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1 Introduction

We consider the problem of domain approximation in finite element methods for Maxwell’s equa-
tions on curved domains, i.e., when affine or polynomial meshes fail to cover the domain of interest
exactly, forcing to approximate the domain by a sequence of (potentially curved) polyhedra arising
from inexact meshes. In particular, we aim at finding conditions on the quality of these approxi-
mations that ensure convergence rates of the discrete solutions—in the approximate domains—to
the continuous one in the original domain. This analysis is classical in the context of the Laplace
equation [I5] but has not been studied in the Maxwell case. In [4], we showed the effects of
numerical integration on the convergence of the curl-conforming finite element method (FEM)
for Maxwell variational problems and found necessary conditions on quadrature rules to ensure
error convergence rates both in affine and curved meshes. However, we discarded the error terms
associated with domain mesh approximation.

When approximating solutions to variational problems on a given original domain by solutions
to analogous problems on approzimate (computational) domains, the choice of error measure is
not straightforward as approximate and exact solutions do not share the same domain. Indeed,
several choices for error measures can be considered: comparisons between extensions of continuous
or discrete solutions to a hold-all domain [9, [10] [I5, 41]; mismatch measured at the intersection
between the original and computational domains [27], [38], (23] 40} [42]; mapping of solutions from
computational to the original domains or vice-versa [3| [19, 28]; and finally, in [I4] [I7] the error is
measured in a Hilbert space common to solutions on the approximate and original domains.

In the present note, our main results are condensed in theorems [£.18] [£.20, 5.8 and [5.9)in which
we estimate the convergence of Maxwell solutions in a series of approximate domains {D;};cn to
the continuous solution in a given original domain—denoted D, and approximated by the sequence
{D;}ien—in two different ways. Following [28], theorem estimates the error through curl-
conforming pull-backs mapping fields in approximate domains {]Si}ieN to fields in the original
one D (cf. [25, Sec. 2.5]). Alternatively, and in the spirit of [I5], theorem bounds the error
of approximate solutions to an extension of the solution in the original domain D, allowing for
its evaluation in each approximate domain in the sequence even though one can not ensure that
f)i C D for any i € N without additional assumptions. Then, theorems and correspond
to discrete analogues to theorems and respectively. Moreover, our findings allow for a
straightforward combination with our earlier results in [4], and so theorems and corre-
spond to fully discrete versions of theorems and respectively, by incorporating the effects
of numerical integration on error convergence rates.

The structure of the manuscript is as follows. In section [2] we set notation and introduce the
Maxwell variational problems considered throughout, as well as basic parameter and overarching
assumptions. In section [3] we introduce finite elements on curved meshes as in [15] and introduce



elementary results concerning the continuity and approximation properties of the classical curl-
conforming interpolation operator (see [30, Sec. 5.5]). Section {4 introduces the issue of solving
Maxwell variational problems on approximate domains at the continuous level; a viewpoint which
is then directly applied to the discrete level in section[§] Then, section[f]displays a simple numerical
example confirming our findings followed by concluding remarks in Section [} Appendices provide
proofs of various technical lemmas and results.

2 General definitions and Maxwell problem statement

2.1 General notation

Set 2 = /—1. For d € N, we denote the canonical vectors in R? as {e;}%; and the inner product
between two elements x and y in R? is written x-y. Let Q be an open bounded Lipschitz domain
in RY with boundary 9Q. For m € Ny := N U {0}, C™(Q2) denotes the set of complex-valued
functions with m-continuous derivatives on €, while CJ*(€2) is the subset of elements in C™(f2)
with compact support in 2. Infinitely smooth functions with compact support in € belong to
D(Q) == o CT(Q). For k € Ny and ¢ € N, P;(Q; C?) is the space of polynomials of degree
less than or equal to k from 2 to CY. ﬁ’k(Q; CY) denotes the space of homogeneous polynomials
of degree k from Q to C?. For p > 1 and s € R, LP(Q) and WP*(Q) are the class of p-integrable
functions on €2 and the standard Sobolev spaces of order s, respectively. If p = 2, we employ the
standard notation H*(Q) := W24(Q).

Norms and semi-norms over a general Banach space Y are indicated by subscripts. However,
the norm and semi-norm of H*(2) will be written as ||-||s,o and ||, ¢, respectively. The topological
dual of the Banach space Y will be denoted as Y”. For a Hilbert space X, we write its inner product
as (-, )y, and its duality pairing as (-, ) x'xx. Again, we make an exception for H*(Q2) and write
its inner and duality products as (-, -)S,Q, and (-,)s,0, respectively. These are understood in the
sesquilinear sense.

General scalar-valued functions and function spaces are differentiated from their vector-valued
counterparts by the use of boldface symbols for the latter. Components of vector-valued functions
are identified by subscript, e.g., Vo = V - e5. For a square matrix A € C"*", with n € N, we
denote its induced matrix norm by ||A||cnxn, its determinant by det(A), its transpose by AT, its
cofactor matrix by A® and its inverse by A~! = det(A)_lA°°7 when invertible. The Jacobian
matrix of a differentiable function U : R® — C" is dU : R® — C"*". Moreover, | : C* — C™ is
the identity map while I € R™*™ denotes the identity matrix, so that d1 =1.

Finally, norms of vector-valued functions in W?-#(Q), for p > 1 and s € R, are computed as

the p-sum of the W?*(Q2)-norms of their components, e.g., ||U||€VP,S(Q) = Z‘j:lHUngVp,S(Q) for
p € [1,00) and the customary modification when p = co. Norms for matrix-valued functions are
computed analogously. For a multi-index o = (v, ...,aq)" € N4, we write |a| = Z?:l o; and
x* = [[i, x. For n € N, we write the set of integers {1,2,3,...,n} as {1:n}

2.2 Functional spaces

Let Q be an open and bounded Lipschitz domain in R3. We introduce the following functional
spaces of vector-valued functions:

H(curl; Q) := {U € L*(Q) : curlU e L*(Q)},
H(curlcurl; Q) := {U € H(curl; Q) : curlcurlU € L*(Q)},

together with the inner product on H(curl; Q):

(U’ V)H(curl;ﬂ) = (U7 V)O,Q + (Curl U7 curl V)O,Q ’



so that H (curl; Q) is Hilbert [30, Sec. 3.5.3]. For s > 0, let us define the scale of smooth spaces
[30, Sec. 3.5.3] useful to characterize the regularity of Maxwell solutions:

H?(curl;Q):={U e H(Q) : curlU € H*(Q)},
with norm and semi-norm given by
3 2 2\ 2
Ul &2+ (curti) :== (||CUI'1U||§,Q + U 39)2 ) |U‘H5(curl;Q) = <|Cur1U|s,Q + |U|S,Q)
We also require appropriate trace spaces [11 [I3, B0]. As in [I1], we introduce two Hilbert spaces

H?(09):={Uxn : Ue H?*Q)},

of tangential vector fields on 92 and their duals:

HE(09):={nx (Uxn) : Ue H}09)},
-4 5 o)) -4 t o)
H *(09) = (H” (aQ)) and H|?(09) == (HL(aQ)) .
where n is the outward unit normal vector on 9. Trace spaces on H (curl; ) are then defined

through first order differential operators on 0f2:
H,2(00) == {U e H, *(09) : divon U € H *(9Q)},
L2(09) = {U € H 2(09) : curlyg U € H3(00)},
where divgg and curlpg are the divergence and scalar curl surface operators, respectively (c¢f. [12]

and [33] Sec. 2.5.6] for detailed definitions). Moreover, it holds that (c¢f. [I2, Thm. 2])

H_5(00) = (Hy! (ag))'.

curl

We define the following trace operators
vp : H(curl; Q) — H~%(09), v+ H(curl; Q) S H? (09Y),
y~ : H(curlcurl; Q) — H;ié (092),

as the unique continuous extensions of their actions on U € C*(Q) given by
wU:=nx (Uly, xn), 7U:=nx Uy, and U:=nx curlUl,,,
dubbed the Dirichlet, flipped Dirichlet trace and Neumann traces, respectively. Range spaces are

characterized as
_1 _1
Im(yp) = H_2(09), Im(ygy) = H,2(09).

Moreover, for U and V € H(curl, 2), the following Green identity holds

(Ua curl V)Q - (CllI‘l U7V)Q = _<VSU;7DV>3Q7

and H;El(aQ) (¢f. [30L Sec. 3] and [11]).

_1
where (-, -)so denotes the duality between H ;;2(09)
The subset of H (curl; Q2)-elements satisfying zero boundary conditions is defined through the

flipped Dirichlet trace as
: 75U = 0on 0Q}.

Hy(curl; Q) := {U € H(curl;Q) :
By continuity of the flipped Dirichlet trace, Hy(curl; Q) is a closed subspace of H (curl; ().



2.3 Maxwell variational problems

Let D C R? be an open, bounded domain with boundary I' := 9D of class C™ for some 9 € N.
For a circular frequency w > 0 and time dependency e**, the time-harmonic Maxwell equations
on D read

curl E + wpH = 0,

(2.1)
weE — curlH = —J,

where E and H belong to H (curl; D) and represent the electric and magnetic fields, respectively.
The magnetic permeability p and electric permittivity € are assumed to be symmetric matrix-
valued functions with coefficients in L°°(D), and J € L?(D) is an imposed current in D.

The system eq. is converted into a second order system for E or H by eliminating the
remaining field, requiring pointwise invertibility assumptions on either € or u depending on the
specific choice. Without loss of generality, we follow [4] and consider the system for the electric
field only, assuming the existence of a pointwise inverse of p. Thus,

1
H=:—p'curlE,
w
from where
curlp 7! curlE — w*E = —w]. (2.2)
The system is completed by imposing boundary conditions on traces of E, e.g.,

YME=gp, or nx(u 'curlE) =gy,

for gp € H2(09) or gy € H_2,(09).

We proceed by considering the system eq. with perfect electric conductor (PEC) boundary

conditions, i.e., homogeneous (flipped) Dirichlet boundary conditions given by 75E = 0. The

associated sesquilinear and antilinear forms on Hy(curl; D) for the Maxwell PEC cavity problem,
respectively, are

®(U,V) ::/

pleurlU-curlV —w?eU-Vdx and F(V):= —zw/ J . Vdx, (2.3)
D

D

which are continuous on Hg(curl;D) if we assume ! has coefficients in L>(D). Then, the
problem under consideration reads:

Problem 2.1 (Continuous variational problem). Find E € H(curl; D) such that
(E, V) =F(V),
for all V € Hy(curl; D).

In this work, we are concerned with the approximation of D, the original domain, by compu-
tational domains {D;};en and its consequences on the FEM error convergence rates. Hence, we
take for granted the necessary conditions for the unique solvability of Problem [21]

Assumption 2.2 (Wellposedness). We assume the sesquilinear form ® in (2.3|) satisfies the
following conditions:
‘(I)(U7V)| < ClHU”H(curl;D)HVHH(curl;D) vU, Ve HO(CIII‘I; D)7

sup |2(U, V)| >0 V'V € Hy(curl; D) \ {0},
U€cH(curl;D)\{0}

and

. |®(U, V)|
inf su > (o,
UeH, (curD)\{0} \ ve Hy (cur;D)\{0} || UllE (curt;p) || V| E(cur;D)

for positive constants Cy and Cs.

We denote the unique solution of Problem as E € Hy(curl;D). Lastly, for examples of
problems satisfying Assumption we refer to [5], 2], 29] 30].



3 Curl-conforming finite elements

We begin by introducing the reference tetrahedron from which all meshes will be constructed.

Definition 3.1 (Reference element). We define K as the tetrahedron with vertices 0, e1, es and
es, and refer to it as the reference element or reference tetrahedron.

We also recall our smoothness assumptions on our original domain—stated in section [I}—,
requiring D to be of class C™ for 9 € N.

Assumption 3.2. The bounded domain D is of class C™ for 9 € N.

Assumption [3.2]is required to ensure convergence rates of approximate domains to D built by
polynomial interpolation [28]. We point out that one could easily adjust the following analysis to
piecewise smooth domains.

3.1 Curl-conforming finite element spaces on straight and curved meshes

As in [], we introducq’| TP a family of quasi-uniform straight meshes of D, written TEI_, with
h; >0 for all i € N h; — 0 as ¢ grows to infinity, constructed by straight tetrahedrons and indexed
by their mesh-sizes, i.e., TP = {T}Zi}ieN. Throughout, 7/ denotes an arbitrary mesh in T°. An
arbitrary tetrahedron in any of the meshes of TP is denoted KP, and we assume each tetrahedron
KP to be constructed from K by an affine mapping, denoted Tk» : K — KP. The polyhedral
domain covered by 7} is denoted D} with boundary I'} := dD?}.

Now, for each polyhedral mesh 77 € P, we introduce 75, as the approzimated curved mesh
constructed from 77, in the sense that it shares its nodes with 7/ but is composed of curved
tetrahedrons. As before, we introduce the family of curved meshes as T := {73, }ien.

For a given KP € 7} we refer to the element of 7, that shares its nodes with KP as K and
consider bijective mappings Tk : K — K to be polynomial of degree & € N, with & < 9t and
fixed throughout. Also, we refer to an arbitrary mesh in ¥ by 7, and the domain covered by 73,
by Dy, with boundary I'j, := 9Dy,

Assumption 3.3 (Assumptions on TP and T.). The meshes in TP are assumed to be affine, quasi-
uniform and such that their boundary nodes are located on T' and the polyhedral domains {Dzi}ieN
approzimate D. The family of approximate meshes ¥ is assumed to be R-regular, i.e., for each
K € 1,, the mappings Tx are C3H1-diffeomorphisms that belong to ]P’g([?;R‘ﬂ for some integer
R <M, with M as in Assumption[3.4 Moreover, they satisfy

sup |[d"Tk (x)|| < Cph™ and  sup||d” (Tx') (x)|| < C_p,h™™ Vne{l:8+1}, (3.1)
xef( xeEK

where Cy, and C_,, are positive constants independent from the mesh-size for alln € {1 : R +
1}. Therein, d"Ty is the Fréchet derivative of order n of Tx and |[d"Tk (x)| is the induced
norm, with functional spaces omitted for brevity, and the curved domains {Dp, }ien approzimate
D. Furthermore, we assume that det(dTx(x)) > 0 for all x € K and that there exists some
positive 0 € R, independent of h > 0, such that for all K € 13, it holds that

det(dT (x))

detldTrk (%)) 4 vy v e i,
det(dTx (y)) = Y

1
- <
g S

Our assumptions on TP follow from [I5] and are satisfied by constructions of curved meshes
by polynomial approximations of the domain D (¢f. [28]). Figure [1| displays a 2D example of our
setting.

The sense in which we assume the approximate domains to converge to D will be made clear in
the following section. Note that we have limited the polynomial degree of our approximate domains

IThe superindex p stands for polyhedral.
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(a) Polygonal mesh of D. (b) Curved mesh of D.

Figure 1: Two-dimensional example of a smooth original domain D, with associated straight
(polygonal) and curved meshes, 77 € €5 of D (fig. and 7, € ¥ of D (fig. , together with
respective approximated domains D}, and Dj,. Note that 77 and 73, share same nodes and that

curved edges do not necessarily match the boundary of D.

by the smoothness of D (by imposing £ < 9t where D is of class C™) since no gain is derived from
additional orders of approximation. Moreover, for a multi-index a € N3, Assumption implies
the following estimates:

sup a—TKJ-(X) <chlel and  sup ‘Tgll(x) < Chlol Vie{l:3}, (3.2)
xeK oxe xcK oxe ’
ch® < |det(dTx (x))| < Ch® VxeK, (3.3)

where ¢ and C are positive generic constants—not necessarily equal in each appearance—indepen-
dent of K and the mesh-size. The estimates in follow from norm equivalence over finite-
dimensional spaces and , while follows from by straightforward computation
(¢f. Lemma 8 in [4]).

With the above definitions, we consider finite elements as triples (K, Pk, X ), with K € 7,
Pk a space of polynomials over K and Y := {oF 1=, ny €N, a set of linear functionals acting
on Pk (cf. [30]). Let k € N refer to the polynomial degree of the curl-conforming (Nédélec) finite
element space on the reference tetrahedron K defined as

PS¢ =P, _1(K;C*) @ {p € P,(K,C*) :x-p(x) =0} (3.4)

Finite element spaces on arbitrary tetrahedrons K (straight or curved) are defined via a curl-
conforming pull-back as follows

Pi; == {p : Y% (p) € Pi} where 95 (V) :=dTxg(VoTx). (3.5)

The pull-back in eq. (3.5) defines an isomorphism between H (curl; K) and H (curl; K) and sat-
isfies (cf. |25, Lem. 2.2] and [30])

curl % (V) = dT curl V o Tk.

We refer to [30), Sec. 5.5] for the definition of degrees of freedom for the reference finite element
space in eq. (3.4).The curl-conforming discrete spaces on 75, € T are then constructed as

P¢(r) :=={Vy € Hyo(curl;Dy,) : Vyplgk € P VK e}, (3.6)

where Dy, is the domain covered by 7.

3.2 Curl-conforming interpolation on curved meshes

We now focus on proving continuity and approximation properties for the classical curl-conforming
interpolation operator on curved meshes. We shall denote the reference curl-conforming finite



element by (K , P, X%) and let us introduce {¢>g}gez;{ as the basis of P associated with the
degrees of freedom E;v( so that for any pair of degrees of freedom o, o’ € E‘}(, it holds that

1, ifo=o,
U(¢U’) = . ,
0, ifo#do.
For further details, we refer to [30 Sec. 5.5].

Definition 3.4 (Local interpolation operator). Let s € N. We define the canonical interpolation
operator on K y
7 : H*(curl; K) — P}

as the operator mapping U € H*(curl; R’) to the unique element in P}% having the same degrees
of freedom as U, i.e.,

c
UEER

For any 7, € ¥ and any K € 1, we denote the canonical interpolation operator on K as ri,
mapping U € H*(curl; K) to P§, as follows

| H?(curl; K) — P,
o { U e (u5) " (F 0k (0))
Assumption 3.5. From here onwards, we assume that k < R.
The next results are proven in appendix [B]

Proposition 3.6. Let Assumptions and hold. For K € 7, and U € H*(curl; K) for some
s € {1:k}, one has that

||U - TK(U)HH(curl;K) S ChSHU”HS(curl;K)v
where C' > 0 is independent of K, U and 1, € T.

Proposition 3.7. Let Assumptions and hold. For K € 1, and U € H*(curl; K) with
s € {l:k}, one can show that

”rK(U)”HS(curl;K) < CHU”HS(curl;K)a
where ¢ > 0 is independent of K, U and 1, € ¥.

Definition 3.8 (Global interpolation operator). Let s € N. For all 7, € T define the canonical
interpolation operator on the entire mesh T, as

II, : H*(curl; Dy) — P¢(7,),

i.e., the operator mapping U € H?*(curl;Dy,) to the unique element in P¢(1;,) having the same
degrees of freedom as U element by element:

Hh(U)|K = rK(U) VK € 7.

The global interpolation operator follows [30, Sec. 5.5] and enjoys results analogous to propo-
sitions [3.6] and [3.7] which we omit since we will require more specialized versions later on.



4 Variational problems on approximate domains: continu-
ous problem

We now focus on the solution of Problem on a countable family of domains ® := {ﬁi}ieN
that approximate the original domain D. Specifically, we are interested in computing the rate of
convergence of solutions on each domain D € ® to E in D. Rather than immediately considering
the approximate domains defined by meshes in ¥, we study the problem in a more general setting,
so as to derive conditions on @ transferable to our meshes in T. We will return to our original
discrete problem—identifying D with Dp,—in Section I Moreover, since we are to consider
Problem [2.] for domains in ©, which need not be contained in D, we require the data y, ¢ and
J of Problem [2.I] to have extensions to a hold-all domain, denoted Dy, containing D and each
domain in ®.

Assumption 4.1 (Extension of parameters). There exists an open and bounded Lipschitz domain

Dy, referred to as the hold-all domain, such that D C Dy and DcC Dy for all D € ©. Both
w and € are complex symmetric matriz-valued functions with coefficients in L>°(Dg) and p has
a pointwise inverse (u=') almost everywhere on Dy, with coefficients in L>=°(Dy) as well. The
imposed current J may be extended to Dy so that F in may be extended to Hy(curl;Dy)’.

We consider Hy(curl; D) and Hy(curl; D) to be closed subspaces of H(curl;Dy) by identi-

fying elements in Hy(curl; D) and Hy(curl; D) with their extension by 0 to Dy. We may then
continuously extend the sesquilinear form in eq. (2.3)) as follows:

(U, V) = / p teurlU - curl V — w?eU - Vdx VU,V € Hy(curl; Dy) (4.1)
Du
while the right-hand side F in eq. (2.3) is extended to Hy(curl;Dg)’ by Assumption e.g., by
taking an L?(D g )-extension of J.

Problem 4.2 (Continuous variational problem on inexact domains). Find E € Ho(curl;D) such
that

®(E, V) = F(V),
for all V € Hy(curl; D).

As before, we assume Problem is well posed on each D € D, with uniform constants.

Assumption 4.3 (Wellposedness on D). We assume the sesquilinear form in eq. (4.1)) to satisfy
the following conditions:

|®(U, V)| < 1| U] VU, V € Hy(curl; D),

H(curl;ﬁ) HVHH(curl;f))

sup |®(U, V)| >0 V'V e Hy(curl;D)\ {0},
U€eH,(curl;D)\{0}

and

U,V
inf _ ( sup (0, V)| ) > Cs,
U€eH),(curl;D)\{0} VGHg(curl;B)\{O} H[J-”H((:url;ﬁ) HVHH(CUI’I;B)

for all De D, with positive constants C1 and Co independent off) eD.
Example 4.4. Taking p=' and € in L>(Dg; C3*3) and such that

inf Re (ep(x)7"), xieI}DfH Re (—ee(x)) > a >0

x€Dg
for some 0 € [0,21) and o > 0 is enough to ensure the conditions in Assumption[.3 (cf. [5, 21)).

For general De D, we denote the unique solution of Problem asE € Hy(curl; 15), respec-
tively, E; € Hy(curl;D;) for each i € N.



4.1 On the convergence of domains

We introduce several different notions of convergence of a sequence of domains to a limit, so that
our conditions on the sequence © are clearly defined.

Definition 4.5 (Mosco convergence). We say © approzimates D in the sense of Mosco if the
following conditions hold:

(a) For every U € Hy(curl; D) there exists a sequence {U; }ien, with U; € Hy(curl; D;) for all
i € N, such that U; converges to U strongly in H(curl;Dy).

(b) Weak limits in Hy(curl;Dy) of every sequence {U,}ien satisfying U; € Hy(curl; 151) for
all i € N, belong to Hy(curl; D).

Note that we have identified each U € Ho(curl; D) with its extension by zero to Hy(curl; D).

The notion of Mosco convergence originated in the study of variational inequalities [31] [32]
with applications to partial differential equations found in [14} [I7, [34]. The original definition
of Mosco convergence corresponds to the convergence of the spaces Hy(curl; ]51) to H(curl; D)
rather than to the convergence of the domains f)l to D, but we choose the latter convention since
both are equivalent in our context.

Lemma 4.6. Let Assumptz'ons and@ hold and let E and E; denote the unique solutions
of Problems [2:1) and [{-3 respectively. Assume D approzimates D in the sense of Mosco. Then,
{E;}ien converges to E in H(curl; Dg).

Proof. Let {E;}ien be a sequence as in item @ in definition strongly converging to E in

H(curl;Dg). Then, by Assumption for each ¢ € N there exists V; € Hg(curl;ﬁi), with

HVi”H(curl;AﬁH) = 1, such that

Cy ~ -
7||Ez — EilH(curl;Dy) < ‘(I)(Ez -E;, Vy)

= [F(Vi) — ®(E;, V)], (4.2)

where the positive constant C5 is as in Assumption Moreover, since the sequence {V;}en is
bounded it has a weakly convergent subsequence—still denoted {V;};en—to a limit point V €
Hy(curl; D) due to item in definition so that

lim F(V,) =F(V) and lim ®(E;,V;) = 3(E, V),

i—00 i—00
and the result follows by taking the limit as i grows to infinity in (4.2)). O

Notice that it is not straightforward to derive convergence rates of approximate solutions ]:31 to
E, since we cannot estimate ||E — E;|| g (cur;p,;) in lemma without further assumptions on ®.
However, the notion of Mosco convergence gives minimum conditions to ensure strong convergence
of the approximate solutionsﬂ

Definition 4.7 (Hausdorff convergence). We say D approzimates D in the sense of Hausdor(f if
1—> 00
where dy(-,-) denotes the Hausdorff metric between closed subsets of R?, defined as

dy(Q1,Q) := max{ sup dist(x, Qs), sup dist(y, Ql)} ,
x€0Q yEQ2

for two closed subsets 0y and Qy of R3.

2The conditions in definition are further studied in [I7] and Lemma 2.7 in [I4], for example.




Lemma 4.8 (Lemmas 3 and 4 in [34]). Suppose © approzimates D in the sense of Hausdorff and
that D and all D € ® are Lipschitz continuous domains with uniform Lipschitz constant. Then,
© approzimates D in the sense of Mosco.

lemma, shows that uniform point-wise approximation—together with mild assumptions on
the regularity of D and ®-—implies Mosco convergence, and so it provides us with sufficient—
geometric—conditions that ensure the strong convergence of {E;};cn to E. Still, the notion is too

weak for us to compute meaningful estimates as it gives almost no information on the domains D
in ®. Instead of the previous definitions of convergence of domains, we shall consider the following
(stronger) notion, which appears in [I8, [37] in the context of shape optimization.

Definition 4.9 (Convergence in the sense of transformations). We say © approzimates D in the
sense of transformations of order n € Ny if there exist bijective transformations {T;}ien such that:

T, : Dy — Dy, TZ|5 Zﬁi_>D7 TiaT;1 ewmoo(DH)
Jin [T = Ulywooe (pj) + IT; ! = Hlwroe o) =0

For any transformation T satisfying the previous conditions for a domain De ®, we denote the
associated discrepancy between D and D, subject to the transformation T, as

doD, T) = | T = wnoemy) + 1T = 1w my)-

It is straightforward to see that convergence in the sense of transformations of order zero implies
Hausdorff convergence and that convergence of order one implies, together with the Lipschitz
continuity of D, the results of lemma[d.8] We continue our analysis under the following assumption.

Assumption 4.10 (Assumptions on D). We assume that the countable family © approximates

D in the sense of transformations of order n = 1. Moreover, we assume the respective family of
transformations {T;}ien is such that

dl(DH,TZ‘) <1, dl(DH7T1+1) < dl(DH,Ti), (43)

97 < || det(dTy) || noe (rr)s 1Tl Loo(Dyscexsys AT poo (Dyrscaxsy, < 9, (84

97 < ldet(d(T7 )| oo oy (AT ) [poeyrsesxs)s 1T )7 llpo 0yriesxsy, < 9,

for some ¥ > 1 and for all i € N.
We will further assume, for simplicity, that all determinants det(dT) are positive almost ev-
erywhere on Dy .

Remark 4.11. The conditions in eqs. (4.3)) and (4.4) only restrict the quality of “bad” approwxi-
mations of D, as convergence in the sense of transformations of order one implies

Jim [|det(dT) || Lo (g)s 1A Tl prieaxs)s (AT LoeDyrseaxs) = 1,
. — — — co
Jim [[det (d(T; )|l ), AT poericaxsys AT 7| o (pygicoxsy = 1.

Moreover, by the norm equivalence over finite-dimensional spaces—and some algebra in the last
case— it holds that

AT — I Lo (D), |dT; ! — I Lo yicexsy, [[ATE® = I poo (D c8xs) < Cdi (D, Ty), (4.5)
where C' > 0 is independent of i € N.

As aforementioned, we will assess the quality of the solutions of Problem as approximations
to the solution of Problem R.1]in two different ways:
(a) through isomorphisms ¥; : Hy(curl; D) — Ho(curl;ﬁi) to measure || U,E — Ei”H(curl;ﬁi)

as ¢ grows towards infinity—equivalently, |E — \Ili_lf)iH H(cur;D)—; and,
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(b) through an appropriate extension to Dy of E, allowing us to measure |E — E;|| H( as

curl;ﬁi)
i grows towards infinity.

We now introduce a curl-conforming pull-back that will act as the mentioned isomorphism
between Hy(curl; D) and Hy(curl; D).

Lemma 4.12 (Lemma 2.2 in [25]). For D € @, let T : D — D be a continuous, bijective and
bi- Lipschitz mapping from D to D, so that T € W (D) and T~! € W'*(D). Then, T induces
an isomorphism between Hy(curl; D) and Hy(curl; D), given by

v H(curl; D) — Hy(curl; D)
' U—dT (UoT)
Moreover, it holds that
curl ¥(U) = dT(curl U o T) € L?(D).

Since T and T~! possess analogous properties, the results of lemma hold for T~ as well.
Hence, we shall denote the inverse of the mapping ¥ : Hy(curl;D) — Hy(curl;D) by ¥~ for
which one has

— Hy(curl; D) — Hy(curl; D)
U dT HT(UoT ™Y’
curl U~1(U) = d(T")®(curl U o T € L*(D).

From here onwards, and for general D € D, we refer to the isomorphism introduced in
lemma m as ¥ : Hy(curl; D) — Hy(curl; D)—respectively, ¥; : Hy(curl;D) — Hy(curl;D;)
for each ¢ € N.

Lemma 4.13. Let Assumption[].10 hold. Then, 1the following bounds are satisfied
v U]

< CHUHH(Curl;D) and H\IJ;1VHH(curl;D) < C”VH

H(curl;flsi) - H(curl;Bq;)’

for all U € Hy(curl;D) and all V € Hy(curl;D;), where the positive constant C depends on
¥ > 1 introduced in Assumption but not on i € N.

Proof. Fix i € N and let U € Hy(curl; D). Then, by Assumption one has
U5 = [ UG dx = [T Uo Teo I dx
< /}5 IAT" () [[Z3 [[U © T(x)]|2s dx < 0192/]5 U o T(x)|[2s dx
= Cv? /DHU<X>||(%3 det(d(T; " (x))) dx < C9°||U|[g o,

where the positive constant C follows from the norm equivalence over finite dimensional spaces.
An analogous computation yields

|curl \Ill-UH(QJ,Bi < C9*||curl U3 1.

From where the estimate for ¥; follows straightforwardly. The estimate for \Ifi_l is retrieved by
repeating the arguments exposed above. O

The next results follow from arguments similar to [37, Prop. 2.32] and will be of use throughout
(¢f. [0, Lem. 5.1]), and whose proofs are provided in appendix

11



Lemma 4.14. Let Y and Q be open Lipschitz domains in R® such that Y is convex and Q C Y.
Let T be a continuous, bijective and bi-Lipschitz transformation—so that T and T~! belong to
WL (1) —mapping Y onto itself. Then, it holds that

[UoT —Ullp=@) < [IT = e |Ullw1.o (1),
for allU € Who(T).

Lemma 4.15. Let Y and  be open Lipschitz domains in R such that T is convex and  C
Y. Let T be a continuous, bijective and bi-Lipschitz transformation—T and T~! belong to
Wh(Y) —mapping T onto itself and such that

T(x) —x) — (T(y) — 3
sup I(Tx) =) = (T(y) = ¥)le <k<1l and 97" < ||det(dT)||pe(r) <V, (4.6)
xyex 1% = ylles
x#y

for some k € (0,1) and 9 > 1. Then, one has

1 s
IUeT - Ulog < (92 + DT ~ 1|3 (r) U

S,T)

for allU € H5(Y), with 0 < s < 1.

4.2 Convergence of solution pull-backs in approximate domains

We begin by estimating the convergence to zero of the following approximation error:

[V — Bl gy

curl;Bi)’

through an application of Strang’s lemma [35, Thm. 4.2.11]. As in [B 25], we note that if E €
Hy(curl; D) is the unique solution of Problem then WE € Hy(curl; D) is the unique solution
of a modified Maxwell problem on D arising from transferring the sesquilinear and antilinear forms
®(-,-) and F(-) from D to D by a change of variables (¢f. in [3l Sec. 2.5.2]). Specifically, for D € D,
we introduce the modified sesqulinear and antilinear forms as

(U, V) =T 'U, ¥ 'V) and F(V):=FU V), (4.7)
for all U,V € Hy(curl; D).
Problem 4.16. (Modified variational problem on D) Find Ec Hy(curl; D) such that
®(E,V)=F(V) VV e Hy(curl;D).

Proposition 4.17. Let Assumptions and [£.10 hold and let E denote the solution of Prob-
lem . Then, YE € Hy(curl;D) is the unique solution of Problem .

Proof. Take U,V € Ho(curl;ﬁ). Then, with C; > 0 as in Assumption and C > 0 as in
lemma [£.13] we have that

|‘/I\)(U,V)| = |(I)(\I/71anlilv)| < C11||\I’71I-IHH(curl;D)”‘Ilil\/vHH(cu.rl;D)

< 7| VI

H(curl;g) | H(curl;ﬁ) ’

and

|F(V)| = |F(\I/_1V)| < ”FHHo(curl;D)’H\IJ_1V||H(curl;D) < CHFHHo(curl;D)’HVHH(curl;B)'

12



Moreover, since ¥ : Hy(curl; D) — Hg(curl; D) is an isomorphism, for every U € Hy(curl; D) it
holds that

|B(U, V)|

sup
VGHO(curl;ﬁ)\{O} HU”HU (curl;B) HVHHO(curl;ﬁ)
B(T-1U, U1V

> —2
V] S

>(C2 sup
VEH,(curl;D)\{0}

-ty

Ho(curl;ﬁ) ||\1] Ho(curl;s)

where the positive constant Cy is as in Assumption 2.2] and C' > 0 comes from lemma
Moreover, for every V € Hy(curl; D) \ {0} we have that

sup (U, V)| = sup (U, ¥1V)| > 0.
U€Hy(curl;D)\{0} U€H,(cur;D)\{0}

Hence, since C/I;(, -) satisfies the inf-sup conditions, we can conclude that Problem is well posed

and has a unique solution in Hy(curl; D) [35, Sec. 2.1.6]. Moreover, since E € Hy(curl; D) solves
Problem 2] there holds that

S(TE, V) = (E, U 'V) = F(U V) = F(V),
for all V € Hy(curl; D), and so VE € Hy(curl; D) is the unique solution of Problem O

Theorem 4.18. Let Assumptz'ons [4.3 and[{.10 hold and let E and E; denote the unique
solutions of Problems and on D; for each i € N. Moreover, assume that p~', € and J have
coefficients in WH>°(Dg). Then, it holds that

”\I/lE - E1||H( D ) < Cdl(DH’Ti)(HEHH(curl;D) + ||J||W1’°°(DH)),

curl;D;
where C' depends on w, p, € and J but is independent of i € N.

Proof. Fix i € N, recall the sesquilinear and antilinear forms in eq. (4.7) and let U, V €

Hy(curl; ]Sl) We begin by noticing that the sesquilinear and antilinear forms in (4.7)) may be
written as

&)i(U,V):/~u.}}curlU~cur1V—w26TiU~de and ﬁi(V):—w/N Jr, - Vdx,

D; D;
where
pr, = det(dT;)dT; *(po T;)dT; ', ep, := det(dT;)dT; (e o T;)dT; ',
Jr, i=det(dT;)dT;*(Jo T;).

Then, one has that

)@(U,V) - E)i(U,V)‘ < ‘/~ (p™" = pp!) curl U - curl V dx| + w?
D; )

/~ (€ —ep,)U-Vdx
D;

< O (1" = izl ascres) + 62l — exllim i) 10 gy eumsy Visreansy )

< Cy(Dat, To) (lellwr = rricre) + 1 w005 0 g oo IV Dt ourtiBy

where C' > 0 in the first inequality follows from the norm equivalence on finite-dimensional spaces
and is independent of ¢ € N. The last bound is derived by applying lemma and Assump-
tion whereby the positive constant C' depends on ¢ > 1 in Assumption

Analogously, we have that

[F(V) = Fi(V)| < Cdi(Da, To) I [wroe 0) IV Il 1 et 5,
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where C' > 0 is independent of i € N. Finally, by Assumption [£.3] and proposition [£.17] it holds
that

5 & |2(VE — E;, V)

CS ||\I/7/E - Ei”H(Cul‘l;Bi) S Sup~ HVH ~
VeH(curl;D;)\{0} H(curl;D;)

< sup |®(W,E, V) — &;(W,E, V)| + |F;(V) — F(V)]

a VeEH(curl;D)\{0} ||V||H(curl;5i)

< Cdy (D T) (P llellwrorricoe) + 1 w09 I Bl gy g,y + 1w (010)]

and the claimed estimate then follows by lemma O

4.3 Convergence to an extended solution over Dy

Throughout this section, we aim at deriving convergence rate estimates for the approximation
€error

HE - Ei”H(curl;Bi)

To this end, we will require E to be extended to Dy with some higher regularity H" (curl; Dy ), for
some r € (0, 1]—see Assumption below. Our results in section [{.2]require no such assumption.

Assumption 4.19 (Extension to Dg). E € Ho(curl;D)—the solution of Problem 2.4 —may be
extended to H" (curl; D), with r € (0,1]. We slightly abuse notation by referring to the extension
of E as E as well. Furthermore, we assume the hold-all domain Dy to be convex.

For an example of an extension operator from H'! (curl D) to H'(curl; Dg) under the condi-
tion that D be a domain of class C? (cf. [24, Thm. 2])

Theorem 4.20. Let Assumptions m . an hold and let E and E denote
respectively the unique solutions of Problems 2 1| and on D for all i € N. Then, it holds that

HE - E HH(curlD y = <C [(dl(DHv ) + dO(DHa ) )”EHHT curl;Dy) + dl(DHa 1)HJ||W1°°(DH)] ’
(4.9)

for all i € N, where the positive constant C depends on w, u, € and J but is independent of i € N.

Proof. Fix i € N and recall ¥, : Hy(curl; D) — Hy(curl;D;) as in lemma Then, by the
triangle inequality, one has

1B~ Billyeuns,) < IE -~ VE] | VE-E| (4.10)

H(curl;ﬁi) H(curl;ﬁi)’

where E is chosen to be extended by Assumption £.19] We start by bounding the first term in the
right-hand side of eq. (4.10) thanks to lemma

IE -~ WE|,5 =|E - dT]Eo Till, 5,
1
<NAT] =L~ @m) [ Ello.ny + (92 + DIAT] || oo | Ti —

1 r
< (IATT g sy + (0% + DOITs =10, ) Bl

Simarly, we have that

1 r
leurlE—WE) |, 5 < (14T~ (0, + (0} + 10 Ti~ ) ) leurl B,
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so that, by Assumption we have that

|E —T,;(E) )= HE_\I’Z’(E)HEB + ||curlE — curl ¥, (E)

[— I?
H(curl;D; 0,D;
2
< C* (dy(Dyr, T) + (9% + 1)9do(Dir, T0)" ) (JEIZp, + eurl B2 p,,)
< C2(9% +1)%0% (d1(Dyr, Ty) + do(Dar, Ti)") 1Bl 3 eurti )

where C' arises from eq. (4.5) and is independent of ¢ € N. Furthermore, the second term in the
right-hand side of eq. (4.10) may be bounded by direct application of theorem yielding

IE = Eill i eur1.5,y < € (d1(Drr, Ti) + do(Dr, Ti)")
NEE#r (curt;pg) + Cdi(Da, T (|| El m(eurtp) + ([T [wie @)
The stated result follows by reordering the terms in the last equation. O

5 Variational problems on approximate domains: discrete
problem

We now analyze the discrete version of Problem and consider the family of approximate
domains ® corresponding to curved domains {Dp, };en introduced in section ie., Dy, = D;.
This discrete setting is signaled by denoting an arbitrary element of © by Dj instead of D.
We also recall the discrete space P§(1p,) in eq. as the space of curl-conforming piecewise
polynomials of degree k € N with null flipped-Dirichlet trace on I'.

Assumption 5.1 (Discrete inf-sup conditions). Assume the sesquilinear form in eq. (4.1) to satisfy
the following conditions:

. |2(U, V)|
inf sup > Co,
UePs (m)\{0} \ veps(r\{o} IUlE(curtpy) I VI H(curtD,)

®(U,V
inf sup [2(U, V)| > (s, (5.1)
VePg(m)\{0} UecPs(n)\{0} HU”H(Curl;Dh)||V||H(CUrl;Dh)

for all T, € T (D}, € D), where the positive constants Cy and Cs are independent of the mesh-size
h.

Problem 5.2 (Discrete variational problem on inexact domains). Find Ep, € P§() such that
®(Ep, V) =F(V),
for all' V € P§(m,).

Assumption [5.1] ensures uniqueness and existence of solutions of Problem [5.2] whose solutions
are denoted Ej, € P§(,) for general 7, € T and Ej, € P§(m,) for each i € N, respectively. Note
that the condition in eq. is stronger than required for the purposes of proving the unique
solvability of Problem This stronger condition is necessary to prove a discrete analogue of
proposition (see proposition via a perturbation argument.

5.1 Convergence of domains in a discrete setting

Let us start with the following result, regarding the approximation of functions in Hy(curl; D)
by discrete functions in Pg$(7,). Here, once again we identify elements of Hy(curl;D) and
Hy(curl;Dy,) with their zero-extensions to Dp.
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Lemma 5.3. Suppose © approximates D in the sense of Hausdorff and that D and all D}, € ©
are Lipschitz continuous domains with uniform Lipschitz constant in ®©. Then, it holds that

(a) For every U € Hy(curl; D) there exists a sequence {U,; }ien with U; € P§(m,,) for alli € N,
such that U; converges to U strongly in Hy(curl; Dy ).
(b) Weak limits of every sequence {U;}ien, with U; € P§(1h,), belong to Hy(curl; D).

Proof. item [(a)} Take U € Hy(curl;D) and set an arbitrary € > 0. By density of Cg°(D) in
Hy(curl; D), there exists some U, € C3° (D) such that |0, —Ul|Hy(curt;py) < 5. Moreover, there
exists some i, € N such that supp(U ) C Dy, for all i > i, (cf proof of Lemma 3 in [34] Sec. 3]),
and another i, € N such that ||IIj, U, - U, | E (curl;Dy) < § for all @ > 4. Then, it holds that

thiﬁe - UHH(curl;DH) <€

for all ¢ > i.. Repeating the procedure above for a decreasing sequence of € > 0 allows the
construction of a strongly convergent sequence to U € Hy(curl; D) (cf. [14, Lem. 2.4]).
item [(b)} Follows from lemma [4.8 by the inclusion Pg(7y,,) C Ho(curl; Dy,). O

In order to obtain convergence rates of finite element solutions to E—thereby proving discrete
analogues to theorems and [£.20]-we need one further assumption on the transformations

{Ti}ien:

Assumption 5.4. For each element of the family {T;};en mapping Dy, to D, as given in As-
sumption we assume that the transformations and their inverses belong to WH+1L°(K) for
each tetrahedron K in their corresponding mesh, i.e., for each i € N, we assume that

TZ|K c Wﬁ-‘rl,oo(K)
for all K € 1p,,, and that

T i [Tl wesm )+ s [T e = Uwosoe o = 0.

I?gfiHTi\KHWMLw(K) + II(%%_};”Ti |k w100 (k) < 3,

for all i € N, where cx is a positive constant independent of i € N. Moreover, the family {T;}ien
satisfies the following bound:

do(Dpg, T;) < Ch™ and dy(Dy,T;) < ChL, (5.2)
forRe{l : M—1} as in Assumption with C' > 0 independent of i € N.

Assumption is justified by constructions of mappings {T;};en in the context of curved
meshes in finite elements (¢f. [28], Prop. 2 and 3] for properties of these mappings and Sections 3 and
5 therein for their construction satisfying Assumptions and . Also, Assumption related
to smoothness requirements on D to be of class C™, has no direct relevance on the coming proofs
of our discrete approximation results. Indeed, the smoothness of the domain only plays a role in
proving decay rates such as eq. in practical constructions of the transformations {T;};en,
which we have assumed through Assumption[5.4] Nonetheless, we opt to enforce Assumption in
our coming results to emphasize its necessity for the construction of the transformations {T;}ien
and, therefore, our main results.

5.2 Discrete convergence of solution pull-backs in approximate domains

We now extend the results in section [£.2] to our discrete setting, i.e. we estimate the error

||\IlzE - Ehi, ”H(curl;Dhi)v
as ¢ grows towards infinity, where ¥, : Hy(curl; D) — Hy(curl; Dy,) was introduced in lemmal4.12]
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Problem 5.5 (Modified discrete variational problem on Dy,). Find Ej, € P§ (1) such that
O(E,, V) =F(V) VV e P(r).

Proposition 5.6. Let Assumptions and hold. Moreover, assume that ', €
and J have coefficients in W1°°(Dy). Then, Problem is well posed for all sufficiently small

h > 0.

Proof. The continuity of @(, -) and f() on Pg(my,) follows from the proof of proposition and
the conformity of the finite element space, i.e. P§(7,) C Ho(curl; D). The inf-sup conditions on

<f>(~, -) follow by a perturbation argument through eq. 1} and our assumption O

In order to estimate the convergence rates for approximations of E;, to U;E as i € N grows
to infinity, one needs to show that ¥;E preserves the smoothness of E to some degree.

Lemma 5.7. Let Assumptions and[5.4 hold. Let U € Hy(curl;D) N H*(curl; D) for some
s € {1 : R} and let K € 1, be an arbitrary tetrahedron of the mesh 7, € ¥. Then, for U :
Hj(curl;D) — Hy(curl;Dy) as introduced in lemma [4.13, there holds that YU € H*(curl; K)
and that

1
Hq]’i(U)HH‘S(CuI‘I;K) < 1920||U||H5(curl;Ti(K))7

where the positive constant C depends on cx in Assumption but not on the mesh-size or
U € Hy(curl;D) N H*(curl; D).

Proof. The result is a direct consequence of [I5], Lem. 1] or [16, Lem. 3] together with our assump-
tions. [

Theorem 5.8. Let Assumptions and[5.4] hold, let E and Ey, de-

note the unique solutions of Problems and respectively, and assume that E € H*(curl; D)
for some s € {1: k}. Furthermore, let u=', € and J have coefficients in W1:°°(D). Then, there
ezists some i € N such that, for all v > i, it holds that

H‘ljiE - Eh'i HH(curl;D) < C(hf”EHHs(curl;D) + h?||J||W1’°O(DH))’ (5-3)
where C' > 0 depends on w, u, € and J but is independent of i € N.

Proof. Fix i € N large enough so that the results of proposition hold true and let ]/*jl € P§(m,)
denote the solution of Problem Then, one can write

| U,E — Ep,

H(curD,,) < [[VE — Ep, ||H(curp,,) + [[Eny — En, | H(curtp,,)-

Lemma, implies that U;E € H?(curl; K) for all K € 7,, with

i (E)| s (curt; ) < CIEl s (curtymy (i)

for C positive independent of i € N. Since V;E € Hy(curl;Dy,) is the solution of Problem [4.16]
(see proposition [4.17]), Theorem 5.41 in [30] yields

[N

|U,E — Ey,

H(curl;Dy,) < Chls Z H\IliEH%Is(CuI‘I;K)
Kerp,

N

< Ch;® Z B2 e,y | < Chi” | E] s (curtiny.
KEThi

3See, for example, the proof of [35] Thm. 4.2.11]
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where the positive constant C' is not necessarily equal in each appearance. Furthermore, by a
reasoning analogous to that in theorem [£.I8] followed by an application of lemma [.13] together
with Assumption and the wellposedness of Problem (also, see proposition |4.17)), we have
that

||Eh1 - Ehi

H(curl;Dy;) < Cdl (DHv TZ)(HEhz

where again C' may vary, but remains h;-independent. The result in eq. (5.3]) is then deduced by
a simple combination of the above estimates. O

H(curl;Dy,;) + ||J||W1°°(DH)) < Ch;‘%”J”Wl’w(DH)

5.3 Discrete convergence to an extended solution over Dy

We now transfer our results in section [£.3] to our discrete setting.

Theorem 5.9. Let Assumptions[2.9, and[5.4 hold, let E and Ej,
denote the unique solutions of Problems and and assume that E € H*(curl;D) for some

s € {1 : k}. Furthermore, let p=1, € and J have coefficients in W>(D). By Assumption
E € H"(curl;Dg) for some r € (0,1]. Then, there exists some i € N such that, for all i > i, it
holds that

IE — En, || fr(curtpy,) < C [(h%h:m*”)mHr<cur1;DH>+hf||E||Hs<curl;D>+hfJ||W1,m<DH> :

where C' > 0 depends on w, u, € and J, but is independent of i € N.

Proof. Fix i € N large enough so that the results of proposition hold true. The triangle
inequality yields

”E - Ehi ”H(curl;Dhi) < HE - \IliE”H(curl;Dhi) + H\IIZE - thz HH(curl;Dhi)'
From the proof of theorem [£.20] it follows that
|E — ¥E|#curp,,) < C(di(Du, T;) +do(Du, T;:)") [|El| z7 (curt;Dy),

which, together with Assumption [5.4] gives
||E - \I’iEHH(curl;Dhi) < C (h’zﬁ + h;(RJrl)) HEHHT(CUI‘I;DH)’

where C is a positive constant depending only on ¢ in Assumption Moreover, a direct
application of theorem [5.8 leads to

H\IJZE - Ehi”H(Curl;Dhi) < C(thEHHs(Curl;D) + hzﬁHanlm(DH))a

where the positive constant C' follows from theorem The result then follows by a straightfor-
ward combination of previous estimates. O

5.4 A fully discrete estimate

We now deduce convergence estimates for the fully discrete Maxwell variational problem under
consideration by incorporating our findings in [4]. To this end, let us introduce quadrature rules
for the numerical approximation of Problem

Definition 5.10 (Quadratures). For L € N, let {w;}F, C R be a set of quadrature weights and
let {Iu)l}lel C K be a set of corresponding quadrature points. Then, we introduce the following
linear operator over C(K),

C(K)—C
Qi Lo
¢ > wip(b)

=1
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Moreover, we say Q¢ is exact on polynomials of degree n € Ny if and only if
Qo) = [ obxdx ¥o e PulfiO).
K

Quadratures on arbitrary mesh elements K € 7, are defined from a quadrature on K through
the mappings in Assumption [3.3] as follows

QK(¢) = Qk(det(dTK)(ﬁOTK). (54)

Then, for three distinct quadrature rules over K—denoted as Q}(, in( and in( and which shall be
specified later on—we introduce the numerical approximations of the sesquilinear and antilinear

forms in (2.3) as

@, (Up, Vy) = Z Qi (p tcurl Uy, - curl V) + Q% (—w?eUy, - V), (5.5)
Kem
Fn(Vy) = Z Q3 (—wd - V), (5.6)
Kery,

for all Uy, and Vy, in Pg(7,), where Qj is constructed from Q’, through (5.4) for all i € {1: 3}.
Problem 5.11 (Fully discrete problem). Find E, € P§ () such that

3, (Ep, Vi) = Fi(Vy),
for all Vi, € P§(mh).

5.4.1 Fully discrete convergence of solution pull-backs in approximate domains

We now present a fully discrete version of theorem [5.8] stating the approximation properties of the
solution of Problem to the pull-back of the solution of Problem To limit the number of
parameters with effects on the convergence rate, we restrict ourselves to the case of isoparametric
finite elements (& = k).

Theorem 5.12. Let all the assumptions in theorem[5.8 hold and take & = k. Additionally, let us
assume that there holds that

JeW>(Dy) and €5, (p )iy € W(Dy) Vi, je{l:3},

for some ¢ > min(2,s/3), where s € {1: k} is as in theorem|5.8, as well as the following conditions
on the quadrature rules defining ®p(-,-) and Fp () in egs. (5.5) and (5.6)), respectively,

. Q}( is exact for polynomials of degree 2k + s — 3 and

. Q%{ and Q‘;’u( are exact for polynomials of degree 3k + s — 3.
Then, there exists some i € N such that for all i € N with i > i, Problem is uniquely solvable
and its solution, denoted Ey,,, satisfies
[WE — Ep, | H(curtip,,) < CBF (Bl me curtpy + [T lweamg) + 1T lwiemy) 5
where the positive constant C' is independent of the mesh-size.

Proof. Fix i € N as in the proof of theorem and let Ej, € Pg§(m,) denote the solution of
Problem Performing small modifications of [4, Thm. 4] (cf. proof of [35, Thm. 4.2.11]), it
follows that

|U,E — Ep,

H(curD,,,) < C|[|Vi(E) — Ep, || m(curt,ny,) + [T, (ViE) — B, | H(curtip,,)

1
2

+h; Z ||Hhi<\IJiE>||%-IS(curl;K) +hf||JHWS’q(DH) ’
Kery,
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where C' > 0 depends on the problem’s parameters, including the constants in Assumptions [4.3]
and [5.1} but it is independent of i € N. theorem [5.8] then yields

”\I/l(E) - Ehi”H(CUI‘l;Dhi) < C(hkig(HE]”HS(curl;D) + ||J||W1'°°(DH))7

with C' from theorem independently of i € N. The continuity of the global interpolation
operator (proposition and definition leads to

[Ty, (V3 (E)) — Ep,

H(curD,,,) = [[HIn, (Vi(E) — En))[|m(curtD,,) < Cl[Vi(E) — Ep, | H(curt;Dy, )

where the positive constant C' is as in proposition [3.7]and is also independent of i € N. Moreover,
by proposition [3.7]and lemma [5.7] for every K € 73, it holds that

||Hh'i (\I'z(E)) ||H5(curl;K) = ||TK(\I'1(E)) ||H5(curl;K) < CH\IJi(E)”HS(curl;K) < C||E||H5(curl;Ti(K))7

so that

Z ||Hh7 (\II’L(E))”%-Ib(cur],K) < C2||E||%-Is(curl;D)7

Kety,

where C' > 0 follows from proposition [3.7] and lemma [5.7] The estimate follows by an application
of lemma [4.13] O
5.4.2 Fully discrete convergence to an extended solution over Dy

We continue by presenting the corresponding fully discrete version of theorem [5.13] stating the
convergence of the solution of Problem [5.11] to a smooth extension of the solution of Problem [2.1]
For simplicity (as before) we consider only the case of isoparametric finite elements (R = k).

Theorem 5.13. Let all the assumptions in theorem[5.9 hold and take & = k. Moreover, assume
that there holds that

Jew*4(D") and €, (n')i; € WO(Dp) Vi, je{l:3}

for some ¢ > min(2,s/3), where s € {1 : k} is as in theorem as well as the following
conditions on the quadrature rules defining ®p(-,-) and Fp(-) in eqs. (5.5) and (5.6), respectively,

. Q}( is exact for polynomials of degree 2k + s — 3 and
. Q%( and Q:}( are exact for polynomials of degree 3k + s — 3.

Then, there exists some i € N such that for all i € N with i > i, Problem s uniquely solvable
and its solution, denoted Ey,,, satisfies

”E_Ehi

Heurt;y,) SCO) B+ ) B g (curt;n ) +O W, D03 B s (curtip) +CRS,

where positive constants C(9) and C(T) depend only on ¥ and T, respectively, and C is a positive
constant independent of the mesh-size.

Proof. Fix i € N as in the proof of theorem [5.9] By the triangle inequality, we have that
||E - Ehi ||H(curl;Dhi) S HE - \IliE”H(curl;Dhi) + H\IJZE - Ehi HH(curl;Dhi)v

and the result follows by an application of lemma and theorem (also see the proof of
theorem [4.20)). O
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6 Numerical Results

We test our main results on a simple numerical example. For simplicity, and in order to study only
the effects of domain approximation quality on the convergence rate of the finite element method,
we consider the exact domain D to be the ball with radius 1 centered at the origin, i.e.

D:={xeR> : ||x|[gs < 1}.

Since D is a convex domain, the approximate domains in ® may be chosen to be contained in
D, so that D = Dy in Assumption and no extension of the solution E € Hy(curl;D) of
Problem [2.3] outside of D is required. Hence, our following results consider the error measurement
as in section [5.3] only.

We consider the coercive variational problem on Hy(curl; D) given by the following sesquilinear
and antilinear forms:

B(U, V) = /

(o) LcurlU-curl V — w?(e()U -V dx and F(V):= —zw/ J-V dx,
D

D

where ¢p := 1, pig := 2, w := 1 and J :=1[J1, Jo, J3] T, with
Ji(x) :=a1 — %Qxlmg cos (g||x||]§3) ,
Jo(x) 1= + (3 + 5 (a3 +ad) ) cos (3Ixl13a) + F sin (FIx13s).
J3(x) == 23 — %25621‘3 cos (Z||x/|zs) -

Under the above choices, the exact solution to Problem is

] (6.1)

E(x) := [z1, 22 + + cos (§[x3s) , 23
The various meshes used throughout our experiments were constructed using GMSH [22], while
Problem [5.2] was solved using GETDP version 3.4.0 [20].

6.1 Approximate domains

Let us consider two different sequences of meshes of different order. The first sequence considers
meshes constructed from straight tetrahedrons only (& = 1), while the second sequence considers
meshes consisting of second order elements curved tetrahedrons (& = 2). fig. [2| shows the first
three meshes of first and second order. For more details on the conditions satisfied by the second
order mesh elements, we refer to [26].

6.2 Convergence results

We employ first and second order curl-conforming elements on both straight and curved (order 2)
meshes in order to test the results exposed in Theorem To that end, we measure the error

HE_ Ehi

H(curl;Dy,;)

as i € N grows towards infinity, where E € Hy(curl; D) is as in (6.1]) (the solution to Problem [2.1))
and Ej, € Hy(curl;Dy,) denotes the solution to Problem fig. |3| displays the convergence
of the solution to Problem to the continuous one when using a first-order curl-conforming
approximation (k = 1) together with first and second order mesh elements (8 = 1 and & = 2,
respectively). fig. [4] on the other hand, displays the convergence of the solution to Problem to
the continuous solution when using a second-order curl-conforming approximation (i.e. k = 1) on
the same meshes as before.
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VAVAYAV)

Figure 2: First three meshes of order £ = 1, followed by the first three meshes of order & = 2.

100

H(curl; Dp,) Error

1071 4

102 103 104 10° 108
Degrees of Freedom

= = = = 1
9 k=1,8=1 & k=18=2 — -1x1

Figure 3: Error convergence in H (curl; Dy, )-norm of solutions to Problem with respect to
that of Problem using first order curl-conforming finite elements on straight (R = 1) and
curved (R = 2) meshes. In both cases, we observe the expected linear behavior with respect to
the mesh-size .
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100 4

1071 5

1072 4

H(curl; Dy,) Error

10—3 4

102 103 104 10° 108
Degrees of Freedom

k=2, 8=1 -#- k=2,8=2 — -15x3 —— -2x1

Figure 4: Error convergence in H (curl; Dy, )-norm of solutions to Problem |5.2] with respect to
that of Problem using second-order curl-conforming finite elements on straight (8 = 1) and
curved (8 = 2) meshes. A pre-asymptotic regime is observed in both cases after which the latter
achieves the expected second order—with respect to h;,—convergence rate, while the former case
only attains a degenerated rate of roughly order 1.5 with respect to the mesh-size due to the
low-order approximation of the boundary of D.

7 Conclusions

For the family of Maxwell variational problems here considered, theorems and provide
sufficient conditions on the family of approximate domains {D;};en to ensure convergence rates
of: (i) pull-backs of continuous solutions in approximate domains to those in the original one; and,
(ii) continuous solutions in approximate domains to smooth extensions of the exact solution. the-
orem [5.8| extend these results to their discrete counterparts to then include the effects of numerical
integration for a fully discrete analysis in theorem based on our previous work [4].

Our results on curved meshes established various properties of (local) interpolation on curved
meshes and pull-backs ¢ in (3.5). These correspond to lemmas and and propositions
and[3.7], which are of independent interest. Also the simple numerical examples in section[6] confirm
our findings. Observe the failure of second-order polynomials to achieve second-order convergence
rates to the solution on straight meshes in fig.

We left out the issue of demonstrating the regularities of the electric field that are required
in order to ensure different rates of convergence (cf. [1] for globally smooth boundaries). How-
ever, results ensuring arbitrary degrees of regularity in domains with corners and allowing for an
application of the results as in [], are, to the best of our knowledge, unavailable for Maxwell’s
equations.

Finally, we were able to consider integer degrees of regularity only in theorems and
(s € {1: k}). This stems from the same deficiency in lemma[A.2)and further improvements are left
as future work as well as extensions to more specific and varied Maxwell variational problems such
as problems in periodic media, FEM/BEM couplings and applications in uncertainty quantification
[6), 151, [36].
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A Technical results concerning curl-conforming finite ele-
ments

Iulemma vA 1. Let Assumptzon m hold and take s € {0 : R+ 1} and K € 1,. Then, for any
U e H¥(K) and with U := U o T;.Y, it holds that U € H*(K) and that,

U], <C int |det(dTy(x)) “E LU s xcs (A1)

where the constant C > 0 is mdependent of K and h. Analogously, for any U € H*(K) and with
U :=U o Tk, it holds that U € H*(K) and

|U\57K < C sup |[det(dTk (x))|?
xek

R0 (A.2)

with a positive constant C as before.

Proof. The statement in eq. is nothing more than Lemma 1 in [I5], while eq. - follows
by replacing TK with Tk in Lemma 1 in [I5], together—in both cases—wrch Assumptlon and
eq. (3.1). Note that Lemma 3 in [16] ensures that the constants in egs. and (| - depend
only on s.

Lemma A.2. Let Assumption[3.3 hold. For all K € 7, and all V € H*(curl; K) with s € {0 :
K+ 1}, it holds that

WiVl < Ch* 5[ Vliag and [eurlyfe(V)], x < O * 2 [leurl V[ . (A3)
for a positive constant C independent of K € 1, and h. Also, for all V € H?*(curl; IV() it holds
that

(@5 V)|, SCRE S|V, i and  Jeurl(yf) (V)] o < Ch™CF3)|curl V|, 4,
for a positive constant C' as before.

Proof. We will prove only the estimates in eq. (A.3)), as those for the inverse of the pull-back follow
analogously by noticing that

(W) N (V) =dT " (VoTy') and curl(¢) (V) = (AT curl Vo T,

showcasing the same structure and satisfying analogous properties, despite the different signs in
the powers of h.

Take V € H*(K) for any K € 7, and s € Ny. Let Ag = (aij)} j=; € WRHT(K;C?*?), be
either AT or dT. By definition, it holds that

Nl

2
3 3

|AKVOTK|S7I“(: Z ZaijVjOTK

=1 |j=1 S,f(

Moreover, for ¢ € {1 : 3}, by Titu’s lemma [2, Sec. 1.2] we have that

2
3 3

2
Y aiVioTk| <3 lai;VioTkl|: x,
Jj=1 s K Jj=1
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and, for any pair 4,7 € {1 : 3}, it holds that

50‘ 2 8061 aa 2
2
Vol = 3 | plasVoomo| <o S| ey g vioTk|
la|=s 0,K loi|<s 0,K
|az|=s—|o1]
(A.4)
6061 2 aaz 2
<C —— ;s — V.oT
- lo;:gs ‘ Oxen i L“(K)‘ oxaz 107K 0.5

loz|=s—|ou|

where the positive constant C' in eq. (A.4)) follows from the Cauchy-Schwarz inequality and depends
only on s. For the particular choice Ay = dT[—(r7 eq. (3.2) ensures the existence of a uniform constant
C > 0, independent of K and the mesh-size, such that

2 2

2
o™ 02 02
E —a;; ——V; 0Tk <C E h2(leal+1)
oxen || e || Oxex 2 ox -
|y |<s L>~(K) 0,K |y |<s 0,K
laz|=s—|ou]| loz|=s—|ou |

-1
—C Z WV o T, x < C <1nf det(dT (x ))) W22 V|2 g,

m=0 xeK

where C' now includes the constant in lemma The estimate for 9% (V) is retrieved by the
bound in eq. (3.3).
For A = dT}?, we proceed analogously

2 2

8&1 2 aaz aag
Z ‘Maij ’8 a2V o Ty <C Z p2(je|+2) g (A.5)
|1 |<s X Le=(K) Il 0% 0,K lo |<s X 0,K
laz|=s—|ou| |az|=s—|ou|

-1
_C Z B2 |V, OTK|S mi <C <1nf det(dTK)) S

xeK

m=0

where eq. (A.5) is deduced from eq. (3.2) and the cofactor matrix definition. The bound for
curl$ (V) then follows as before. O

Lemma A.3. Let Assumption hold and let U € H*(curl; K) for s € {1: k}. Then, for any
I €{1:s} it holds that,

U—7U)|, x <C (‘Uls,f{ + \curlU|S’f{) and |lcurlU — curl#(U)||, 5 < C|eurl U]

for a positive constant C' > 0 independent of U € H?*(curl; Iv()
Proof. Take s € {1:k} and [ € {1:s}. We will prove only the estimate

IU=#(U)|, 4 <€ (JU], & +leurl U], 4 ),

since the remaining estimate follows by analogous arguments. Let U € H*(curl; K ) and take any
¢ € Pr_1(K;C?). Then, by the invariance of the canonical interpolation operator, we have that

U =#(U)[l, ¢ = 1= U+ &), x < U+ &,z + 17(U+ D), - (A.6)

Lemma 5.38 in [30] then allows us to bound the degrees of freedom of (U + ¢) through the
H*(curl; K)-norm (since s > 1). Specifically, we have that

1#U + @)l i < € (IU+l, & + llewrl(U+ )], 1) (A7)
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where C may depend on! € {1: s} and s € {1 : k}, but is independent of U and ¢. A combination
of egs. (A.6) and (A.7)), together with the fact that [ < s, yields

IU=#0)ll i < € (IU+ ],z + leurl(U+ )], ¢ ), (A8)
where C' is not necessarily the same as before, but is still independent of U and ¢. Since eq. (A.8)
holds for any ¢ € Pj_;(K;C3) we may take the infimum of its right-hand side over Pj,_; (K;C3),
which we may then bound by [30, Thm. 5.5], to obtain
IU=#U)l, 4 < C (U, i + leurl Ul ),

for a positive constant C' as before.
The estimate

|curlU — curl #(U)||, 4 < ClecurlU|_

follows by analogous arguments employing Lemma 5.40 in [30] and [30, Lem. 5.15] in lieu of [30]
Lem. 5.38]. O

B Proofs of propositions [3.6] and [3.7]

Proof of proposition[3.6. For U € H*(curl; K), we first estimate the L?-portion of the norm:

U = rk(U)llo,x < sup det(dTx (x))? sup AT~ (x)|[ 4% (U) = #(% (U)o - (B.1)
xeK x€EK

By Lemma [AZ3] one has
165 (0) = #(05 (Ul & < e (105 (U], i + lourl 5 (U)], )
where c is a positive constant independent of K € 7, and h. By Lemma it holds that
5 (0) = # (@5 (U)o & < e (A HIU e + 27+ eurl U i)

and combining the last equation with egs. (3.1), (3.3)), and (B.1)) yields the estimate

1T =7k (U)llo.x <e(h*U

|8,K + hs+1||cur1UH5,K) < CthUHHS(curl;K)v

where the positive constant c¢ is as before. We continue with the estimate for the curl. Proceeding
as before, we have that

|lcurl U — curlr g (U)]|o,x < sup det(dTK(x))_% sup [|dT (x)|| ||curl % (U) — curl #( 5% (U)) o,k
xef( xEIV(

-

< csup det(dTk (x)) 2 sup||dT(x)|| [curl Y (U)], x ,
xeK xeK i

where the last inequality follows from Lemma Lemma together with eq. (3.1) and
eq. (3.3), leads to

lcurl U — curlri (U)

lo,x < ch?®||dT(x)]|||curl U||s k-

The combination of the L2- and curl-estimates yield the approximation result. O
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Proof of proposition[3.7] Take U € H*(curl; K). Then, it holds that

75 (Ul £ (curt; i) < (7K (U) = Ul s (curt; i) + Ul 25 (curl; i) -

Moreover,
175 (U) = Ull = curtire) = [[(05) ™ (# (15 (U)) = ¢ (U) | o1 (curtixc) - (B.2)
From Lemma for I € {0: s}, it follows that
|(W5) 7N (F(W5 (U)) = 95 (U)], < ch? 7 [# (05 (U)) = 05 (U) ],
and a sequential application of Lemmas and yields
765 (U) = 05 (U, 5 < e (h*HIU e + 07+ feurl Ul i )
so that
l7x (U) = Ulls,x < ellUllas eurtx) - (B.3)
We may proceed analogously and bound the curl portion of the norm as
[curlr g (U) — curl U|| g+ (x) < cfcurl Ul|s - (B.4)

Then, combining the results in egs. (B.2)) to (B.4]) completes the proof. O

C Proofs of lemmas [4.14] and 4.15

Proof of lemma[4.1} Take U as a smooth function in T, i.e. u € C°°(Y). Then, for all z € Q, it
holds that

UoT(x)—Ux) = /O VU((1 - t)x + tT(x)) - (T(x) — x) dt.

Observe that (1 —¢)x +tT(x) € T, for all t € [0, 1], and define Ty (x) := (1 — ¢)x + tT(x). Then,
the convexity of Y implies T;(x) € Dy for all x € Dy. Moreover, one has

U 0 T(x) — U(x)| = /0 VU(Tt(x))~(T(x)—x)dt’

1
<|T- |||L<><>(1r>/0 IVU(T4(x))]| o) dt < [T = 1| Loe () 1U w100 (1)

The statement follows by taking the supremum over x € 2 and by density of C°*(Y) in Wh°(T).
O

Proof of lemma[{.15 We start by proving the statement for s = 0. Set T as required, then for
any U € L%(Y) it holds that

[UoT —Uloa < |[Uloa+[UcTloa < [[Ulloq+ 9% [Ulor < @2 + 1) Ullo.r.

Now we prove for s = 1. Take U as a smooth function in T, i.e. U € C*°(Y). Then, for all
x € {2 one has

UoT(x) - Ux) :/O dU((1 — )% + #T(x)) - (T(x) — x) dt.
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Note that (1 — t)x + tT(x) € Y for all ¢t € [0,1] and T(x) := (1 — t)x + tT(x) satisfies all the
conditions in eq. (4.6). In particular, we have that

% = ylles < [ Te(x) = Ti(y)lles + t{(T(x) —x) = (T(y) = ¥)lles
< Te(x) = Te(y)llrs + trllx = ylls,

implying the invertibility of T, : Q@ — T¢(2). Moreover,

2

||U0T—U||(2J,QZ/QHUOT(X)—U(X)H%@ dXZ/Q /0 dU(T,(x)) - (T(x) — x) dt|  dx

R3

1
S// |[dU(Ty(x)) - (T(x) — x)||3s dtdx  (Jensen’s inequality)
aJo
1
I Wegry [ [ 19UCT: () s dt ax

1
S ST / /T o JAUGOIs et (€T, (0) ™ dedt < DT ) [V v

so that

[UoT —Ullog < 0%||T — |z (| Ull1r < (9% + 1) T — 1| oo o1y [ U1,

The statement for s = 1 follows by density of C*(Y) in H'(T). The result for real s € (0,1)

follows by applying real interpolation in Sobolev spaces (cf. [39, Lem. 22.3]). O
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