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SINGULAR PERTURBATION OF ZERO-SUM LINEAR-QUADRATIC
STOCHASTIC DIFFERENTIAL GAMES

BENIAMIN GOLDYS, JAMES YANG, AND ZHOU ZHOU

ABSTRACT. We investigate a class of zero-sum linear-quadratic stochastic differential games on a
finite time horizon governed by multiscale state equations. The multiscale nature of the problem
can be leveraged to reformulate the associated generalised Riccati equation as a deterministic
singular perturbation problem. In doing so, we show that, for small enough €, the existence
of solution to the associated generalised Riccati equation is guaranteed by the existence of a
solution to a decoupled pair of differential and algebraic Riccati equations with a reduced order
of dimensionality. Furthermore, we are able to formulate a pair of asymptotic estimates to
the value function of the game problem by constructing an approximate feedback strategy and

observing the limiting value function.

Keywords. singular perturbation, stochastic differential game, Riccati equation, linear-quadratic,
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1. INTRODUCTION

In the paper, we study a class of two-player stochastic differential games on a finite time interval
[0,T]. The dynamical system is described by a slow process X7 and a fast process X§ that satisfy

the following linear stochastic differential equations

dX1(t) = [A11X1(t) + A12X$(t) + Briua(t) + Biaua(t)] dt + o1dWi (),

dX§(t) = ¢ [An X (1) + A2 X5(t) + Barua(t) + Baoua(t)] dt + Z2dWa(t),

X1(0) =21, X5(0) = zo.
Here € is a small positive parameter representing the ratio between the evolutionary speeds of the
slow and fast processes. The objective of the two-player game adheres to a zero-sum formulation.
That is, Player 1 attempts to maximise a quadratic objective function through a strategic decision

u1, whilst Player 2 attempts to minimise the same quadratic objective function through a strategic

decision us. A classical approach to obtaining a feedback saddle point or equilibrium is to consider
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the associated generalised Riccati equation. Our interests centre on the solvability of the generalised
Riccati equation and obtaining asymptotic estimates for the value function of the game when € is
small. Due to the degenerate nature of the differential term when e is formally set to be 0, care needs
to be applied when studying the convergence problem. Problems with this asymptotic property
are often referred to as singular perturbation problems. Suitably, we refer to the game problem
described in this paper as a singularly perturbed zero-sum linear-quadratic stochastic differential
game, or Problem (SLQG) for short.

In 1965, the study of linear-quadratic differential games in the zero-sum framework was initiated
by Ho, Bryson and Baron [12] in the context of pursuit-evasion strategies. As opposed to what is
observed in optimal control theory, open-loop and feedback saddle points are not necessarily the
same nor do they imply the other exists. This important distinction was first brought to light by
Schmitendorf [22] and was later shown by Sun and Yong [26] to be equivalent as long as the saddle
points exist and the objective function possesses a certain convexity-concavity assumption. In 1979,
Bernhard [2] examined in great depth the case of feedback strategies in deterministic differential
games. In the stochastic framework, Sun and Yong [26] demonstrated that the existence of a
feedback saddle point is equivalent to the solvability of a generalised Riccati equation. Due to
the indefinite nature of the nonlinear terms, obtaining analytically checkable conditions for the
solvability of the generalised Riccati equation has proved to be a challenge in and among itself.
Yong [27] showed that the existence a solution to the generalised Riccati equation is equivalent to
the invertibility of a submatrix of a matrix exponential. On the other hand, McAsey and Mou
[17] derived a comparison theorem and an existence result based on the existence of upper and
lower solutions. Under the framework of non-anticipating strategies, Yu [29] stated commutative
and definiteness conditions that prove to be sufficient for the solvability of the generalised Riccati
equation. Other particular cases, such as the one dimensional case, and numerical examples are
discussed in the book by Yong [13].

In 1977, the concept of singular perturbation in zero-sum linear-quadratic differential games was
first considered by Gardner Jr. [8]. Under a finite time horizon and a deterministic setting, the
author constructs a composite pair of strategies from the saddle points of slow and fast sub-games
to obtain an approximate value function to the original game. In the infinite time horizon and non-
zero sum counterpart, a composite strategy approach was also adopted by Gardner Jr. and Cruz Jr.
[9] and Khalil and Kokotovic [I5] to produce similar asymptotic estimates. The non-linear case has
been studied, via a dynamic programming approach, in the deterministic case by Gaitsgory [7] and
Subbotina [23, 24], 25] and in the stochastic case by Alvarez and Bardi [I]. In this case, a singularly

perturbed Hamilton-Jacobi-Bellman equation is formulated and analysed. Differential games are a
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natural extension of optimal control problems, which suitably can be refered to as a single player
game. That being said, applications of singular perturbation in optimal control theory are plentiful,
whether the motivation is to describe a multiscale optimal control problem or to reduce the order of
complexity. For an extensive survey of applications to areas such as aerospace engineering, biology
and chemistry, see [I8] [19] and for stochastic filtering in finance, see [5, [6].

In this paper, we make two contributions, both of which flesh out a framework for zero-sum
linear-quadratic stochastic differential games with slow-fast state processes. First, we show that
for any finite time horizon, if € is small enough then a sufficient condition for the solvability of the
generalised Riccati equation is the solvability of a decoupled pair of differential and algebraic Riccati
equations with a lower order of dimensionality. More precisely, we reduce the original problem of
order (n1 + n2)? to a pair of problems of orders n? and n3. Using this, the feedback saddle point
and value function of Problem (SLQG) can be shown to exist. Secondly, we produce an asymptotic
estimate to the value function of Problem (SLQG) of order O(e) by constructing an approximate
feedback saddle point using feedback operators when e is formally set to be zero. In addition, we
show that the value function of Problem (SLQG) converges to a limiting value function.

We approach Problem (SLQG) by characterising the feedback saddle point and value function
in terms of the solution to a generalised Riccati equation, see Sun and Yong [26]. To eliminate the
singular terms in the generalised Riccati equation, we suppose that the solution adopts a first-order
representation [3, 21]. As a result, we obtain a system of ODEs, which we refer to as the full system.
At this point, it can be observed that the full system represents a classical and deterministic singular
perturbation problem. To this end, we consider the reduced system of differential and algebraic
equations when e is formally set to zero. The solvability of the reduced system is shown to be
guaranteed by the solvability of a decoupled pair of differential and algebraic Riccati equations of
a lower dimension — which we shall refer to as the reduced differential-algebraic Riccati equations.
By formulating and proving a version of the Tikhonov Theorem, we establish that for sufficiently
small €, the solvability of the reduced differential-algebraic Riccati equations implies the existence
of a unique solution to the full system and that its limit exists. This the key result of this paper
and from this, we can deduce our main results outlined in the previous paragraph.

To the best of our knowledge, singular perturbations in linear-quadratic differential games on a
finite time horizon has not been considered in the stochastic framework. In the deterministic case,
Gardner Jr. [8] uses a composite control approach and assume the solution of the generalised Riccati
equation to exist and possess analytic properties, which we do not require. On the other hand, the
non-linear counterparts [II [ 23] 24, 25] require that the objective function be uniformly Lipscthiz

with respect to the state variables, which excludes the quadratic case. We remark that while we
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assume the coefficient matrices are constant, there is no mathematical difficulty in extending the
methods and results to bounded and deterministic time-dependent coefficients. Lastly, we assume
that the terminal objective function is zero, else otherwise the full system of ODEs will have
unbounded terminal conditions. Problems of this class have been studied by Glizer [10] [IT].

The paper is organised as follow: In Section 2 we formulate the singularly perturbed zero-
sum linear-quadratic stochastic differential game and introduce the associated generalised Riccati
equation. In Section Bl we make the connection between the reduced system and the reduced
differential-algebraic Riccati equations. Section [ sits at the heart of this paper, establishing the
existence, uniqueness and convergence of the solution of the generalised Riccati equation via a
version of the Tikhonov theorem. Section [flis devoted to obtaining asymptotic estimates for the
value function of the game. In Section [l we summarise our results for the one dimensional case.

Finally, in Section [l we give the proof for the Tikhonov theorem used in this paper.

2. MATHEMATICAL FORMULATION

2.1. Notation. Given a real and separable Hilbert space E, the inner product of its elements is
denoted by (-,-)g and the associated norm as | - |g. If G = E x F is the Cartesian product of the
Hilbert spaces E and F then G endowed with the inner product (-,-)¢ = (,")g + (-, -)F is also a
Hilbert space. For the most part, when there is no confusion, we will drop the subscript in the inner
product and norm. For matrices in the space R™*"™ we will write S” as the space of symmetric
matrices, S’} as the space of non-negative (or positive semi-definite) symmetric matrices and S
as the space of positive (definite) symmetric matrices. For a matrix M, we shall use the notation
M* to denote the transpose of M and M ~* to denote the inverse of the transpose.

Let T > 0 be a finite time horizon and let Wy := (W1 (t))o<t<r and Wa := (Wa(t))o<t<r be two
independent m; and mso-dimensional Brownian motions, respectively, defined on a complete filtered
probability space (2, F,P), where (F}) is the natural filtration of W7, and W5 augmented by the
P-null sets of F. We define the following spaces of processes with respect to the Hilbert space E:

e C([0,T]; E) is the space of continuous mappings F : [0,T] — E equipped with the norm

|Fllcqom);p) == sup |F(t)|e.
te[0,T)

o LZ(Q x [0,T]; E) is the space of equivalence classes of processes F' € L*(Q x [0,77]; E)
admitting a predictable version and equipped with the norm

1/2

T
1Fl 2 oxf0,13:8) = (E/o |F(f)|%df>
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For short, we will write A% := L%(Q2 x [0, T]; R™).
o LZ(Q;C([0,T]; E)) is the space of predictable processes F' : Q2 x [0, T] — E with continuous
paths in E equipped with the norm

1/2
1Fl 2. 9:0(0.11:8)) = <E sup |F(t)|2E> -
te[0,T)

For short, we will write H}. := L%(€; C([0, T]; R™)).

2.2. Problem formulation. Let 0 < € < 1 denote the perturbation parameter. For arbitrary
x1 € R™ and x2 € R™2, the slow state X := (X1(t))o<i<r and fast state X5 := (X5(t))o<i<r take
values in R™ and R"™2 respectively, and evolve according to the following system of linear stochastic

differential equations

dX1(t) = [A11 X1(t) + A12X5(t) + Briui(t) + Biaua(t)]) dt + o1dWi (2),
(2.1) dX5(t) = L [Aa1 X1 (t) + A2 X5(t) + Borua(t) + Baguo(t)] dt + ZdWa(t),

X1(0) = z1, X5(0) = zo.
Here the coefficients A;;, B;j, 04,%,j = 1,2, are constant matrices of appropriate dimensions. Player
1 (resp. Player 2) influences the state equation with respect to the strategy ui := (u1(t))iepo, 1
(resp. ug := (uz(t))se(o,r)) taking values in R* (resp. R*?). The objective of Player 1 (resp. Player

2) is to maximise (resp. minimise) the following quadratic objective functional with respect to an
admissible strategy u; € A% 1= LZ(Q x [0, T]; R¥) (vesp. up € A2 := LZ(Q x [0, T]; R*2))

T
22) T (s = 5B [ QX050 (0) + QX5 X50)) = fur (O + fua(t) ] .

where Q1 and Q)2 are constant symmetric matrices of appropriate dimensions.

Let n = ny + no. Let us introduce the following compact notation:

Xi(t) (10 Wi (t) Q1 0
Xe(t) = ) ’U,(t) = ’ W(t) = ) Q = )
X5(t) us(t) Wa(t) 0 Q2
A A B B o 0 -1 0
Ae — 11 12 e 11 12 e 1 . R-
145 145 1By 1By 0 ﬁUz 0 I

As a result, we can rewrite the state equation (2.1 and the objective function (2.2)) as

dX<(t) = [AX<(t) + Beu(t)] dt + o*dW (1),
(2.3) e
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and

1 T
(24) Taiu) = 3 [ (QX“(0). X*(0) + (Ru(t). u(t))]

respectively. For fixed 0 < e < 1, if (ug,us2) € Al}l X Aifﬁ then the linear state equation (Z3]) admits
a unique solution X¢ € H% := L%(Q; C([0,T];R™)). Consequently, the coupled state equations
(1) also admit a unique solution (X1, X$§) € H}' x Hy?2. Moreover, the objective functions (2.2)
and (Z4) are well-defined for pairs of admissible strategies (u1,u2) € Ai}l X Alfﬁ. We will refer to
the game problem characterised by (Z1)) and Z2)) or 23) and (Z4) as the singularly perturbed
zero-sum linear-quadratic stochastic differential game or Problem (SLQG) for short.

In this paper, the notion of a solution is defined in terms of the Nash equilibrium or, more
precisely in the context of zero-sum games, a saddle point. In this situation, neither player can
non-cooperatively improve their position by choosing an alternative strategy. Furthermore, we shall
confine the players to the class of feedback strategies. That is, players make decisions based on an

instantaneous and perfect knowledge of the current state: For fixed e € (0, 1]
(2.5) us(t) = ¢i(t, X1(t), X5(t),€), i=1,2, ¥t €]0,T],

where ¢;(t, X1, Xo, €) is some deterministic and measurable function that is Lipschitz continuous in
state variables (X7, X2), uniformly in ¢. Let us denote by A%’ 5 as the set of strategies, which are
of the feedback form (2.5]).

Definition 2.1. Fiz 0 < e < 1. A pair of strategies (u$,us) defined as

t€0,T],
a5(t) = do(t, X5 (t), X5(t),€), te€0,T],

=)
[y
=
I

Y S
j:v
=
>
DN
=
o

where X¢(t) == X1 (t; 21, 0S,05) and XS(t) == X§(t; 20,05, 0S), is a feedback saddle point of Problem
(SLQG) if

(2.6) T (w1, w05 uS,US) < J(a1, x0; U5, W) < J (w1, w23 AT, uy), Yu§ € AN Vus € Ak

It should be pointed out that the pair (@, u§) in J¢(x1, x2; u, us) refers to

~

ug(t) = ¢1(t,Xf(t),X§(t),6), te [O,T],
ug(t) = ¢2(t=X1€(t)7X26(t)76)7 le [O,T],

where X{(t) = X;(t;z1u$,us) and X5(t) = X5(t;x2,uf,us). In other words, when Player 2

changes his strategy from u$§ to u§, Player 1’s strategy u§ is impacted due to his or her dependence
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on the state variables. Similar can be said for the pair (u§,u§) in J¢(x1, z2; u§, u5). Next, we define
the value of Problem (SLQG).

Definition 2.2. The upper value Vi (x1,x2) and lower value VE(x1,x2) are defined as

(2.7) Vi(wy,x2) = inf  sup J(x1, 225 U1, u2)
'U.QGATQ U1€A],}1

(2.8) VEe(x1,20) = sup inf J(z1,z2;u1,us)

k
u1€A§1 U2 GAT2

Clearly, V< (x1,x2) < Vi(x1,22). If VE(21,22) = Vi(21,22) := V(x1,22) then we say that Prob-
lem (SLQG) admits a value.

A classical approach to feedback differential game problems is by characterising the saddle point

and value function in terms of the solution of a generalised Riccati equation

(2 9) Pe—l—(Ae)*PE-i-PeAE—PeBeR_l(Be)*Pe-i-Q:O,
' = 0.

P(T)
For convenience, we write the non-linear term as

A
_BERfl(Be)* — <A3~

€

)

mt\>|l\l,> o[>

where

Ay = B11Bj; — B12By,
A = B11B3, — B12B3s,
Ay = By Bs, — B2 B3,.
The following theorem demonstrates that the existence and uniqueness of a solution to the Riccati

equation implies the existence and uniqueness of a feedback saddle point and value.

Theorem 2.3. Fiz 0 < € < 1. Suppose the generalised Riccati equation admits a unique solution

P e C([0,T);S™). We write P as the first order representation

Py ePf,
€(Pfp)" €Psy
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where Py € C([0,T);S™), Pf, € C([0,T]; R™*"2) and Ps, € C([0,T];S™). Then Problem (SLQG)
admits a unique feedback saddle point defined on the interval [0,T)

Ut = ot Xi(t), Xs(t), €)
2.10) = [B{1 Pfi(t) + B3, (P (t))* ])?f(t) + [eBT, Py (t) + B3, Py (t)] )?f(t),
s(t) = galt, X5(t), X5(1), )
)+

— [Bi2 P (t B3, (Ph(t))” ]Xf(t) — [eB12 Py (t) + B3y P5,(t))] X;(t),

where (X¢,X5S) is the solution to the state equation

(2.11)

AX5(t) = [An)?f(t) + A X5(t) + Bro (t, X5(t), Xs(t
+o1dW1 (¢),

aR5(t) = L [An K1) + A X5(0) + Badu(t, K5(1), K5(0), ) + Baada(t, K5 (1), Ks5(0), )| e
+22dWs(t),

Ve
Xf(O):,Tl, XS(O)Z,TQ

N
/—\
\/
o
-
oy
S
[NV}
o
V]
&
\‘PF
>
—m
o
=
=
>
N
~~
~
~—
(@)}
o
|
jo8
.

and has the value

VE(Il, IQ) =

J (1, w23 U, Uz)

(2.1 = 2 PR (0)1,2) + 2¢ (21, P (0)2) + € (Py(0)2, )]
1 T

+3 | UPRO ) + (P dr

Proof. Similar to the completion of squares argument in Theorem 6.1 of [28], we can apply Ito’s
lemma to (P€(¢)X(t), X(¢)) to show that

(2.13)

J(x1, w23 U, u2)

1 [r ~ ~ ~ ~
=3B [ [l - B0 - Fp(0X5(00F - ua(t) - B0 Xa(0) ~ By (0150 e
0

1 € 1 T € € €
+ = (P(0)x,x) + = (PE(t)oc, o) dt
2 2 /o
where
(ﬁfl (t) ﬁau)) _ ( BiPhi(t) + B3 (PR(1)" eBiyPh(t) + B3 Py (1) )
; — [BRPLi (1) + Bia(PH ()] — [€BiaPry(t) + B3y Py (1))
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This implies that

e ey L I
Jﬁ({I;l,J;g;’ui,’u,g) = 5 <P€(O),’E,ZC> + 5/ <P5(t)0'670'6> dt
0

and moreover,

J(z1, m2; ur, u2) — J (a1, x2; U5, US)

T ~ ~ ~ ~
=3 [ [0 = 0200 = P X5(0)F = fualt) = P00 (8) = P X3 (o).

From the above, we can see that
J (w1, wa5uT, uz) — J (1, 223 UT, US)
1 T e e € 2
= QE ) lua(t) — F5y (8) X1(t) — F5o(t) X5(¢)|7dt > 0.

This implies that J€(xy, xo; U5, ug) > J(x1, x2; 05, 05) for all uy € AL?. Similarly, we can show that
Je (21, wo5ur,5) < J(x1, m0; 05, 05) for all uy € AR Hence (@f,75) is a feedback saddle point.
This also implies that the value is given by V¢(x1,22) = J(z1, 22; 0§, us).
To show uniqueness, suppose that there exists another feedback saddle point and optimal state
triple (4, @S, X©) where
() = di(t, X(1),€), te0,T],

5(t) = da(t, X<(t),€), t€[0,T),

where X€(t) = (X5(t), X5(t)) = (Xu1(t; 21,05, U5), X5(t; a2, U5, u5)). To see that both feedback

saddle points admit the same value function, we can use the definition of a feedback saddle point

2

to see that
(2.14)

J(w1, w0507, us) < J(w1, w5 U, US) < J (1, w25 UT, UG) < J (w1, w25 UL, Uy) < J (21, w23 U, US).
Hence

. e 1 e
(2.15) J(z1,m2; 0], us) = J (21, z2;05,0S) = V(x1,22) = 3 (P(0)z, z) + 5/ (P(t)oc, o) dt.
0

Let us denote m(t, z',€) = ¢o(t, x',€) — g/b\g(t,x’,e) for (t,2’',¢€) € [0,T] x R™ x (0,1]. From 213,
I4) and 2I5), we have that

T
(2.16) E/ [m(t, XmPE(t), €)|2dt = 0
0
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where X'mP€(t) := X (t;z, 0§, us). This implies that
(2.17) m(t, XTPE(t), €) = o (t, XTPE(1), €) — (Eg(lf,Xtemp’e(t), €)=0, N®P-—a.s,

where X is the Lebesgue measure. Moreover, this shows that Xt™P:¢ is a solution to the SDE
(ZI1). However due to uniqueness of this SDE, we have that X*m?€ = X¢. Thus

(2.18) Go(t, X(t), €) = dpa(t, X(t),€), AD®P—a.s.

for every € € (0,1]. In the same way, by considering the difference 51 (t,2',e) — (}51 (t, 2, €) for
(t,2',e) € [0,T] x R™ x (0, 1], we can show that

(2.19) D1 (6, X(t),€) = 1 (t, X(t),€), AD®P—a.s.

for every e € (0,1]. This implies that X¢ is also a solution to (ZII). By the uniqueness of the
solution to (ZII), we have that X© = X¢. Hence, the triples (@S, a5, X¢) and (S, us, X©) are

identical and we arrive at a contradiction. O

3. SINGULAR PERTURBATION OF THE RICCATI EQUATION

The purpose of this section is to analyse a version of the generalised Riccati equation when €
is formally set to be 0, called the reduced system. The main result of this section is to show that
reduced system is equivalent to a decoupled pair of differential and algebraic Riccati equations of a
lower dimensionality.

Fix 0 < e < 1. By the following first-order form

< Py (1) €P(t)
€(Ph(t)* ePsy(t)

we can reformulate the generalised Riccati equation (Z.]) in terms of a so-called full system of ODEs

(3.1) Pe(t) = ) te0,7],

dP€ € € € €

(3.2a) 711+f(P117P12aP22a€):0a Py (T) =0,
dP€ € € € €

(3'2b) ¢ dt12 +91(P11,P127P2275):07 P12(T):07
dPs.

(3.2¢) e 2+ 02(Pfy, Plg, Pig,€) = 0, P5(T) =0,

where the functions f, g1 and go are defined as

(33 f(Pi1, Pi2, Paa,€) = Al{ P11 + A5 Pl + P11 A1 + PioAx
. + P11 A1 Py + PioAYPiy + PiiAP), + PiaAs Py + Q1
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91(P11, Pra, Paa, €) = €Al Pia + A5 Pog + Pi1A1g + Pra Az + €P11A1 Pro
B4 + €P12A"Prg + P11 APy + PraAg P,
92(P11, Pria, Pao,€) = €A, Pio + Ay Pao + €Py A1a + PasAss + 2Pl A1 Pro
+ eP{5 APy + €PooA* Pig + Pos Ao Pos + Q.

It is clear that we have the following lemma.

(3.5)

Lemma 3.1. For fized 0 < € < 1, the full system admits a solution (Pfy, Pfy, P5y) € C([0,T];S™) x
C([0,T); R™M*"2) x C([0,T); S™2) if and only if the generalised Riccati equation ([29) admits a so-
lution P¢ € C([0,T];S™).

A well-known approach to obtaining the existence, uniqueness and convergence of the solution
to the full system is to apply a version of the Tikhonov theorem, see for example Theorem 9.1 of
[14]. In order to do so, we need to consider the system of differential and algebraic equations that
arise when ¢ is formally set to be 0 in the full system. We call this the reduced system and it can

be represented as the following

dP = 5 5 -
(3.6a) dtll + f(P11, P12, P22,0) =0, Pu(T) =0,
(3.6b) 91(P11, P12, P22,0) =0,
(3.6¢) 92(P11, P12, P22,0) = 0.

We make the following technical assumption.
Assumption 3.2. The matriz operator Ay = By By, — Boa B3, is invertible.

Under Assumption B.2] let us introduce a decoupled pair of differential and algebraic Riccati

equations, which we shall refer to as reduced differential-algebraic Riccati equations

dpP = - = = -
(3.7a) dt“ + APy + PriA+ Py MPyy + N =0, Py(T) =0,
(3.7b) A59Pas + P Asy + PosAgPas + Q2 = 0,
where

A=A~ AAY [Ag — App AT AL AT Agy — A AT AB AL Ay,
M = A+ ApA~T A%, — AAT  Ago A1 AL, — A AT A5 AT A
—AAT [Ay — App A1 A3, ] AFEAR,
N =Q1— A5 A" [Ag — App A7 A3 AS Ay
Here A := A§2A2_1A22 — Q2. We shall see in Theorem [3.6] that under Assumption and B3k (b),
A is indeed invertible. We shall refer to ([8.7al) as the reduced differential Riccati equation and (3.7D)
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as the reduced algebraic Riccati equation. We notice that solutions of (3.7a) and (B.7D) take values
in S™ and S™2, respectively. This is comparatively less than the solutions of the generalised Riccati
equation, which take values in the space S™t 172,

The main assumption of this paper is the existence and uniqueness of a solution to the reduced
differential-algebraic Riccati equations (B.7al)-(3.7D).

Assumption 3.3.

(a) The reduced differential Riccati equation (B.0al) admits a unique solution ?Irl € C([0,T];S™).
Let py be a positive constant such that |ﬁf1 ()] < po for allt €[0,T].
(b) The reduced algebraic Riccati equation (3.7D) admits a stabilising solution ﬁ;—Q € S™. That

is, the eigenvalues of Ags + AQF;Z have strictly negative real parts.

Note that we do not assume that the reduced algebraic Riccati equation admits a unique solution.
However, we require that ﬁ;z is an isolated root. This is shown in Proposition 7.9.2 of [I6]. We

restate this result below.

Proposition 3.4. Suppose that Assumption[3.3-(b) holds. Then ﬁ; is a unique solution of (3.7D)

in the set of solutions Pay such that the eigenvalues of Aza + APay have non-positive real parts.

Remark 3.5. Like the original generalised Riccati equation (29, the reduced differential Riccati
equation [B.7a) is also of the generalised type. Sufficient conditions for the existence of a solution
to generalised Riccati equation have been formulated to certain extents in [13, 17, 27, 29]. However,
analytically checkable sufficient conditions are rather limited. For example, in [29], the author pro-
pose commutative and definiteness conditions, whilst in [13], the author analyses certain examples
including the one dimensional case. We will elaborate on the one dimensional case in Section [G.
We should also point out that under certain assumptions, the generalised Riccati equation is of the
classical type seen in optimal control theory and admits a unique positive/negative definite solution,
see Chapter 6 of [28]. Likewise, under certain assumptions, the algebraic Riccati equation (B.7D)
admits a unique stablising positive/negative definite solution as seen in optimal control theory, see
[16].

The following Theorem demonstrates that the reduced system (B.6) can be characterised in terms
of the decoupled pair of reduced differential-algebraic Riccati equations (B.7al)-(3.70).

Theorem 3.6. Suppose that Assumptions[T 2 and[T3 hold. Let (?E,F;) € C([0,T];S™) x S"2 be
the solution to the reduced differential-algebraic Riccati equations [B.0) defined in Assumption [T
Then (ﬁfl,ﬁu,ﬁ;) € C([0,T];S™) x C([0,T); R™*™2) x S"2 4s a solution to the reduced system
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B8) where
- « 5+ | Bt —+ -+ =+\ 7!
(38)  Pult) = (A5 Ps+ Ph(0 A + PLOAPY) (An+2:Py) , te[0T].

Proof. Since the algebraic equations (3.6d) and (3.70) are equivalent, it is clear from Proposition
B4 that ﬁ; is the unique stabilising solution of ([B.6d). From Assumption B3H(b), we have that
Ao + AQF;LQ is invertible. Thus, we can rewrite (3.6H)) as

(3.9) Prio =~ (43,P5 + Pudus + PrdPR) (As + AP5)

In addition, by Assumption 3.2 the matrix Ay is invertible and thus, from (3.7b) we have that
A= A5 AT Agy — Qo = (Agg + Ao Pa)*AS (Azg + Ao Pao)

is invertible. More precisely,

(3.10) A7t = (Agg + AgPao) 1 Ag(Agy + Ay Pay) .

Applying (39) and (B10), the differential equation (8.6a)) can be written as

dP — _ — _
dtll + (All + Il)*Pll + Pll(All + Il) + Pll(AI + Ig)Pll + (Ql + Ig) =0
where
1 =+, 15t . S+ e A1

I =—-AA; (Ao2 + AoPoy)A 1Py Asy — (Ara + APoy) A1 (Age + Ao Poy)* Ay " Agy
—|—(A12 =+ Aﬁ;_2)Aflﬁ;_2A21

Iy =—AA; (Agy + APy A~ (A%, + Py A*) — (Arg + APy) A~ (Agy + Ay Pry)* Ay A
+(A1z + APp) A (A7, + PpAY)

Ig = —A;lAgl(AQQ + AQ?;2>A71ﬁ;2A21 — A;lﬁ;_QAil(AQQ =+ AQ?;2)*A;1A21
+A§1F;2A_1F;2A21
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The rest of the proof involves simplifying the above expressions and removing the dependence on
F;. Using (B.I0), we see that

I = —AA; Y (Agg + Ay Poy) A" Py Aoy — (Ars + AP A (Agy + AsPoy) Ay M Agy
+ (A1g + APL)A P, Ay
— —AA; AN Py Ay — AP A (A + Ao Pay) Ay Ay — A1a AT AR Ay Agy
= —AA;! [AQQA*T;QAQ + APy A" Ay + Ao P) | Ay  Agy — A1 A AL AL M Aoy
= A" [A22A7 (Ags + AsP)" + AoPapA ™ (Ass + AsPpy)" — Ass A~ Ay | A7 Aoy
— ApAT AL A Ay
= —AA; [Ag — Ao ATV AS ) AT Aoy — A AT A A Aoy

Similarly,

Iy = (A1z + APp)A " (Al + Py A") — AA; ! (Azz + A Poy)A ™! (A, + PpA")
— (Ayg + APyy) A (Agy + Ay Pry)* Ay LA
= Ap AT AL, — APLA TP, A — AN A AT P, AT — AP, AT AL A A
— AAFT Ap ATV AT, — A AT AL AT A
= A A TTAT, — AN Agp AT AT, — App AT AL ASTAR
— AAGY [A2PouA  PoyAs + Assh Payfs + APy Ay | AF1A
= A A TTAT, — AN Agp AT AT, — App AT AL A TAR
— AAG [(Az + AoPy) A (Asy + Ao Ppy)" — Ash 1Ay | AF1AY
= A1 AT AL — AN Agp AT AT, — A AT AR A TAY — AAST [Ag — A AT AL ASTAT
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Lastly,
* A—1 BHryA-1pT * BT A—1 Btk a—1
Iy = = A5 A5 (A2 + Do Poy) A" Poy Aoy — A3 Pog A7 (Aza + AaPoy) Ay~ Ay
+ AZ?SEA*?;EAm
* —1 —15pTt x* DT A—1 g% —1 x BT A—1pT
= —A51 A5 AT PyyAgy — Ay Poy A7 A Ay Agy — A5 Py A Py Ay
= — A5 A7 [AnAT PR Ay + APy AT Ay + APy AT Phys| A7 An
= A5 A7 [(Asz + 2 Ppp)A ™ (Azs + AsP)" — AnaA ™ Afy| A7 An
— A5 A [Ag — Ags A1 AZ,] A sy

Observe that the differential equation ([B3.6al) is equivalent to the reduced differential Riccati equation
(Ba). Thus, the unique solution Ffl(-) to (B1a) is also the unique solution to ([B.6Gal). Finally,
from (33)), we deduce that the unique solution of (3.6L)) is indeed given by

_ _ _ _ _ _ -1
Pia(t) = — (45, Pay + PLy(0) A1z + P (DA, ) (A2 + AcPyy) £ [0,7)

4. THE TIKHONOV THEOREM AND WELL-POSEDNESS OF THE GENERALISED RICCATI EQUATION

The focus of this section is to establish existence, uniqueness and convergence results for the so-
lution P€ to the generalised Riccati equation (29). From Theorem [3.6] we saw that (Py1, P12, P22)
is a solution to the reduced system. It may be tempting to conclude that the solution of the reduced
system is the limit of the solution of the full system, however, not all conditions of the full system
are satisfied. Take for example, the terminal condition P5,(T") = 0. It is very rare that the equality
lim_, Psy(T) = 0 = Pay(T) holds. This discrepancy arises because of the degenerate nature of the
differential terms and is a featuring characteristic in singular perturbation problems. As we shall
see in Theorem 4] the reduced system is enough to characterise the limiting solution of the full
system over a subinterval [0, S], S < T but not over the entire interval [0,7]. Heuristically, this is
because the reduced system (3.8]) only captures the fast component of the limit.

To describe the slow component of the limit, we apply a change of time variable 7 = (T —t)/e

and consider the so-called boundary-layer system

dpP . P .
(4.1a) d—f = g1(0, Pio + h(0), Pyy + P23,0), Py12(0) = —h(0),
dP. ~ -~ N _
(4.1b) 22 — g5(0, Pyg + 1(0), Py + P32,0),  Pya(0) = —Pos.

dr
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Here the function h : S™ — R™*"2 ig defined as

(4.2) h(Pyy) := — (A% Pagy + Py Ajg + P11 AP2g)(Agg + Ao Pas) L.

Recall from Proposition [3.4] and Theorem 3.6 that h(0) and Pay are an isolated root of
91(0, P12, P32,0) =0 and  g2(0, P12, P32,0) = 0,

respectively. It is clear from this that (ﬁlg, ﬁgz) = (0,0) is an equilibrium of the boundary-layer
system. We would like to show this equilibrium is exponentially stable.
Let us introduce some notation. Denote S = Ags + Ay Pay. We strengthen the stability assump-

tion on S.

Assumption 4.1. The matriz %(S* + S) is negative definite. That is, there exists a positive
constant y such that 1(S* + 5) < —~I

Indeed, under Assumption [}, the eigenvalues of the matrix S have negative real parts and the

stability requirement in Assumption is satisfied. Define the region

Rs = {P22 SRS % [(S+ AgPa2)" + (S + AgPa)] < 51}
where 0 < § < «y. It is clear that 0 € Rs and for all Py € Ry,
(4.3) % [(S*4+5) + (S+ AxPoo)* + (S + AoPa2)] < —(y—6)I < 0.

Denote Bs g, as the largest closed ball of radius g2 contained within Rs. To ensure the solution

converges, we assume that the initial value —Pss lies in the interior of this ball.
Assumption 4.2. For some § € (0,7), —Pas is in the interior of closed ball Bs.g, .

Let & : S™t — R"™*"2 he the mapping defined as
(44) (I)(Pll) = A;l + P A+ h(Pll)Ag
and let g1 be a positive constant such that ¢q; > o A (|h(0)| + W) + |h(0)]. We denote By,

as the closed ball in R™*"2 of radius ¢;.

Lemma 4.3. Suppose that Assumptions [3.2, [3.3, [{.1] and [{-3 hold. Then there ezxists a unique
solution (Pia(7), Py (7)) to the boundary-layer system @) contained in By, X By g, for all T >0,
which converges to (0,0). Moreover, the equilibrium (0,0) is exponentially stable with an estimated
region of attraction Ra = {(Pi2, Pa2) : Pag € Bjq,}. To be precise, there exists positive constants
k1, ko, which may depend on qa,7, 9, such that for all initial values (ﬁlg(O), ﬁgz(O)) € Ry,

(4.5) |Pyo(7)| < k1e | P2(0)] 4 koe= =97 7 >0,
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and
(4.6) |Pos(7)| < e~ (=97 Py (0)], V7 >0.

Proof. Evaluating the boundary-layer system (&1I), we have that

Py - S~ s
(4.7a) d712 = P12S + ©(0)Pay + Pi1aAsPag,

dP. o S =
(4.7b) d72'2 = 5" Py + P22S + Pa2 A2 Pas.

Starting with (&7h), differentiating the squared norm of Pys, we have that

= 2(S*Pyy + P22S + PNy Poa, Pao)
= <S*1322 + 13225, ]322> +{(S+ A21322)*1322 + ]322(5 + A2]322), 1322>-
Thus, for ]322 € Bs.go,
(4.9 Pl < ~2(y ~ 8)| ()P
which implies that Py, (1) is exponentially stable
(4.9) |Pag(7)| < e~ =97 Pyy(0)], V7 >0.

Since ]322(0) = — Py, is contained in the interior of the closed ball Bjs 4., the inequality [@9) implies
that the continuous solutions ﬁgQ(T) of [@.2) are also contained in Bs 4,. Thus, the solution 1622(7)
exists for all 7 > 0.

Similarly for [@7al), by the Cauchy-Schwartz inequality, we have that

%|ﬁ12|2 = 2(P13S, Pi2) + 2(P12AsPag, Pia) + 2(Pia, $(0) Pao)
< 29| Pia| + 2| As|| Poa || Pra|* + 2|@(0)[| Pas || Pl
So for all Pay € Bs 4., we can apply ([@9)) to obtain
L |Biof? < (210le 7 Pra(0)] — 29) Prof? + 210(0) e Pra(0)]|Pro
< (2(12|A2|6_(V_6)T - 27) | Pia? + 2|®(0)|goe =07 | Pra].
Using the chain rule, we can show that %|]312|2 = 2|]312|d%|ﬁ12|. This implies that

d 5 —(y—o)T D —(y—o)T
—1Pia] < (@2l )€™ 0707 =) |Pio| 4 |(0) goe ™",
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By a change of variations approach, we can show the above gives

2|82

~ ~ (0
|Pra(7)] < e™5=5 77| Pia(0)] + [2(0)]gz (5)|qu%,(,y,5)T

= k1€77T|ﬁ12 (0)| + kzei('yi(s)‘r

[A2]az

where k1 = e 73 and ke = mem%gz. Hence, for all 7 > 0, the continuous solutions 1612(7)
of (A1) are contained in the closed ball By, of radius ¢;. This implies the solution ﬁlz(T) exists
for all 7 > 0. The uniqueness of the solution to the boundary-layer system ([@I]) follows from the
locally Lipschitz property of the functions ¢g; and go. O

The following theorem is the main result of this paper.
Theorem 4.4. Suppose that Assumptions[3.3, [3.3, [{.1] and[{.9 hold. Let T > 0 be any finite time
horizon. Then there exists a positive constant €* such that, for all 0 < e < €*, the full system ([3.2)

admits a unique solution (Pfy, Pfy, Psy) € C([0,T];S™) x C([0, T]; R™*™) x S"2, which satisfy the

estimates

Pfy(t) = Pu(t) = O(e),

(4.10) Piy(t) — Pra(t) — Pro (T_t) = O(e),

€

Tt

€

sz(t) - ng - ﬁzg ( ) = 0(6),
uniformly in t € [0,T]. Here (P11, P12, P22) is the solution to the reduced system ([3.8) defined in
Theorem [3.8 and (ﬁu(r), Py, (1)) is the solution of the boundary-layer system (@1]).

The proof proceeds in a similar manner to the proof of the Tikhonov theorem in [14]. The main
difference is that in [I4], the authors apply results from Lyapunov theory and in doing so, require
a stronger assumptions on the terminal values of the full system. More specifically, it is possible
0 is in a smaller neighbourhood of —Pjy than was specified in Assumption In this paper, we
use a direct approach to show that Assumption is indeed sufficient. Section [1 of this paper is
dedicated to the proof.

The following corollary describes the existence, uniqueness and convergence of the solution of

the generalised Riccati equation ([2.9]).

Theorem 4.5. Suppose that Assumptions[33, (3.3, [[-1] and[{.Q hold. Let T > 0 be any finite time
horizon and €* be the small positive parameter defined in Theorem [{4 If 0 < € < €* then the
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Riccati equation ([29) admits a unique solution
Pe(t) — < Pl:l (t) . €P1:2(t)
e(Piy(t))" ePgy(t)
in the space C([0,T1];S™), where (Pf;(t), Pfy(t), Psy(t)) are the unique solutions of the full system
B2) described in Theorem[{.4} Moreover, P¢ possesses the asymptotic property

PE(t) — <F“(t) O) = 0(e), Vtel0,T),

), t € [0,T],

0 0

where P11(-) is the unique solution of the reduced differential Riccati equation (B.7al).

Proof. For 0 < e < €*, the existence of a solution to generalised Riccati equation (23] follows
from Theorem [£4] and the first-order form ([BI]). The uniqueness follows from the locally Lipschitz
property of the non-linear terms. We are left to prove the convergence result. For all i = 1,2,
t€[0,7] and 0 < € < €*, Lemma A3 implies that ePis (£=£) = O(e). Hence by Theorem 4] for
alli=1,2,t€[0,7] and 0 < € < €*, we have

eP5(t) = O(e).
This completes the proof. O

The following corollary to Theorem [£.4] gives a useful estimate for the next section.

Corollary 4.6. Suppose that Assumptions[3.2, [3.3, [{.1] and[{.Z hold. Let T > 0 be any finite time
horizon and €* be the small positive parameter defined in Theorem[{{] Then for any positive integer
Jj, there exists a positive constant K(T,j), which depends on T and j, such that for all 0 < e < €*
andi=1,2

T
(4.11) / |P5(t) — Pio(t)7dt < eK (T, j).
0
Proof. Fix T > 0 and let ¢t € [0,T]. For all i = 1,2, Lemma 3] and Theorem 4] imply that

~ (T —t
()|
€

_=9)T=t)

S 6K1(T)+K26 €

[P (t) — Pia(t)| < €Ky (T) +

for some positive constants K1(T'), which depends on T, and Ks. Hence, for all positive integers j

|P5(t) = Pio (1)) <2771 (ejKl(T)J' +K§e*%) _

The result follows from integrating the above expression. O
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5. APPROXIMATING SADDLE POINT AND ESTIMATION OF THE VALUE FUNCTION

In this section, we propose an approximate feedback saddle point to Problem (SLQG) based
on the reduced system and demonstrate that the objective function associated with this pair of
strategies convergences to the value function with a rate of order O(e). We preface that we denote
K as a positive constant and are not necessarily the same in each instance. In situations where K
may depend on another relevant constant, say T', then we will denote this as K (7).

From Theorem 23] the feedback saddle point of Problem (SLQG) is given by

5 (1) = oo (t, X5 (8), X5(t), €) = Fry (X5 (1) + Frp(t) X5(t), ¢ €[0,T],

o~

5(1) = Ga(t, X5 (1), X5(t), €) = Fsy (0X5(1) + Fip(0)X5(t), ¢ €0, 7],

)

(5.1)

)

<ﬁf1 (t) Efz(ﬂ) _ ( BYy Pfi (1) + B3, (Pfa (1) €BY Ph,(t) + B3, Psy(t) )
F5i () Fsy(t) = [BioPfi(t) + B3y (P (t)*] = [€BioPia(t) + B3y Psy(t)]

are feedback operators and X i and 2?5 are the solution of the state equations

AX5(t) = |(An + APl + A(PR)7) () + (A1z + €A1 Py + APS) K5(1)| dt
(5.2) o dWy (1),

Xf(O) =T,
and
aR5(t) = L [(An + A" Pry + Ba(Pfy)*) Ri(1) + (Aza + A" Py + DaPiy) K5(0)] dt
(53) —I—ﬁdgde (t),
X5(0) = .

We construct an approximate feedback saddle point w*(-) = (u§(-),u5(+)) by formally setting e = 0
in the feedback operator of (5.1))

(1) == 61t X1 (1), X5(t),0) = Fra ()X (1) + Fia X (t), ¢ € (0,7,

-~ —c —c —

(5.4) T
ﬂg(t) = 2(t7X1(t)7X2(t)70) = F21(t)X1(t) +F22X2(t)7 te [OvT]v

where

(Fu(t) Fu) _ ( Bi1Pu(t) + B3 (Pi2(t))* B3 P )
-~ \= [BioPu(t) + B (Pra(t)*]  —B3Pa
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~€ ~€ . . .
and X; and X, are the solution of the following state equations

55) dXC () = [(A11 + AP (1) + AP1o(t)*) X5 (1) + (Ara + APa) X (t)| dt + o1 d Wi (8),
Y; (O) = Z1,

and

(5.6)
dX5(t) = 1 [(A21 + APy (1) + A Pra(t)*) Ko (1) + (Anz + Ay Poy) 7;(15)} dt + LordWa(t),
X5(0) = zo.

In the following Lemma, we show that the feedback operators of (u§,u$) and (ui,u$) converge in
L2

Lemma 5.1. Suppose that Assumptions[3.2, [3.3, [[-1] and [{.9 hold. Let T > 0 be any finite time
horizon and €* be the small positive parameter defined in Theorem[{4] Then there exists a positive

constant K(T'), which depends on T, such that for all i,j =1,2 and 0 < e < €*

T
(5.7) | 1B50) - FioPar < exx).
0
Proof. The result follows from Theorem and Corollary 6] O

Lemma 5.2. Suppose that Assumptions[3.2, 3.3, [{.1] and[{-9 hold. Then for any finite T > 0

(5.8) sup sup E [|7;(t)|2 + |7;(t)|2} < 0.
e€(0,1] t€[0,T

Proof. Fix € € (0,1]. From the slow state process (5.5), for all ¢ € [0, T,
t
X1 (@®)] < |2 +/ [|A11 + AP (s) + AP1a(s))"| X1 ()] + |12 + APas| [X5(s)]| ds
0
+ |oa[[Wa (D)

By Theorem 3.6 the processes P11 (t) and P12(t) are uniformly bounded over the interval ¢ € [0, T].
Thus, we have that

t
X1(0)] < Jor| + K (T) / [IX5(3)| + [X5(5)1] ds + o | Wa (1)
Squaring the above inequality, and applying Ito’s Isometry, we can bound the following expectation

(5.9) E [Wj(t)ﬂ < 3|21 + 3|ou|*nt + K(T) /OtIE [|Y§(s)|2 + |Y;(s)|2] ds.
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Now we turn to the fast state process (5.0). Fix ¢t € [0,T]. Applying Ito’s lemma to the mapping
" X5(s), we have that

“Xy(s))

— —1(A22 + AQFQQ)@<A22+A2?22)?7;(S)dS + e(A22+A2ﬁ22)t

d (6(A22 +A2Pas)t

o

_ 1

€

€

|:(A21 —|—A P11( )+A2(ﬁ12(5)) )_ ( ):| ds + — \/_ (A22+A2P22) G O-QdW2( )

Thus, by another application of Ito’s lemma to the mapping s — |e t?Y;(s)P

e A2t 82P) S X )

= (e S ), (T ‘257;<s>>

—9 <6(A22+A2?22)“257;(5), d ( )>
e th@) (U AT T ) ) )
1

- €

2 S \t—s —€
= |e(AeztAaPa) 2 g 25 \/—<€(A22+A2P22) =X (), e At AP o (T (s )>

2 sl t—s —€ — £\ €
+= <e<A22+A2P22)TX2( ), = (Agy + AP (s) + Ao (Pras)) )Xl(s)>ds.

Integrating from 0 to ¢ and taking the expectation, we have that

t
E |Ye (t)|2 _ |6(A22+A2ﬁ22)fx2|2 + 1 |€(A22+A2ﬁ22)t7750-2|2d5
2 €Jo

7€

2 %) t—s —€ —
+ ]E/ < (A2t 82P22) "X (5) € (Az2+A2P2) 52 (Azl + A*P11(s) + Ag(Pia(s))*) X1(3)>d5

+ —E/ A22+A2P22) X ( ) e(A22+A2P22) < UdeQ( )>

Recall from Theorem that P11(t) and P12(t) are uniformly bounded on the interval ¢ € [0, T].
Thus, for fixed € € (0, 1], X4 is the solution of a linear stochastic differential equation with drift and
diffusion terms satisfying Lipscthiz and linear growth conditions. As result, 7; is square integrable

for fixed € € (0,1] (see for example Theorem 5.2.1 of [20]) and subsequently,

2 K By t=s
(5.10) Ll G
Ve Jo

From Assumption B3] Ass + Ay Pas has eigenvalues with negative real parts. Thus there exists

7;(8) (A22+A2Poy) =2 0’2dW2( )> =0.

positive constants M and « such that

(5.11) |e(Az+82P2)) < pre—%

: vt € [0,T].
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Using (5.10), (5.11)), the uniform boundedness of P1; and P12, and the Cauchy-Schwartz inequality,

we have that
E|IX50)P]

¢ M?2|o5]2 [t ¢ K(T) [t t—s e e
SMQeJ%chlQ—i—#/ e )ds—I—L/ e )E[|X1(8)|2+|X2(5)|2} ds
0 0

€

_2nt

= M gy 4 M2 2ty 4 KT

_ 27t t _2y(t=s) —€ 2 —€ 2
S (1) + S [P X0 + (Xa(R] ds

0

M2 g 2 K(T t 2v(t—s) —€ —€

< a4 27 B g [ 4 o)) s
2’}/ € 0

Summing the above expression with (2.9, we have that

(5.12)
E X0 + [Xa()?

2 2 21 12 M2|‘72|2 ! 1 209 € 2 | 7€ 2
< Afarf + dlon Pl + Mool + =2 £ K(T) [ (14 e B [|X1(s)| FX5(s)] }ds.
0

Hence, by applying Gronwall’s inequality (see Theorem 15 of [4]), we have that for all ¢ € [0, T

E[IX5 0P + [Xa)?

M?|oy? 1 :
< <4|3:1|2 + 4loy |PnT 4+ M?|2o|?® + %) exp [K(T) <t+ o (1 —e ))] .
Y Y

Thus, for fixed € € (0,1]

. . M2|os |2 1
sup E [|X1(t)|2 + |X2(t)|2} < <4|3:1|2 + 4|01 [*nT + M?|zo|* + %) exp [K(T) <T+ —>}
te[0,T]

= K'(T).
Since K'(T') is independent of €, we obtain

sup sup E[IX5 ()2 + [Xa(0)?] < K'(T).
e€(0,1] t€[0,T]

O
The following theorem demonstrates that the objective function at the approximate feedback

saddle point (54) is near the value of Problem (SLQG) with order O(e).

Theorem 5.3. Suppose that Assumptions[33, (3.3, [[-1] and[{.Q hold. Let T > 0 be any finite time
horizon and €* be the small positive parameter defined in Theorem [ Then for all 0 < € < €*

(5.13) J(z1, 23 ul, us) — J (a1, w2 uT, Uy) = Ofe).
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Proof. Similar to the proof in Theorem 23] we apply Ito’s lemma to (P€(t)X(t), X(¢)) where X°¢
is defined in (Z.3]) and by a completion of squares, we have that

J€($17$2;u17u2)

T o~ o~ o~ o~
— =38 [ [l - Fa0Xa() - FaX500F + ua®) - By (020 - P X502 i
0
T
PO ) + ) / (PE(t)0", o) dt.

Thus, applying the approximate feedback saddle point (5.4), we obtain

|J€(I1,I2;ﬂi,ﬂ3) - ‘]E(IlaIQ;aivagﬂ

2

< [ [|Fuo - BoFiof + |Fuo - FeoFso| ] @

€ —-€

Tr _ ~ 2 _ . 2
+E | U(Fm — By )X 0]+ |(Faz — P () X5 00) ] dt.
0
The result then follows from an application of Lemma [5.1] and Lemma a

The follow theorem gives an expression for the limiting value function of Problem (SLQG).

Theorem 5.4. Suppose that Assumptions[33, (3.3, [[-1] and[{.Q hold. Let T > 0 be any finite time
horizon and €* be the small positive parameter defined in Theorem [{.4 Define

R R - T —
V(zi,x2) = 3 <P11(0)$1,LE1> + 5/ (P11(t)o1,01)dt + §<P2202,02>.
0

Then for all 0 < e < €*,
(5.14) J(z1, w505, US) — V(z1,12) = Ofe).
Proof. From Theorem [Z.3]

~€ € I/ 1 € € € €
J(21, 2230y, u5) — V(wy, 22) = 3 (Pi1(0)21,w1) + 3 (2 (1, Pi2(0)z2) + (P33 (0)x2, v2)]

1

+3 /OT [(Pfl(t)a1,a1> + @;2(00270’2@ dt

1 — 1 (T T —
~3 (P11(0)z, z) — B (P11(t)o1,01)dt — §<P2202,U2>-
0

From Theorem [£.4] we can simplify the above as

ce ey T I _
|J€(I1,x2;ui,u2) — V($1,$2)| S EK(Il,.IQ,T) —|— 5/ ’ <(P22(t) — P22)0'2,0'2> }dt
0
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where K(z1,22,T) is a constant which depends on the parameters xz1,22,7. By the Cauchy-

Schwartz inequality, we have that

PO o2 (TS =
|J (21, xo; uf, us) — V(xy, x2)| < eK(x1,22,T) + | ;| / | Paa(t) — Paoldt.
0

Finally, an application of Corollary gives the desired result. O

Remark 5.5. It should be pointed out that two other common formulations of differential games are
the deterministic case and also the stochastic case with multiplicative but no additive noise, see for
example [2,[17,29]. In both these cases, the value of the differential game is given as %(P(0)z, z)
and subsequently, the limit of the value is %<F11(0).’L‘1,.’L‘1>, which is devoid of the fast component
of the differential game. As we see in the above result, when additive noise is present, the fast

component Poo of the differential game makes a contribution to the limiting value.

6. ONE DIMENSIONAL EXAMPLE

In this section, we highlight our results for Problem (SLQG) when k; = m; =n,; =1 for i = 1, 2.

The main observation in this case is that the solvability of the reduced differential and algebraic

Riccati equations (B.7a)-(3.70)

(6.1a) dgt” + 24P, + MP,, + N =0, Py (T)=0,
(6.1b) AgPyy +2425Pos + Q2 = 0,
where
A= Ay S0y —fuiadn
M = A 4 22l 2pddn 070,
N=0o+ 7,43?31321@2 ;

has been well studied. Proposition 6.6.1 of [I3] states that reduced differential Riccati equation
(E1a) admits an unique solution P11 € C([0,T];R) if and only if either condition hold:

(6.2) A2~ MN >0, or A—\/|A2—MN|<0.
For the reduced algebraic equation (6.1D), it is sufficient to assume that
(63) AQQQ < 0.

In this case, it is straightforward to check that there exists an unique stabilising solution

By — — Aoy — /A3y — Ao

= A,
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and an unstable solution

y — Ay + /A3, — Ao
22 — Ag .

Under (6.2) and (6.3]), the requirements of Assumptions B2, B3] and [£.1] are satisfied. To see that
Assumption is satisfied, let us begin by setting v := —S. Then

R (—OO, %]a if AQ > Oa
6 =
(%52, 00), if Ay < 0.

We can lengthen the interval by heuristically considering the limit § — v of Rs as

—00, =22), if Ay >0,
lim Ry = ( 5 ) 2

il (Z2, ), if Ay < 0.

Note here that the stable equilibrium 0 of the boundary-layer problem is contained in Rs and the
unstable equilibrium ng —Pyy = *A—is of the boundary-layer problem is the boundary of lims_,, Rs.
This implies that lims_,, Rs is the exact region of attraction for the boundary-layer problem and
furthermore, contains the values Py and —Pa. Hence there exists some 6 € (0,+) such that Pao
and —P», are contained Rs — satisfying Assumption

Thus, by Theorem [ for any T > 0, there exists e* € (0, 1] such that for all e € (0,€*) the

generalised Riccati equation
PE + (AE)*Pé _|_PEA€ _ PeBeRfl(Be)*Pe 4 Q — O,
P(T) =0.

admits a unique solution P¢ € C([0,T];S?). Consequently, the existence and uniqueness of a feed-
back saddle point and value follow from Theorem 2.3 which also possess the asymptotic properties
from Section

7. PROOF OF THEOREM [4.4]

For convenience, we begin by applying the change of variable Z{(t) = Pf,(t) — h(Pf;(t)) and
Z5(t) = Psy(t) — Pag to the full system (3.2) and reformulating it as a initial value problem

dPf _
(7.12) S = f(P, 25+ h(PR), Z5 + Paye), P (0) =0,
dzs —
€ dtl = g1(Pf, Z1 + h(Pfy), Z5 + P22, ¢€)
(71b) ah € € € € € D €
- fﬁ(Pu)f(Pule + h(Py), Z5 + Pa2,¢€), Zi(0) = —h(0),
dZ§ € € € € D € D
(7.1c) € = g2(Pf1, Z1 + h(Py), Z5 + Paz,e),  Z5(0) = —Paa.

dt
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Here we have used a slight abuse of notation in the time variable ¢ to change a terminal value
problem to an initial value problem. i.e. t =T — t. Recall, from Assumption B3] and Theorem
that Py:(t) is the unique solution of
dP11
dt
Let po be a positive constant such that [Py (t)| < po for all ¢ € [0, T] and define the closed ball
B, := {P11 € S | |Pi1(t)] < p, Vt € [0,T]} where p is arbitrarily chosen such that p > po. In

order to show the trajectory Z$(t) does not blow up on the interval [0, T], we will require that Py

= f(P11,h(P11), P22,0), P11(0)=0.

is contained in the closed ball B,,. However, this compactness result has yet to be proven. To work
around this, we consider the smooth function  : S"* — [0, 1] defined such that ¢(Py1) = 1 when
|P11] < %(po +p) and ¢ (Py1) = 0 when |Pi1| > p. By heuristically replacing Pi; with Pj1¢(Pi1) in
the full system ([I]), we obtain the following modified full system

dPE ry € € € €
(7.2a) —dtll = f(Piy, 21, Z5,¢), P;(0) =0,
dZ€ -~ € € € €
(7.2b) € dtl =q1(Pfy, Z5, Z5,€),  Z5(0) = —h(0),
dZE ~ € € € € D
(72C) € dt2 = gQ(Pllv Zla Z27 6), ZZ(O) = _P227

where the functions f, g1 and go are defined as

f(Pi1, Z1, Zay€) = f(Pup(Pi1), Z1 + h(P19(Pi1)), Z2 + Paz,€)

91(Pu1, 21, Za,€) = g1 (P (Pu1), Z1 + h(P119(Pi1)), Za + Paa, €)
— eaan;(P11¢(P11))f(P11¢(P11)7 Zy + W(Pig(Pi1)), Z2 + Pas, )

G2(Pi1, Z1, Za,€) = go(Prip(Pr1), Z1 + h(Pip(Pi1)), Zo + Paa,€).

It is clear that when |Py1] < 1(po + p), the modified full system (Z.2)) is identical to the original
full system (7.I). Moreover, as P11 (t) satisfies [P11(t)| < (po + p) for all t € [0, T}, it is also the
solution of

dP -~ _
dt”: (P11,0,0,0), P11(0) = 0.

It is apparent that the function ¢ is chosen to ensure that |P11¢(P11)| is bounded by p for all
Piy € S™. Thus, if we find a solution to the modified full system (Z.2) with |Pf;(¢)| < 3(po + p)
for all ¢ € [0, T, then it is also a solution to the original full system (Z.1I). Moreover, by the locally
Lipschitz property of f, g1 and go and the boundedness of Oh/9P11 on B,, the solution to (T2) is
also the unique solution to the original full system ().

The remainder of the proof can be outlined in four parts: For sufficiently small €,
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I. The continuous solutions (Zf, Z5) are contained within the compact region Bag, X B, g,,
for all ¢t € [0, T], uniformly in Pi; € S™. In other words, (Z, Z5) is well-defined on [0, 7.
Here, we note that ¢; can be chosen to be arbitrarily large.

II. The solution P, (t) is well-defined and continuous on [0, 7], and converges to P11 (t), for all
t €[0,T], at a rate of O(e). Moreover, |Pf;(t)| < (po+p) holds for all ¢ € [0, T]. Note that
once this part is proven, the original and modified full systems will have the same solutions.

IIL. For all ¢ € [0, 7], the solutions (Z¢(t), Z5(t)) converge to the solution (Pya(t/€), Py (t/€)) of
the boundary-layer problem (1)) at a rate O(e).
IV. Using the Lipschitz property of h, we can replace h(Pf;) with h(P11) to complete the proof.

Part I: Existence and uniqueness of 7%, Z§
In this part, we will show the existence and uniqueness of Z¢ and Z§ in (Z2). That is, the

solution to

dZE 1~ € € € €
( ) dtl = Egl(PllvthQve)v Zl(o) = _h(0)7
7.3
dz§ 1_ _
d—t2 = 292(P1€172fvz§76)7 Z5(0) = —Pas.

Adding and subtracting g;( Py, Z5, Z5,0), we have that

dZE 1’"’ € € € 1 -~ € € € -~ € € € €

dtl = Egl(Pulea szo) + . [gl(Pulea Z2vf) - 91(P11a Zq, szo)] s Z1(0) = _h(O)v
dZ; 1~ € € € 1 ~ € € € ~ € € € € D
dt = 292(P11721=Z270)+g[92(P11az1=Z276)_92(P11721=Z270)]7 75(0) = —Pas.

For all (Z{,Z5) € Bag, X Bs,g,, the functions g; are Lipschitz with respect to e. That is, exists
positive constants M7, Mo, which may depend on p, q1, ¢z, and T, such that

|§1(P1617 Z7, Z§,€) - gl(Plelv Z3, ZS,O)| < €M,
|§2(P1617 Zf, Z;,G) - gQ(Plélv va ZS,O)| < eMs.

Then we have that

d|Z3|?
dt

d|Zs|?
dt  —

IN
AN AN

(21, 218 + ©(P ¥ (Pf)) 25 + Z1 A2 Z35) + 2Ma | Z),
(Z5,5%Z5 + Z5S + Z5s Ao Z35) + 2M>| Z5),
where ® : S"t — R"1*"2 ig the mapping defined as

(7.4) O(Pr1) = A5 + P A+ h(Pr1)As.
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Note that the function ®(Pi1(Pi1)) is uniformly bounded with respect to Pi1 € S™, say by c,.
For all (Z5,Z5) € Bag, X Bs,q,, we can apply the Cauchy-Schwartz inequality to obtain

AL < 2 (- ol s 2512 + 222 2501251 + 200125
d|§f|2 < 20— 6)|Z2|2 + 2M5|Z5)|.

Applying the chain rule, we obtain

(7.5 WAL < L malzgh 1251+ 2150+ s

(7.6) dlz%l < (= 5)|ZZ|+M2

Hence ([Z6)) implies that

(7.7) 1Z5(0)] < e~ =2 250 + ;]_”25 (1-e "), viep.7]

and simplifies to

(7.8) 1Z5(8)] < e T Z5(0)| + ;—A_ﬁ Vt € [0, 7).

By Assumption L2} Z5(0) = — P2 is in the interior of the ball Bs,, (i.e. |Paa| < g2). Hence, for
sufficiently small ¢, the continuous solution Z5(¢) is contained in the interior of the closed ball B; g,
for all ¢ € [0,T]. On the other hand, substituting (Z17) into (T3] gives

il
dt

1 - Mo|A - M. -
<=1 |y el - L] g S o Moty (1)

4]
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Hence

vt Ma|Aslt | [Asg b .
250 < exp (-2 4 22RAE L IRl (o)

¢ _ _ _y -y
+/ exp =) MzIAzl(t 8) |A2lg2 (6_%_6_%)
0 € ) ”y 1)

[cfe_mea) Mse 2 (1_ _ o )} ds

[Az]q2

< o3 () 20

t
[Aglay  (M21A2] _~), s | Cp _(y=8)s Mse
+e -9 e( v=38 6) e~ |Ze € QQ+M1+ P\ ds
0

€ y—9

Mo |As|
= () 10

. ;
+e‘§z‘gze(%f%)t/ [—cpqze_% tee <M1 + M2cp> ds.
0 € Y—0/]

Evaluating the integral gives

q Ma|Ag| v q Mo|Ag| — (v=9) M-
(19) 1Zi(0)] < e 8 CHF ) [1z5(0) 4 DL 4 o320 (HE ) {M1+ ﬁcﬂ'

Set ¢1 > e Lzg (|r(0)] + 22) + |n(0)| and choose € be sufficiently small such that

a M- My|A -9
228 [ap 4 Moo o apg MelB2l =0
v—946 v =9 €
As a result
[A2]a2 Cpq2 12 2\qz Mo 2Cp
(7.10) Z(t)] < e 23 [|h( I+ }—l—ee 22| < 2.

Hence, for sufficiently small €, the continuous solution Zf(¢) is contained in interior of the closed
ball of radius 2¢; for all ¢ € [0, 7.

In this part, we have shown that, for sufficiently small €, if (Z5(t), Z5(t)) € Bag, X Bs,q, for all
t € [0,T] then (Z5(t), Z5(t)) must lie in the interior of the closed set Bag, X Bs g4, for all ¢ € [0,T].
As a result, for sufficiently small €, (Z{(t), Z5(t)) is indeed contained in the closed set Bag, X Bs g,
for all ¢ € [0,T]. For otherwise, because of the continuity of (Z5, Z§), there would exist ¢ € (0,T]
such that say |Z{(t)| = 2¢1. However, as we have just established, this implies that |Z§(t)| < 2¢1,

which is a contradiction.

Part II: Existence, uniqueness and convergence of Pf;
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In this part, we denote N; as positive constants, which may depend on the parameters p, g1, g2, 0

and T. Consider the slow component of the modified full system (2] given by

d Py T pe € r7e €
(711) dtll :f(P1172172276)7 Pll(o):O

Recall that by Assumption B3} the function P11(t),¢ € [0,T] is a solution to the reduced equation

dﬁll =

(7.12) o = J(P11,0,0,0), P (0)=0.

Since, for all (P11, Z5(t), Z5(t)) € S™ X Bag, X Bs,q,, the function f is Lipschitz continuous with
respect to its parameters, we have that

|f(Pf17Zf7Z§a€) - f(P11705070)| <eM +N2|Zf| +N3|Z§| +N4|P161 _ﬁ11|'

Let y(t) = Pf;(t) — P11(t). Then

v = [ [FPa(6). 259 25060, = F(Pu(2).0,0,0)] s

Taking the norm

(1)) < / F(PEL(5), Z5(5), Z5(5), €) — F(Pra(5),0,0,0)[ds
< / [Ny + No| Z§(s)| + Ns|Z5()| + Naly“(s)]] ds.
From (7.8) and (7.9)

5)s

t
_(=9)s e
|yf(t)|g/0 [eNs + Noe™ ™5™ 4 Nuly(s)]] ds

N, —5)t ¢
— eNgt + 20 (1_67”6‘” )+N4/ ly©(s)|ds
y=9 0

S €N5T +

6N6 ¢
+ Ny / y°(s)|ds.
e [
Finally, Gronwall’s inequality gives
(7.13) |Pfy(t) — P1a(t)] < eN(1 4 T)eMNeT
Hence, for sufficiently small €, we obtain |Pf;(t)| < (po + p) for all ¢ € [0,7]. This implies that

the continuous solution Pf (¢) exists for all ¢ € [0,T], and satisfies the above estimate.

Part III: Convergence of 77, 75
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In this part, L; denotes a positive constant, which may depend on the parameters p, ¢1, g2, d and
T. Let us work on the time scale 7 = ¢/e. Denote the difference v$(7) = Z£(eT) — Py (7) fori =1,2.
Differentiating v5(7) with respect to 7 gives

dvs
dr

= Ga(Pfy, Z5, Z5,€) — 52(0, Pra, Py, 0)

= g2(Piy, Z1,v5,0) + I't + 'y

= 5"v5 +v58 + v5Av§ +T'1 + Ty

where
Ty = G2(Pfy, Z5, 75,0) = §2(0, Pra, P, 0) — Ga(Piy, Z5,05,0),
Uy = g2(Py, 21, Z5,€) — g2(P1h, 21, Z3,0).

Note that the function ga(Py1, Z1, Z2,0) is independent of the variables Pi; and Z;. By the Mean

Value Theorem, we have that

A
075

where 0 < mq,ma < 1. Since 9¢2/0Z5 is Lipschitz in Z,, we have that

07 ~
Ty = | 22(Pt,, Z€, mins + Pas, 0)

- PYA (Plelvzfvmﬂ);vo) US

IT1| < Laus]* + Ls|vs|| Pas|.
Since ¢o is Lipschitz with respect to €, we have that |I's] < eL;. Hence when v§ € Bsg, and

-6
vs| < vL—2

dlvs?

2 < =2(y = O)|o5[° + 2eLafus| + 2Lafus |’ + 2Ls o5 | Poo|

< —(y = 8)[us|? + 2Ly |vS| + 2Lsgo v e =0T
== ((”Y —6)— 2L3Q26_(V_6)T) |vS|% + 2€L |vS)|.

By the chain rule,

dlvs 1 &)y .
2L < — (306~ Laane ™7 ) g <L,

T T 1
lvs(7)] < 6Ll/ exp [—/ (5(7 —6) — L3Q26(75)T> dr} ds
0 s

SeLle%/ e 2= =9) g
0

Hence

_ 2¢ly Lagg (1 _ e—%(7—5)7)
)
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which simplifies to

2€L1 L3ag
7.14 s < v=3 .
(714) 5] < =
Changing the time variable back to ¢t = er, we have that
~ 2ely Laa
(7.15) |Z5(t) — Pas(t/e)] < 76_ gei’i:f‘ ., Vtelo,T).
Hence, when ¢ is chosen is small enough such that
2eL -9
(7.16) Fye_geﬁqﬁ? < min{qg,%},

the estimate (ZIH) holds.
We can repeat a similar line of reasoning for v$ (7). Differentiating v§(7) gives
d’l}i ~ € € r7e ~ DD
dr 91(Pf1, Z1, Z5,€) = 91(0, Pra, P»2,0)
= 51(Pf1,v§,1)§,0) + 1—‘3 + I‘4 + I‘5

= viS + ®(Pp9(Prp))vs +viAgvs + T3 + Ty +T's
where
Ty = G1(Pfy, 2§, 25,0) = G1(Pfy, Pia, Pas, 0) — Gu(Pfy, o5, 5, 0),
Ty = §1(Pf1, Pra, P22, 0) — §1(0, Pra, P23, 0),
F5 = gl(Plela Zfa Z;,E) - gl(Plela ZE,ZS,O)

33

Here recall that g1 (P11, Z1, Z2,0) = Z1.5 + ®(P11¢(P11)) Z2 + Z1AZs. Using this, we can show that

ITs] < |A] (1ol Paal + o5 1 Pra)
and since Pf (¢) is defined on ¢ € [0, T,

IDa] < |B(Pfw(Pf) — B(0)||Poa| < La|Pfy(e7)||Poa| < erLs|Poal.

Lastly, g1 is Lipschitz with respect to €, which implies that |T'5| < eLg. Putting this together we

can deduce that
d'“ﬂ2 < _9 €2 2 € € 2 A € €2
4 = Y517 + 2¢plvs||vi] + 2| Allvs]|vf]

+ 2|A] (10511 Pas] + o] Pral ) [05] + 267 Ls| Pool 5] + €Ll

<2 (JAlJog] + 1811 Poa| = 7) o5 + 2(cp + 1A Pra ]l o] + 2e7 Lo | Poallof]| + 2e Lol



34

SINGULAR PERTURBATION OF STOCHASTIC DIFFERENTIAL GAMES

By the chain rule, we have that

dfvi|

< (1AMl + AN Paal = 7) 5] + (ep + [ Al Przlog] + erLs| Pool + L.

From Lemma 3] and (Z.I4]), we have that

d €
lzv—” < (e + 1810, =) fof] 4+ el + erLoe™ 0 7gy
T

IN

(L +1ale=0=07qy — 5 ) [uf] + L.

Here we used the fact that 7e~ (V=97 < (v — §)~!. Hence, when the condition (ZI6) is satisfied,

(7.17)

i < et [ e[ [* (3 ke~ |ale ) ar as
0 s
2€L9 %

< e
Y

Part IV: Final estimates

Using the Lipschitz property of h and the inequalities (Z.I3]) and (Z.IT), we have that

Py () = B(P1 (1)) — Pra(t/€)] = v (t/€) + h(P1a(t)) — h(PY (1))]

2¢Lg 12lq — _
2% + Lio[Py, (t) — Pua(t)]

< el

where Lig and L7 are positive constants that may depend on the parameters p, q1, ¢z, and T. [J

(1]
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