for A > 0,

—29). (45)

A=k i:O
The asymptotic solution of (45) is given by the following lemma.
Lemma 20. For \ > 0, the solutions to

o0

1—ZqAH — 2% k> 0. (46)

A=k =0
are given by gy = 7(A) of ([@).

Proof. Gaussian coefficients are defined as

AR e -

Using ([@T) with z = 2, equation (46]) can be rewritten as

1 =20 f[ —1)2%{2}2. (48)

i=1
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Put ¢, =1/ (2(5) Hle(Qi - 1)), we see that g, is the solution to
= [\
Z el = U, k = 0. (49)
- 2
A=k
Fix § > 0, multiply equation k£ > ¢ in (49) by (—1)’“_52(k56) [?]2, and sum these equations
over k > 0. This gives

i(—l)’“‘éz(kza) m = i i(—l)’f—‘s m 22(1“2“) m » (50)

k=3 k=5 A=k

R
k=6 A=k -T2 2
=N DY A= 8] (e

=S |5 e e T 2 (51
)\:6|~52 k=3 k=oly

= s (52)

Explanation: (5I)) to (52): Gaussian coefficients satisfy the identity
1+ 2)(1+z22)(1+2""2) = Z "), (53)
E 4

=0
To prove the last summation on the right hand side of (&l is zero for A > ¢, use (B3) with
I3
w=—1,2=2=k—dand r = X — 6. This gives 0= [";°],2)(=1)f = 0 for A > 4.
For z < 1, taking the limit of (53) gives

2

G
g(1+zz) :;—Hle(l 5 (54)
Replacing ¢ by A in equation (B0), we see that the solution ¢, to (44 is
o0 (—1)k22("2") =)
n ,; im0 (@ = DI - 1)

(%)Az > (1) (%)(5) (%)(HA)Z
) | (55)
I (1 — (%)Z> ; -, (1 _ (%)Z) 55
1) s (12 6)
: <§) Ia (- 0)) T (56)



where 7(A) is given in ([2). To get from (BI) to (B6), use (B4) with z = 1/2 and =z =

(—1/27M1), O]
The p(0,\) only satisfy (4€]) asymptotically and so to prove the lemma, we show that for
large K,
d p<e, (57)
A>K
o>0
where € > 0 is arbitrarily small. Now,
k-1 k-1 1 1
A oiy _ okA kX k—1)X
[J2*—2)=2 H(l—QH)zz (1— 2H>22< A,
i=0 i=0 i=0

It follows that
Z 0 S 2—K(K—1).

A>K
o>0

Thus (B7) holds if K > /2log, 1/e. O

7.2 P,(1,d): the case of one small fundamental dependency.

Introduce the notation P, ([m,d]) for the probability that M € M (n) has exactly m small
fundamental dependencies and the maximum number of large simple dependencies is d. Thus
there are small dependencies Dy, ..., D,, and (not necessarily unique) large dependencies

By, ..., By corresponding to M having a null space of dimension m + d. In the case m = 0,
it follows from ([@2) that P,(0,d) ~ n(d) e=?.

Before considering P,(m, d), we explain the basic principle by deriving P, (1, d). The general
case will follow from the recursive application of this.

Let M € M([n]) and let L be a fixed set of rows, |L| = ¢. We write

(S R
v=(T )
Here Spis { x ¢, Ris ¢ x (n—{), C'is (n — ¢) x £ and M’ has rows and columns indexed by
[n] — L.

The event R = 0, is dependent only on the columns of [n] — L in M. Provided ¢ = o(n'/?),

R = 0 has probability
/ 2(n—2)
P(R=0)= (1 - —) ~e %,

n
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Given R = 0, M’ is a uar element of M ([n] — L). This follows directly from the fact that
M is a uar element of M ([n]). Each column of M has 2 random entries, and these are not

in the rows of L. At this point
Sp 0
M = ( CL ! ) : (58)

The event Dj, that within the columns of L the sub-matrix S, is the vertex-edge incidence
matrix of a connected random mapping Dy, is independent of what happens in the columns
of [n] — L in M. Each column of the sub-matrix C' has one uar entry, is (see Section 2) and

we have ,
20 ¢ —1)!
o~ <_) ! Z )

n
The probability P,_(0,k) ~ e ®m(k) that M’ has no small dependencies and k large
ones is given by (42)) above. Let P*(j, k;1) be the probability that exactly j of the k large
dependencies of M’ remain as dependencies after adding back the sub-matrix C'. To maintain

continuity of exposition, the analysis of this event is deferred until Section [T.4. Equation
([@3]) of Section [[4 with m = 1, gives

1 J 1 J+1
P(j,5;1) = (5) and P*(J}j+1;1):1_(§) ,

Oy.

Let
P.(1,7,L) = P(M has 1 small fundamental dependency L and j large dependencies),
Thus using ([42), and the above

P,(1,5,L) ~ (%)Z (0 —Dlog-e7.e7? (W(j) @)j +7(j+1) (1 — (%)M)) . (59)

The probability that L is dependent, but R # 0 is O(¢£?/n). The events that L is the unique
fundamental dependency are exclusive and exhaustive, so P([1, j]) is the sum of these. Thus,
summing (59) over L for L # () gives

PL(L )~ gt (W(j) G)J +a(j+1) <1 . @)jﬂ)) .

7.3 The general case of null(M) = d, with m small fundamental
dependencies

The matrix M’ in (G8)) is a uar element of M ([n] — L), and we can repeat the above con-
struction with M’ instead of M. We remove a set of columns L’ and conditional on R’ = 0,
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the sub-matrix M” is a uar element of M ([n] — L — L’). In this way we can obtain the
probability P([2, j]) of two small and j large dependencies, and so on.

To systematize this, let My = M, Ly = L, Ry = R,ng = n,¢y = |L| and let M1 = M',ny =
ng — lo. Thus, My is a uar element of M (no) and with some relabelling of [n] — L, M; is a
uar element of M (n,), etc.

In this way, we remove a sequence (Lg, Ly, ..., L,,—1) of column sets, of total size at most
mw. As n — mw ~ n, equation (42)) holds in M (n,,) with the same asymptotic probability.
Taking the subspace M ([0, k], n,,) of M (n,,), we work back to the subspace of M with small
fundamental dependencies Ly, ..., L,, and j < k large dependencies, and thus to P,(m, j]),
the probability of M ([m, j],n).

Summarizing, we have

26.)&' .uwﬁ (61)

05

J

| (%)mn(m—r) ZHZI (1 ) (%);> | )

P (0,k) ~ e m(k). (63)

J
PHjj +rim) ~ [

The last line is ([@2]). For continuity of exposition, the proof of (62) is deferred until Theorem
2I]in Section [7.4] below.

The dependency of probability in (62)) on the sizes {; < w,j = 0,...,m — 1, is hidden in
the (14 o(1)) term in the asymptotic notation. We multiply (60) by (&1I]), and sum over all
distinct sets of removed columns (Lo, ..., L,,—1), and noting that each entry is repeated m
times in such sequences, we obtain a quantity W(m) given by

R S .”,gm_l) H AU =010

T 0>1 b=Lo+- Al

Y Y e

’z>1z Lo+ +Lm—1 j=0
¢m

m!’
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Thus, multiplying ¥(m) by (62) and (63), and summing over k > j large dependencies,

N A N o
Pa(m,j) ~ —e O w(G )P+ rm)

r=0
¢m ¢ m . m 1 (J+r)(m—r) htr 1 J
~ e ;7‘(‘(]—}—7“){ - L<§) jzlgrl 1- (5) : (64)

Finally, the probability that null(M) = d is

P(null(M) =d) = i P,(m,d —m),

m=0

which completes the proof of Theorem [Il

7.4 Going back from M’ to M. Change in dimension of null space.

St
cC M

Theorem 21. Suppose that the (n — L) x (n — L) sub-matriz M’ of M has no small depen-
dencies, and k large simple dependencies, and the L x L sub-matriz S;, of M has m small
fundamental dependencies of total size L. For k = h 4+ r, where 0 < r < m, the probability
the maximum number of large simple dependencies in M is h, is asymptotic to

runcem =[] (@) e

Before proceeding with the proof of Theorem 2I] we give an outline of the proof structure.
Each column of the sub-matrix C has a unique random non-zero entry in the rows of M’.
On average about /2 of these non-zeros fall in the rows of any large dependency B of M.
To extend B to a dependency A of M, we may need to include some rows of Sp in A to
cancel any non-zeros of C' which fall in the rows of B.

Thus in general ANL # (), and some rows of A have been deleted to give B. If M’ has k large
dependencies By, ..., By, then any extension of these sets needs to preserve and extend the
intersection structure I, x € {0,1}* in M’ to M. If j < k of the sets B; extend successfully
then the final intersection structure will be given by I,y € {0,1}/. The interaction of this
structure with L is the one described in Section [f] and summarized by (41). The extensions
are not unique. If A is a large dependency, and L is small, then AAL is large. It was exactly
this problem which obliged us to construct our proofs in this way.

Write M = ( ) as given in (58)). In this section we prove the following theorem.
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Proof of Theorem [21]

Suppose M’ has k large dependencies By, ..., B, but no small dependencies. In this case
there is a well defined vector space of dimension k spanned by By, ..., Bi. Assume the m
small dependencies D;,j = 0,...,m — 1 occupy the first L columns. The matrix M can be
written as follows.

Dy 0 0 0 0
Co1 D, 0 0 0
M- C?’Q C'Lg D.g 0 0
: : : . 0 0
Com-1 Cim-1 Com—1 -+ Dpy 0
CO,m C(1,m C12,m e Cm—l,m M/

Let |D;| = £; where L = (bp+- - -+{p—1), and nj = n—(lo+- - -+£;_1). Each (n;—¢;) x{; sub-
matrix Cj = (C} 11, ...,Cjm)" has exactly one random one in each column. The probability
any of these ones fall in any C;; where j+1 <i<m—1for j =0,...,m—11is O(w?/n).
Conditional on this not occurring, the non-zero entry in each column is u.a.r. inn’ =n — L.
Tidying up, and writing C} = C} ,, we have

Dy 0 0 0 0
0 Dy 0 -~ 0 0 b0

M= :© + =~ 0 0 = (CM,)- (66)
0O 0 0 -+ Dy 0
Gy C1 Gy oo Oy M

Assuming the above structure for M, write B; ¢ D,, and say the rows B; agree with Dy, if
there exists a set of row indices J;,, a subset of the row indices of D;, such that the rows
B; U Jj ; are zero sum in the columns of D,. Otherwise we say B; is inconsistent on Dy, as
Bj cannot be extended to a large dependency in M.

For i € D,, column ¢ has a unit entry in row ¢, and if the random unit entries are in rows
t,t', we use the notation e, (i) =t € Dy, es(i) =t ¢ D,. Let Hg be the set of column indices
associated with the vertices of the cycle in D;.

Given a maximal simple sequence (B, ..., By), let Q@ = Q(k) be the k-dimensional vec-
tor space generated by the first k rows of the K" x K matrix U, the rows corresponding to
By, ..., By; see Section[l For a given D with cycle vertices H, let :)32(]) = 1{es(i) € R({;), i € H}
be the indicator that ey (i) of vertex i falls in the rows of the index set [, j =1,..., K = 2F—1
obtained from the dissection of (B, ..., By) in M'. Let p; = > . 4 a:gj) and p the K-vector
of parities of the index set rows.
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Let T'= {y : Uy = 0} be the set of parity vectors which agree with all of By, ..., By, and
S={w e Q:w-p=0} be the rows of U which agree with a given parity vector p.

Depending on p, the dimension of @ is either reduced by zero or one by the small dependency
D. The set D agrees with (B, ..., By) iff p € T..

Lemma 22. (a) B; o D if and only if | {i € H : es(i) € B;}| is even.

(b) If pe T then S = Q and (By, ..., By) agree with D.
If p ¢ T then |S| = |Q|/2, and there is a basis of S of dimension k — 1 corresponding to
a mazimal simple sequence (B, ..., By,_,) which agrees with D.

(¢) Let B; = Bj o D. Suppose that Y C [j] is arbitrary. Then
]P)(B]'_H | BZ,Z c YV, _'Bi,i ¢ Y) ~ ]P)(B]'_H) ~ 1/2

Thus the occurrence of Bji1 is asymptotically independent of the occurrence or non-
occurrence of the events By, By, ..., B;. It follows that P(p € T) = P(By - - - By) ~ 1/2F.

Proof. (a) Suppose the vertices of the cycle of D = D, are labelled 1,...,¢, with edges
(1,2),...,(¢ = 1,0),(¢,1). Let (i,i + 1) be such an edge, where i,i +1 € D, and thus
i+ 1 =e1(i). Then let z; = 1 if ey(i) € Bj. We introduce variables y;, z;,i = 1,2,...,¢,
which will be used to define the index set of rows J; ,, if this is possible. We interpret y; = 1
to mean ¢ € J, s and z; = 1 to mean that e,(i) € J, 5. For B; U J;, to be a dependency we
need z; +y; + z;, = 0 for : = 1,2, ..., £. For consistency we need y;;1 = z; fort =1,2,... ¢
where 9,11 = y;. This leads to the equations y; + y;21 = z;,¢ = 1,2, ..., ¢. These equations
are feasible if and only if

Ty +xo+ -+, =0. (67)

If (€7) holds there are exactly two possible choices for the y;. Choosing an arbitrary value
in {0, 1} for y;, determines y;,7 =2, ..., ¢ and thus J;, = {i : y; = 1}.

Figure 1: Example: Cycle (1,2,3,4) with labelling. The edges (i,e1(i)) are drawn solid,
and edges (7, e5(7)) dashed.
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We deal with the attached trees by working backwards from the cycle to the leaves. Suppose
that vertex 7 is not in the cycle and that the values x;,y;, z; have been determined for its
parent j its tree. We are forced to take z; = y; and then y; is determined from x; +y; +2; = 0.
Each time we find that y; = 1, we add ¢ to J, ;.

(b)Let 21,22 € Q\S then (z1+ 2z3)-p =0s0 z; +5 = 25+ .5; the subgroup S has only one
non-trivial coset in the group Q. Thus |S| = |Q|/2, the dimension of S is £’ = k — 1, and
some k' rows of S form a basis for the reduced matrix U’ = S.

(c) Let P = (FPo, P, P, ..., Py_q) be the partition of [n — L] induced by By, Bs, ..., B;.
Each part of the partition contains ~ n/2/ rows. The occurrence of B;,i € Y, —B;,i ¢ Y is
determined by the the allocation of the es(i) into each part. As such, if es(i) lies in some
part P,, 1 <t < 2/, then it is distributed uniformly over P,. Each part of P corresponds
to an index w € {0,1}. The introduction of Bj;; splits each P; into two parts with index
sets (w,0), (w,1) of asymptotically equal size. If es(i) lies in P;, in one “half” we will have
x; = 0 and in the other “half” we will have x; = 1, where x; is computed with respect to
Bjy. It follows that (67) holds with probability ~ 1/2.

O

Proof of Theorem 211

For convenience, let k = h+r, then by Lemma22(b), 0 < r < m. For a small dependency D;,
1=1,....,m, let s; = 1 if at least one of the remaining 1 < k&’ < k simple large dependencies
(Bj, ..., By,) is inconsistent on D;, thus reducing &’ to &’ —1; and s; = 0 otherwise. By Lemma
B2(c), P(s; = 0) ~ 1/2~".

Let S, = {s € {0,1}™ : Y>> s; = r} be those sequences s with r unit entries. Let
d(s) = (do, dy, ..., d,) where d; is the number of zeroes between the j-th and j + 1-th unit
entry of s; and thus ) d; = m — r. The probability of a given sequence s is asymptotic to

pr(s) where
o) Tl )

j=0 7=0

m—r) r—1
oty (LY )H -
2k )

To obtain P*(h,h + r;m), we need to sum p,(s) over s € S,.

The polynomial [ T } =l (q:i)i')',(,t,]g:;;l)a is the number of r-dimensional subspaces of m-
q

dimensional space over GF'(q), and thus enumerates the number of r x m matrices over
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GF(q) with no zero rows which are in reduced echelon form. As a consequence of this, it
is also the generating function for the total number of inversions, i(s), in sequences s € S,.,
(see [14], Chapter 3.4.5). An inversion in a 0 — 1 sequence s, is a pair (1,0) contained in s,

and i(s) = Y 7_; jd;. Thus,

2 8

sESy
d(s)=(dg,d1 s---,dr)

Using (68)) with ¢ = 2, we obtain P*(h,h + r;m) as in (65]) from,

seo=[7], 67 L(-6))

8 Further comments: Rank over GF(t), and GF(2) for
r > 2 s =2 3: Proof of Theorem

8.1 Rank over GF(2) for r >2,s=2,3
Case r = 2,5 = 2. An n X 2n matrix of this type has even column sum and row rank
n*=n—1w.h.p.

Borrowing from [IT] Theorem 16.5, for r = 1, the expected number of fundamental zero-sum
sets of size £ is

n\ (0—=1\'/n—1—0\"" ‘ e
_ ' l—k—1 _ -
ex- (1) (555) (20t e v e

=2 7=0

MM

As the last sum tends to e/2 we have E X, < 1/¢. If L is zero-sum, so is [n] — L. For r = 2
the total expected number of /-dependencies, 2 < ¢ < n — 2 is at most

n/2 n/2

iy (i 3] <13 (5 )i=o(w)

Case r = 2,5 = 3. It follows from the proofs that an n x 2n matrix of this type has full
row rank w.h.p., as the 'second matrix’ cancels the constant number of dependencies in the
first (if any).



8.2 Rank over GF(t), t > 2: Proof of Theorem 4

The proof of Theorem [l is greatly simplified by the w.h.p. lack of large dependencies.

Case I: The sum of all rows. Let W(M) be an indicator that >  r; = 0, (i.e., that
the rows of M sum to zero). Then with arithmetic over GF(t),

ETW — O fifiasd)” . Model 1, 2
— (Zz’+j+k=0 fzfgfk) Model 3

Thus unless t = 3 and f; =1 (Model 1), EW — 0 as n — oo.

Case II: The sum of / rows. Let L be a set of row indices of size £. For a given column
1 where ¢ € L, for the rows of L to be dependent, one of two events must occur. Either
there is a unique random entry in the rows of L which cancels the entry M, ; in row ¢ (Model
2, v = fi_1; Model 3, v = > fifi—i). Or there are 3 entries in the column which sum to
zero (Model 2, a = 3 fifi—i—1; Model 3, o = >, ..y fifjfx). For a column i, where
i € [n] — L there must either be no random entries, or two random entries adding to zero,
with probability 5 =>" f; fi—;. Thus

n 0 (n—1t AN\ (LN -\
ox= (1) (20 () = (1)) (G () - @
l n n n n n
The sum of ¢ rows, ¢ < w.
From (69) above, using the methods of Section 2 we find EY} is given by

(270)* o2

0! '
Extracting the moments of the fundamental dependencies Z from E Y, as in Section [2] gives
¢4, as given by ().

The sum of ¢ rows, w < ¢ = o(n).
As 8,7 <1 then > E X/, — 0. This follows by comparison with the analysis in Section B

EY, ~

The sum of ¢ rows, ¢ = cn.
Let ¢ = cn, then

= o0 (g et B ent)
:O(l) (DcGl—c)n .
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Model 1: For GF(3), v =0,a = 1, and D°G' ¢ = ¢°(1 — ¢)'™¢ < 1, and thus E X, — 0.

Model 2, 3: We prove that, provided 1 > 27y > «, then D(c) < 1, G(c) < 1 for ¢ € (0,1),
and thus E X, — 0.

Firstly D(0) = 2y < 1, and D(c¢) = 2y — (27 — a)c which is monotone non-increasing in c.
Secondly G(0) =1, G(1) = 1,and G'(¢) =0at c = 1+£+/B/(B+1). Letc=1—+/8/(8 + 1),
then G(¢) =2/B(B+ 1) —28. As 2/B(B+1) — 20 < 1, G(c) is a minimum at ¢.

9 Appendix. Converting between the with and with-
out replacement models

9.1 EY, for ¢/ small.

Regarding (72]), let

= () () (52))
ey (- e))

" ((n ib)n (1 -5 lfif—é)@ 2)

Then

However

() =avousme <70>
and for ¢ = o(n)
e N ()

which proves equivalence as A ~ 1.

E X, for ¢ large. Note from (7)) that B is less than one for any feasible ¢, and if ¢ =
(n/2)(1 +o(1) then B = (1+ O(1/n))e2. Also for any ¢ — oo,

(-1 = () (6_71) = (L+0(1/0)(0) e
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E (X)y for ¢ ~n/2. Referring to (25)), in the with-replacement model we have

ho
P By ha\”
z#0 {u,v} u
utv=x
The equivalent to ®(h, k) in the without-replacement model is
o h
huho  (he — 1)ho (ho — 1), (ha)2 ’
vk =[][2] > + <7+Z
2#0 e (r=1 = (n =1 (=1, =\ =1
n2 )n ( h() )hm< Z hu+2h0—2)ho
—o(h, k) [ ——— 1— ] —
0 (G, 1L~ s, ST
=®(h, k) - C.

As by = (14 0(1))n/2F, and (1 — ho/ S huhe)™ ~ e72/2" we have

H 1— ho e -~ (6—2/2k)2k—1 _ e—2+1/2k*1
> hahe ’

x#0

and

h n/2k

1_Zuhu+2h0—2 " 1_2’€+2 gy
> hZ n

Combining this with (70) gives

—_ kE—1 _q_ k—1
O~ Be 2128 m1-1/2b 7

9.2 Without replacement

Let S = {2 < /¢ < w} where w — oo slowly with n. For ¢ € S, let Y,(M) be the number of
index sets of zero-sum rows of size ¢ in M. Similarly to (8]

w=() () (%) () e

Assuming that ¢ = o(y/n) then

=D oy 4 (1),

EY, = /!
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If L is zero-sum then the sub-matrix My ;, is the incidence matrix of a random functional
digraph Dy with no fixed points, in which case there are ¢ — 1 off-diagonal entries in any
column of My, 1, and we exclude cycles of size one. The probability that the underlying graph
of Dy, is connected is

— 1) J
P(Dy connected) = (£-1) Z E—
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